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In this paper, we discuss a novel top-down perspective on gauging parameters in quantum field theories
(QFTs) by promoting them to partially dynamical fields. Through a generalized notion of symmetry
theories, we explore the consequences of this promotion, revealing new topological defects, decom-
positions as well as generalized symmetry structures across various dimensions. We provide a systematic
top-down derivation of symmetry theories for parameters and discuss how special types of branes, such as
Euclidean branes and fluxbranes are related to gauging in the parameter space in QFTs. We illustrate our
theoretical framework with two key examples: the modified instanton sum in 4D A" = 4 super Yang-Mills
theory and the gauging of gauge ranks in 3D ABJ(M) theories.
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I. INTRODUCTION

In quantum field theories (QFTs), parameters such as
coupling constants are typically treated as fixed, back-
ground values that define the dynamics of the theory. One
useful trick is to promote coupling constants as background
fields, in order to investigate the dynamics of the theory.
This approach is standard in many contexts, where cou-
pling constants are treated as fields that vary over spacetime
(see, e.g., [1]). In this work, we discuss a new perspective in
which these parameters are promoted to partially dynamical
fields, fluctuating in a controlled manner but without the
introduction of kinetic terms. This approach reveals new
topological defects and generalized symmetry structures,
revealing deeper topological layers in QFTs.

A significant consequence of this promotion is the
possibility of decomposition [2,3], where the original QFT
decomposes into a sum over different “universes” [4,5], each
corresponding to a distinct value of the promoted parameter.
From the perspective of generalized global symmetries [6],
this decomposition corresponds to a (D — 1)-form symmetry
in a QFT defined on a D-dimensional spacetime. This
symmetry is associated with charges carried by domain
walls that separate universes. A notable aspect of these
domain walls is that their tensions are infinite, in contrast to
the finite tensions typically found in domain walls associated
with superselection sectors arising from spontaneous sym-
metry breaking [5]. The charges associated with these
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infinitely heavy domain walls are measured by topological
local operators, which are constructed from fields that
emerge from the promoted parameters.

This promotion can be understood as gauging a
“(=1)-form symmetry”—a generalization of symmetry
concepts to include parameters. In this framework, anoma-
lies and gauging can be extended into the parameter space,
as explored in various contexts (see, e.g., [7-13]).
Intuitively, the parameter can be viewed as a background
gauge field for a (—1)-form symmetry. Upon gauging
the (—1)-form symmetry, a dual (D — 1)-form symmetry
emerges as a quantum symmetry. This emergence requires
gauging a finite subgroup—or more precisely, a finite
subset—of the parameter space, consistent with our
approach of making the parameters partially dynamical,
without introducing kinetic terms.

While aspects of these phenomena have been discussed
in various contexts, the existing treatments have been
purely field theoretic. The motivation of this work is to
provide a string theory origin for anomalies, gaugings in
parameter space, and the resulting decomposition. A key
insight from string theory is that there are no truly free
parameters; what appear as parameters in the effective
QFTs engineered from string theory are actually the
vacuum expectation values (vevs) of dynamical moduli
fields. We aim to show that promoting these moduli to
partially dynamical fields is a natural extension within
string theory, where both the parameters and their asso-
ciated topological local operators can be traced back to the
presence of branes. Additionally, the domain walls that
separate distinct universes in the decomposition can also be
understood as being constructed from branes.

We illustrate our approach by examining QFTs derived
from string theory and M-theory on manifolds with conical
singularities, potentially with brane probes. This setup
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enables us to explore the geometric origin of QFT para-
meters across various dimensions. To investigate the
anomalies and gauging in parameter space, we generalize
the notion of symmetry theory [14-16], defined in
(D + 1)-dimensions, for parameters. One essential property
of this generalized symmetry theory for parameters, com-
pared to the conventional ones, is there exist nontrivial
topological local operators built from Euclidean branes.
Thus, the symmetry theory enjoys multiple vacua as a
topological field theory. As a result, the physical boundary
theory is not a single relative theory [17], but a class of
relative theories.

