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Using the renormalization group procedure for effective particles we calculate the effective Hamiltonians
in the theory of a fermion field coupled to a scalar field via the Yukawa interaction. The theory is
renormalized by the addition of counterterms. Necessary counterterms are determined by computing matrix
elements of the effective Hamiltonian. All calculations are performed up to the second order in the
expansion in powers of the coupling constant. Renormalized effective Hamiltonians are well-defined
symmetric forms acting in the Fock space as opposed to the renormalized bare Hamiltonian, which is not
well defined without regularization. We introduce computational techniques that should streamline higher-
order calculations and may be of independent interest.
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I. INTRODUCTION

Nonperturbative calculations in quantum field theories
such as obtaining the structure of protons and neutrons
from quantum chromodynamics are challenging. Currently,
the only ab initio approach to the bound state problems in
QCD that can produce accurate results for some problems
is lattice QCD. Among those results are mass spectra,
decay constants, magnetic moments, and other static
properties of hadrons, as well as studies of fundamental
properties of QCD such as confinement and chiral sym-
metry breaking [1–4].
The success of lattice QCD would not be possible

without advances in computational power over the last
few decades. Yet, even now, some problems such as deep
inelastic scattering and computation of related structure
functions of a nucleon require additional computational and
algorithmic advances, while others like ab initio simulation
of hadronization seem unfeasible even given continued
advances in high performance computing [5–7].
On the other hand, even near-term quantum computers

with a few hundred qubits will allow Hilbert spaces that are
(many) orders of magnitude greater in dimension than those
representable on the largest classical supercomputers.
While simple qubit counts for classically intractable prob-
lems may not reflect the entirety of the cost of quantum
computing, they incentivize more detailed quantum

resource estimates, and motivate further development of
quantum computers and quantum algorithms. Possible
applications where quantum computers might outperform
any classical computers are real-time simulation of scatter-
ing processes in particle collider simulation from first
principles, simulation of strongly coupled matter at high
density or far from equilibrium (relevant for studies of
heavy-ion collisions and studies of neutron stars), neutrino
astrophysics in core-collapse supernovae and neutron-star
mergers, neutrino-nucleus scattering simulation (relevant
for neutrino experiments such as DUNE), nonequilibrium
dynamics of interacting fields for cosmology, and more
[8–11].
A particular challenge in simulation of QFT is renorm-

alization. Canonical or bare Hamiltonians are typically ill-
defined, containing divergences. Regularization of these bare
theories (by cutoffs in general) is required for any simulation.
Renormalization of the bare parameters and an introduction
of counterterms is necessary to obtain a finite theory, relating
physical inputs (measured masses and coupling constants) to
physical outputs (structure functions, etc.).
Renormalization will affect estimates of required resour-

ces for quantum algorithms. Introduction of (finite parts of)
the counterterms will change the structure of the
Hamiltonian. Flowing of coupling constants will change
the Hamiltonian’s norm. Changes in cutoffs will change the
required number of qubits. These are all parameters on
which quantum resource estimates for quantum simulation
depend.
In this article we develop an approach to relativistic

quantum field theories based on the front form of
Hamiltonian dynamics [12,13] and renormalization group
procedure for effective particles [14–17]. The main, moti-
vating application for the framework is QCD, but to
introduce the new techniques in a simpler setting we study
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Yukawa theory first [18]. This way we can avoid con-
ceptual and technical complications arising from gauge
symmetry. Yukawa theory is interesting on its own as a
relativistic model of nuclear interactions [19]. At the same
time we provide a complete example of a relativistic
field theory, ready for studies both on classical high-
performance machines and present and future quantum
computers.
In the front form, one considers a hypersurface formed

by a wave front traveling at the speed of light.
Conventionally the wave travels in the direction opposite
to the z axis. Hence, its fronts are described by

xþ ¼ x0 þ x3 ¼ const: ð1Þ

It is convenient to take the front xþ ¼ 0. This hypersurface
is used to define initial conditions for the field equations.
The field evolution is understood as a succession of states
from one at xþ to another at x0þ > xþ. The evolution is
generated by P−=2, where P− ¼ P0 − P3 is the front form
Hamiltonian. For any vector, v� ¼ v0 � v3. The three
coordinates x−, x1, x2 parametrize the hypersurfaces of
fixed front form time xþ. The particle’s p− is its front-form
energy, while pþ and p⊥ ¼ ðp1; p2Þ are its longitudinal
and transverse momenta, respectively. The condition,
pμpμ ¼ m2 implies the dispersion relation,

p− ¼ m2 þ ðp⊥Þ2
pþ : ð2Þ

An important feature of the front form is the fact that
for any massive particle its longitudinal momentum is
strictly positive. Using the usual relations for momenta,
pþ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðp⊥Þ2 þ ðp3Þ2

p
þ p3, hence, even for very

large negative p3, pþ will always remain positive.
The front form of Hamiltonian dynamics presents a

unique set of advantages. Firstly, the vacuum state in the
front form is trivial, i.e., it is the same in the free and
the interacting version of the theory. We ensure that this is
the case by introducing a cutoff on small pþ momentum
modes and the resulting Hamiltonian is called the cutoff
Hamiltonian. The cutoff Hamiltonian may need to be
supplemented with special counterterms that reproduce
the vacuum effects removed by the cutoff [20]. Such
counterterms are not expected in the Yukawa theory.
Triviality of the vacuum means that the problem of particle
bound states does not require one to solve for a complicated
vacuum state first, as is the case in instant time approaches.
In the context of quantum computing, this means that there
is no need for costly preparation of a highly entangled
vacuum state.
Another advantage of the front form is boost invariance

of the wave functions—the internal structure of the hadron
is described by the same relative-motion wave function
regardless of the motion of the hadron as a whole [13]. This

fact is highly advantageous in the context of computing
hadron structure functions in processes such as deep
inelastic scattering. A simple demonstration is given by
the formula for the invariant mass of two particles:
M2

12 ¼ ðp1 þ p2Þ2 ¼ ðm2
1 þ k2Þ=xþ ðm2

2 þ k2Þ=ð1 − xÞ,
where x ¼ pþ

1 =ðpþ
1 þ pþ

2 Þ and k ¼ ð1 − xÞp⊥
1 − xp⊥

2 are
relative longitudinal and transverse momenta, respectively.
The invariant mass of two particles depends only on relative
momenta, x and k that are invariant under Lorentz trans-
formations that preserve the xþ ¼ 0 hypersurface.
Any approach to relativistic QFTs has to address the

problem of renormalization. The canonical Hamiltonian of
Yukawa theory is not well defined without regularizing
the interactions, and the observables diverge when the
regularization is gradually removed. In Hamiltonian
approaches, the front form in particular, symmetries are
often not explicitly conserved, hence, regularization typi-
cally breaks more symmetries than in Lagrangian
approaches and hence Hamiltonians suffer more severe
singularities. These difficulties lead to the development of
powerful renormalization techniques. In this work we adopt
the renormalization group procedure for effective particles
(RGPEP) [14], which is an implementation of the similarity
renormalization group [16,17].
RGPEP deals with ultraviolet divergences of local QFTs

by defining effective particles whose interactions are no
longer local and by expressing the initial Hamiltonian in
terms of the effective particles. Nonlocal interactions make
the effective Hamiltonians energetically narrow, i.e., in the
basis of states with increasing energy expectation values the
Hamiltonian matrix is approximately band diagonal. The
band limits the momenta allowed in the loop integrals,
which can then no longer produce divergences. The
divergent nature of the initial Hamiltonian is exhibited in
diverging matrix elements of the effective Hamiltonians.
Therefore, one can identify the divergent terms and the
form of the counterterms that are necessary to remove the
divergences.
An important implication of the narrowness of the

effective Hamiltonians is that once the counterterms
are included, one can remove the regularization and the
effective Hamiltonians remain well-defined operators in
the Fock space.1 This is not the case for the canonical
Hamiltonian supplemented with appropriate counterterms
—the coefficients in the Hamiltonian, hence also the matrix
elements of the Hamiltonian, diverge when the regulari-
zation is removed.
There is one drawback of the renormalization procedure

we adopt that needs to be mentioned. In the effective

1For simplicity of formal manipulations we use word “oper-
ator” to describe both actual operators and quadratic forms that
need not correspond to operators. The distinction is not relevant
for the discussion until Sec. IV G where we do make mathemati-
cally precise statements about the Hamiltonian.
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Hamiltonians the front-form longitudinal boost invariance
is no longer conserved exactly. This is a consequence of the
choice of the generator in the RGPEP equation. There exist
generators that do not lead to this problem [14] which could
be used in Yukawa theory. Our choice is motivated by
advantages one gains when the approach is applied to
QCD, i.e., infrared divergences cancel in the color-singlet
subspace of the Fock space [21]. In a nonperturbative
calculation any divergences that survive can invalidate the
calculation. Therefore, one needs to prioritize the cancel-
lation of divergences over boost invariance. In practice,
boost-invariance breaking means that the masses of self-
bound systems depend on the total longitudinal momenta of
these systems. The longitudinal boost invariance is directly
linked with the invariance with respect to the scale
parameter of RGPEP. Finding solutions to the RGPEP
equation requires in general some level of approximation
because exact solutions can only be found in simplified
scenarios [22–25]. Therefore, any approximation made
while calculating the effective Hamiltonians results in an
approximation to boost invariance. This drawback does not
necessarily mean that one entirely loses the advantage of
the front form approach because one can systematically
improve the precision of the calculation of the effective
Hamiltonians. We provide the first RGPEP calculation for
Yukawa theory which can be systematically improved in
future work.
In the approach presented in this paper, any theory is

solved in two steps: renormalization, and diagonalization of
the Hamiltonian. The renormalization step is performed
using perturbative expansion in powers of the coupling
constant. The effective Hamiltonians include terms of all
orders in the coupling constant, but we only keep terms up
to the second order. The diagonalization step can be
performed using a numerical procedure of one’s choice.
Popular choices for front-form Hamiltonians include dis-
cretized light-cone quantization (DLCQ) [26–32] and basis
light-front quantization (BLFQ) [33–43]. As a Hamiltonian
approach, the front form is one of the natural candidates for
simulations on future quantum computers [44–50].
Our calculation is also one of a few in which the full

renormalized Hamiltonian of a quantum field theory is
calculated up to second order in the expansion in the
coupling constant. The simplest nontrivial quantum field
theory of a scalar field ϕ with ϕ3 interactions has been used
in the past as a stepping stone for calculations in pure-glue
quantum chromodynamics [51–53]. In 1þ 5 dimensions
ϕ3 theory exhibits asymptotic freedom. Therefore, the
three-point interaction ϕ3 in 1þ 5D closely resembles
the analogous three-point interaction in QCD. The sim-
plicity of ϕ3 theory allows one to easily write down the
complete effective Hamiltonian up to second order in the
coupling constant. The same theory, but in 1þ 3D, has
been used for exemplary calculation of the full interacting
Poincare algebra in the front form of Hamiltonian dynamics

up to second order, including the effective Hamiltonian and
the other two dynamical generators [54].
Apart from the final result, our calculational techniques

are also of independent interest. Even though the ideas
and techniques we use, such as Wick’s theorem, are well
known, they have not been employed in the context of
RGPEP. More powerful techniques were required because
the renormalization flow equation generates complicated
expressions that can obscure the possibility to come up with
simple formulas. Our techniques simplify the calculations
and enable us to write down short formulas that describe
many different interaction vertices all at once.
The remainder of the paper is organized as follows. In

Sec. II the RGPEP is introduced. Section III describes the
strategy of finding counterterms that ensure effective
Hamiltonians are well defined. Section IV presents the
main results and is divided into subsections. The canonical
Hamiltonian of Yukawa theory, defined in Sec. IVA, is
regularized in Sec. IV B. In Sec. IV C we begin calculating
the effective Hamiltonians. Section IV D introduces the
Wick’s diagrams and the Wick’s theorems that are used in
Secs. IV E and IV F to evaluate contributions to the
effective Hamiltonians from tree diagrams and diagrams
containing loops, respectively. In Sec. IVG we compute
matrix elements of the effective Hamiltonians and deter-
mine the counterterms. Section IV H summarizes all con-
tributions to the renormalized Hamiltonians. We conclude
the article in Sec. V while some notation and conventions
are described in the Appendix.

