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We perform a Lorentz gauge evaluation of the single soft-photon bremsstrahlung radiative
corrections to the unpolarized elastic lepton-proton scattering cross section at low energies, using
the framework of heavy baryon chiral perturbation theory (HByPT). We systematically incorporate all
next-to-leading-order [i.e., O(a®/M)] contributions to the cross section arising from radiative and
proton’s low-energy recoil effects. An important component of the soft-photon bremsstrahlung
corrections arises from the interference between lepton and proton bremsstrahlung processes, which
are characterized as charge-odd. We identify a class of Feynman diagrams involving the final-state
radiating proton that induces a chiral enhancement, thereby modifying the naive amplitude hierarchy
based on the standard chiral power-counting scheme. The recently derived HByPT result for the
analytically computed exact two-photon exchange counterpart at next-to-leading order is combined
with our charge-odd soft-photon bremsstrahlung contribution to yield the complete charge-odd
radiative correction. By incorporating the leading hadronic correction to the one-photon
exchange process within the charge-even radiative correction, we obtain a prediction for the
charge asymmetry observable, which can be compared with forthcoming MUon Scattering Experiment
data on elastic lepton-antilepton scattering off the proton. In all our calculations, we use finite lepton

masses.
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I. INTRODUCTION

The higher-order quantum electrodynamic (QED)
radiative corrections to the one-photon exchange (OPE)
are crucial for the precision determination of the unpo-
larized elastic (anti)lepton-proton (£*p) scattering
cross sections. In experiments, the undetected soft
bremsstrahlung photons play a vital role in both elas-
tic and inelastic processes, namely, #*p — #*p and
£*p — ¢*Tpy*, respectively. By a soft-photon we
mean that the energy of the emitted photon is tiny,
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ie, Ey — 0, rendering both elastic and inelastic processes
physically indistinguishable.” The bremsstrahlung contri-
butions to the cross section are further categorized as being
“charge-even” and “charge-odd.” This approach is based on
the type of interference matrix elements considered
between products of Feynman diagrams with the external
lepton and proton legs radiating the photon. For the £#*-p
scatterings, the charge-even cross section is the sum of the
¢~ and £ contributions, while the charge-odd counterpart
is their difference. Furthermore, in this paper, the individual
squared amplitudes and the lepton-lepton or proton-proton

'The distinction between soft-photon and hard-photon brems-
strahlung can be defined in terms of an experimental resolution
threshold A,-, which sets the minimum photon energy required
for an event to be detectable. This threshold, determined by the
detector’s acceptance and design, renders the hard-photon events
observable only above A, - while soft-photon emissions fall below
this limit.

In this work, we will use the symbol y* to denote a real
(on-shell) bremsstrahlung photon, in contrast to a virtual
(off-shell) photon, which will be denoted by y.

Published by the American Physical Society
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interference bremsstrahlung matrix elements contributing
(eve
rr
the “direct-interference” terms. In contrast, the lepton-

proton interference bremsstrahlung matrix elements con-

to the charge-even cross section o " will be referred to as

tributing to the charge-odd cross section 05(;‘3(1) shall be

referred to as the “exchange-interference” terms. Among
the one-loop virtual photon-loop corrections in QED, only
the two-photon exchange (TPE) radiative correction con-

tributes to the charge-odd cross section aﬁﬁdd) (for recent
TPE analyses, see, e.g., Refs. [1-20], including the review
of Ref. [21]). The remaining virtual photon-loop correc-
tions—such as the vertex, self-energy, and vacuum polari-

zation corrections—contribute to the charge-even cross

section 62", The total charge-even and charge-odd

contributions can therefore be summarized as

ol — aﬁven) + aﬁfen) , and (1)
odd dd dd
oo = o + 610 (2)

respectively. It should be noted, however, that neither the
virtual photon loops nor the soft-photon bremsstrahlung
cross sections are physical observables. Each of them is
affected by infrared (IR) divergence—an artifact that pre-
cludes direct comparison with measured cross section data.
To facilitate a meaningful comparison, the unphysical
divergences are eliminated via the concomitant inclusion
of a degenerate phase-space of inelastic real soft-photon
emissions, constituting an unavoidable background to the
basic elastic scattering process [22-25]. The IR divergences
stemming from the virtual photon-loop integrals are sys-
tematically canceled order by order in perturbation theory,
by the corresponding divergences from the soft-photon
bremsstrahlung phase-space integrals when the incoherent
sum of the virtual photon loops and soft bremsstrahlung
cross sections is considered. Consequently, the virtual
corrections to the elastic cross section receive finite mod-
ifications from the soft-photon bremsstrahlung.

One can experimentally measure the difference between
the lepton and antilepton proton scattering cross sections
via the charge asymmetry observable A+, defined by the
following ratio of the differential cross sections:

do” _ do,; —doj;’
(even) - (=) (+)° (3)
doo do,;” +do

A/i —

el

*Note that our sign convention in the definition of the charge
asymmetry is opposite to the one in Refs. [9,26], namely,

(+) =)
do,,’ —do,,

Afi = —Afi = )
do'Sr> + dail)

for reasons elucidated later in the text (see Sec. I1 E).

In particular, the measurement of A,+ provides a rather
“clean” procedure to estimate the charge-odd TPE effects,
with various systematic errors contributing to the radiative
corrections dropping out in the ratio. Several ongoing
experimental efforts plan to measure this asymmetry.
The MUon Scattering Experiment (MUSE) at the Paul
Scherrer Institute (PSI) [27-29] is an ongoing effort
designed to simultaneously scatter leptons and antileptons
off a proton target at unprecedented low four-momentum
transfers (|Q?| < 0.08 GeV?/c for a maximum beam three-
momentum ppe,m < 210 MeV/c). A major goal of MUSE
is to pin down the low-energy TPE corrections with a
systematic uncertainty of 0.1%, thereby offering potential
insights into resolving the long-standing discrepancies in
the proton charge radius [30-35]—an issue that remains
unsettled in experimental analyses of low-energy electron-
proton scattering (see, e.g., Ref. [36] for a review of recent
experimental efforts).

To facilitate the confrontation of theoretical predictions
with the future high-precision MUSE data on Z-p elastic
cross sections, an accurate estimation of the low-energy
TPE contribution, along with its exchange-interference
soft-photon  bremsstrahlung counterpart, is needed.
Furthermore, given that these two corrections are rather
poorly constrained in comparison with the other radiative
corrections, a careful assessment of the role of low-energy
nonperturbative effects due to the proton’s structure, as well
as the chiral recoil-radiative corrections [14], is deemed
essential. While a substantial body of recent literature
focuses on TPE effects [1-20], relatively few studies
address the estimation of charge-odd soft-photon brems-
strahlung corrections and their impact on charge asymme-
try at low energies [9,14,26,37]. For recent developments in
this direction within the framework of QED-inspired
hadronic models, we refer the reader to the works presented
in Refs. [9,26,37]. However, a key limitation of model-
dependent approaches lies in their potential to obscure
subtle off-shell, nonperturbative features of the proton’s
low-energy structure through the use of ad hoc on-shell
phenomenological form factors. To address this limitation,
arobust, model-independent analysis of soft-photon brems-
strahlung corrections at low energies is essential—one that
systematically accounts for uncertainties arising from the
perturbative truncation of higher-order effects. This objec-
tive can be effectively pursued within the framework of
low-energy effective field theory (EFT).

In this paper, we present an EFT evaluation of the
leading-order (LO) and next-to-leading-order (NLO)
bremsstrahlung corrections within the well-known frame-
work of the SU(2) formulation of heavy baryon chiral
perturbation theory (HByPT) [38—44]. Such an EFT is
intended to capture the essential nonperturbative features of
low-energy QCD manifested through the chiral dynamics
of pions and nucleons in response to gauge-invariant
hadronic and electroweak external currents below a
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predetermined cutoff momentum scale, A, ~4xnf, ~
1 GeV/c, where f is the pion decay constant. Low-energy
symmetries, such as chiral symmetry (and its breakings),
play a crucial role in shaping the spectrum and underlying
dynamics. The short-distance/ultraviolet physics beyond
the scale A, is tacitly subsumed into a well-defined set of
low-energy constants (LECs). These LECs are universally
determined either phenomenologically or via lattice-QCD
calculations. The hadrons are effectively treated as elemen-
tary particles in this framework, and the formalism incor-
porates a simultaneous low-energy expansion in inverse
powers of the nucleon mass M, i.e., Q/M, along with the
standard chiral expansion in powers of Q/A, ~ Q/M,
where Q is a generic momentum scale near the pion mass
m,. Such an EFT power-counting scheme ensures a
systematic perturbative improvement of the theoretical
predictions to an intended level of accuracy.

In the work of Talukdar et al. [14], the soft-photon
bremsstrahlung radiative corrections to the elastic cross
section up to and including NLO [i.e., O(a®/M)] were
evaluated in HByPT at low energies relevant to MUSE
kinematics. The evaluations were performed by adopting the
Coulomb gauge. In this work, we will adopt the gauge and
demonstrate that there exists a certain class of chirally
enhanced bremsstrahlung diagrams from subleading orders,
which effectively contribute to the cross section at LO and
NLO. These enhanced contributions are generated from the
final-state proton-radiating amplitudes having insertions of
O(M®) and O(1/M) final-state proton propagator compo-
nents. As we will demonstrate in the next section, this calls
for the promotion of some of these amplitudes to lower
orders, which are formally next-to-next-to-leading order
(NNLO) and next-to-next-to-next-to-leading order (N°LO)
by the chiral power counting. Moreover, this also implies
that the “effectively promoted” LO and NLO corrections to
the bremsstrahlung cross section are now likely to receive
additional contributions from renormalized pion loops. This
possibility is somewhat unexpected, standing in contrast to
the conventional scenario in HByPT, where hadronic
structure-dependent radiative corrections from the proton
are anticipated to contribute only at NNLO in the cross
section. In light of the recent exact analytical evaluation of
the TPE up to and including NLO in HByPT by Choudhary
etal. [19] performed in the Lorentz gauge, it is appropriate to
adopt the same gauge for the charge-odd bremsstrahlung
calculation to maintain consistency in the cancellation of IR
divergences. The same applies to the charge-even brems-
strahlung corrections, wherein the IR-divergent terms must
be systematically canceled with those stemming from the
charge-even virtual corrections.

The purpose of this paper is to present a consistent
analytical evaluation of the soft-photon bremsstrahlung
contributions to the elastic cross section up to and including
NLO. Together with the virtual photon-loop corrections,
obtained earlier in Refs. [14,19], we determine the full

IR-finite radiative corrections to the elastic cross section of
O(a’/M). In particular, by including the exact TPE results
of Choudhary et al., the accuracy of our radiative correc-
tions is expected to supersede the previous predictions by
Talukdar et al., who used the soft-photon approximation
(SPA) to analytically evaluate the intricate 4-point scalar
TPE loop integrals [9,11,12,14,45-49]. The radiative cor-
rection results are subsequently used to evaluate the charge
asymmetry A, which in turn assesses the extent to which
the TPE contributions could dominate the observable over
the ostensibly residual charge-odd bremsstrahlung contri-
butions. Thus, an accurate measurement of the asymmetry
is crucial to the precision with which the TPE effects can be
extracted in future measurements.

Our paper is organized as follows: In Sec. II, we present the
basic ingredients of the HByPT framework that allows a
consistent evaluation of the LO and NLO soft-photon
bremsstrahlung corrections to the elastic lepton-proton cross
section. We incorporate the low-energy recoil-radiative
effects in a perturbative approach. In addition, we also
consider the leading hadronic structure-dependent correc-
tions to the LO Born or OPE cross section at NNLO accuracy.
Section III deals with our numerical results and their
discussion. Here we combine our bremsstrahlung and
hadronic OPE correction results with the charge-even virtual
photon-loop corrections obtained by Talukdar ez al. [14] and
the charge-odd exact TPE results of Choudhary ef al. [19].
Our predictions pertain to the full radiative corrections and
charge asymmetry, in addition to estimating the soft-photon
bremsstrahlung corrections at NLO accuracy. Finally, we
summarize and conclude in Sec. IV with an outlook for
subsequent future work. Appendixes A and B contain a
detailed collection of relevant Feynman amplitudes and soft-
photon phase-space integrals, as well as a brief description of
the so-called S-frame transformations needed for evaluating
the bremsstrahlung contributions.

II. THEORETICAL FRAMEWORK OF HByPT

We deploy the EFT framework of HByPT [38-44],
where the “heavy” proton is treated nonrelativistically,
while leptons, pions, and the photon are treated relativis-
tically. The radiative corrections are evaluated up to
O(a/M), which is formally NLO in the power counting.
In the following, we will explicitly present only the relevant
LO, NLO, and NNLO components of the pion-nucleon
effective chiral Lagrangian £,y that are required for our
calculations.” This includes parts of the chiral Lagrangian

*While our analysis accounts for nonvanishing contributions
from N3LO Feynman amplitudes, all insertions from the N*LO
chiral Lagrangian ES\% [see Eq. (A37) in Appendix A] either yield
vanishing contributions to the bremsstrahlung cross section or
contribute only at orders beyond the target O(a’/M) NLO

accuracy. Consequently, ﬁf,\), will not be explicitly required in
the analysis.
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involving purely pionic as well as the standard leptonic
interactions in QED. For details, we refer to the exposition
presented in Refs. [14,41-44]. Thus, to NNLO accuracy in
this work,

‘CITN - ‘CITN + ‘CﬂN + L}TN ’ (4)

where the complete lowest chiral order parts of the zN
Lagrangian are given as

LY =N,(iv-D+gaS - u)N,; (5)

1 e
Dﬂ = 0” + E |:MT <]Iaﬂ + iT32Aﬂ> u

u<ua,,+n A ) ] +ilZ4,.  (6)

where D, represents the chiral covariant derivative, includ-
ing the terms with the photon vector field A,. Furthermore,
I denotes the 2 x 2 identity matrix, and 7> is the third
component of the Pauli isospin matrix. The next chiral
order Lagrangian is

_ 1 1
ﬁn%:Nl{ﬁ(UD) mD D—lgA{S DU M}

2
T eiTr(yy) + <c2 -g—;;,)@ Pt s

+ <c4 —I—%) (S, 8*]u,u, 4 csTr(7.)
- s s+ em v 0

In the above expressions, N,, = (p,, n,)T denotes the heavy

nucleon isodoublet spinor field, and u = VU is the SU(2)
isotriplet field, where the nonlinear pion field =
(71,7, m3) is defined, e.g., via the sigma gauge para-
metrization, i.e.,

2 .
U=u’>= ”1—;—4—%1 n and u,=iu'o,Uu’. (8)

The 7 denotes the Pauli isospin matrices, and g, = 1.267 is
the nucleon axial coupling constant. The four-vectors v#
and S* denote the velocity and spin of the nucleon,
respectively, satisfying S-» = 0. We find it convenient
to choose v* = (1,0) and $¥ = (0,6/2). In addition, ¢;___;
are the seven LECs with well-known finite values which
have been determined in phenomenological analyses,
e.g., Ref. [50]. In particular, the values ¢4 =k, and ¢; =
(ky —K,)/2 are determined via the nucleon isovector and
isoscalar anomalous magnetic moments, «, = 3.71 and
kg, = —0.12, respectively [51]. The remaining terms in the

NLO Lagrangian are as given below:

3 i
xe=ulputuytu, g + =5 T,
[ = e(() A, —0,A,)(uQut + utQu), where
o-ja+e)=(, o) o)
- ‘ 0 0)

In our analysis, we have ignored isospin violation except
for considering the physical mass of the proton. Hence, we
only consider the limit m, = m,, i.e., 7, — 0, meaning
that the term proportional to c5 vanishes.

Finally, we display the relevant portions of the NNLO
zN Lagrangian which are needed in our analysis; the
ellipsis denotes the excluded parts of the complete NNLO

Lagrangian, and XE,%\}COUHIH) [51] includes a string of

isoscalar and isovector counterterms, used for renormaliz-
ing the UV-divergent pion loops but not needed explicitly
in this work (also see, e.g., Refs. [42,43] for more details):
£ = (v- D)+ D0 D)

N
’ { am? 8M2

SN N G 10

Before we proceed with our analysis of the radiative
corrections, we first discuss the kinematics associated with
the unpolarized elastic lepton-proton scattering. In addi-
tion, we include the kinematics of the corresponding
inelastic single soft-photon emission processes with an
energy E, <A, which is lower than any other energy
scale in the problem of interest and defines the limit of an
experimentally detectable photon. Our analysis is per-
formed in the laboratory frame (lab frame) where the
initial target proton is at rest. In this frame, we adopt the
following four-momentum assignments:

5(p)+p(P,) — =(p') +p(P
5(p) +p(P,) — = (p') +p(P

») and
p) + 17 (k);

Here p# = (E,p) and P}, = (M, 0) denote the initial (anti)
lepton and proton four-momenta, respectively, and p* =
(E',p') and P} = (E',.P),) their corresponding outgoing
four-momenta. Hence, Q¥ = (p — p')/ = (P}, — P,)* is
the four-momentum transferred between the (anti)lepton
and proton in the above elastic process.

Regarding the inelastic soft-photon bremsstrahlung proc-
ess, k# = (Ey*,k) is the four-momentum of the emitted
soft-photon. In this situation, we either have the four-
momentum transfer O* or ¢* = (Q — k)#, depending on
whether the photon is radiated by the (anti)lepton or proton,
respectively. Since we are only concerned with the unde-
tectable soft-photon emission, the real photon emission

C=e,pu.
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amplitudes are evaluated in the limit k — 0. One crucial
assumption is that the soft-photon emission does not alter
the elastic kinematics. This implies that the four-momen-
tum transfer for the soft-photon bremsstrahlung process ¢’
is practically indistinguishable from its elastic counterpart
Q" e.g., Refs. [23,45-49].

It is notable that in HByPT, by virtue of reparametriza-
tion invariance, the proton’s initial- and final-state four-
momenta can be expressed as Pp = Muv* + ph and
P} = Mv* + p}, where p), and p} are the corresponding
residual four-momenta. In the lab frame, we therefore
have p, = (0,0), which implies that v-p, =0 and
v-p,=v-Q=E—-E =-0%/(2M) > 0. (For a t-chan-
nel process, we always have Q? < 0.) Finally, we mention
that the standard form of the heavy proton propagator used
in HByPT, accurate up to chiral order v =2 [i.e,
O(1/M?)], is given by

i) (1) = iSw=0 (1) + iSE=V(1) 4 iSE=2)(1),
where

Oy =L
SO0 =0T
IS(I)(I):L I—L and

oM | (v-1+i0)2]
i [(v-1)3=P(v-1) 1

sey = | o(—]). m
SEO=n2 T waror | TO0s) Y

Here, /' denotes the generic residual off-shell proton
momentum. As already pointed out in the Introduction,
an important subtlety arises with the choice of the proton’s
oft-shell momentum as /# — Q*. Introducing the term v -
Q~O(1/M) in the propagator denominators results in
O(M) chiral enhancements for both the LO and NLO
components. As shown in the following analysis, the use of
the proton propagator of Eq. (11) leads to a modified
ordering of a certain class of Feynman amplitudes as
|

on_ €

M= g

2) e’

M ==grag [ 1P ru(p)| [ (P)] (2(0- 0P~ 0= (- 000, f1(p,)| -

prescribed by the standard HByPT power-counting
scheme. For an alternative heavy-baryon propagator
description, we refer the reader to, e.g., Ref. [52].