We separately consider symmetry theories for discrete
and continuous parameters, and their derivation from string
theory:

(1) For discrete parameters, we derive symmetry the-
ories by extending the top-down framework intro-
duced in [15,18] (see also [19,20] for earlier related
discussions).

(i) For continuous parameters, we obtain symmetry
theories by taking a topological limit of the kinetic
term for moduli fields inherited from higher-form
gauge fields in string theory. Notably, our results
align with the U(1) symmetry theory proposed
in [21,22], whose string theory origin, to our knowl-
edge, has not been previously discussed in the
literature [23].

In both cases, the gauging in the parameter space is
manipulated as changing the topological boundary con-
dition at the asymptotic boundary of the internal manifold
in string theory and M theory. Furthermore, the Chern-
Simons couplings in string theory and M theory under
dimensional reduction descend to the anomalies in the
parameter space, which have been discussed field theo-
retically in [8,9]. After gauging the parameter space, the
terms previously interpreted as anomalies indicate that the
resulting QFT exhibits a higher-group structure, more
precisely, a D-group structure in a D-dimensional QFT,
reflecting the interplay between decomposition and other
global symmetries. The topological operators, along with
domain walls separating distinct universes, are realized
through branes, generalizing the “branes at infinity” idea
introduced in [27-30].

II. SYMMETRY THEORY OF PARAMETERS
FROM STRING THEORY

In this section, we present a general strategy for deriving
symmetry theories for parameters from string theory. The
resulting symmetry theory involves moduli fields and
various boundary conditions for them. The Dirichlet
boundary condition leads to a fixed profile for moduli
fields, which correspond to parameters with fixed values or
their promotion to background fields. Neumann boun-
dary condition admits the moduli fields to be partially

dynamical, constructing topological local operators and
generating decomposition of the underlying effective QFT.
Consider a string theory on a D-dimensional QFT
engineered from string theory on a (10 — D)-dimensional
internal manifold X with a conical singularity [for M
theory, a (11 — D)-dimensional internal manifold],

X = Cone(0X), (1)

with a link 0X as the asymptotic boundary of X. One can
parametrize the radial direction of the cone with coordinate
r, so that » =0 is the tip of the cone supporting the
singularity, while the asymptotic boundary 0X is located “at
infinity” r = oo.

The associated symmetry theory is a (D -+ 1)-dimensional
theory derived from the string compactification on the
asymptotic boundary 0X of the internal geometry X [15].
Schematically, the g-form gauge field A, for a (¢ — 1)-form
global symmetry in the effective QFT are derived from the
reduction of a p-form Neveu-Schwarz-Neveu-Schwarz or
Ramond-Ramond field (for M-theory C; field) on submani-
fold X,_, C X,

Ay~ A C,. (2)

P—q

We generalize this construction to the case where g = 0.
That is to say, a C, gauge fields in string theory are
dimensionally reduced on a p-cycle to a scalar modulus
field ¢ in (D + 1)-dimensional spacetime, schematically
expressed as ¢ ~ fz,, C,. The modulus field ¢ can be

continuous or discrete, according to the submanifold X, to
be torsional or not, respectively.

A. Symmetry theory for continuous parameters

In this case, we want X, to be torsion-free. It is then easy
to assume the internal manifold X has only torsion-free
submanifolds without loss of generality. The ten-dimen-
sional kinetic term for C,, can be dimensionally reduced on
0X to a (D + 1)-dimensional Maxwell-type term for the
modulus field ¢,

1
| de,nsdc, = sn [ donspade ()
Mp, 1 x0X € IMp,,

where C, and ¢ are all U(1) fields, and *, denotes the
Hodge star operator in d dimensions.