II. EFFECTIVE PARTICLES

In this section we introduce the main definitions and
concepts needed to perform calculations in the framework
of RGPEP.
Suppose that qðiÞ is an annihilation operator for a

particle characterized by i which represents all relevant
quantum numbers, e.g., momentum, front-form helicity,
color, as well as the type of the particle such as quark
(including its flavor), scalar boson, etc. qðiÞ† is the
corresponding creation operator. We define effective
operators,

qtðiÞ ¼ UtqðiÞU†
t ; ð3Þ

where Ut is a unitary operator. Both Ut and the effective
particles are parametrized by t ≥ 0. The initial operators are
defined at t ¼ 0. Hence, U0 ¼ 1, and q0 ¼ q. In relativistic
quantum field theories qðiÞ correspond to pointlike, bare
particles. For t > 0, our construction will give qtðiÞ which
correspond to effectiveparticles that interact nonlocally [55].
Hence, one can think of them as having some finite size. The
larger the t, the larger the size of the effective particles.
Using bare particle operators one can build the bare Fock

space. Using effective particle operators one can build the
effective Fock space. As long as the unitary operator Ut is
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well defined, the two Fock spaces are equivalent, with
states jψit in the effective Fock space, expressible in terms
of the states jψi in the bare Fock space,

jψit ¼ Utjψi: ð4Þ

The change from bare to effective particles, therefore, can
be regarded as a change of basis.
The effective Hamiltonian, Ht is defined by the follow-

ing set of equations:

Ht ¼ H0 ¼ H0; ð5Þ

d
dt

Ht ¼ ½Gt;Ht�; ð6Þ

where

Ht ¼ U†
t HtUt; ð7Þ

and Gt ¼ ½Hf;Ht� is the generator of infinitesimal unitary
transformation with Hf being the free Hamiltonian. Those
equations fix the unitary operator to be the solution of the
following set of equations:

U†
t
d
dt

Ut ¼ −Gt; ð8Þ

U0 ¼ 1: ð9Þ

Different choices of the generator are possible
[14,17,56–61]. In most cases the goal is to diagonalize
the Hamiltonian, but one might want to block-diagonalize it
instead, see Ref. [61]. In numerical calculations it is
advantageous to use a softer generator, i.e., one that does
not produce too abrupt changes of the matrix elements of
the Hamiltonian, because then the step size can be larger
and is more predictable. Softer generators can also greatly
improve the rate of convergence of perturbative calcula-
tions of the effective Hamiltonians [57,58]. One can also
design a generator that does not lead to the breaking of the
kinematic Lorentz symmetries of the front form [14]. Our
choice gives a rather simple form of the RGPEP equations,
which is desirable at this stage of the development.
However, most importantly, it allows for cancellation of
infrared divergences in the color-singlet sector in QCD
[21]. As a consequence, the exact longitudinal boost
invariance is lost, but nonperturbative diagonalization of
the Hamiltonian in truncated color-singlet subspaces is well
defined, which is a prerequisite for numerical studies.
Further refinements to the generator, such as those in
Refs. [57,58], are best studied once the numerical tools for
solving Hamiltonians of QFTs are better developed.
The difference betweenHt,H0, andHt can be illustrated

in general with the following equations (the details of
notation are defined in the Appendix):

Ht ¼
X∞
n¼2

X
i1;…;in

ctði1;…; inÞqtði1Þ†…qtðinÞ: ð10Þ

Ht is the effective Hamiltonian which is written in terms of
effective creation and annihilation operators qt and effec-
tive coefficients ct.

H0 ¼
X∞
n¼2

X
i1;…;in

c0ði1;…; inÞqði1Þ†…qðinÞ: ð11Þ

H0 is the initial, bare Hamiltonian written in terms of bare
operators q and bare coefficients c0. The effective
Hamiltonian and the bare one represent the same abstract
operator, just written using different bases defined by
operators qt and q, respectively. Hence, Ht ¼ H0.

Ht ¼
X∞
n¼2

X
i1;…;in

ctði1;…; inÞqði1Þ†…qðinÞ: ð12Þ

Ht is written in terms of bare operators, but with effective
coefficients. This way the derivative with respect to t
applied to Ht acts on the coefficients only, while applied
toHt acts also on the effective operators, which depend on t
in such a way that dHt=dt ¼ 0.
We assume that the free Hamiltonian has the form

Hf ¼
X
i

p−
i qðiÞ†qðiÞ; ð13Þ

where p−
i ¼ ½m2

i þ ðp⊥
i Þ2�=pþ

i is the front-form energy of
the particle characterized by i. Using, HfqðiÞ† ¼
qðiÞ†Hf þ p−

i qðiÞ† and HfqðiÞ ¼ qðiÞHf − p−
i qðiÞ, it is

easy to show that

½Hf;Ht� ¼
X∞
n¼2

X
i1;…;in

ðP−
a − P−

b Þctði1;…; inÞ

× qði1Þ†…qðikÞ†qðikþ1Þ…qðinÞ; ð14Þ
where P−

a is the sum of p− over the particles that are created
in the interaction, while P−

b is the sum of p− over the
particles that are annihilated in the interaction. For exam-
ple, if there are n operators, the first k of them are creation
operators, and the last n − k of them are annihilation
operators, then

P−
a ¼

Xk
r¼1

p−
ir
; ð15Þ

P−
b ¼

Xn
r¼kþ1

p−
ir
: ð16Þ

Thus, the generator closely resembles the Hamiltonian Ht.
The only difference is that the coefficients ct in Ht are
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replaced with ðP−
a − P−

b Þct in the generator. In fact, the
commutator ½Hf;Ht� defines a linear operator acting onHt.
We define

Gt ¼ ½Hf;Ht� ¼ −i∂−fHt; ð17Þ

where ∂
−
f means “take the front-form time derivative

∂
− ¼ 2 ∂

∂xþ, as if the operators evolved according to free
evolution equations, i.e., qtði; xþÞ ¼ e−ip

−
i x

þ=2qtðiÞ.” We
could drop the subscript “f” if we were working in the
interaction picture. The actual time evolution of the
creation and annihilation operators in the Heisenberg
picture is not known in general. The operator i∂−f can be
understood as counting the difference between kinetic
energy (as defined by Hf) before and after the interaction.
Equation (6) is in general very difficult to solve. For

QCD, due to asymptotic freedom, a perturbative expansion
in powers of the coupling constant should be a viable
approach. For Yukawa theory, we assume that the coupling
constant at the scales we are considering is small enough to
use the perturbative expansion. We define the interacting
Hamiltonian,

HIt ¼ Ht −Hf: ð18Þ

Therefore,

d
dt

Ht ¼ −ði∂−f Þ2HIt þ ½−i∂−fHIt;HIt�; ð19Þ

where we used the fact that ∂−fHf ¼ 0 to replace ∂−fHt with
∂
−
fHIt. An immediate implication is dHf=dt ¼ 0. The
second term on the right-hand side of Eq. (19) is of higher
order than the first term. Therefore, the leading-order

solution that neglects the second term is e−tði∂
−
f Þ2HI0.

This suggests the following form of a general solution,

HIt ¼ e−tði∂
−
f Þ2ht; ð20Þ

where for convenience ht is called the reduced
Hamiltonian. The RGPEP equation becomes

d
dt

ht ¼ etði∂
−
f Þ2 ½−i∂−fHIt;HIt�: ð21Þ

We assume that the interaction Hamiltonian, and therefore,
the reduced Hamiltonian admit an expansion in powers of a
single coupling constant g,

ht ¼ ht;1 þ ht;2 þ ht;3 þ…; ð22Þ

where ht;n is of order gn, or more precisely, ht;n=gn is
independent of g. We arrive at a set of equations, order by
order,

dht;1
dt

¼ 0; ð23Þ

dht;2
dt

¼ etði∂
−
f Þ2 ½−i∂−fHt;1;Ht;1�; ð24Þ

dht;3
dt

¼ etði∂
−
f Þ2 ½−i∂−fHt;1;Ht;2�

þ etði∂
−
f Þ2 ½−i∂−fHt;2;Ht;1�; etc:; ð25Þ

where Ht;k ¼ e−tði∂
−
f Þ2ht;k. At any order k the derivative

dht;k=dt is expressed in terms of reduced Hamiltonians in
all lower orders ht;1, …, ht;k−1, hence the perturbation
theory is established. Further calculations are best illus-
trated using an example; see Sec. IV.

III. RENORMALIZATION IN
PERTURBATION THEORY

In this section we summarize the principles of renorm-
alization of Hamiltonians [16]. Most quantum field theories
of interest, Yukawa theory included, lead to divergent
results when one attempts to compute observables such
as the energy spectrum of the Hamiltonian. The source of
those divergences can be traced to the local character of the
interactions. With local interactions, matrix elements of the
Hamiltonian between states of arbitrarily different energies
can be not only nonzero but large. This implies that
phenomena at vastly different energy scales are strongly
coupled.
The goal of the RGPEP evolution is to force the effective

Hamiltonian, Ht into a band diagonal form, thereby
decoupling particles at scales that differ by more than
the width of the band. By band-diagonal form, we mean
that matrix elements that are sufficiently far from the
diagonal (according to some metric) are required to be
zero or suppressed to the degree that they may be neglected.
This property of the effective Hamiltonians is called
narrowness.
The generator we chose does ensure that the effective

Hamiltonians are narrow. According to Eq. (20), if we
consider eigenstates of the free Hamiltonian, say jψ ji and
jψki, such that Hfjψ ji ¼ P−

j jψ ji and Hfjψki ¼ P−
k jψki,

then the matrix element of the interaction Hamiltonian

hψ jjHItjψki ¼ e−tðP
−
j −P

−
k Þ2hψ jjhtjψki. As long as the

reduced Hamiltonian does not develop very large matrix
elements, the matrix elements of the effective Hamiltonian
become very small—irrelevant in practice—when the
difference jP−

j − P−
k j is considerably larger than 1=

ffiffi
t

p
.

The exponential factor, e−tðP
−
j −P

−
k Þ2 is called the RGPEP

form factor, or simply, the form factor.
Form factors, as the name suggests, make the effective

interactions nonlocal and ensure that no divergences can
appear in calculations where they would normally appear in
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local field theories. However, the effective theory with
nonlocal interactions is exactly equivalent to the initial
theory with local interactions as long as the initial theory is
regularized first. The divergent nature of the initial theory is
manifested in diverging matrix elements of the effective
Hamiltonian. Therefore, the goal of renormalization is to
make the effective Hamiltonian well defined in the limit of
the regularization being lifted. In effect, one has to modify
the initial Hamiltonian, but the same limit of the modified
initial Hamiltonian need not be well defined. For example,
the bare coupling can approach infinity as in the Wilson
model [62].
The renormalization program in perturbation theory is as

follows. Firstly, one has to define the initial Hamiltonian
(for example, the canonical Hamiltonian) and regularize
it. Regularization introduces a cutoff parameter and the
limit as this parameter goes to zero (alternatively to
infinity) corresponds to lifting the regularization. The
regularization needs to remove all divergences in the
theory, since, otherwise, the unregulated expression for
the Hamiltonian lacks the mathematical meaning necessary
for computations. Secondly, one calculates the effective
Hamiltonian as a solution to the RGPEP Eq. (6). One
can do this order by order in perturbation theory, see
Eqs. (23)–(25). In perturbation theory, in order to compute
the nth order Hamiltonian, renormalization in orders 1
through n − 1 needs to be completed first. Assuming this is
the case, at the nth order one needs to ensure that all matrix
elements between states from the domain of the effective
Hamiltonian are finite when the cutoff parameter is sent to
zero. If any matrix element diverges when the cutoff is
sent to zero, then one needs to supplement the initial
Hamiltonian with appropriate counterterms. At the nth
order of the calculation, the counterterms are of
order gn and can be determined in the following way.
Equations (23)–(25) are integrated from t ¼ 0 to t. The left-
hand side after integration contains ht;n − h0;n, where ht;n is
the effective reduced Hamitonian in order n, and h0;n is the
initial condition, bare Hamiltonian in order n. The right-
hand side is fixed by lower-order results. If it produces a
divergent term, then the divergence needs to be isolated and
inserted with an opposite sign into the initial condition
term, h0;n. Therefore, the initial condition plus the term that
is produced by RGPEP evolution in order gn sum to a finite
expression.
The renormalization process does not end with the

removal of divergences because counterterms are not
uniquely determined. Two counterterms that differ by only
a constant remove the divergence equally well. Therefore,
one needs to determine not only the infinite parts of the
counterterms, but also their finite parts. Symmetries and
coupling coherence can be used to constrain the finite parts.
For example, the Lorentz covariance of the scattering
matrix introduces such constraints [63,64]. The main idea
of coupling coherence is that only a finite number of

parameters are independent functions of the renormaliza-
tion parameter. All other parameters and effective inter-
actions, be them infinitely many and however complicated,
are uniquely determined by the independent parameters
[65,66]. The final step, once all theoretical arguments
have been exhausted, is computation of observables and
comparison with experiment to fix any remaining free
parameters.

IV. YUKAWA THEORY

We present the step-by-step process of calculating the
renormalized Hamiltonian of the Yukawa field theory. We
start with the canonical Hamiltonian, regularize it, compute
the effective Hamiltonian, and end with the computation of
the matrix elements and determination of the counterterms.
On the way we develop Wick diagrams as a useful tool to
represent, organize, and manipulate complicated interac-
tion terms of the Hamiltonian of a quantum field theory.

