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Details of the two-loop analysis of long-distance QED radiative corrections to neutron beta decay are
presented. Explicit expressions are given for hard, jet, and soft functions appearing in the factorization
formula that describes the limit of small electron mass and large electron energy. Numerical enhancements
from the infrared region are resummed using renormalization group methods. Power corrections,
cancellation of singularities in the small-mass expansion, renormalization scheme dependence, and
bound-state effects are also discussed. These results provide the most precise determination of long-
distance radiative corrections to neutron beta decay and impact the determination of jVudj from the
measured neutron lifetime and thus set a target for uncertainty reductions in the experimental and short-
distance inputs.
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I. INTRODUCTION

Low-energy processes, such as neutron and nuclear beta
decay, are critical for determining the fundamental con-
stants of nature [1–12]. These processes currently dominate
the determination of the quark mixing parameter jVudj and
serve as fruitful testing grounds for physics beyond the
Standard Model [13–23]. At current levels of experimental
precision, control over theoretical predictions is required at
the 100 ppm (i.e., ∼10−4) level.
Quantum electrodynamic (QED) radiative corrections are

required to interpret experimental results as measurements
of fundamental constants. At the current ∼10−4 experimen-
tal precision [24], two-loop [i.e., Oðα2Þ in the fine structure
constant] corrections to neutron beta decay are relevant. It is
well known that at one-loop order the neutron beta decay
rate receives an “unnaturally large” radiative correction
scaling as πα=β with β the electron velocity [25]. Such a
large first-order correction calls into question the rate at
which QED radiative corrections converge, and the possible
relevance of yet higher-order (e.g., three-loop) corrections.
With this motivation, we examine the origin and description
of enhanced contributions to the neutron decay rate to all
orders, using renormalization group methods.

The large first-order QED radiative correction to neutron
beta decay has historically been associated with the Fermi
function for nuclear beta decay [25–27]. The Fermi
function, however, is justified only for large nuclear charge
Z ≫ 1 or small electron velocity β ≪ 1. Clearly the former
condition is not satisfied in neutron decay (Z ¼ 0 or Z ¼ 1
for the neutron or proton). As Fig. 1 illustrates, the electron
spectrum is also strongly suppressed at small velocity. In
Ref. [28], we demonstrated how the opposite, m → 0, limit
provides a controlled expansion. Here we discuss the
factorization formalism underlying this analysis and pro-
vide explicit two-loop results for the components of the
factorization formula.

II. SOFT-HARD FACTORIZATION

Neutron beta decay is described by a low-energy
effective Lagrangian involving spin-1=2 heavy-particle
fields [29]:

Leff ¼ −h̄ðpÞv ðCVγμ þ CAγμγ5ÞhðnÞv ēγμð1 − γ5Þνe þ H:c:;

ð1Þ

where hðnÞv and hðpÞv are heavy-particle spinors that annihilate
neutrons and protons of velocity v, with vμ ¼ ð1; 0; 0; 0Þ in
the laboratory frame. This Lagrangian corresponds to the
leading order in an expansion around the static limit in which
the nucleon masses are taken to infinity while their mass
difference,Δ ¼ mn −mp, is fixed. Higher-order terms in the
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expansion encode recoil corrections and are suppressed by
powers of the inverse nucleon massM ¼ ðmn þmpÞ=2; the
effective theory Lagrangian can easily be extended to include
such corrections [2]. The scheme dependent Wilson coef-
ficients CV;A ≈ ðGF=

ffiffiffi
2

p ÞVudgV;A encode the hadronic struc-
ture and are determined by experimental measurement
and/or nonperturbative QCD matching calculations (e.g.,
chiral perturbation theory or lattice QCD).
The QED corrections discussed in the Introduction

originate from long-distance scales and can be computed
in the effective theory described by Eq. (1). The separation
of the hadronic scale ΛUV (set by the pion mass
mπ ∼ 100 MeV) from the kinematic scales of neutron beta
decay (namely the electron mass m and momentum p and
the nucleon mass difference Δ, where m ∼ p ∼ Δ ∼MeV)
and from the soft scale (defined as≪ p and set by any low-
energy scales in the problem, e.g., a photon mass regulator
λ or photon energy cutoff parameter εγ in the heavy-particle
rest frame) implies the factorization of the decay amplitude
schematically as

M ∼MUVðΛUV=μUVÞMHðp=μUV; p=μÞMSðλ=μÞ; ð2Þ
where μUV and μ are factorization scales separating the UV,
hard, and soft regions. For an electron with momentum p
and a neutrino with momentum k, we write the complete
amplitude as

M ¼ −ūvðCVγμ þ CAγμγ5ÞuvūðpÞMHMSγμð1 − γ5ÞvðkÞ;
ð3Þ

where uv is the heavy-particle spinor wave function. The
UVamplitudeMUV is thus given simply in terms of CV and

CA, and the soft amplitude MS exponentiates [28,29]. In
the following subsections, we discuss the hard ampli-
tude MH.

A. One-loop computation

Let us study the one-loop corrections to neutron beta
decay to better understand the origin of the term propor-
tional to πα=β. In what follows, we denote the amplitude
with a proton in the final state by MHðw; μ2Þ, whereas the
crossed amplitude is denoted by ½MH�v→−v. As we will see
in what follows, the large “π-enhanced” radiative correction
is present inMHðw; μ2Þ but absent in ½MH�v→−v. We trace
the origin of this term to an infrared divergence in the hard
amplitude, which is in turn related to an ultraviolet
divergence in the soft effective theory, where the electron
is also treated as a heavy particle. Such terms can therefore
be handled with renormalization group techniques.
The Lagrangian (1) implies that, to all orders in

perturbation theory, the hard function MH takes the form
(suppressing μUV dependence)

MHðw; μ2Þ ¼ AHðw; μ2Þ þ
1

w
=vBHðw; μ2Þ; ð4Þ

for scalar functions AH and BH, where w ¼ v · p=m, and
pμ and m are the electron four-momentum and mass. A
straightforward one-loop computation (for a related dis-
cussion and a presentation of the diagrams, we direct the
reader to Sec. 2 of Ref. [28]), including wave function
renormalization factors, yields for the timelike amplitude

AHðwÞ ¼ 1þ α

2π

�
3

4
log

μ2UV
m2

þ log
μ2

m2
ðw̃jðw̃Þ − 1Þ

þ w̃jðw̃Þ − w̃Jðw̃Þ
�
;

