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Details of the two-loop analysis of long-distance QED radiative corrections to neutron beta decay are
presented. Explicit expressions are given for hard, jet, and soft functions appearing in the factorization
formula that describes the limit of small electron mass and large electron energy. Numerical enhancements
from the infrared region are resummed using renormalization group methods. Power corrections,
cancellation of singularities in the small-mass expansion, renormalization scheme dependence, and
bound-state effects are also discussed. These results provide the most precise determination of long-
distance radiative corrections to neutron beta decay and impact the determination of |V,,| from the
measured neutron lifetime and thus set a target for uncertainty reductions in the experimental and short-

distance inputs.
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I. INTRODUCTION

Low-energy processes, such as neutron and nuclear beta
decay, are critical for determining the fundamental con-
stants of nature [ 1-12]. These processes currently dominate
the determination of the quark mixing parameter |V ,,| and
serve as fruitful testing grounds for physics beyond the
Standard Model [13-23]. At current levels of experimental
precision, control over theoretical predictions is required at
the 100 ppm (i.e., ~107%) level.

Quantum electrodynamic (QED) radiative corrections are
required to interpret experimental results as measurements
of fundamental constants. At the current ~10~* experimen-
tal precision [24], two-loop [i.e., O(a?) in the fine structure
constant] corrections to neutron beta decay are relevant. It is
well known that at one-loop order the neutron beta decay
rate receives an “unnaturally large” radiative correction
scaling as zwa/f with § the electron velocity [25]. Such a
large first-order correction calls into question the rate at
which QED radiative corrections converge, and the possible
relevance of yet higher-order (e.g., three-loop) corrections.
With this motivation, we examine the origin and description
of enhanced contributions to the neutron decay rate to all
orders, using renormalization group methods.
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The large first-order QED radiative correction to neutron
beta decay has historically been associated with the Fermi
function for nuclear beta decay [25-27]. The Fermi
function, however, is justified only for large nuclear charge
Z > 1 or small electron velocity f < 1. Clearly the former
condition is not satisfied in neutron decay (Z =0orZ =1
for the neutron or proton). As Fig. 1 illustrates, the electron
spectrum is also strongly suppressed at small velocity. In
Ref. [28], we demonstrated how the opposite, m — 0, limit
provides a controlled expansion. Here we discuss the
factorization formalism underlying this analysis and pro-
vide explicit two-loop results for the components of the
factorization formula.

II. SOFT-HARD FACTORIZATION

Neutron beta decay is described by a low-energy
effective Lagrangian involving spin-1/2 heavy-particle
fields [29]:

Legt = —}_15,”>(va/‘ + CAVﬂJ/S)hg/n) ey (1 —ys)v, +He.,

(1)

where h(v") and th’ ) are heavy-particle spinors that annihilate
neutrons and protons of velocity v, with v# = (1,0,0,0) in
the laboratory frame. This Lagrangian corresponds to the
leading order in an expansion around the static limit in which
the nucleon masses are taken to infinity while their mass
difference, A = m, —m Ir is fixed. Higher-order terms in the
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FIG. 1. Electron velocity spectrum for neutron beta decay at

tree level. The spectrum is dominated by f 2 0.5, which causes
nonrelativistic approximations (such as the Fermi function) to
converge slowly.

expansion encode recoil corrections and are suppressed by
powers of the inverse nucleon mass M = (m,, + m,,)/2; the
effective theory Lagrangian can easily be extended to include
such corrections [2]. The scheme dependent Wilson coef-
ficients Cy 4 ~ (Gr/V/2)V ,49y.4 encode the hadronic struc-
ture and are determined by experimental measurement
and/or nonperturbative QCD matching calculations (e.g.,
chiral perturbation theory or lattice QCD).

The QED corrections discussed in the Introduction
originate from long-distance scales and can be computed
in the effective theory described by Eq. (1). The separation
of the hadronic scale Ayy (set by the pion mass
m, ~ 100 MeV) from the kinematic scales of neutron beta
decay (namely the electron mass m and momentum p and
the nucleon mass difference A, where m ~ p ~ A ~ MeV)
and from the soft scale (defined as < p and set by any low-
energy scales in the problem, e.g., a photon mass regulator
A or photon energy cutoff parameter ¢, in the heavy-particle
rest frame) implies the factorization of the decay amplitude
schematically as

M~ Myy(Auy/ oy )My (p/uov, p/u)Ms(A/u),  (2)

where u;y and p are factorization scales separating the UV,
hard, and soft regions. For an electron with momentum p
and a neutrino with momentum k, we write the complete
amplitude as

M = =i, (Cyy* + Car*ys)u,it(p) My My, (1 = ys)v(k),
(3)

where u, is the heavy-particle spinor wave function. The
UV amplitude Myy is thus given simply in terms of Cy, and

Cy4, and the soft amplitude M exponentiates [28,29]. In
the following subsections, we discuss the hard ampli-
tude My.

A. One-loop computation

Let us study the one-loop corrections to neutron beta
decay to better understand the origin of the term propor-
tional to za/f. In what follows, we denote the amplitude
with a proton in the final state by M (w, u?), whereas the
crossed amplitude is denoted by [My],_, _,. As we will see
in what follows, the large “z-enhanced” radiative correction
is present in M (w, u*) but absent in [M],__,. We trace
the origin of this term to an infrared divergence in the hard
amplitude, which is in turn related to an ultraviolet
divergence in the soft effective theory, where the electron
is also treated as a heavy particle. Such terms can therefore
be handled with renormalization group techniques.