A. Canonical Hamiltonian of Yukawa theory

We start from the Lagrangian:

L ¼ ψ̄ði=∂ −mÞψ þ 1

2
∂μϕ∂

μϕ −
1

2
μ2ϕ2 − gψ̄ψϕ; ð26Þ

where ϕ is a scalar field, ψ is a fermion field, μ and m are
boson and fermion masses, respectively, and g is a
dimensionless coupling constant. The canonical
Hamiltonian is the integral of the Hamiltonian density,
H over the hypersurface defined by xþ ¼ 0,

Hcanonical ¼
Z

dx−d2x⊥H: ð27Þ

The canonical Hamiltonian density in the front form of
Hamiltonian dynamics is H ¼ 1

2
Tþ−, where Tμν is the

canonical stress-energy tensor obtained as the conserved
Noether’s current due to invariance with respect to trans-
lations in spacetime. For Yukawa theory,

H ¼ Hψ2þϕ2 þHψ2ϕ þHψ2ϕ2 ; ð28Þ

where

Hψ2þϕ2 ¼ N
�
ψ̄
γþ

2

ði∂⊥Þ2 þm2

i∂þ
ψ

�

þN
�
1

2
ϕ½ði∂⊥Þ2 þ μ2�ϕ

�
; ð29Þ

Hψ2ϕ ¼ gN ðψ̄ψϕÞ; ð30Þ

Hψ2ϕ2 ¼ 1

2
g2N

�
ψ̄ϕ

γþ

i∂þ
ϕψ

�
: ð31Þ
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N stands for normal ordering, i.e., sorting factors of an
expression until all creation operators are to the left of all
the annihilation operators and multiplying the expression
by minus sign whenever two fermionic operators are
transposed. The fields are quantized on the spacetime
hyperplane parametrized by xμ ¼ ðxþ ¼ 0; x−; x⊥Þ, and
are expanded in a plane-wave basis,

ψðxÞ ¼
X
σ

Z
dpþd2p⊥
16π3pþ θðpþÞ

× ½uσðpÞe−ipxbpσ þ vσðpÞeipxd†pσ�; ð32Þ

ϕðxÞ ¼
Z

dpþd2p⊥
16π3pþ θðpþÞðe−ipxap þ eipxa†pÞ; ð33Þ

where b and d are fermionic annihilation operators, a is a
bosonic annihilation operator, u and v are spinors for
particles and antiparticles, p ¼ ðpþ; p⊥Þ is the light-form
momentum, σ is the light-front helicity, and θ is the
Heaviside theta function. In this work we do not consider
time evolution and we keep xþ ¼ 0. More generally, the
phase factors in the interaction picture are px ¼
p−xþ=2þ pþx−=2 − p⊥x⊥, where p− is defined in
Eq. (2) with the appropriate mass, m for the fermionic
field and μ for the bosonic field.
For our purposes it is convenient to work in the

momentum-space representation,

ΦðqÞ ¼
Z

dx−d2x⊥ei
2
qþx−−iq⊥x⊥ϕðxÞ ð34Þ

¼ θðqþÞaq þ θð−qþÞa†−q
jqþj ; ð35Þ

ΨðqÞ ¼
Z

dx−d2x⊥ei
2
qþx−−iq⊥x⊥ ψðxÞ

¼
X
σ

θðqþÞuσðqÞbqσ þ θð−qþÞvσð−qÞd†−qσ
jqþj : ð36Þ

Importantly, qþ can be both positive and negative, and its
sign determines whether the field contains the creation or
the annihilation particle operator. This is to be contrasted
with the instant form in which fields are split into, and
always contain, both positive and negative frequency
components. In the front form one can identify positive
frequency solutions with qþ > 0 and negative frequency
solutions with qþ < 0. Note also thatΦ andΨ are functions
of qþ and q⊥ only (apart from xþ which is always fixed to
zero). One can assign q− components in accordance to free
evolution,

i∂−fΦðqÞ ¼ q−jμΦðqÞ; ð37Þ

i∂−fΨðqÞ ¼ q−jmΨðqÞ; ð38Þ

i∂−f Ψ̄ð−qÞ ¼ q−jmΨ̄ð−qÞ; ð39Þ

where the minus component is annotated, i.e.,

q−jm ¼ m2þðq⊥Þ2
qþ , and q−jμ ¼ μ2þðq⊥Þ2

qþ .
In the momentum space representation the Hamiltonian is

Hcanonical ¼ Hψ2þϕ2 þHψ2ϕ þHψ2ϕ2 ; ð40Þ

where

Hψ2þϕ2 ¼
Z

½q�q−jmN
h
Ψ̄ðqÞ γ

þ

2
ΨðqÞ

i

þ
Z

½q� q
þq−jμ
2

N ½Φð−qÞΦðqÞ�; ð41Þ

Hψ2ϕ ¼ g
Z

½q1q2q3�δ̃123N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�; ð42Þ

Hψ2ϕ2 ¼ g2
Z

½q1q2q3q4�δ̃1234

× N
�
Ψ̄ð−q1ÞΦðq3Þ

γþ=2
qþ2 þ qþ4

Φðq4ÞΨðq2Þ
�
;

ð43Þ
where

δ̃1…n ¼ 16π3δðqþ1 þ � � � þ qþn Þδ2ðq⊥1 þ � � � þ q⊥n Þ; ð44Þ

½q� ¼ dqþd2q⊥
16π3

; ½q1q2� ¼ ½q1�½q2�; etc: ð45Þ

The mass in the minus component q− can usually be inferred
easily from the label. For example, q3 in Eq. (42) corre-
sponds to the scalar field, therefore, q−3 is defined with mass
μ, while q−1 and q−2 are defined with mass m, because they
correspond to the fermion fields. Henceforth, for conven-
ience we drop the mass annotations.
It is worth noting that the interaction terms are written in a

very concise way. All qþi are integrated from −∞ to ∞ and
are equal to the actual momenta only up to sign. For
example, Hψ2ϕ, depending on the signs of the momentum
variables qþ1 , q

þ
2 , and qþ3 , will give eight different types of

interactions, see Table I. For qþ1 > 0, Ψ̄ð−q1Þ is proportional
to dq1 and the actual momentum is p1 ¼ q1. For q

þ
1 < 0,

Ψ̄ð−q1Þ is proportional to b†−q1 and the actual momentum is
p1 ¼ −q1. Similarly, the sign of qþ2 is related to what Ψðq2Þ
contributes in Eq. (42), and the sign of qþ3 determines the
contribution fromΦðq3Þ. Equations (42) and (43) are written
in a way that ensures pμ

i ¼ sgnðqþi Þqμi . Note that since the
sign of qþ determines the sign of q−, p−

i ¼ sgnðqþi Þq−i also
holds. Combinationsþþþ and − − − correspond to
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annihilation of particles to vacuum and creation of particles
from the vacuum, respectively, and are absent in the cutoff
Hamiltonian. Therefore, Hψ2ϕ has six distinct interaction
terms. Hψ2ϕ2 has ten distinct interaction terms [four combi-
nations from Ψ̄ð−q1ÞΨðq4Þ times three combinations from
Φðq2ÞΦðq3Þ2 minus two zero-mode terms]. Similar notation
has been introduced before [55].

B. Regularization

The first cutoff we introduce is the small pþ cutoff in the
Fourier expansions of fields,

ψðxÞ ¼
X
σ

Z
dpþd2p⊥
16π3pþ θϵðpþÞ

× ½uσðpÞe−ipxbpσ þ vσðpÞeipxd†pσ�; ð46Þ

ϕðxÞ ¼
Z

dpþd2p⊥
16π3pþ θϵðpþÞðe−ipxap þ eipxa†pÞ; ð47Þ

where θϵðpþÞ ¼ θðpþ − ϵþÞ and ϵþ > 0 is the minimal pþ
any particle can have. Therefore,

ΦðqÞ ¼ θϵðqþÞaq þ θϵð−qþÞa†−q
jqþj ; ð48Þ

ΨðqÞ¼
X
σ

θϵðqþÞuσðqÞbqσþθϵð−qþÞvσð−qÞd†−qσ
jqþj : ð49Þ

The purpose of this cutoff is to remove all zero modes from
the theory and ensure the triviality of the vacuum state. At
the same time the limit ϵþ → 0 is the first limit to be taken.
The canonical Hamiltonian is not well defined because

local interactions lead to ultraviolet divergences. Hence, we
redefine the interaction Hamiltonian to be

Hψ2ϕ ¼ g
Z

½q1q2q3�ϵ ftr;123δ̃123 N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�;

ð50Þ

where tr is the cutoff parameter,

ftr;1…n ¼ e−trðq−1þ���þq−n Þ2 ; ð51Þ

½q�ϵ ¼ ½q�θϵðjqþjÞ; ½q1q2�ϵ ¼ ½q1�ϵ½q2�ϵ etc: ð52Þ

The limit tr → 0 makes ftr;123 → 1, and corresponds to the
removal of the regularization factor.
The regulator works in the following way. Suppose that

−qþ1 ;−q
þ
2 ; q

þ
3 > 0. The combination of creation and anni-

hilation operators that arises is b†−q1d
†
−q2aq3 . In other words,

a boson with momentum p3 ¼ q3 is annihilated, an
antifermion with momentum p2 ¼ −q2 is created, and a
fermion with momentum p1 ¼ −q1 is created. The regu-
lator becomes e−trð−p−

1
−p−

2
þp−

3
Þ2 and regulates the difference

between the energy of created particles, p−
1 þ p−

2 , and the
energy of the annihilated particles, p−

3 . All six nonzero
cases can be analyzed in the same way and in each case
ftr;123 regulates the difference between front-form energy
before and after the interaction.
The instantaneous interaction is regularized as if it were

composed of two first-order interaction terms,

Hψ2ϕ2 ¼ g2
Z

½q1q2q3q4�ϵθϵðjqþ5 jÞδ̃1234 ftr;135 ftr;24.5

×N
�
Ψ̄ð−q1ÞΦðq3Þ

γþ

2qþ5
Φðq4ÞΨðq2Þ

�
; ð53Þ

where

ftr;1…k:ðkþ1Þ…n ¼ e−tr½ðq
−
1
þ���þq−k Þ−ðq−kþ1

þ���þq−n Þ�2 ; ð54Þ

and q5 ¼ q2 þ q4 ¼ −q1 − q3 for plus and transverse

components, while q−5 ¼ q−5 jm ¼ m2þðq⊥
5
Þ2

qþ
5

.

Regularization makes the Hamiltonian mathematically
well defined, but the observables strongly depend on the
cutoff parameters. In the next section we start the renorm-
alization process by calculating the effective Hamiltonian
of Yukawa theory up to the second order in the coupling
constant.

C. Effective Hamiltonian

The first-order Eq. (23) has a simple solution,

ht;1 ¼ h0;1 ¼ Hψ2ϕ: ð55Þ

Therefore,

TABLE I. Type of the interaction term in Hψ2ϕ depending on
the signs of qþ1 , q

þ
2 , and qþ3 and the actual momenta of particles,

p1, p2, and p3, expressed in terms of q1, q2, and q3.

qþ1 q
þ
2 q

þ
3 Interaction p1 p2 p3

þþþ dq1bq2aq3 q1 q2 q3
þþ − dq1bq2a

†
−q3 q1 q2 −q3

þ −þ dq1d
†
−q2aq3 q1 −q2 q3

þ − − dq1d
†
−q2a

†
−q3 q1 −q2 −q3

−þþ b†−q1bq2aq3 −q1 q2 q3
−þ − b†−q1bq2a

†
−q3 −q1 q2 −q3

− −þ b†−q1d
†
−q2aq3 −q1 −q2 q3

− − − b†−q1d
†
−q2a

†
−q3 −q1 −q2 −q3

2qþ2 ;−q
þ
3 > 0, and −qþ2 ; q

þ
3 > 0 cases are considered of the

same type for Φðq2ÞΦðq3Þ.
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Ht;1 ¼ g
Z

½q1q2q3�ϵ ftr;123δ̃123 ft;123
×N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�: ð56Þ

The interaction term acquires an effective form factor ft;123.
Due to the choice of the regulator, the form factor and the
regulator can be combined,

ft;123ftr;123 ¼ ftþtr;123: ð57Þ

Therefore, the RGPEP equation in the first order of
perturbative calculations lowered the energy cutoff from
1=

ffiffiffiffi
tr

p
at t ¼ 0 to 1=

ffiffiffiffiffiffiffiffiffiffiffi
tþ tr

p
at t > 0. Orders higher than

the first lead to more complicated refinements to effective
interactions. Since the form factor has the same form as the
regulator, the latter is no longer needed to prevent divergent
integrals and the limit tr → 0 can be easily performed. One
can consider regularization in this case as being a form of
preconditioning of the renormalization procedure.
At second order we first note that

i∂−fHt;1 ¼ g
Z

½q1q2q3�ϵðq−1 þ q−2 þ q−3 Þδ̃123ftþtr;123

×N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�: ð58Þ

The left-hand side of Eq. (24) contains ð−i∂−fHt;1ÞHt;1þ
Ht;1i∂−fHt;1. For both terms we assign 1, 2, and 3 as dummy
labels for the left copy of Ht;1, while 4, 5, and 6 are the
dummy labels of the right copy of Ht;1. Therefore, the
second-order Eq. (24) takes a concise form,

d
dt
ht;2¼g2

Z
½q1q2q3q4q5q6�ϵftr;123ftr;456 δ̃123 δ̃456At;123.456

×N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�N ½Ψ̄ð−q4ÞΨðq5ÞΦðq6Þ�;
ð59Þ

where

At;123.456 ¼ ð−q−1 − q−2 − q−3 þ q−4 þ q−5 þ q−6 Þ
ft;123ft;456
ft;123456

:

ð60Þ

1=ft;123456 ¼ f−t;123456 comes from etði∂
−
f Þ2 . The form of

Eq. (59) is in fact very concise. Once Eq. (59) is normal
ordered, the nonzero terms produce 22 distinct types
of terms. Dealing with them separately would be
cumbersome.
Integrating Eq. (59) over t gives

ht;2 ¼ h0;2 þ g2
Z

½q1q2q3q4q5q6�ϵftr;123ftr;456δ̃123δ̃456Bt;123.456

×N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�N ½Ψ̄ð−q4ÞΨðq5ÞΦðq6Þ�; ð61Þ

where

Bt;123.456 ¼
Z

t

0

dτAτ;123.456 ð62Þ

¼ 1

2

�
1

q−1 þ q−2 þ q−3
−

1

q−4 þ q−5 þ q−6

��
ft;123ft;456
ft;123456

− 1

�
:

ð63Þ

The initial condition h0;2 consists of the canonical terms of
order g2—in this case the instantaneous fermion interaction
—and, yet to be determined, counterterms X:

h0;2 ¼ Hψ2ϕ2 þ X: ð64Þ

To determine the counterterms we need to evaluate the
matrix elements of the effective Hamiltonian. This is most
easily done when the interaction terms are rewritten in a
normal-ordered form. In the next section we describe how
to do this using Wick’s theorem and introduce the Wick’s
diagrams—a tool for efficient calculations.

