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We discuss radiative transitions Ds1 → Dsγ and Ds1 → D�
sγ of p-wave mesons. Since Ds1 mesons have

no certain C-parity, and the masses of quarks in these mesons differ significantly, then due to the spin-orbit
interaction, each of the p-wave mesons with the total angular momentum J ¼ 1 is a superposition of states
with the total spin of quarks Stot ¼ 0 and Stot ¼ 1. We explain why the partial width of Ds1ð2460Þ → Dsγ
radiative transition is significantly larger than the corresponding value for Ds1ð2536Þ → Dsγ. We also
predict the corresponding partial widths of Bs1 and Bc1.
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I. INTRODUCTION

Currently, various phenomenological approaches are
used to study spectroscopy and radiative transitions of
hadronic states containing heavy quarks. In particular, one
can try to use a nonrelativistic quark model accounting for
the first relativistic corrections. The corrections are espe-
cially important if the photon radiation amplitude obtained
in the leading nonrelativistic approximation is suppressed
for one reason or another. In this case, when calculating the
radiation amplitudes, in addition to relativistic corrections it
is also necessary to take into account the retardation effect
in the photon wave function. A similar problem arises in
both atomic and nuclear physics. An example is a single-
photon transition 2s → 1s in the hydrogen atom [1] and
bremsstrahlung during scattering of two identical non-
relativistic nuclei [2]. This is precisely the situation that
arises when studying radiative transitions of p-wave states,
for example, cs̄ systems with the total momentum J ¼ 1.
The nonrelativistic electric dipole moment of this system is

d ¼
�
es̄
ms

−
ec
mc

�
MRr ≈

es̄
3ms

MRr; ð1Þ

wherems and es̄ ¼ e=3 are the mass and charge of s̄ quark,
mc and ec ¼ 2e=3 are the mass and charge of c quark, e is
the proton charge, r ¼ rs̄ − rc, and MR ¼ mcms=ðmc þ
msÞ is the reduced mass. In the center-of-mass frame,

rs̄ ¼ MRr=ms and rc ¼ −MRr=mc. For the estimate, the
values ms ¼ 0.5 GeV and mc ¼ 1.7 GeV are used. A
strong compensation in the magnitude of electric dipole
moment is seen.
The nonrelativistic dipole moment (1) is independent of

quark spins Ss̄ and Sc and cannot lead to radiative
transitions between the states with Stot ¼ 1 and Stot ¼ 0
of the total spin Stot ¼ Ss̄ þ Sc. Meanwhile, there are two
p-wave mesons consisting of c and s̄ quarks, Ds1ð2460Þ
and Ds1ð2536Þ, with the total momentum J ¼ 1 and close
masses. Each of these mesons is a superposition of states
with Stot ¼ 1 and Stot ¼ 0 [3–6]. This is because the fine
structure operator of the system depends not only on Stot
but also on the operator Σ ¼ Ss̄ − Sc having nonzero
matrix elements between the states with different values
of the operator Stot. Therefore, the total spin is not
conserved, unlike the total angular momentum J, corre-
sponding to the operator J ¼ Lþ Stot, where L is the
angular momentum operator of the system. In addition, the
operator responsible for radiative transitions between states
with L ¼ 1 and L ¼ 0 also contains contributions propor-
tional to Stot and Σ. This, as it is shown in our paper,
explains the unusual ratio of widths of Ds1-meson radiative
transitions [7]. The conclusions of Ref. [7] are based on the
analysis of experimental data of BABAR Collaboration [8].
As noted in Ref. [7], the width of transition Ds1ð2536Þ →
Dsγ is less than 8 KeV, and the width of transition
Ds1ð2460Þ → Dsγ is less than 2.3 KeV, which is strikingly
different from the generally accepted expectations pre-
sented in Table I. Note that the estimation for the width of
Ds1ð2460Þ → Dsγ transition in Ref. [7] was based on the
account of the nonrelativistic dipole moment contribution
solely. We show that this assumption is not valid due to the
importance of relativistic corrections. Taking these correc-
tions into account within a potential model, we obtain the
formulas for the probabilities of Ds1 → Dsγ, Ds1 → D�

sγ,
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Bs1 → Bsγ, Bs1 → B�
sγ, Bc1 → Bcγ, and Bc1 → B�

cγ
transitions.
Our work is organized as follows. We first derive the

spin-dependent corrections to the operator responsible for
radiative transitions, make qualitative predictions for the
corresponding probabilities, and compare them with avail-
able experimental data. The conclusion formulates the main
results of our work.