1. Half-magnetic formulation and topological limit

We are interested in the topological limit of this theory to
derive the symmetry theory for the QFT engineered on
Mp = 0Mp_ associated with the string compactification
on X. It is useful to reformulate the above Maxwell-type
theory following [31]:
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where fp is a arbitrary D-form (i.e. R-valued) instead of a
field-strength of any U(1) gauge field. The equivalence
of the second line to the first line of the above equation
can be seen by noticing that ¢ serves as a Lagrangian
multiplier. Path integrating it over ends up with the
condition df, = 0, implying the f is now a field strength
of a (D — 1)-form gauge field dAp_; = fp. The quantum
theory is then

i
/DAD—I exp [ﬁ[vf dAp_y N xpdAp |, (5)

with &% = . This is exactly the magnetic dual description
for the ¢ theory (which can be regarded as the “electric”
one) under abelian S duality [31]. The second line of (4), in
this sense, can be regarded as a ‘“half-magnetic” formu-
lation [32].

The half-magnetic formulation includes a topological
term do A fp, so it likely admits a manifest topological
limit to get the symmetry theory. In fact, the topo-
logical limit can be taken by noticing that the dX is the
asymptotic boundary of X “at infinity” along the “radial”
direction of the conical internal geometry X, which means it
has an infinite volume. To be explicit, we parametrize this
radial direction for the cone by coordinate r. The topo-
logical limit taken is r — oo. Recall that under compacti-
fication, the effective coupling constant is typically
proportional to the inverse of the volume,

e? !
vol(0X)

-0 (6)

Now it is clear that under a large volume limit for dX,
the metric-dependent term in the half-magnetic action
degenerates, while the topological term persists [33].
That is to say; we indeed take a topological limit for the
(D + 1)-dimensional theory, naturally realized as a sym-
metry theory,

Spi1 = / do N fp. (7)
Mpy

Remarkably, since the modulus field ¢ in this case is
compact and fp is an unconstrained D-form, Sp.; can be
regarded as a theory of a U(1) gauge field coupled to a R
gauge field. This exactly recovers the U(1) symmetry
theory proposed in [21,22].

2. Topological operators and defects from (flux)branes

The symmetry theory has two classes of topological
operators,

U, =exp {ia% fD], aeR/Z=U(1),
Mp

V.. = exp [img], meZ, (8)
where U, are domain walls and V,, are local operators. For
QFTs constructed from string theory, it is believed that
operators in the symmetry theory can be built via the
topological sector of branes “at infinity.” This has been
discussed in the context of holography [27,28], geometric
engineering [29], and for general brane probes of singu-
larities [30,34,35]. Following this general strategy, we now
discuss the brane origin for U, and V,, operators in the
symmetry theory for parameters.

For the local operator V,,, notice that its associated ¢
field comes from the dimensional reduction of the string
theory higher gauge field C, integral on a nontorsional
cycle Z. It is easy to conclude that V,, comes from the
ordinary (p — 1)-brane (i.e., D-brane or M-brane) electri-
cally coupled to C,, with its whole worldvolume defined
on X,. The topological sector of the brane is given by the
Wess-Zumino term [36],

S99 = exp [1m/ Cp+~}, (9)
2[’

where --- denotes the subleading terms irrelevant to our
current discussion. m labels the Dirac-quantized charge
carried by the (p — 1)-brane.

The brane origin is more subtle for the domain wall
operator U, Its associated field fj, is not a U(1) gauge
field, but an unconstrained R-valued D-form field. As we
discussed around the half-magnetic formulation (4) of the
Maxwell-type theory, after integrating out the electric
degrees of freedom ¢, fp is interpreted as the field strength
for the dual magnetic U(1) field Ap_;. It is related to the
electric field strength while S duality dAp_; = fp ~
*xpy1de, but at the level of the topological limit where
both ¢ and f, are present, it is more proper to treat f as an
unconstrained magnetic flux, instead of a field strength. It is
then natural to propose its string theory origin as the
magnetic dual flux Go_, for the electric gauge field C,:
Go_p, ~ *19dC,. The brane coupled to this flux Gy_), is the
(8 — p)-fluxbrane [37,38], whose Wess-Zumino term
enjoys a similar form as the ordinary brane,

Stux — exp [ia/ Go_p+---[.  (10)
MpxZg_p_p

where --- denotes the subleading terms irrelevant to our
current discussion. The worldvolume of this flux brane is
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defined on M, x Z9_p_,,, where Zg_p_, is the dual cycle
intersecting with X, within the (9 — D)-dimensional
asymptotic boundary manifold 0X.