The Lagrangian (1) implies that, to all orders in
perturbation theory, the hard function My takes the form
(suppressing uyy dependence)

Mo, ) = Ay, p2) + B (wp). (4)

for scalar functions Ay and By, where w = v - p/m, and
p* and m are the electron four-momentum and mass. A
straightforward one-loop computation (for a related dis-
cussion and a presentation of the diagrams, we direct the
reader to Sec. 2 of Ref. [28]), including wave function
renormalization factors, yields for the timelike amplitude

3 2 2
Apw) = 14— [210g20Y 4 1og £ (wj(#) - 1)
2r |4 m m

By (w) = o~ [=wj(w)], (5)

where w = —w — i0 and the functions j and J are defined
by

. °°d X
i) = [Ty

© X
J(x) = dy —————1log(1 +y* +2yx). (6
W) = [Ty gleel1 +52 2. (6)

The term a/(27) x 3log(ufy, /m?) is related to the renorm-
alization group flow of the Wilson coeftficients Cy, y, or
equivalently My, as denoted explicitly in Eq. (2).

Let us consider the related quantity [My],__,, which
describes the spacelike decay of a heavy negatively charged
particle decaying into an electron. Using, for w > 1,
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wj(w) =

\/vzv_llog(w—k\/ )

wl(w) = % (Li2<1 - (w —Vw? - 1)2)

) "

we find for the spacelike amplitude

+ log? (w +

An(ow) = 14 55 2108 -+ 10g 2 ) - 1)
T wjw) - wJ(w)] ,
By (—=w) = ~ [=wj(w)]. (8)

27

To recover the timelike process corresponding to neutron
beta decay, we use that

() i(w) — i w
wjiw) =wjw) — it ——,
J J T 1
w
WI(W) = wi(w) — i ——===log(—4(w* = 1) —i0). (9
(W) (w) Nt g2(=4( )—i0). (9)
We note that the spacelike amplitude is finite at w — 1:
- 3. Hiy
}vlg} Ap(-w) =1 —|—2— {Zlogﬁ -1/,
lim By (—w) = — (=1). (10)
w—1 2

In contrast, the timelike amplitude contains an enhancement
log(—1 —i0) log[(—4p* —i0)/u?] ~ —x* (at p*> = 4p?*) and
diverges at w — 1:

i ((275) )

1w
Bun)=Bu(-w) = | 2. (1)
Evaluating at y> = ji*> = —4p?> —i0 minimizes such large

logarithms; equivalently, enhancements present in the time-
like amplitude can be obtained with a renormalization group
resummation

Mys(w,42) = exp [ / i yH}MHw 7). (12)

where y is the anomalous dimension of the hard coefficient.

B. Anomalous dimension and resummation of
large logarithms

Since My represents the coefficient function of a soft
operator, its u dependence is given, to all orders in perturbation
theory, by the cusp anomalous dimension [30,31],

i
ﬂl —p ﬂ}’ (13)

Yn=—"_ 17~ ——

dlog Ms(4?) _a[ |
dlogpu T

with solution

Mpy(u?) = exp [% (—1 +—ﬂ1 gig) qu}

2

x exp[ log Az] My (i2). (14)

2p

For y> = 4p? and ji*> = —4p?* —i0, we have 1og = = +irx.
The first exponential in Eq. (14) is then a phase that does not

impact rate observables, and the second exponential leads to
a numerical enhancement for the associated hard function,1

HO) = exp| | ). (15)

We emphasize that this result is true to all orders and makes
no reference to nonrelativistic kinematics. Compared to the
expression involving the naive application of the traditional
Fermi function for nuclear beta decay, the expression (15)
differs starting at two-loop order (cf. Sec. 6 of Ref. [28]).

II1. SOFT-COLLINEAR-HARD FACTORIZATION

Here we analyze the large-energy/small-mass limit char-
acterized by E > m, where E is the electron energy. This is
sufficient to compute the two-loop corrections for neutron
beta decay to the requisite 10~ precision, and provides an
all-orders derivation of the result (15) in this limit.

A. Factorization formula

Let us decompose the hard function in Eq. (2), neglecting
contributions suppressed by powers of m/E,

My (w) = Ay(w)

Power corrections are discussed in Appendix A. We will
analyze the remainder Fp, jet F';, and hard F amplitudes,
using dimensional regularization and the MS scheme.
Following the discussion in the previous section, we
consider first the quantity Myl _, % Ay(-w) =
Fr(—w,m)F;(m)Fy(—E), and then analyze the ratio
Ap(w)/ Ay (—w) using renormalization arguments to resum
enhanced contributions. Note that the product FgFpF ;Fy is
equal to the heavy-light Dirac form factor with a heavy-
particle initial state, at leading power. The renormalized soft

~ Fr(w,m)F;(m)Fy(E). (16)

'The hard function is given by the appropriate average of the
squared magnitude of M. For example, in the electron energy
spectrum for neutron decay [cf. Eq. (14) or Ref. [28]], H(y?) =
{|My(4?)]?), where the angle brackets denote contracting with
lepton and nucleon spinors, My — @(p)Mpyy,(1 —ys)v(k) x
i, (Cyy* + Cay*ys)u,, squaring, summing over final state spins
and integrating over final state phase space (apart from the electron
energy), and dividing by the same expression at tree level.
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amplitude is given, to all orders in the coupling, as B. Remainder function