BHðwÞ ¼
α

2π
½−w̃jðw̃Þ�; ð5Þ

where w̃ ¼ −w − i0 and the functions j and J are defined
by

xjðxÞ ¼
Z

∞

0

dy
x

1þ y2 þ 2yx
;

xJðxÞ ¼
Z

∞

0

dy
x

1þ y2 þ 2yx
logð1þ y2 þ 2yxÞ: ð6Þ

The term α=ð2πÞ × 3
4
logðμ2UV=m2Þ is related to the renorm-

alization group flow of the Wilson coefficients CA;V , or
equivalently MUV, as denoted explicitly in Eq. (2).
Let us consider the related quantity ½MH�v→−v, which

describes the spacelike decay of a heavy negatively charged
particle decaying into an electron. Using, for w > 1,
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FIG. 1. Electron velocity spectrum for neutron beta decay at
tree level. The spectrum is dominated by β ≳ 0.5, which causes
nonrelativistic approximations (such as the Fermi function) to
converge slowly.
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wjðwÞ ¼ wffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p log
�
wþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p �
;

wJðwÞ ¼ wffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
�
Li2

�
1 −

�
w −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p �
2
�

þ log2
�
wþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ��
; ð7Þ

we find for the spacelike amplitude

AHð−wÞ ¼ 1þ α

2π

�
3

4
log

μ2UV
m2

þ log
μ2

m2
ðwjðwÞ − 1Þ

þ wjðwÞ − wJðwÞ
�
;

BHð−wÞ ¼
α

2π
½−wjðwÞ�: ð8Þ

To recover the timelike process corresponding to neutron
beta decay, we use that

w̃jðw̃Þ ¼ wjðwÞ − iπ
wffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 − 1
p ;

w̃Jðw̃Þ ¼ wJðwÞ − iπ
wffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 − 1
p logð−4ðw2 − 1Þ − i0Þ: ð9Þ

We note that the spacelike amplitude is finite at w → 1:

lim
w→1

AHð−wÞ ¼ 1þ α

2π

�
3

4
log

μ2UV
m2

− 1

�
;

lim
w→1

BHð−wÞ ¼
α

2π
ð−1Þ: ð10Þ

In contrast, the timelike amplitude contains an enhancement
logð−1 − i0Þ log½ð−4p2 − i0Þ=μ2� ∼ −π2 (at μ2 ¼ 4p2) and
diverges at w → 1:

AHðwÞ−AHð−wÞ¼
α

2π

�
iπwffiffiffiffiffiffiffiffiffiffiffiffi
w2−1

p
�
log

�
−4p2− i0

μ2

�
−1

��
;

BHðwÞ−BHð−wÞ¼
α

2π

�
iπwffiffiffiffiffiffiffiffiffiffiffiffi
w2−1

p
�
: ð11Þ

Evaluating at μ2 ¼ μ̂2 ¼ −4p2 − i0 minimizes such large
logarithms; equivalently, enhancements present in the time-
like amplitude can be obtained with a renormalization group
resummation

MHðw; μ2Þ ¼ exp

�Z
μ

μ̂

dμ0

μ0
γH

�
MHðw; μ̂2Þ; ð12Þ

where γH is the anomalous dimension of the hard coefficient.

B. Anomalous dimension and resummation of
large logarithms

Since MH represents the coefficient function of a soft
operator, itsμ dependence is given, to all orders in perturbation
theory, by the cusp anomalous dimension [30,31],

γH ¼ −
d logMSðμ2Þ

d logμ
¼ α

π

�
−1þ 1

2β
log

1þ β

1− β
−
iπ
β

�
; ð13Þ

with solution

MHðμ2Þ ¼ exp

�
α

2π

�
−1þ 1

2β
log

1þ β

1 − β

�
log

μ2

μ̂2

�

× exp

�
−iα
2β

log
μ2

μ̂2

�
MHðμ̂2Þ: ð14Þ

For μ2 ¼ 4p2 and μ̂2 ¼ −4p2 − i0, we have log μ2

μ̂2
¼ þiπ.

The first exponential in Eq. (14) is then a phase that does not
impact rate observables, and the second exponential leads to
a numerical enhancement for the associated hard function,1

Hðμ2Þ ¼ exp

�
πα

β

�
Hðμ̂2Þ: ð15Þ

We emphasize that this result is true to all orders and makes
no reference to nonrelativistic kinematics. Compared to the
expression involving the naive application of the traditional
Fermi function for nuclear beta decay, the expression (15)
differs starting at two-loop order (cf. Sec. 6 of Ref. [28]).

III. SOFT-COLLINEAR-HARD FACTORIZATION

Here we analyze the large-energy/small-mass limit char-
acterized by E ≫ m, where E is the electron energy. This is
sufficient to compute the two-loop corrections for neutron
beta decay to the requisite 10−4 precision, and provides an
all-orders derivation of the result (15) in this limit.

A. Factorization formula

Let us decompose the hard function in Eq. (2), neglecting
contributions suppressed by powers of m=E,

MHðwÞ ≈AHðwÞ ≈ FRðw;mÞFJðmÞFHðEÞ: ð16Þ
Power corrections are discussed in Appendix A. We will
analyze the remainder FR, jet FJ, and hard FH amplitudes,
using dimensional regularization and the MS scheme.
Following the discussion in the previous section, we
consider first the quantity MHjv→−v ≈AHð−wÞ ¼
FRð−w;mÞFJðmÞFHð−EÞ, and then analyze the ratio
AHðwÞ=AHð−wÞ using renormalization arguments to resum
enhanced contributions. Note that the product FSFRFJFH is
equal to the heavy-light Dirac form factor with a heavy-
particle initial state, at leading power. The renormalized soft

1The hard function is given by the appropriate average of the
squared magnitude of MH . For example, in the electron energy
spectrum for neutron decay [cf. Eq. (14) or Ref. [28]], Hðμ2Þ ¼
hjMHðμ2Þj2i, where the angle brackets denote contracting with
lepton and nucleon spinors, MH → ūðpÞMHγμð1 − γ5ÞvðkÞ×
ūvðCVγμ þ CAγμγ5Þuv, squaring, summing over final state spins
and integrating over final state phase space (apart from the electron
energy), and dividing by the same expression at tree level.
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amplitude is given, to all orders in the coupling, as

FS ¼ exp

�
ᾱ0
4π

�
2ðL − 1Þ log λ

2

μ2

��
; ð17Þ

where L≡ logð2E=mÞ ¼ logð2wÞ and ᾱ0 → α is the MS
coupling for ne ¼ 0 dynamical electrons, which reduces to
the on-shell coupling in d ¼ 4.

B. Remainder function

The quantity FR represents the matching coefficient
between the soft operator (Wilson line operator for charge
−1 particles involving initial state v and final state v0) in
ne ¼ 1 and ne ¼ 0. This correction begins at two-loop
order, necessarily involving a loop of the massive lepton.
From Appendix C 1, the bare result is

ð18Þ

where ϵ ¼ ð4 − dÞ=2 is the dimensional regularization parameter in d dimensions and Zh;ne¼1 is the on-shell wave function
renormalization factor for ne ¼ 1, and we have used wjðwÞ → L in the large-energy limit [with L ¼ logð2E=mÞ as defined
above]. The quantity ᾱ1 denotes the MS coupling with ne ¼ 1 dynamical electrons; it is related to ᾱ0 by

