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We study the origin of the nonmonotonic magnetic field dependence of the lowest charged pion
excitation observed in lattice QCD. In a magnetic field, the charged pion mixes with the longitudinally
polarized charged rho meson, which shares the same quantum numbers. Within the SUð2Þf Nambu–Jona-
Lasinio model supplemented by a gauge invariant tree-level π-ρ mixing operator constrained by the
experimental ρ� → π�γ decay width, we compare four mass extraction schemes: rest mass reconstruction,
local bosonization, direct determinant solving with Landau projection, and near-pole expansion. The rest
mass scheme cannot reproduce the lattice type turnover, while in the local derivative expansion scheme the
turnover presence but is weak which occurs at large magnetic field. By contrast, the direct determinant and
near-pole schemes both retain a robust nonmonotonic lowest mode. The former is most faithful to the
Landau level kinematics of the charged excitation, while the latter most clearly shows that residue
suppression enhances the effective mixing after canonical normalization. Our results indicate that the lattice
behavior is a genuine quasiparticle mixing effect, but one whose robustness depends crucially on how the
charged meson pole structure is extracted in a magnetic field.
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I. INTRODUCTION

External magnetic fields provide a useful probe of
hadronic structure because they couple directly to electric
charge and spin, and therefore resolve aspects of QCD
bound states that are hidden in vacuum. Such fields are
relevant in several physical settings, ranging from the early
Universe and magnetars to the short-lived but extremely
intense fields generated in noncentral heavy ion collisions
[1–5]. When the magnetic scale becomes comparable with
typical hadronic scales, the response of QCD matter is no
longer perturbative. The magnetic field can affect chiral
dynamics, modify quark and hadron dispersion relations,
and change the internal structure of mesonic bound
states [6–14]. Reviews of QCD in magnetic backgrounds
can be found in Refs. [15–17].
One of the most direct manifestations of the magnetic

field is its effect on charged hadrons. For a pointlike
charged particle, the transverse motion is quantized into
Landau levels, and the lowest charged excitation is
expected to grow roughly with the magnetic scale.
Hadrons, however, are composite objects. Their correla-
tion functions also contain information about binding,
polarization, wave function normalization, and possible

mixing with other modes. Therefore the charged meson
spectrum in a magnetic field cannot be described by a
simple lowest Landau level dispersion relation.
Lattice QCD calculations have provided important

nonperturbative information on this problem [11,18–
22]. A particularly striking result is that the lowest charged
pion excitation shows a nonmonotonic dependence on the
magnetic field. Instead of increasing monotonically as
suggested by the naive lowest Landau level expectation,
the energy rises at weak field, reaches a maximum at
intermediate field strength, and then decreases as the
magnetic field becomes stronger. Similar behavior has
also been observed for charged kaons. This qualitative
feature indicates that the lattice observable is sensitive
not only to Landau quantization, but also to the inter-
nal dynamics of the charged meson in the magnetic
background.
The magnetic field dependence of light mesons has

been studied in a variety of effective approaches, including
NJL-type models, functional methods, and holographic
models [23–31]. The charged vector meson sector has also
been widely discussed, especially because the magnetic
field separates different spin projections and can strongly
affect the charged ρ channel [32–34]. More recent works
have explored several possible sources of the lattice trend,
including magnetic field dependent effective couplings
[35], meson mixing [36,37], wave function renormali-
zation effects [38], and inverse magnetic catalysis [39].
These studies have clarified many aspects of meson
spectroscopy in a magnetic field. Nevertheless, reproducing
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the lattice-type turnover in a controlled and robust way
remains nontrivial.
A natural mechanism is the mixing between the charged

pion and the longitudinally polarized charged rho meson. In
vacuum, the pseudoscalar pion and vector rho meson are
distinct excitations. In a magnetic field, however, rotational
symmetry is reduced and the sz ¼ 0 component of the
charged rho meson can have the same residual quantum
numbers as the charged pion. The magnetic background
can therefore induce π� − ρ� mixing. Such mixing gen-
erates level repulsion between pionlike and rholike modes
and may lower the lightest eigenmode at sufficiently large
magnetic field. In our previous work [40], we focused on
this dynamical mechanism and showed how π-ρmixing can
provide a possible origin of the nonmonotonic charged
meson energy observed in lattice QCD.
The present work addresses a different but closely related

issue. Once a magnetic field is present, the word “mass” is no
longer unique. In vacuum, Lorentz symmetry ties together
the pole mass, the rest energy, and the mass parameter
appearing in a low energy effective Lagrangian. In a
magnetic background this equivalence is lost. Charged
excitations are described by Landau level eigenstates rather
than ordinary plane waves, longitudinal and transverse
dynamics are separated, and the residues of composite meson
poles may depend strongly on the magnetic field. As a result,
different operational procedures for extracting a meson mass
can lead to different magnetic field dependences, even when
they start from the same microscopic dynamics.
For this reason, the main goal of this paper is to compare

mass-extraction schemes for the coupled π� − ρ� system.
We work within a common SUð2Þf Nambu–Jona-Lasinio
framework and include a gauge invariant π-ρ mixing
operator constrained by the physical ρ� → π�γ decay
width. On this common basis, we examine four schemes:
the rest mass construction from the RPA pole at zero spatial
momentum, the local bosonized derivative expansion, the
direct solution of the Landau projected determinant, and the
near-pole quasiparticle expansion with canonical normali-
zation. Since the same microscopic kernel is used through-
out, the comparison isolates the role played by Landau level
projection, locality, and wave function normalization in the
extracted charged spectrum.
We find that the four schemes form a clear hierarchy. The

rest mass construction fails to reproduce the lattice-type
turnover in the physical lowest Landau level energy,
because it first extracts a vacuum like rest mass and only
afterward reconstructs the charged energy. The local
derivative expansion scheme can generate a turnover,
but the effect is weak and appears only at relatively large
magnetic field, suggesting that a strictly local expansion
does not fully preserve the charged pole structure
relevant for the lattice observable. By contrast, the direct
determinant and near-pole schemes both retain a robust
nonmonotonic lowest mode. The direct determinant

scheme gives the most faithful treatment of the charged
Landau eigenmode, while the near-pole scheme makes
transparent that suppression of mesonic residues enhances
the effective mixing after canonical normalization.
Our results therefore refine the physical interpretation of

the lattice behavior. The turnover is not merely a generic
consequence of adding a π-ρ mixing term to an effective
Lagrangian. It appears robustly only when the charged
meson is treated as a Landau level quasiparticle and when
its pole normalization is handled consistently. In this sense,
the lattice result probes not only mass shifts, but also the
magnetic field dependence of the charged pole structure
and the quasiparticle residues.
This paper is organized as follows. Section II introduces

the mass definitions in a magnetic field and outlines the four
extraction schemes considered here. Section III presents the
common microscopic input, including the NJL model, the
π� − ρ�sz¼0 quadratic kernel, and the vacuum matching of
the effective mixing term. Sections IV–VII implement the
rest mass, local bosonized, direct determinant, and near-pole
extraction schemes, respectively. Section VIII compares the
four results, while Sec. IX discusses their implications for
lattice observables and effective descriptions. Section X
gives the outlook.

II. MASS DEFINITIONS IN A MAGNETIC FIELD
AND EXTRACTION STRATEGIES

In vacuum, Lorentz invariance ensures that different
operational definitions of hadron mass coincide. The pole
of the propagator, the rest energy of the excitation, and the
mass parameter appearing in an effective Lagrangian all refer
to the same physical quantity. In a magnetic field, however,
this equivalence is lost. Rotational and Lorentz symmetries
are explicitly broken, charged excitations occupy discrete
Landau levels, and temporal and spatial components of
correlators no longer enter on the same footing. As a result,
the notion of “mass” becomes scheme dependent.
In the present work, we compare four extraction strategies

that arise naturally in effective QCD treatments of charged
mesons in a magnetic background. All four are derived from
the same microscopic π-ρ quadratic kernel, but they differ in
how they treat Landau level kinematics, locality, and wave
function renormalization. Rather than viewing them as
competing models, we use them as complementary projec-
tions of the same underlying dynamics.

A. Rest mass extraction (RPA pole at zero momentum)

The most direct extension of the vacuum pole definition
is to determine the mass from the condition

detKðq0; q⃗ ¼ 0Þ ¼ 0 ð1Þ

where K is the quadratic kernel in the meson sector. This
definition answers the question: What is the energy
required to create a composite excitation at rest?
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In this scheme, the magnetic field enters only through the
quark loop polarization functions. No explicit Landau level
structure is imposed at the meson level. The resulting
quantity is therefore a rest frame pole of the composite
correlator, rather than the energy of a propagating charged
quasiparticle. This construction provides the simplest base-
line for comparison, since it most closely parallels the
familiar vacuum RPA pole definition [41–43].

B. Local extraction from bosonization

An alternative viewpoint is obtained by bosonizing the
underlying quark model and performing a derivative
expansion of the effective action [27,41,44]. In this
approach, the nonlocal quadratic kernel is reorganized into
a local mesonic theory with magnetic field dependent
kinetic and mass coefficients,

Leff ¼ ZϕðBÞjDμϕj2 −m2
ϕðBÞjϕj2 þ � � � : ð2Þ

This scheme answers a different question: what effective
mass parameter governs the charged meson in a local
mesonic description? The magnetic field is incorporated
through the covariant derivative, so Landau quantization is
introduced at the level of the effective meson fields.
However, the coefficients are extracted from a derivative
expansion around small momentum, rather than from the
physical pole itself. The local scheme therefore provides an
EFT reinterpretation of the same microscopic dynamics,
but one that relies on locality and small momentum
expansion.

C. Direct determinant with Landau projection

For a charged excitation in a magnetic field, the
physically relevant mode is not a plane wave but a
Landau level eigenstate. A more kinematically faithful
definition is therefore obtained by projecting the quadratic
kernel onto a fixed Landau level and solving

detKLLLðq0Þ ¼ 0: ð3Þ

This scheme answers the question: what is the energy of the
lowest Landau eigenmode of the coupled π-ρ system?
Unlike the rest mass construction, Landau quantization is
imposed directly on the external meson state [26,36,45,46].
Unlike the local expansion, the pole is extracted from the
full projected kernel rather than from a derivative expan-
sion. This method is the most direct microscopic determi-
nation of the charged excitation energy in a magnetic
background.