A. The Born or OPE process

The lab-frame unpolarized differential cross section for
the elastic OPE/Born (anti)lepton-proton scattering process
is given by

Qo) (p+p,—p —p))
[ddel]y -
4M|p|
d3p/ dSP/

Z|M 2, (12)

X

(27)32E' (2x) 32E’

spins

where the total OPE amplitude can be expressed as the

following sum of Born amplitudes of different chiral
powers, written as

M, =M+ MY+ MP - (13)

where the superscripts denote the different chiral orders. In

particular, the amplitude M,(,z) includes the leading had-
ronic corrections arising from the proton’s low-energy
structure at NNLO in the chiral power counting. The
OPE amplitude arising from the LO chiral Lagrangian is
given by

MO =2 [ﬁ(p’)y"u(p)] [}("'(p;)vﬂx(pp)} . (14)

where y(p,) and x*(p/,) denote the initial- and final-state
two-component Pauli spinors for the nonrelativistic proton,
and u(p) and u(p’) are the corresponding Dirac spinors for
the relativistic leptons. The OPE amplitudes due to inser-
tions of NLO and NNLO interactions from E,(,ll\’,z)
given by

[y up)]| [ () (P + Py = 40 (0 + 1) + @k, + )8, S - Ol halpy)| . (19)

2

o2 10w [ )W x(p,)]

(16)

respectively. In particular, the amplitude Eq. (16) is an “effective” Born amplitude obtained after renormalizing the genuine
NNLO Born amplitude (first line) by incorporating the proton’s hadronic structure in the proton-photon NNLO vertex
(second line) via the amputated three-point Green’s function [14]:

@ _ pr_ 1
Vi’ = (F} l)vy"‘zM{(

F{ =10, +2(Ff + F§ = 1-x,)5,.5- 0]} +

2
%(F”—I—ZF” )uﬁo(%). (17)
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/N

FIG. 1.

Pion loops and counterterms at NNLO in HByPT with LO interactions at the proton’s vertices contributing to its form factors.

The solid, dashed, and wiggly lines denote the proton, pion, and photon propagators, respectively. The x denotes relevant counterterms
stemming from ZS3™" dependence, which absorbs the UV divergences arising from the pion loops (see Ref. [51] for more details).

The Green’s function tacitly incorporates the contribu-
tions from UV-divergent pion loops and counterterms, as
shown in Fig. 1, parametrizing the proton’s hadronic
structure via the Dirac and Pauli form factors Ff’z. At
very low-Q? values, the form factors allow a Taylor
expansion in terms of the mean-squared radii, (r},)~

O(1/A}) ~O(1/M?), and the anomalous magnetic
moment of the proton, «, = (k, +k,)/2 = 1.795 [51]:
Q2
FI(Q%) = 1+°(rl) + O(M™),  and

2
FUOY) =y + g

. (r3) + O(M3). (18)

However, to O(1/M?) we only need the contribution
from the mean-squared (r?3), which in turn could be related
to the mean-squared charge or electric radius of the proton
up to terms of O(1/M?), where the rms radius is given by

Thus, the full chirally corrected elastic Born differential
cross section up to and including NNLO can be expressed
in the following form:

47 - B o) o

where the LO Born contribution is given by [14]

do, (%)  &|p/| 0? 4EE'
[ dQ, L‘Qlel (1_4M2> {H QZ]' @)

Here the fractional contribution 5;((2) not only includes the

dynamical hadronic contributions from the NNLO effective
interaction vertex, Eq. (17), but also O(1/M?) kinematical
recoil corrections. The latter terms arise from the contri-

butions of the amplitudes M;O'U, which do not receive
contributions from the pion-loop effects, vis-a-vis, the
proton’s finite-size structure. Consequently, we have the

r,= (~2 )2 » () + 3Kp2. (19) follqwing charge-even result for the hadronic vertex cor-
2M rections, as borrowed from the work of Talukdar et al. [14]:
|
2 2 2 2 2
) Y 0 Q° +4m; —4E 1
5 (@) =5 [r%’ 2M2} T {1 P K”)2< Q* +4E? o) (22)

For HByPT Feynman rules and other calculational details, we refer the reader to Refs. [41-44,51].

B. The soft-photon bremsstrahlung process

The lab-frame differential cross section for the single photon emission bremsstrahlung process is given by

Q2n)*s*(p+pp,— 1
[dabr]yy* - v

~Pp =k

d3p/ d3plp d3k’

4M|p|

where M, denotes the sum of all possible chiral order
amplitudes in the Lorentz gauge, which can potentially
contribute to the single photon emission cross section
up to and including NLO [i.e., O(a®/M)] in HByPT.
These include amplitudes up to N*LO, whose
general, frame-independent expressions—presented with-
out approximation—are compiled in Appendix A.
However, in this section, we will present only the subset

(2m)32E' (27)*2E), (2

FoE a2 Mo (23)

spins

of the nonvanishing amplitudes specific to the lab frame
that pertains to a single soft-photon (y} ;) emission with
energy within the range 0 < E,» < A, which we will refer
to as the soft-photon limit (SPL) of the bremsstrahlung
amplitudes. It is important to emphasize that the SPL. must
not be confused with the soft-photon approximation (SPA),
which is commonly employed in TPE calculations—see,
for example, our recent TPE analysis in Ref. [20].
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FIG.2. Photon bremsstrahlung diagrams at LO [i.e., O(e?)], contributing to the radiative corrections of the #-p elastic scattering cross
section up to and including NLO [i.e., O(a®/M)] in HByPT. The thin, thick, and wiggly lines denote the propagators for the lepton,
proton, and photon (red for the soft bremsstrahlung photon and blue for the exchanged off-shell photon), respectively. The nomenclature

of the individual diagrams is based on whether the radiated photon originates from the initial-state
where the label “(0)” indicates a LO proton-radiating vertex.

9

proton “p”,

1. LO SPL bremsstrahlung amplitudes

The four LO [i.e., O(e?)] amplitudes [cf. Egs. (A1)—(A4)]
for the soft-photon bremsstrahlung processes, as displayed
in Fig. 2, are given by

M EVIC <I; *‘; > , (24)
MED T o9 <l; / i{ ) , (25)
MO e (1;1) , (26)
and
MU i A (Z;) ’ 27)

where the polarization vector of the emitted photon is ).

Here, we use the notation T to denote that these expressions
are valid only in SPL. The contractions of the photon
momentum k* with the external momenta p* and p’* in
the numerators of the amplitudes are effectively set to zero,
i.e., k- p~k-p' ~0. The resulting amplitudes are consis-
tent with the well-known Low’s soft-photon theorem [53],
which asserts that in the soft limit, the bremsstrahlung
amplitudes are proportional to the LO Born amplitude /\/l;(,()),
Eq. (14). The amplitudes /\/l[ /11 and M O] respec-
tively, represent the initial- state/fmal state rad1at1ng lepton
and proton, with LO proton-photon vertices. There are two
key points to be emphasized here:
(1) In contrast to the Coulomb gauge used by Talukdar
et al. [14], the Lorentz gauge yields nonvanishing LO
bremsstrahlung amplitudes proportional to v - £*—

" and MPO
bremsstrahlung photon is emitted by the proton.
These amplitudes, therefore, contribute to the NLO
li.e., O(a’®/M)] cross section.

specifically /\/l}[f;go) |_in which the

“1” or final-state “f” lepton “I” or

(2) Each of the two LO amplitudes, /\/l and

M}[,y( 1 involves a O(M°) proton propagator

(iS©) insertion characterized by the denominators
—v-k+i0 and wv-Q +i0, respectively [see
Eq. (1D)]. As v- Q = —Q?/(2M), the latter ampli-
tude corresponds to the final-state proton radiation,
and since the proton propagator scales as O(M), it
implies that the amplitude is chirally enhanced. In
contrast, the former amplitude with the initial-state
radiating proton scales as expected, i.e., O(M?).
This modifies the naive hierarchy of ordering of
Feynman diagrams as mandated by using chiral
counting, enhancing the class of all diagrams with
the final-state radiating proton by O(M), as com-
pared to those with the initial-state radiating proton.
A similar enhancement is also manifested in the
subleading diagrams with an O(1/M) propagator
(iS) insertion in the final-state (however, not
pertinent to iS*22) insertions), as we subsequently
demonstrate.

2. NLO SPL bremsstrahlung amplitudes

There are nine NLO [i.e., O(e®/M)] bremsstrahlung
amplitudes [see Eqs. (A5)—(A13)], as displayed in Fig. 3. In
SPL, all but one decompose to yield either the LO Born

amplitude Mﬁo), Eq. (14), or the amplitude

62

1 _
Ny = 2MQ?

(P )ru(p)| [P Qulp,)] . (28)

which, in essence, forms part of the full NLO Born
amplitude, Eq. (15). The resulting amplitudes are given by

@] v ) (P E
M, BN, PR

+ﬁM“<l; gk)(v k=v-0),  (29)
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FAPAP S
Tk

p(0);i p(0); f p(0);i® p(0); f®

p(1);v

FIG. 3. Photon bremsstrahlung diagrams at NLO [i.e., O(e?/M)] with NLO proton-photon interaction vertex (filled blob e) or
O(1/M) proton propagator (crossed circle ®) insertions, contributing to the radiative corrections for the Z-p elastic scattering cross
section up to and including NLO [i.e., O(a’/M)] in HByPT. The thin, thick, and wiggly lines denote the propagators for the lepton,
proton, and photon (red for the soft bremsstrahlung photon and blue for the exchanged off-shell photon), respectively. The nomenclature
of the individual diagrams is based on whether the radiated photon originates from the initial-state “i” or final-state “f” lepton “1” or
proton “p.” The labels “(0)” and “(1)” indicate LO and NLO proton-radiating vertices, respectively, while the overline signifies an NLO
exchange-photon proton vertex insertion.

M[n] ER (p/ . 8*) [p(0):f@] Tr € 4 (0) 0’ .
r v "k M v»m/\/ly 1_(1;-Q)2 (v-€), (36)
e
_W < > v-k=v-0),  (30) and
[]7 1] ysoﬂ __e (0) _ k M[p V] ymﬂ € M(O) U'S*
M M [ve U.k] (31) My (v-€)
3
¢ i p' vk T ) e* 37
gl g€ MY [(2Q_k)_€* 07 [u(p )r u(p)] [x (pp)e,l;{(p,,)] (37)
I 2M Q

A notable feature of the Born-like amplitude N ﬁl) is that its

—[v- 20 -K)(v-e )} . (32) interference with the LO Born amplitude /\/l,(,0> vanishes
identically, i.e.,

v

> M <o, (38)

spins

1] (v-e), (33)

leading to a considerable simplification in evaluating the
NLO contributions to the cross sections. As shown in

[P(O);f] Vo (1) (V- € e (0) % 7 n
M,y ~ eNy <v- Q) _EMV (v-e). (34) Fig. 3, the amplitudes My[yll/f] nd J\/l[ /f], respec-

tively, represent the initial-state/final- state radlating lepton
and proton processes, each having an insertion of the NLO
1)/ f]

P(0)i®] Ton €\ 4(0) 35
My v My (v ), (3) exchange-photon proton vertex. The amplitudes ./\/l
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and MJ[,’;SO);I/ ! ®], respectively, represent the initial-state/
final-state radiating proton processes with an insertion of an
NLO proton-photon emission vertex or an O(1/M) com-
ponent of the proton’s propagator (iS(")), as in Eq. (11). The
ninth amplitude M[y’;p);v]
containing an insertion of the NLO seagull proton-photon
vertex, which does not factorize into one of the Born
amplitudes [14]. As previously noted, unlike the Coulomb
gauge evaluation in Ref. [14], all terms in the amplitudes
proportional to v-¢&# 0 remain nonvanishing in our
Lorentz gauge analysis. Furthermore, as stated before,
the presence of the term v - Q in the denominators of
the LO and NLO components of the final-state proton

propagators (iS(>V) in the three scattering amplitudes—

[p(1):] ()i
M;x , M[ ]

e , and Mgigo);f@—modiﬁes their naive
ordering, kinematically enhancing them so that they effec-
tively contribute as LO [i.e., O(M°)] or even higher [i.e.,
O(M)]. 1t is precisely these final-state propagator terms that
motivate us to include contributions from diagrams with
higher chiral order components—formally appearing at
NNLO and N*LO—which could potentially contribute to
the O(a’/M) NLO cross section. Such higher-order
amplitudes are discussed next.

is the bremsstrahlung amplitude

3. NNLO SPL bremsstrahlung amplitudes

At NNLO, two types of dynamical contributions con-
stitute the bremsstrahlung matrix elements: (i) the

O(e’/M?) recoil-radiative corrections and (ii) the
O(e*/A2) hadronic corrections. The former contributions
arise from insertions of subleading-order proton-photon
interaction vertices and proton propagator component
insertions, while the latter arise from pion loops and
counterterms that determine the proton rms charge radius
contributions (cf. Fig. 1). Below, we explore each of the
two distinct types of contributions.

(1) Recoil-radiative corrections: As detailed in Appen-
dix A, these consist primarily of 15 bremsstrahlung
amplitudes that are formally expected to contribute
at NNLO [see Egs. (A14)—-(A28)]. However, as
shown in Fig. 4, only eight of these amplitudes,
Egs. (A14)—(A21), survive in SPL and contribute to
the bremsstrahlung cross section at our intended
NLO accuracy, namely, O(a®/M). The rest of the
amplitudes, Eqgs. (A22)—(A28), either vanish or are
neglected as they generate higher-order terms. In
SPL, these eight amplitudes either decompose to

yield the LO Born amplitude Mﬁo), Eq. (14), or the
Born-like amplitude N\, Eq. (28):

MU T = (” : 8*> v (0 = k)]

aM p-k
e (0) p-e
BT <p~k>

x 2v-(@-0P-(2-k2].  (39)

KEMEM‘

p(0):f®
g‘ Wz‘ p(())zf@‘ p(1);f

FIG. 4. Chirally enhanced photon bremsstrahlung diagrams of NNLO [i.e., O(e3/M?)] with insertions of NLO (filled blob e) and
NNLO (filled box [J) proton-photon interaction vertices, and O(1/M) (crossed circle ®) and O(1/M?) (crossed box K) proton
propagator components, contributing to the radiative corrections for the #-p elastic scattering cross section up to and including NLO
[i.e., O(a®/M)] in HByPT. The thin, thick, and wiggly lines denote the propagators for the lepton, proton, and photon (red for the soft
bremsstrahlung photon and blue for the exchanged off-shell photon), respectively. The nomenclature of the individual diagrams is based
on whether the radiated photon originates from the initial-state “1” or final-state “f”’ lepton “(1)”” or proton “p.” The labels “(0),” “(1),” and
“(2)” denote LO, NLO, and NNLO proton-radiating vertices, respectively, while the overline and tilde signify NLO and NNLO
exchange-photon proton vertex insertions, respectively. Topologies involving initial-state proton radiation are not chirally enhanced and
hence contribute beyond NLO in the cross section; they are therefore deferred to Fig. 13 in Appendix A.
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[t] 70 € ) (P €
M, MmNV ok [v-(Q—k)]

e o (P €
TV <p'.k>

x [2lo-(@-KP-(0-#7]. 0)

] 7 e (N MY .
My (S [(ZQ—k)-g

~(v-e)o- (20 - k)], (41)

M [p(0):t]

144

Tan =€ (o) 4
W)4MN’7 (v-€")

eQ? OV 1
e — — 42
st (1) o) @
M[p J/:oﬂ e M](/O)
8M2v-Q

[2(1} k) (v-e*)
— (k)R] @3)

M0 T e g (ﬂ>+o<i), (44)

4M2 U.Q M3
[p(1):f®)] VW;‘ e of 0>
M et <1 (v-Q)2>
x[20-K)-& = (v-e)[v- (20-N)]].
(45)
and

[p(O);f®] Ton € m _v-Q . 0
My w(Ny “am M

x <1 ‘(U.Qi;)» (v-e).  (46)

Above, we include all Feynman diagrams with
proton-photon interaction vertices and propagator
insertions up to O(1/M?), capturing all possible
topologies necessary to retain amplitude terms of the
same order, such that they will contribute to the NLO
cross section of O(a®/M). As shown in Fig. 4, the
amplitude My[ylll/f}
state radiating lepton process with the insertion of an
NNLO proton-photon vertex. The amplitudes
M},[;i(());f] and M%z) f
the LO final-state proton propagator with NNLO
proton-photon  vertices, while the amplitude

ML’;(());M] has a O(1/M?) final-state proton propa-
gator (iS?®) insertion. Finally, the amplitudes

represents the initial-state/final-

represent diagrams with

(i)

033007-10

lPel [m}

p(1):f
Y Y and My[r* ]
topologies with final-state radiating protons, having
up to two insertions of NLO components. It is again
important to recognize that diagrams involving the
final-state proton propagators, although classified as
higher-order contributions [i.e., O(1/M?)], are chir-
ally enhanced by the factor (v-Q)~! = -2M/Q?
appearing in the proton’s propagator denominator.
As indicated earlier, this enhancement modifies their
naive chiral ordering. Furthermore, it is notable that

represent

the genuine O(1/M?) amplitudes, such as M[ i} ,
are also needed here so that their 1nterference with
the chirally enhanced LO amplitude Mj[f;go) f
O(M) yields a nonvanishing contribution to the
O(a® /M) NLO cross section. In contrast, the seven
other commensurate O(1/M?) amplitudes, involv-
ing either the initial-state proton propagators [see
Egs. (A22)-(A27)] or the NNLO seagull vertex,
Eq. (A28) (cf. Fig. 13 in Appendix A), yield no
contribution to the NLO cross section; they vanish
upon integrating the soft-photon bremsstrahlung
energies over the range 0 < E, <A ..

Hadronic corrections: A total of six possible NNLO
bremsstrahlung amplitudes, Eqs. (A29)—(A34), are
given in Appendix A. They effectively renormalize
the proton’s NNLO recoil correction vertices via the
hadronic interaction vﬁ, [see Egs. (16) and (17)].
These terms entail UV-divergent pion loops [cf. Fig. 1]
as well as their counterterms, and they contribute to the
proton’s form factors F{ ,. In the works of Refs. [41,51],
the form factors were evaluated to NNLO accuracy in
HByPT, which in turn yield the proton’s rms charge
radius r, that scales as O(1/M?), Eq. (19). In

SPL, only the first four amplitudes M}[,’;Ef‘) """ ()
Egs. (A29)-(A32), contribute to nonvanishing terms
for the NLO bremsstrahlung cross section. The corre-
sponding Feynman diagrams are displayed in Fig. 5. In
the same vein as some of the genuine NNLO recoil-

radiative amplitudes, the pion-loop amplitudes
/\/l%, ()] , Egs. (A33) and (A34) (cf. Fig. 13), do
not yield any contributions to the NLO cross section.

The resulting SPL amplitudes read as follows:

()] Teoft 0
M T o[ 1

144

h(0%) + 2N VIR (0%) - 1)

’1’7 ‘ek) + 0(M3) (47)

Ml — e [MPG(0%) +20) F (01)-1)]

(G)ell)
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i

NN

FIG. 5.

e

Photon bremsstrahlung diagrams at NNLO [i.e., O(e3/ Aﬁ), with A, ~ M ~ 1 GeV/c], contributing to the radiative corrections

\{

for the #-p elastic scattering cross section up to and including NLO [i.e., O(a®/M)] in HByPT. The thin, thick, and wiggly lines denote
the propagators for the lepton, proton, and photon (red for the real soft bremsstrahlung photon and blue for the exchanged off-shell
photon), respectively. The dashed circular blob denotes the insertion of proton form factors (rms radius), incorporated via renormalized
pion loops shown in Fig. 1. The diagrams z(c¢) and z(d) are chirally enhanced compared to the first two diagrams. Topologies involving
initial-state proton radiation are not enhanced and hence contribute beyond NLO in the cross section; they are therefore deferred to

Fig. 13 in Appendix A.