_ ) The quantity Fjy represents the matching coefficient

Fg=exp [@ <2( L—1)log ﬂ_zﬂ , (17)  between the soft operator (Wilson line operator for charge
4r —1 particles involving initial state v and final state v’) in

n, =1 and n, = 0. This correction begins at two-loop

where L = log(2E/m) = log(2w) and &, — a is the MS order, necessarily involving a loop of the massive lepton.
coupling for n, = 0 dynamical electrons, which reduces to  From Appendix C 1, the bare result is

the on-shell coupling in d = 4.
£ |

FRe(—w,m) = Zpn,—1 l L + &

_ 2 2\ —2€
g m 4 20 112 272
e () () (e B2 o) o,
- 47 (/ﬂ) n( 3€2+96 27 9 * ()>( )
where € = (4 — d)/2 is the dimensional regularization parameter in d dimensions and Z,, , _ is the on-shell wave function

renormalization factor for n, = 1, and we have used wj(w) — L in the large-energy limit [with L = log(2E/m) as defined
above]. The quantity &, denotes the MS coupling with n, = 1 dynamical electrons; it is related to @, by

ay 4 1 ) m2\ —¢
B o))

4 m? 2 m? 77.'2
= a1 1 — |—zlog— 1 — 2 . 1
a{ +ne4 [ 30gﬂ2+e(3 og? — 9>+(’)(€)]} (19)

The renormalized remainder function is then given by

(18)

Fr(=w,m,p) = ZsZg, _F§"(-w,m), (20)

where the soft (7, = 0) operator renormalization is

ay 2
Zg = ——(=L+1)]. 21
s=ep g2 (-L+ 1) o1
The soft operator renormalization for n, = 1 is related to the cusp anomalous dimension, and through two loops is [30,32]
a2 a\2(2 N 4 20
Zgp_1=14+—(-L+1 — = (-L+1 -— L—-1);. 22
=1+ g2 L+ () St en(-on+50 )@ -1 @)

Substituting, we obtain

4 m> 40 m®> 112
F =1 L-1 ——log?— ——log— — — |. 23
o) = 1 (5 (L = (=S 108 ~ Prog ™y - 27) 23)
C. Jet function
We have extracted the two-loop jet function using Fz and results from Ref. [33] (see Appendix C 2 for details),
a1, 1 n?
F =1+—|<zL;, —=L,+2
smop) =1+ [2 nytmTItn
+ﬁzlL4l i+§L312 2;;_2L2
ar) (87" "6\ 3" 2) a9 T2 6 )
1 154 8z 7 23x?
- = 24
2<"€< 27 9>+2 B §3>
4435 2 41x? 331z 209
— == — 2% — 4x%log2 — - 24
g<324 9% 54)+ R T } 4
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where L, = log(m?/u?).

D. Hard function

As described in Appendix B, the hard function is given by F; = F/C(u), where F; denotes the relativistic Dirac heavy-
light form factor computed with vanishing light charged fermion mass, and C denotes the matching coefficient from
relativistic to effective heavy-particle treatment of the heavy charged fermion. Using the results for F; from Ref. [34] (see
also Ref. [35]) and the results for C from Refs. [36-38], the renormalized hard amplitude is

P @) _
Fu(-) = 1+ 2 F ) + () i -B). (25)
with
2
FP(-E.p) = 213 420 2 =22
o o [ 16, 64, [ 304 167 656 2. 1132
F”(E’”)_”e{ o letgl 77 o JlET R TS T
S5x 1172 657> 16771'4
4 473 ST\ 12 _ _ _
oLk 4LE+<6+ 6>LE+<24g3 > )LE B o - = 155, (26)

where Ly =log(2E/u).
Setting pyy = p in both the Wilson coefficient and the hard function, it is readily seen that the product C(u)F y(u) has the
expected scale variation for the coefficient of an effective operator with one heavy and one light energetic field [33,34,39-41],

dlog C(u)Fy(—E.u) _ dlog(F;FgFy)

dlogu N dlogu
= ( ) + y‘//( ) + 7/cu€p( )LE
a a\2 80 250 2x° 3 5
—E(4LE—5)+<E) |:ne<—ELE+7+T)—§+2ﬂ' —24€3 +, (27)

where y” and y¥ are the one-body heavy-particle and light-particle contributions, and Yeusp 18 the cusp anomalous dimension
contribution.

IV. RENORMALIZATION

Enhanced contributions result from the continuation F(—E) — F(E). To see the all-orders properties of this continuation,
we recognize that (again setting yyy = u) Fy depends only on the dimensionless ratio E/u, and that the 4 dependence is
determined by renormalization. In particular, accounting for the y dependence of C(u), the hard amplitude obeys

dlog Fy(E, 5 G @)L
dlog Fy(E,p) _ —yuv +7(@) + 77 (@) + Yeusp(@) L

dlogpu
a\2 80 - 160 2x2 1472
af,-2)+ (X ey T IR V1 - 28
4;;( B )+(472> ["( 9 E+27+3> 3 & (28)
|
with L = log[(=2E —i0)/u]. Here we integrate this equa- A. Coupling constant renormalization
tion to obtain To compute the solution to Eq. (29), let us consider
Fy(E, Fy(E, a d,
nEp) _ FulEp) (29) X=2logh=2 [" 22 (30)
Fy(=E.p)  Fy(E,—pu—i0) jt « Bla)
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for renormalization scales u and [, where? Before expansion in aX, the solution expanded in a is
a P
r=2= (1-aX) +alllog(1 - apyX)
p =da/dlogu = —2alfya + pra*+---],  (31) a Po

[ﬂz (1=apyX)~ ! log(1 — afyX)

0
&_ﬁ> apoX ] y
(0 7))t (33)

B. Coefficient renormalizaion

and we write a = a/(4x). We readily obtain

. 2
- —ﬁX—ﬁ—;ng <—Z—§—é>(a—a)+~~.