D. Near-pole extraction (quasiparticle effective theory)

Finally, one may expand the Landau projected quadratic
kernel around the unmixed physical poles and canonically
normalize the propagating modes [40,47,48],

KLLLðq0Þ ≈ −ZϕðBÞðq20 − E2
ϕðBÞÞ; ð4Þ

In this form, the residues ZϕðBÞ enter explicitly and the
mixing term is naturally expressed in terms of canonically
normalized fields.
This scheme answers the question: what is the mass of

the physical quasiparticle eigenmode once pole normali-
zation is taken into account? Since the effective mixing
scales inversely with the square root of the residues, the
suppression of the mesonic residues can enhance level
repulsion. It is not a different kinematics from the direct
determinant approach, but a quasiparticle reorganization of
the same Landau projected pole structure.
The four strategies thus form a natural hierarchy. The rest

mass scheme is the simplest vacuum-inspired construction;
the local bosonized scheme recasts the problem into a local
effective theory; the direct determinant method solves the
Landau projected charged mode directly; and the near-pole
expansion provides the most transparent quasiparticle
interpretation of the same pole structure. In the following
sections, we implement each strategy explicitly and com-
pare their predictions for the coupled π� − ρ� system in a
magnetic field. Before doing so, we first summarize the
common microscopic input shared by all four schemes.

III. COMMON MICROSCOPIC INPUT

A. NJL model in a magnetic field

The Lagrangian of the SU(2) Nambu–Jona-Lasinio
(NJL) model is given by

L ¼ ψ̄ðiD − m̂Þψ þ GS½ðψ̄ψÞ2 þ ðψ̄iγ5τ⃗ψÞ2�
−GV ½ðψ̄γμτaψÞ2�; ð5Þ

where ψ corresponds to the quark field of two light flavor u
and d, m̂ ¼ diagðmu;mdÞ is the current quark mass matrix
of u and d quarks, τa ¼ ðI; τ⃗Þ with τ⃗ ¼ ðτ1; τ2; τ3Þ repre-
senting the isospin Pauli matrices, and GS and GV are the
coupling constants with respect to the scalar (pseudoscalar)
and the vector (axial-vector) channels [41,42,49]. The
covariant derivative, Dμ ¼ ∂μ − iqfAext

μ couples quarks to

an external magnetic field B⃗ ¼ ð0; 0; BÞ along the positive z
direction via a background field, with Landau gauge
A ¼ −Byδk1. qf ¼ ð−1=3; 2=3Þ is the electric charge of
the quark field. The field strength tensor Fμν is defined
by Fμν ¼ ∂½μAext

ν� .
After Hubbard-Stratonovich transformation we have

quarks coupled linearly to auxiliary meson fields

L ¼ ψ̄ðxÞðiγμDμ −m0ÞψðxÞ − ψ̄ðσ þ iγ5τ⃗ · π⃗Þψ

−
ðσ2 þ π⃗2Þ

4GS
þ ðρaμρaμÞ

4GV
; ð6Þ

where the Euler-Lagrange equations of motion for the
auxiliary fields lead to the constraints
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σðxÞ ¼ −2GSψ̄ðxÞψðxÞ;
π⃗ðxÞ ¼ −2GSψ̄ðxÞiγ5τ⃗ψðxÞ;
ρaμðxÞ ¼ −2GV ψ̄ðxÞγμτaψðxÞ: ð7Þ

For the quark propagator, we take the Landau level
representation [15,50] Sfðr; r0Þ ¼ eiΦðr⊥;r0⊥ÞSfðr − r0Þ,
where Φðr⊥; r0⊥Þ is the Schwinger phase defined by

Φðr⊥; r0⊥Þ ¼ − sf⊥ðx−x0Þðyþy0ÞjqfBj
2

, with sf⊥ ¼ signðqfBÞ, qf
is the charge of the fermion field. The translation invariant
part of the propagator can be transformed to momentum

space Sfðr − r0Þ ¼ R d4p
ð2πÞ4 e

−ip·ðr−r0ÞSfðpÞ, with

SfðpÞ ¼ ie−p
2⊥l2f
X∞
n¼0

ð−1Þn DfðpÞ
GðpÞ ;

DfðpÞ ¼ 2½p0γ
0 − p3γ3 þm�

× ½PþLnð2p2⊥l2fÞ − P−Ln−1ð2p2⊥l2fÞ�
þ 4γ⃗⊥ · p⃗⊥L1

n−1ð2p2⊥l2fÞ;
GðpÞ ¼ p2

0 − p2
3 − 2njqfBj −m2

f; ð8Þ

where P� ¼ 1
2
½1� iγ1γ2sf⊥� is the projector. For u-quark

su⊥ ¼ þ1, l2u ¼ 3
2
l2, and for d-quark sd⊥ ¼ −1, l2d ¼ 3l2.

B. Gap equation and constituent quark mass

In the QCD vacuum, quark-antiquark pairs condense,
leading to the generation of dynamical masses for quarks.
Assuming isospin symmetry with mu ¼ md ¼ m0, the
constituent quark mass mf for light quarks is determined
by solving the gap equation mf ¼ m0 þ 2GSTrSðx; xÞ.
Then, the gap equation is rotating to Euclidean space

mf ¼ m0 þ 8GSmfNc

X
f¼u;d

jqfBj
4π

×
X∞
n¼0

αn

Z
∞

−∞

dp3

2π

1 − 2nFðEFÞ
2Ef

; ð9Þ

where αn ¼ 1 for n ¼ 0, and αn ¼ 2 for n ≥ 1 is the degree
of degeneracy of spin. nF ¼ 1=ðex=T þ 1Þ is the Fermi
Dirac distribution, the energy eigenvalue of quark in the

magnetic field Ef ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqfBj þ p2

3 þm2
f

q
. The resulting

constituent quark mass exhibits the expected magnetic
catalysis at low temperature, in agreement with previous
NJL-type and related effective-model studies of quarks in
external magnetic fields [9,23].

C. Meson quadratic kernel and polarization matrix

We now turn to investigate the properties of mesons. To
keep the Lagrangian minimal, we focus on the π� and ρ�

sector, and focus on the sz ¼ 0 part of ρ�. To avoid the
coupling between ρ�0 and ρ�3 , we restrict ourself to qz ¼ 0.

This is a consistent kinematic truncation for extracting pole
energies of the lowest Landau level at zero longitudinal
momentum. Restoring qz ≠ 0 would enlarge the kernel but
not change the qualitative mixing mechanism. With these
restrictions, we have the Hubbard-Stratonovich trans-
formed Lagrangian

LHS ¼ ψ̄ðiD −mfÞψ − ψ̄ ½iγ5τþπ− þ iγ5τ−πþ þ γμτ
þρ−μ

þ γμτ
−ρþμ þ � � ��ψ −

jπj2
4GS

þ jρj2
4GV

þ � � � : ð10Þ

After integrating out quarks and expand to quadratic order,
the bosonized effective action is

Seff ½π;ρ� ¼
Z

d4x

�
πþπ−

4GS
−
ρþμ ρ−μ

4GV

�
− iTr ln½S−1f − Σ̂ðπ;ρÞ�

þ
Z

d4xLtree; ð11Þ

with S−1f ¼ iD −mf in the background field, and Σ̂ ¼
iγ5τþπ− þ iγ5τ−πþ þ γμτ

þρ−μ þ γμτ
−ρþμ the meson-

quark vertices. Throughout this work we work at the
RPA level and retain only quadratic terms in the meson
fields. By expanding the fermion determinant to second
order we have to the second order

−iTr ln½S−1f − Σ̂� ¼−iTr lnS−1f þ i
2
TrðSfΣ̂SfΣ̂Þþ �� � : ð12Þ

So the quadratic meson action is

Sð2Þeff ¼
1

2

Z
d4xd4yΦ†ðxÞ½G−1δðx−yÞ−Πðx;yÞ�ΦðyÞþSð2Þtree;

ð13Þ
whereΦ ¼ ðπ; ρ3ÞT in the reduced subspace.Hereρ3 denotes
the longitudinal sz ¼ 0 component of the charged rhomeson.
G−1 is the “contact” inverse propagator from the HS terms,

and Π is the polarization matrix from the quark loop. Sð2Þtree ¼R
d4xLtree comes from the tree level counterterm. In the

randomphase approximation (RPA), the core ingredient is the
polarization function, which is defined here by

Πðx; yÞ ¼
�Πππ Π3

πρ

Π3
ρπ Π33

ρρ

�
;

Πππ ¼ −iTr½ðiγ5τ−ÞSfðr; r0Þðiγ5τþÞSfðr0; rÞ�;
Π33

ρρ ¼ −iTr½ðγ3τ−ÞSfðr; r0Þðγ3τþÞSfðr0; rÞ�;
Π3

ρπ ¼ −iTr½ðγ3τ−ÞSfðr; r0Þðiγ5τþÞSfðr0; rÞ�;
Π3

πρ ¼ −iTr½ðiγ5τ−ÞSfðr; r0Þðγ3τþÞSfðr0; rÞ�: ð14Þ
The off-diagonal component Π3

ρπ and Π3
πρ are nonvanishing

in presence of the external magnetic field. They introduce
the mixing between π� and ρ�sz¼0 at loop level.
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D. Regularization scheme and model parameters

In the calculation, we use the Pauli-Villars regulation
with three regulators ai ¼ f0; 1; 2; 3g, ci ¼ f1;−3; 3;−1g.
The model parameters are chosen to be Λ ¼ 1.2 GeV,
GS ¼ 3.715 GeV−2, GV ¼ 5.762 GeV−2 for all schemes
except the bosonization. These parameters correspond to
mπ ¼ 0.133 GeV, mρ ¼ 0.77 GeV. The summation of
Landau level is performed to over 200 Landau levels,
which is sufficient for the range of magnetic field
considered.