S e[ MG+ 2N T (02) -1}

x (’; ;) +(’)<%> and (49)

where
fz(Qz) = FP(QQ) -1
302 2
+aos @)= 143 P00 1

is a function of the proton’s form factors F7 ,. As is
evident from the Taylor expansion of the form factors,
Eq. (18), G}, ~ O(1/M?). Thus, we again find that the
amplitudes M[ﬂ(c) (@)

ng (®)] by O(M), effectively rendering them

NLO by the modified power counting.

are enhanced relative to

4. N*LO SPL bremsstrahlung amplitudes

At NLO, there are nine possible recoil-radiative ampli-
tudes of O(e®/M?), Egs. (A38)—~(A43), involving NLO,
NNLO and N3LO proton-photon interaction vertices, and
O(1/M) and O(1/M?) proton propagator (iS("-?)) inser-
tions. In addition, we have five pion-loop amplitudes of
O(e’/MA2), Egs. (A47)—(A51), involving the proton’s
form factors. However, in SPL, only three of the former and
two of the latter amplitudes survive to contribute to the
O(a®/M) NLO cross section (cf. Fig. 6). They read as
follows:

p(1);f®

FIG. 6. Chirally enhanced photon bremsstrahlung diagrams at
N°LO [ie., O(e*/M?) ~ O(e*/(MA2))]. The insertions are as
follows: NLO (filled blob e) and NNLO (filled box [J) proton-
photon interaction vertices, the proton form factors (dashed
circular blob, cf. Fig. 1), and the O(1/M) proton propagator
component (crossed circle @), contributing to the radiative
corrections for the Z-p elastic scattering cross section up to
and including NLO [i.e., O(a®/M)] in HByPT. The thin, thick,
and wiggly lines denote propagators for the lepton, proton, and
photon (red for the soft bremsstrahlung photon and blue for the
exchanged off-shell photon), respectively. The nomenclature of
the individual diagrams is based on whether the radiated photon
originates from the initial-state “(i)” or final-state “(f)” proton
“(p).” Diagrams with form factors have the symbol “z”, namely,
‘m(e)” and “z(f).” Topologies involving the insertions of final-
state proton propagator components and the v = 3 chiral-order
vertex, which do not contribute to the NLO cross section, are
deferred to Fig. 14 in Appendix A. Topologies involving initial-
state proton radiation lack enhancement, contributing only at
higher orders, and are thus omitted.
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M

[1’(1)§f®] Yot € o v-Q (0
T e (-

(e (20 k>]] , (52)
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w2 (i ) - b

x (v Q) - Qﬂ)
0’ .
X(l-w)(v‘(f), (53)
L I SV T
" 16M>""7 (v-Q)?
1
—(v-k)(k'e*)} +(’)<m> ; (54)
M= 2 (MR (%) - 1

DGn(0%) (- &)

3 M
0’ 1

() +0(m)’ 9

M[ﬂ soﬂ -

= MP|IF1(0%) - 1)(Q &)
Gh(0*) (v -e)]

(i) o)

where the expression for G7, incorporating the proton’s
form factors was already given in Eq. (51). Here, the

amplitude M P [ Dif ] has two NLO proton photon vertices

and one O(1/M) proton propagator (lS ) insertion, while

the amplitudes My[y* o] and /\/l )% have one NNLO

proton-photon vertex and O(1 /M) propagator (iS(1))
insertions each. All the remaining chirally enhanced

—

N3LO amplitudes, except for /\/l[” ©0):f ] as shown in
Fig 14 of Appendix A, vanish upon integrating over the
soft-photon bremsstrahlung energies in our NLO cross
section calculation. As for the amplitude M},[;(O)’f], the
O(M) enhancement by the final-state proton propagator is
equally compensated by the v - Q ~ O(1/M) term stem-
ming from the N3LO vertex, thereby restoring it to the
N3LO chiral counting scaling, i.e., O(1/M?3). Thus, the
amplitude contributes to the cross section only at O(1/M?),
i.e., beyond NLO. Moreover, it is worth noting that all

commensurate amplitudes with insertions of O(1/M")
(v > 2) final-state proton propagator components effec-
tively scale as iS®) (v - Q) ~ O(1/M*~") and therefore do
not lead to any type of enhancement.

5. N*LO SPL bremsstrahlung amplitudes
At N*LO, there are two chirally enhanced amplitudes,

M};Gﬁf@} nd ./\/l , presented in Egs. (A54) and

(ASS5), respectively (cf Fig. 15 in Appendix A). These
amplitudes appear to scale as O(1/M?), suggesting that
they can potentially contribute to the O(a®/M) NLO cross
section. However, akin to the NzLO diagrams shown in

Fig 14, the amplitude ./\/1 ®l yanishes when computing

. . (0):f®
the cross section. As for the amplitude ./\/ly[yp ) ] the

expected O(1/M*) scaling reemerges, rendering it irrel-
evant at our intended O(a* /M) accuracy of the NLO cross
section.

6. Sum of SPL bremsstrahlung amplitudes

Before evaluating the soft-photon bremsstrahlung cross
section, we summarize the complete set of relevant ampli-
tudes required to achieve accuracy up to and including
NLO [i.e., O(a®/M)]. To this end, if M. C M, denotes
the corresponding sum of the relevant subset of brems-
strahlung amplitudes up to O(e?/M?), which is needed at
our working accuracy to evaluate the NLO cross section
[cf. Eq. (23)], then the contributing amplitudes LO through
N?LO are consolidated as

M, = Mo+ Mo + ;\V/INNLO + /\~4N3Lo . (57)

where the tildes indicate only those parts considered in this
section that contribute nonvanishingly to our lab frame
O(a®/M) cross section, as summarized below:

My = MET 4 MUT 4 pPOT 4 pglP O (58)

i

& (i |, 4 4lp()A]
+ MU 4l +MW

MNLO - M
+ MW Ty MW Y (59)
MNNLOZM[lii]"‘M[Ii]"‘M[ :|+M[ ]
+ MPET L PO pqlr
+ My[;( 7l MEOT g pm®T 4 gl
+ MED and (60)
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Vol |y
144 144
)y gl
+ MmO, (61)

v p(1):;®
MNSLO - M}/[J/*
[x(e)
+ M,

Finally, we note that the total squared matrix element for
the bremsstrahlung process (S,.) could be decomposed into

distinct charge-even (séiln) and charge-odd (Sffj)d) chiral
order (v) components based on lepton charge symmetry of
the products of bremsstrahlung amplitudes, i.e.,

’;

SbrEZ|M *2_2

spins v=0

even + Z Sodd (62)

As we subsequently demonstrate, at the desired level of
accuracy, the matrix elements of chiral order components

S(uz?a)

oven and Sgﬁi“), arising from the interference of the
aforementioned amplitudes, do not contribute to the NLO
cross section. Next, we separately determine these charge-
even and charge-odd components.

C. The charge-even bremsstrahlung component

The component of the cross section for the inelastic
charge-even (anti)lepton-proton bremsstrahlung process is
obtained from the direct-interference (see Introduction)
product of Feynman diagrams in which the bremsstrahlung
photon is emitted from either the (anti)lepton or the proton
legs of both graphs. As a result, the cross section remains
symmetric under conjugation of the lepton’s charge. In
particular, we evaluate the charge-even differential cross
section, Eq. (23), corresponding to the single soft-photon
emission process contributing to the lowest-order QED
corrections to the elastic #=-p scattering up to and includ-
ing NLO accuracy [i.e., O(a’/M)] in HByPT. The only
nonvanishing contributions to the charge-even results stem
from the LO and NLO diagrams (cf. Figs. 2 and 3). Apart
from a few chirally enhanced diagrams beyond NLO,
which contribute higher-order terms [i.e., O(a’/M?)] to
the charge-even cross section, most yield vanishing con-
tributions when integrated over the soft-photon emission
energies within the range 0 < E, < A,.. Their noncontri-
bution relies on the fact that, in dimensional regularization
(DR), scaleless loop integrals vanish identically, i.e.,

dk ()™ R
/ )i (o k+ i) (63)

1. v=0 charge-even contribution

The charge-even cross section component for soft-
photon bremsstrahlung at LO [i.e., O(a?)] is obtained
from the following charge-even components of the squared

matrix elements, stemming from the LO bremsstrahlung
amplitudes (cf. Fig. 2):

even — Z'MLO |even

spins

—ZJWWH+MWW-HM i

spins

0):f],2 L] I;f
+ | MPOTPE L oRe (MLYJ M

[p(O):i] T 4 ([P(0)sf]
+ MO pqlrt )} (64)

After integrating over the phase-space, the LO differ-
ential cross section for charge-even bremsstrahlung cor-
rections in SPL can be expressed as [14]

Q) N A
X [Lii 4 Ly — Lig] , (65)

{d(m] v __a [da”(Qz)]
V44 0

where [d"g—g(z,Qz)}o denotes the LO Born/OPE differential
1

cross section for the elastic lepton-proton scattering proc-
ess, Eq. (21). Here, L;;, Lg, and L;; are IR-divergent
integrals which result from the integration over the soft-
photon energy 0 < E,- < A,.. Following the methodology
adopted in Refs. [11,45-49], we boost to the so-called
S-frame (the center-of-mass frame of the recoiling proton
and emitted soft photon), where such phase-space integra-
tions are conveniently evaluated. This approach facilitates
the extraction of the corresponding IR-finite contributions,
L, Ly, and Ly, using DR. However, here we quote the
integration results borrowed from Ref. [14], as expressed in
lab-frame coordinates (see Appendix B for details of the
evaluations in the S-frame):

1 Aru’® .
Lii =T —+]/E—ll’l ﬂ—/; +2ﬂ'Lii;
‘SIR| my;
Lo L (HArEN 1 14p 66
=3 e ) "M\ 1 (66)
1 Adru? .
Ly=n|—+rg—In —/; + 27Ly;
|€IR‘ m;

. 1. [/4A2E? 1 144
Ly :?n(ﬁ) — [ (67)

and
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4y’ 2 +1 1 -
Lif YE — ln( ”/; ) <Ul * > In vt + 277,'Lif;
lew| m; 7 v =
. 2 11 4A% E? 1 1 ! 1 -E
Lif:yl+ ln< 2;/ rz)ln[yl+ ]+12 +ﬂ/ - +L12 NE! )
2y, m;E v —1 1-p 1-p ﬁ)Etfl,
ME —E ME —E AE
Liy(l-—"——— ) -Lip ([l -—————— ) - Lip ([ 1 - 68
’ ‘2< (1 +ﬂ’)E’§y) 12( (1 —ﬁ)Eﬂuéy) 12( (1 +ﬂ)Eﬂba§y> (©%)
|
, We note that in Eq. (64), none of the terms in the squared
where UZ(QZ) =\/1-5 fp(Qz) == A matrix elements, |/\/l1[f;£0);l] + M%EO);W, contribute to the
2,(0%) = P H cross section as they lead to scaleless integrals vanishing

Here, = |p|/E and ' = |p’|/E’ denote the initial and
final lepton velocities, yp = 0.577216... is the Euler-
Mascheroni constant, and &g =(4—D)/2<0. Furthermore,

the well-known dilogarithm or Spence function that appears
in Eq. (68) is defined by

according to the condition given in Eq. (63). Thus, at LO,
there is no contribution from amplitudes where the proton
radiates a single soft photon to the charge-even bremsstrah-
lung cross section. The corresponding fractional contribution
to the charge-even differential cross section at LO is
expressed as follows:

= In(1
Liz(z)_—Azdt “(t ) viec.  (9)
|
seven) do (LOseven Q2 V*SAY*) dae Q2 a (= T 7
Q8] = T()] [ “aar| = men = (Lo Lo~ 1)
s o
2 4A2,

(0) ) a vy + 1 I/1+1 0% 1+ﬁ

R . —|—==——In|——] =11 —

YY(Q)+E (21/, n[v,—l 1 m? + 1-p

RN A -1
+< 2 ){le<1_(1—ﬁ)€u

. A, —1
‘L12(1 U PAE

2
5

. a=1
>+L12<1_(1+ﬁ)a>

>} +5(L0 1/M;even) (Q2 )’

. A, —1
- le (1 - (1 _ﬂ)ﬂ“vfu>

(70)

where the O(1/M) component of the charge-even LO result is given by

(LO—1/M:even) B aQZ I/l+1 I/Z+1 _ _ l_ 1/12+I/[+1 ﬂ
5}’7* (szAy*)izﬂMEﬂz ﬂ2< 21/[ |: [_1:| 1) {ﬂ ﬂ( l/[ )}ln l—ﬂ
y%+1) A(1+p)-1 . < A,—1 >_ A,(1=B)— | < A,—1 )
+ﬂ< 21/1 {éu(l_ﬁ)_ﬂw_‘_l ! (l_ﬂ)éu 5u(1+ﬁ)_ﬂw+1 ! (1+ﬁ)§y

4

A—1
i +ﬂ)ﬂy§y—ﬂy+1ln<(1 +ﬁ>5m>

_(1—ﬂ)ﬁgf—mll“((lﬁbﬂ?é@)} +0(5)

and the LO IR-divergent part of the charge-even soft-photon bremsstrahlung component is given as

IR} (0% =

[
|IR|

dmp®
mj

(72)

I/lz‘l—llnyl"—] 1
21/[ l/l—l '

Regarding our expression in Eq. (70), a few typographical errors were identified in the corresponding expression, Eq. (67) in
Ref. [14]. These errors have been rectified in the recent SPA-based TPE work of Goswami et al. [20].
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The same charge-even result also applies to antilepton
scattering off the proton. Note that the above expression is
not genuinely LO in the strict sense of chiral power
counting, as it includes the O(1/M) kinematically sup-
pressed terms from quantities such as E' and ', where E' =

— 0?/(2M) and
(-3)

Such higher-order terms must be systematically accounted
for to be consistent with the NLO contributions, which we

Q2
2ME

p=p-

Lorentz gauge charge-even bremsstrahlung result is iden-
tical to the one obtained previously by Talukdar et al. [14]
adopting the Coulomb gauge. The IR divergence of
Eq. (72) is specifically canceled when added to the virtual
photon-loop corrections (attributed to the one-loop self-
energy, vertex, and vacuum polarization corrections) to the

elastic cross section in HByPT. These virtual QED radi-

ative corrections 5%0 e \ere analytically computed in

several earlier works (see, e.g., Refs. [11,14,46]). Thus, we
have the following corrections to the charge-even elastic
cross section arising from all the LO amplitudes involving

subsequently examine. We further note that the above LO
|

the virtual photon loops:

(LO:even)

LO even) (Q2> d O yirt (Qz) do-el(Qz)
dQ; dQ;
v 0
2 2 2
(0) ) a |v© + 1 v+ 1 Vs — 1 21/1 + 1 v+ 1
=1IR - 1 1 1 -2
() + | 4y 8 L, -1 " du? - 2y, 8 v, —1
2 2
v~ +1 Sy +1 Sy —1 1 2mj v+ 1
L —-L — 1
T { 12( 2, ) 12( 2, 0T 14E2) -1

3

3-12 ve+ 1
/ /
f_w{ (f 3) 3 vp—1
2ml

aQE 21 [y+1 1
- LS o).
(Q2+4E2> v HLI— 1] * (M2>

where vy, = /1 - 4m%’” /Q?%. We find that the IR-divergent component is exactly equal in magnitude and opposite in sign
to that arising from the charge-even bremsstrahlung correction:
1 dmp® v+1 [v+1
— —In In -1].
|IR|+}/E <m12> ( 2u v—1

Following the consistent subtraction of infrared singularities, we obtain the total one-loop IR-finite fractional radiative
correction to the charge-even (anti)lepton-proton elastic differential cross section stemming from all LO amplitudes [14]:

1
2 4
(U”+3>+

(73)

(Z

IR} (0?) = -IR\(0?) =

(74)

do LO even) (Qz) do (QZ) o O
5 (LO:even) / ~2 o el 5(L even) ; ~2 5 (LOseven) / ~2 A
2y (Q ) l dQ; , / dQ? . (Q )+ (Q s By )
4
2 2 2 2
alvi+1, |y+1 vi—1 v +1, (y+1| vi+1) . [y -1 (v +1
=— \ 1 -2 1 - L -L
T 41/] n|:l/l— 1:| n|: 41/12 + 21/1 n vy— 1 21/1 2 21/[ 2 21/]

_I_

1 ([ 2m} v+1 2 8 3-17 N
_ 1 1,2 _= 2
vz<Q2+4E2)“Lz—1]+f-;.f{3<yf 3>+Vf< o1 ot

1/,2, v+ 1 v+1 v +1 4A7. 2 p yl—f—l
R L —1} {( 2, >ln[u,—1]_l}ln T /3+( 2y,
1-4, 1-2 -4,
1 v
e (1) 1 (1 ) e (e (s :)}
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aQ? - B 2mER \?2 v +1 1 vi4u+1 1+p
 2aMEp’ S 1{1+ +2<Q2+4E2> }ln[vl—1}+{ﬁ_ﬂ< v )}m 1-p
ﬁ( +1>{ L,(1+p5) -1 ln< A,—1 )_ (1-p)—1 n< A, =1 >
2up JLE(=B)—4,+1 \(1=-p)/) &E(+p)—4+1 \(1+P)E,
uﬁ /1 -1 Ayﬁ /11,—1 1
_(1+ﬂ)/11/§1/_/11/+11n<(1 +ﬂ>§v/1v> _(l_ﬁ)lugy_ﬂv_‘_11n<(1_ﬂ)§y/lv>} +O<W> ’ (75)
where 5(L0 even) s obtained from Egs. (70) and (71).