ᾱ1 ¼ ᾱ0

�
1þ ne

ᾱ0
4π

4

3

�
−
1

ϵ
þ eγEϵΓðϵÞ

�
m2

μ2

�−ϵ��

¼ ᾱ0

	
1þ ne

ᾱ0
4π

�
−
4

3
log

m2

μ2
þ ϵ

�
2

3
log2

m2

μ2
þ π2

9

�
þOðϵ2Þ

�

: ð19Þ

The renormalized remainder function is then given by

FRð−w;m; μÞ ¼ ZSZ−1
S;ne¼1F

bare
R ð−w;mÞ; ð20Þ

where the soft (ne ¼ 0) operator renormalization is

ZS ¼ exp

�
ᾱ0
4π

2

ϵ
ð−Lþ 1Þ

�
: ð21Þ

The soft operator renormalization for ne ¼ 1 is related to the cusp anomalous dimension, and through two loops is [30,32]

ZS;ne¼1 ¼ 1þ ᾱ1
4π

2

ϵ
ð−Lþ 1Þ þ

�
ᾱ1
4π

�
2
	
2

ϵ2
ð−Lþ 1Þ2 þ ne

�
−

4

3ϵ2
þ 20

9ϵ

�
ðL − 1Þ



: ð22Þ

Substituting, we obtain

FRð−w;m; μÞ ¼ 1þ
�
ᾱ1
4π

�
2

ðL − 1Þne
�
−
4

3
log2

m2

μ2
−
40

9
log

m2

μ2
−
112

27

�
: ð23Þ

C. Jet function

We have extracted the two-loop jet function using FR and results from Ref. [33] (see Appendix C 2 for details),

FJðm; μÞ ¼ 1þ ᾱ1
4π

�
1

2
L2
m −

1

2
Lm þ 2þ π2

12

�

þ
�
ᾱ1
4π

�
2
�
1

8
L4
m −

1

6

�
−
4

3
ne þ

3

2

�
L3
m −

1

4

�
52

9
ne −

9

2
−
π2

6

�
L2
m

−
1

2

�
ne

�
−
154

27
−
8π2

9

�
þ 7

2
−
23π2

12
þ 24ζ3

�
Lm

þ ne

�
4435

324
−
2

9
ζ3 −

41π2

54

�
þ 2π2 − 4π2 log 2 −

331π4

1440
− 3ζ3 þ

209

16

�
; ð24Þ
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where Lm ≡ logðm2=μ2Þ.

D. Hard function

As described in Appendix B, the hard function is given by FH ¼ F1=CðμÞ, where F1 denotes the relativistic Dirac heavy-
light form factor computed with vanishing light charged fermion mass, and C denotes the matching coefficient from
relativistic to effective heavy-particle treatment of the heavy charged fermion. Using the results for F1 from Ref. [34] (see
also Ref. [35]) and the results for C from Refs. [36–38], the renormalized hard amplitude is

FHð−EÞ ¼ 1þ ᾱ1
4π

Fð1Þ
H ð−EÞ þ

�
ᾱ1
4π

�
2

Fð2Þ
H ð−EÞ; ð25Þ

with

Fð1Þ
H ð−E; μÞ ¼ −2L2

E þ 2LE − 2 −
5π2

12
;

Fð2Þ
H ð−E; μÞ ¼ ne

�
−
16

9
L3
E þ 64

9
L2
E þ

�
−
304

27
−
16π2

9

�
LE þ 656

81
þ 2

9
ζ3 þ

113π2

54

�

þ 2L4
E − 4L3

E þ
�
6þ 5π2

6

�
L2
E þ

�
24ζ3 −

11π2

2

�
LE − 8þ 65π2

6
−
167π4

288
− 15ζ3; ð26Þ

where LE ≡ logð2E=μÞ.
Setting μUV ¼ μ in both the Wilson coefficient and the hard function, it is readily seen that the product CðμÞFHðμÞ has the

expected scale variation for the coefficient of an effective operator with one heavy and one light energetic field [33,34,39–41],

d logCðμÞFHð−E; μÞ
d logμ

¼ −
d logðFJFRFSÞ

d logμ

¼ γhðᾱÞ þ γψðᾱÞ þ γcuspðᾱÞLE

¼ ᾱ

4π
ð4LE − 5Þ þ

�
ᾱ

4π

�
2
�
ne

�
−
80

9
LE þ 250

27
þ 2π2

3

�
−
3

2
þ 2π2 − 24ζ3

�
þ � � � ; ð27Þ

where γh and γψ are the one-body heavy-particle and light-particle contributions, and γcusp is the cusp anomalous dimension
contribution.

IV. RENORMALIZATION

Enhanced contributions result from the continuationFHð−EÞ → FHðEÞ. To see the all-orders properties of this continuation,
we recognize that (again setting μUV ¼ μ) FH depends only on the dimensionless ratio E=μ, and that the μ dependence is
determined by renormalization. In particular, accounting for the μ dependence of CðμÞ, the hard amplitude obeys

d logFHðE; μÞ
d log μ

¼ −γUV þ γhðᾱÞ þ γψ ðᾱÞ þ γcuspðᾱÞL̃E

¼ ᾱ

4π
ð4L̃E − 2Þ þ

�
ᾱ

4π

�
2
�
ne

�
−
80

9
L̃E þ 160

27
þ 2π2

3

�
− 4þ 14π2

3
− 24ζ3

�
þ � � � ; ð28Þ

with L̃E ¼ log½ð−2E − i0Þ=μ�. Here we integrate this equa-
tion to obtain

FHðE; μÞ
FHð−E; μÞ

¼ FHðE; μÞ
FHðE;−μ − i0Þ : ð29Þ

A. Coupling constant renormalization

To compute the solution to Eq. (29), let us consider

X ≡ 2 log
μ

μ̂
¼ 2

Z
α

α̂

dα
βðαÞ ; ð30Þ
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for renormalization scales μ and μ̂, where2

β ¼ dα=d log μ ¼ −2α½β0aþ β1a2 þ � � ��; ð31Þ

and we write a ¼ α=ð4πÞ. We readily obtain

â−1 ¼ a−1 − β0X −
β1
β0

log
â
a
−
�
β2
β0

−
β21
β20

�
ðâ − aÞ þ � � � :

ð32Þ

Before expansion in aX, the solution expanded in a is

r ¼ a
â
¼ ð1 − aβ0XÞ þ a

β1
β0

logð1 − aβ0XÞ

þ a2
�
β21
β20

ð1 − aβ0XÞ−1 logð1 − aβ0XÞ

−
�
β2
β0

−
β21
β20

�
aβ0X

1 − aβ0X

�
þ � � � : ð33Þ

B. Coefficient renormalizaion

In terms of r ¼ a=â, and at μ̂ ¼ μ̂� ¼ −2E − i0,

log
FHðE; μÞ
FHðE; μ̂�Þ

¼ −
γ0
2β0

�
log rþ að1 − r−1Þ

�
γ1
γ0

−
β1
β0

�
þ � � �

�

−
γð0Þcusp

4β20

	
1

a
ð1 − rþ r log rÞ þ

�
γð1Þcusp

γð0Þcusp

−
β1
β0

�
ð− log rþ r − 1Þ − β1

2β0
log2r

þ a
1

2r

�
β2
β0

ð1 − r2 þ 2 log rÞ þ β21
β20

ð1 − rÞð1 − r − 2 log rÞ

þ β1
β0

γð1Þcusp

γð0Þcusp

ð−3þ 4r − r2 − 2r log rÞ þ γð2Þcusp

γð0Þcusp

ð1 − rÞ2
�
þ � � �



; ð34Þ

with r given by Eq. (33) and X ¼ 2 log½μ=ð−2E − i0Þ� ¼ −2L̃E ¼ 2πi − 2LE.
3

Let us focus on the large logarithm represented by X� ¼ Xjμ¼2E ¼ 2πi. Counting jXj4 ∼ a−1, we may expand order by
order including these logarithmic enhancements. In particular, at μ ¼ 2E, X ¼ X� is pure imaginary, and