II. FINE STRUCTURE OF cs̄ SYSTEM IN THE
RADIATION FIELD

To obtain a radiative-transition operator that takes into
account relativistic corrections and the retardation effect,
we consider the Hamiltonian of the cs̄ system in the
radiation field. This Hamiltonian contains several terms,
which we discuss separately. The vector potential Aðr; tÞ of
the electromagnetic wave in the final state, the correspond-
ing electric field Eðr; tÞ, and the magnetic fieldHðr; tÞ have
the forms

Aðr; tÞ ¼ AWeiðωt−k·rÞ; Hðr; tÞ ¼ −i½k × Aðr; tÞ�;
Eðr; tÞ ¼ −iωAðr; tÞ; ð2Þ

where AW is a constant vector perpendicular to the
momentum k of the photon, and the system of units ℏ ¼
c ¼ 1 is used.
We start with the Hamiltonian H0, which accounts for

the first spin-independent relativistic correction to the
kinetic energy,

H0 ¼
π2
s̄

2ms
þ π2

c

2mc
þ UgðrÞ þ UconfðrÞ −

ðπ2
s̄Þ2

8m3
s
−
ðπ2

cÞ2
8m3

c
;

πs̄ ¼ p − es̄Aðrs̄; tÞ; πc ¼ −p − ecAðrc; tÞ;

UgðrÞ ¼ −
g
r
; UconfðrÞ ¼ br; g ¼ 4

3
αs; ð3Þ

where p ¼ −i∇, and g and b are the parameters of our
model. The values of these parameters are fixed by
comparing the predictions for the masses of states with
known experimental values [9].
The potential energy UgðrÞ of the c and s̄ interaction is

the zero component of a Lorentz vector, and UconfðrÞ is a
Lorentz scalar [3]. This is why UgðrÞ and UconfðrÞ enter
differently into the spin-dependent relativistic correction
HS to the Hamiltonian,

HS ¼
1

2

�
g
r3
−
b
r

��½r×πs̄� ·Ss̄
m2

s
−
½r×πc� ·Sc

m2
c

�

−
g

msmcr3
ð½r×πc� ·Ss̄− ½r×πs̄� ·ScÞ

þ g
msmc

�
3ðn ·StotÞ2−S2tot

2r3
þ4π

3
δðrÞ

�
S2tot−

3

2

��
; ð4Þ

where n ¼ r=r. Recall that S2tot − 3=2 ¼ 2Ss̄Sc. Finally,
there are two more corrections to the Hamiltonian that do
not explicitly include the potentials UgðrÞ and UconfðrÞ.
The first correction HM is related to the interaction of the
magnetic field with the magnetic moments of quarks,

HM ¼ −
es̄
ms

Ss̄ ·Hðrs̄; tÞ −
ec
mc

Sc ·Hðrc̄; tÞ: ð5Þ

The second correction HT is related to the Thomas
precession, which occurs due to the acceleration of a
particle in the electric field of radiation,

HT ¼ −
es̄
4m2

s
ð½πs̄ × Eðrs̄; tÞ� − ½Eðrs̄; tÞ × πs̄�Þ · Ss̄

−
ec
4m2

c
ð½πc × Eðrc; tÞ� − ½Eðrc; tÞ × πc�Þ · Sc: ð6Þ

For UconfðrÞ ¼ 0, the Hamiltonian of a system with differ-
ent masses and charges in a radiation field can be found in
Refs. [10,11]. The contribution of UconfðrÞ to the spin-
dependent part of the Hamiltonian is proportional to the
constant b and is contained only in the correction HS.
Note that the Hamiltonians H0, HS, HM, and HT are

written in the gauge A0ðr; tÞ ¼ 0, divAðr; tÞ ¼ 0. Since
πs̄ ¼ msvs̄ and πc ¼ mcvc, where vs̄ and vc̄ are velocities,
the operators πs̄ and πc are gauge invariant. Therefore, the
Hamiltonians H0, HS, HM, and HT are expressed via the
gauge invariant operators Eðr; tÞ,Hðr; tÞ, πs̄, and πc. Thus,
transition amplitudes following from these Hamiltonians
are gauge invariant.
We now have everything we need to study both the

structure of p-wave mesons and their radiative transitions.

III. STRUCTURE OF Ds1 MESONS

We set Aðr; tÞ ¼ 0 and obtain the Hamiltonian describ-
ing the fine structure of the cs̄ system with L ¼ 1,

TABLE I. Theoretical predictions for radiative decay widths Ds1 → Dð�Þ
s γ in KeV.

Publication [13] [14] [15] [16] [17] [18] This work

ΓðDs1ð2536Þ → DsγÞ 15 25.2–31.1 61.2 54.5 18.18–18.85 1.6� 2.3 12
ΓðDs1ð2536Þ → D�

sγÞ 5.6 14.6–22.8 9.21 8.9 2.96–3.02 10.4� 1 29
ΓðDs1ð2460Þ → DsγÞ 6.2 10.3–17.2 13.2 12.8 3.53–3.61 297
ΓðDs1ð2460Þ → D�

sγÞ 5.5 14.0–25.1 17.4 15.5 4.74–4.79 104
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H¼HnrþΔHnrþΔHS;

Hnr ¼
p2

2MR
−
g
r
þbr; ΔHnr ¼−

ðp2Þ2
8m3

s
−
ðp2Þ2
8m3

c
;

ΔHS ¼
1

4

�
g
r3
−
b
r

�
L ·

��
1

m2
s
þ 1

m2
c

�
Stotþ

�
1

m2
s
−

1

m2
c

�
Σ
�

þ g
msmcr3

L ·Stotþ
g

2msmcr3
½3ðn ·StotÞ2−S2tot�: ð7Þ

Recall that p2 ¼ p2
r þ L2=r2, where −p2

r is the radial
part of the Laplacian. The Hamiltonian (7) coincides with
the Hamiltonian in the model [3], with one difference—in
our model, only the first correction ΔHnr to the kinetic
energy is taken into account. We have checked that such a
replacement does not significantly affect the numerical
results, but essentially simplifies the calculations.
The eigenfunctions of the Hamiltonian with J ¼ 1,