2. v=1 charge-even contribution

Here, we compute the genuinely dynamical NLO charge-
even contributions by involving the NLO soft-photon
bremsstrahlung amplitudes. This requires the following
charge-even component of the interference of the LO
and NLO matrix elements to be determined (cf. Figs. 2
and 3):

St =3 [M{OMNLO + H.c.}

spins

=2ReY {(Mfﬁ + M) (MY[;_ N My[;_f ) >

spins

even

[p(0):i] [p(O):f]) [p(1):i] [p(1):]
+(MW + M ) (MW + M

+M[ ]+M[ ]+M A

+ M;;E‘W)] : (76)

After integration over the bremsstrahlung phase-space,
we obtain the following expression for the NLO charge-
even differential cross section in SPL:

dU(NLO seven) (Q2> E;<Ax)
i
144

*

a [do,(Q?
T22M { d[—g(z; )} O[LLii +LLg—LLy), (77)

where LL;;, LL, and LL;; are IR-finite integrals, conven-
iently evaluated in the S-frame (see Appendix B for
details). However, here we require their expressions in
the lab frame, which are given as follows:

2zAE
LLii = LLff = E/ s and (78)
dzA,E (1 1
LLif = i / + I/l In l + . (79)
E 21/[ vy — 1

As in the LO case, we find that all NLO matrix elements
corresponding to the proton emitting a single soft photon in
Eq. (76) lead to scaleless integrals that vanish in DR. The
corresponding NLO correction to the charge-even differ-
ential cross section is finite and given by

5(N}O;even) (QZ A *)

144

seven) Ep<Ap)
B dG(NLO ( Q2 )
B dQy;

do_el(Qz)
d<,

/e
2aA 1412 v+ 1 1
v i I
= 1 -1 O(—]). (80
M < 2y, ) HLI—J - <M2> (80)

Notably, unlike at LO, our charge-even result involving
the NLO amplitudes differs from the calculation of
Talukdar et al. [14] where, by adopting the Coulomb
gauge condition, v -k =0, it yielded higher-order terms

(N*LO;even) - O(l/Mz)
o4 :
Beyond these NLO matrix elements, no further charge-
even bremsstrahlung contributions to the NLO cross
sections arise. All possible interference matrix elements
involving the products of chirally enhanced NNLO and

N3LO bremsstrahlung amplitudes, namely, those contrib-

in the cross section, namely, &

uting to S¥=2) and SY3) . either yield cross section terms
of O(1/M?) or vanish upon integrating over the brems-
strahlung phase-space. Thus, we obtain the total corrections
to the charge-even (anti)lepton-proton differential cross
section due to the soft-photon bremsstrahlung calculated up
to and including NLO [i.e., O(a®/M)] below:

(E SA,*)/

rY

(even) ; ~2
6yy* (Q A * )

even (Qz)
dsz;

dgel (Qz)
Q)

0
) + 5(NLO even) (Q2 )

= IR{))(0%) + 6" (0% &) + 6, (0%, A,)

+ 0<M2) (81)

_ (LOseven) ; ~2
= 500 (2, A
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FIG. 7. Finite fractional charge-even soft-photon bremsstrahlung corrections, sleven) — gleven) _ IRSOE [expressed as a percentage
relative to the LO Born/OPE differential cross section, Eq. (21)], to the e*-p (left panel) and yu*-p (right panel) unpolarized elastic
scatterings presented as a function of |Q?| in HByPT. The results correspond to three fixed values of the incident lepton beam momenta
proposed by the MUSE experiment: 210 MeV /¢, 153 MeV/c, and 115 MeV/c. The blue (green) dashed (dashed-dot) curve represents

the sum of all genuine chiral LO [NLO], i.e., O(M°) [O(M~")] terms 5}(,2ieven) [(if:,ieven)], given in Eq. (82) [Eq. (83)], and the red solid

curve is their sum (LO 4+ NLO) 6;(;ieve") + éxieve") (labeled “Total”). All curves are evaluated at a nominal detector cutoff of A« = 1% of

the incident lepton beam energy E. The yellow shaded band indicates the sensitivity of the full result to the acceptance in the
range 0.5%FE < A, < 2%E.
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(LOseven)

where 6, - was already given by Eq. (70). For conven-

ience of dlsplaying our numerical results (cf. Fig. 7), we
have equivalently expressed the above contributions by
isolating the genuine LO (v = 0) and NLO (v = 1) chiral
|

2 4A2
(0seven) 2 a v +1 17 +1 v
0, - JA) =— 1 —-11
n (0% 4,) 7 ( 2y, HLI -1 n m? +

{1 -5e) () - (1) (-

components of the finite soft-photon bremsstrahlung cor-

rection, as given by 6(0 even) _5(LO even) —6(LO V/Mzeven) ang

5(1 seven) _5(LO 1/M; even)

74
" 1/12 +1
21/[

NLO; even)

+ 5( , respectively, namely,

2 1
In +p

po\1-p

2, -1 >
1+ 548, ’

(82)
and
(L;even) . aQZ _ yl—’—1 yl+1 _ _ l_ 1/[2—|—1/l—|—1 ﬂ
o (QZ’AW)_%TMEﬂZ 2'32(21 " [Vz—l] 1) {ﬂ ﬁ( iz >}ln 1-p
u%+1> A,(1+p)—1 . ( A, —1 ) A, (1=p)—1 | < Ay—1 )
+ﬁ( 21/1 {‘Sv(l_ﬁ)_ﬂu+ln (1 ﬁ)gu 1/( +ﬁ) l +1n (1+ﬁ)§1/

AP

N

A—1
(i men) ot - ﬂy+11“<(1—/3>m)}

4A ER [ (1
e

Similarly, it is interesting to note that there are no genuine
NLO amplitudes involving the virtual photon loops that

contribute to charge-even corrections to the NLO cross

. . NLO; . .
section, i.e., 5,(,y even) 0, as previously reported in

Ref. [14]. Hence, the total one-loop IR-finite radiative
correction to the charge-even (anti)lepton-proton elastic
differential cross section calculated up to and including
NLO [i.e, O(a3/M)] is given as

even (Q2 ): even (Q2) dGeI(Qz)
dQ; dQ)
2y
(LOseven) NLO;even
=85, 0 (Q%. 8, ) 48,7 O (@2,
(84)
where 5<LO even) \as already given by Eq. (75). Figure 8

dlSplayS the numerical estimates of 5<2‘;V6“)

uE-p scatterings.

for e*-p and

D. The charge-odd bremsstrahlung component

The cross section for the charge-odd (anti)lepton-proton
bremsstrahlung process is obtained from the exchange-
interference (see Introduction) products of amplitudes, where
the photon is emitted by the (anti)lepton in one and the proton

-I—z/lz In v+ 1 _1
21/1 I/l—l

(83)

I
in the other. Consequently, the cross section changes sign
when the lepton’s charge polarity is reversed. Below, we
evaluate the charge-odd differential cross section in Eq. (23),
corresponding to the single soft-photon emission process,
which contributes to the lowest-order QED corrections of the
£*-p cross section, up to and including NLO accuracy [i.e.,
O(a®/M)] in HByPT. In contrast to the charge-even brems-
strahlung cross section, we will now obtain nonvanishing
contributions from chirally enhanced NNLO and N3LO
amplitudes with a single soft-photon radiated from the
final-state proton.

1. v=0 charge-odd contribution

To compute the charge-odd cross section for soft-photon
bremsstrahlung at LO, it is necessary to determine the
following charge-odd component of the squared LO matrix
elements (cf. Fig. 2):

Su” =" Mol

spins

:2Rez [(M}[/lyl] +M£lyf]> t (ML’;EOM —l—M%O);ﬂ )} .

spins

(85)

033007-18



CHIRAL ENHANCEMENT IN SOFT-PHOTON BREMSSTRAHLUNG ... PHYS. REV. D 113, 033007 (2026)

T T T T T

a0l ]

0.00 0.02 0.04 0.06 0.08 “0.00 0.02 0.04 0.06 0.08
|Q? (GeV/c)? IQ? (GeV/c)?
O T T T T T T T

T T T T T T T T T T T T T T T 1,5 T T T T T T T T T T T T T T T

— A, =1%E
_20: k! t
'1 n n n n 1 n n n n 1 n n n n 1 n n n n 14 _1.0'1 n n n n 1 n n n n 1 n n n n 1 n n n n 1
0.00 0.01 0.02 0.03 0.04 0.00 0.01 0.02 0.03 0.04
|Q? (GeV/c)? 1Q% (GeV/c)?
0' T — T v T T T ]_.5', T T T T T
1o}
—_ [ ]
§ 0.5: ]
= [ ]
g I ]
& 0.0 ]
e r ]
[ — A, =1%E ]
I ] -0.5f ]
—20¢ d
'1““1““1““1““1““14 _.OA 1 1 1 1 1
0.000 0.005 0.010 0.015 0.020 0.025 0.000  0.005 0.010  0.015 0.020 0.025
IQ?l (GeV/cy Il (GeV/cy

FIG. 8. Finite fractional charge-even radiative corrections [expressed as a percentage relative to the LO Born/OPE differential cross
section, Eq. (21)] to the e*-p (left panel) and p*-p (right panel) unpolarized elastic scatterings presented as a function of |Q?| in HByPT.
The results correspond to three fixed values of the incident lepton beam momenta proposed by the MUSE experiment: 210 MeV/c,

153 MeV/c, and 115 MeV/c. The red solid curve represents the total charge-even radiative corrections, 6(2?6“), Eq. (84), evaluated at
the nominal detector cutoff A, = 1% of the incident lepton beam energy E. The yellow shaded band indicates the sensitivity of our

result to the detector acceptance in the range 0.5%FE < A, < 2%E.
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After phase-space integration, we obtain the LO charge-odd lepton-proton differential cross section in SPL as

(Ep<A0) 5 5
dael(Q ) |: Q

Q]

(LOs0dd) / ~2
do, . (09 aM
= = El, -EI —(EI,-EI,)|, 86
) * 207 1 2+2M( 3 4) (86)
vy

0

where [, ; are IR-finite and /5, are IR-divergent integrals. The integrals are most conveniently evaluated in the S-frame
[cf. Appendix B]. However, here we need their corresponding expressions in the lab frame, namely,

b %m %ﬁ (87)
I, = 4ZIAEy/2E n lltg: 5s)
I; :;Z :%+YE—1H<4:1/;2>‘| In 1:? 27l5;

. :ﬁiE E (42%;2) " %%m (ﬁz—ﬁ1> -5l <ﬁ2+ﬂ1) . and (89)

27 | 1 Amp? 1+p ~
L=ty =t ) [ty D 4 24y
4 ﬁ/E/ |8IR|+7E n( m[2 ) n l_ﬁ/+ Ty
1 | fane L+p 1. (28 \ 1.. (2§
14 = ﬁ/E/ 1[1( mIZyEQ In 1 —ﬁ/ + ELIZ <ﬂ/ — 1> - ELIZ <ﬂ—/ i 1> . (90)

The corresponding fractional contribution to the charge-odd lepton-proton differential cross section arising solely from the
LO soft-photon bremsstrahlung amplitudes is given as

) (Ex<A+)
sLosia) o 5y _ |40 (0?) / do.i(0%)
s o o iTeY
! . Lo
rr
aM Q% ~ ~
=IR))(0%) + 208 [Ell ~E'L+ =~ (EL, ~ E’Q)}
2aA,- 1 14p e
_ (1) (LO—1/M;0dd)
- IRW*(QZ) B ﬂEﬂyZ b (ﬂ_ﬁ> tn m +57y* (QZ’AV*)’ (91)
where
2
(LO-1/M:0dd) / 2 —aQ? 44 1 1+p 34, 1 1 (2P . 2P
P A )= 1 1 — )y /—2 4 —(p=2)dLi, (22 ) —L
1 (O Ar) =5 MEp n(m% TP g) ™ =g (e T\ Mot T
2 A p 3 1 1+p 1
I+ (1+= —— | plny[—— — 2
ﬁ{ (1) (0 ﬁ)}“ 25| *ole) 2
with the IR-divergent part given by
1 dmp® 1 1+ p 144
IR0 =2 | — eI 8 ) | |2lny /b -1
144 (Q> o |SIR|+yE n ml2 ﬂ l—ﬁ ﬂ/n l_ﬂ/
aQ? 1 dmp® 1 1+ p 1
== |— -1 1 ——|Iny/— Ol—|. 93
2aMER |Jew] 7" “(m%) +<ﬂ ﬂ)“ -5 | " 9
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The following two features of the charge-odd soft-

photon bremsstrahlung result merit attention:

(i) First, akin to the charge-even contributions, we
again observe that the above expression is not
genuinely LO since it also includes O(1/M) terms
which are commensurate with the NLO corrections.
Moreover, the LO contribution receives additional
modifications from chirally enhanced graphs of
O(M) and O(M?), which, under standard power
counting, would be classified as NLO and
NNLO terms.

(i) Second, in our charge-odd bremsstrahlung cross
section up to and including NLO, the IR divergence
arises solely from the LO amplitudes. However,
again at the genuine LO, i.e., O(M°) correction to
the cross section exhibits complete cancellation of
the IR-divergent terms, leaving a residual O(1/M)
IR divergence that effectively contributes to the
NLO cross section.® As revealed in our subsequent

|

analysis, no additional charge-odd IR divergences
arise from the genuine NLO corrections to the soft-
photon bremsstrahlung cross section.

To cancel the residual O(1/M) IR singularity, it is
necessary to include the TPE counterpart, such that the
total charge-odd radiative correction to the elastic cross
section is obtained as a finite physical quantity. Recently,
the low-energy TPE corrections to the elastic cross section
were analytically evaluated exactly up to and including
NLO in HByPT by Choudhary et al. [19]. It turns out that
in the corrections to the TPE cross section up to O(1/M),
the IR divergences arise solely from the LO TPE box
amplitudes with no additional singularities arising from the
genuine NLO TPE amplitudes. The two LO IR-divergent
parts of the TPE exactly cancel, leaving only a residual IR
divergence of O(1/M) that contributes to the NLO TPE
cross section [19]. From Eq. (33) of Ref. [19], we find the
following analytical expression for the IR-divergent part of
the TPE cross section up to and including NLO in HByPT:

1 4y’ 1. 1
IRTPE(QZ) IR}’}’ (0% = - @_FYE_In( :1'; >1 Bln l%g_ﬁln
_aQ? 1 Aru? 1 1+8 1
~ 2MER m*”‘l“@;)] ‘*(ﬁ—ﬂ)“‘ =5 +@(Mz>- (94)

With equal and opposite charge-odd IR-divergent terms
arising from the TPE and exchange-interference (see
Introduction) soft-photon bremsstrahlung counterparts,
the net charge-odd radiative correction to the elastic cross
section up to and including NLO is therefore finite. The
work of Choudhary et al. [19] used analytical techniques,
such as integration by parts and partial fractions, to evaluate
the TPE box diagrams, which, from the LO amplitudes,
yielded the following form of the result:

(%)
dQ’
144

LO odd) ; 2
<Q )= [dod@z)}
- Jo
W) (2 07| 1
= IRpg(Q7) + 7a T
2E 1+ 4E2
+o7 M (0% (95)

Here, the second term is our HByPT version of the
McKinley-Feshbach term [54], and the IR-finite term

SThis feature is reminiscent of the analogous singularity
structure of the LO TPE cross section, as discussed in the work
of Choudhary et al. [19], constituting the charge-odd virtual
correction counterpart of the exchange-interference (see Intro-
duction) bremsstrahlung cross section at LO.

S8 L O(1/M) is taken from Choudhary et al. [19],

wherem one can find the detailed expression. In particular,
the latter O(1/M) correction effectively modifies the
contributions from the seven other genuine NLO TPE
diagrams [19]. Hence, the total one-loop finite fractional
radiative correction to the charge-odd elastic differential
Cross section is

do_il;ozodd) ( Q2)
aQ,
2y

LO odd) ()2 A )
(Q r)= [dad(Qz)}
dQ! 0

LO odd) (Q2 )+5y];0 ;0dd) (Qz) (96)
where 6, is given by Egs. (91) and (92), and 57, """
is given by Eq. (95).

2. v=1 charge-odd contribution

Next, we compute the genuinely dynamical NLO charge-
odd contributions to the cross section by involving the NLO
soft-photon bremsstrahlung amplitudes. The following
charge-odd component of the interference of the LO and
NLO matrix elements must be determined in this case
(cf. Figs. 2 and 3):
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odd Z [MLOMNLO +H.c. ] odd
spins
— 2Ry [(My;i] + M) (MDD Al g PO A0 pqlrt
spins

4 IOy ) (g0 4 p 00 (M[zngrM[z?g)]_ (97)

144 vy

After the integration over the bremsstrahlung phase-space, the corresponding charge-odd lepton-proton differential cross
section in SPL can be expressed as

|j:1 (NLOOdd <Q2)‘| V*SA, ) B aM 2
14

EI, —E'I, + o {11 + 1, +— 5 (El5 - E’I6)}

2M
+ O(%) , (98)

where I, , 5 ¢ are all IR-finite integrals. These integrals are most conveniently evaluated in the S-frame whose expressions
are presented in Appendix B. Translating those results to the lab frame, the corresponding expressions for /; ; have already
been presented in Eqgs. (87) and (88), while those for /5 and Iy are, respectively, given as

dgel (Qz)
doy

Q) T 202

0

0> 4m}(E + E')
+57 1 Bl - E’Iz—l—m(ll—lz)

27zA§* E? 1+ 4

Is = GEE" In = and (99)
27AZ E? 1+
16 = ﬂ/£/3 ln 1 —ﬁ/' (100)

We then obtain the fractional contribution to the charge-odd lepton-proton differential cross section at NLO [i.e., O(a®/M)]
arising from the LO and NLO bremsstrahlung amplitudes. As mentioned earlier, the NLO correction is IR finite and given
by the following expression:

p o NLOz0dd) (QQ) (B <bp)
NLO odd)

Ay = | P /

i

20A,- 1 1+p (NLO 1/M;0dd)

SNLO=1/Mz0dd) (52 Ay _ aQ? 247 34, . 24 247 1
rr (0%.4,) = 2 2 2 + + >\ P
2MER | Q°  Ep 3 0 7

+2 (545 +2ﬁ)} 2+ o(ip) (101)

We find that the above expression is not genuinely NLO [i.e., O(1/M)]. Interestingly, the first term contains a LO [i.e.,
O(M")] term due to the chiral enhancement. This contribution originates from the NLO amplitudes involving the final-state

do_el(QZ)
ae,

proton radiation, each containing a proton propagator that scales as O(M), namely, M[y’;ﬁl) A, M}/[;(O);f] , and M%O) '®

which yield the above LO component. It is important to recognize that the O(1/M) terms from the previously considered
5(LO 1/M:0dd) 5y n Eq. (92), must be retained alongside 5 (NLOwodd) 4,

properly account for the complete NLO contribution. In addition, one must also include the potential contrlbutlons to the

LO charge-odd bremsstrahlung correction, namely,
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NLO cross section arising from the O(M) chirally enhanced NNLO and N*LO bremsstrahlung amplitudes, which we
examine in the following analysis.

3. v=2 charge-odd contribution

The computation of the charge-odd component of the cross section for soft-photon bremsstrahlung up to and including
NLO entails the inclusion of additional exchange-interference matrix elements involving products of LO and NLO
amplitudes with chirally enhanced N’LO amplitudes (cf. Figs. 2—4):

odd ZlMNLO|odd + Z[ ! oMuynro + H.c.]

spins spins

odd

- 2Re2[(My[§] +My[5f])T(M[P<' o +M[ ] + M ) + (ML’;?J +M£’;9)*
spins

p07] | gl O] | gt | gl pqotinsl | g loOT8) e ME)

X (Mw*
+M£‘;§°);f“(/\/l[ 4] +M[ d + M +M[y’;9’”)] + O(#) (102)

Here, the O(1/M?) terms correspond to neglected products of amplitudes lacking chiral enhancement, resulting in
higher-order contributions to the charge-odd bremsstrahlung cross section. We have relegated all such O(1/M?) terms
€5 to Appendix A [see Eq. (A36)].

After the phase-space integration, the terms displayed in Eq. (102) yield the following additional correction terms to the
charge-odd lepton-proton differential cross section up to and including NLO in SPL:

(NNLO odd) / ~2 (Ey<Ap) 5 ’ ’
do (Q ) a dGeI(Q ) 2 Q M
—br =/ = I +1 2(Els —E'l 2 1)(EI, -E'I
o w07 | a9 |, QI + 1) +2(ELs = E'le) + 5 3 (EI, 2)
r
3 , 1 , 1
+(I5+I6)—I—@(EH—EIS)—#@(E@—EIIO) +0 e
a d0e1<Q2) Q2 1
~3207 | dgy 0 Q2(11+12)+2(EI5—E’16)+ﬁ(15+16) +0 ) (103)

where the finite phase-space integrals I, , 5 ¢ have already been presented earlier. The integrals /7 g9 19 Were evaluated by
boosting to the S-frame [cf. Appendix B] and subsequently translated back into the lab frame after their evaluation. They are
given below:

B 4nA3*E2 1+

I 1 , 104
4nA3 E? 144
=g [T (105)
4nAZE g 144
Iy = ! '— (1 - |In4y/——= |, d 106
9 2ﬂE/ /B < ,B) n 1 —ﬂ an ( )
4zA>. E? B 144
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Here, we reiterate that in our analysis, the proton’s rms
charge radius r), is determined as a phenomenological fixed
LEC. Since it implicitly accounts for all possible pion-loop
contributions responsible for the proton’s hadronic struc-
ture, it must therefore scale as r7, ~ O(1/M?). Thus, all
terms enclosed within the curly brackets “{---}” in
Eq. (103) appear to scale as O(1). However, the subtlety
here is that all the following combinations of integrals scale

as (EI,—FE'l,)~(El;—FE'Ig)~(Ely—E'l,y) ~O(1/M);
|
0 *_A*
5(NNLO;0dd)(Q2 A ) _ dG(NNLO dd) (QZ) <A, /
144 Y dQQ .
Yy
4 A, 1 o
ahy +ﬁ+5(NNLO 1/M: dd(
ﬂEﬁ 1-p

aQ?