����FHðμ�Þ
FHðμ̂�Þ

����
2

¼ exp

�
−X2�aþ 32

9
neX2�a2 −

8

27
n2eX4�a3 þ � � �

�

≈
�
1þ 9.9

ᾱ

π
þ 48.7

�
ᾱ

π

�
2

þ 160.2

�
ᾱ

π

�
3

þOðα4Þ
�

×

�
1 − 8.8ne

�
ᾱ

π

�
2

þOðα4Þ
�
×

�
1 − 7.2n2e

�
ᾱ

π

�
3

þOðα4Þ
�
: ð35Þ

In the final line, we illustrate the enhanced coefficients as a series in ᾱ=π, where we have separated the series into
expansions involving X2�a, X2�a2, and X4�a3.

C. Hard function without large logarithms

Choosing μ̂ ¼ −2E − i0 yields log½ð−2E − i0Þ=μ̂� ¼ 0, and the hard function is then

FHðμ̂Þ ¼ 1þ ᾱ1ðμ̂Þ
4π

Fð1Þ
H ðμ̂Þ þ

�
ᾱ1ðμ̂Þ
4π

�
2

Fð2Þ
H ðμ̂Þ; ð36Þ

with

2The leading coefficients of the QED beta function are β0 ¼ − 4
3
ne and β1 ¼ −4ne.

3The leading anomalous dimension coefficients are [cf. Eqs. (27) and (28) and references above] γ0 ¼ −2, γ1 ¼ ð2π2
3
þ 160

27
Þneþ

14π2

3
− 24ζ3 − 4, γð0Þcusp ¼ 4, and γð1Þcusp ¼ ð− 80

9
Þne.
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Fð1Þ
H ðμ̂Þ ¼ −2 −

5

2
ζ2;

Fð2Þ
H ðμ̂Þ ¼ ne

�
656

81
þ 113

9
ζ2 þ

2

9
ζ3

�
− 8þ 65ζ2

− 15ζ3 −
835

16
ζ4: ð37Þ

Using that

â� ¼ a − a2β0X� þOða3X2Þ; ð38Þ

with X� pure imaginary, we may ignore corrections to â=a
when computing the modulus-squared coefficient,

jFHðμ̂Þj2 ¼ 1 − 3.1

�
ᾱ

π

�
þ ð5.4þ 3.6neÞ

�
ᾱ

π

�
2

þ � � � ;

ð39Þ

where ᾱ ¼ ᾱ1ðμ ¼ 2EÞ. We observe the expected, order
unity, coefficients, to be compared with the enhancements
that are resummed above. Had we instead chosen to use μ
instead of μ̂ [i.e., combining Eqs. (35) and (39)] we would
instead obtain

jFHðμÞj2 ¼ 1þ 6.8

�
ᾱ

π

�
þ ð23.9 − 5.1neÞ

�
ᾱ

π

�
2

þ � � � ;

ð40Þ

which serves to illustrate how factors of X2� can slow the
convergence of perturbation theory. The numerical values
for subleading perturbative coefficients are scheme depen-
dent. Different scheme choices, and the relations between
them, are discussed in Appendix D.

V. HIGHER-ORDER CORRECTIONS TO
THE NEUTRON LIFETIME

We have carried out a calculation of long-distance
radiative corrections to the neutron lifetime at Oðα2Þ,
identifying the well-known numerical enhancement at first
order in perturbation theory as a large logarithm and
performing a renormalization analysis to systematically
resum such logarithms to all orders. In this section, we
analyze β → 0 singularities appearing at Oðα3Þ and
m=Δ → 0 singularities appearing at Oðα2Þ.

A. Small-velocity expansion

Our treatment of β as an order unity parameter is justified
over the bulk of the neutron decay phase space (cf. Fig. 1).
Starting at Oðα3Þ, the small-β region is no longer kine-
matically suppressed [for m=Δ ¼ Oð1Þ]. Here we discuss
the third-order correction from this region.
Let us consider the beta decay spectrum, dΓ=dE as the

electron energy goes to the electron mass, E → m, or

equivalently, dΓ=dβ as the electron velocity goes to zero,
β → 0. It is well known that photon exchanges with a
nonrelativistic final-state proton lead to enhancements
by powers of π2=β leading to contributions of order
ðαπÞn × ðπ2β Þn ∼ ðπαβ Þn. These terms are captured by the non-
relativistic Fermi function and lead to the factorization
theorem,

dΓ
dβ

≈
�
dΓ
dβ

�
tree

× FNRðπα=βÞ; ð41Þ

where

FNRðπα=βÞ ¼
2πα=β

1 − expð−2πα=βÞ : ð42Þ

A naive expansion in α of FNR leads to terms whose
average over phase space diverges. Yet, when treated
nonperturbatively, hFNRi is finite. Subtle issues begin at
Oðα3Þ which we will now discuss.
We begin with the infinite series representation [42]

FNRðπα=βÞ ¼ 1þ πα

β
þ π2α2

3β2
−
2α2

β2
X∞
n¼1

1

n2
ðα=nÞ2

β2 þ ðα=nÞ2 :

ð43Þ

Integrating over phase space, each of the first three terms
yields a finite contribution at β → 0. However, in the
remaining series all terms must be retained when β ∼ α,
and sum to a contribution that is Oðα3Þ.
Let us consider the contribution to the phase space

integral from the region β < βc where βc is a cutoff velocity
chosen such that α=βc ∼Oð ffiffiffi

α
p Þ; i.e., βc is small enough

that a nonrelativistic expansion is justified but large enough
that α=βc is still perturbative. In this small-β region, we can
expand the phase space measure

dΦ ≃ ðΔ −mÞ2m3β2dβ þOðβ4Þ: ð44Þ

Let us compute the contribution to the phase space integral
from the infinite series in Eq. (43):

ðΔ −mÞ2m3
X∞
n¼1

1

n2

Z
βc

0

dβð−2α2Þ ðα=nÞ2
β2 þ ðα=nÞ2

¼ ðΔ −mÞ2m3jαj3
X∞
n¼1

ð−2Þ
n3

arctan

�
nβc
jαj

�

¼ ðΔ −mÞ2m3jαj3 × ð−πζ3Þ þ � � � ; ð45Þ

where in the final line we expanded arctanðnβc=jαjÞ about
βc=jαj → ∞. Notice that the left-hand side is manifestly
even in α, requiring the right-hand side to be the even and
nonanalytic function jαj3.
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At Oðα3Þ, one must also include bound-state contribu-
tions from s-wave hydrogenic orbitals formed by the e−pþ
final state. The contribution is given by the sum over
squared wave functions evaluated at the origin, with a
relative factor of ð2πÞ3=ð4πÞ related to two-body vs three-
body phase space. The relevant quantity is