3. Topological boundary conditions

Having derived a (D + 1)-dimensional symmetry theory
for parameters, one asks what topological boundary con-
ditions are allowed and their implication to the resulting
D-dimensional QFT. In the string theory context, this
amounts to picking a boundary condition at » = co and
specifying the parameter space of the QFT engineered at the
local singularity at r = 0.

The conventional setup for QFT with fixed parameters or
parameters promoted to background fields corresponds to a
Dirichlet condition for ¢,

¢l =4 (11)

This includes the case when A is a fixed parameter and
when A = A(x) is a background field with a fixed profile.
Local operators V,, are frozen/trivialized by this boundary
condition for all m. This boundary condition implies a U(1)
“(—1)-form symmetry,” generated by the topological oper-
ator U ,, while ¢ is the O-form background field. Recall that
U, are built from (8 — p)-fluxbranes; this boundary con-
dition thus aligns with the result in [39] where authors
proposed fluxbranes constructing the U(1) symmetry
operators [40].

We remark that changing the boundary condition field
profile for ¢ does not necessarily preserve the local infor-
mation of the QFT. In contrast, in the conventional sym-
metry theory, the topological boundary only specifies the
global structure. For example, consider A as one of the
coupling constants for the theory with action S, [¢], where ¢
denotes various fields in the theory. Stacking a U, operator
onto the topological boundary will change the theory,

S,ld] = Sold) + / P x20(x)
e Syald] = Sold] + / P+ a)0w).  (12)

This is a deformation for the theory S;[¢] — S, ,[¢], which
in general will change the local information. That is to say,
the nontopological boundary theory for the symmetry
theory is not a single theory with specific local information,
but a family of QFTs building a deformation class.

We are now interested in promoting the parameter /1 as a
partially dynamical field. This translates in the following
boundary condition (11) to

No| = 1. (13)

This leads to an equivalence of V,, ~ V. . That is to say,
local operators V, with n€Z/NZ = Zy can still be

dynamical along the topological boundary. These nontrivial
topological local operators generate a Zy (D — 1)-form
symmetry for the resulting D-dimensional QFT.

This (D — 1)-form symmetry prevents a fixed valued or
background field profile for the parameter A and its
associated modulus field ¢. The partition function of the
D-dimensional theory is written as

Z- Z/Dqsexp [iS[g ]]exp[l—/deO( )} (14)

which is a sum over partition functions of N theories
labeled by Z, = [ DO exp|iS]expli [ dPxO(x)]. In other
words, the theory decomposes into N universes [3-5].

A key difference between universes and conventional
superselection sectors is that though they are both separated
by domain walls, those separating universes have infinite
tension. This aligns with the (D — 1)-form symmetry
interpretation of decomposition, where these domain walls
are precisely the (D — 1)-dimensional charged defects.
These defects come from a subset of U, operators labeled
by U, with n € Zy that can terminate on the topological
boundary.

Recall that the local operators V,, and domain walls U,,
are originated from ordinary branes (9) and fluxbranes (10).
We can then embed the above discussion in the string
theory, and summarize the brane interpretation for the
gauging in the parameter space:

(1) Euclidean branes lying at the asymptotic boundary

r = oo are topological local operators generating
the (D — 1)-form symmetry, decomposing the
D-dimensional QFT.

(i) Fluxbranes attaching from the singularity r = 0 to
the asymptotic boundary r = oo are infinitely heavy
domain walls for the D-dimensional QFT, separating
different universes.