5(NNLO=1/M;0dd) (0% A,) =

dGel(Qz)
Q)

namely, they are all kinematically suppressed with O(1)
terms canceling out. Multiplied by the factor Q?/(2M),
all the terms within the curly brackets, except for
Is ~Is ~ O(1), scale as O(1/M?) and hence are ultimately
discarded. Accordingly, the only additional finite fractional
contribution to the charge-odd lepton-proton differential
cross section up to and including NLO, involving the
chirally enhanced NNLO amplitudes, is given as

0

Q% A,) where

24° X PPE?
2aMER | O ( - Q2>

*

It is indeed interesting that even a LO [i.e., O(MY)]
contribution to the charge-odd bremsstrahlung cross sec-
tion transcends into the otherwise naively counted NNLO
correction as obtained above. The origin of such a term is
attributed to the NNLO final-state radiating proton ampli-

tude M Die) [cf. Eq. (40)] interfering with the two LO

radiating lepton amplitudes M[ /1] , as seen in Eq. (102).

Moreover, we find that the hadronic structure-dependent
terms—those proportional to the proton charge radius r,—
arising from the NNLO bremsstrahlung amplitudes with

odd Z [MNLOMNNLO + MLOMN‘LO + H.c. }

spins

:2Rel<M[Z_ii] +M[@>T<M[ ry f®]+M[

odd

s

i) [\ [p(l);f®] [p</0)vf®
+ (M M) (M LM

144

where O(1/M?) terms again denote neglected higher-order
contributions to the cross section, arising from the inter-
ference between the NLO amplitudes € My and the

€ MynLo-

Such interference terms € 85;133) are not chirally enhanced
and hence are excluded in the above expression, relegating
them to Appendix A [see Eq. (A53)].

Upon integrating over the bremsstrahlung phase-space,
all contributions to the cross section from the interference
terms > ins [MLOMNsLO + H.c.] either correspond to

renormalized pion-loop NNLO amplitudes

2A, 2A§* 2A, 5 1 |
TE 0¥ E <ﬂ+ﬁ> "=

] p(2)fe] | 4 la(e)] (1)
+ ML ol p gl )

renormalized pion loops ultimately cancel out and do not
contribute to the O(a®/M) NLO cross section.

4. v=3 charge-odd contribution

Finally, we account for the contribution from the chirally
enhanced N°LO amplitudes (cf. Fig. 6) in the evaluation of
the charge-odd NLO cross section for soft-photon brems-
strahlung. This involves computing the following interfer-
ence among the LO, NLO, and the chirally enhanced
NNLO and N?LO amplitudes:

]) +M 0):/®]t <My[y~l]

[11] w@)] | g glx0)
+ MU O gl

+0(5).

higher-order terms of O(1/M?) or lead to scaleless integrals
that vanish in dimensional regularization, as per the con-
dition given in Eq. (63). Consequently, none of the chirally
enhanced N*LO amplitudes ultimately contribute to the
O(a®/M) NLO cross section (cf. Fig. 6). The remaining
interference terms between My and the enhanced

(109)

Munro amplitudes grouped in Sg'éj3> solely account for
the following correction to the NNLO counterpart, i.e.,
Eq. (103), contributing to the charge-odd soft-photon
bremsstrahlung differential cross section in the lab frame:

033007-24



CHIRAL ENHANCEMENT IN SOFT-PHOTON BREMSSTRAHLUNG ... PHYS. REV. D 113, 033007 (2026)

dG(NNLO s0dd) (Qz) a do I(Qz) 2}’2 MZ
A = ¢ P _1)(EI, -EI Is +1
aqQ 472M | dQ < 3 )< ! 2) + (Is + 1)
vt
3 , 1 : 1
+@(EI7 - E'ly) +§(E19 —Ely|+0O e
a dael(Qz) 1
0

Here, we again find that the proton’s hadronic structure-dependent terms, arising from the NNLO bremsstrahlung
amplitudes with renormalized pion loops, ultimately cancel out and do not contribute to the O(a?/M) NLO cross section.
Accordingly, the additional finite fractional correction to Eq. (108), arising from the interference between the NLO and
chirally enhanced NNLO amplitudes and contributing to the charge-odd lepton-proton differential cross section at NLO
li.e., O(a®/M)], is given as

0 (B <h)
SN0 0 5 ) _ o |90 (0?) do(0?)
" Q-4) = gy S dQ)
}’J’* 0
2 4AZE?FE 2A2 1 1
___ %0 B 4ﬂ - Vzﬂln AN O — (111)
2aMEp 0 0 1-p M

%(NNLOodd)

where, as stated above, 6 O(a/M) originates from the first two terms in Eq. (110) which are generated by

enhanced NNLO terms, Whlle the genuine N3LO terms of O(1/M?) have been dropped. Hence, the total fractional
corrections to the charge-odd (anti)lepton-proton differential cross section due to the soft-photon bremsstrahlung, calculated
up to and including NLO in HByPT, can be consolidated by the sum of contributions that we obtained in Egs. (91), (92),
(101), (108), and (111) (cf. Fig. 9 for numerical estimates for e™-p and p~-p scatterings):

o2 ()] =)/ 1de,i(0%)
Q) * ey
144

_ 5}(/1;9;0dd)(Q2’ ) + 5(NL0 odd) (QZ ) + 6(NNLO odd) (Qz ) + 5(NNLO odd) (Q2 )

5 (0% A,) =

144 4

0

1 0;0dd 1;0dd
= 1R (0> + 6002, A, ) + 502 A,) + (’)<M2) (112)
where the genuine chiral LO (v = 0) and NLO (v = 1) IR-finite soft-photon bremsstrahlung corrections are given as

0;0dd LO;o0dd) LO-1/M;odd NLO;odd) NLO-1/M;odd
5 (8,) =[50 (02, a,) = 5507 (@2, A, 4 [0 (02 4,0 = SO 02,4,

4 [551;1*NLO;odd ( Q2 ) }(/I;INLO 1/M;0dd) ( QZ, A7*>]

_ daA, 1 1+
= | ) "

which is interestingly a Q*-independent result, and

s(tiodd) ( 0%, A )= 5(Lo 1/M:0dd) ( 0. A )+ 5(NLO 1/M:0dd) ( 02, A)+ 5(NNLO 1/M: odd)( 0% A S(NNLO odd) ( 0. A )

rr* 144
e 4A2, 1 1| 1
= T 2aMER ln<m§> 1+<ﬁ_ﬁ>ln 1-p +5( ){le<ﬂ ) ( >}

42 3PEY\ 4, 3 407 2A, 2
14 )4 Y _)_r _ 4 _
M <1‘ 2Q2>_ E <1+2ﬁ2> {Qzﬂ E ( ) b \/ -
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FIG. 9. Finite fractional charge-odd soft-photon bremsstrahlung corrections 5};@ = 55,3?‘1) - IR;:,E [expressed as a percentage relative
to the LO Born/OPE differential cross section, Eq. (21)] to the e™-p (left panel) and y~-p (right panel) unpolarized elastic scatterings
presented as a function of |@?| in HByPT. The results correspond to three fixed values of the incident lepton beam momenta proposed by

the MUSE experiment: 210 MeV/c, 153 MeV/c, and 115 MeV/c. The green (blue) long dashed (long dashed-dot) curve represents

the sum of all genuine chiral LO [NLO], i.e., O(M?) [O(M~")] terms df(;i(’dd) [5;(,;i°dd>], given in Eq. (113) [Eq. (114)], which includes the
chirally enhanced contributions from NNLO bremsstrahlung graphs with final-state proton propagator components. The black

(magenta) short dashed (short dashed-dot) curve represents the corresponding results without the enhanced contributions from the
NNLO graphs. The red solid curve finally represents the complete chirally enhanced sum (LO + NLO), namely, Eﬁi(’dd) + 55,]1,i°dd)
(labeled as “Total”). All curves are evaluated at a nominal detector cutoff A, = 1% of the incident lepton beam energy E. The yellow

shaded band indicates the sensitivity of our full result to the detector acceptance in the range 0.5%E < A, < 2%E.
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respectively. The above result is consistent with the
standard expectation in HByPT analysis that up to correc-
tions of O(1/M) (i.e., chiral order v = 1) in the radiative
corrections, the proton’s hadronic finite-size structure
effectively does not play any role. As previously noted,
the residual O(1/M) IR divergence IR;I), Eq. (93), is
exactly canceled by the charge-odd counterpart stemming
from the residual O(1/M) IR divergences of the LO
TPE box (a) and crossed-box (b) amplitudes (see
Refs. [12,14,19] for detailed discussions of the TPE
diagrams in HByPT), ie., IR<T1P>E = —IR}(,JI/E. The net
contribution to the charge-odd radiative correction to the
elastic cross section is therefore a finite physical quantity.
In the recent work by Choudhary et al. [19], the contri-
butions to the elastic cross section from the sum of seven
genuine NLO TPE amplitudes—specifically, the box dia-
grams (c), (e), and (g); the crossed-box diagrams (d), (f),
and (h); and the seagull diagram (i), which are not shown in
this paper—were evaluated exactly using analytical meth-
ods. In this work, we will denote these contributions
collectively as

NLO o4 (QZ) box(Qz) + 5xb0x(Q2) + 5b0x(Q2)

+ 5xb0x(Q2) + 5b0x(Q2) + 5xb2)x(Q2>
+ B (2°). (115)
Details of the analytical expressions for the individual
TPE amplitudes are provided in Ref. [19]. The complete
analytical expression of O(1/M) is too lengthy to be
reproduced here. However, for the sake of brevity, we
only provide a symbolic expression for the total fractional
contribution to the charge-odd lepton-proton differential
cross section arising from virtual corrections up to and

including NLO in HByPT, which effectively encapsulates
the complete impact of the virtual TPE corrections:

4629 (0?)
K
)44
[dfm(Qz)}
dqy’ 0
— 55,004 (02) + &) 0?)
= IRp(02) + 8,V (02) + 6, (0?)

ol

where the genuine chiral LO (v =0) and NLO (v =1)
IR-finite TPE corrections are given, respectively, as [19]

599 (0%) =

(NLO;odd) (

(116)

_Q2
2F

87 (0%) = (117)

and

lodd (QZ) ab 1/M) (0?) +5NLOodd (03). (118)
Hence, it follows that the total one-loop IR-finite fractional
radiative correction to the charge-odd lepton-proton elastic
differential cross section calculated up to and including
NLO [i.e, O(a®/M)] in HByPT is given as (cf. Fig. 10 for
numerical estimates for e”-p and y~-p scatterings):

|: LO odd) ( Q2):|
Q)
2y

odd 2 _
(@8, = [dad(QZ)}
) |,
odd (odd)
(0%4,) +670(0Y),  (119)
where 6(°dd) is the total charge-odd bremsstrahlung con-

tribution up to and including NLO, Eq. (112), and 5y§idd>

the corresponding total TPE contribution, Eq. (116).

In the interest of evaluating the total differential cross
section for elastic (anti)lepton-proton scattering, we incor-
porate all QED and recoil-radiative corrections of O(a/M)
accurately up to and including NLO, as well as the hadronic
corrections of O(1/A2) arising at NNLO in HByPT, by
summing the charge-odd and charge-even fractional con-
tributions with respect to the LO Born contribution, i.e.,

x [1 +5<eve“)(Q2, r,) £659(0%.4,)].

(120)

where the charge-odd contributions, —|—6}(,;‘3 ) and 5(0‘3(1),

correspond to the case of lepton-proton (¢~-p) and anti-
lepton-proton (£ -p) scattering, respectively. In particular,

the total charge-even contribution to the elastic cross

section 55"6“) includes not only the charge-even real and

virtual radiative correction components but also the had-
ronic corrections to the LO OPE arising at NNLO in chiral

expansion, 5 NO(I/AZ) as given in Eq. (22). Thus, the
total charge-even fractional corrections (with respect to
the LO Born cross section) can be quantified by the
following sum:

2

35 Q%A r,) =8, (0%r,) 455 (0%A,), (121)

(even)

where &, represents our total charge-even radiative

correctlon result, as obtained in Eq. (84) [cf. Fig. 8]. In
Fig. 11, we summarize our numerical estimates for the total
radiative corrections calculated up to and including NLO
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FIG. 10. Finite fractional charge-odd radiative corrections [expressed as a percentage relative to the LO Born/OPE differential cross
section, Eq. (21)] to the e~-p (left panel) and y~-p (right panel) unpolarized elastic scatterings presented as a function of |Q?| in HByPT.
The results correspond to three fixed values of the incident lepton beam momenta proposed by the MUSE experiment: 210 MeV/c,

153 MeV/c, and 115 MeV/c. The red solid curve represents the total charge-odd radiative corrections 6(2‘;,dd) given in Eq. (119),
evaluated at a nominal detector cutoff A« = 1% of the incident lepton beam energy E. The shaded yellow band indicates the sensitivity
of our result to the detector acceptance in the range 0.5%E < A, < 2%E.
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FIG. 11. Using Eq. (122), the total finite fractional radiative corrections for the #~-p (solid red line) and #*-p (blue dashed line)
unpolarized elastic scatterings [expressed as a percentage relative to the LO OPE or Born differential cross section, Eq. (21)] up to and
including NLO [i.e., O(a®/M)] presented as a function of |Q?| in HByPT. The e*-p results are on the left panel, and u*-p is on the right
panel. The results correspond to the three fixed values of the incident lepton beam momenta proposed by the MUSE experiment:
210 MeV/c, 153 MeV/c, and 115 MeV /c. All curves are evaluated at a nominal detector cutoff A, = 1% of the incident (anti)lepton
beam energy E. The yellow (cyan) shaded band indicates the sensitivity of the lepton (antilepton) scattering results with a detector
acceptance in the range 0.5%E < A, < 2%E.
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FIG. 12. Charge asymmetry (A=), Eq. (123), for e*-p (left panels) and u* -p (right panels) unpolarized elastic scattering cross sections up
to and including NLO in HByPT presented as a function of |Q?|. The results correspond to three fixed values of the incident lepton beam
momenta proposed by the MUSE experiment: 210 MeV /¢, 153 MeV/c,and 115 MeV/c. The yellow shaded band indicates the sensitivity
of our results with a detector acceptance in the range 0.5% < A,. < 2% of the incident (anti)lepton beam energy E, while the blue shaded
band reflects the uncertainty for a wide range of experimentally extracted values of the proton’s rms charge radius (r,) between the CREMA
[56,57][r,, = 0.84087(39) fm] and MAMI ISR [58] [, = 0.87 & (0.014)stat & (0.024)syst + (0.003),,,,4 fm] measurements. The solid
red curve corresponds to our prototype result, evaluated at a nominal detector cutoff A = 1%E and anrmsradius r,, = 0.855 fm, averaged
over the given extracted range.

033007-30



CHIRAL ENHANCEMENT IN SOFT-PHOTON BREMSSTRAHLUNG ...

PHYS. REV. D 113, 033007 (2026)

li.e., O(a’/M)] in HByPT for lepton proton (£~-p) and
antilepton proton (£7-p) scatterings, namely,

58P (0% A,) = 55 (0%, A,

+509(0%4,);  C=ep. (122)
(odd) . .
where 62}, was obtained in Eq. (119).

E. The lepton-antilepton charge asymmetry

As inferred in the Introduction, one major goal of our
paper is to predict the Q dependence of the charge
asymmetry A,:. It yields a measure of the difference
between higher-order quantum corrections affecting the
respective cross sections of lepton and antilepton elastic
scatterings with the proton. Such an asymmetry arises
primarily due to the interference between the OPE and TPE
amplitudes and is expected to be small in magnitude, yet
non-negligible. Its determination provides one of the most
effective means of isolating TPE effects from the corre-
sponding scattering cross sections. We expect that the
MUSE Collaboration will publish their results in this
context in the near future, with an expected systematic
uncertainty of 0.1%. To achieve comparable accuracy,
theoretical predictions within low-energy EFT must
account for contributions at least up to NLO [i.e.,
O(a®/M)], if not beyond. To that end, as per the definition,
Eq. (3), based on our aforementioned HByPT analysis, we
provide the following NLO determination of the asymme-
try observable:

e S ao —a
4 =y lp dat(gtven) dO—i;)"‘dUS_)
dd
__ wMeay)
1465 (0% Ay

(123)

Our definition of the charge asymmetry employs an
opposite sign compared to Refs. [9,26], chosen solely for
convenience and for aesthetic reasons of presenting our
results. This choice has no bearing on the underlying
physics. Our choice is motivated by our exact one-loop
TPE results presented in Fig. 12, indicating that in the low-
energy kinematic region relevant to MUSE, the radiative
corrected lepton-proton cross section exceeds the corre-
sponding antilepton-proton cross section (cf. Fig. 11),
leading to a net positive contribution to the charge
asymmetries of either lepton species. It is worth noting
that a recent updated analysis of radiative corrections by
Bytev et al. [55], based on the scattering data from the
OLYMPUS experiment at DESY, ostensibly indicates that

dog) < dail_) at small momentum transfers. However, the

current paucity of available very-low-energy scattering
data precludes a definitive conclusion in this regard.

The scenario is expected to change with the availability
of high-precision MUSE data. Our results, as shown in
Fig. 12, arise from the fact that the charge-odd components,
namely, the one-loop TPE and the soft-photon lepton-
proton exchange-interference bremsstrahlung, enter with
positive signs for leptons and negative signs for antileptons.
Earlier QED-based analyses employing the SPA [9,26]—an
approximation originally introduced by Tsai [47], in which
one of the two photon propagators is placed on shell—
predicted a negative TPE correction at low energies, as this
approximation neglects contributions from the hard kin-
ematic region of the one-loop TPE graphs. Consequently,
the SPA result contradicts the classic McKinley-Feshbach
expression [54], which yields a positive correction for e—p
scattering. Our recent HByPT evaluation of the TPE within
the same SPA framework [20] exhibited a similar behavior.
Thus, under our sign convention, A+ acquires a negative
value for lepton scattering in all SPA-based analyses. This
feature inherent to the SPA methodology was the primary
reason that its use, particularly at low energies, was
discouraged in Ref. [20]. In contrast, the exact analytical
one-loop TPE evaluation in HByPT by Choudhary
et al. [19], with its corrections, yields a positive sign.
Thus, in the present work, the adoption of the exact one-
loop TPE result naturally leads to a positive sign of the
charge asymmetry.

III. RESULTS AND DISCUSSION

In this section, we present our numerical results pertain-
ing to the elastic (anti)lepton-proton scattering cross section
computed within the framework of HByPT, up to and
including NLO [i.e., O(a®/M)] corrections. Our numerical
results for the soft-photon bremsstrahlung calculations are
obtained using SPL, where the emitted real soft-photon
four-momentum k — 0. This corresponds to photon ener-
gies below a certain detector threshold (A,). In all our
subsequent numerical estimates, A, will be treated as a
free parameter to assess the sensitivity of our EFT results to
external factors, such as variations arising from specific
experimental design choices.

Before outlining our numerical results in the different
figures, we briefly discuss some key aspects of our
bremsstrahlung amplitudes that underpin our cross section
calculations.