2π2ðΔ −mÞ2
X
n

jψnðx ¼ 0Þj2

¼ 2π2ðΔ −mÞ2
X
n

1

2
ðα3 þ jαj3Þ m

3

πn3

¼ ðΔ −mÞ2m3ðα3 þ jαj3Þ × ðπζ3Þ: ð46Þ

In particular, when α < 0 (corresponding to equally
charged particles in the final state), the bound-state con-
tribution vanishes. For both positive and negative values of
α, the sum of Eqs. (45) and (46) gives

ðΔ −mÞ2m3jαj3 × ð−πζ3Þ þ ðΔ −mÞ2m3ðα3 þ jαj3Þðπζ3Þ
¼ ðΔ −mÞ2m3α3 × ðπζ3Þ; ð47Þ

leaving only the analytic-in-α term. This cancellation, and
the origin of jαj3 vs α3, is discussed in detail in Ref. [42]
where a similar problem appears in the theory of the
electron’s anomalous magnetic moment.
If βmax (as set by kinematics) were to be very small,

βmax ∼ α, then the “large velocity” region does not exist,
one replaces βc → βmax in the above analysis, and the full
functional dependence of arctanðα=nβmaxÞ must be kept in
each term of the sum. Such a scenario requires a highly
tuned value of ðΔ −mÞ satisfying ðΔ −mÞ ≲mα2. In this
regime, one could imagine that − 1

2
α2m≲ ðΔ −mÞ < 0, in

which case continuum contributions would be kinemati-
cally forbidden but hydrogenic bound states would be
present. In practice, such small-energy splittings do not
occur in nature and are certainly not relevant for neutron
beta decay.
An alternative formulation describes the impact of

Coulomb photon exchange on the inclusive rate via the
optical theorem. For non-relativistic energies, the result is

dΦ → dΦ ×

��
−2π
m2β

�
ImGðENRÞ

�

≈m3ðΔ −mÞ2dENR

��
−2π
m3

�
ImGðENRÞ

�
; ð48Þ

where ENR ¼ E −m and G is given by the Coulomb
propagator,

GðENRÞ ¼
Z

d3p
ð2πÞ3

Z
d3p0

ð2πÞ3 hp⃗j
1

ENR −HCoul: þ i0
jp⃗0i;

ð49Þ

with HCoul: ¼ p2=ð2mÞ − α=r. A dispersive analysis of
G yields (dropping the “NR” subscript for brevity)

GðEÞ ¼ 1

π

Z
∞

−E0

dE0 ImGðE0Þ
E0 − E

; ð50Þ

so that
Z

∞

−E0

dE0 ImGðE0Þ ¼ lim
E→−∞

½−πEGðEÞ�; ð51Þ

where E0 ¼ −mα2=2 is the ground state energy. Sub-
traction of the α0, α1, and α2 terms in G should be
understood, in order that G satisfy an unsubtracted
dispersion relation, and so that the limit (51) can be taken.
The perturbative expansion of G at large negative energies
is known to all orders in perturbation theory [42],

G − ½Gð0Þ þ Gð1Þ þGð2Þ�

¼ m4α3

πp2

�
ζ3 þ

mαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−p2 − i0

p ζ4 þ
�

mαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−p2 − i0

p
�

2

ζ5 þ…

�
;

ð52Þ

with p2 ¼ 2mENR. Integrating Eq. (48) over ENR ¼
−E0…∞, and taking the limit (51), reproduces the sum
of continuum and bound-state contributions (47).
In conclusion, we find that the total decay rate has a well-

defined expansion in α. There are nonperturbative contri-
butions from bound states and the nonrelativistic Fermi
function at small electron velocity; however, all nonanalytic
terms cancel for ðΔ −mÞ ≫ α2m. We have therefore
verified that no large enhancements occur from the
small-β portion of the spectrum, and our analysis presented
above is valid throughOðα2Þ for the physical kinematics of
neutron beta decay.

B. Cancellation of singularities in the
small-mass expansion

We have used the large-energy or equivalently small-
mass limit, m2=Δ2 ≪ 1, to evaluate the “nonenhanced”
Oðα2Þ corrections to the hard function Hðμ̂2Þ in Eq. (15).
Here we comment on apparent violations of the Kinoshita-
Lee-Nauenberg (KLN) [43,44] theorem which arise due to
the kinematic constraint Δ < 3m.
In the limit where m → 0, the KLN theorem guarantees

that the total decay rate will be free of singularities as
m → 0 when expressed in terms of ᾱ1. In the limit Δ ≫ m,
the total rate is

Γ ∝
Z

Δ

0

dEE2ðΔ − EÞ2
�
dΓ
dE

�
tree

SðεγÞHðεγÞ; ð53Þ

where εγ is the photon energy cutoff parameter (in the
heavy-particle rest frame) separating the hard and soft
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regions. Let us expand the contributions of hard (H) and
soft (S) photons as [29]

HðεγÞ ¼ 1þ ᾱ1
2π

H̄ð1Þ þ
�
ᾱ1
2π

�
2

H̄ð2Þ þ…;

SðεγÞ ¼ 1þ ᾱ1
2π

S̄ð1Þ þ
�
ᾱ1
2π

�
2

S̄ð2Þ þ…; ð54Þ

where H̄ðnÞ and S̄ðnÞ denote the coefficients in the ᾱ1
expansion. The familiar results at one-loop order are
[28,29,45]

½Sð1ÞV �0 ¼ log
μ

λ
ð−4Lþ 4Þ;

½Sð1ÞR �0 ¼ log
2εγ
λ

ð4L− 4Þ− 2L2 þ 2Lþ 2−
π2

3
;

½Hð1Þ
V �0 ¼ 3 log

μUV
m

þ log
μ

m
ð4L− 4Þ− 2L2 þ 2Lþ 5π2

3
;

½Hð1Þ
R �0 ¼ log

εγ
Δ−E

ð−4Lþ 4Þ

þ 2L

�ðΔ−EÞ2
12E2

þ 2ðΔ−EÞ
3E

− 3

�
−
4

3

ðΔ−EÞ
E

þ 6;

ð55Þ

where the subscript “0” indicates the leading term in an
expansion in m=Δ (cf. Ref. [28]). Integrating over the
electron energy, the separate contributions are singular at
m → 0,

½Sð1Þ�0 ≈ −2log2mþ logm

�
−4 log

εγ
E
þ 4 log μ − 2



;

½Hð1Þ
V �0 ≈ 2log2mþ logmð−4 log μ − 1Þ;