L ¼ 1, and Jz ¼ μ, Ψ1, and Ψ2 are a linear combination
of the functions ψ1 and ψ2,

Ψ1¼c1ψ1þc2ψ2; Ψ2¼c2ψ1−c1ψ2;

ψ1¼Y1μðθ;φÞjS¼0;Sz¼0iR1ðrÞ;
ψ2¼

X
μ0
C1μ
1μ0;1ðμ−μ0ÞY1μ0 ðθ;φÞjS¼1;Sz¼μ−μ0iR1ðrÞ; ð8Þ

where Y1μðθ;φÞ is the spherical function, C1μ
1μ0;1ðμ−μ0Þ are the

Clebsch-Gordan coefficients, and R1ðrÞ is the radial wave
function with the angular momentum L ¼ 1. The corre-
sponding energy and the coefficients c1;2 are found from
the solution of the secular equation [12].
The matrix elements of the operator ΔHS read

ðΔHSÞ11¼0;

ðΔHSÞ22¼−
1

4

�
1

m2
s
þ 1

m2
c

���
g
r3

�
−
�
b
r

��
−

1

2msmc

�
g
r3

�
;

ðΔHSÞ21¼ðΔHSÞ12¼
1

2
ffiffiffi
2

p
�

1

m2
s
−

1

m2
c

���
g
r3

�
−
�
b
r

��
:

ð9Þ

Let Ψ1 correspond to the lower energy E1 ¼ Eð0Þ
1 þ ΔE1

with ΔE1 < 0, and Ψ2 to the higher energy E2 ¼ Eð0Þ
1 þ

ΔE2 with E2 > 0, where Eð0Þ
1 is the eigenvalue of the

Hamiltonian Hnr. The state Ψ1 corresponds to the
Ds1ð2460Þ meson, and Ψ2 to the Ds1ð2536Þ meson.
Solving the secular equation, we obtain

ΔE1 ¼
ðΔHSÞ22

2
− γ; ΔE2 ¼

ðΔHSÞ22
2

þ γ;

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔHSÞ222

4
þ ðΔHSÞ212

r
;

c1 ¼ −sgnðΔHSÞ12
ffiffiffiffiffiffiffiffiffi
ΔE2

2γ

s
; c2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
jΔE1j
2γ

s
: ð10Þ

To calculate the matrix elements of radiative transitions, we
need to know the wave functions not only of Ds1 mesons,
but also of Ds mesons with L ¼ 0, Stot ¼ 0, and J ¼ 0. We
use the wave functions calculated by means of the
variational principle [12]. For states with L ¼ 0, we write
the radial wave function R0ðrÞ as

R0ðrÞ ¼
ffiffiffiffiffiffi
N0

p
expð−ω2

0r
2=2Þ; N0 ¼

4ffiffiffi
π

p ω3
0; ð11Þ

where ω0 is a variational parameter. Then,

Eð0Þ
0 ¼ 3ω2

0

4MR
þ 2ffiffiffi

π
p

�
b
ω0

− gω0

�
;

∂

∂ω0

Eð0Þ
0 ¼ 3ω0

2MR
−

2ffiffiffi
π

p
�
b
ω2
0

þ g

�
¼ 0: ð12Þ

Here, Eð0Þ
0 is the average value of the HamiltonianHnr over

the wave function (11) at L ¼ 0. Similarly, for L ¼ 1, the
variational radial wave function R1ðrÞ has the form

R1ðrÞ ¼
ffiffiffiffiffiffi
N1

p
r expð−ω2

1r
2=2Þ; N1 ¼

8

3
ffiffiffi
π

p ω5
1; ð13Þ

where the variational parameter ω1 is found from the
relations

Eð0Þ
1 ¼ 5ω2

1

4MR
þ 4

3
ffiffiffi
π

p
�
2b
ω1

− gω1

�
;

∂

∂ω1

Eð0Þ
1 ¼ 5ω1

2MR
−

4

3
ffiffiffi
π

p
�
2b
ω2
1

þ g

�
¼ 0: ð14Þ

In these formulas, ω0 and ω1 are variational parameters that
are found by minimizing the corresponding energies. For
the average values in the matrix elements that determine the
mixing coefficients of the functions ψ1 and ψ2, we obtain

Z
∞

0

R2
1ðrÞ
r3

dr¼ 4

3
ffiffiffi
π

p ω3
1;

Z
∞

0

R2
1ðrÞ
r

dr¼ 4

3
ffiffiffi
π

p ω1: ð15Þ

As a result, for the matrix elements, we have
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ðΔHSÞ11 ¼ 0;

ðΔHSÞ22 ¼
1

3
ffiffiffi
π

p
�
ðbω1 − gω3

1Þ
�

1

m2
s
þ 1

m2
c

�
−

2g
msmc

ω3
1

�
;

ðΔHSÞ12 ¼ ðΔHSÞ21 ¼ −
ffiffiffi
2

p

3
ffiffiffi
π

p ðbω1 − gω3
1Þ
�

1

m2
s
−

1

m2
c

�
:

ð16Þ

Note that the spin-independent relativistic corrections,

ðΔHnrÞ11 ¼ ðΔHnrÞ22 ¼ −
35ω4

1

32

�
1

m3
s
þ 1

m3
c

�
; ð17Þ

do not contribute to the energy difference E2 − E1. The
corresponding shift of energy for the state with L ¼ 0 is

ðΔHnrÞ00 ¼ −
15ω4

0

32

�
1

m3
s
þ 1

m3
c

�
: ð18Þ

In addition, for L ¼ 0, it is necessary to take into account
the correction

ðΔHSÞ00 ¼ −
2gω3

0ffiffiffi
π

p
msmc

: ð19Þ

These shifts must be taken into account when comparing
the prediction for energies of transitions with the exper-
imental values.