E. Weak-field loop-induced π-ρ mixing and its role in
the matching

Before fixing the phenomenological mixing strength
from the radiative decay ρ� → π�γ, we first separate the
part of the mixing vertex that is generated explicitly by the
quark loop in the present NJL truncation. This can be done
most transparently in the weak-field limit. Since the off-
diagonal polarization functions Π3

ρπ and Π3
πρ vanish in

vacuum and are odd in the external magnetic field, their
leading contribution is linear in B. We therefore expand the
quark propagator to first order in the magnetic field and
define the loop-induced mixing strength as the coefficient
of the structure iq0eB.
This separation is useful for the matching procedure. The

polarization function in background field and the vacuum
ρπγ transition amplitude should not be regarded as two
unrelated effects. At linear order in the external magnetic
field, the magnetic background acts as one soft electro-
magnetic insertion on the quark line. The resulting off-
diagonal π-ρ polarization is therefore the soft external field
limit of the same quark level triangle diagram that con-
tributes to the vacuum radiative transition ρ → πγ. In this
sense, the weak field calculation identifies the micro-
scopic loop part of the effective ρπγ vertex within the
present model.
For a quark of flavor f and electric charge qf ¼ Qfe in a

constant magnetic field along the z direction, B ¼ Bẑ, the
translationally invariant part of the propagator can be
expanded as

Sfðk;BÞ ¼ Sð0Þf ðkÞ þ Sð1Þf ðk;BÞ þOðB2Þ; ð15Þ

where

Sð0Þf ðkÞ ¼ k · γ þM
k2 −M2 þ iϵ

;

Sð1Þf ðk;BÞ ¼ iqfB
γ1γ2ðkk · γk þMÞ
ðk2 −M2 þ iϵÞ2 : ð16Þ

Here kμk ¼ ðk0; 0; 0; k3Þ and kμ⊥ ¼ ð0; k1; k2; 0Þ. Keeping

only terms linear in B, the off-diagonal polarization
function for the charged channel becomes

Π3
ρþπþðqÞ ¼ −i2Nc

Z
d4k
ð2πÞ4 Tr½γ

3Sð0Þu ðkÞiγ5Sð1Þd ðp;BÞ

þ γ3Sð1Þu ðk;BÞiγ5Sð0Þd ðpÞ�
≡ −iq0eBg

loop;vac
ρπ ; ð17Þ

with p ¼ kþ q. After carrying out the frequency integral,
the loop coefficient without external magnetic field can be
written as

gloop;vacρπ ¼ 8

3
NcM

Z
d3k
ð2πÞ3

�
12E2

f − q20
4E3

fðq20 − 4E2
fÞ2

ð1− 2nFðEfÞÞ

−
n0FðEfÞ

2E2
fðq20 − 4E2

fÞ
�
; ð18Þ

where Ef ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

p
. Evaluating this expression in

vacuum with M ¼ 0.4 GeV and q0 ¼ mπ ¼ 0.133 GeV
gives

gloop;vacρπ ¼ 0.064556: ð19Þ
The numerical value of gloop;vacρπ shows that the quark loop

provides a sizable part of the effective ρπγ coupling, but it
does not saturate the coupling inferred from the physical
radiative decay. Hence in the following matching, we treat
gloop;vacρπ as the explicitly resolved microscopic contribution,
and determine the remaining local part by matching the full
effective vertex to the experimental decay width.
This prescription also fixes how the magnetic field

dependence is implemented in the later sections. The
quantity gloopρπ ðBÞ is computed from the quark loop polari-
zation function and therefore carries the magnetic field
dependence generated by the microscopic NJL dynamics.
The part not resolved by this loop calculation is represented
by a local counterterm fixed in vacuum and kept as a
constant effective contribution. Thus the mixing strength
used below has the form gρπðBÞ ¼ gloopρπ ðBÞ þ gtreeρπ .

F. Tree-level π-ρ mixing operator and vacuum
matching

The weak field calculation above determines the part of
the ρπγ vertex that is explicitly generated by the quark loop
in the present NJL truncation. To reproduce the physical
radiative transition, however, one has to match the total
effective vertex to the experimental ρ� → π�γ decay width.
We implement this matching by adding the lowest order
gauge-invariant local operator that is linear in the electro-
magnetic field and connects the charged pion to the
longitudinal charged rho mode,

Ltree ¼ κtreeðρþμ F̃μνDνπ
− þ ρ−μ F̃μνDνπ

þÞ; ð20Þ

where F̃μν ¼ ϵμναβFαβ=2 and κtree has mass dimension −1.
In a static magnetic field along the z direction, this operator
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reduces in the qz ¼ 0, ρ3 sector to a term proportional to
ρ�3 ∂0π

∓. Thus it contributes directly to the off-diagonal
quadratic kernel as

Ktree
ρπ ðq0;BÞ ¼ þiq0κtreeB;

Ktree
πρ ðq0;BÞ ¼ −iq0κtreeB: ð21Þ

The role of this operator is purely matching. It should not
be interpreted as an independent mechanism unrelated to
the loop-induced polarization discussed above. Rather, the
full low-energy ρπγ vertex is decomposed into an explicitly
calculated quark loop contribution and a remaining local
contribution that is not resolved within the present trunca-
tion. The latter is represented by Ltree and fixed by
vacuum data.
To determine the normalization, consider the radiative

decay ρðP; ϵρÞ → πðpÞ þ γðq; ϵγÞ, with P ¼ pþ q. For
an outgoing photon, the dual field strength gives
F̃μν → iϵμναβqαϵγ;β, while the derivative acting on the pion
gives Dνπ → −ipνπ. The corresponding amplitude can be
written as

iM ¼ iκexpϵμναβϵρ;μϵγ;βpνqα: ð22Þ

After summing over final polarizations and averaging over
the three rho polarizations, one obtains

jMj2 ¼ 2

3
κ2expðP · qÞ2: ð23Þ

The two-body decay width is therefore

Γðρ → πγÞ ¼ κ2exp
96πm3

ρ
ðm2

ρ −m2
πÞ3: ð24Þ

Using the experimental partial width Γexpðρ� → π�γÞ≃
0.068 MeV, we obtain κexp ≃ 0.222 GeV−1.
For use in the quadratic meson kernel, the coupling must

be expressed in terms of the normalization convention of
the composite pion and rho fields. In the pole-based
schemes considered below, namely the rest mass, direct
determinant, and near-pole extractions, we define the
vacuum wave function normalizations from the slopes of
the diagonal polarization functions at the physical poles,

Zvac
π ¼ ∂Πππðq0Þ

∂q20

����
q2
0
¼m2

π

; Zvac
ρ ¼ ∂Πρρðq0Þ

∂q20

����
q2
0
¼m2

ρ

: ð25Þ

With this convention, the inverse pole residue is Zvac
ϕ , and

the canonically normalized mixing strength contains the
factor ðZvac

π Zvac
ρ Þ−1=2. The vacuum polarization functions

entering this definition are

Πππðq0Þ ¼ −i
Z

d4k
ð2πÞ4 Tr½iγ5τ

−SðkÞiγ5τþSðpÞ�

¼ 8Nc

Z
k2dk
2π2

2Efð1 − 2nFðEfÞÞ
4E2

f − q20
; ð26Þ

Πρρðq0Þ¼−i
Z

d4k
ð2πÞ4Tr½γ

3τ−SðkÞγ3τþSðpÞ�

¼ 8Nc

Z
k2dk
2π2

�
4Ef

3
þ2M2

3Ef

�
1−2nFðEfÞ
4E2

f−q20
: ð27Þ

Numerically, for the parameter set used in the pole-based
calculations, this gives Zvac

π ¼ 0.109 and Zvac
ρ ¼ 0.413.

The full vacuum transition strength inferred from the
decay width must then be reproduced by the sum of
the loop contribution and the local remainder. With
κexp ¼ egexpρπ , the matching condition is

gloop;vacρπ þ gtreeρπffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zvac
π Zvac

ρ

p ¼ κexp
e

≃ 0.73337 GeV−1: ð28Þ

Using the weak field loop result gloop;vacρπ ¼ 0.064556, this
fixes

gtreeρπ ¼ 0.09104 GeV−1: ð29Þ

The total mixing coefficient used in the pole-based extrac-
tion schemes is therefore

gρπðBÞ ¼ gloopρπ ðBÞ þ gtreeρπ : ð30Þ

Here gloopρπ ðBÞ is calculated from the off-diagonal quark
polarization function at finite magnetic field, while gtreeρπ is
kept as the constant local remainder fixed by the vacuum
radiative decay. This prescription keeps the magnetic field
dependence that is explicitly generated by the microscopic
loop calculation, while ensuring that the total vacuum ρπγ
coupling is normalized to experiment.
In the local bosonized scheme, the same matching logic

is used, but the wave function normalization are not the
pole residues above. They are instead obtained from the
derivative expansion around vanishing external momen-
tum. Consequently, the numerical value of the local tree-
level remainder differs from that in the pole-based schemes.
This point will be discussed separately in the local
extraction section.
The ingredients introduced above—the NJL model in a

magnetic background, the Landau level quark propagator,
the quadratic kernel in the ðπ�; ρ�sz¼0Þ sector, and the
matched local mixing operator—provide the common
microscopic input for all four extraction schemes. What
differs in the following sections is not the underlying
dynamics, but how this same kernel is projected onto
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physical masses or energies. We begin with the most direct
extension of the vacuum pole definition, namely the rest
mass construction.