(i) As presented in Sec. II, one aspect is the emergence
of chiral enhancement of certain amplitudes which
involve the insertion of final-state proton propagator
components (iS¥) containing the factor (v - Q)~! =
—2M/Q? in their denominators. This highlights the
significance of contributions that go beyond the
naive diagrammatical hierarchy implied by chiral
power-counting expectations. Specifically, radiative
processes involving the final-state photon emission
necessitate the inclusion of chirally enhanced
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amplitudes that could formally arise from contribu-
tions up to N*LO (v = 4 chiral order) since they
could per se yield a non-negligible contribution to
the intended O(a®/M) accuracy of the NLO differ-
ential cross section. Consequently, to maintain con-
sistency in evaluating the cross section up to and
including NLO accuracy, it is essential to account for
all relevant amplitudes—starting from the lowest-
order contribution at O(e*M), stemming from the
LO chirally enhanced amplitude ML’;go);f I [see
Eq. (27)] and extending up to the highest contrib-
uting order at O(e®/M?). The latter can originate
from the chirally enhanced amplitudes, potentially
including those as high as N*LO, which effectively

contribute at O(1/M?)—specifically, M% (3@ and

—

My[;mxf@] [see Eqs. (A54) and (A55) in Appen-

dix A]. In this process, we only retain the relevant
amplitudes that (i) do not vanish in the lab frame
using SPL, (ii) yield nonvanishing contributions
either to the charge-even or charge-odd bremsstrah-
lung cross section upon phase-space integration
using DR, i.e., subject to the condition Eq. (63),
and (iii) could potentially yield cross section terms
of O(a®/M) accuracy in the SPL. Figures 2-6
display all such graphs that satisfy these three
criteria. For completeness, Appendix A provides
the general frame-independent expressions for all
contributing amplitudes, including the numerous
other O(e?/M?) amplitudes that do not enter our
NLO soft-bremsstrahlung cross section in the
lab frame.

(i) It is only upon performing the bremsstrahlung
phase-space integrations that two additional subtle
features underlying our analytical result for the
O(a®/M) NLO bremsstrahlung differential cross
section become apparent—features that are not
readily apparent before integration. First, all
N3LO amplitudes shown in Fig. 6 drop out for
the charge-even case due to the DR condition,
Eq. (63), while for the charge-odd case, some
contributions similarly vanish in DR, while others
result in O(a’/M?) expressions [cf. Eqs. (110) and
(111)]. Second, all NNLO hadronic amplitudes
(those with renormalized pion loops) shown in Fig. 5
drop out as they lead to O(1/M?) cross section [see
Egs. (103) and (108)]. Consequently, the brems-
strahlung cross section up to and including NLO
receives no contribution from the proton’s hadronic
finite-size structure effects. In other words, at this
level of accuracy, the proton effectively behaves as a
pointlike particle.

‘We now turn to the numerical results shown in Figs. 7-12,

which correspond to the proposed low-energy kinematics

relevant to the ongoing MUSE experiment [27-29]. First, we
consider our results for the finite part of the fractional charge-
even bremsstrahlung correction to the unpolarized elastic
(anti)lepton-proton scattering cross sections, defined by

B (2 ALY =85 (02, A,) — IR (02).  (124)

rr Sy rr Sy rr

As displayed in Fig. 7, the red solid line represents the full
result up to and including NLO [i.e., O(a/M)] in HByPT.
The following salient characteristics emerge from the plots:

(1) The corrections for both electron and muon
scatterings are predominantly insensitive to the
variation of the incident lepton beam momentum
in the MUSE experimental kinematic range p =
|p| €[115,210] MeV/c.

(2) The genuine LO [i.e., O(M°)] correction 5}(,2;even>,
Eq. (82), without subleading terms, is almost a
negative constant and relatively large, ~7%, for
the entire range of squared four-momentum transfers
—Q? > 0 for electron scattering. The O(1/M) cor-

ﬁfwen), Eq. (83), on the other hand, are

quite small but positive, monotonically increasing
very gradually in the same range.

(3) For the muon scattering, the corresponding genuine
LO correction has, in contrast, a sharp negative slope
with a maximum of about 2.5%, while for the
O(1/M) corrections, the behavior is analogous,
albeit a factor of 10 smaller than the electron case.

(4) The full charge-even bremsstrahlung correction
for electron scattering is much more sensitive
to the wvariation with the detector threshold,
A€ [0.5%,2%], than in muon scattering, as evi-
dent from the contrasting widths of the yellow
shaded band. This indicates the suppression of
charge-even bremsstrahlung effects for heavier
leptons.

(5) It is important to emphasize that our calculated
charge-even bremsstrahlung correction is smaller than
what was reported in the work of Talukdar ef al. [14].
This is primarily due to the adoption of a different
subtraction scheme for eliminating the IR divergen-
ces. In our analysis, the IR-divergent contribution is a
constant. This contrasts with the |Q?|-dependent
subtraction adopted by Talukdar et al.

Second, we consider our results displayed in Fig. 8,

where we plot the total fractional charge-even radiative

corrections 5§eyven), Eq. (84), calculated up to and including

NLO [i.e., O(a/M)] to the unpolarized elastic (anti)lepton-
proton scattering cross sections. The results include the
analytically evaluated charge-even virtual photon-loop
correction (i.e., self-energy, vertex, and vacuum polariza-
tion one-loop effects) counterparts taken from Talukdar
et al. [14]. The key features observed in the plots are
summarized below:

rections o
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(1) There is little sensitivity of both electron and muon
scattering results on the variation of the incident
lepton beam momentum (p = |p|) in the MUSE
kinematic range.

(2) For electron scattering, the total correction remains
substantially negative throughout the range of |Q?|
values considered at MUSE, exhibiting a very
gradual increase in magnitude with rising |Q?|.

(3) In contrast to the electron scattering, the result for
muon scattering exhibits a change in sign at the low-
momentum transfer region —Q? ~ 0.05 GeV?/c?.
Consequently, at the lowest MUSE beam momen-
tum of p = 115 MeV/c, the correction stays pos-
itive across the entire kinematic range below
|0?| ~0.025 GeV?/c?, while for the largest beam
momentum of p =210 MeV/c, the correction is
positive only within the range |Q?| < 0.05 GeV?/c?.
Beyond that, it turns negative, with magnitude
increasing monotonically with a negative slope.
However, the overall magnitude remains strongly
suppressed, staying within the 1% level throughout
the kinematic interval.

(4) For the same reason discussed in point 4 of Fig. 7,
the magnitude of the correction in our analysis is
smaller than that reported by Talukdar et al. [14].

Third, we consider our results for the finite part of the

fractional charge-odd bremsstrahlung correction to the
unpolarized elastic electron-proton and muon-proton scat-
tering cross sections, defined by

<(odd dd 1
39002 A, ) = 699(02, A,) — IRV (0%).  (125)

Given the charge-odd character, the corresponding correc-
tion for antilepton scattering is obtained by inverting the
overall sign. As displayed in Fig. 9, the red solid line
represents our full lepton scattering result up to and
including NLO [i.e., O(a/M)], obtained from the sum
of Egs. (113) and (114). The salient features of the plots are
summarized as follows:

(1) A comparison with the charge-even bremsstrahlung
correction displayed in Fig. 7 reveals a striking
contrast—the charge-odd bremsstrahlung correction
is smaller by more than an order of magnitude.

(2) Similar to the charge-even case, there is little
sensitivity of both electron and muon scattering
results on the variation of the incident lepton beam
momentum.

(3) Unlike the charge-even bremsstrahlung correction,
the magnitudes of the full (including enhancement)
charge-odd bremsstrahlung correction for the elec-
tron and muon scatterings are similar (they are
slightly larger for the electron case). They become
more negative with increasing |Q?| and have com-
parable slopes.

(4) The genuine LO [i.e., O(M°)] correction 5;(;;°dd),
Eq. (113), is a positive constant, independent of |Q?|

for both electron and muon scatterings, whereas the

O(1/M) correction 51(,i;°dd), Eq. (114), yields a
negative slope in each case.

(5) The observed difference between the ‘“enhanced”
(green long dashed and blue long dashed-dot curves)
and “unenhanced” (black short dashed and magenta
short dashed-dot curves) results arises from the
inclusion of additional O(M°) and O(1/M) correc-

tion terms in the NLO cross section—specifically,

the contributions 5S;*NLO;°‘1C'>, Eq. (108), and
Sil;NLo;Odd)’ Eq. (111), which stem from v =2, 3

chiral order matrix elements Sf):dz’3 involving chir-
ally enhanced NNLO amplitudes (the contribution
from the N’LO amplitudes drops out, as we dis-
cussed). We find that the enhanced contribution
significantly modifies the O(M°) results—almost
doubling them for electron scattering and increasing
them even further for muon scattering—whereas the
O(1/M) results exhibit only a minimal change that
is scarcely discernible.

(6) A comparison of the yellow shaded band widths
reveals that the full result exhibits greater sensitivity
to A, variation in electron scattering than in muon
scattering.

Fourth, we consider our results in Fig. 10 for the total
fractional charge-odd radiative corrections 5&‘;‘1@, Eq. (119),
to the unpolarized elastic electron-proton and muon-proton
scattering cross sections, up to and including NLO in

HByPT. The results include the analytically evaluated exact

TPE virtual correction counterpart 5§(;dd), as given in

Eq. (116), taken from Fig. 5 of Choudhary et al. [19).
The following are the key features observed in the plots:
(1) As demonstrated in the TPE analysis by Choudhary
et al., unlike other types of radiative corrections,

the TPE contributions for both electron and
muon scatterings exhibit a pronounced sensitivity

to the variation in the incident lepton beam
momentum in the MUSE kinematic range

p =|p|€[115,210] MeV/c. Consequently, the
dominance of the finite part of the TPE contribution,

ie., Sﬁdm = 5£$dd) - IR(TIP)E, is likewise manifested

in the results for the charge-odd radiative correction.

"The present analysis considers an updated numerical estimate
of the exact TPE result, incorporating a correction for an error
identified in our Mathematica-based code used to generate Fig. 5
of Ref. [19]. The revised plots yield a substantial increase (up to
nearly 3% for electron scattering and 0.5% for muon scattering)
in the magnitude of the O(1/M) corrections to the elastic cross
section arising from the LO TPE diagrams (a) and (b). An erratum
to Ref. [19] for our corrections has been accepted by EPJA for
publication.
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)

For both electron and muon scatterings, the correc-
tions stay positive and exhibit a monotonic increase

with increasing |Q?|, indicating a net enhancement

to the cross section. Here, the TPE corrections 5§$dd)

dominate over the charge-odd bremsstrahlung cor-
rections given in Eq. (112). Indeed, the negligible
impact of the bremsstrahlung correction suggests
that the charge-odd radiative correction shown in
Fig. 10 could serve as a reliable proxy for the
“physical TPE” contribution, making the latter
amenable to extraction from asymmetry mea-
surements.

The magnitude of 5&‘;@ is more than a factor of 2
larger for electron scattering than for muon scatter-
ing at the same beam momenta. This discrepancy
primarily arises from the greater sensitivity of
electrons to TPE effects, which are significantly
suppressed for the heavier muons.

The rather narrow yellow shaded bands—particularly
in the case of the muon scattering—indicate that the
TPE corrections are largely insensitive to variations
in the detector threshold A,..

Fifth, we consider Fig. 11 whege we display the total
fractional radiative correction 5% P Eq. (122), to the
unpolarized elastic (anti)lepton-proton cross section of

TABLE 1.

e*—p and u*—p scattering processes, up to and including
NLO in HByPT. An analysis of the plots reveals the
following key features:

6]

2

3
)

The corrections are sizable and negative across the
entire range of low-energy MUSE kinematics for
both electron and positron scatterings, with the latter
exhibiting a larger magnitude. This difference be-
comes increasingly pronounced with rising |Q®
driven by the enhanced charge-odd contributions.
In contrast to electron and positron scatterings, the
radiative corrections for muon and antimuon scatter-
ings are about a magnitude smaller. For muon
scattering, the correction is positive and increases
gradually with rising |Q?|. Interestingly, however,
for antimuon scattering, the correction is positive
only for a limited range of momentum transfers,
below |Q? < 0.02 GeV?/c?, beyond which it turns
negative for all |Q?| values pertinent to MUSE.

In general, the dependence on the incident lepton
beam momentum is weak.

The variation with A, as indicated by the yellow
and cyan shaded bands for lepton and antilepton
scattering, points toward a notably higher sensitivity
in the electron(positron) scattering process relative
to the muon(antimuon) counterpart.

’

Study of the charge asymmetry (A=) in unpolarized elastic e*-p and y*-p scattering cross sections,

calculated up-to-and-including NLO in HByPT. The analysis is performed for a median value of the proton’s rms

charge radius, r,

~0.855 fm, between the CREMA [56,57] [r, = 0.84087(39) fm] and MAMI ISR [58]

[r, = 0.87 £ (0.014)stat & (0.024)syst & (0.003),,,4 fm] measurement results, while varying the detector cutoff
A, within the range [0.5%,2%] of the incident lepton beam energy E. Numerical results are presented at the

maximum allowed four-momentum transfer, |Q?| = |QZ .,

, corresponding to each of the three MUSE kinematical

domains, defined by the incident lepton beam momenta, p = 115, 153, and 210 MeV/c.

|Q?| (GeV?/c?) p (MeVic) A, (in % of E) A,= (error) A= (error)
0.025 115 0.5 0.061(1) 0.020(1)
1 0.059(1) 0.020(1)
2 0.059(1) 0.021(1)
153 0.5 0.028(1) 0.014(1)
1 0.028(1) 0.015(1)
2 0.028(1) 0.015(1)
210 0.5 0.014(1) 0.010(1)
1 0.014(1) 0.010(1)
2 0.015(1) 0.011(1)
0.04 153 0.5 0.062(1) 0.024(1)
1 0.061(1) 0.024(1)
2 0.060(1) 0.024(1)
210 0.5 0.029(1) 0.015(1)
1 0.029(1) 0.016(1)
2 0.030(1) 0.016(1)
0.08 210 0.5 0.084(1) 0.033(1)
1 0.082(1) 0.034(1)
2 0.081(1) 0.034(1)
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TABLE II. Study of the charge asymmetry (A,:) in unpolarized elastic e*-p and p*-p scattering cross
sections, calculated up to and including NLO in HByPT. The analysis is performed for a fixed benchmark
value of the detector cutoff, A, = 1% of the incoming lepton beam energy E, while varying the proton’s
rms charge radius (r,) [which scales as O(1/M?)] between the CREMA [56,57] [r, = 0.84087(39) fm] and
MAMI ISR [58] [r, = 0.87 & (0.014)stat + (0.024)syst & (0.003),,,,4 fm] measurement values. Numerical re-
sults are presented at the maximum allowed four-momentum transfer, |Q?| = |Q2,|, corresponding to each
of the three MUSE kinematical domains, defined by incident lepton beam momenta, p = 115, 153, and
210 MeV/c.

|Q?| (GeV2/c?) p MeV/c) r, (fm) O(1/M?) A+ (error) A= (error)
0.025 115 0.84087 (CREMA) 0.059(1) 0.020(1)
0.87 (MAMI ISR) 0.060(1) 0.020(1)
153 0.84087 (CREMA) 0.027(1) 0.015(1)
0.87 (MAMI ISR) 0.028(1) 0.015(1)
210 0.84087 (CREMA) 0.014(1) 0.010(1)
0.87 (MAMI ISR) 0.014(1) 0.010(1)
0.04 153 0.84087 (CREMA) 0.060(1) 0.024(1)
0.87 (MAMI ISR) 0.061(1) 0.024(1)
210 0.84087 (CREMA) 0.028(1) 0.015(1)
0.87 (MAMI ISR) 0.029(1) 0.016(1)
0.08 210 0.84087 (CREMA) 0.081(1) 0.033(1)
0.87 (MAMI ISR) 0.084(1) 0.034(1)

PHYS. REV. D 113, 033007 (2026)

Finally, we consider our result for the charge asymmetry
observable A,:, Eq. (123), which incorporates the total
charge-odd and charge-even radiative corrections up to and
including NLO in HByPT. These are as illustrated in
Fig. 12 (see also Tables I and II). The former correction

5§3dd) arises from the exchange-interference bremsstrahlung

(even)

(see Introduction) and TPE effects, while the latter 5,
arises from the direct-interference bremsstrahlung, QED
one-loop virtual corrections (other than the charge-odd

TPE), and the leading hadronic corrections 6)((2> to the OPE
process of O(1/A2) ~ O(1/M?). Consequently, our asym-
metry results rely on two free parameters, namely, the
detector cutoff Aj, which enters via the bremsstrahlung
corrections, and the proton’s rms charge radius rps which
enters into the hadronic OPE correction given in Eq. (22).
To quantify the sensitivity of our prediction to these two
inputs, we examine the variation of our results across a
reasonable range of parameter values, namely,
A, €[0.5%,2%) of the incident lepton beam energy E,
and r,=0.87(0.014)stat % (0.024)syst £ (0.003) .4 fm
to 0.84087(39) fm. The former r, value corresponds to the
recent precision extractions from the electron-proton scat-
tering ISR measurements by the Al Collaboration at
MAMI [58], and the latter corresponds to the well-
acclaimed high-precision muonic hydrogen spectroscopy
measurements by the CREMA Collaboration at PSI [56,57]
about a decade ago. These choices facilitate an assessment

of the extent to which the current phenomenological
discrepancy in the proton radius contributes to the theo-
retical error in our asymmetry predictions. The following
key features are evident from the plots in Fig. 12 and data
presented in Tables I and II:

(1) The asymmetry remains positive and exhibits a
monotonic increase with |Q?| across all incident
lepton beam momenta and species.8 For electron
(muon) scattering, the asymmetry increases beyond
20.08 (<0.035) for the highest momentum transfers
at MUSE, |Q?| ~ 0.08 GeV?/c?.

(2) A clear, increasing trend with a narrow width is
observed with increasing lepton beam momentum
for both electrons and muons.

(3) The asymmetry exhibits a rather small sensitivity to
either parameter variation of A,- and r,, given their
rapid increase with |Q?| for both electron and muon
scatterings.

8Notalbly, in our recent SPA-based HByPT analysis of the TPE
correction [20], we compared the charge asymmetry obtained
using the TPE corrections evaluated within the SPA framework to
that derived from our earlier exact analytical TPE results of
Ref. [19]. In that study, the resulting asymmetry differs consid-
erably from the one shown in Fig. 12, in particular, for the
electron case, yielding a negative value. This discrepancy is
attributed to the same reason as discussed previously in foot-
note 7.
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TABLE III.

CVBH

photon-loop (Aéw

quadrature rule for combining uncorrelated uncertainties, the corresponding errors in the charge-even radiative (A52

total (Aé even)y charge-odd radiative (Aézy

Summary of our EFT error estimates (as a percentage, relatlve to the Born cross section at MUSE kinematical settings) in
the finite part of the NLO charge-even (A8."") and charge- odd (A5<

(odd)

) bremsstrahlung, NLO TPE (Ad,, ) and charge-even virtual/

), and the NNLO hadronic OPE (A6 ) corrections for (anti)lepton-proton scatterings. Hence, applying the

BVBH
), charge-even

) corrections, and the asymmetry observable (AA,:) are determined.

= MBS (%) ASSN (%) A (%) A8 (%) D) ASY (%) A (%) A8 (%) AAs (%)
et 0.2 0.02 0.00023 0.4 23 0.2 231 0.4 0.5
e 0.01 0.01 0.88 0.2 23 0.88 2.46 0.2 0.3

(4) At low values of |Q?|, the results show greater
sensitivity to the variations in the detector threshold
A, but this sensitivity diminishes as |Q?| increases.