%S
||

(32) In terms of r = a/a, and at i = ji, = —2E —i0,
|
Fy(E p) [ n(n_h
log——" % =— logr+a(l—r (=== ]+---
Fy(E, p.) 26, vo Po

(0) (1)

cus; 1 cus;
—r+rlogr) + —logr+r—1) =2 log?r

4 yﬁ?,lp Bo 2po

1 2
+ag [Bz(l—r2+2logr)+ﬁé(l—r)(l—r—210gr)
0

P chs 7&121)5
+= p( 3+4r—r*=2rlogr) + (0)p(1—r)2} —I—---}, (34)
'BO Ycusp Ycusp

with 7 given by Eq. (33) and X = 2log[u/(—-2E —i0)] = 2Ly = 2zi — 2L}
Let us focus on the large logarithm represented by X, = X|,_,. = 2zi. Counting |X |* ~a~!, we may expand order by
order including these logarithmic enhancements. In particular, at 4 = 2E, X = X, is pure imaginary, and

1

Fy(u.)? 2 32 o0 8 s
— exp|—X2a + =2 n,X2a? — — n2X4a® + - - -
‘FH(ﬁ*) exp wa—+ 9 n,Xx 27ne La’ +
= -\ 2 =\ 3
~ [1 +99% 4487 (9) + 160.2<5> +(9(0{4)}
pa T T

« {1 _8.8n, <7i‘;>2 + O(a“)] x {1 —7m2 <%>3 + O(a“)} (35)

In the final line, we illustrate the enhanced coefficients as a series in @/z, where we have separated the series into
expansions involving X2a, X2a?, and X}a>.

C. Hard function without large logarithms
Choosing i = —2E —i0 yields log[(—2E —i0)/] = 0, and the hard function is then

. a () ), a ()2 ),
F =1+ F +|—=—=) F . 36
(@) LR @+ (S2) P @) (36)
with
The leading coefficients of the QED beta function are f, = —%ne and p, = —4n,.
The leading anomalous dimension coefficients are [cf. Eqgs. (27) and (28) and references above] yy = -2, y; = ( >+ '2670)ne+
W2 240 - 4, yitdy = 4, and 7lily = (= ¥)n,.
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R 5
Fg)(/«l) =-2 —552,

R 656 113 2
Fi (i) = ne| 20+~ + 56| —8+ 6502
835
— 1506 -5 G (37)
Using that
a, = a—a’pyX, + O0(a*X?), (38)

with X, pure imaginary, we may ignore corrections to a/a
when computing the modulus-squared coefficient,

Fa(@)? =1-3.1 (g) + (54 +3.6ne)<g>2 -
(39)

where @ = @;(u = 2E). We observe the expected, order
unity, coefficients, to be compared with the enhancements
that are resummed above. Had we instead chosen to use py
instead of ji [i.e., combining Egs. (35) and (39)] we would
instead obtain

[Fu(u)l> =1+6.38 (g) +(23.9-5.1n,) (g)z .
(40)

which serves to illustrate how factors of X? can slow the
convergence of perturbation theory. The numerical values
for subleading perturbative coefficients are scheme depen-
dent. Different scheme choices, and the relations between
them, are discussed in Appendix D.

V. HIGHER-ORDER CORRECTIONS TO
THE NEUTRON LIFETIME

We have carried out a calculation of long-distance
radiative corrections to the neutron lifetime at O(a?),
identifying the well-known numerical enhancement at first
order in perturbation theory as a large logarithm and
performing a renormalization analysis to systematically
resum such logarithms to all orders. In this section, we
analyze f# — 0 singularities appearing at O(a’) and
m/A — 0 singularities appearing at O(a?).

A. Small-velocity expansion

Our treatment of / as an order unity parameter is justified
over the bulk of the neutron decay phase space (cf. Fig. 1).
Starting at O(a?), the small-f region is no longer kine-
matically suppressed [for m/A = O(1)]. Here we discuss
the third-order correction from this region.

Let us consider the beta decay spectrum, dI'/dE as the
electron energy goes to the electron mass, £ — m, or

equivalently, dI"/df as the electron velocity goes to zero,
p — 0. It is well known that photon exchanges with a
nonrelativistic final-state proton lead to enhancements
by powers of #z%/p leading to contributions of order
2
(@ x (&) ~ ()"
relativistic Fermi function and lead to the factorization
theorem,

. These terms are captured by the non-

dF dar
5~ (5) xFwman. @
where
2rna
Fyg(rafp) = — 2P “2)

1 — exp(—2za/p)’

A naive expansion in a of Fygr leads to terms whose
average over phase space diverges. Yet, when treated
nonperturbatively, (Fyg) is finite. Subtle issues begin at
O(a?) which we will now discuss.

We begin with the infinite series representation [42]

™ /
Fygr(ra/p) =1 + ﬁ 3_Ot Z 2ﬂ2 @ Z/n)z
(43)

Integrating over phase space, each of the first three terms
yields a finite contribution at f — 0. However, in the
remaining series all terms must be retained when f ~ a,
and sum to a contribution that is O(a?).