D. Wick’s diagrams and Wick’s theorem

In this section we first introduce Wick’s diagrams and
then state the Wick’s theorem that is relevant for our
calculations. However, before we introduce the rules for
drawing and interpreting the diagrams, it is important to
understand that our drawings are context dependent. The
same diagram can correspond to a term in the canonical
Hamiltonian or to a term in the regularized or renormalized
Hamiltonian. Individual diagrams can be composed to
represent higher-order terms contributing to the effective
Hamiltonian or to its derivative. The purpose of the
diagrams is to streamline calculations of the effective
Hamiltonians. A complicated expression for a term in
the Hamiltonian can be represented unambiguously with
a simple diagram. Diagrammatic representation of math-
ematical formulas is typically easier to handle for a human
calculator. Therefore, one may expect advantages in organ-
izing and following calculations, as well as solving the
combinatorial problem of generating all relevant terms
(diagrams). Finally, the foundation for the approach of
calculating the effective Hamiltonian using diagrams is
Wick’s theorem. Should the proposed rules prove
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insufficient to unambiguously generate a mathematical
expression, one should write out the formulas and follow
the theorem.
The simplest Wick’s diagram in Yukawa theory corre-

sponds to the first-order term in the Hamiltonian and is
depicted in Fig. 1. We start by drawing the legs of the
diagram—dashed line for a boson, two directed solid lines
for fermions. With each leg we associate momentum
variable, q1, q2, and q3. The momentum flow is directed
as indicated by the additional arrows. We place dots, which
correspond to field operators, at the loose ends of the legs.
The dots on fermion lines are labeled with spinor indices,
a1 and a2. The dot at the end of the dashed line corresponds
to Φðq3Þ. The dot at the end of the solid line which is
directed away from the dot corresponds to Ψa2ðq2Þ, while
the dot at the end of the solid line which is directed toward
the dot corresponds to Ψ̄a1ð−q1Þ. If the direction of any
momenta were inverted, then the momentum in the corre-
sponding operator would also need to be inverted (replaced
with its negative). Once all operators are determined, they
are written in some canonical order. For example, first
fermion fields following the solid line in the direction
opposite to the direction on the line, then boson fields,
finally they are all normal ordered. Therefore, we write
N ½Ψ̄a1ð−q1ÞΨa2ðq2ÞΦðq3Þ�. The order in which we write
the operators matters only for the fermionic operators,
because N ½Ψ̄a1ð−q1ÞΨa2ðq2Þ� ¼ −N ½Ψa2ðq2ÞΨ̄a1ð−q1Þ�.
The intersection of the three lines in Fig. 1, called a

vertex, corresponds to a function called the vertex function.
The vertex function depends on the context. If the diagram
represents a term in the canonical Hamiltonian, then the
vertex function is equal to the coupling constant times
Kronecker delta in spinor indices, gδa1;a2 and might be
called a vertex constant in this case. If the diagram
represents a term in the regularized Hamiltonian, then
the vertex function equals gftr;123δa1;a2 and is a function of
momenta associated with the legs of the diagram. If the
diagram represents a term in the effective Hamiltonian, then

the vertex function equals gftþtr;123δa1;a2 . Each vertex also
comes with a momentum conservation Dirac delta, which is
δ̃123 in this case.
Finally, all labels need to be integrated or summed over.

The spinor indices a1 and a2 are summed over 1, 2, 3, and
4, each. Throughout this article we assume Einstein
summation convention, hence, in any formula that shows
the spinor indices, the summation over spinor indices is
implicit. Momentum variables need to be integrated with
measure ½q1q2q3�ϵ. When all factors are combined, we
arrive at Eq. (56), the Hamiltonian term corresponding
to Fig. 1.
In the second-order calculation, the reduced Hamiltonian

comprises two terms, see Eq. (61). h0;2 contains Hψ2ϕ2 ,
which is depicted in Fig. 2. We interpret this second-order
diagram as two first-order diagrams connected with each
other. Applying the previous rules, we get the following.
There are four dots, hence, there are four field operators, in
the order we described before: Ψ̄a1ð−q1Þ, Ψa2ðq2Þ, Φðq3Þ,
and Φðq4Þ. Therefore, the first part of the expression is
N ½Ψ̄a1ð−q1ÞΨa2ðq2ÞΦðq3ÞΦðq4Þ�. Two vertices imply two
Dirac deltas for momentum conservation, δ̃135 and δ̃246.
The integration measure is ½q1q2q3q4q5q6�ϵ.
Going beyond the rules established so far we add a Dirac

delta δ̃56 because the intermediate line that connects the
two vertices can be thought of as two lines connected
together. The second-order vertex as a whole is assigned a
single vertex function. To reproduce Eq. (53) the vertex
function needs to be g2ftr;135ftr;246γ

þ
a1;a2=ð2qþ5 Þ. To repro-

duce Eq. (43) the vertex function needs to be
g2γþa1;a2=ð2qþ5 Þ. If the diagram is to represent the contri-
bution to the effective Hamiltonian, then the vertex function
is g2ftr;135ftr;246ft;1234γ

þ
a1;a2=ð2qþ5 Þ.

The three Dirac deltas allow us to perform some
integrations easily. Firstly, one can integrate over q6, which
will remove δ̃56, substitute every q6 with −q5, and leave
θϵðjqþ5 jÞ behind from the measure. One can then integrate

FIG. 1. Wick’s diagram of the first-order Yukawa Hamiltonian
term. The vertex function is gδa1;a2 , gftr;123δa1;a2 , and
gftþtr;123δa1;a2 , depending whether the diagram represents a term
in the canonical, Eq. (42), the regularized, Eq. (50), or the
effective Hamiltonian, Eq. (56), respectively. The orientation of
the legs is arbitrary.

FIG. 2. Wick’s diagram of the second-order instantaneous
fermion interaction. It is interpreted as two first-order vertices
connected to each other. The vertex function for the canonical
Hamiltonian is g2γþa1;a2=ð2qþ5 Þ, see Eq. (43). For the regularized
Hamiltonian it is g2ftr;135ftr;246γ

þ
a1;a2=ð2qþ5 Þ, see Eq. (53), and for

the effective Hamiltonian it is g2ftr;135ftr;246ft;1234γ
þ
a1;a2=ð2qþ5 Þ,

see Hð0Þ
t;2 defined immediately before Eq. (127). Legs can be

oriented in arbitrary direction.

SERAFIN, GUSTIN, and LOVE PHYS. REV. D 112, 096003 (2025)

096003-10



over q5, which will remove δ̃24.5. For convenience, one can
keep using q5 as a place holder for q2 þ q4. Integration
leaves another θϵðjqþ5 jÞ behind from the measure, and
θϵðjqþ5 jÞ2 ¼ θϵðjqþ5 jÞ. One could take those simplifications
into account by defining special rules for the vertex,
assuming that the internal line represents a single, extended
vertex (imagine a single point stretched to a segment of a
line). For example, we can assign the overall Dirac delta
δ̃1234, integration measure ½q1q2q3q4�ϵθϵðjqþ5 jÞ, and the
same appropriate vertex function as stated before, assuming
q5 ¼ q2 þ q4 ¼ −q6.
The second term in Eq. (61) introduces new, effective

interactions to the Hamiltonian. To simplify the expression,
we use Wick’s theorem. For that purpose we need to
introduce contractions of the fields. A contraction is
defined for two objects that are proportional to creation
or annihilation operators, such as Φ and Ψ. Given two such
operators, A and B, the contraction (due to Houriet and

Kind [67]), . Hence, field contrac-

tions are

ð65Þ

ð66Þ

ð67Þ

ð68Þ

Wick’s theorem states that a product of operators such as
A1…An is equal to the normal-ordered sum of all possible
terms with multiple contractions including zero contrac-
tions in a term, one contraction in a term, two contractions,
three, etc. The most contractions possible in the example
is bn=2c. Therefore, the sum contains terms such

as N ðA1…AnÞ, , ,

, , etc. To

compute contractions between operators that are not
adjacent one needs to transpose operators until the
two operators are adjacent. Whenever both transposed
operators are fermionic, one needs to add an overall factor
of −1 to that term. Importantly, one should never transpose
two operators that are contracted with each other

because .

For our purposes, we need to use the second theorem by
Wick [68]. Expressions that are of relevance for us are of

the form N ðA1…AkÞN ðAkþ1…AnÞ, cf. Eq. (61). In this
case, we have to write down the same kind of sum that
expresses the first Wick’s theorem for A1…An except that
every contraction line has to start on one of A1, …, Ak
operators, and end on one of Akþ1, …, An operators.
Contractions between operators in the set A1, …, Ak are
forbidden because they are enclosed within a normal
ordering symbol, hence one can transpose them “for free,”
i.e., without producing a contraction. For example,

, but N ðaa†Þ ¼ N ða†aÞ.
According to Wick’s theorem,

N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�N ½Ψ̄ð−q4ÞΨðq5ÞΦðq6Þ�
¼ N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3ÞΨ̄ð−q4ÞΨðq5ÞΦðq6Þ�
þDa þDb þDc þDd þDe þDf þDg; ð69Þ

where terms Da through Dg are terms with field contrac-
tions: Da, Db, and Dc have one contraction each, Dd, De,
and Df have two contractions each, while Dg has three
contractions. For each case one imagines two first-order
diagrams drawn one next to the other. Contractions are
represented by connecting lines that correspond to the
contracted operators, see Fig. 3. All seven terms, Da
through Dg are depicted in Figs. 4(a)–4(g), respectively.
The reduced Hamiltonian, ht;2 is decomposed into a sum

of terms that directly corresponds to the sum in Eq. (69),

FIG. 3. Wick contraction is represented by merging dots
corresponding to the contracted operators. External legs can be
oriented arbitrarily, but the left-right order of vertices cannot be
changed, because changing the order of the contracted operators
changes the resulting contraction. Notation is simplified,
Ψ̄1 ¼ Ψ̄ð−q1Þ, Ψ2 ¼ Ψðq2Þ, and Φ3 ¼ Φðq3Þ, etc.
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ht;2 ¼ h0;2 þ hðaÞt;2 þ hðbÞt;2 þ hðcÞt;2 þ hðdÞt;2 þ hðeÞt;2 þ hðfÞt;2 þ hðgÞt;2 ;

ð70Þ

hðJÞt;2 ¼g2
Z

½q1q2q3q4q5q6�ϵftr;123ftr;456δ̃123δ̃456Bt;123.456DJ;

ð71Þ

where J∈ fa;…; gg. Equation (70) does not contain a term
that corresponds to the first term on the right-hand side in
Eq. (69) because that term gives zero contribution after
integration in Eq. (61)—it is symmetric with respect to the
change of labels 1; 2; 3 ↔ 4, 5, 6 (inside normal-ordering
parentheses one can freely transpose field operators as long
as one keeps track of the overall sign), while Bt;123.456 is
antisymmetric.3 This is a general result; due to a commu-
tator in RGPEP Eq. (6) only terms with nonzero number of
contractions contribute to the effective Hamiltonians.
The Dg term, where

ð72Þ

leads to hðgÞt;2 ¼ 0 because momentum conservation requires
qþ1 þ qþ2 þ qþ3 ¼ 0, while qþ1 ; q

þ
2 ; q

þ
3 ≥ ϵþ > 0 for the

cutoff Hamiltonian.
Using Wick’s diagrams, we discuss expressions for

terms Da, Db, and Dc in Sec. IV E, and expressions for
terms Dd, De, and Df in Sec. IV F.

E. Tree diagrams

In this section we discuss terms of the effective second-
order Hamiltonian that can be represented with tree dia-
grams, i.e., single-contraction terms Da, Db, and Dc, and

their corresponding reduced Hamiltonians, hðaÞt;2 , hðbÞt;2 ,

and hðcÞt;2 .
The Da term is

ð73Þ

This term is depicted in Fig. 4(a). Four external dots
represent field operators Ψ̄ð−q1Þ, Ψðq2Þ, Ψ̄ð−q4Þ, and
Ψðq5Þ. The dot on the internal line is obtained by merging
two dots corresponding to two scalar field operators, see
Fig. 3. Therefore, the internal dot represents contraction

. In order to reproduce hðaÞt;2 from the diagram,

one first writes all operators of the left vertex,
Ψ̄a1ð−q1ÞΨa2ðq2ÞΦðq3Þ, then the operators of the right

FIG. 4. Second-order Wick’s diagrams. Diagrams (a) through (g) correspond to Wick contractions, Eq. (69). Diagrams (h) and
(i) represent mass counterterms that need to be added to the initial, bare Hamiltonian, Eqs. (108) and (115). Notation is simplified,
Ψ̄1 ¼ Ψ̄ð−q1Þ, Ψ2 ¼ Ψðq2Þ, and Φ3 ¼ Φðq3Þ, etc.