B. Symmetry theory for discrete parameters

In this case, we are interested in X, wrapped by a
p-(spacetime)dimensional brane to be torsional. The
dimensional reduction of the higher gauge field C, in
string theory now leads to a discrete parameter. Roughly
speaking, the symmetry theory in this case also comes from
the Maxwell-type action for the C, field. However, com-
pared to the topologically trivial (i.e., nontorsional) reduction
for the continuous parameter in (3), the dimensional reduc-
tion for the discrete case needs to be treated with carefulness.
Let us investigate the 10D string theory case, after which the
11D M-theory case will work similarly.

According to [18,34,42,43], for topologically non-
trivial background, the 10D Maxwell-type action in string
theory should be formulated as a boundary theory of
an 11D topological theory in terms of the differential
cohomology [19,44],
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/ de AN *lode - G[H»Z*GIO—])' (15)
Mp, 1 x0X NpaxdX

In the above expression, G p42 18 the differential cohomol-
ogy uplift of the 11D topological gauge field C »+1, Whose
gauge transformation parameter corresponds to the C,
gauge field in 10D string theory. Np ., is an auxiliary
manifold whose boundary oNp,, = Mp,, is where the
symmetry theory will live.

The dimensional reduction of G p+2 on torsional cycle X,
leads to a differential 1-cochain a; ~ fz,, G,, 1 (and sim-

ilarly for the reduction Gl(]—p)' We can then obtain the
dimensional reduced action,

/ GpiaxGro_p = Q/ ayxbpyr,  (16)
Npi2x0X Npia

where Q is determined by the linking number of X,
and its linking cycle. Assuming the external spacetime
Np,, as well as its boundary Mp,; have no torsional
closed submanifold, the above action reduces to a
(D + 1)-dimensional topological field theory which can
be written as ordinary cochains or differential forms [18].
To be explicit, we consider X, being dual to a Zy
cohomology generator, the resulting action reads

Spy1 =N
Mp,

ay A dbyp. (17)

This is a generalization of (D + 1)-dimensional Z, gauge
theory to a O-form field a.

1. Topological operators and defects from branes

The above generalized Z, gauge theory has the equa-
tions of motion Nday, = Ndbp = 0. This leads to the
following finite set of topological operators:

U, =exp [im}[ bD],
Mp

m=0,...N—1.  (18)

V,, = exp [imay],

The brane origin for V,, operators is similar to the case of
continuous parameters. Recall that g is derived from the
reduction of the (differential cohomology uplift of) higher-
form gauge field C,, so its associated operator V,, is built
from the topological limit of the (p — 1)-brane wrapping on
torsional cycle X,. While for U,, operators, the underlying
branes are no longer fluxbranes as in the continuous
parameter case but ordinary branes wrapping the torsional
linking cycle of X, in 0X. Furthermore, this ordinary brane

is the magnetic dual (7 — p)-brane [(8 — p)-brane, respec-
tively, in M theory] of the (p — 1)-brane [29].

2. Topological boundary conditions

The discrete parameter for the D-dimensional QFT
engineered on r = 0 is realized by the electric boundary
condition at » = oo for the symmetry theory (17),

aol = 1. (19)
This is a Dirichlet condition for a,, where y is a fixed
parameter taking values in {0, --- N — 1}. y thus plays the
role of a background gauge field for a Zy “(—1)-form
symmetry.” The symmetry generators are U,, operators,
which are spacetime filling from the D-dimensional QFT
perspective.

As discussed in the continuous parameter case, before
specifying the boundary condition at r = oo, the theory
living at » =0 is not a conventional relative QFT with
certain local information, but a family of theories labeled
by different values of y. Changing the value of y in general
will change the local information, e.g., the rank of the
gauge group.