Let us consider the contribution to the phase space
integral from the region # < 3. where /3, is a cutoff velocity
chosen such that a/f. ~ O(y/a); i.e., f. is small enough
that a nonrelativistic expansion is justified but large enough
that a/f,. is still perturbative. In this small-f region, we can
expand the phase space measure

d® ~ (A — m)2m3p2dp + O(B*). (44)

Let us compute the contribution to the phase space integral
from the infinite series in Eq. (43):

21 [be a/n)?
(s =mpm > [F a2 ) g

= (A —m)*m?|al? i (;32) arctan <Tﬁ|‘>

n=1

(=7l3) + -, (45)

= (A —m)*m?|al® x

where in the final line we expanded arctan(nf./|a|) about
B./|la] = . Notice that the left-hand side is manifestly
even in a, requiring the right-hand side to be the even and
nonanalytic function |a|3.
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At O(a?), one must also include bound-state contribu-
tions from s-wave hydrogenic orbitals formed by the e~ p™
final state. The contribution is given by the sum over
squared wave functions evaluated at the origin, with a
relative factor of (27)3/(4x) related to two-body vs three-
body phase space. The relevant quantity is

272 (A = m)>> |y, (x = 0)

1 m?
=27 (A — m)zzn:E (o + o)
= (& —m)’m(a’ + |af) x (x{3). (46)

In particular, when a <0 (corresponding to equally
charged particles in the final state), the bound-state con-
tribution vanishes. For both positive and negative values of
a, the sum of Egs. (45) and (46) gives

(A =m)*m?|al® x (=a3) 4 (A = m)*m’ (& + |a]*)(Ls)
= (A —m)*m’a® x (n3), (47)

leaving only the analytic-in-a term. This cancellation, and
the origin of |a|® vs &, is discussed in detail in Ref. [42]
where a similar problem appears in the theory of the
electron’s anomalous magnetic moment.

If fLax (as set by kinematics) were to be very small,
Pmax ~ @, then the “large velocity” region does not exist,
one replaces i, = P 10 the above analysis, and the full
functional dependence of arctan(a/nf,,,) must be kept in
each term of the sum. Such a scenario requires a highly
tuned value of (A —m) satisfying (A —m) < ma?. In this
regime, one could imagine that —%azm <(A-m)<0,in
which case continuum contributions would be kinemati-
cally forbidden but hydrogenic bound states would be
present. In practice, such small-energy splittings do not
occur in nature and are certainly not relevant for neutron
beta decay.

An alternative formulation describes the impact of
Coulomb photon exchange on the inclusive rate via the
optical theorem. For non-relativistic energies, the result is

dd — do x K%;) Im G(ENR)}
< (& = mPae | (5 JmG(Ewo | @)

where Eyg = E—m and G is given by the Coulomb
propagator,
d*p d3p’ 1
G(Exr) = p P,
) = [ 555 | 5 i
(49)

with Heoy = p?/(2m) —a/r. A dispersive analysis of
G yields (dropping the “NR” subscript for brevity)

1 [o ImG(E
6~ [TaBE 0
Vs —E, E —F
so that
/ ¥ dE' ImG(E') = lim [~2BG(E)],  (51)
—E, ——00
where E, = —ma?/2 is the ground state energy. Sub-

traction of the a°, a', and o* terms in G should be
understood, in order that G satisfy an unsubtracted
dispersion relation, and so that the limit (51) can be taken.
The perturbative expansion of G at large negative energies
is known to all orders in perturbation theory [42],

G-[G? + G +G?)

_m4a3 6t ma §+< ma )24,_'_ ]
p? [ i —2—w0) )

(52)

with p? = 2mE\g. Integrating Eq. (48) over Eng =
—E...c0, and taking the limit (51), reproduces the sum
of continuum and bound-state contributions (47).

In conclusion, we find that the total decay rate has a well-
defined expansion in a. There are nonperturbative contri-
butions from bound states and the nonrelativistic Fermi
function at small electron velocity; however, all nonanalytic
terms cancel for (A —m) > a’m. We have therefore
verified that no large enhancements occur from the
small-f# portion of the spectrum, and our analysis presented
above is valid through O(a?) for the physical kinematics of
neutron beta decay.

B. Cancellation of singularities in the
small-mass expansion

We have used the large-energy or equivalently small-
mass limit, m?/A% < 1, to evaluate the “nonenhanced”
O(a?) corrections to the hard function H(2?) in Eq. (15).
Here we comment on apparent violations of the Kinoshita-
Lee-Nauenberg (KLN) [43,44] theorem which arise due to
the kinematic constraint A < 3m.

In the limit where m — 0, the KLN theorem guarantees
that the total decay rate will be free of singularities as
m — 0 when expressed in terms of @;. In the limit A > m,
the total rate is

I /O “AEEX(A - E)? <j—2> S(e)H(e). (53)

where ¢, is the photon energy cutoff parameter (in the
heavy-particle rest frame) separating the hard and soft
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regions. Let us expand the contributions of hard (H) and
soft (S) photons as [29]

2_
H(e )—1+2ﬂH()+ <a'> H? + ..,

27
a - a\ 2
=14+—8SO 4 (=) 5@+ .. 4
S(e,) +2”S + (27[) S+ (54)
where H") and S denote the coefficients in the a;

expansion. The familiar results at one-loop order are
[28,29,45]

5l = log’ (4L +4).

[SEJ}O_logZ/1 (4L —4) - 2L2+2L+2—%2,
HY], = 3log”UV +log%(4L—4) 202 42L +5?”2,
[Hy 'l = log 5 _E(—4L +4)
+2L (AI;E§)2+2(A3;E)—3 —g(A;E)+6,
(55)

where the subscript “0” indicates the leading term in an
expansion in m/A (cf. Ref. [28]). Integrating over the
electron energy, the separate contributions are singular at
m— 0,

[SM], ~ —2log?m + 10gm<—4 log% +4logu — 2>,

[HE,”}O ~ 2log’m + logm(—4logpu — 1),

[Hg)}o zlogm<4log€—g+ 3>, (56)

where we write S(1) = Si,l ) + Sg), and denote average over
phase space by (---). The electron energy spectrum,
dI'/dE, is singular at m — 0, but as expected, the singular
contributions cancel when they are added and when the
spectrum is integrated to obtain the total rate.