IV. REST MASS EXTRACTION (RPA POLE AT
ZERO MOMENTUM)

We start from the most direct extension of the familiar
vacuum pole definition. In NJL type approaches, the meson
mass in vacuum is usually determined from the pole of the
random phase approximation (RPA) propagator at zero
spatial momentum. In a magnetic field, the simplest
generalization is to apply the same prescription to the
coupled π-ρ kernel and define the mass through

detKðq0; q⃗ ¼ 0;BÞ ¼ 0 ð31Þ

This construction answers the question: what is the energy
required to create the composite excitation at rest?
This definition provides a natural baseline, because it

stays as close as possible to the usual vacuum RPA pole
construction. At the same time, it is also the least adapted
to the kinematics of a charged excitation in a magnetic
field. The magnetic field enters through the quark loop

polarization functions and the mixing kernel, but no
explicit Landau level structure is imposed on the external
meson state. The resulting quantity is therefore a rest-frame
pole of the composite correlator, rather than the energy of a
propagating charged Landau eigenmode. For this reason,
the rest mass scheme is best viewed as a reference point for
the later analysis. It isolates how much of the magnetic field
effect can already be captured by the composite pole at
q⃗ ¼ 0, before one incorporates Landau level projection or
quasiparticle normalization more explicitly.
In the charged π� − ρ�sz¼0 system, the quadratic kernel

takes the form

Kðq0;BÞ ¼
� 1

2GS
−Πππðq0;BÞ −Π3

πρðq0;BÞ þKtree
πρ

−Π3
ρπðq0;BÞ þKtree

ρπ
1

2GV
−Πρρðq0;BÞ

�
:

ð32Þ

The tree counterterm is the truncated to qz ¼ 0, ρ → ρ3
sector, and contribute to the kernel as (21). In the meson
rest frame q ¼ ðq0; 0Þ, the polarization function are
given by

Πππðq0; BÞ ¼ −
4NceB
3π

X∞
m;n¼0

Z
dk3
ð2πÞ ð−1Þ

nþm

�
H1ðn;mÞI3ðq0Þ þ

�
ðk23 þm2ÞH1ðn;mÞ − 8eB

3
H2ðn;mÞ

�
I2ðq0Þ

�
;

Πρρðq0; BÞ ¼ −
4NceB
3π

X∞
m;n¼0

Z
dk3
ð2πÞ ð−1Þ

nþm

�
H1ðn;mÞI3ðq0Þ −

�
ðk23 −m2

fÞH1ðn;mÞ þ 8eB
3

H2ðn;mÞ
�
I2ðq0Þ

�
;

Π3
ρπðq0; BÞ ¼ −i

4NceB
3π

mfq0
X∞
m;n¼0

Z
dk3
ð2πÞ ð−1Þ

nþmH3ðn;mÞI2ðq0Þ≡ −iq0eBg
loop
ρπ ðq0; BÞ; ð33Þ

where n and m are Landau levels in the u- and d-quark
propagator respectively, I2 and I3 are the functions encod-
ing the Matsubara sum are defined in (A1) in Appendix A,
and Hi are integrals over Laguerre polynomials generated
by the integral over perpendicular momentum. The defi-
nitions and analytical expressions of Hi are included in the
Appendix B. The other off-diagonal component is given by
Π3

πρ¼Π3�
ρπ¼ iq0eBg

loop
ρπ ðq0;BÞ. With gloopρπ ðq0; BÞ describes

the loop-induced mixing

gloopρπ ðq0;BÞ¼
4Nc

3π
mf

X∞
m;n¼0

Z
dk3
ð2πÞð−1Þ

nþmH3ðn;mÞI2ðq0Þ:

ð34Þ

Hence the off-diagonal component of the kernel can
be rewritten as −iq0Hðq0; BÞ≡ −Π3

πρ þKtree
πρ and

iq0Hðq0;BÞ≡−Π3
ρπþKtree

ρπ , with HðBÞ¼ðgloopρπ þgtreeρπ ÞeB
in the kernel denotes the combined loop-induced and

tree-level mixing coefficient, with gtreeρπ determined in
Sec. III.
The rest mass spectrum is obtained by solving

detKðq0; BÞ ¼
�

1

2GS
− Πππ

��
1

2GV
− Πρρ

�
− q20HðBÞ2

¼ 0; ð35Þ

for real q0 ¼ m�ðBÞ. In the absence of mixing, the pion
and longitudinal rho masses are determined independently
from the diagonal components. When mixing is present, the
eigenvalues of the coupled system define two rest-frame
pole masses.
In Fig. 1 we present the magnetic field dependence of

unmixed charged pion rest massmπ as well as the lower rest
mass m−ðBÞ of the mixed system. We also present the
energy of the lowest landau level by adding the corre-
sponding kinetic energy Eϕ ¼ ðm2

rest þ eBÞ1=2. Although
the lower eigenvalue of rest mass in the mixed system
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exhibits a nonmonotonic behavior with magnetic field over
the range considered, its corresponding LLL energy ELLL is
monotonic increasing with magnetic field. The inclusion of
π-ρ mixing in such scenario produces only a modest
quantitative shift relative to the unmixed case.
In the rest mass scheme, the pole is determined in

the meson rest frame, and the lowest Landau level
(LLL) energy is subsequently reconstructed through
Eϕ ¼ ðm2

rest þ eBÞ1=2. As long as the extracted rest mass
squared remains positive, the LLL energy is bounded from
below by

ffiffiffiffiffiffi
eB

p
. However, lattice simulations show that at

sufficiently large magnetic field the lowest eigenmode falls
below

ffiffiffiffiffiffi
eB

p
, implying that the effective mass parameter

entering the dispersion relation cannot remain strictly
positive. Within the rest mass prescription adopted here,
the mixing effect modifies the rest mass only moderately
and does not drive it negative. As a result, the LLL energy
in this scheme never drops below the

ffiffiffiffiffiffi
eB

p
baseline and

therefore cannot reproduce the nonmonotonic behavior
observed in lattice QCD.
The rest mass scheme therefore provides the simplest

definition of mass in a magnetic background. Its failure to
reproduce the lattice turnover is not merely quantitative; it
reflects a structural limitation of describing a charged
excitation in a magnetic field without imposing Landau
level kinematics on the external meson state.

V. LOCAL EXTRACTION

The failure of the rest mass construction shows that, in a
magnetic field, the relevant charged excitation cannot in
general be described by extracting a vacuum style pole at
q⃗ ¼ 0 and then reconstructing the lowest Landau level
energy afterward. A natural next step is therefore to
reorganize the same microscopic kernel into a local
mesonic effective theory, in which the external magnetic

field enters directly through covariant derivatives acting on
charged meson fields.
This leads to the local extraction, or bosonization, scheme.

Instead of determining the spectrum directly from the full
nonlocal kernel, we bosonize the underlying quark model
and perform a derivative expansion of the effective action.
The result is a local quadratic mesonic theory in which the
magnetic field dependence is encoded in effective kinetic
coefficients, mass parameters, and mixing terms. This
construction answers a different question from the rest mass
scheme: what effective mass and mixing parameters govern
the charged meson system in a local effective theory?
A key feature of this approach is that the nontrivial

Schwinger phases appearing in the quark polarization
functions are automatically reorganized into covariant
derivatives of the effective charged fields [44]. In this
sense, the bosonized description incorporates the gauge
structure of the external magnetic field already at the level
of the meson effective action. At the same time, however,
the expansion is performed around small external momen-
tum, so the resulting coefficients are local quantities rather
than pole residues of the physical charged mode. The local
scheme therefore provides an effective field theory reinter-
pretation of the same microscopic dynamics, but not yet a
direct extraction of the Landau projected quasiparticle pole.
We now derive the local quadratic action in the

coupled π� − ρ�sz¼0 sector and identify the corresponding
magnetic field-dependent parameters entering the local
mass extraction.

A. Local expansion of the pion sector

We illustrate the procedure by first considering the
diagonal pion sector. The πþπ− component in the quadratic
action in (13) comes from the corresponding term in
i
2
TrðSfΣ̂SfΣ̂Þ (12)

Sð2Þπþπ− ¼ i
2
× 2NcTr

Z
d4xd4yeiΦuðx;yÞþiΦdðy;xÞðiγ5Þ

× S̃uðx − yÞðiγ5ÞS̃dðy − xÞπþðxÞπ−ðyÞ ð36Þ
together with the contact term 1

2

R
d4x 1

2GS
π−πþ, where

S̃fðx − yÞ is the translation invariant part of the fermion
propagator, while eiΦuðx;yÞþiΦdðy;xÞ is the Schwinger phase.
The combined Schwinger phase satisfies

Φuðx;yÞþΦdðy;xÞ¼Qu

Z
x

y
Aμðx0Þdx0μþQd

Z
y

x
Aμðx0Þdx0μ

¼Φπ−ðy;xÞ¼Φπþðx;yÞ: ð37Þ
which corresponds to a Wilson line associated with the
finite displacement of the charged pion in the background
magnetic field. To obtain a local effective action, both the
pion field and the phase factor must be expanded con-
sistently around x. Expanding to second order in (y − x),
we write

FIG. 1. Rest mass extraction. Solid lines show the unmixed
charged pion rest mass and the lower mixed rest mass eigenvalue
obtained from the RPA pole condition at q ¼ 0. Dashed lines
show the corresponding reconstructed lowest Landau level
energies, ELLL ¼ ðm2

rest þ eBÞ1=2. Although the mixed rest mass
decreases at large magnetic field, the reconstructed LLL energy
remains monotonic.
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π−ðyÞ ¼ π−ðxÞ þ ðy − xÞμ∂μπ−ðxÞ þ
1

2
ðy − xÞμðy − xÞν∂μ∂νπ−ðxÞ þ � � � ;

eiΦπ− ðy;xÞ ¼ 1 − ieAμðxÞðy − xÞμ − ie
1

2

∂AμðxÞ
∂xν

ðy − xÞμðy − xÞν þ
ð−ieÞ2

2
ðAμðxÞðy − xÞμÞ2 þ � � � ; ð38Þ

Combining these expansions, the polarization contribution can be rewritten in terms of covariant derivatives
D−

μ ¼ ∂μ − ieAμðxÞ.