IV. RADIATIVE TRANSITIONS OF Ds1 MESONS

To derive the Hamiltonian Hrad corresponding to the
emission of one photon, it is necessary to keep in H0, HS,
HM, and HT the terms linear in Aðr; tÞ. Let us represent
Hrad as follows:

Hrad ¼ G0 þ
1

2
Stot · Gtot þ

1

2
Σ · GΣ; ð20Þ

where

G0 ¼ −ðAW · pÞF1 þ
1

4
fp2; F3gðAW · pÞ;

Gtot ¼ −½r × AW �
�
1

2

�
g
r3

−
b
r

�
f2 þ

g
msmcr3

f0

�

þ i½k × AW �f1 þ
iω
4
f½p × AW �; f2g;

GΣ ¼ ½r × AW �
�
−
1

2

�
g
r3

−
b
r

�
F2 þ

g
msmcr3

F0

�

þ i½k × AW �F1 þ
iω
4
f½p × AW �; F2g: ð21Þ

Here,

f0¼es̄e−iqs̄·r−eceiqc·r; f1¼
es̄
ms

e−iqs̄·rþ ec
mc

eiqc·r;

f2¼
es̄
m2

s
e−iqs̄·r−

ec
m2

c
eiqc·r; F0¼es̄e−iqs̄·rþeceiqc·r;

F1¼
es̄
ms

e−iqs̄·r−
ec
mc

eiqc·r; F2¼
es̄
m2

s
e−iqs̄·rþ ec

m2
c
eiqc·r;

F3¼
es̄
m3

s
e−iqs̄·r−

ec
m3

c
eiqc·r; qs̄¼

MR

ms
k; qc¼

MR

mc
k; ð22Þ

and fA;Bg ¼ ABþ BA.

A. Radiative transitions of Ds1 mesons to Dsγ

The state of the Ds meson is described by the wave
function ψ0,

ψ0 ¼ Y00jS ¼ 0; Sz ¼ 0iR0ðrÞ: ð23Þ

To calculate the amplitudes of radiative transitions from the
states Ψ1;2 to the state ψ0, it is necessary to calculate two
matrix elements,

T1 ¼ hψ0jHradjψ1i; T2 ¼ hψ0jHradjψ2i: ð24Þ

In the matrix element T1, the only nonzero contribution
comes from the term G0 in Eq. (20),

T1 ¼ i

ffiffiffi
3

p

4π

Z
d3rR0G0R1ðeμ · nÞ; μ ¼ Jz; ð25Þ

where the following relations are used:

Y1μ ¼ i

ffiffiffiffiffiffi
3

4π

r
ðeμ ·nÞ; Y00¼

1ffiffiffiffiffiffi
4π

p ; n¼ r=r;

e0¼ ez; e1¼−
ðexþ ieyÞffiffiffi

2
p ; e−1¼

ðex− ieyÞffiffiffi
2

p : ð26Þ

In T2, the only nonzero contribution comes from the term
Σ · GΣ=2 in Eq. (20). After simple transformations, we
arrive at the result

T2 ¼
ffiffiffi
3

p

8π
ffiffiffi
2

p
Z

d3rR0ðeμ · ½GΣ × n�ÞR1: ð27Þ

Using the obtained wave functions, we find

T1 ¼ ZðAW · eμÞt1; T2 ¼ ZðAW · eμÞt2;

Z ¼ ω0ω
2
1

ffiffiffiffiffiffiffiffiffiffiffi
ω0ω1

p
ω̄4

; ω̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 þ ω2

1

2

r
: ð28Þ

For the coefficient t1, the straightforward calculation gives
t1 ¼ t11 þ t12, where
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t11 ¼ −
ω2
0ffiffiffi
2

p
ω̄

�
es̄
ms

e−Q
2
s=4 −

ec
mc

e−Q
2
c=4

�
;

t12 ¼
5ω4

0ω
2
1

4
ffiffiffi
2

p
ω̄3

	
es̄
m3

s
e−Q

2
s=4

�
1þQ2

sðω4
0 þ ω4

1Þ
20ω2

0ω
2
1

�

−
ec
m3

c
e−Q

2
c=4

�
1þQ2

cðω4
0 þ ω4

1Þ
20ω2

0ω
2
1

�

;