Promoting the parameter y as a dynamical field is less
ambiguous than the continuous case due to the discrete
nature of the a field. Recall that in the continuous case, ¢
field is a U(1) compact scalar, so performing the promotion
with or without introducing the kinetic terms is possible.
What we choose is to limit ¢ to be flat so that it does not
propagate but only involves summing over discrete topol-
ogies, which we interpret as gauging a finite subgroup of
U(1) “(=1)-form symmetry.” When it comes to the discrete
case, it is easy to see qy itself is a gapped Z, gauge field;
there is no propagating kinetic term one can introduce for it.
A magnetic boundary condition realizes the promotion of y,
This Dirichlet boundary condition of bp freezes the
fluctuation of U, operators while keeping the V,, operators
to be dynamical. These local operators V,, then build a set
of projection operators and thus decompose the theory. The
partition function of the theory is similar to (14),

z— z / Depexpli, ], (21)

where S, [¢] is the action for theory labeled by the discrete
parameter y. This leads to N universes, implying a Zy
(D — 1)-form symmetry generated by V.

Recall that the local operators V,, and domain walls U,
are originated from ordinary branes and its dual magnetic
branes. We can then embed the above discussion in the

025020-5
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string theory, and summarize the brane interpretation for
the gauging in the parameter space:

(1) Euclidean (p — 1)-branes lying at » = oo are topo-
logical local operators generating the (D — 1)-form
symmetry, decomposing the D-dimensional QFT.

(i) Magnetic dual (7 — p)-branes attaching from singu-
larity » = 0 to r = oo are domain walls with infinite
tension, separating different universes.

I1II. EXAMPLES

A. Continuous parameter case: Modified instanton sum
in 4D N =4 SYM

Let us first consider gauging in the continuous parameter
space. One of the most celebrated stages to discuss the
various behaviors of parameters is the #-angle in the 4D
SU(K) gauge theory. Notably, in [9], it was realized that
there is a mixed anomaly between the 2z-shift of § and the
I-form Zy symmetry, and then in [4], the modified
instanton sum labeled by @ is discussed. What we will
do in this section is discuss the N' =4 supersymmetric
version of the SU(K) theory and investigate the symmetry
theory of the 0-angle from branes, providing a top-down
perspective that naturally unifies previous field-theoretic
results.

Consider K D3-branes probing the transverse flat space
C3 in type IIB string theory. The low-energy effective
theory on their worldvolume M, is 4D N = 4 super Yang-
Mills theory with Lie algebra 81t(K). The #-angle related to
the instanton sector |, m, OF2 N Fy of the gauge theory is

typically given by the vev of the IIB axion field C,. Instead
of fixing its vev, we follow our general strategy in Sec. II
and derive its symmetry theory in M5 =M, xR, by
dimensionally reducing the kinetic term for C, on the
asymptotic boundary dC* = §° and taking the topological
limit. The resulting symmetry theory term reads

| dcons. (22)
Ms

The conventional gauge theory with a certain #-angle is
reproduced by picking a Dirichlet boundary condition
Co| = 0 at the asymptotic boundary r = co. Branes behind
this U(1) “(—1)-form symmetry” are 8-fluxbranes wrap-
ping on S3 with worlvolume flux f s, Go = fa, where Gy is

the magnetic flux dual to the electric field C, coupled to
D(—1)-brane, i.e., D-instanton.

Notice that so far, we have not specified the global form
of the gauge group. To determine the global structure,
one considers the symmetry theory for 1-form symmetry,
schematically obtained from the 10D Chern-Simons
term [50]. Usually, this is done without turning on axion
Cy (namely, no 7-brane effect). However, here we are also
interested in the symmetry theory for the 0-angle, so we
turn on the C field and use the complete physical 3-form

field-strength F; = dC, — Cy A dB, [51] (see also [52]),

Bz A dCz

/ Fs AByANF3 =N
MsxS? Ms

—N [ dCynByAB,. (23)
Ms

We thus obtain the symmetry theory,

Ss—/ dCO/\f4+N Bz/\dC2
Ms

Ms

- N dCO AN B2 A Bz. (24)
Ms

Picking the Dirichlet condition for C, and B,
we realized the conventional SU(K) gauge theory with
certain 6. Furthermore, the cubic term in (24) reduces to an
invertible topological field theory (TFT),

—N | dO A B, A B,, (25)
Ms

reproducing the mixed anomaly between the 6 parameter
and the Zy 1-form symmetry discovered in [9].