We remark that the KLN theorem fixes the logm
singularity of the one-loop hard real photon contribution
in terms of the soft and hard virtual photon contributions,

—([SM], + [Hg,l)]o) zlogm<4log%+3>. (57)

The singularity of the hard real photon contribution arises
from energetic photons collinear with the -electron.
Including photons within an angular cone 6, > m/A
[46,47],

(1 =% [1+x* xE0, «x
[HR.Collinear]O = 2% dx|: T—» ]()g . v _ -

<logﬁ <4 log —- e 3) > (58)

The angle 0, replaces the electron mass as a regulator for
collinear singularities, allowing a smooth m — 0 limit.

At two-loop order, KLN cancellation of log m singular-
ities in the m — O limit requires inclusion of both (single
and double) real photon emission, and real additional e e~
emission. However, physical kinematics dictate that
n— pete e p, is forbidden (A ~ 1.29 MeV is less than
3m ~ 1.53 MeV). It follows that there will be effects in the
purely virtual corrections (from a vacuum polarization
loop) without any compensating real pair-production proc-
ess. To isolate this effect, let us consider the logm
singularities which scale with n,:

([8P]o + [SW[HM], + [H@)])

$10g3 (21 ) 4 2 02 (12
ne[glog’ (55 | + 557108 54
2371 8=« m
* (?‘T)l g(m)] +Om). (%9)

where we have set 4 = 2A and performed the phase space
average. This expression includes the effects of real photon
radiation. The logm singularities in Eq. (59) represent
apparent KLN violations due to missing e e~ pair pro-
duction, as in the physical neutron beta decay process.
While these contributions are included in our calculation,
they are not numerically large, owing to log(A/m) ~ 0.9.
The terms in Eq. (59) contribute to the rate at the
level 1072 x (=0.005 + 0.027 — 0.050).

VI. DISCUSSION

Control of QED corrections is an important theoretical
challenge for neutron beta decay. Part of this challenge
relates to nonperturbative hadronic structure but, at present
levels of accuracy, is confined to one-loop order. Long-
distance radiative corrections, by way of contrast, are
insensitive to hadronic structure but are required at two-
loop order. It is well known that these corrections contain
certain large numerical enhancements (proportional to 72),
and their origin has historically been ascribed to the Fermi
function (i.e., a resummation of diagrams involving a
background Coulomb field). A shortcoming of this argu-
ment is that very little of the neutron decay electron
spectrum shown in Fig. 1| satisfies the nonrelativistic
kinematics that make the Fermi function a controllable
resummation of enhanced contributions.

In this work we have argued, and explicitly demonstrated,
that these numerical enhancements stem from the infrared
region of the amplitudes, or the “soft-hard boundary.”
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We have shown that these numerical enhancements can be
controlled and resummed using renormalization group
methods, making no reference to the nonrelativistic limit.

We have used our results to supply the most precise
determination of long-distance radiative corrections to
neutron beta decay [28]. We ascribe an uncertainty for
an extraction of |V 4| at the level of 3 x 107> from the long-
distance region. Our results set a target for uncertainty
reductions in the experimental and short-distance inputs,
and supply a firm foundation for estimating higher-order
radiative corrections in processes involving numerically
enhanced Coulomb exchanges for both relativistic and
quasirelativistic kinematics.
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APPENDIX A: POWER CORRECTIONS

In Ref. [28], we have applied the results derived above to
compute radiative corrections to the neutron’s lifetime. In
terms of the neutron-proton mass splitting A = m,, —m,, ~
1.3 MeV and the electron mass m = 0.511 MeV, a natural
expansion parameter is

m2

= ol 0.156.

(A1)
Here we examine the convergence of this expansion,
showing that certain terms in the phase space and matrix
element must be treated with care. The discussion is

separated into the phase space itself, the one-loop correc-
tions to the matrix element (where exact results can be used
to test the m/E expansion), and the two-loop corrections
that are the focus of this work.

1. Phase space integral

The rate for neutron beta decay in the static limit is
governed by (p and k are the momenta of electron and
neutrino, respectively)

dp &’k -
/ (27)2E, / (27)*2E; (m3(E, + By = A)ZIMP
P

Az)? [A
o & ”)5/ dEEVE? — m?(A — E)?
(27) Jm
(4z)? . 1 , 15 15 8\, 5.
= A |1=58+ (= = logo )6t + 25
(27" 30 AT T 2%3)% Ty
5 8 1 10
T8 Tig? t }
(4m)* 51
=T AS —[1-0.78 +0.25 + 0.0024
22 30! O
+0.000023 + - - ], (A2)

where we use that | M|? « 4p°k°. The series has large
numerical coefficients in the first- and second-order terms
but converges geometrically thereafter (with coefficients
<5/8). We remark that if one had instead written the
integral as a function of f.,, (the maximum electron
velocity in the static limit) and expanded as a series in
(Bmax)?» then it would take 64 terms in the expansion to
achieve permille levels of accuracy. This indicates that a
nonrelativistic expansion is inappropriate for the problem
of neutron beta decay.

Since the neutron decay phase space has slow conver-
gence properties, we elect [28] to retain the full phase space
measure (defined in the static limit) in our averages,
whereas the O(a?) correction to the matrix element is
expanded in m/E. We now turn to results at O(a), which
can be used as a testing ground for the convergence of the
m/E expansion.