Qs ¼
MRk
msω̄

; Qc ¼
MRk
mcω̄

: ð29Þ

Note that accounting for retardation, i.e., e−iqs̄·r and eiqc·r in
the photon wave function, and compensation in the differ-
ence es̄=ms − ec=mc lead to a decrease in the value of
nonrelativistic contribution t11 by half. Therefore, it is
important to take into account the relativistic corrections t12
and t2. For t2, we find t2 ¼ t21 þ t22 þ t23, where

t21 ¼
1ffiffiffi
π

p
Z

∞

0

re−r
2

	
es̄

�ðbr2 − gω̄2Þ
m2

s
þ 2gω̄2

msmc

�
F ðQsrÞ

þ ec

�ðbr2 − gω̄2Þ
m2

c
þ 2gω̄2

msmc

�
F ðQcrÞ



dr;

F ðxÞ ¼ sin x
x

þ cos x
x2

−
sin x
x3

;

t22 ¼
k
4

�
es̄
ms

Qse−Q
2
s=4 þ ec

mc
Qce−Q

2
c=4

�
;

t23 ¼
k

16ω̄

�
4ω2

0

�
es̄
m2

s
e−Q

2
s=4 þ ec

m2
c
e−Q

2
c=4

�

þ ω̄2

�
es̄
m2

s
Q2

se−Q
2
s=4 þ ec

m2
c
Q2

ce−Q
2
c=4

��
: ð30Þ

As a result, we obtain the transition probabilities,

ΓðDs1ð2460Þ → DsγÞ ¼
4

3
k1Z2ðc1t1 þ c2t2Þ2;

ΓðDs1ð2536Þ → DsγÞ ¼
4

3
k2Z2ðc2t1 − c1t2Þ2: ð31Þ

When calculating these quantities, it is necessary to
substitute the corresponding photon energies,

k1 ¼ k10 −
k210
2M0

; k2 ¼ k20 −
k220
2M0

;

k10 ¼ ½Eð0Þ
1 þ ΔE1 þ ðΔHnrÞ11�

− ½Eð0Þ
0 þ ðΔHnrÞ00 þ ðΔHSÞ00�;

k20 ¼ k1 þ ΔE2 − ΔE1: ð32Þ

In these formulas, the recoil energies are taken into account,
and M0 is the mass of the Ds meson. Explicit expressions
for all the quantities included here are given in Eqs. (10),
(12), (14), and (16)–(19).

For numerical estimates, we use the values of parameters

ms ¼ 0.5 GeV; mc ¼ 1.7 GeV;

b ¼ 0.18 GeV2; g ¼ 0.8:

With these parameters, we have

ω0 ¼ 0.47 GeV; ω1 ¼ 0.38 GeV;

c1 ¼ 0.71; c2 ¼ 0.71; φ ¼ arctanðc2=c1Þ ¼ 45°;

MðD�
sÞ −MðDsÞ ¼ 147 MeV;

MðDs1ð2536ÞÞ −MðDs1ð2460ÞÞ ¼ 50 MeV;

MðDs1ð2460ÞÞ −MðDsÞ ¼ 600 MeV: ð33Þ

For the transitionsDs1ð2460Þ→Dsγ andDs1ð2536Þ→Dsγ,
we find from (31)

ΓðDs1ð2460Þ → DsγÞ ¼ 297 KeV;

ΓðDs1ð2536Þ → DsγÞ ¼ 12 KeV: ð34Þ

This result answers the question of [7] on why the decay
Ds1ð2536Þ → Dsγ is not observed, in contrast to the
decay Ds1ð2460Þ → Dsγ.
In the nonrelativistic approximation, only the contribu-

tion t11, Eq. (29), should be taken into account. In this case,

ΓðDs1ð2460Þ → DsγÞ ¼ 4.9 KeV;

ΓðDs1ð2536Þ → DsγÞ ¼ 5.2 KeV: ð35Þ

B. Radiative transitions of Ds1 mesons to D�
sγ

The state of the D�
s meson is described by the wave

function ψ 0
0,

ψ 0
0 ¼ Y00jS ¼ 1; Sz ¼ μ0iR0ðrÞ: ð36Þ

We need to calculate two matrix elements,

T 0
1 ¼ hψ 0

0jHradjψ1i; T 0
2 ¼ hψ 0

0jHradjψ2i: ð37Þ

The nonzero contribution to the matrix element T 0
1 comes

from the term Σ · GΣ=2 in Eq. (20),

T 0
1 ¼ i

ffiffiffi
3

p

8π

Z
d3rR0ðGΣ · e�μ0 Þðn · eμÞR1: ð38Þ

The nonzero contributions to T 0
2 come from the terms G0

and Stot · Gtot=2,

T 0
2 ¼ −

ffiffiffi
3

p

4π
ffiffiffi
2

p
Z

d3rR0G0ð½e�μ0 × eμ� · nÞR1;

− i

ffiffiffi
3

p

8π
ffiffiffi
2

p
Z

d3rR0ð½Gtot × e�μ0 � · ½n × eμ�ÞR1: ð39Þ
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Calculating the matrix elements yields the following
expression for the amplitude T 0

1:

T 0
1 ¼ iZfðAW · ½e�μ0 × eμ�Þτ11

þ ðAW · ½e�μ0 × λ�Þðeμ · λÞτ12g; ð40Þ

where λ ¼ k=k, Z is defined in (28), and the coefficients τ11
and τ12 are

τ11 ¼
ffiffiffi
2

pffiffiffi
π

p
Z

∞

0

re−r
2

	
es̄

�ðbr2 − gω̄2Þ
m2

s
þ 2gω̄2

msmc

�
F 1ðQsrÞ

þ ec

�ðbr2 − gω̄2Þ
m2

c
þ 2gω̄2

msmc

�
F 1ðQcrÞ



dr

þ kω2
0

4
ffiffiffi
2

p
ω̄

�
es̄
m2

s
e−Q

2
s=4 þ ec

m2
c
e−Q

2
c=4

�
;

F 1ðxÞ ¼
sinx
x3

−
cosx
x2

; ð41Þ

τ12 ¼
ffiffiffi
2

pffiffiffi
π

p
Z

∞

0

re−r
2

	
es̄

�ðbr2− gω̄2Þ
m2

s
þ 2gω̄2

msmc

�
F 2ðQsrÞ

þ ec

�ðbr2− gω̄2Þ
m2

c
þ 2gω̄2

msmc

�
F 2ðQcrÞ



dr

þ MRk2

2
ffiffiffi
2

p
ω̄

�
es̄
m2

s
e−Q

2
s=4þ ec

m2
c
e−Q

2
c=4

�

þ M2
Rk

3

8
ffiffiffi
2

p
ω̄

�
1−

ω2
0

ω̄2

��
es̄
m4

s
e−Q

2
s=4þ ec

m4
c
e−Q

2
c=4

�
;

F 2ðxÞ ¼
sinx
x

−
3sinx
x3

þ 3cosx
x2

: ð42Þ

The amplitude T 0
2 reads

T 0
2 ¼ iZfðAW · ½e�μ0 × eμ�Þτ21 þ ðAW · ½eμ × λ�Þðe�μ0 · λÞτ22g;

ð43Þ
where the coefficients τ21 and τ22 are

τ21 ¼
1ffiffiffi
π

p
Z

∞

0

re−r
2

	
es̄

�
−
ðbr2 − gω̄2Þ

m2
s

þ 2gω̄2

msmc

�
F 1ðQsrÞ

− ec

�
−
ðbr2 − gω̄2Þ

m2
c

þ 2gω̄2

msmc

�
F 1ðQcrÞ



dr −

kω2
0

8ω̄

�
es̄
m2

s
e−Q

2
s=4 −

ec
m2

c
e−Q

2
c=4

�

−
ω2
0

2ω̄

�
es̄
ms

e−Q
2
s=4 −

ec
mc

e−Q
2
c=4

�
þ 5ω4

0ω
2
1

8ω̄3m3
s
es̄e−Q

2
s=4

�
1þQ2

sðω4
0 þ ω4

1Þ
20ω2

0ω
2
1

�

−
5ω4

0ω
2
1

8ω̄3m3
c
ece−Q

2
c=4

�
1þQ2

cðω4
0 þ ω4

1Þ
20ω2

0ω
2
1

�
; ð44Þ

τ22 ¼ −
1ffiffiffi
π

p
Z

∞

0

re−r
2

	
es̄

�
−
ðbr2 − gω̄2Þ

m2
s

þ 2gω̄2

msmc

�
F 2ðQsrÞ

− ec

�
−
ðbr2 − gω̄2Þ

m2
c

þ 2gω̄2

msmc

�
F 2ðQcrÞ



drþMRk2

4ω̄

�
es̄
m2

s
e−Q

2
s=4 −

ec
m2

c
e−Q

2
c=4

�

þMRk2

16

�
1 −

ω2
0

ω̄2

��
es̄
m3

s
e−Q

2
s=4 −

ec
m3

c
e−Q

2
c=4

�
: ð45Þ

The probabilities of radiative transitions are of the forms

ΓðDs1ð2460Þ→D�
sγÞ¼

4

3
k1Z2f½c1τ11þc2ðτ21− τ22Þ�2

þ½c1ðτ11þ τ12Þþc2τ21�2g;

ΓðDs1ð2536Þ→D�
sγÞ¼

4

3
k2Z2f½−c2τ11þc1ðτ21− τ22Þ�2

þ½−c2ðτ11þ τ12Þþc1τ21�2g: ð46Þ
The photon momenta in radiative transitions are given in
Eq. (32) with ðΔHÞ00 replaced by

ðΔHÞ01 ¼
2gω3

0

3
ffiffiffi
π

p
msmc

: ð47Þ

For numerical estimates, we use the same parameters as
before. As a result, we obtain

ΓðDs1ð2460Þ → D�
sγÞ ¼ 104 KeV;

ΓðDs1ð2536Þ → D�
sγÞ ¼ 29 KeV: ð48Þ

In the nonrelativistic approximation,

ΓðDs1ð2460Þ → D�
sγÞ ¼ 7.1 KeV;

ΓðDs1ð2536Þ → D�
sγÞ ¼ 7.4 KeV: ð49Þ

Thus, the importance of relativistic corrections is obvious.
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C. Comparison with previous predictions