Let us now consider the boundary condition (13) for C:
NCy| = 6. Under this boundary conditions, a Z sector of
D instantons are admitted to lying along the asymptotic
boundary S°, i.e., “at infinity” from the D3-branes world-
volume. This provides N topological local operators
explinCy),n =0,1,...N — 1 in the resulting 4D gauge
theory, decomposing the theory into N universes, labeled
by a discrete parameter ;6. From a 4D perspective, this is
exactly performing a Zy modified instanton sum discussed
in [4]. The quantum 3-form Z, symmetry generated by
D-instantons have charged defects, which are just magnetic
dual 8-fluxbranes wrapping the cone over S°, namely
attaching between the D3-branes at » = 0 to the infinity
at r = o0. The noncompactness of these wrapped branes
aligns with the fact that they build infinitely heavy domain
walls separating different universes in the 4D theory.

Moreover, this D-instanton “at infinity” setup produces
not only a modified instanton sum, but also a higher-group
structure. The equation of motion for Cy tells us

Under the boundary condition where a Z, 3-form sym-
metry is present, the boundary profile of f, will serve as the
background field for this 3-form symmetry. However, the
above equation shows f, is flat only up to the twist by
the Zg 1-form symmetry background B,. This is thus a
4-group structure G/ schematically expressed as

G4 = 7%z, (27)

025020-6
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which was discussed in the nonsupersymmetry case in [4].
In the above equation we use X to denote it is not a direct
product.

B. Discrete parameter case: Gauging gauge ranks
in 3D ABJ(M) theories

Having discussed how to gauge in the continuous
parameter space and perform the modified instanton sum
from a top-down perspective, we now move to the case of
gauging discrete parameters. We set up our stage in 3D and
QFTs constructed from M theory. Unlike the 4D examples
whose field-theoretic result is known in closely similar
theories, the gauging manipulation, its resulting decom-
position, and higher-group structures we will discuss in this
section, to the best of our knowledge, have not appeared in
the literature.

An infinite family of 3D QFTs can be constructed
on M2-branes probing Calabi-Yau fourfold singularities.
The most celebrated example is the ABJ(M) theory with
the singular Calabi-Yau as an Abelian orbifold, i.e.,
X = C*/Z,. Given N M2-brane probes, the 3D QFT living
on the worldvolume of M?2-branes is a holographic
SCFT [53], with a Chern-Simons-matter theory description
U(N); x U(N)_;. In addition to the regular M2-branes, it
is also possible to consider fractional M2-branes as
MS5-branes wrapping torsional 3-cycles y; [54]. M such
fractional branes modify the rank of the gauge group,
leading to a U(N); x U(N + M)_,. theory. In particular,
the M can only pick values from {0, 1, ...k — 1}.

Let us now treat the modified gauge rank M as a discrete
parameter. Schematically, this discrete parameter, counting
the number of fractional M2-branes, comes from the
dimensional reduction of the C; gauge field on y; in
M-theory. Following our general strategy in Sec. II B, its
associated symmetry theory can be derived from M-theory
action on a 12D manifold M, = N5 x dX via the dimen-
sional reduction on X = §7/Z;,

/ GsxGg = k/ by U dc,
Nsx0X M,

where M, = 0N is the 4-manifold bulk for the symmetry
theory.

The number of the modified gauge rank M is reproduced
via the boundary condition by| = M at r = co. From a
generalized symmetry point of view, this specifies a Z;
“(—=1)-form symmetry,” whose symmetry generators are
exp [im |, u, €3], whose brane origin is precisely the
M5-brane wrapping on y3, spacetime filling in the 3D
QFT living on M.