2. One-loop correction

Although the convergence of the m/E expansion is slow
for the phase space measure, in this section we will study the
convergence of the expansion for the amplitude. Consider
the one-loop correction [45] that includes real radiation,

dr dr a uoy 21
— == 1+—=—1(310e2Y £ 22 4+ ...
(o) = (Ge) [ 32 (el 5o
(A3)
All m/E dependence lies in the ellipsis in Eq. (A3) and

in p=|p|/E =+/1—m?/E>.

113006-10



FACTORIZATION AND RESUMMATION OF QED RADIATIVE ...

PHYS. REV. D 112, 113006 (2025)

Let us first consider the 1/ term. In the formal m — 0
limit, we would have (f~!-1),_,=0, where angle
brackets denote the phase space average. However, the result
for physical kinematics differs substantially: (8" — 1) . =
0.46. This can be compared to a “typical” power correction
& = 0.156, and suggests that terms with 1/4" should be
handled with care, especially when they are enhanced by the
X? resummation factor discussed in the main text.

Let us expand the remaining radiative correction in
powers of 6 = m?/A?, and integrate over the remaining
electron phase space (not expanding the phase space
integral). Setting uyy = A and omitting the term 2z2/f
(which is absorbed in the resummation factor discussed
above), the contributions to the total decay rate are

+ (=62 x 1073) +

(—1.1 x 1()_3) +(23%x107) + -],

(A4)

where the terms in square brackets correspond to &°, &2,
M

We observe that after resummation (extracting 27>/ and
setting iyy = A < M), power corrections of order 6> are of
“natural size” (i.e., roughly 20% of the leading correction)
and contribute at the permille level to the first-order (in a)
radiative correction. We now turn to two-loop corrections.

3. Two-loop correction

For two-loop radiative corrections, we expect a further
suppression by a ~ 1072, i.e., power corrections beyond one
loop should naively be expected to be phenomenologically
unimportant. This expectation is spoiled, however, by the
presence of 1/4% terms whose phase space average is
substantially different from unity, (1/4%) . ~ 2.55. These
terms require special care.

The enhanced power correction, proportional to 1/4> — 1,
is determined by noting that the hard amplitude can be
written [48,49] (cf. Fig. 6 of Ref. [48])

phys

My =My, + ZGM‘S,Q + ZzazMéif + Za* M
+ O(a?), (AS)
|

Ly —6—

3
F,(M, Eu)—1—|—4 ( 2L%+2LE+2

4 1
(30 6”>LE+L — Ly +

+ ( 3LM—|——+ 14>L2 <3LM—T+24C3

167z*
288

n 41 1771'
4 Ly

27

where [My],__, and Mg are finite at # — 0, and MY

and Mﬁi are known analytically with full mass dependence
[50]. Here JR denotes Jaus-Rasche [51-53] and Z is a formal
counting parameter that must be set equal to Z =1 for
neutron beta decay.

The result of this analysis is to add to the spectrum a term
(=1) x a*¢,m?/(E? — m?) [28]. After this correction is
included, the small-f asymptotics agree with the non-
relativistic factorization theorem Eq. (41). Remaining
corrections are finite at f — 0; i.e., they are free of 1/p
enhancements; as in the one-loop analysis, we estimate
such corrections to be of natural size in the power counting
parameter 6°, and thus small compared to the 107*
precision level. This expectation is consistent with past
studies of the energy dependence of M [54].

APPENDIX B: HARD FUNCTION FROM
RELATIVISTIC FORM FACTORS AND
UV MATCHING COEFFICIENT

Here the hard matching coefficient is extracted from
relativistic form factors in the large-energy limit. Consider
the physical form factors for b-quark to u-quark transitions
defined by

"
(y"b) = Fipu + Fov'fiu + Fy Up—pau. (B1)
For our application, we identify the heavy initial b quark
with the antiproton and the light final u# quark with the
electron. As usual, we set T, =1, Cr=1, C, =0 to
obtain QED results from expressions for a general gauge
group. We track the light flavor dependence by identifying
n, = 1 as the number of dynamical electrons. For simplic-
ity, consider the Lorentz indices y = 1, 2 such that, for
v = (1,0,0,0) and p* = (E,0,0,|p|), the amplitude in
the full theory is determined by F;, which we take from
Refs. [35,55]. We work in the limit of infinite heavy-quark
mass, 1.e., M — oo. As noted at the end of Sec. 2 of
Ref. [55], the form factor depends on a harmonic poly-
logarithm which cannot be expressed as a standard poly-
logarithm; we evaluate the infinite mass limit here using the
HPL [56] and PolyLogTools [S7] packages for Mathematica.
The relevant quantity is thus given by

Sx a\2 16 64
il 23 L2
12>+<4n> {” { g ety
14922 285 6629 D
54 9 324] +2Lp—alg
1172 9
- S)LE +§L§4

2872
3

839

+ 10g2—37C3 +R}+O((ZS,1/M).

3
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Here @, (1) denotes the MS coupling in the effective theory
with n, = 1, and Ly, = log(M?/u?).