(5) In contrast, the sensitivity to changes in the proton’s
rms radius [where r, ~O(1/M?)] and, to some
extent, A,- becomes more significant at higher |Q?|.

(6) The dependence of the electron-positron asymmetry
on the detector threshold A,. is, however, quite
subtle as evidenced by both Fig. 12 and Table I. The
asymmetry first decreases and then increases again
with increasing A,-. Notably, at small |Q?| values,
the yellow band exhibits a visible width, which
constricts at intermediate |Q?| and then becomes
prominent again at higher |Q?| values. For muon-
antimuon asymmetry, the behavior is more or less
straightforward, with the width appearing to increase
monotonically with increasing A« across all MUSE
kinematical settings.

(7) Table II reveals that, for fixed |Q% and incident
lepton beam momenta, the asymmetry increases
monotonically with the proton’s rms charge radius
across all MUSE kinematical settings and for both
lepton species.

Prior to concluding this section, we address the theo-
retical uncertainties associated with our analysis. Besides
the parametric sensitivities to A, and r,, our results are
subject to another principal source of systematic theoretical
uncertainty associated with higher-order EFT contribu-

tions. Specifically, the charge-odd bremsstrahlung correc-

(odd)

tion 577* in electron scattering and the total charge-even

(even)

radiative correction 6, in muon scattering both exhibit a

zero crossing in the small |Q?| domain. This trend under-
scores a kinematic regime where the approximation within
the EFT framework breaks down, rendering NNLO con-
tributions essential for a more robust estimation of the
corrections. While a complete NNLO calculation of all
radiative corrections lies beyond the scope of this work, a
naive estimate of the associated uncertainty can still be
made. This is done by retaining all kinematically sup-
pressed terms in the O(1/M) cross section that depend on
the energy E' and velocity f of the outgoing lepton—i.e.,
without making the approximations £’ — E and ' — f. In

this way, we may obtain an estimate of the percentage error
associated with the different charge-odd and charge-even
radiative corrections, including that of the TPE, as dis-
played in Table III. In particular, the table suggests that the
NNLO [i.e., O(1/M?)] hadronic and higher-order radiative
effects induce deviations (relative to the LO Born cross
sections at MUSE kinematical settings) of up to

A5£elven) _ \/(ASJ(;\*,CH))Z + (AS}(;ven)f + (A6;2))2
231% for £ = e,
= (126)
2.46% for £ =y,
even <cleven 2 <leven 2
ASY = \/(Aé(ﬂ* N 4 (B
02% for £ =e,
= (127)
0.88% for £ = p,
and
odd) odd) odd)
ASEM = \/(A50M) 4 (a5
04% for £ = e,
= (128)
0.2% for ¢ = p,

where the uncertainty in our NNLO hadronic correc-
tion result, stemming from the N3LO corrections, is
based on a naive dimensional assessment, namely,

2 ~ (\/=02/M)3. Consequently, our charge asymme-
try predictions are subject to deviations of up to

(even) 2 (0dd)
As Ay
A'Afi - 'Afi <1 (even)) + ( (odd) )

+0 55,
0.5% for ¢ = e,
= (129)
0.3% for £ = u.

It is also worth noting that while the proton’s rms charge
radius does not affect the O(1/M) cross section, its
influence nevertheless reappears in the higher-order uncer-
tainty estimates, which now have been incorporated.
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IV. SUMMARY AND CONCLUSION

In this work, we have carried out a comprehensive
Lorentz gauge analysis of the soft-photon bremsstrahlung
radiative corrections to the unpolarized elastic lepton-
proton scattering within the framework of HByPT. The
study includes all contributions to the cross section up to
and including NLO [i.e., O(a®/M)], systematically incor-
porating both charge-even and charge-odd bremsstrahlung
corrections. Subsequently, the charge asymmetry observ-
able A,: is predicted by incorporating the NLO virtual
photon radiative corrections—both charge-even (self-
energy, vacuum polarization, and vertex) and the charge-
odd TPE—alongside the NNLO hadronic corrections to the
LO Born/OPE process. Our result thereby represents a
model-independent prediction of the charge asymmetry in
(anti)lepton-proton scattering, specifically in scenarios
where finite lepton mass effects cannot be neglected.

In our evaluation of the bremsstrahlung contributions
from the undetected soft photons—i.e., photons with
energies below the detector threshold A,.—we employed
the so-called SPL methodology, wherein the emitted
photon four-momentum is taken to be vanishingly small
(k — 0). This approximation, a well-established technique
in QED, enables a systematic and transparent evaluation of
the IR divergences [23,45-49]. In this work, we identified a
class of chirally enhanced amplitudes involving the final-
state radiating proton, notably those containing O(M®) and
O(1/M) components of the proton’s propagator with
denominators of the form

1 1
v-O+ie —02)2M tie

OM).

As aresult, certain kinematically enhanced NLO (v = 1) and
NNLO (v = 2) amplitudes were promoted to lower effective
orders for consistency and thereby contributed to the
O(a®/M) NLO cross section. This departure from the
standard chiral ordering of Feynman diagrams in HByPT
constitutes a manifestation of chiral enhancement within the
chiral power-counting scheme. This carries important theo-
retical implications. In particular, they challenge the conven-
tional notion that the NNLO insertions and pion-loop
diagrams do not contribute to low-energy cross sections
below NNLO order [i.e., below O(1/M?)]. Such enhanced
NNLO amplitudes have a negligible effect on the charge-
even bremsstrahlung corrections at our working precision. In
contrast, the bremsstrahlung charge-odd correction results
get substantially modified, introducing nearly 100%(200%)
corrections of the genuine LO [i.e, O(a’M?)] for electron
(muon) scattering within the MUSE kinematic regime
(cf. Fig. 9). However, the NLO [i.e., O(a®/M)] bremsstrah-
lung corrections exhibit only a very nominal change, and the
overall numerical impact of these enhancements is not
spectacular since the charge-odd corrections are dominated
by the one-loop TPE contribution.

Our general finding for both lepton scattering processes

is that the finite part of the charge-even bremsstrahlung
(even) (odd)
i e

by more than an order of magnitude (compare Figs. 7 and

9). The finite charge-odd bremsstrahlung correction Sf,;fd)

in the MUSE regime was found to reach values of only
about 0.3% for both e™—p and p~—p scattering, assuming a
benchmark value of the detector cutoff parameter,
A, = 1%, of the incident lepton beam energy. For electron
scattering, in particular, the observed zero crossing of the
correction within the relevant energy range suggests that
the NNLO [i.e., O(a®/M?)] terms may become important,
pointing to the potential influence of hadronic structure
effects not captured at NLO (recalling that all dependence
on the proton’s rms charge radius r,, drops out of the NLO
charge-odd cross section). Therefore, a more comprehen-
sive evaluation, systematically incorporating all NNLO
contributions to the cross section, is left for future work.

As for the charge-even bremsstrahlung correction 6, .+,
our results with the benchmark detector cutoff, A, = 1%,
indicate that the total correction can be as high as 8% for
e*-p scattering while remaining below 2.5% for the p*-p
case under identical detector conditions (cf. Fig. 7). These
values are smaller than those reported in a prior radiative
correction work of Talukdar et al. [14], owing to the
adoption of the specific |Q?|-dependent IR subtraction
scheme in that analysis, as opposed to the momentum-
independent subtraction scheme adopted in this work, as
elucidated in Sec. III.

We next combined our bremsstrahlung results, (_ﬁfe“)
3}(,(;?‘1), with the NLO charge-even virtual correction

from Talukdar ef al. [14] and the exact NLO charge-odd

TPE correction 5§$dd> from Choudhary et al. [19] to
(even)

2y

correction & exceeds the charge-odd counterpart &

and
6}(/$ven)

determine the full charge-even o

dd o . _
5;‘; ) radiative correction components of the elastic cross

and charge-odd

section (cf. Figs. 8 and 10). Because our charge-odd
bremsstrahlung results are relatively small, the latter
correction is overwhelmingly dominated by the much
larger TPE contribution—exceeding it by nearly 2 orders
of magnitude. This ensures that a precise extraction of the
TPE remains feasible in the near future, as it should
ostensibly dominate asymmetry measurements.
Furthermore, these corrections enabled us to determine
the corresponding total radiative corrections, 5<2'/; P for the
leptons and 5&?‘) ) for the antileptons, using Eq. (122). The
results reveal that within the MUSE regime, the total
radiative correction up to and including NLO could reach
up to about 10% for e™-p scattering and 25% for e*-p
scattering, whereas for = — p scattering, they go up to
2.5% and for u™ — p scattering up to 3% (cf. Fig. 11).
Compared to the earlier results of Talukdar er al. (cf. the
unresummed results, as represented in Fig. 13 of Ref. [14]),
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our findings show notable qualitative and quantitative
differences—reaching up to 15% for e -p and 4% for
U~ -p scattering.

The final part of our analysis dealt with the prediction of
the charge asymmetry between lepton and antilepton
scatterings with the proton. As indicated in Eq. (123),
the asymmetry result is obtained from combining our NLO
(even and odd) radiative corrections with the NNLO
hadronic correction 6)(2 to the elastic Born/OPE cross

section. The latter result, which contributes to the total

charge-even component 5(jven), has also been adopted from

the work of Talukdar ef al. [14]. The asymmetry result,
displayed in Fig. 12, reveals that it increases with |Q?|
for both electron and muon scatterings. Our prediction
indicates that the asymmetry could reach levels of
approximately 8% for e*-p and 3% for u*-p scattering
processes—magnitudes that should be accessible to exper-
imental verification by MUSE in the near term. Looking
forward, we plan to improve upon Tsai’s soft-photon
bremsstrahlung framework [47] by dispensing with approx-
imations such as the SPL and the use of the artificial cutoff
A,«. Our goal is to develop a more robust method capable of
extracting soft-photon contributions directly from the
elastic end point of the radiative-tail differential spectrum,
allowing a more precise theoretical prediction of the charge
asymmetry. From the experimental standpoint, the forth-
coming MUSE results are highly anticipated, as they will
offer a crucial test of our predicted asymmetry.
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APPENDIX A: BREMSSTRAHLUNG IN HByPT

In this work, our primary goal is to evaluate the single
soft-photon bremsstrahlung cross section for the (anti)
lepton-proton inelastic scattering process in the lab frame,
up to and including NLO [i.e., O(a®/M)] in HByPT. The
analysis entails evaluating a wide range of amplitudes up to
O(e?/M?), which may originate from as high as N*LO,
i.e., v = 4 chirally enhanced amplitudes. To that end, in this
Appendix we collect all such relevant amplitudes without
approximation, in a manifestly covariant (frame-indepen-
dent) manner, adopting the Lorentz gauge. These ampli-
tudes are organized according to their standard chiral
orderings, beginning with the LO, which naively scale
as O(e’M"), and extending up to N*LO, with a naive
scaling of O(e®/M*).

1. LO [i.e.,, O(e*M°)] amplitudes

At this order, four relevant amplitudes contribute to the
bremsstrahlung cross section up to and including NLO
li.e., O(a®*/M)] in HByPT. They are given as follows

HADRON2025 International Conference at Osaka| (cf. Fig. 2):
My = ﬁ {ﬁ(p’)r" ((5__ ,f);r _m};)% é*u(p)] () vr(py)] (A1)
My = ﬁ [ﬁ(p/)é* %W@)] [f(P;)vM(pp)} : (A2)
MY — e (W) [ o )] (3
and
P = e (10 ) [ 0 i) (a9

In particular, in the lab frame, the amplitude M}[f;io) o involving the LO [i.e., O(M°)] final-state proton propagator

component is chirally enhanced under the SPL.
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2. NLO [i.e., O(¢*/M)] amplitudes

At this order, nine relevant amplitudes can contribute to the bremsstrahlung cross section up to and including NLO [i.e.,
O(a®/M)] in HByPT. They are given as follows (cf. Fig. 3):

i) = [i L )| [+ = oy + )] 89
oy ot fate )| [ {0+ = e o+ )] 86)
MY e [0 )] [ {2y =0 = - 2, =) 4
M e [ )] [ ) {2+ 80 = - 2+ 0] () (88)
i :2MQ2[v~ZZ3— o () ap)] [x*(p’,&{(pﬁp;—k),,—v,,[v-(p,,+ P'p—k)]}(v-e*))((pp)] . (A9)
My e [0 [ ) 0 (0 =l )] (810
) = [ap et [ o e = o) o) (1)
s (1-7- (Ef’ P__k?i o) [10u0)] [ o (o, (A12)
and

In particular, in the lab frame, the amplitudes /\/ly;i]) # and /\/ly[;m);f], involving the LO [i.e., O(M?)], and M%O);f‘@],
involving the NLO [i.e., O(1/M)] components of the final-state proton propagator, are all chirally enhanced in SPL.

3. NNLO [i.e., O(e*/M?)] amplitudes

At this order, 15 relevant amplitudes can contribute to the bremsstrahlung cross section up to and including NLO [i.e.,
O(a®/M)] in HByPT. They are given as follows (cf. Fig. 4 and the first two rows in Fig. 13):

o [E] ie3 o (Bktm)
AN e (e )
< [ {210 (@ = OPv, = 0+ (= K@ = ), = (= 1P, br(ry)|. (A14)
gl e Tk tm)
M =S MO )

x [ﬂp;){zw (Q-KPu, v (Q-K)(Q-k), - (- k>2v,,}x<pp>] (AL5)
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=X SN
" N

" n(h)

FIG. 13.  Other photon bremsstrahlung diagrams of NNLO [i.e., O(e®/M?*) ~ O(e? /A2)] with insertions of NLO (filled blob e) and
NNLO (filled box [1) proton-photon interaction vertices, proton’s form factors (dashed circular blob, cf. Fig. 1), and O(1/M) (crossed
circle ®) and O(1/M?) (crossed box X) proton propagator components not contributing to our Z-p elastic scattering cross section up to
and including NLO [i.e., O(a®/M)] in HByPT. The thin, thick, and wiggly lines denote the propagators for the lepton, proton, and
photon (red for the soft bremsstrahlung photon and blue for the exchanged off-shell photon), respectively. The nomenclature of the
individual diagrams is based on whether the radiated photon originates from the initial-state “i”” or final-state proton “p.” The labels
“(0),” “(1),” and “(2)” denote LO, NLO, and NNLO proton-radiating vertices, respectively, while the overline and tilde signify NLO and

NNLO exchange-photon proton vertex insertions, respectively.

iMmre —ie? (1—[U.((p;’+k)2 2) [ﬁ(p’)r"u(P)}

T A’ Py + k) + i0]
< {(ery 8- e = el o+ 0]ty (Al6)
o] —ie? (P + k)2 o
Mo =g (1 Tyt i0]2) [# o)
X [)ﬂ(p’p)(v - 8*){(pp +pp+ k), —vfv-(pp+p)+ k)]}x(pp)] : (A17)
) T )] [ e {200 00, = 0000, 0% ) (a1
—ie?
My = 8M2Q0 - (p) + k) + i0] [ﬁ(p’)y"u(p)] [)ﬂ(p’p){Z(v k(v e) = (v k) (k-e) —kz(’u-e*)}’uﬂ)((pp):| :
(A19)
o __—ied (v (P + BF —[v- (P + RN, + RN Ny e
My = g ( o0, 1) P ) @) up)| [ (py) (- evapy)] . (A20)
—ie’

-l -
ZMW* 74M2Q2[U-(p;,+k)+i0] |:Lt(p )7/ u(p)]

x [xwp;,){(zpwk)-e*—<v~e*>[v‘<2p;+k>1}{<pp+p;+k>ﬂ—vﬂ[v-<p,,+p;+k>}}x<p,,>] L (a2n)
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M et [0 o) [ 20 0P, = - 000, - 20 b et (422
i ie o
TS o )
x [ﬂpw{(pﬁp;—k)ﬂ—vﬂ[v-<pp+p;—k>1}{<zp,,—k>-e*—<v-e*>[v-<zpp—k>1}x<p,,>} . (A23)
()i —ie3 (pp —k)? N\
iMPD®l PYVere: (1 e (Pi Sy i0]2> [u(p )y u(p)}
<0 oy =00 = (0 e)lo- 2oy =1l (A24
i/\/ly[y[im);@] = 4;,;28;2 <1 - v (;Zp—_k])()j- i0]2> [ﬁ(P')}’”u(P)}
x {m;){(p,, + Py =Ky =vlv- (py + Py = 0] (o 8*))((1?,7)} : (A25)
i ie3 PN
M = ST (B 7] [u(p )y u(p)}
x [ﬂp;)vﬂ{z(v (0 e) = (0 Rk ) = R (- e*)}x(p,»} ’ (A26)
i/\/l}[,f,ﬁ());“g] _ 4;26;2 ([U . (pp - ][?)]3(;9151;_ i];:__l(f])j(pp - k)2> [ﬁ(p’)y”u(p)} [){T (p;,)ﬂﬂ(v ) 8*))(([71;)} . and (A27)
) s (i o] [ o) (Bl (@ - Kl = (=R, 0- ) = (@ =8 &

- [o- (@ = Rl (o). (A28)

Of the 15 recoil-radiative amplitudes listed above, only the first eight amplitudes (cf. Fig. 4), namely, My[;l] /\/ly[;f]
M@l g [r0):7e] [p(D:7]

s s rr*

[p(0):/]

s

M , ./\/l%z);f ], Mﬁ‘;ﬁo);f E], and M , Egs. (A14)—(A21), contribute to the soft-photon

bremsstrahlung cross sections in the lab frame at our intended O(1/M) accuracy. Apart from My[;l] and M},[ylif] , the rest of
these contributing amplitudes in the SPL, with either LO or NLO components of the final-state proton propagator, are
chirally enhanced in the lab frame.

In addition to the recoil-radiative amplitudes, six pion-loop amplitudes (cf. Fig. 5 and the last row in Fig. 13) arise from
insertions of the proton’s Dirac (F;) and Pauli (F,) form factors, which can also contribute to the O(a®/M) NLO cross
section. The following are their expressions:

(a i€3 — —k+m . ,
iM% 1= ©—¥? {M(P )yﬂ((;Tj_,%é u(p)} [x*(pp)Vf)x(pp)] , (A29)
S R 1 . #(lﬁ—k—l—m) . .
My = 0=k7 [u(p )y mé u(p)} [x (pp)Vf))((pp)} : (A30)
. [z(c)] _ _i63 = I\ (! (2) e
M = e )| [ oV )] (A31)
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3

i./\/lg’;ﬁd)] _ Q2 [U . (p;li k) " iO] :ﬁ(p/)yﬂu(p): :)(T(P;)(V(Z) .8*)1}#)((171])] ’ (A32)
;.3 - oo

M = G oo )| [ v ety and (A33)
—ie3 - 1r .

M = (pple— g ) [ G0 - ey (A34)

where V,(f) is the effective hadronic correction vertex, given
in Eq. (17) in the main text, which renormalizes the LO

proton-photon vertex. Of the six pion-loop amplitudes

listed above, only the first four amplitudes, M}[f;ia) """ #(d)

(cf. Fig. 5), Egs. (A29)—(A32), contribute to the soft-photon
bremsstrahlung cross sections in the lab frame at our
intended O(1/M) accuracy. In particular, the amplitudes

M Egs. (A29) and (A30), involving the LO
component of the final-state proton propagator are chirally
enhanced in the lab frame in the SPL.

The remaining nine amplitudes, Eqs. (A22)-(A28),
(A33), and (A34), shown in Fig. 13, are discarded in
our main text analysis, as they do not contribute to the soft-
photon bremsstrahlung cross section in the lab frame. A
detailed investigation reveals that for the computation of
the cross sections, they all either lead to scaleless phase-
space integrals vanishing under dimensional regularization
(DR) (charge-even case) or yield terms of O(1/M?), which
are beyond our working precision (charge-odd case).