3In Eq. (61), a similar argument does not work because
N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ� and N ½Ψ̄ð−q4ÞΨðq5ÞΦðq6Þ� do not
commute.
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vertex, Ψ̄a4ð−q4ÞΨa5ðq5ÞΦðq6Þ are placed to the right of
the left vertex operators, and then one adds necessary
contractions. With each vertex comes the momentum
conservation Dirac delta and the vertex function of the
regularized Hamiltonian. Each leg introduces a momentum
integration. The integration measure is ½q1q2q3q4q5q6�ϵ. If
the diagram corresponds to a term in the reduced
Hamiltonian then an overall function Bt;123.456 is assigned
to the diagram. If the diagram corresponds to a term in the
effective Hamiltonian, then the overall factor that needs to
be assigned is ft;123456Bt;123.456.
Using Eq. (68) and integrating over q6, the reduced

Hamiltonian term simplifies to

hðaÞt;2 ¼g2
Z

½q1q2q3q4q5�ϵδ̃1245δ̃45.3ftr;123ftr;45.3Bt;123.45ð−3Þ

×
θϵðqþ3 Þ
qþ3

N ½Ψ̄ð−q1ÞΨðq2ÞΨ̄ð−q4ÞΨðq5Þ�; ð74Þ

where (−3) in Bt;123.45ð−3Þ means that momentum −q3 is
used as an argument. Explicitly,

Bt;123.45ð−3Þ ¼
1

2

�
1

q−1 þ q−2 þ q−3
−

1

q−4 þ q−5 − q−3

�

×

�
ft;123ft;45.3
ft;1245

− 1

�
; ð75Þ

where we used, in accordance with Eq. (54), ft;45.3 ¼
ft;45ð−3Þ and ft;12345ð−3Þ ¼ ft;1245.
The Db and Dc terms, depicted in Figs. 4(b) and 4(c),

respectively, are

ð76Þ

ð77Þ

We present a step-by-step evaluation of Fig. 4(c), which
should serve a good illustration of all elements of the
calculations one needs to perform in the second order. In
the first step we write down the operators and contractions
based on Fig. 4(c):

ð78Þ

In the second step we add vertex functions of the regularized Hamiltonian:

ð79Þ

In the third step we evaluate the contraction using Eq. (66):

Step 3∶ − g2ftr;123ftr;456δa1;a2δa4;a5
θϵðqþ1 Þ
qþ1

δ̃51ð=q5 þmÞa5;a1N ½Ψa2ðq2ÞΦðq3ÞΨ̄a4ð−q4ÞΦðq6Þ�: ð80Þ

In the fourth step we continue simplifying. We can reorder the operators producing a minus sign. Additionally, we put
=q5 þm between the fermionic operators and simplify the summation over a5 and a1:

Step 4∶ þ g2ftr;123ftr;456
θϵðqþ1 Þ
qþ1

δ̃51N ½Ψ̄a4ð−q4Þð=q5 þmÞa4;a2Ψa2ðq2ÞΦðq3ÞΦðq6Þ�: ð81Þ

In this form one can drop the spinor indices a4, and a2 because Ψ̄ is a row array, =q5 þm is a matrix, and Ψ is a column
vector.
The fifth step is to add the Bt;123.456 factor defined in Eq. (62), vertex momentum conservation deltas, and integrations:

Step 5∶ hðcÞt;2 ¼ g2
Z

½q1q2q3q4q5q6�ϵBt;123.456δ̃123δ̃456ftr;123ftr;456
θϵðqþ1 Þ
qþ1

δ̃51

×N ½Ψ̄ð−q4Þð=q5 þmÞΨðq2ÞΦðq3ÞΦðq6Þ�: ð82Þ

In a similar manner, Fig. 4(b) evaluates to
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hðbÞt;2 ¼ g2
Z

½q1q2q3q4q5q6�ϵBt;123.456δ̃123δ̃456ftr;123ftr;456

×
θϵðqþ2 Þ
qþ2

δ̃24N ½Ψ̄ð−q1Þð=q2þmÞΨðq5ÞΦðq3ÞΦðq6Þ�:

ð83Þ

Figures 4(b) and 4(c) are similar and in fact they comple-

ment each other. To show this, one takes hðcÞt;2 , renames

labels 1 ↔ 4, 2 ↔ 5, 3 ↔ 6, transposes the two Φ fields,
and uses the fact that Bt;456.123 ¼ −Bt;123.456. Next, in both

hðbÞt;2 and hðcÞt;2 , we perform integration over q4, which leads
to the two becoming almost identical. The only difference

then is that hðbÞt;2 contains θϵðqþ2 Þ, while hðcÞt;2 contains
θϵð−qþ2 Þ. Since θϵðqþ2 Þ þ θϵð−qþ2 Þ ¼ θϵðjqþ2 jÞ, the two
expressions can be combined into

hðbÞt;2 þ hðcÞt;2 ¼ g2
Z

½q1q2q3q5q6�ϵBt;123:ð−2Þ56δ̃1356δ̃56.2ftr;123ftr;56.2
θϵðjqþ2 jÞ

qþ2
×N ½Ψ̄ð−q1ÞΦðq3Þð=q2 þmÞΦðq6ÞΨðq5Þ�; ð84Þ

where for aesthetic reasons the two Φ fields are reordered
again.
The simplification of the sum of Figs. 4(b) and 4(c) is a

manifestation of a symmetry. Figure 4(c) can be obtained
from Fig. 4(b) by transposing the left and right vertex or
alternatively by changing the direction of the fermionic
line. Therefore, both diagrams are symmetric with respect
to the two combined transformations. This suggests that
there might be a way to define a different kind of diagram
for which Figs. 4(b) and 4(c) are combined into one and
the ordering of the vertices does not matter. Such
extensions may be very useful in calculations in orders
higher than the second, but in the current context they
seem to be form over substance and are not pursued in
this work.

F. Self-energy interactions

Terms, Dd, De, and Df in Eq. (69), all have two
contractions and are represented with diagrams with a
loop, see Fig. 4. They contribute to self energies of the
fermions and bosons. The fermionic contributions, depicted
in Figs. 4(d) and 4(e), are

ð85Þ

ð86Þ

Figure 4(d) is evaluated in full analogy with Fig. 4(b). The
result is

hðdÞt;2 ¼ g2
Z

½q1q2q3�ϵδ̃123
θϵðqþ3 Þ
qþ3

θϵðqþ2 Þ
qþ2

f2tr;123Bt;123:ð−1Þð−2Þð−3ÞN ½Ψ̄ð−q1Þð=q2 þmÞΨð−q1Þ�; ð87Þ

where we used q4 ¼ −q2, q5 ¼ −q1, and q6 ¼ −q3, which follow from conservation of momentum. Additionally,
symmetries such as ft;ð−1Þð−2Þð−3Þ ¼ ft;123, and Bt;213.456 ¼ Bt;123.456 were also used. Even though there are two contractions,
hence, two internal lines, there is only one overall factor Bt;123.456 that is associated with the diagram. Note also that qþ2 > 0

and qþ3 > 0 imply qþ1 < 0. Therefore, Ψ̄ð−q1ÞΨð−q1Þ is proportional to b†1b1. Hence, Fig. 4(d) depicts the self-energy term
for the fermion.
Figure 4(e) is evaluated in analogy to Fig. 4(c). Momentum conservation implies the same relations between momenta as

those for Fig. 4(d). The result is

hðeÞt;2 ¼ g2
Z

½q1q2q3�ϵδ̃123
θϵðqþ3 Þ
qþ3

θϵðqþ1 Þ
qþ1

f2tr;123Bt;123:ð−1Þð−2Þð−3ÞN ½Ψ̄ðq2Þð−=q1 þmÞΨðq2Þ�: ð88Þ

qþ1 > 0 and qþ3 > 0 imply qþ2 < 0, which means
that Ψ̄ðq2ÞΨðq2Þ is proportional to d2d

†
2. Therefore,

Fig. 4(e) depicts the self-energy term for the
antifermion.

The two diagrams can be combined into one expression.
If in Fig. 4(d) we make a substitution q1 → −q1, while in
Fig. 4(e) we substitute q1 → −q2, q2 → q1, and q3 → −q3,
then
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hðdÞt;2 þ hðeÞt;2 ¼ g2
Z

½q1q2q3�ϵδ̃23.1
Bt;ð−1Þ23.1ð−2Þð−3Þ

qþ2 q
þ
3

f2tr;23.1

×N ½Ψ̄ðq1Þð=q2 þmÞΨðq1Þ�
× ½θϵðqþ2 Þθϵðqþ3 Þ − θϵð−qþ2 Þθϵð−qþ3 Þ�; ð89Þ

where

Bt;ð−1Þ23.1ð−2Þð−3Þ ¼
f2t;23.1 − 1

q−2 þ q−3 − q−1
¼ qþ1

e
−2t

½ðq2þq3Þ2−q21 �
2

ðpþ
1
Þ2 − 1

ðq2 þ q3Þ2 − q21
:

ð90Þ

Using the Gordon identity [69], we can simplify and write
the self-energy terms in a form analogous to Eq. (41):

hðdÞt;2 þ hðeÞt;2 ¼
Z

½q�ϵ
δm2

qþ
N
�
Ψ̄ðqÞ γ

þ

2
ΨðqÞ

�
; ð91Þ

where

δm2¼g2
Z

½q2q3�ϵ
qþ1 δ̃23.1
qþ2 q

þ
3

f2tþtr;23.1
−f2tr;23.1

ðq2þq3Þ2−q21
ð2q1 ·q2þ2m2Þ;

ð92Þ

with q21 ¼ m2, ðq2 þ q3Þ2 ¼ ðq2μ þ q3μÞðqμ2 þ qμ3Þ, and
q2 · q3 ¼ q2μq

μ
3. δm

2 does depend on qþ1 . Therefore, the
effective vertex is not strictly speaking a mass, because mass
should not depend onmomentum. To understand it one needs
to make several observations. First, ðq2 þ q3Þ2 ¼ M2

23 is an
invariant mass squared of particles 2 and 3, and in the
front form can be expressed using relative momenta only.
Those momenta are x ¼ qþ2 =ðqþ2 þ qþ3 Þ and k⊥ ¼
ð1 − xÞq⊥2 − xq⊥3 . Inotherwords,M2

23 ¼ ½m2 þ ðk⊥Þ2�=xþ
½μ2 þ ðk⊥Þ2�=ð1 − xÞ does not depend on q1. Second,

2q1 · q2 þ 2m2 ¼ ðk⊥Þ2 þm2ð1þ xÞ2
x

ð93Þ

does not depend on q1. Third,

ft;23.1 ¼ exp

�
−

t
ðqþ1 Þ2

ðM2
23 −m2Þ2

�
: ð94Þ

Hence, the form factors depend on q1, but only through ratio
t=ðqþ1 Þ2. Fourth,

Z
½q2q3�ϵ

qþ1 δ̃23.1
qþ2 q

þ
3

¼
Z

dPþd2P⊥
16π3Pþ

Z
dxd2k⊥

16π3xð1 − xÞ θ
�
x −

ϵþ

qþ1

�
θ

�
1 − x −

ϵþ

qþ1

�
qþ1 16π

3δ3ðPþ;⊥ − qþ;⊥
1 Þ; ð95Þ

where we made change of variables qþ2 ; q
⊥
2 ;

qþ3 ; q
⊥
3 → x; k⊥; Pþ; P⊥, where P ¼ q2 þ q3. After P is

integrated over, which is trivial to do because of the Dirac
delta function, explicit q1 survives only through ϵþ=qþ1
in the measure and t=ðqþ1 Þ2 and tr=ðqþ1 Þ2 in the form
factors. Since tr is enough to regulate the integral
one can let ϵþ → 0. Dependence on tr=ðqþ1 Þ2 has to be
eliminated by the counterterm, cf. Eqs. (105) and (106).
This means that the final, renormalized vertex will still
depend on t=ðqþ1 Þ2. This is the source of the aforemen-
tioned breaking of the front-form longitudinal boost
invariance.
Observables are in principle independent of t by con-

struction. According to the front-form dimensional analysis
[20], t has dimension ðx⊥Þ4ðx−Þ−2 or mass4ðPþÞ2.
Therefore, every t needs to be divided by longitudinal

momentum squared of some particle because there are no
parameters that carry dimension of Pþ. Therefore, chang-
ing t is equivalent to rescaling all longitudinal momenta,
which in turn is equivalent to a longitudinal boost trans-
formation. Therefore, in principle boost invariance is
conserved. In practice, however, the unitary transformation
is not exact when perturbation theory is used. Therefore,
t-independence is only approximate and, hence, boost
invariance is also only approximate.
The scalar self-energy is represented in Fig. 4(f), and

ð96Þ

Evaluation of Fig. 4(f) gives the Hamiltonian term,

hðfÞt;2 ¼ g2
Z

½q1q2q3�ϵδ̃123
θϵðqþ1 Þ
qþ1

θϵðqþ2 Þ
qþ2

Bt;123:ð−1Þð−2Þð−3Þf2tr;123Tr½ð=q1 −mÞð=q2 þmÞ�N ½Φðq3ÞΦð−q3Þ�; ð97Þ
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where

Tr½ð=q1 −mÞð=q2 þmÞ� ¼ 2
ðk⊥Þ2 þ ð2x − 1Þ2m2

xð1 − xÞ ; ð98Þ

where x ¼ qþ1 =q
þ
3 , and k⊥ ¼ ð1 − xÞq⊥1 − xq⊥2 . The effec-

tive mass of a boson depends on the longitudinal momen-
tum of that boson in a manner similar to the fermion case.
This concludes the calculation of the effective

Hamiltonian. Next, we renormalize the initial, bare
Hamiltonian by adding required counterterms to render
the effective Hamiltonian finite.