We identify the full theory amplitude as a product of a
matching coefficient onto heavy-particle effective theory,
and a matrix element in the low-energy theory,

O = aTh. (B3)

The ultraviolet coefficient is

Refs. [36-38] as

@ 3 a;\?2
Mu)=1+—(-4+=L —
C(M,u) +4ﬂ< +2 M>+<4ﬂ>

5 445 272
X an, Ly —TLy + ——+——

matching given by

36 3

+2L2+ 4 29 L +&ﬂzlo 2
M 3 4 M 3 g

7172 839
22—
6 G 16}

(B4)
Using dimensional regularization as an infrared regulator,
the soft and collinear contributions vanish, leaving

F(M,~E,p)

lim
C(M, p)

Jim = Fu(-Eg).  (B9)

APPENDIX C: REMAINDER AND JET
FUNCTIONS

The factorization theorem used in the relativistic limit
contains components (soft, hard, jet, and remainder
|

functions) that are required through two-loop order. In
this appendix, we discuss the calculation/extraction of the
necessary jet and remainder functions.

1. Remainder function

The remainder function represents a matching between
n, =1 and n, = 0 soft effective theories. Through two-
loop order, the only nontrivial contribution to the matching
is the vertex correction, which takes the form

e {J‘C‘}“l})

% 1 1 1
_ 2 v
= —ie / oo kv K (kQ)Q’Ule//H“ (k)

9 dk v-v'k? 1 9
= —ie* [ ooy <<v-k><v’-k> - 1> )
(c1)

where T1"(k) = k*¢" — k*k is the one-loop photon
polarization tensor obtained from the heavy lepton loop.
The average in angle brackets is

v- vk .
<m - 1> =2-dwjw)-1, (C2)

and the remaining integral can be evaluated using the
explicit form of T1(k?),

die? diL 1 d-2 d’L 1 1
k) =—+|2-d k> + 2m? / . C3
) =a=e [( )/(2ﬂ)dL2—m2+ ( y e ) o - L) &
The necessary integral is
) dk 1 det [d—2
_162/(2ﬂ)d (2)2 T(k*) = J-1 [len +2m21311], (C4)
where the integrals 1,5, are [58]
I / &k Pl 1 1
) @a)t @o)t () (1 k) = )P (1 = )
_ (2 yiangey D Dt = /2Tty = d/2T(d/2 ~ T+ fty = d) ©3)
(4m) C(BL(r)L(d/2)T2a+p+y—d) '
Substitution yields
dik 1 a\2/m>\7*/ 4 20 112 27
—ie2(2 — (A == S - == .
(2 -d) / (27)? (k*)? () (471) < 2) ( 3¢ 9% 27 9 0<€)> (C6)
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It is readily seen that the contribution of wave function

renormalization is given by subtracting the v = v limit of

oM:
dx
57, = , (c7)
dw w=0
where
. d?k 1 1
—iX = —/ 2o kTP v, v, I (k).  (C8)

The total is thus®
|

Foe — 1 4 6M + 62,

= [@= wjw) = D)(ied) [ S50

1(k?).
(C9)

2)2

2. Jet function

The product of jet and remainder functions can be
obtained from the vector form factors for charged-particle
scattering [33]. In the notation of the current paper, the
result from Ref. [33] contains the product of two jet
functions (since in electron-proton scattering there are
two light legs) and is given by

_ , .
a 7 a 4 40 112

Fep2=1+3 (02—, +a+7 )+ (& =22 239,

RES +4ﬂ<’" mt +6>+<4ﬂ) {"[ ( 37T 9 T g

4 14 274 8x°
L ——p2 4 (220,
ol ’"+<27+9>’”

6 2 6

which reduces to Eq. (43) of Ref. [33] at n, > 1 and

=log(2E/m) — log(Q?/m?). After dividing by Fg(u)
from Eq. (23) and taking the square root, the two-loop
expansion of F;(u) is given by Eq. (24).

APPENDIX D: RENORMALIZATION SCHEMES

We have worked throughout with dimensional regulari-
zation in d =4 —2e spacetime dimensions and have
expressed renormalized quantities in the modified minimal
subtraction (MS) renormalization scheme. In this scheme,
the renormalized coupling is defined to subtract commonly
occurring factors of %—F log4n — yg. This is achieved by
defining the renormalized coupling

Z 1 ebare <4_” —7E>€
dr \p? ’
in terms of the bare Lagrangian parameter ey,.. The
coupling renormalization factor Z, and other operator
renormalization factors are specified in the MS scheme
to contain only negative powers of € at each order in an
expansion in @.
The precise choice of factors in Eq. (D1) do not impact
physical observables, but do impact the conventional
separation between different components of factorized

alu) = (D1)

*The nonlogarithmic term in Eq. (C2) was omitted in Ref. [59],
and correspondingly in Ref. [33], resulting in an unconventional
separation between Fp and F;. The results here correspond to
conventional MS.

5107 4¢, 4lx
162 9 27

9 7z 11 241
+<§+”—>L31+< + ”—24§3)Lm+—+

1
-—==— }JFZL4 - L}

1372

3 3 —8n%log2 — 63 —

(C10)

1637
360 |°
|
expressions. As an example, we denote by MS' the scheme

where
2 €
— 7-1 Chare 4_”
=Z s p </12 r(1 —|—€)) .

In the MS’ scheme we find instead of Eq. (37) (using that
a=2a at e =0)

oy (1) (D2)

Fy (0l = =226,
) 656
F () = n [81+1ng] 84640, — 1505~ 55L,.

(D3)

leading to [cf. Eq. (39)]

(Fu (D)) = 1-2.6 <g> +(35+4.2n,) (g)z T
(D4)

We remark that a subtraction scheme commonly used in
chiral perturbation theory [2,60-62], denoted MS defines

- — -1 Chare (47, 1\
a;((ﬂ)— ay 4are (ﬂ_ y5+> .

When relating quantities computed in MS and MS
it is useful to note that (at € = 0), &, (u) = a(u/+/e), Where
e =exp(l) »~2.718.

(D5)
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