½Hð1Þ
R �0 ≈ logm

�
4 log

εγ
E
þ 3



; ð56Þ

where we write Sð1Þ ¼ Sð1ÞV þ Sð1ÞR , and denote average over
phase space by h� � �i. The electron energy spectrum,
dΓ=dE, is singular at m → 0, but as expected, the singular
contributions cancel when they are added and when the
spectrum is integrated to obtain the total rate.
We remark that the KLN theorem fixes the logm

singularity of the one-loop hard real photon contribution
in terms of the soft and hard virtual photon contributions,

½Hð1Þ
R �0 ≈−ð½Sð1Þ�0þ½Hð1Þ

V �0Þ≈ logm

�
4 log

εγ
E
þ 3



: ð57Þ

The singularity of the hard real photon contribution arises
from energetic photons collinear with the electron.
Including photons within an angular cone θγ ≫ m=Δ
[46,47],

½Hð1Þ
R;collinear�0 ¼ 2

Z
1−εγ

E

0

dx
�
1þ x2

1 − x
log

xEθγ
m

−
x

1 − x

�

≈
�
log

m
Eθγ

�
4 log

εγ
E
þ 3

�

: ð58Þ

The angle θγ replaces the electron mass as a regulator for
collinear singularities, allowing a smooth m → 0 limit.
At two-loop order, KLN cancellation of logm singular-

ities in the m → 0 limit requires inclusion of both (single
and double) real photon emission, and real additional eþe−
emission. However, physical kinematics dictate that
n → peþe−e−ν̄e is forbidden (Δ ≈ 1.29 MeV is less than
3m ≈ 1.53 MeV). It follows that there will be effects in the
purely virtual corrections (from a vacuum polarization
loop) without any compensating real pair-production proc-
ess. To isolate this effect, let us consider the logm
singularities which scale with ne:

h½S̄ð2Þ�0 þ ½S̄ð1Þ�0½H̄ð1Þ�0 þ ½H̄ð2Þ�0i

≈ ne

�
8

9
log3

�
m
2Δ

�
þ 344

45
log2

�
m
2Δ

�

þ
�
2371

75
−
8π2

9

�
log

�
m
2Δ

��
þOðn0eÞ; ð59Þ

where we have set μ ¼ 2Δ and performed the phase space
average. This expression includes the effects of real photon
radiation. The logm singularities in Eq. (59) represent
apparent KLN violations due to missing eþe− pair pro-
duction, as in the physical neutron beta decay process.
While these contributions are included in our calculation,
they are not numerically large, owing to logðΔ=mÞ ≈ 0.9.
The terms in Eq. (59) contribute to the rate at the
level 10−3 × ð−0.005þ 0.027 − 0.050Þ.

VI. DISCUSSION

Control of QED corrections is an important theoretical
challenge for neutron beta decay. Part of this challenge
relates to nonperturbative hadronic structure but, at present
levels of accuracy, is confined to one-loop order. Long-
distance radiative corrections, by way of contrast, are
insensitive to hadronic structure but are required at two-
loop order. It is well known that these corrections contain
certain large numerical enhancements (proportional to π2),
and their origin has historically been ascribed to the Fermi
function (i.e., a resummation of diagrams involving a
background Coulomb field). A shortcoming of this argu-
ment is that very little of the neutron decay electron
spectrum shown in Fig. 1 satisfies the nonrelativistic
kinematics that make the Fermi function a controllable
resummation of enhanced contributions.
In this work we have argued, and explicitly demonstrated,

that these numerical enhancements stem from the infrared
region of the amplitudes, or the “soft-hard boundary.”
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We have shown that these numerical enhancements can be
controlled and resummed using renormalization group
methods, making no reference to the nonrelativistic limit.
We have used our results to supply the most precise

determination of long-distance radiative corrections to
neutron beta decay [28]. We ascribe an uncertainty for
an extraction of jVudj at the level of 3 × 10−5 from the long-
distance region. Our results set a target for uncertainty
reductions in the experimental and short-distance inputs,
and supply a firm foundation for estimating higher-order
radiative corrections in processes involving numerically
enhanced Coulomb exchanges for both relativistic and
quasirelativistic kinematics.

ACKNOWLEDGMENTS

P. V. G. acknowledges support from the Visiting Scholars
Award Program of the Universities Research Association.
R. P. thanks the Institute for Nuclear Theory at the
University of Washington for its kind hospitality and
stimulating research environment during Program
No. INT 23-1b. This research was supported in part by
the INT’s U.S. Department of Energy Grant No. DE-FG02-
00ER41132. Part of the research of R. P. was performed at
the Kavli Institute for Theoretical Physics, which is
supported by the National Science Foundation under
Grant No. NSF PHY-1748958. R. P. is supported by the
Neutrino Theory Network under Award No. DEAC02-
07CH11359, the U.S. Department of Energy, Office of
Science, Office of High Energy Physics under Award
No. DE-SC0011632, and by the Walter Burke Institute
for Theoretical Physics. This work was supported by the
U.S. Department of Energy, Office of Science, Office of
High Energy Physics, under Award No. DE-SC0019095.
This work was produced by Fermi Forward Discovery
Group, LLC under Contract No. 89243024CSC000002
with the U.S. Department of Energy, Office of Science,
Office of High Energy Physics.

DATA AVAILABILITY

The data supporting this study’s findings are available
within the article.

APPENDIX A: POWER CORRECTIONS

In Ref. [28], we have applied the results derived above to
compute radiative corrections to the neutron’s lifetime. In
terms of the neutron-proton mass splitting Δ ¼ mn −mp ≃
1.3 MeV and the electron mass m ¼ 0.511 MeV, a natural
expansion parameter is

δ2 ¼ m2

Δ2
¼ 0.156: ðA1Þ

Here we examine the convergence of this expansion,
showing that certain terms in the phase space and matrix
element must be treated with care. The discussion is

separated into the phase space itself, the one-loop correc-
tions to the matrix element (where exact results can be used
to test the m=E expansion), and the two-loop corrections
that are the focus of this work.

1. Phase space integral

The rate for neutron beta decay in the static limit is
governed by (p and k are the momenta of electron and
neutrino, respectively)
Z

d3p
ð2πÞ32Ep

Z
d3k

ð2πÞ32Ek
ð2πÞδðEp þ Ek − ΔÞΣ̄jMj2

∝
ð4πÞ2
ð2πÞ5

Z
Δ

m
dEE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
ðΔ − EÞ2

¼ ð4πÞ2
ð2πÞ5Δ

5
1

30

�
1 − 5δ2 þ

�
−
15

8
−
15

2
log

δ

2

�
δ4 þ 5

8
δ6

þ 5

128
δ8 þ 1

128
δ10 þ � � �

�

¼ ð4πÞ2
ð2πÞ5Δ

5
1

30
½1 − 0.78þ 0.25þ 0.0024

þ 0.000023þ � � ��; ðA2Þ
where we use that Σ̄jMj2 ∝ 4p0k0. The series has large
numerical coefficients in the first- and second-order terms
but converges geometrically thereafter (with coefficients
≤ 5=8). We remark that if one had instead written the
integral as a function of βmax (the maximum electron
velocity in the static limit) and expanded as a series in
ðβmaxÞ2, then it would take 64 terms in the expansion to
achieve permille levels of accuracy. This indicates that a
nonrelativistic expansion is inappropriate for the problem
of neutron beta decay.
Since the neutron decay phase space has slow conver-

gence properties, we elect [28] to retain the full phase space
measure (defined in the static limit) in our averages,
whereas the Oðα2Þ correction to the matrix element is
expanded in m=E. We now turn to results at OðαÞ, which
can be used as a testing ground for the convergence of the
m=E expansion.