Sð2Þπþπ− ¼ iNc

Z
x;y

TrS̃uðx − yÞiγ5S̃dðy − xÞiγ5
�
π−ðxÞ þ ðy − xÞμD−

μ π−ðxÞ þ
1

2
ðy − xÞμðy − xÞνD−

μD−
ν π−ðxÞ

�
πþðxÞ ð39Þ

plus the contact term. Likewise there is also a term Sð2Þπ−πþ . The two terms linear in ðy − xÞμ in Sð2Þπþπ− and Sð2Þπ−πþ can be
summed up to give a surface term which vanishes in the sense of coordinate integration. Collecting kinetic and mass terms,
the pion contribution to the effective action becomes

Sð2Þππ ¼ 1

2

Z
x

�
Zμμ
π ðjDμπþj2 þ jDμπ−j2Þ −

1

2

�
1

2GS
−m2

π

�
ðjπþj2 þ jπ−j2Þ

�
; ð40Þ

where the wave function renormalization in the above expansion are defined by the following

Zμμ
π ¼ −iNc

Z
d4z
Z

d4p
ð2πÞ4

d4k
ð2πÞ4 Tr½S̃uðpÞðiγ

5ÞS̃dðkÞðiγ5Þ�eiðk−pÞzzμzμ: ð41Þ

For later convenience, we restrict ourself to the condition qz ¼ 0, the anisotropic form

Sð2Þππ ¼ 1

2

Z
x

�
Zk
πðjD0πþj2 þ jD0π−j2Þ − Z⊥

π ðjD⊥πþj2 þ jD⊥π−j2Þ −
�

1

2GS
−m2

π

�
ðjπþj2 þ jπ−j2Þ

�
ð42Þ

is obtained, with Zk
π ¼ Z00

π and Z⊥
π ¼ Z11

π ¼ Z22
π

m2
π ¼ −2iNc

Z
d4p
ð2πÞ4 Tr½S̃uðpÞðiγ

5ÞS̃dðpÞðiγ5Þ�;

Zk
π ¼ −iNc

Z
d4p
ð2πÞ4 Tr½ð∂

p
0∂

p
0 S̃uðpÞÞðiγ5ÞS̃dðpÞðiγ5Þ�;

Z⊥
π ¼ −iNc

Z
d4p
ð2πÞ4 Tr½ð∂

p
1∂

p
1 S̃uðpÞÞðiγ5ÞS̃dðpÞðiγ5Þ�: ð43Þ

B. Local expansion of the rho sector

The local expansion of the rho sector proceeds analogously but yields a tensor structure characteristic of a massive vector
field. Before local extraction, we project onto the physical longitudinal polarization that can mix with the pion.
At qz ¼ 0, the transversality condition q · ρ ¼ 0 implies ρ0 ¼ 0, leaving only the longitudinal sz ¼ 0 component ρ3.

Applying this projection to the Proca kinetic term in a magnetic field, the quadratic action reduces to

Sð2Þρρ ¼ 1

2

Z
x

�
Zk
ρðjD0ρ

þ
3 j2 þ jD0ρ

−
3 j2Þ − Z⊥

ρ ðjD⊥ρþ3 j2 þ jD⊥ρ−3 j2Þ −
�

1

2GV
−m2

ρ

�
ðjρþ3 j2 þ jρ−3 j2Þ

�
; ð44Þ
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with the coefficients derived in the same way as in the pion sector,

m2
ρ ¼ −2iNc

Z
d4p
ð2πÞ4 Tr½S̃uðpÞγ

3S̃dðpÞγ3�;

Zk
ρ ¼ −iNc

Z
d4p
ð2πÞ4 Tr½ð∂

p
0∂

p
0 S̃uðpÞÞγ3S̃dðpÞγ3�;

Z⊥
ρ ¼ −iNc

Z
d4p
ð2πÞ4 Tr½ð∂

p
1∂

p
1 S̃uðpÞÞγ3S̃dðpÞγ3�: ð45Þ

C. Local expansion of the mixing term

Finally, we consider the off-diagonal mixing. Restricting to the charged sector and the longitudinal rho component, the
quadratic mixing contribution contains two pairs of terms

Sð2Þρþπ− þ Sð2Þρ−πþ ¼ þiNcTr
Z

d4xd4ySuðx; yÞγμSdðy; xÞðiγ5Þρþμ ðxÞπ−ðyÞ

þ iNcTr
Z

d4xd4ySdðx; yÞγμSuðy; xÞðiγ5Þρ−μ ðxÞπþðyÞ;

Sð2Þπ−ρþ þ Sð2Þπþρ− ¼ þiNcTr
Z

d4xd4ySdðx; yÞðiγ5ÞSuðy; xÞγμπ−ðxÞρþμ ðyÞ

þ iNcTr
Z

d4xd4ySuðx; yÞðiγ5ÞSdðy; xÞγμπþðxÞρ−μ ðyÞ: ð46Þ

Performing the same local expansion as above for the π�ðyÞ and ρ�μ ðyÞ fields, summing all the mixing terms above, and
integrating by parts to turn the terms like π−Dαρ

þ
μ into ρþμ Dαπ−, we have the mixing term in the gauge-invariant form up to a

surface term

Sð2Þρπ ¼
Z

d4xðHμα
ρπρþμ ðxÞD−

α π−ðxÞ þ H:c:Þ ð47Þ

in the external magnetic field, only H30
ρπ ≡Hρπ survives. Explicitly,

Hρπ ¼ þ2Nc

Z
d4p
ð2πÞ4 Tr½ð∂

p
0 S̃uðpÞÞγ3S̃dðpÞðiγ5Þ�: ð48Þ

which is real and unique once Hermitian conjugation is accounted for.

D. Summary of local bosonic action

Collecting all terms, the local quadratic action in the π� − ρ�sz¼0 subspace at qz ¼ 0 reads

Sð2Þeff ¼
Z

d4x
�
1

2
Zk
πðjD0π

þj2 þ jD0π
−j2Þ − 1

2
Z⊥
π ðjD⊥πþj2 þ jD⊥π−j2Þ −

1

2

�
1

2GS
−m2

π

�
ðjπþj2 þ jπ−j2Þ

þ 1

2
Zk
ρðjD0ρ

þ
3 j2 þ jD0ρ

−
3 j2Þ −

1

2
Z⊥
ρ ðjD⊥ρþ3 j2 þ jD⊥ρ−3 j2Þ −

1

2

�
1

2GV
−m2

ρ

�
ðjρþ3 j2 þ jρ−3 j2Þ

þ ðHρπ þ κtreeF̃30Þðρþ3 D0π
− þ ρ−3D0π

þÞ
	
; ð49Þ

where we have also added the tree level term in the mixing term. This serves as the starting point for the local mass
extraction discussed below. After explicitly carrying out the trace and the momentum integral, the explicit mass term, loop
mixing term and wave function renormalization in the above bosonized Lagrangian (49) are
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m2
π ¼ −Nc

4eB
3π

Z
dp3

2π

X
n;m

ð−1Þmþn½H1ðn;mÞIl0d − 2jquBjðnH1ðn;mÞ þ 2H2ðn;mÞÞIl1�;

m2
ρ ¼ −Nc

4eB
3π

Z
dp3

2π

X
n;m

ð−1Þmþn½H1ðn;mÞIl0d − ðð2njquBj þ 2p2
3ÞH1ðn;mÞ þ 4jquBjH2ðn;mÞÞIl1�;

Hρπ ¼ Ncmf
4eB
3π

Z
dp3

2π

X
n;m

ð−1ÞmþnH3ðn;mÞIl1 ≡ gloopρπ eB;

Zk
π ¼ −Nc

4eB
3π

Z
dp3

2π

X
n;m

ð−1Þmþn½W1H1ðn;mÞ þ 4jquBjW2H2ðn;mÞ�;

Zk
ρ ¼ −Nc

4eB
3π

Z
dp3

2π

X
n;m

ð−1Þmþn½W3H1ðn;mÞ þ 4jquBjW2H2ðn;mÞ�;

Z⊥
π ¼ Nc

1

π

Z
dp3

2π

X
n;m

ð−1Þmþn½H4ðn;mÞIl0d − 2jquBjðnH4ðn;mÞ þ 2H5ðn;mÞÞIl1�;

Z⊥
ρ ¼ Nc

1

π

Z
dp3

2π

X
n;m

ð−1Þmþn½H4ðn;mÞIl0d − ðð2njquBj þ 2p2
3ÞH4ðn;mÞ þ 4jquBjH5ðn;mÞÞIl1�; ð50Þ

where Wi presents the combinations defined by W1 ¼ −8njquBjE2
uIl3 þ ð2E2

u þ 6njquBjÞIl2 − Il1, W2 ¼ 3Il2 − 4E2
uIl3,

W3 ¼ −8E2
uðnjquBj þ p2

3ÞIl3 þ ð2E2
u þ 6njquBj þ 6p2

3ÞIl2 − Il1. Hi are integrals over Laguerre polynomials generated by
the integral over perpendicular momentum. The definitions and analytical expressions of Hi are included in the
Appendix B. Ili are the Matsubara sum in loop functions, with the analytical expressions also presented in the Appendix A.
In the block that mixes Φþ ¼ ðπþ; ρ−3 ÞT , the quadratic Lagrangian can be written as Lð2Þ

þ ¼ 1
2
Φ†

þKlocΦþ according to
(49), with the matrix Kloc

Kloc ¼
 
Zk
πq20 − Z⊥

π ð2nþ 1ÞjeBj −m2
π;eff −iq0HtotðBÞ

þiq0HtotðBÞ Zk
ρq20 − Z⊥

ρ ð2nþ 1ÞjeBj −m2
ρ;eff

!
; ð51Þ

the mass terms are m2
π;eff¼ 1

2GS
−m2

π and m2
ρ;eff ¼ 1

2GV
−m2

ρ.

The off-diagonal term HtotðBÞ ¼ ðgtreeρπ þ gloopρπ ÞeB contains
both tree level and loop order mixing terms. The eigenmass
corresponds to the lowest Landau level is obtained through
the pole condition

detKloc ¼ 0; ð52Þ

with the Landau level n ¼ 0, this generates two eigenm-
odes, with energies

E� ¼ 1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ Ẽ2

π þ Ẽ2
ρ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh2 þ Ẽ2

π þ Ẽ2
ρÞ2 − 4Ẽ2

πẼ2
ρ

qr
:

ð53Þ

where Ẽ2
π ¼ ðZ⊥

π jeBj þm2
π;effÞ=Zk

π , Ẽ2
ρ ¼ ðZ⊥

ρ jeBj þ
m2

ρ;effÞ=Zk
ρ and h ¼ ðgtreeρπ þ gloopρπ ÞeB=

ffiffiffiffiffiffiffiffiffiffiffi
Zk
πZ

k
ρ

q
.