Numerous theoretical works [13–18] are devoted to
calculation of radiative decay partial widths of Ds1
mesons. The results of these studies, carried out within
the framework of potential models, are presented in
Table I together with the predictions of our work. It is
evident that in all previous studies, the predictions for the
width ΓðDs1ð2536Þ → DsγÞ are larger than that for
ΓðDs1ð2460Þ → DsγÞ, and the decay width ΓðDs1ð2460Þ →
D�

sγÞ systematically exceeds ΓðDs1ð2460Þ → DsγÞ, which
significantly contradicts the experimental data [9].
Apparently, this is due to the fact that in all previous
works, the spin-dependent contributions to the radiative
transition amplitudes have been neglected. Therefore, the
ratio of transition probabilities to Ds is determined only by
the mixing angle, which is of the order of forty degrees. As
can be seen from our calculations, the spin-independent
contribution to the transition amplitudes is strongly sup-
pressed. As a result, the contributions of relativistic correc-
tions, dependent on quark spins and independent of them,
become very important. As it turns out, the relativistic
corrections to the amplitudes of radiative transitions are of
the same order as the contribution of the nonrelativistic
dipole moment operator. Since in the decay amplitude
Ds1ð2536Þ → Dsγ the corresponding contributions enter
with opposite signs (46), a strong compensation occurs
in the corresponding decay width. At the same time, an
amplification takes place in the decay amplitude
Ds1ð2460Þ → Dsγ. A similar phenomenon occurs in tran-
sitions to D�

sγ.
Of course, our predictions are model-dependent, and the

numerical values of widths are sensitive to such parameters
as the quark masses and the constants in the interaction
potential. However, at our values of the parameters, we
reproduce well the experimentally known mass differences
of Ds1, Ds, and D�

s mesons. The sensitivity of radiative
widths to small changes in model parameters is more
significant. Since ΓðDs1ð2536Þ → DsγÞ turned out to be
very small as a result of strong compensation, we believe
that this value lies in the range from zero to 15 KeV. At the
same time, we estimate the accuracy of the remaining
predictions at 50%. Note that such a variation of widths
does not significantly affect their ratios. Our statement, that
the decay width of Ds1ð2460Þ → Dsγ transition is much
larger than that forDs1ð2536Þ → Dsγ, is stable with respect
to variations in the model parameters.
Since the decay probability of Ds1ð2460Þ → Dsγ is

known from the experiment, we can estimate the total width
of the Ds1ð2460Þ meson, ΓtotðDs1ð2460ÞÞ ∼ 1.5 MeV.
Therefore, measuring the total width of Ds1ð2460Þ is an
important check of our estimates. In addition, measuring the
ratio ΓðDs1ð2460Þ → D�

sγÞ=ΓðDs1ð2460Þ → DsγÞwill also
be a test of the model. This ratio is much less dependent on
the choice of parameters than the partial widths and is easier
to measure.

V. RADIATIVE TRANSITIONS
OF Bs1 AND Bc1 MESONS

Using the obtained formulas, we can predict the partial
widths for radiative transitions Bs1 → Bsγ, Bs1 → B�

sγ,
Bc1 → Bcγ, and Bc1 → B�

cγ.

A. Radiative transitions Bs1 → Bsγ and Bs1 → B�
sγ

Let us make the substitutions mc → mb ¼ 4.8 GeV and
ec → eb ¼ −e=3 in the formulas obtained for Ds1 mesons.
In addition, for Bs1 mesons we use the value g ¼ 0.7. The
small decrease in the constant g is due to the fact that with
the growth of heavy quark mass, the reduced mass MR
increases, which leads to a decrease in the characteristic
size of the system. As a result, the strong interaction
coupling constant αs and, consequently, the constant g,
decrease. Then, we have

ω0 ¼ 0.49 GeV; ω1 ¼ 0.40 GeV;

c1 ¼ 0.78; c2 ¼ 0.62; φ ¼ arctanðc2=c1Þ ¼ 38.3°;

MðB�
sÞ−MðBsÞ ¼ 52 MeV;

MðBs1ð5829ÞÞ−MðBs1ð5748ÞÞ ¼ 59 MeV;

MðBs1ð5748ÞÞ−MðBsÞ ¼ 490 MeV: ð50Þ

For the transitionsBs1ð5748Þ → Bsγ andBs1ð5829Þ → Bsγ,
we obtain

ΓðBs1ð5748Þ → BsγÞ ¼ 47 KeV;

ΓðBs1ð5829Þ → BsγÞ ¼ 28 KeV: ð51Þ

For the transitions of Bs1 mesons to B�
sγ, we find

ΓðBs1ð5748Þ → B�
sγÞ ¼ 20 KeV;

ΓðBs1ð5829Þ → B�
sγÞ ¼ 41 KeV: ð52Þ

In the nonrelativistic approximation, we have

ΓðBs1ð5748Þ → BsγÞ ¼ 111 KeV;

ΓðBs1ð5829Þ → BsγÞ ¼ 70 KeV;

ΓðBs1ð5748Þ → B�
sγÞ ¼ 67 KeV;

ΓðBs1ð5829Þ → B�
sγÞ ¼ 5 KeV: ð53Þ

TABLE II. Theoretical predictions for radiative decay widths

Bs1 → Bð�Þ
s γ in KeV.