G. Renormalized Yukawa Hamiltonian

With the effective Hamiltonian terms evaluated in the
preceding sections, we can now determine whether the
boundary condition at t ¼ 0 needs to be modified with
counterterms, and if so, what those counterterms need to
be. For this purpose we need to check whether matrix
elements of the effective Hamiltonian diverge when tr → 0.
Matrix elements that can be represented with diagrams with
loops are most likely to produce divergences, but in some
cases also tree-diagram matrix elements can diverge [21].
Therefore, one needs to check all matrix elements of Ht
between states that belong to the domain of Ht.
From a mathematical point of view, the goal is to define

Ht that is a self-adjoint operator. By Stone’s theorem, self-
adjoint operators are exactly those that generate strongly
continuous one-parameter groups, i.e., those and only those
that can be used to define unitary time evolution operators
of the form e−

i
2
Htxþ in our case. It is common to first define

an operator that is symmetric, and then extend it into a self-
adjoint one. In practice, it is easiest to work with the matrix
elements of the Hamitonian, i.e., the quadratic form of the
Hamiltonian operator. Therefore, our main objective is to
show that, given appropriate counterterms, the limit as
ϵþ → 0 and tr → 0 of the quadratic form of the effective
Hamiltonian exists and is a symmetric quadratic form.
For illustration purposes, we consider the kinetic

Hamiltonian restricted to the space of single-fermion states,

jFi ¼
X
σ

Z
½p� θðp

þÞ
pþ ψσðpÞb†pσj0i; ð99Þ

where ψσðpÞ is a single-particle wave function. The 1=pþ
factor is a convention that fits well with the relativistic
normalization of the operators, fbp; b†p0 g ¼ pþδ̃ðp − p0Þ.
Whenever two operators are contracted they produce a pþ
that is canceled by a 1=pþ appearing in integrals such as in
Eq. (99). Analogously, we define state jF0i with wave
function ψ 0

σðpÞ.
A single-fermion state jFi belongs to the Fock space if

and only if

hFjFi ¼
X
σ

Z
½p� θðp

þÞ
pþ jψσðpÞj2 ð100Þ

is finite. jFi belongs to the domain of the kinetic
Hamiltonian if HkineticjFi belongs to the Fock space, i.e., if

kHkineticjFik2 ¼
X
σ

Z
½p� θðp

þÞ
pþ

				m2 þ ðp⊥Þ2
pþ ψσðpÞ

				2
ð101Þ

is finite. If ψσðpÞ ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Pþpþp

ðPþ þ pþÞ−1 ×
½m2 þ ðp⊥Þ2�−1, where Pþ is some parameter of longi-
tudinal momentum dimension, then hFjFi is finite, but
kHkineticjFik is infinite. Therefore, jFi with this wave
function does not belong to the domain of the kinetic
Hamiltonian. On the other hand, functions of the form
ðpþÞαþke−p

þ=Pþðp1Þlðp2Þne−ðp⊥Þ2=m2

, for α > 1 and
k; l; n∈N all belong to the domain of Hkinetic. The set of
finite linear combinations of these functions is a dense
subspace of the single-fermion Fock sector [70]. One then
shows that Hkinetic with the above-defined domain is self-
adjoint in the Hilbert space equal to the single-fermion Fock
sector. The argument can be extended to the full Fock space.
The above sketch of the proof of self-adjointness can in

principle be extended to the effective Hamiltonian Ht. In
doing so, however, one encounters a difficulty—Ht needs
to be squared, which is rather tedious because Ht is a
complicated operator. One can avoid squaring Ht if,
instead, one chooses to study the quadratic form of the
operator, i.e., the matrix elements of Ht. For the purpose
of this article this should suffice, since we do not
rigorously address the question of self-adjointness of
Ht. For an interested reader we offer a few remarks
and leave the details for future work.
Matrix elements of the kinetic Hamiltonian between

single-fermion states are

hFjHkineticjF0i ¼
X
σ

Z
½p�θðp

þÞ
pþ

m2þðp⊥Þ2
pþ ψ�

σðpÞψ 0
σðpÞ:

ð102Þ

It is not very difficult to see that if wave functions ψ and ψ 0
are in the domain of Hkinetic, then they lead to a well-
defined matrix element; compare Eqs. (101) and (102).
Questions about domains of operators and their forms

revolve around the behavior of the wave functions in the
neighborhoods of pþ ¼ 0, pþ ¼ ∞, and p⊥ ¼ ∞.
Momenta belong to open sets, pþ ∈ �0;∞½, p⊥ ∈R2. For
simplicity we consider wave functions with compact
support. This means that the integrands that define matrix
elements have no singularity around pþ ¼ 0, and no slow
decay when pþ or p⊥ → ∞, which otherwise could lead to
a divergent integral. At the same time, compactly supported

SERAFIN, GUSTIN, and LOVE PHYS. REV. D 112, 096003 (2025)

096003-16



functions are dense in the space of functions that define
elements of the Fock space. An additional complication is
that the Fock space consists of infinitely many Fock
sectors, each with a fixed number of particles. Hence,
even if in every Fock sector the wave function is compactly
supported, summing contributions from infinitely many
Fock sectors can still be divergent. Therefore, we would
like to define Ht as an operator whose domain is the
subspace of the Fock space whose elements have nonzero
contributions in finitely many Fock sectors, and the wave
functions associated with each Fock sector are compactly
supported. So-defined domain is dense in the Fock space. It
follows rather easily that Ht is symmetric on its domain,
meaning hψ jHtjϕi ¼ hϕjHtjψi� for every jψi and jϕi in
the domain of Ht. However, there is an obstacle: one first
has to show thatHt is an operator. In other words one has to
show that Htjψi belongs to the Fock space for every jψi in
the domain of Ht. To show it one has to, effectively,
compute the square of the Hamiltonian, which, again,
requires a considerable amount of work. Therefore, to
avoid these complications we define Ht to be the quadratic
form with the same domain as described previously, and
given by the matrix elements of the formal expressions for
Ht described in Secs. IV C through IV F. Since Ht is
narrow and consequently better behaved than the bare
Hamiltonian, we expect that establishing a symmetric
operator Ht as well as a rigorous proof of existence of
self-adjoint extensions of this operator should be achiev-
able. Nevertheless, we do not attempt it here. Instead, we
assume that at least one such extension exists as long as all
matrix elements of Ht are well defined.
Interesting questions might be raised at this point. Does

the restriction to compactly supported wave functions
constitute a regularization similar to tr or ϵþ, and are
countertermsneeded to remove it?The restriction is different,
since it does not have a cutoff and one can always take awave
function whose support extends slightly further toward
infinity or slightly closer to zero. However, bound states
are expected to have wave functions that are not compactly
supported. Moreover, they are expected to have nonzero
contributions from infinitely many Fock sectors. Therefore,
bound states can only be realized as limits of sequences of
compactly supported Fock states that approximate the tar-
geted state better and better. Such limits do not belong to the
domain of the quadratic form or the symmetric operator that
we described earlier, but they do belong to the domain of the
self-adjoint operator (if it exists) that extends the symmetric
one. Thus, the difficulty of proving that the above-mentioned
limits are well defined is part of the difficulty of proving that
the self-adjoint extensions exist. Possibly the simplest way to
do it is to show that the quadratic form Ht is bounded from
below. If it corresponds to a symmetric operator, then its
boundedness guarantees that at least one self-adjoint exten-
sion of the symmetric operator, the Friedrichs extension,
exists [71]. Therefore, even though at this moment we are

unable to answer the above questions definitively, there is a
clear path forward that is likely to succeed in proving that
compactly supported wave functions do not introduce a new
kind of regularization that would require introduction of
counterterms. The question that we intend to answer now is
whether the limit ϵþ; tr → 0 exists for every matrix element,
hψ jHtjϕi. Positive answer will establish existence ofHt as a
quadratic form,which is a prerequisite for finding self-adjoint
Hamiltonian operators.
We start by checking matrix elements of the effective

Hamiltonian in the simplest nontrivial case—between two
single-fermion states. In the second order, the matrix element
has only contributions from the fermion self-energy terms,

hF0jHt;2jFi ¼
X
σ

Z
dqþd2q⊥
16π3qþ

θϵðqþÞ
δm2

qþ
ψ 0�

σðqÞψσðqÞ:

ð103Þ

From now on we consider ϵþ ¼ 0. The mass can be written
as δm2 ¼ IFðtþ trÞ − IFðtrÞ, where

IFðtÞ ¼ g2
Z

dxd2k⊥
16π3xð1− xÞ

f2t;23.1
M2

23−m2

ðk⊥Þ2þm2ð1þ xÞ2
x

:

ð104Þ

The integral in Eq. (103) is convergent but thematrix element
is divergent when tr → 0 because δm2 is divergent in that
limit. At t ¼ 0 the form factor is f2t;23.1 ¼ 1. In that case
Eq. (104) isdivergentbecause the integrandapproaches1=xas
jk⊥j → ∞. For any t > 0 the region of large jk⊥j is regulated
by the form factor, hence, the integral is convergent, because
there arenoother sources of divergences.Onemight think that
integration in the neighborhood of x ¼ 0 or x ¼ 1 may
produce divergences, because both x and 1 − x appear in
the denominator. This, however, is not the case. To show this
one can first write the integral in polar coordinates k ¼ jk⊥j
and φ, then integrate over φ, and change the integration
variable fromk toM2 ¼ ðm2 þ k2Þ=xþ ðμ2 þ k2Þ=ð1 − xÞ.
After the change of variables the integrand no longer contains
any x or 1 − x factors in the denominator. The divergence can
be summarized as

IFðtrÞ¼
g2

16π2

�
1

4
qþ1

ffiffiffiffiffiffi
π

2tr

r
þðm2þμ2Þ

×

�
log

 ffiffiffiffiffiffiffiffiffiffiffiffi
2m4tr

p
qþ1

!
þ γ

2

�
þm2

2
−μ2

þ2μ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2−μ2

p
m2

atan

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2−μ2

p
2mþμ

!

þ μ4

m2
log

�
μ

m

��
þoð1Þ; ðtr→0Þ ð105Þ
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where γ ≈ 0.577 is the Euler-Mascheroni constant, and oð1Þ
stands for all the terms that vanish when tr → 0.
To remove the divergence we modify the initial condition

for the Hamiltonian flow by adding a mass counterterm.
The mass counterterm needs to diverge with tr → 0 in order
to remove the divergence from the effective self-interaction
term, but is otherwise not uniquely determined at this point.
We define the mass counterterm,

δm2
X ¼ IFðtrÞ þ δm2

finite; ð106Þ

where IFðtrÞ is the divergent part of the counterterm and
δm2

finite is the finite part. δm2
finite is added to the initial

Hamiltonian and therefore cannot depend on t. Also, it
cannot depend on tr in a divergent way. Otherwise δm2

finite
is at this point unspecified.
Our next goal is to fix the finite part of the mass

counterterm. In order to achieve this goal, we assume that
the physical mass squared of the fermion particle is fixed at
m2 up to second order in the coupling constant g. The
physical mass means the value of mass one can infer from
the Hamiltonian eigenvalue corresponding to an eigenstate
describing a single fermion. Such an eigenstate is called a
physical fermion. The physical mass is not equal to the bare
mass that would stand in a renormalized Lagrangian
(typically denoted m0 in the literature), nor is it equal to
the mass parameter that stands in the effective Hamiltonian,
cf. mt in Eq. (132). The condition we describe is known as
the on-shell renormalization condition.
In order to calculate the physical mass of a fermion up to

second order in g, one can use perturbation formulas for the
energy shift in the second order. To calculate it correctly,
one needs to take into account that the perturbation
(interaction Hamiltonian) contains terms of order both g
and g2. As always, first we specify the unperturbed state.
We choose b†Pλj0i, which is the same as the previously
defined jFi with ψσðp1Þ ¼ pþ

1 δ̃ðp1 − PÞδλσ. The unper-
turbed eigenvalue of the effective Hamiltonian for this state
is Eð0Þ ¼ ½m2 þ ðP⊥Þ2�=Pþ. The first-order correction is
zero, because there are no terms of order g that have
nonzero matrix elements between single-fermion states. In
the second order, the formula requires energy denominators
and one needs to evaluate matrix elements of the first-order
Hamiltonian terms between the unperturbed state and states
with one fermion and one boson. The resulting correction is
−IFðtþ trÞ=Pþ. Another second-order contribution comes
from the expectation value in the unperturbed state of the
second-order self-interaction Hamiltonian term. This con-
tribution is ½δm2 þ δm2

X�=Pþ ¼ ½δm2
finite þ IFðtþ trÞ�=Pþ.