Gauging in this discrete parameter space is realized via
changing the boundary condition to ¢3| = C3 with by free.
This Neumann condition for b, admits the M2-branes
wrapping on y4, i.e., the linking torsional cycle of y3, to lie

(28)

along the asymptotic boundary at r = oo. This wrapped
M2-brane is now a Euclidean brane “at infinity,” giving rise
to topological local operators exp [imb,]. These local
operators generate a Z; 2-form symmetry for the resulting
3D QFT. Due to these operators, the partition function of
the 3D QFT reads

z=N"zMM, (29)

k—1

0

l

i.e., the theory decomposes into a disjoint union of k
universes, each universe given by an ABJ(M) theory. The
2D domain walls separating different ABJ(M) universes are
engineered from M5-branes wrapping Cone(y3), attaching
the probing M2-branes at r = 0 to the asymptotic boun-
dary r = oo.

Moreover, this 3D decomposition not only implies a
2-form symmetry but also interplays with other global
symmetries and leads to a higher-group structure.
Performing the dimensional reduction for the Chern-
Simons theory C3 A dC53 A dC5 on dX, one ends up with
a cubic interaction in M, schematically,

—Q/ by A by A by, (30)
My

where b, is the background field for the 1-form symmetry
of the ABJ(M) theory, and Q is the coefficient determined
by the geometric data, whose specific result is irrelevant to
our current discussion. In [55], b, is treated as a fixed
parameter, and Qb is then regarded as capturing the self
"t Hooft anomaly for the 1-form symmetry. However, in our
current context, b, also fluctuates in the symmetry theory
bulk M,. Together with (28), the symmetry theory terms
relevant to b, read

k/ boUdC3—Q/ bo/\bz/\bz.
M, M,y

Now, we consider picking the Dirichlet boundary condition
for both ¢3 and b,, which leads to 2-form symmetry (i.e.,
decomposition) and also 1-form symmetry with back-
ground field B, = b,|. The equation of motion for b in
(31) tells us

(31)

This nonclosed condition kdC; # 0 implies the fact that
there is a higher-group symmetry [56], more precisely a

3-group G, as a extension of 1-form symmetry G(!) by the

2

decomposition 2-form Z,”’ symmetry,

Ghl = zP%GW. (33)
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IV. DISCUSSION

We discuss a generalized notion of symmetry theory for
the parameter space in QFTs, and investigate their gauging
and anomalies. We provide a natural top-down treatment so
that both symmetry theory and various operators, have a
string theory interpretation. We illustrate with examples
that one general consequence of gauging in parameter
space is the resulting decomposition mixes with other
global symmetries to build a D group in D-dimensional
theories.

Our work suggests various natural directions for future
investigation. One is to consider turning on a discrete
parameter n for 5D QFTs engineered from M-theory on
Calabi-Yau 3-folds, e.g., C*/Z5, with n M5-branes wrap-
ping on torsional 1-cycles (case n = 0 is the well-known
5D E, SCFT [57].). With nonvanishing n, it is suspected
that the 5D QFT can be gapped [58], thus gauging this
discrete parameter might lead to an interesting decompo-
sition, where different universes can be either gapless or
gapped. Another direction is to investigate how the para-
meter space can be interpreted as not just “(—1)-form
symmetry,” but even lower-form symmetry proposed
in [59]. One potentially useful example is to consider
the Roman mass in IIA. Regarding it as a “(—1)-form
symmetry” in gravity theory, then from the dual 3D QFT
point of view [60], it would correspond to a “(—2)-form
symmetry.” Investigating the gauging of this symmetry and
the potential quantum D-form symmetry would be inter-
esting. Finally, the decomposition from gauging the param-
eter is reminiscent of the ensemble averaging in the context
of lower-dimensional AdS/CFT, in the sense that the
partition function involves multiple QFTs. It was proposed
in [61] that ensemble averaging can be mimicked from a

top-down perspective. The philosophy in this paper is
similar to that of summing/averaging over multiple QFTs
due to the dynamic nature of the modulus field in string
theory. It would be interesting to investigate the potential
connection between gauging in parameter space and the
ensemble averaging holography.

Note added. Top-down derivation for U(1) symmetry
theory is also covered in [62], which appears simultane-
ously with our work. We would like to thank them for
agreeing to coordinate the submission.
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