Consequently, in the analysis of the charge-even soft-
photon bremsstrahlung cross section at NLO, all relevant

contributions arising from the v > 2 chiral order matrix

elements scale as SY22) ~ O(1/M?) and are hence dis-

carded. In contrast, the analysis presented in Sec. II
addresses the nontrivial contribution of chirally enhanced
NNLO amplitudes to the charge-odd soft-photon brems-
strahlung cross section at NLO. This necessitates the

evaluation of the interference terms in S(()”de), Eq. (102),
namely,

=2
Sc()l:id = Z|MNLO‘gdd

spins

+ Z {M};OMNNLO + H'C'} odd’

spins

(A35)

where M g, Myro, and Mynio are the sum of the soft-
photon bremsstrahlung amplitudes in the lab frame, as
given in Egs. (58)-(60), in the main text. However, the
general structure of some of the amplitudes contributing to
charge-odd v = 2 chiral order matrix elements, namely,

il (5] ] ) )
+ M <MW* + MU ) g

1

makes it clear that they yield O(1/M?) terms in the cross
section which lie beyond the accuracy of our present
analysis. Accordingly, the above combination of ampli-
tudes is excluded from the subsequent treatment of the
charge-odd component.

(A36)

4. N’LO [i.e., O(e*/M?)] amplitudes

At this order, it is necessary to include Feynman
amplitudes having the contributions from the N*LO pro-
ton-photon interactions stemming from the chiral
Lagrangian of v = 3 order. The relevant O(1/M?) inter-
action terms are

3 - 1
El(r[\>/:N1; |:81W3{(U-D)’D”'Dﬂ(v-p)—(v.D)4}+...:|Nm
with
! T : 3€ . 36 +
Dy =0,+5 |u'(10,+iT 5 A, Jutu(19,+iTSA, |u
e
+l]I§A”. (A37)

The above ellipsis indicates additional operators in the
chiral Lagrangian not relevant for the present analysis. In
this case, nine relevant amplitudes can contribute to the
bremsstrahlung cross section up to and including NLO [i.e.,
O(a®/M)] in HByPT. In particular, in the lab frame, all
such amplitudes in SPL are chirally enhanced with LO and
NNLO components of the final-state proton propagator.
They are given as follows (cf. the first row in Fig. 6 and the
first two rows in Fig. 14):
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; [m] _ —ie’ (pll7+k)2 = (o I\ (o ’ * * /
iM,. = 0 < "o R+ io]z) [u(p )y u(p)} {x (pp){(pr + k) = (v-e)v- (2p), +k)}}
X {(pp +ply + k), —vfv-(pp+ Pl + k)]}x(pp)] , (A38)
.\ lploire] __ —ie’ (P +K)? I
IMW*O = 16M3Q? (1 R (P}, + k) + i0]2> [u(p r u(p)]
<) e {20 0, = (0 000, - @0, (o). (A%9)
e —ie? (pp+K)? PN
M = erg (1 e i0]2> [
< ) {200 KR ) = (0K €)= R0 ) ()] (A40)
. [W] o —ie’ = o\l
M =16 Q%o (ply + ) + 0] [”(p r ”(p)}
X {f(p;){z(v k)2 (v-e) = (v-k)(k-&) — K2 (v- g*)}{(pp + P +k),—v,lv-(p,+ P+ k)]})((pp)} ,
(A41)
AP _ —ie® v
M = 1 Qo (py + 1) + 0] [#0rulp)
x [){"’(PL){@P; )€ = (v (29 + 0] {200 Qv — (v- )0, — Q%,,}m,,)] . (a%2)
i) —ied (v (pp +K)P = [v- (P, F R, RPN
Mo = Rrg? < [0+ (P + k) + O] > ' ruip)]
x [)ﬂ(p’p)(v : 8*){(pp +p, k), —vfv-(pp+pp+ k)]}x(pp)] : (A43)
) =ied (v (pp + )P = [ (p, + KI(p, PN
lM}'V* T 8M30? ( [v- (p;’ k) + 02 ) [M(P )y ”(p)}
< {0 = (0 elo 20 + 0] el (A44)
] ie? = I\l / *
My = o Tl ) [ﬂp,,){w R = (0 kP (v W(ppﬂ : (A45)
and
g lroir] ie? N o
My = e T ] ) [){‘ (- e){(v- Q)% - (v- Q>3}W<p,,>]. (A46)
In particular, the amplitudes incorporating the N*LO vertex structure are presented in Eqs. (A45) and (A46). Of thiﬂine
amplitudes listed above, only the first three enhanced amplitudes (cf. first row in Fig. 6)—namely, M },[;(l)m] , M},[;Z(O);f@] ,

and M%z);f@, Eqgs. (A38)—(A40), involving the NLO component of the final-state proton propagator—contribute to the
soft-photon bremsstrahlung cross sections in the lab frame at our intended O(1/M) accuracy.

In addition to the recoil-radiative amplitudes, there are five pion-loop amplitudes (cf. the last rows in Figs. 6 and 14)
arising from the insertions of the proton’s form factors (F7,), which can potentially contribute to the O(a®/M) NLO
bremsstrahlung cross section. The following are their expressions:
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p(1);fX

w(i 7T(k>

FIG. 14. Photon bremsstrahlung diagrams of N°LO [i.e., O(e?/M?) ~ O(e* /(MA3))] with insertions of NLO (filled blob e), NNLO
(filled box [J), and N3LO (triangle A) proton-photon interaction vertices, proton’s form factors (dashed circular blob, cf. Fig. 1), and
O(1/M?) (crossed box X) proton propagator components, not contributing to our Z-p elastic scattering cross section up to and including
NLO [i.e., O(a®/M)] in HByPT. The thin, thick, and wiggly lines denote the propagators for the lepton, proton, and photon (red for the
soft bremsstrahlung photon and blue for the exchanged off-shell photon), respectively. The nomenclature of the individual diagrams is
based on the radiated photon originating from the final-state “f”” proton “p.” The labels “(0),” “(1),” “(2),” and “(3)” denote LO, NLO,
NNLO, and N3LO proton-radiating vertices, respectively, while the overline, tilde, and wedge signify NLO, NNLO, and N3LO
exchange-photon proton vertices, respectively. All of the above—except for the last one involving the two-photon pion-loop—
correspond to chirally enhanced amplitudes.

imi 2;/;;32 (1 o (;Z;++kkfi0)]2> [0 u(p)| [ () V2 - ),p,)] (A47)

iy 2;;22 (1 [v ‘(;Z;++kk—):i0)}2) 5] [ )0y (A48)

M = o (‘p+ P [P )7 u(p)| {x*<p;,><v<2> (P + Dy + ), = vl (py + 1y + k)]}m,,)] ,
(A49)

iMgy = Mo Eliz3+k)+i0][ i(p' )Y””(P)} [x*( ){(2pp+k) e —(v-e) -(2p;,+k)]}v,32>;((p,,)], (A50)

and

iMp = A}—Q [a(p)rup)] {x'wp;){rl(g%e; 15 (Q%)u, (v e*)}x(za,,)} . (As1)

Here, 'y ~ O(1/A2) and T, ~ O(1/AZ) are two other generic Q*-dependent form factor functions that could be
generated from evaluating the pion-loop diagrams that renormalize the NLO two-photon seagull vertex (cf. the last graph in

Fig. 3). Except for the pion-loop seagull amplitude M%k)] , Eq. (A51), the other four listed amplitudes involve LO and NLO
components of the final-state proton propagator. Hence, in SPL, these amplitudes are expected to be chirally enhanced in the
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lab frame. However, only the first two amplitudes,

MO (ef. Fig. 6), Egs. (A47) and (A48), contribute
to the soft-photon bremsstrahlung cross sections in the lab
frame at our intended O(1/M) accuracy.

The remaining nine amplitudes, Eqs. (A41)-(A46) and
Egs. (A49)-(A51), shown in Fig. 14, are discarded in the
main text analysis since they do not contribute to the soft-
photon bremsstrahlung cross section in the lab frame. They
either lead to scaleless phase-space integrals vanishing
under DR, subject to the condition Eq. (63) (charge-even
case), or yield cross section terms of O(1/M?) which are
beyond our working precision (charge-odd case).

In our analysis presented in Sec. II, we examine the
contribution of additional chirally enhanced N*LO ampli-
tudes to the charge-odd soft-photon bremsstrahlung cross

|

Z [MNLOMNNLO + H.c. i| odd D 2Re l(

spins

+./\/l

makes it evident that they yield contributions at O(1/M?),
which are beyond the required accuracy of our NLO
cross section. Thus, the above combination of ampli-
tudes is excluded from our treatment of the charge-odd
component.

. 53 l k 2
] U rerr
16M*Q [v-(p), +k+1i0
and
e e ([ (k)
" 16M*Q? [v- (P, + k + i0)]?

Both the above amplitudes involve the NLO component
of the final-state proton propagator and are therefore
chirally enhanced in the lab frame in SPL. However, the
first amplitude leads to a scaleless phase-space integral
which vanishes under DR, while the second amplitude
yields cross section terms of O(1/M?) which lie beyond
our working precision. Hence, both amplitudes are dis-
carded from our analysis in the main text.

) (o
)

S\ ] [] m@)] | fl(b)
+ MY ) <M + MU O gl

section at NLO. This requires us to evaluate the interference

matrix elements of v = 3 chiral order in Sgﬁf), Eq. (109),
namely,

odd Z [MNLOMNNLO + MLOMN3L0 +H.c. } ,

odd
spins
(A52)

where M o, Myr0, MnnLos and Mysp o are the sum of
the soft-photon bremsstrahlung amplitudes in the lab frame,
as given in Egs. (58)—(60), in the main text. However, the
general structure of some of the amplitudes contributing to
the first interference term of the amplitudes (along with
their Hermitian conjugates), namely,

+M[ ]+M B Mt

[;(Oﬁi} i My[}m] + Mgl;go);i‘@]
1
~(i).

5. N*LO [i.e. O(e*/M*)] amplitudes

Finally, there are only two possible amplitudes at this
order, which can contribute to the radiative recoil corrections
to the cross section up to and including NLO [i.e., O(a® /M)]
in HByPT. They are given as follows (cf. Fig. 15):

(A53)

) [0 u0)] [ (000 = 007} 0 ey | (859

Vs wo)] [ o) 000 - (02 0PVt (a59)

APPENDIX B: BREMSSTRAHLUNG
PHASE-SPACE INTEGRATION

1. S-frame kinematics

The determination of the lab frame soft-photon brems-
strahlung cross section entails the phase-space integration
over the so-called radiative tail differential distribution,
namely,

033007-45



DAS, GOSWAMI, TALUKDAR, RAHA, and MYHRER

PHYS. REV. D 113, 033007 (2026)

p(3);f® p(0); f®
FIG. 15. Chirally enhanced photon bremsstrahlung diagrams of
N*LO [i.e., O(e®/M*)] with insertions of the N?LO proton-

photon interaction vertex (triangle A) and the O(1/M) proton
propagator component (crossed box ®), not contributing to our
¢-p elastic scattering cross section up to and including NLO [i.e.,
O(a®/M)] in HByPT. The thin, thick, and wiggly lines denote
the propagators for the lepton, proton, and photon (red for the soft
bremsstrahlung photon and blue for the exchanged off-shell
photon), respectively. The nomenclature of the individual dia-
grams is based on the radiated photon originating from the final-
state “f” proton “p.” The labels “(0)” and “(3)” denote LO and
N3LO proton-radiating vertices, respectively, while the wedge
signifies an N>LO exchange-photon proton vertex insertion.

- (2ﬂ)45}(ab d3p/ d3k/
7 8ME,|p| (27)2E (27)32E,

X7 Z|Mw

spms

[dabr]

El

with the energy-conserving o-function given by

S =6(E+M-E - \/(Q-K>+M~E,), (BI)
as obtained after partially integrating the final-state proton
three-momentum. The resulting integration is complicated
by the dependence of the §-function on the photon emission
angles, which renders the radiation spectrum anisotropic.
This confines the photon-energy integration domain to an
ellipsoidal region that is analytically challenging to evalu-
ate. An alternative practical method for evaluating the
phase-space integrals employs a technique originally intro-
duced by Tsai in Ref. [47], later formalized in
Refs. [48,49], and subsequently applied in various studies
of radiative corrections [11,14,45,46]. This technique of
evaluation of the integrals first entails boosting from the
laboratory to the S-frame, namely, the center-of-mass frame
of the recoiling proton and the emitted soft-photon, i.e.,

S—frame
p,+k=Q 57 Q= (B2)
where p), and k are the respective lab frame three-momenta
of the recoil proton and the emitted soft photon, and Q is the
three-momentum transferred in the Z-p elastic scattering
process. In this way, the integrals reduce to standard spherical
forms, as the J-function above becomes independent
of the photon angles in SPL. This effectively transforms

the lab-frame kinematics for the bremsstrahlung process,
£+p—¢+p+y’, into the kinematics for the “reverse
bremsstrahlung” process, namely, £ +p +y* — £ + p, in
the S-frame with (k%)* = (EJ., k%) — 0, subject to the
constraint

S—fi
limsj® =755 = 6(ES + ES — ES — Ef).  (B3)

With the lab-frame detector resolution defined by the
parameter A, the following relationships can be justified:

E
W) ES~M, (i) ESmE ==, (i) ES~E,
n

(iv) ES~E),, (v)cosOsmcosh, (vi)AgrnA,., (B4)
where 0 and g denote the lab-frame and S-frame scattering
angles for the outgoing lepton, respectively. It is also notable
that Ag/n is the upper limit of the soft-photon energy integral
corresponding to the detector resolution A in the S-frame. A
comprehensive treatment of the S-frame kinematics is

provided in the Appendix of the work by Talukdar ez al. [14].

2. Integrations of the charge-even component

The charge-even soft-photon bremsstrahlung differential
cross section up to and including NLO in HByPT is
obtained by integrating over the elastic radiative tail

distribution. This involves the following integrals,
expressed in terms of lab-frame variables:
/ d%_k 1 5lab / dS_k 1 élab
k (p-k)? ko (p'-k)?

Fk_(pp) g Pk (v:k)
/ k (p-k)(p’-k)(s}‘b’ / k (p-k)? %
Fk (0 k) Sk (p-p)v- k)
/ A / PR

where E; = k = |k| — 0 is the soft-photon energy or
three-momentum. To simplify the treatment of the “inelas-
tic” Si°-functions, Eq. (B1), Tsai’s technique [47] is
employed, which involves boosting to the S-frame. The
transformation renders 6*° effectively “elastic,” resulting in
the simplified 5%-function of Eq. (B2). With the 5-function
becoming independent of the photon angles in the SPL, the
integrals are readily evaluated in the S-frame. As discussed
in the main text, some of these integrals exhibit IR
divergences, which are isolated using DR by analytical
continuation to D — 1 = 3 — 2¢r spatial dimensions, with
er < 0. The resulting S-frame integrals, reexpressed in
terms of lab-frame kinematic variables via the kinematic
transformations (B4), are presented below:
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(s) DR m, dP-1kS 1 Here, p denotes the renormalization scale, and yyp =
ii 2 |k (pS - k5)? 0.577216... is the Euler-Mascheroni constant. After the
phase-space integrations are carried out, the resulting
4”# T expressions are boosted back into the lab frame using
|€1R| ml2 i the same transformation relations (B4). The corresponding
lab-frame expressions for these integrals have been pre-
where sented in the main text, as given in Egs. (66)—(68), (78),
y 1 and (79).
LY =_m (BS)
2 m,
3. Integrations of the charge-odd component
(s) DR m? ;i dP-1kS For the evaluation of our charge-odd soft-photon brems-
Li" >~ ) K (pS- kS)Z strahlung differential cross section up to and including
) NLO in HByPT, we encounter the following types of
_ [ ! +75—In (4”/‘ )] + 27rl~,§fs), phase-space integrals, as expressed in terms of the lab-
ler| m12 frame kinematical variables:
where
P / d3k 1 lab / d3k 1 6lab
- 1. [4Az 1 1 7 ko T ’
L= —1n(—g> i 2 (B6) k (p-k) k(p'-k)
2 \mi ) po\1I-p /d3k L e /d3k L
) dP-1kS (pS-p) f (p-k)(v-k) lz (- k)(v-k)
Lif = kS ( S . kS)( 1S . kS) H (U k> slab ﬂ <U k) (Slab
L e AT TR
:77[ +ye—In ( ﬂ/; )] S IH[UH— ] Ek (v-k)?* Fk (v-k)?*
le| my v v —1 T(p-k)ék’ (0 )5
(8)
T ZﬂLif ’ /d?’_k(k ) Q) 6lab /dSk (k )5lab
where k (p-k) *~° k (p'-k)*
2
s _ v +1 | 44 1n |4 +1 In2 L+ The integrals are initially evaluated in the S-frame and then
if 2v, m? v —1 1-4 expressed in terms of lab-frame kinematic variables using
the transformation rules (B4) outlined earlier. The follow-
4 n? 1+p 4 Li, (1 MWE-E > ing are their expressions:
1-p (1 -Pp)ES,
/1 E-F kS 1 4zA, 144
+Lip(1- 1§S>:/ i ﬁ,, (B11)
(1+B)EE, K (p*-k%)  PE 1-p
taf1— ME—F
i
N (U=PEAE, s (B 1 4z, [itp
I’ = s S = In ., (B12)
(i ME-E (87) K (pS- k) PE 1-p
O (THPELE
() dD—lkS 1
syDR [ dP7UES (v k5) Ea kS (p5 -k (v - k)
(p>-42) 2 [ 1 N I Anp® 1 1+p
=——|— —In{—)|In
LLOR [ETR (k) (B9) Pl i -
[ = /3 * ~
i kS (P/S : ks)2 ! + 2xl g‘”, where
APk (pS - pS) (v kS . 1 [ /4AZ% 1+ 4
LLfﬁ»/ . (S L )(fs S) Y= ln( T P el
ko (p? - k) (p"” - k) FE L \m 1-p
1+0v7 v+ 1 25 1. [ 28
=4rzA,. 1 . B10 —L —-L , B13
”Y<2u,>n[yl—1 (B10) Tl Ty) T i (B13)
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(s) DR dP-1gS 1
Iy = S S 7S S
k> (p® - k)(v- k)
2 1 Arp? 1+
:—ﬂ ——'—]/E—ln —ﬂ/; 111 —_ﬁ
PE ||er mj 1-p
—|—27r74(‘5>,
where
2
7<S)—L In 44, In L+/5
4 T BE m? 1-p

(B14)

3LS (9. 15Y  27A2 114
ﬂ”:/dk(”k): T A2 (B1s)

5 kS (pS.kS) ﬂ/E/ n l_ﬂ/’
I(S)_/d3ks (U'ks) _ZHA%*ln 1+)B (B16)
6 S 1S LSy T R’
K (p®-k°)  PE 1-p
o [E@RP_n8 ey
7 S S. 1S\ 7 _A ( )
kS (pS-k%)  3PE 1-p

() _ [P (0K AmAL 14 p
R R v ae Al LD
) _ [EK(K-0%)
Iy —/ (&)
—27EA2. B 1+
:E,ﬁ/[(l—ﬂ,)ln,/]_ﬂ,—ﬁ], (B19)
d3kS kS_QS
’(fg):/?ﬁ
2nE'A2, A 1+4
g (5] e

The corresponding expressions for these integrals, after
being boosted back to the lab frame, have been presented in
the main text, as given in Egs. (87)-(90), (99), (100), and
(104)—(107).
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