2. One-loop correction

Although the convergence of the m=E expansion is slow
for the phase space measure, in this section we will study the
convergence of the expansion for the amplitude. Consider
the one-loop correction [45] that includes real radiation,
�
dΓ
dE

�
¼

�
dΓ
dE

�
tree

�
1þ α

2π

�
3 log

μUV
m

þ 2π2

β
þ � � �

��
:

ðA3Þ
All m=E dependence lies in the ellipsis in Eq. (A3) and
in β ¼ jpj=E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m2=E2

p
.
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Let us first consider the 1=β term. In the formal m → 0

limit, we would have hβ−1 − 1im→0 ¼ 0, where angle
brackets denote the phase space average. However, the result
for physical kinematics differs substantially: hβ−1 − 1iphys ¼
0.46. This can be compared to a “typical” power correction
δ2 ¼ 0.156, and suggests that terms with 1=βn should be
handled with care, especially when they are enhanced by the
X2� resummation factor discussed in the main text.
Let us expand the remaining radiative correction in

powers of δ2 ¼ m2=Δ2, and integrate over the remaining
electron phase space (not expanding the phase space
integral). Setting μUV ¼ Δ and omitting the term 2π2=β
(which is absorbed in the resummation factor discussed
above), the contributions to the total decay rate are

1þ ½ð−6.2× 10−3Þ þ ð−1.1× 10−3Þ þ ð2.3× 10−5Þ þ � � ��;
ðA4Þ

where the terms in square brackets correspond to δ0, δ2,
δ4, ….
We observe that after resummation (extracting 2π2=β and

setting μUV ¼ Δ ≪ M), power corrections of order δ2 are of
“natural size” (i.e., roughly 20% of the leading correction)
and contribute at the permille level to the first-order (in α)
radiative correction. We now turn to two-loop corrections.

3. Two-loop correction

For two-loop radiative corrections, we expect a further
suppression by α ∼ 10−2, i.e., power corrections beyond one
loop should naively be expected to be phenomenologically
unimportant. This expectation is spoiled, however, by the
presence of 1=β2 terms whose phase space average is
substantially different from unity, h1=β2iphys ≈ 2.55. These
terms require special care.
The enhanced power correction, proportional to 1=β2 − 1,

is determined by noting that the hard amplitude can be
written [48,49] (cf. Fig. 6 of Ref. [48])

MH ¼ ½MH�v→−v þ ZαMð1Þ
ext þ Z2α2Mð2Þ

ext þ Zα2MJR

þOðα3Þ; ðA5Þ

where ½MH�v→−v and MJR are finite at β → 0, and Mð1Þ
ext

andMð2Þ
ext are known analytically with full mass dependence

[50]. Here JR denotes Jaus-Rasche [51–53] and Z is a formal
counting parameter that must be set equal to Z ¼ 1 for
neutron beta decay.
The result of this analysis is to add to the spectrum a term

ð−1Þ × α2ζ2m2=ðE2 −m2Þ [28]. After this correction is
included, the small-β asymptotics agree with the non-
relativistic factorization theorem Eq. (41). Remaining
corrections are finite at β → 0; i.e., they are free of 1=β
enhancements; as in the one-loop analysis, we estimate
such corrections to be of natural size in the power counting
parameter δ2, and thus small compared to the 10−4

precision level. This expectation is consistent with past
studies of the energy dependence of MJR [54].

APPENDIX B: HARD FUNCTION FROM
RELATIVISTIC FORM FACTORS AND

UV MATCHING COEFFICIENT

Here the hard matching coefficient is extracted from
relativistic form factors in the large-energy limit. Consider
the physical form factors for b-quark to u-quark transitions
defined by

hūγμbi ¼ F1ūγμuþ F2vμūuþ F3

pμ

v · p
ūu: ðB1Þ

For our application, we identify the heavy initial b quark
with the antiproton and the light final u quark with the
electron. As usual, we set TF ¼ 1, CF ¼ 1, CA ¼ 0 to
obtain QED results from expressions for a general gauge
group. We track the light flavor dependence by identifying
ne ¼ 1 as the number of dynamical electrons. For simplic-
ity, consider the Lorentz indices μ ¼ 1, 2 such that, for
vμ ¼ ð1; 0; 0; 0Þ and pμ ¼ ðE; 0; 0; jp⃗jÞ, the amplitude in
the full theory is determined by F1, which we take from
Refs. [35,55]. We work in the limit of infinite heavy-quark
mass, i.e., M → ∞. As noted at the end of Sec. 2 of
Ref. [55], the form factor depends on a harmonic poly-
logarithm which cannot be expressed as a standard poly-
logarithm; we evaluate the infinite mass limit here using the
HPL [56] and PolyLogTools [57] packages for Mathematica.
The relevant quantity is thus given by

F1ðM;−E; μÞ ¼ 1þ ᾱ1
4π

�
−2L2

E þ 2LE þ 3

2
LM − 6 −

5π2

12

�
þ
�
ᾱ1
4π

�
2
	
ne

�
−
16

9
L3
E þ 64

9
L2
E

−
�
304

27
þ 16π2

9

�
LE þ L2

M − 7LM þ 149π2

54
þ 2ζ3

9
þ 6629

324

�
þ 2L4

E − 4L3
E

þ
�
−3LM þ 5π2

6
þ 14

�
L2
E þ

�
3LM −

11π2

2
þ 24ζ3 − 8

�
LE þ 9

8
L2
M

þ
�
−
41

4
þ 17π2

24

�
LM −

167π4

288
þ 2π2

3
þ 28π2

3
log 2 − 37ζ3 þ

839

16



þOðα3; 1=MÞ: ðB2Þ
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Here ᾱ1ðμÞ denotes the MS coupling in the effective theory
with ne ¼ 1, and LM ≡ logðM2=μ2Þ.
We identify the full theory amplitude as a product of a

matching coefficient onto heavy-particle effective theory,
and a matrix element in the low-energy theory,

Oeff ¼ ūΓhðbÞv : ðB3Þ

The ultraviolet matching coefficient is given by
Refs. [36–38] as

CðM; μÞ ¼ 1þ ᾱ1
4π

�
−4þ 3

2
LM

�
þ
�
ᾱ1
4π

�
2

×

	
ne

�
L2
M − 7LM þ 445

36
þ 2π2

3

�

þ 9

8
L2
M þ

�
4π2

3
−
29

4

�
LM þ 28π2

3
log 2

−
71π2

6
− 22ζ3 þ

839

16



: ðB4Þ

Using dimensional regularization as an infrared regulator,
the soft and collinear contributions vanish, leaving

lim
M→∞

F1ðM;−E; μÞ
CðM; μÞ ¼ FHð−E; μÞ: ðB5Þ

APPENDIX C: REMAINDER AND JET
FUNCTIONS

The factorization theorem used in the relativistic limit
contains components (soft, hard, jet, and remainder

functions) that are required through two-loop order. In
this appendix, we discuss the calculation/extraction of the
necessary jet and remainder functions.