Before turning to the numerical results, we briefly
comment on the vacuum matching in the local scheme.
Since the bosonized effective action is normalized through
a derivative expansion at vanishing external momentum,

the tree-level mixing parameter entering the local
Lagrangian must be matched using the corresponding local
normalization factors, rather than the pole residues adopted
in the pole-based schemes. The weak field limit of the loop
mixing in the local expansion yields gloop;vacρπ ¼ 0.0633257.
Together with the tree level term, they would produce the
partial decay width of rho meson in vacuum

ðgloop;vacρπ þ gtreeρπ Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zk
πð0ÞZk

ρð0Þ
q

¼ 1

e
κexp ≈ 0.73337 GeV−1

ð54Þ

where e ¼ ffiffiffiffiffiffiffiffi
4πα

p
. Zk

πð0Þ and Zk
ρð0Þ are extracted from the

definition (43) and (45), while the quark propagator take
the form without magnetic field. The tree level parameter is

obtained according to gtreeρπ ¼ κexp
e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zk
πð0ÞZk

ρð0Þ
q

−gloop;vacρπ ¼
0.00068GeV−1. This shows that, within the local normali-
zation of the bosonized scheme, the explicit loop contri-
bution already accounts for most of the vacuum ρπγ
coupling, leaving only a very small local remainder to
be absorbed into the tree term.
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E. Numerical result

In the numerical calculation, we use the Pauli-Villars
regulation with three regulators ai ¼ f0; 1; 2; 3g,
ci ¼ f1;−3; 3;−1g. The model parameters are chosen to
be Λ¼ 1.25GeV, GS ¼ 3.1 GeV−2, GV ¼ 9.31974 GeV−2

and m0 ¼ 5 MeV to reproduce the vacuum pion mass
0.135 GeV and 0.77 GeV. One should notice that in the
NJL RPA method the vector coupling GV is usually smaller
in the same Pauli-Villars regulation. In this derivative
expansion method, however, the model requires a much
larger coupling in the vector channel to reproduce the same
rho mass in vacuum. This is because in the vacuum rho mass

definition
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
2GV

− Π33
ρρÞ=Zk

ρð0Þ
q

, the loop contribution Π33
ρρ is

evaluated at zero external momentum instead of the pole and
this is quite the nature of the local expansion. In vacuum, the
vector correlator has the transverse form ΠμνðqÞ ¼
ðqμqν − q2gμνÞΠðq2Þ, so ΠμνðqÞ ∝ q2, in particular
Πμνð0Þ ¼ 0. That means: a strictly local loop term ∼ρμρμ

generated by a conserved vector current is constrained to be
absent. In Pauli-Villars regularization, those cancellations are
often especially exact, so seeing the mass type loop integral
go to zero is actually consistent with the symmetry expect-
ation. This implies the rho mass in a local bosonized EFT
should come primarily from the tree piece, while the loop
mainly builds the kinetic structure. So retuning GV to force
mpol

ρ ¼ 0.77 GeV is usually a sign that the “bosonized local
quadratic form”we are using for the rho is missing the correct
momentum structure, not that QCD really wants GV
that large.
For the chosen parameter set, the derivative expansion

yields magnetic field dependent kinetic coefficients and
effective mass parameters. As shown in Fig. 2, we first
present the unmixed pion and longitudinal rho meson mass
defined by m̃2

π;eff ¼ m2
π;eff=Z

k
π and m̃2

ρ;eff ¼ m2
ρ;eff=Z

k
ρ,

together with the corresponding LLL energies. Similar to
results in Secs. IV and VI the unmixed LLL energies all
exhibit monotonic dependence on magnetic field.
In the left panel of Fig. 3 we present the anisotropic wave

function renormalization of the charged pion and longi-
tudinal rho meson. The magnetic field breaks rotational
symmetry and separates longitudinal and transverse
dynamics. Z⊥ and Zk coincide at vanishing magnetic field,
as required by Lorentz symmetry, but are strongly sup-
pressed as eB increases. This suppression reflects the
increasing dominance of low Landau levels and the reduced
sensitivity of the polarization functions to the external
momentum.
Although the wave function renormalizations become

small at large magnetic field, they do not change sign. In
Appendix D we analyze their large-eB behavior analyti-
cally by separating the Landau level sums into the n,
m > 0, n ¼ 0, m > 0, and m ¼ 0, n > 0 sectors and
performing the Pauli-Villars summation before the asymp-
totic expansion. We find that all four coefficients remain
positive in the large field limit and approach zero with

power law behavior. In particular, Zk
ρ ∼ Ck

ρ=ðquBÞ2 with

FIG. 2. Local bosonized extraction without mixing. The solid
lines show the unmixed LLL energies of the pion and longitudinal
rho modes obtained from the local derivative-expanded quadratic
action Ẽ2

ϕ ¼ ðZ⊥
ϕ jeBj þm2

ϕ;effÞ=Zk
ϕ. The dashed lines show the

corresponding effective mass parameters, m̃2
ϕ;eff ¼ m2

ϕ;eff=Z
k
ϕ. In

this local scheme, the unmixed charged modes remain monotonic
functions of the magnetic field.

FIG. 3. Local bosonized coefficients as functions of the magnetic field. Left panel: longitudinal and transverse wave function
renormalization Zk

ϕ and Z⊥
ϕ for the charged pion and longitudinal charged rho mode. Right panel: loop-induced mixing coefficient

gloopρπ ¼ Hρπ=eB extracted from the local derivative expansion. The suppression of the kinetic coefficients enhances the normalized
mixing, while the loop coefficient itself decreases with increasing magnetic field.
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Ck
ρ > 0. Thus, the strong suppression observed in Fig. 3

corresponds to an approach to zero from the positive side.
The loop order mixing coupling gloopρπ defined in (50) is

presented as a function of eB in the right panel of Fig. 3. In
contrast to the constant tree-level contribution, the loop
induced mixing originates from Landau level sums involv-
ing Laguerre polynomials and phase-space integrals. The
increasing localization of transverse wave functions and the
reduction of phase space lead to decrease of gloopρπ with
increasing magnetic field.
We then compare the lower eigenmode E− of the mixed

πþ − ρþL system obtained from (53) with the unmixed
charged-pion energy in the lowest Landau level. The result
is shown in Fig. 4. At small magnetic field, the mixed
eigenvalue remains close to the unmixed pion mode. As eB
increases, the lower branch eventually develops a non-
monotonic behavior. Compared with the pole-based
schemes discussed later, however, the effect is much weaker
here and sets in only at relatively large magnetic field. This
weaker behavior can be understood from the structure of the
effective mixing in the local scheme. The relevant quantity
entering the canonically normalized quadratic Lagrangian is

hðBÞ ∼ ðgloopρπ þ gtreeρπ ÞeBðZk
πZ

k
ρÞ−1=2. Although the local

wave function renormalizations Zk
πðBÞ and Zk

ρðBÞ decrease
with increasing magnetic field and therefore enhance the
effectivemixing, the tree-level contribution in this scheme is
numerically very small, while the loop-inducedmixing itself
does not growwithB.As a result, the residue enhancement is
not sufficient to generate a strong turnover at moderate field,
and the downward bending of the lower mode appears only
much later.
The local bosonized scheme therefore still captures part

of the underlying mechanism: residue suppression can
amplify π-ρmixing and eventually distort the lowest mode.
At the same time, the present result shows that this effect is

not robust within a strictly local derivative expansion. In
this approach, the turnover is delayed and quantitatively
weak, indicating that the local expansion does not fully
retain the charged pole structure relevant for the lattice
observable. This motivates the next step of the analysis:
returning to the nonlocal quadratic kernel itself and
extracting the spectrum by imposing Landau level projec-
tion directly on the external meson state.

VI. DIRECT DETERMINANT
WITH LANDAU PROJECTION

We now return to the full nonlocal quadratic kernel and
extract the charged excitation energy by solving it directly
in a Landau level basis. This step goes beyond both the rest
mass and local expansion schemes. Unlike the rest mass
construction, the external meson is no longer treated as a
plane-wave mode in the rest frame; unlike the local
bosonized approach, no derivative expansion around small
momentum is introduced. Instead, the relevant charged
mode is projected directly onto a fixed Landau level before
the pole condition is imposed.
For a charged particle in a magnetic field, the physical

transverse eigenstates are Landau levels rather than plane
waves. The quantity most closely related to the lattice
observable is therefore not a rest mass, but the energy of the
lowest Landau eigenmode of the coupled system. This
motivates solving

detKLLLðq0Þ ¼ 0; ð55Þ

with the quadratic kernel projected onto the lowest Landau
level of the charged meson sector.
This construction answers a more directly physical

question: what is the energy of the lowest charged
Landau eigenmode in the coupled π-ρ system? Since the
pole is obtained from the full Landau projected kernel, the
method retains the nonlocal structure of the microscopic
dynamics while incorporating the correct kinematics of the
external charged meson state.
For a charged relativistic scalar mode in a constant

magnetic field, the dispersion relation takes the form
E2
n ¼ m2 þ p2

z þ ð2nþ 1ÞeB. For mesons at rest along
the field direction pz ¼ 0, the physical energy of the lowest
Landau mode is ELLL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ eB

p
. This quantity is

directly related to the energy extracted from long-time
decay of charged correlators in lattice simulations. To
implement this kinematics consistently in the coupled
π-ρ system, the quadratic kernel must be evaluated between
Landau level wave functions of the external meson states.
To derive the quadratic action in Landau level basis for
fixed Landau level n with qz ¼ 0, we expand the charged
meson fields in Landau eigenmodes:

FIG. 4. Lower mixed eigenmode in the local bosonized scheme.
The red solid line shows the lower eigenvalue E− of the coupled
πþ − ρþL system obtained from the local derivative-expanded
quadratic action. The blue dashed line shows the unmixed
charged-pion LLL energy. The local scheme produces a turnover
only at relatively large magnetic field.