Therefore, the total second-order correction is
Eð2Þ ¼ δm2

finite=P
þ. In order to have physical mass equal

m, the second-order energy correction needs to vanish.
Hence,

δm2
finite ¼ 0: ð107Þ

With this form of the finite part of the counterterm, the
counterterm itself can be written as

hfermion massX;2 ¼ g2
Z

½q1q2q3�ϵδ̃23.1
f2tr;23.1

qþ2 q
þ
3 ðq−2 þ q−3 − q−1 Þ

×N ½Ψ̄ðq1Þð=q2 þmÞΨðq1Þ�
× ½θϵðqþ2 Þθϵðqþ3 Þ − θϵð−qþ2 Þθϵð−qþ3 Þ�

ð108Þ

¼
Z

½q�ϵ
δm2

X

qþ
N
�
Ψ̄ðqÞ γ

þ

2
ΨðqÞ

�
: ð109Þ

The inclusion of the fermion mass counterterm in
the initial Hamiltonian implies inclusion of a new
Wick’s diagram, Fig. 4(h).
In a completely analogous way we study the single-

boson matrix elements. The state of interest is now

jBi ¼
Z

½p1�
θðpþ

1 Þ
pþ
1

ψðp1Þa†p1
j0i: ð110Þ

We calculate the matrix element,

hB0jHt;2jBi ¼
Z

dqþd2q⊥
16π3qþ

δμ2

qþ
ψ 0�ðqÞψðqÞ; ð111Þ

where

δμ2 ¼ g2
Z

½q1q2�qþδ̃12:q
θðqþ1 Þ
qþ1

θðqþ2 Þ
qþ2

f2tþtr;12:q
− f2tr;12:q

ðq1 þ q2Þ2 − μ2

× Tr½ð=q1 −mÞð=q2 þmÞ�: ð112Þ

The matrix element in Eq. (111) is divergent when tr → 0

because δμ2 is divergent in that limit. For 4m2 > μ2, the
mass can be written as δμ2 ¼ IBðtþ trÞ − IBðtrÞ, where

IBðtÞ¼2g2
Z

dxd2k⊥
16π3xð1−xÞ

f2t;12:q
M2

12−μ2
ðk⊥Þ2þð2x−1Þ2m2

xð1−xÞ ;

ð113Þ

where x ¼ qþ1 =q
þ
3 , and k⊥ ¼ ð1 − xÞq⊥1 − xq⊥2 . The con-

dition on masses, 4m2 > μ2, ensures that the denominator
M2

12 − μ2 can never be zero. For 4m2 < μ2 the problem is
not with RGPEP evolution; δμ2 is still well defined in that
case (even though IB is not well defined without some
prescription for the singularity), but the scalar can decay
into a fermion-antifermion pair which leads to technical
complications when solving the theory. With the
assumption 2m > μ, the same kind of analysis as for the
physical fermion state leads to the counterterm
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δμ2X ¼ IBðtrÞ þ δμ2finite, and to the conclusion that
δμ2finite ¼ 0. The integral IB is

IBðtrÞ ¼
g2

8π2

�
1

2
qþ

ffiffiffiffiffiffi
π

2tr

r
þ ð6m2 − μ2Þ

×

�
log

�
3m2

ffiffiffiffiffiffiffiffiffiffiffiffi
2m4tr

p
ð4m2 − μ2Þqþ

�
þ γ

2

�
−m2

þ 2ð4m2 − μ2Þ32
μ

atan

�
μffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2 − μ2
p ��

þ oð1Þ ðtr → 0Þ: ð114Þ
Therefore, the counterterm is

hscalar massX;2 ¼ g2
Z

½q1q2q3�ϵδ̃123
θϵðqþ1 Þ
qþ1

θϵðqþ2 Þ
qþ2

×
f2tr;123

q−1 þ q−2 þ q−3
Tr½ð=q1 −mÞð=q2 þmÞ�

×N ½Φðq3ÞΦð−q3Þ� ð115Þ

¼ 1

2

Z
½q�ϵδμ2XN ½Φð−qÞΦðqÞ�: ð116Þ

The counterterm is represented by a Wick diagram,
Fig. 4(i).
Now, we study matrix elements of the first-order

interaction Hamiltonian Ht;1. Two types of such matrix
elements are depicted in Fig. 5. Matrix element 5(a)
requires a fermion-boson state,

jFBi ¼
X
σ1

Z
½p1p3�

θðpþ
1 Þ

pþ
1

θðpþ
3 Þ

pþ
3

ψσ1ðp1; p3Þb†p1;σ1a
†
p3
j0i;

ð117Þ

while matrix element 5(b) requires fermion-antifer-
mion state,

jFF̄i ¼
X
σ1;σ2

Z
½p1p2�

θðpþ
1 Þ

pþ
1

θðpþ
2 Þ

pþ
2

ψσ1;σ2ðp1; p2Þb†p1;σ1d
†
p2;σ2 j0i: ð118Þ

Therefore, the matrix elements, Figs. 5(a) and 5(b) are

hFBjHt;1jFi ¼ g
X
σ1;σ2

Z
½q1q2q3�

θð−qþ1 Þ
jqþ1 j

θðqþ2 Þ
jqþ2 j

θð−qþ3 Þ
jqþ3 j

δ̃123ftþtr;123ūσ1ð−q1Þuσ2ðq2Þψ�
σ1ð−q1;−q3Þψσ2ðq2Þ; ð119Þ

hFF̄jHt;1jBi ¼ g
X
σ1;σ2

Z
½q1q2q3�

θð−qþ1 Þ
jqþ1 j

θð−qþ2 Þ
jqþ2 j

θðqþ3 Þ
jqþ3 j

δ̃123ftþtr;123ūσ1ð−q1Þvσ2ð−q2Þψ�
σ1;σ2ð−q1;−q2Þψðq3Þ; ð120Þ

respectively. The integrands factor into functions coming
from the Hamiltonian and the wave functions. The former
are continuous while the latter are compactly supported.
Therefore, the integrals are always well defined. One can

safely take the tr → 0 limit. Other types of matrix elements,
not depicted in Fig. 5, include hFjHt;1jFBi, hF̄BjHt;1jF̄i,
etc. In all cases expressions for matrix elements look
similar to Eqs. (119) and (120) (it is easy to guess what
they are), and are well defined.
Next, we turn our attention to more complicated matrix

elements. First, we study matrix elements of the interaction

Hamiltonian term HðaÞ
t;2 ¼ e−tði∂

−
f Þ2hðaÞt;2 . There are several

types of matrix elements one needs to consider, see Fig. 6.

The first one we analyze is obtained by sandwiching HðaÞ
t;2

between states,

jFFi ¼
X
σ1;σ2

Z
½p1p2�

θðpþ
1 Þ

pþ
1

θðpþ
2 Þ

pþ
2

× ψσ1;σ2ðp1; p2Þb†p1σ1b
†
p2σ2 j0i: ð121Þ

and analogously defined jFF0i, where ψ is replaced with
ψ 0. This is the example in Fig. 6(a),

FIG. 5. Two examples of matrix elements of the first-order
interaction HamiltonianHt;1 evaluated between states of different
particle content. The two examples correspond to Eqs. (119) and
(120), respectively. The middle part depicts the Wick’s diagram,
Fig. 1. The ovals on the left and on the right represent wave
functions in the corresponding Fock sectors. One can imagine
that ovals come with a set of lines representing the particle
content, and to obtain the matrix element one has to contract all
lines. For simplicity the dots that represent operators or con-
tractions are not drawn.
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hFFjHðaÞ
t;2 jFF0i ¼ −g2

X
σ1;σ2;σ4;σ5

Z
½q1q2q3q4q5�ϵ

θϵð−qþ1 Þ
jqþ1 j

θϵðqþ2 Þ
jqþ2 j

θϵð−qþ4 Þ
jqþ4 j

θϵðqþ5 Þ
jqþ5 j

θϵðqþ3 Þ
qþ3

× δ̃1425δ̃45.3ft;1425Bt;123.45ð−3Þūσ1ð−q1Þuσ2ðq2Þūσ4ð−q4Þuσ5ðq5Þ
× ½ψ�

σ1;σ4ð−q1;−q4Þ − ψ�
σ4;σ1ð−q4;−q1Þ�½ψ 0

σ5;σ2ðq5; q2Þ − ψ 0
σ2;σ5ðq2; q5Þ�: ð122Þ

We also provide an explicit form of the matrix element in Fig. 6(d). We define

jFFF̄i ¼
X

σ1;σ2;σ3

Z
½p1p2p3�

θðpþ
1 Þ

pþ
1

θðpþ
2 Þ

pþ
2

θðpþ
3 Þ

pþ
3

ψσ1;σ2;σ3ðp1; p2; p3Þb†p1σ1b
†
p2σ2d

†
p3σ3 j0i: ð123Þ

Hence, the matrix element is

hFFF̄jHðaÞ
t;2 jFi ¼ g2

X
σ1;σ2;σ4;σ5

Z
½q1q2q3q4q5�ϵ

θϵð−qþ1 Þ
jqþ1 j

θϵð−qþ2 Þ
jqþ2 j

θϵð−qþ4 Þ
jqþ4 j

θϵðqþ5 Þ
jqþ5 j

θϵðqþ3 Þ
qþ3

× δ̃1245δ̃45.3ft;1425Bt;123.45ð−3Þūσ1ð−q1Þvσ2ð−q2Þūσ4ð−q4Þuσ5ðq5Þ
× ½ψ�

σ4;σ1;σ2ð−q4;−q1;−q2Þ − ψ�
σ1;σ4;σ2ð−q1;−q4;−q2Þ�ψσ5ðq5Þ: ð124Þ

Just as in the case of the first-order Hamiltonian, the main
difference between the two matrix elements resides in the
wave functions and how they are contracted with the
interaction kernel, which in both cases is very similar. In
fact, one can make the interaction kernel in Eqs. (122) and
(124) identical by utilizing the relation between fermion
spinor u and antifermion spinor v. However, the difference

between different types of matrix elements of HðaÞ
t;2 is

irrelevant for the analysis of convergence.
Compactly supported wave functions ensure convergence

of the integrals in the endpoint regions of qþi ¼ 0;∞ and
jq⊥i j ¼ ∞ for i ¼ 1, 2, 4, 5. Therefore, one needs to check
whether the interaction kernel contains any singularities
away from the endpoints. Spinors are singular only at the
endpoints; hence, they do not obstruct convergence of
the integrals. The obvious candidate for a singularity is the
qþ3 ¼ 0 point. Wave functions cannot regulate 1=qþ3 because
qþ3 can become zero when all qþ1 , q

þ
4 , q

þ
2 , and qþ5 are

nonzero and finite. However, the singularity is only apparent,
because, using momentum conservation,

ft;1245Bt;123.45ð−3Þ
qþ3

¼ 1

2

�
1

ðq1 þ q2Þ2 − μ2
þ 1

ðq4 þ q5Þ2 − μ2

�
× ðft;1245 − ft;123ft;45.3Þ: ð125Þ

The above expression appears in all versions of the matrix

elements involving HðaÞ
t;2 . When particle 2 is annihilated

while particle 1 is created, as in Eq. (122), ðq1 þ q2Þ2 ≤ 0.
Hence, ðq1 þ q2Þ2 − μ2 never vanishes in this case and does
not produce any singularities in the integrand. More gen-
erally, whenever one among the particles 1 and 2, or 4 and 5,
is annihilated and the other is created, then the corresponding
denominator is strictly negative and does not produce any
singularities. When both 1 and 2 are created, as in Eq. (124),
or annihilated, then ðq1 þ q2Þ2 is the invariant mass of the
pair, hence, greater than or equal to 4m2. If 4m2 > μ2, then
the denominator ðq1 þ q2Þ2 − μ2 is strictly positive and does
not lead to any singularities of the integrand. If 4m2 ≤ μ2,
then the denominator can vanish. However,

ft;1245 − ft;123ft;45.3

¼ exp

�
−t

½ðq1 þ q2Þ2 − ðq4 þ q5Þ2�2
ðqþ3 Þ2

�

− exp

�
−t

½ðq1 þ q2Þ2 − μ2�2 þ ½ðq4 þ q5Þ2 − μ2�2
ðqþ3 Þ2

�
:

ð126Þ

Therefore, whenever ðq1 þ q2Þ2 − μ2 or ðq4 þ q5Þ2 − μ2

vanishes, while qþ3 stays nonzero, ft;1245 − ft;123ft;45.3 van-
ishes as well in a way that makes ft;1245Bt;123.45ð−3Þ=qþ3
finite.

FIG. 6. Four examples of matrix elements of the interaction

Hamiltonian term HðaÞ
t;2 . See Fig. 5 for explanation.
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The analysis can become much more complicated when
both ðq1 þ q2Þ2 − μ2 and qþ3 vanish at the same time. This
can happen only in examples (c) and (d) in Fig. 6 and only
when 4m2 ≤ μ2. However, in those cases qþ3 ¼ 0 implies
qþ1 ¼ qþ2 ¼ 0, which is excluded by the compactness of the
wave functions. We could stop the analysis here, but it is
worthwhile to check what would happen if we removed the
restriction on the wave functions. It turns out that Fig. 6(d),
is strongly regulated by the exponents in Eq. (126)—
whenever qþ3 → 0, the form factors ft;1245 − ft;123ft;45.3
approach zero exponentially quickly. Figure 6(c) on the
other hand is much more complicated. ft;1245 − ft;123ft;45.3

might stay nonzero when the limit qþ3 → 0 is taken along
certain directions in the multidimensional space of argu-
ments of the integrand. Such highly singular behavior is
difficult to analyze.
There are two additional terms that need to be analyzed.

One of them is represented in Fig. 7, which shows five

examples of matrix elements of HðbÞ
t;2 þHðcÞ

t;2 , see Eq. (84).

The last term is Hð0Þ
t;2 ¼ e−tði∂

−
f Þ2Hψ2ϕ2 , see Eq. (53). Matrix

elements of Hð0Þ
t;2 can be represented by the same diagrams

as in Fig. 7. Therefore, it is most convenient to analyze both
terms together. We have

Hð0Þ
t;2 þHðbÞ

t;2 þHðcÞ
t;2 ¼ g2

Z
½q1q2q3q5q6�ϵθϵðjqþ2 jÞft;1356δ̃1356δ̃56.2ftr;123ftr;56.2

×N
�
Ψ̄ð−q1ÞΦðq3Þ

�
A
γþ

2
þ Bt;123:ð−2Þ56

qþ2

�
1

2
qþ2 γ

− − q⊥2 γ⊥ þm

��
Φðq6ÞΨðq5Þ

�
; ð127Þ

where

A ¼ 1

qþ2
þ Bt;123:ð−2Þ56

qþ2

m2 þ ðq⊥2 Þ2
qþ2

ð128Þ

¼ 1

2

�
−q−1 − q−3

ðq1 þ q3Þ2 −m2
þ q−5 þ q−6
ðq5 þ q6Þ2 −m2

�

−
�

1

ðq1 þ q3Þ2 −m2
þ 1

ðq5 þ q6Þ2 −m2

�

×
m2 þ ðq⊥2 Þ2

2qþ2

ft;123ft;56.2
ft;1356

: ð129Þ

This form of the expression is most suitable for analysis
and is motivated by the fact that =q2 contains potentially
singular 1=qþ2 .