1. Remainder function

The remainder function represents a matching between
ne ¼ 1 and ne ¼ 0 soft effective theories. Through two-
loop order, the only nontrivial contribution to the matching
is the vertex correction, which takes the form

ðC1Þ

where ΠμνðkÞ ¼ k2gμν − kμkν is the one-loop photon
polarization tensor obtained from the heavy lepton loop.
The average in angle brackets is

�
v · v0k2

ðv · kÞðv0 · kÞ − 1



¼ ð2 − dÞwjðwÞ − 1; ðC2Þ

and the remaining integral can be evaluated using the
explicit form of Πðk2Þ,

Πðk2Þ ¼ 4ie2

ðd − 1Þk2
�
ð2 − dÞ

Z
ddL
ð2πÞd

1

L2 −m2
þ
�
d − 2

2
k2 þ 2m2

�Z
ddL
ð2πÞd

1

L2 −m2

1

ðLþ kÞ2 −m2

�
: ðC3Þ

The necessary integral is

−ie2
Z

ddk
ð2πÞd

1

ðk2Þ2 Πðk
2Þ ¼ 4e4

d − 1

�
d − 2

2
I211 þ 2m2I311

�
; ðC4Þ

where the integrals Iαβγ are [58]

Iαβγ ¼
Z

d3k
ð2πÞd

d3l
ð2πÞd

1

ðk2Þα
1

½ðlþ kÞ2 −m2Þ�β
1

ðl2 −m2Þγ

¼ ðm2Þd−α−β−γ ð−1Þ
αþβþγþ1

ð4πÞd
Γðαþ β − d=2ÞΓðαþ γ − d=2ÞΓðd=2 − αÞΓðαþ β þ γ − dÞ

ΓðβÞΓðγÞΓðd=2ÞΓð2αþ β þ γ − dÞ : ðC5Þ

Substitution yields

−ie2ð2 − dÞ
Z

ddk
ð2πÞd

1

ðk2Þ2Πðk
2Þ ¼

�
ᾱ

4π

�
2
�
m2

μ2

�−2ϵ�
−

4

3ϵ2
þ 20

9ϵ
−
112

27
−
2π2

9
þOðϵÞ

�
: ðC6Þ
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It is readily seen that the contribution of wave function
renormalization is given by subtracting the v0 ¼ v limit of
δM:

δZh ¼
dΣ
dω

����
ω¼0

; ðC7Þ

where

−iΣ ¼ −
Z

ddk
ð2πÞd

1

v · kþ ω

1

ðk2Þ2 vμvνΠ
μνðkÞ: ðC8Þ

The total is thus4

Fbare
R ¼ 1þ δM þ δZh

¼ ½ð2 − dÞðwjðwÞ − 1Þ�ð−ie2Þ
Z

ddk
ð2πÞd

1

ðk2Þ2 Πðk
2Þ:

ðC9Þ

2. Jet function

The product of jet and remainder functions can be
obtained from the vector form factors for charged-particle
scattering [33]. In the notation of the current paper, the
result from Ref. [33] contains the product of two jet
functions (since in electron-proton scattering there are
two light legs) and is given by

FRF2
J ¼ 1þ ᾱ1

4π

�
L2
m − Lm þ 4þ π2

6

�
þ
�
ᾱ1
4π

�
2
	
ne

�
L

�
−
4

3
L2
m −

40

9
Lm −

112

27

�

þ 4

9
L3
m −

14

9
L2
m þ

�
274

27
þ 8π2

9

�
Lm þ 5107

162
−
4ζ3
9

−
41π2

27

�
þ 1

2
L4
m − L3

m

þ
�
9

2
þ π2

6

�
L2
m þ

�
−
11

2
þ 11π2

6
− 24ζ3

�
Lm þ 241

8
þ 13π2

3
− 8π2 log 2 − 6ζ3 −

163π4

360



; ðC10Þ

which reduces to Eq. (43) of Ref. [33] at ne → 1 and
L ¼ logð2E=mÞ → logðQ2=m2Þ. After dividing by FRðμÞ
from Eq. (23) and taking the square root, the two-loop
expansion of FJðμÞ is given by Eq. (24).

APPENDIX D: RENORMALIZATION SCHEMES

We have worked throughout with dimensional regulari-
zation in d ¼ 4 − 2ϵ spacetime dimensions and have
expressed renormalized quantities in the modified minimal
subtraction (MS) renormalization scheme. In this scheme,
the renormalized coupling is defined to subtract commonly
occurring factors of 1

ϵ þ log 4π − γE. This is achieved by
defining the renormalized coupling

ᾱðμÞ ¼ Z−1
α

e2bare
4π

�
4π

μ2
e−γE

�
ϵ

; ðD1Þ

in terms of the bare Lagrangian parameter ebare. The
coupling renormalization factor Zα and other operator
renormalization factors are specified in the MS scheme
to contain only negative powers of ϵ at each order in an
expansion in ᾱ.
The precise choice of factors in Eq. (D1) do not impact

physical observables, but do impact the conventional
separation between different components of factorized

expressions. As an example, we denote by MS0 the scheme
where

ᾱMS0 ðμÞ ¼ Z−1
α;MS0

e2bare
4π

�
4π

μ2
Γð1þ ϵÞ

�
ϵ

: ðD2Þ

In the MS0 scheme we find instead of Eq. (37) (using that
ᾱ ¼ ᾱ0 at ϵ ¼ 0)

Fð1Þ
H ðμ̂2ÞjMS0 ¼ −2− 2ζ2;

Fð2Þ
H ðμ̂2ÞjMS0 ¼ ne

�
656

81
þ 12ζ2

�
− 8þ 64ζ2 − 15ζ3 − 55ζ4;

ðD3Þ

leading to [cf. Eq. (39)]

ðjFHðμ̂2Þj2ÞjMS0 ¼ 1−2.6

�
ᾱ

π

�
þð3.5þ4.2neÞ

�
ᾱ

π

�
2

þ�� � :

ðD4Þ

We remark that a subtraction scheme commonly used in
chiral perturbation theory [2,60–62], denoted MSχ , defines

ᾱχðμÞ ¼ Z−1
α;χ

e2bare
4π

�
4π

μ2
e−γEþ1

�
ϵ

: ðD5Þ

When relating quantities computed in MS and MSχ ,
it is useful to note that (at ϵ ¼ 0), ᾱχðμÞ ¼ ᾱðμ= ffiffiffi

e
p Þ, where

e ¼ expð1Þ ≈ 2.718.

4The nonlogarithmic term in Eq. (C2) was omitted in Ref. [59],
and correspondingly in Ref. [33], resulting in an unconventional
separation between FR and FJ . The results here correspond to
conventional MS.
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