Publication [19] [20] [21] This work

ΓðBs1ð5748Þ → BsγÞ 37 70.6 97.7 47
ΓðBs1ð5748Þ → B�

sγÞ 56 36.9 39.5 20
ΓðBs1ð5829Þ → BsγÞ 27 47.8 56.6 28
ΓðBs1ð5829Þ → B�

sγÞ 53 57.3 98.8 41
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A comparison of our results with the predictions of other
authors is given in Table II.

B. Radiative transitions Bc1 → Bcγ and Bc1 → B�
cγ

The expressions for probabilities of radiative transitions
Bc1 → Bcγ and Bc1 → B�

cγ are obtained from that for
transitions Ds1 → Dsγ and Ds1 → D�

sγ by substituting
mc → mb ¼ 4.8 GeV, ms → mc ¼ 1.7 GeV, ec → eb ¼
−e=3, and es̄ → ec̄ ¼ −2e=3. In addition, we use the value
g ¼ 0.6 for these transitions. As a result, we have

ω0 ¼ 0.82 GeV; ω1 ¼ 0.60 GeV;

c1 ¼ −0.22; c2 ¼ 0.98; φ¼ arctanðc2=c1Þ ¼ −77°;

MðB�
cÞ−MðBcÞ ¼ 61 MeV;

MðBc1ð6750ÞÞ−MðBc1ð6743ÞÞ ¼ 8 MeV;

MðBc1ð6743ÞÞ−MðBcÞ ¼ 497 MeV: ð54Þ

For transitions Bc1ð6743Þ → Bcγ and Bc1ð6750Þ → Bcγ,
we obtain

ΓðBc1ð6743Þ → BcγÞ ¼ 22 KeV;

ΓðBc1ð6750Þ → BcγÞ ¼ 47 KeV: ð55Þ

Interestingly, for the Bc1 → Bcγ transition, the probability
of emission from the lower level is very small, compared to
the probability of emission from the upper level.
For transition Bc1 → B�

cγ, we find

ΓðBc1ð6743Þ → B�
cγÞ ¼ 75 KeV;

ΓðBc1ð6750Þ → B�
cγÞ ¼ 2 KeV: ð56Þ

In the nonrelativistic approximation, we obtain

ΓðBc1ð6743Þ → BcγÞ ¼ 5 KeV;

ΓðBc1ð6750Þ → BcγÞ ¼ 107 KeV;

ΓðBc1ð6743Þ → B�
cγÞ ¼ 96 KeV;

ΓðBc1ð6750Þ → B�
cγÞ ¼ 5 KeV: ð57Þ

A comparison of our results with the predictions of other
authors is given in Table III.
Unfortunately, there are currently no experimental data

for radiative decays of Bs1 and Bc1 mesons.
Let us make a remark on the mixing angle

φ ¼ arctanðc2=c1Þ. If we let the mass of a heavy quark
go to infinity, then φwill be either − arctan

ffiffiffi
2

p ¼ −54.7° or
arctanð1= ffiffiffi

2
p Þ ¼ 35.3° [5], depending on the ratio of the

parameters g and b. For g ¼ 0.5 and b ¼ 0, it will be
−54.7°, and for g ¼ 0 and b ¼ 0.18, it will be 35.3°.
Therefore, it is seen that for all the cases considered, the
heavy quark approximation works rather well only for the
system bs̄, where mb ≫ ms.

VI. CONCLUSION

Within the phenomenological approach, predictions
were obtained for the probabilities of radiative transitions
Ds1→Dsγ,Ds1→D�

sγ, Bs1 → Bsγ, Bs1 → B�
sγ, Bc1 → Bcγ,

and Bc1 → B�
cγ. These predictions explained the unusual

ratio between the widths of different radiative transitions of
Ds1 mesons noted in [7]. The effect appeared due to a large
suppression of nonrelativistic contribution from the electric
dipole moment of the cs̄ system to the decay amplitude. As
a result, the relativistic corrections to the radiation ampli-
tude turned out to be dominant, and the amplitudes (24)
became identical in sign and close in magnitude. Since the
states Ψ1;2 corresponding to Ds1 mesons are superposition
of ψ1;2 states with the coefficients c1;2 close in value, a large
compensation of contributions occurred in the transition
amplitude ΓðDs1ð2536Þ → DsγÞ. As a result, the width
ΓðDs1ð2536Þ → DsγÞ became strongly suppressed.
All obtained predictions were in qualitative agreement

with the available experimental results and constraints. All
predictions were obtained with one standard set of param-
eters under natural variation of the coupling constant g. Our
predictions can be tested in future measurements at BESIII,
BELLE-II, and LHCb Collaborations.

DATA AVAILABILITY

No data were created or analyzed in this study.

TABLE III. Theoretical predictions for radiative decay widths Bc1 → Bð�Þ
c γ in KeV.

Publication [22] [23] [24] [25] [26] [27] [28] [29] This work

ΓðBc1ð6743Þ → BcγÞ 13 18.4 32.4 11.6 16.6 35 30.1 9.9 22
ΓðBc1ð6743Þ → B�

cγÞ 60 78.9 75.6 77.8 49 70 47.8 62.5 75
ΓðBc1ð6750Þ → BcγÞ 80 132 127.8 131.1 66.6 74 64 92.3 47
ΓðBc1ð6750Þ → B�

cγÞ 11 13.6 26.2 8.1 10.5 40 25.6 7.5 2
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