COMPARATIVE STUDY OF MASS EXTRACTION SCHEMES AND … PHYS. REV. D 114, 074036 (2026)

074036-13



πðxÞ ¼
X
n;qy;qz

πnðq0; q3Þφn;q1ðx⊥Þe−iq0tþiq3z;

ρ3ðxÞ ¼
X
n;qy;qz

ρnðq0; q3Þφn;q1ðx⊥Þe−iq0tþiq3z: ð56Þ

Here φn;q1 are the standard gauge dependent Landau wave
functions. In the above expression we keep q3 for com-
pleteness. In the calculation, one should restrict to q3 ¼ 0
to avoid coupling between ρ3 and ρ0. Then the boson
quadratic action becomes a sum over Landau levels:

Sð2Þeff ¼
1

2

X
n

Z
dq0
2π

Φ†
nðq0ÞKðq0;B; nÞΦnðq0Þ;

Kðq0;B; nÞ ¼
�
Kππðq0;B; nÞ Kπρðq0; B; nÞ
Kρπðq0;B; nÞ Kρρðq0;B; nÞ

�
; ð57Þ

with Φn ¼ ðπn; ρnÞT , and Kðq0;B; nÞ is the 2 × 2 Landau
projected kernel of Landau level n. The different compo-
nents of the kernel are connected to the polarization
function by

Kππ ¼
1

2GS
− Πππ;nðq0; BÞ;

Kρρ ¼
1

2GV
− Πρρ;nðq0; BÞ;

Kρπ ¼ −Π3
ρπ;nðq0; BÞ þKtree

ρπ ðq0; BÞ;
Kπρ ¼ −Π3

πρ;nðq0; BÞ þKtree
πρ ðq0; BÞ: ð58Þ

One should notice that the kernel Πππ;nðq0; BÞ and
Πρρ;nðq0; BÞ are different from the ordinary RPA polariza-
tion function in last section. In the restmass scheme, the pole
condition determines the mass of the composite bound state.
It is the energy cost to create a pion at rest. It does not
describe the motion of a charged pion in an external
magnetic field. On the other hand the kernel
Kππðq0;B; nÞ is evaluated in a Landau level basis for the
pion field. Πππ;nðq0; BÞ is the quark loop projected onto the
pion Landau mode n, i.e. with the appropriate Landau wave
functions on the external pion legs. This “projection onto n”
is exactly what is missing when one computes ΠðqÞ as a
function of continuous q⊥ and then sets q⊥ ¼ 0. The key
point is that Landau levels enter through the external
pion mode projection, not through the internal quark
Landau sums alone. The “Landau projected” polarization
function is

Πϕ1ϕ2;nðq0;BÞ¼
Z

d4xd4yφ�
nðxÞΠϕ1ϕ2

ðx;y;BÞφnðyÞ; ð59Þ

whereΠϕ1ϕ2
ðx; y;BÞ is the coordinate-space quark loop, for charged pion and rho this quark loop has nonvanishingSchwinger

phases. φnðrÞ is the standard wave function of charged pion at Landau level n, which is given by

φnðrÞ ¼ e−ip0tþip3zφn;p1
ðr⃗⊥Þ ¼ e−ip0tþip3z

ffiffiffiffiffiffi
2π

pffiffiffiffiffiffiffi
2πl

p e−
ðylþs⊥p1lÞ2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nn!

ffiffiffi
π

pp Hn

�
y
l
þ s⊥p1l

�
eip1x; ð60Þ

where l ¼ 1=
ffiffiffiffiffiffi
eB

p
is the magnetic length.HnðxÞ is the Hermite polynomials, and s⊥ ≡ signðeBÞ. Thewave functions satisfy

the conditions of normalizability and completeness. The “Landau projected” polarization functions in the kernel (58) are
defined through

Πππ;n ¼ −i
Z
r;r0

Tr½φ�
nðr0Þðiγ5τ−ÞSfðr; r0Þðiγ5τþÞSfðr0; rÞφnðrÞ�;

Πρρ;n ¼ −i
Z
r;r0

Tr½φ�
nðr0Þðγ3τ−ÞSfðr; r0Þðγ3τþÞSfðr0; rÞφnðrÞ�;

Π3
ρπ;n ¼ −i

Z
r;r0

Tr½φ�
nðr0Þðγ3τ−ÞSfðr; r0Þðiγ5τþÞSfðr0; rÞφnðrÞ�;

Π3
πρ;n ¼ −i

Z
r;r0

Tr½φ�
nðr0Þðiγ5τ−ÞSfðr; r0Þðγ3τþÞSfðr0; rÞφnðrÞ�: ð61Þ

We focus on the case where the external pion and rho are in the lowest Landau level, namely take n ¼ 0 in the above
expressions. After taking all the integrals, we finally arrive at
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Πππ;0 ¼ −
4NceB
3π

Z
dk3
ð2πÞ

X∞
n;m¼0

�
Y1ðn;mÞI3ðq0Þ þ

�
ðk23 þm2ÞY1ðn;mÞ þ 8

3l2
Y2ðn;mÞ

�
I2ðq0Þ

�
;

Πρρ;0 ¼ −
4NceB
3π

Z
dk3
ð2πÞ

X∞
n;m¼0

�
Y1ðn;mÞI3ðq0Þ þ

�
ð−k23 þm2ÞY1ðn;mÞ þ 8

3l2
Y2ðn;mÞ

�
I2ðq0Þ

�
;

Π3
ρπ;0 ¼ −ð−imfq0Þ

4NceB
3π

Z
dk3
ð2πÞ

X∞
n;m¼0

Y3ðn;mÞI2ðq0Þ≡ −iq0 eB gloopρπ ;

Π3
πρ;0 ¼ −ðþimfq0Þ

4NceB
3π

Z
dk3
ð2πÞ

X∞
n;m¼0

Y3ðn;mÞI2ðq0Þ≡þiq0 eB gloopρπ ; ð62Þ

with

gloopρπ ≡ −
4Nc

3π
mf

Z
dk3
ð2πÞ

X∞
i;j¼0

Y3ðn;mÞI2ðq0Þ: ð63Þ

Obviously, Hermiticity gives Kρπ ¼ K�
πρ. The functions

I2ðq0Þ and I3ðq0Þ encodes the Matsubara sum in the quark
loop, the result are presented in Appendix A. The “Landau
projected” polarization function defined in (61) has com-
plicated coordinate and momentum integrals, such integrals
generates coefficients Yiðn;mÞ in (62), we include the
details of calculation in Appendix C. Same as in the
rest mass section, the off-diagonal component of the kernel
can be rewritten as −iq0Hðq0; BÞ≡ −Π3

πρ þKtree
πρ and

iq0Hðq0; BÞ≡ −Π3
ρπ þKtree

ρπ , with HðBÞ¼ðgloopρπ þgtreeρπ ÞeB
in the kernel denotes the combined loop-induced and tree-
level mixing coefficient, with gtreeρπ determined in Sec. III.
The spectrum is obtained by solving (55), yielding two

mixed eigenmodes q0 ¼ E�ðBÞ. In this formulation, the
Landau level structure is incorporated directly in the
polarization functions. The determinant has the generic
structure Kππðq0; BÞKρρðq0; BÞ − q20H

2ðBÞ ¼ 0. As the
magnetic field increases, both the diagonal Landau level

energies and the off-diagonal mixing term grow with eB.
Their competition produces level repulsion between the
pionlike and rholike modes.
Using the same parameter set presented in Sec. III, we

solve the determinant equation in the LLL sector. Before
introducing mixing, it is useful to examine the unmixed
LLL energies extracted from the diagonal Landau projected
kernels, since these provide the direct baseline for the
charged quasiparticle spectrum. The unmixed LLL energies
of the charged pion and the longitudinally polarized
charged rho meson are obtained from the diagonal
Landau projected kernels. As presented in the left panel
in Fig. 5, the resulting pole energies EπðBÞ and EρðBÞ
increase monotonically with the magnetic field and exhibit
the expected

ffiffiffiffiffiffi
eB

p
behavior at large field strength, reflect-

ing Landau quantization. When converted to rest masses
via mϕ ¼ ðE2

ϕ − eBÞ1=2, the charged pion mass increases
monotonically with eB, while the longitudinal rho mass
shows a mild nonmonotonicity consistent with pre-
vious model studies [32]. In the absence of mixing,
therefore, the charged pion sector does not exhibit any
turnover, indicating that the quark-antiquark binding and
Landau quantization are insufficient to explain the lattice
observations.

FIG. 5. Direct determinant extraction with Landau projection. Left panel: unmixed pion and longitudinal rho energies obtained from
the diagonal components of the Landau projected kernel, together with the corresponding rest mass parameters mϕ ¼ ðE2

ϕ − eBÞ1=2.
Right panel: lower mixed eigenmode obtained by solving the full Landau projected determinant, compared with the unmixed pion LLL
energy. The direct determinant scheme yields a robust nonmonotonic lowest mode.
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The resulting lowest eigenvalue from solving the pole
condition (55) is presented in the right panel of Fig. 5. At
intermediate magnetic fields, the repulsive mixing effect
dominates over the diagonal growth of the pion channel,
driving the lower eigenmode downward and generating a
nonmonotonic behavior. Unlike the rest mass scheme, here
the lowering of the eigenmode does not require a negative
squared mass parameter; it emerges directly from a fully
dynamical interplay between Landau quantization and π-ρ
mixing.
The direct determinant scheme therefore provides the first

extraction in which the quantity of interest is directly the
energy of the lowest charged Landau eigenmode. Unlike the
rest mass construction, it does not rely on a reconstruction of
Landau kinematics, and unlike the local expansion scheme,
it does not require a derivative expanded mesonic EFT. The
pole is obtained directly from the Landau projected quad-
ratic kernel, making this the most kinematically faithful
scheme in the present comparison.