The explicit 1=qþ2 in Eq. (127) does not lead to any
singularities because

Bt;123:ð−2Þ56
qþ2

¼ 1

2

�
1

ðq1 þ q3Þ2 −m2
þ 1

ðq5 þ q6Þ2 −m2

�

×

�
1 −

ft;123ft;56.2
ft;1356

�
: ð130Þ

Momenta q1 and q3 correspond to a fermion and a boson,
respectively. Depending on the signs of qþ1 and qþ3 the
respective particle is either created or annihilated. When
both particles are created or both particles are annihilated,
ðq1 þ q3Þ2 ≥ ðmþ μÞ2, and the denominator ðq1 þ q3Þ2 −
m2 is always strictly greater than zero. When one is created
and one is annihilated, ðq1 þ q3Þ2 ≤ ðm − μÞ2. Importantly,
qþ2 → 0, implies qþ1 ¼ −qþ3 , meaning that q−1 and q−3 have
different signs. Therefore, q−1 þ q−3 stays finite when qþ2 →
0 and we have ðq1 þ q3Þ2 ¼ −ðq⊥1 þ q⊥3 Þ2 ≤ 0 in the limit.
Hence, the denominator ðq1 þ q3Þ2 −m2 cannot vanish
when qþ2 → 0. It can vanish only when qþ2 is nonzero and
4m2 ≤ μ2. In that case however, the form factors 1 −
ft;123ft;56.2=ft;1356 vanish at the same time, making the
expression well defined. For particles 5 and 6, one can
repeat above arguments to show no singularities. For the
same reason A in Eq. (127) is also regular when either
ðq1 þ q3Þ2 −m2 or ðq5 þ q6Þ2 −m2 vanishes, see
Eq. (128). Finally, when qþ2 → 0 only Figs. 7(b) and
7(c) need to be analyzed—in other cases wave functions
regulate the integrals. The first term in Eq. (129) is not a
source of any problems because the denominators cannot
vanish when qþ2 → 0. The second term in Eq. (129) also
leads to no singularities because when qþ2 → 0, we have
ðq1 þ q3Þ2 ≤ 0 and ðq5 þ q6Þ2 ≤ 0. Therefore,

FIG. 7. Five types of matrix elements of the interaction
Hamiltonian term HðbÞ

t;2 þHðcÞ
t;2 . See Fig. 5 for explanation.
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ft;123ft;56.2 ¼ e
−t½ðq1þq3Þ2−m2 �2

ðqþ
2
Þ2 e

−t½ðq5þq6Þ2−m2 �2
ðqþ
2
Þ2 ð131Þ

vanishes exponentially quickly.
We conclude the analysis of the matrix elements. Every

term in the effective Hamiltonian has been analyzed using
the simplest relevant matrix elements. There are infinitely
many other matrix elements that contain spectators—
particles that do not contract with the interaction
Hamiltonian. For the purpose of finding divergences it
suffices to check only the matrix elements that do not
contain spectators. Only mass terms required introduction
of counterterms at second order. At higher orders one
expects further contributions to the mass counterterms as
well as coupling constant counterterms.

H. Summary of the renormalized Hamiltonian

We summarize all terms of the renormalized effective
Hamiltonian in the second order of perturbative calcula-
tions. Inclusion of the counterterms allows us to remove all
regularization factors.
The kinetic energy terms together with the mass counter-

terms are

Hmass ¼
Z

½q�m
2
t ðqÞ þ ðq⊥Þ2

qþ
N
�
Ψ̄ðqÞ γ

þ

2
ΨðqÞ

�

þ
Z

½q� μ
2
t ðqÞ þ ðq⊥Þ2

2
N ½Φð−qÞΦðqÞ�; ð132Þ

where the effective mass of the fermion is

m2
t ðq1Þ ¼ m2 þ g2

Z
½q2q3�θðqþ2 Þθðqþ3 Þ

qþ1 δ̃23.1
qþ2 q

þ
3

×
f2t;23.1

ðq2 þ q3Þ2 −m2
ð2q1 · q2 þ 2m2Þ; ð133Þ

while the effective mass of the boson is

μ2t ðq3Þ ¼ μ2 þ g2
Z

½q1q2�θðqþ1 Þθðqþ2 Þ
qþ3 δ̃12.3
qþ1 q

þ
2

×
f2t;12.3

ðq1 þ q2Þ2 − μ2
Tr½ð=q1 −mÞð=q2 þmÞ�: ð134Þ

The effective fermion mass squared is the sum of the kinetic
mass squared m2 and second-order self-interaction contri-
butions represented in diagrams Figs. 4(d), 4(e), and 4(h).
The effective boson mass squared is the sum of the kinetic
mass squared μ2 and second-order self-interaction contri-
butions represented in diagrams Figs. 4(f) and 4(i).
The first-order effective interaction term, depicted in

Fig. 1, is

Ht;1 ¼ g
Z

½q1q2q3�δ̃123ft;123N ½Ψ̄ð−q1ÞΨðq2ÞΦðq3Þ�:

ð135Þ

There are two second-order interaction terms, effective
four-fermion interaction,

HðΨ4Þ
t;2 ¼ HðaÞ

t;2 ¼ g2
Z

½q1q2q3q4q5�δ̃1245δ̃45.3ft;1245
Bt;123.45ð−3Þ

qþ3
θðqþ3 ÞN ½Ψ̄ð−q1ÞΨðq2ÞΨ̄ð−q4ÞΨðq5Þ�; ð136Þ

which is represented with Fig. 4(a), and the effective instantaneous fermion interaction,

HðΨ2Φ2Þ
t;2 ¼ g2

Z
½q1q2q3q5q6�δ̃1356δ̃56.2ft;1356N

�
Ψ̄ð−q1ÞΦðq3Þ

�
γþ

2qþ2
þ Bt;123:ð−2Þ56

qþ2
ð=q2 þmÞ

�
Φðq6ÞΨðq5Þ

�
: ð137Þ

The effective instantaneous fermion interaction is com-
posed of contributions from diagrams in Figs. 2, 4(b), and 4
(c). An equivalent form of Eq. (136) is one with θðqþ3 Þ
replaced with 1=2.

V. CONCLUSION

In this article we provided explicit formulas for the
effective renormalized Hamiltonian of Yukawa theory
calculated up to terms order g2 using the renormalization
group procedure for effective particles. The result is
summarized in Sec. IV H. The Hamiltonian can be utilized
in numerical calculations within frameworks of discretized

light cone quantization, basis light front quantization, or
any other suitable numerical approach. To our knowledge
this is the most extensive RGPEP analysis performed to
date. It is also a necessary starting point for quantum
simulations on future quantum computers.
The main advantage of using an effective Hamiltonian

instead of the bare one is that ultraviolet divergences,
typical to quantum field theories, are absent. One impli-
cation is that once free parameters of the theory are fixed,
there is no need to change them whenever the truncated
basis within a numerical calculation is enlarged. This is not
the case with the bare Hamiltonian for which mass and
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coupling constant need to be modified depending on the
size of the basis in order to obtain finite results for
observables. Therefore, Ht allows for variational calcula-
tions (in the subspace of fixed longitudinal momentum Pþ).
Furthermore, any uncertainties inherent to the choice of the
numerical approach used are independent of the uncertain-
ties stemming from the approximation of dropping all terms
order g3 or higher. One can therefore, study them separately
in a controlled manner.
In order to perform the calculations efficiently we

introduced Wick’s diagrams. This development is helpful
because it allows us to handle many types of interaction
terms all at once. Table I illustrates this point well—all
eight types of terms are contained in a simple expression of
Eq. (42) and represented with a single diagram, Fig. 1. The
reduction in the number of terms is especially important in
higher-order calculations—one additional leg in a diagram
corresponds roughly to the doubling of the number of terms
written using creation and annihilation operators.
The Wick’s diagrams we developed are defined in

momentum space; hence, they differ from those in position
space considered previously [68,72]. Since we study
effective Hamiltonians, instead of the scattering matrix,
we define contractions that are not symmetric with respect
to transposition of contracted operators. Because of this, the
diagrams we use cannot be deformed freely—one cannot
change the initial order of vertices. On the other hand,
because RGPEP Eq. (6) contains commutators, only con-
nected diagrams contribute to the effective Hamiltonians. It
might be possible to introduce a different kind of diagram,
one in which order of vertices does not matter, and the
symmetries of diagrams are fully used. Such diagrams
would simplify higher-order calculations further, but are
not needed in the current, second-order calculation.
Presented calculations are formal from a mathematically

rigorous point of view. They can be made rigorous if one
interprets them as describing quadratic forms rather than
operators. We showed that after the addition of counter-
terms the cutoffs can be removed and the resulting
symmetric quadratic formHt is well defined on the domain
of finite linear combinations of states that have finitely
many nonzero Fock components and each component has
compactly supported wave functions. An interesting con-
tinuation of this line of research is to first prove that this
form corresponds to a symmetric operator, and then to
determine whether this symmetric operator is essentially
self-adjoint or if it admits multiple self-adjoint extensions.
By showing that the form is bounded from below one can
prove that at least one self-adjoint extension exists, the
Friedrichs extension [71]. The possibility that multiple self-
adjoint extensions exist is exciting, because if true, it is
likely to distinguish different physics associated to the
small-pþ region of the Fock space. In other words, zero-
mode physics, associated with the vacuum, might be
differentiated by different self-adjoint extensions of Ht.

In this context one might ask questions such as, what self-
adjoint extension is approached when one tries to recover
the continuum limit of a discretized theory? Do basis
function frameworks approach the same self-adjoint exten-
sion?What does one need to do to approach a different self-
adjoint extension? Some vacuum effects may need to be
included via special counterterms that seem not to be easily
discoverable using cutoff Hamiltonians alone; an example
is given in Appendix A in Ref. [20]. These special
counterterms would introduce additional terms in the
effective Hamiltonians. Can those special counterterms
be found by studying self-adjoint extensions of the sym-
metric Hamiltonian operator? And so on. Finally, a rigorous
formulation of the unitary transformation utilized by
RGPEP is also of interest.
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APPENDIX: NOTATION AND CONVENTIONS

The summation symbol used in Sec. II is defined as
follows:

X
i

¼
X

discrete

Z
∞

0

dpþ
i

4πpþ
i

Z
d2p⊥

i

ð2πÞ2 ; ðA1Þ

where
P

discrete means summation over all discrete quantum
numbers of the particle characterized by i. Moreover, the
operator normalization is given by

qðiÞqðjÞ† � qðjÞ†qðiÞ ¼ δdiscretep
þ
i δ̃

3ðpi − pjÞ; ðA2Þ

where, assuming i and j correspond to the same type of
particles, the plus sign is chosen for fermions, the minus
sign is chosen for bosons, δdiscrete stands for Kronecker
delta between corresponding discrete quantum numbers of
particle i and particle j, and the momentum conservation
Dirac delta,
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δ̃3ðpÞ ¼ 4πδðpþÞð2πÞ2δ2ðp⊥Þ: ðA3Þ

The representation of the Dirac algebra we are using is

γ0 ¼
�
0 1

1 0

�
; γ3 ¼

�
0 −1
1 0

�
; ðA4Þ

γ1 ¼
�
−iσ2 0

0 iσ2

�
; γ2 ¼

�
iσ1 0

0 −iσ1

�
; ðA5Þ

where each entry represents a two-by-two matrix, and σ1

and σ2 are the Pauli matrices. The spinors are

uσðpÞ ¼
1ffiffiffiffiffiffi
pþp �

pþξσ
ð−iσ2p1 þ iσ1p2 þmÞξσ

�
; ðA6Þ

vσðpÞ ¼
1ffiffiffiffiffiffi
pþp �

−pþξ−σ
ðiσ2p1 − iσ1p2 þmÞξ−σ

�
; ðA7Þ

where ξσ ¼ ½δσ;1
2
; δσ;−1

2
�T is a two-vector. The spinors satisfy

the Dirac equation,

ð=p −mÞuσðpÞ ¼ ð=pþmÞvσðpÞ ¼ 0; ðA8Þ

and additional relations,X
σ

uσðpÞūσðpÞ ¼ =pþm; ðA9Þ

X
σ

vσðpÞv̄σðpÞ ¼ =p −m: ðA10Þ

From Eqs. (A8) follows

�
1

2
i∂−f γ

þþ1

2
i∂þγ−− i∂1γ1− i∂2γ2−m

�
ψðxÞ¼0: ðA11Þ

Note that the time derivative is ∂−f instead of ∂−.
Additionally, we present a useful identity relating front-

form energy and invariant mass. Suppose in an interaction
vertex there are k particles created and n − k particles
annihilated. Due to momentum conservation,
pþ
1 þ � � � þ pþ

k ¼ pþ
kþ1 þ � � � þ pþ

n , p⊥
1 þ � � � þ p⊥

k ¼
p⊥
kþ1 þ � � � þ p⊥

n . An important type of equation follows:

ðp−
1 þ � � � þ p−

k Þ − ðp−
kþ1 þ � � � þ p−

n Þ

¼ ðp1 þ � � � þ pkÞ2 − ðpkþ1 þ � � � þ pnÞ2
pþ
1 þ � � � þ pþ

k
; ðA12Þ

where ðp1 þ � � � þ pkÞ2 ¼ ðp1 þ � � � þ pkÞμðp1 þ � � � þ
pkÞμ is the invariant mass squared of the set of particles
1 through k. In other words, one can trade energy
differences for differences in squares of invariant masses.
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