VII. NEAR-POLE EXTRACTION
(QUASIPARTICLE EFFECTIVE THEORY)

While the direct determinant scheme captures the
charged Landau level kinematics most faithfully, it does
not by itself make transparent why the mixing becomes so
effective. To expose the mechanism more clearly, we keep
the same Landau projected quadratic kernel but expand it
near the physical poles and rewrite the system in terms of
canonically normalized quasiparticle fields. This leads to
the near-pole extraction, which provides the clearest
interpretation of the turnover in terms of residue enhanced
π-ρ mixing.
In the near-pole scheme, the energy eigenvalues are

extracted by expanding the Landau projected quadratic
kernel around the unmixed physical poles and then canoni-
cally normalizing the corresponding modes. In this sense,
the near-pole construction is built on the same Landau level
kinematics as the direct determinant approach, but reor-
ganizes the result into a quasiparticle effective theory. This
makes it possible to identify directly how wave function
renormalization modifies the effective mixing strength.
For each of pion and longitudinal rho channel, we

expand the Landau projected quadratic kernel (57) written
near the physical pole as

Kϕϕðq0;B; nÞ ≈ −Zðq20 − E2ðB; nÞÞ; ð64Þ

where EðB; nÞ is the unmixed pole energy, and Z is the
corresponding residue factor. In the present work we focus
on the lowest Landau level, n ¼ 0, and restrict to qz ¼ 0.
First turn off mixing, and define energies by

Kππðq0 ¼ Eπ;B; n ¼ 0Þ ¼ 0;

Kρρðq0 ¼ Eρ;B; n ¼ 0Þ ¼ 0; ð65Þ

with the polarization function defined in (62) in Sec. VI.
These are the unmixed pion and rho energies at lowest
Landau level. Crucially, near the pole, each diagonal kernel
can be expanded in q20,

Kππ;0ðq0Þ ≈
∂Kππ;0

∂ðq20Þ
����
q2
0
¼E2

π

ðq20 − E2
πÞ;

Kρρ;0ðq0Þ ≈
∂Kρρ;0

∂ðq20Þ
����
q2
0
¼E2

ρ

ðq20 − E2
ρÞ; ð66Þ

with the residues defining the wave function renormaliza-
tions,

ZπðB;nÞ≡−
∂Kππ;0

∂ðq20Þ
����
q2
0
¼E2

π

; ZρðB;nÞ≡−
∂Kρρ;0

∂ðq20Þ
����
q2
0
¼E2

ρ

:

ð67Þ

For the off-diagonal term in the kernel (57), we recall the
loop-induced mixing gloopρπ defined in (63), and the tree-level
mixing gtreeρπ is determined in Sec. III. Together, they
give the off-diagonal term Kρπðq0; BÞ ¼ þiq0HðBÞ and

Kπρ ¼ K�
ρπ, where HðBÞ ¼ ðeBÞðgloopρπ þ gtreeρπ Þ.

The canonically normalized fields are then defined
through πc ≡ ffiffiffiffiffiffi

Zπ
p

π and ρc ≡ ffiffiffiffiffi
Zρ

p
ρ. In the canonical

basisΦc ¼ ðπc; ρcÞT , the near-pole LLL quadratic kernel is

KLLL
c ðq0Þ ≈

�
q20 − E2

π −iq0hðBÞ
iq0hðBÞ q20 − E2

ρ

�
: ð68Þ

After canonical normalization at the pole, the quadratic
kernel takes the form of a two-level system with an
effective mixing strength

hðBÞ ¼ HðBÞffiffiffiffiffiffiffiffiffiffiffi
ZπZρ

p ¼ eBðgloopρπ þ gtreeÞffiffiffiffiffiffiffiffiffiffiffi
ZπZρ

p : ð69Þ

This construction answers the following question: once the
charged excitation is projected onto the physical Landau
level, how does canonical normalization reshape the
effective π-ρ mixing and the resulting quasiparticle spec-
trum? In particular, the near-pole scheme makes explicit
that the off-diagonal mixing is enhanced by the factor
ðZπZρÞ−1=2, so that a strong suppression of the mesonic
residues can substantially increase the level repulsion even
when the underlying microscopic mixing kernel itself
remains moderate.
The eigenmodes are determined by solving

detKLLL
c ðq0Þ ¼ 0: ð70Þ

The near-pole scheme differs conceptually from both the
determinant-based approaches: It does not solve the full
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nonlocal kernel without normalization. Besides, compared
with the local bosonization scheme, the near-pole extrac-
tion evaluates the residues at the physical pole rather than at
vanishing momentum. This makes the enhancement
directly tied to the physical quasiparticle normalization
rather than to a derivative expansion, providing a
clearer dynamical interpretation of the turnover. Because
the effective mixing strength scales inversely with
ðZπZρÞ−1=2, suppression of the residue can enhance level
repulsion in this framework. Thus, this scheme makes
explicit how wave function renormalization modifies the
strength of mixing in the coupled system.
The unmixed LLL energies EπðBÞ and EρðBÞ are the

same Landau projected pole energies already obtained in
Fig. 5 of Sec. VI from the diagonal kernel. The resulting
pole energies EπðBÞ and EρðBÞ increase monotonically
with the magnetic field and exhibit the expected

ffiffiffiffiffiffi
eB

p
behavior at large field strength. They are repeated here only
to emphasize that the near-pole scheme does not introduce

different kinematics, but rather a different organization of
the same pole structure.
The wave function renormalizations extracted from the

near-pole slopes of the diagonal kernels are presented in
Fig. 6. The pion and rho channels exhibit qualitatively
different magnetic field dependence. While ZπðBÞ
decreases only moderately with increasing field, ZρðBÞ
is strongly suppressed in the LLL and becomes very small
at large eB. This strong suppression of the rho residue plays
a central role in enhancing the canonically normalized
mixing.
Importantly, the suppression of Zρ does not imply a sign

change. In Appendix E we analyze the large-eB behavior of
the Landau projected polarization function analytically.
Separating the internal Landau level sums into the
n,m > 0, n ¼ 0,m > 0, andm ¼ 0, n > 0 sectors, we find

Zρ ⟶
eB→∞

2.757Nc

π2quB

�X
i

ciM2
i ln

�
M2

i

Λ2

��
> 0; ð71Þ

where M2
i ¼ m2

f þ aiΛ2 is the regulated mass in Pauli-
Villars. Therefore the pole residue decreases asymptotically
as 1=eB, but approaches zero from the positive side. This
confirms analytically that the strong suppression seen in
Fig. 6 does not lead to a zero crossing.
The loop-induced mixing coupling gloopρπ ðBÞ, defined

in (63), is displayed in the left panel of Fig. 7. Its
B-dependence is moderate and decreases slowly with
increasing magnetic field. The more quantity is the canoni-
cally normalized mixing strength hðBÞ (69) shown in the
right panel of Fig. 7. Owing to the explicit eB factor and,
more importantly, the strong suppression of the pole
residues, especially in the rho channel, hðBÞ increases
rapidly with eB. The near-pole scheme therefore makes
transparent that the nonmonotonic behavior is controlled by
residue-enhanced level repulsion in the canonically nor-
malized quasiparticle basis.

FIG. 6. Near-pole wave function renormalizations extracted
from the slopes of the Landau projected diagonal kernels at the
unmixed physical poles. The pion residue changes moderately,
whereas the longitudinal rho residue is strongly suppressed with
increasing magnetic field. This suppression is a key source of the
enhanced effective mixing in the near-pole formulation.

FIG. 7. Mixing strength in the near-pole scheme. Left panel: loop-induced coefficient gloopρπ extracted from the Landau projected off-
diagonal kernel and evaluated at the pion pole. Right panel: canonically normalized mixing strength hðBÞ ¼ eBðgloopρπ þ gtreeρπ Þ= ffiffiffiffiffiffiffiffiffiffiffi

ZπZρ

p
.

The rapid growth of hðBÞ is driven mainly by the suppression of the pole residues rather than by an increase of the microscopic loop
coefficient.
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Solving the pole condition (70) of the near-pole kernel
yields two eigenmodes corresponding to mixed pion-rho
states. The lower eigenmode E− is presented as the blue
line in Fig. 8. At weak fields, the lower eigenmode closely
tracks the unmixed pion LLL energy. At intermediate
fields, increasing mixing induces strong level repulsion,
causing the lower eigenvalue to bend downward. This
behavior is a direct consequence of the residue enhanced
mixing between a light pion and a heavier longitudinal rho
mode in the same Landau level.
The near-pole scheme therefore provides the clearest

dynamical interpretation of the nonmonotonic behavior: the
turnover is driven by residue enhanced level repulsion
between pion like and rho like Landau modes. Its limitation
is that the expansion assumes the mixed pole remains
sufficiently close to the unmixed one. At very large
magnetic field, where the pole shift becomes substantial,
the direct determinant solution of the full Landau projected
kernel is quantitatively more reliable. Taken together,
the two schemes play complementary roles: the direct-
determinant approach gives the most faithful charged mode
spectrum, while the near-pole expansion makes the under-
lying mechanism most transparent.

VIII. COMPARATIVE ANALYSIS

We now compare the four extraction schemes introduced
above: rest mass reconstruction, local bosonization, direct
determinant solving with Landau projection, and near-pole
expansion. All four are derived from the same microscopic
NJL kernel and differ only in how the same coupled π-ρ
dynamics are projected onto physical masses or energies.
Their differences therefore do not reflect different under-
lying physics, but different ways of representing the same
charged meson system in a magnetic background.
The comparison reveals a clear hierarchy. The rest mass

and local expansion schemes provide useful reference

descriptions, but neither gives a fully robust account of
the lattice type turnover. By contrast, the direct determinant
and near-pole schemes, both built on the Landau projected
charged pole structure, retain a pronounced nonmonotonic
lowest mode. Among them, the direct determinant
approach is the most kinematically faithful, while the
near-pole scheme makes the mechanism of residue
enhanced mixing most transparent.
We first compare the unmixed charged pion energy in the

lowest Landau level, as shown in Fig. 9. The rest mass and
local bosonization schemes both start from vacuum style or
small momentum constructions and only introduce the
Landau level contribution at the level of an effective
mesonic description. As a result, they lead to similar
LLL energies. By contrast, in the direct determinant
scheme with Landau projected kernel the external pion
is projected onto the Landau basis already at the level of the
microscopic kernel, so the resulting LLL energy is lower
and more directly tied to the charged quasiparticle pole.
The near-pole scheme shares the same unmixed Landau
projected energies, since it is built from the same diagonal
kernel and differs only in how the pole is reorganized near
the physical excitation.
The comparison of the mixed lower eigenmode is shown

in Fig. 10, where the lattice data are also included as a direct
reference. At weak magnetic field, all four schemes remain
close to each other and to the lattice points, reflecting the
fact that the mixing is still modest and the charged mode is
dominated by the pionlike lowest Landau level. The
difference among the schemes becomes evident in the
intermediate field region, where the lattice data begin to
deviate from the simple LLL trend and develop a turnover.
The rest mass reconstruction fails to reproduce this

behavior. Although the mixed rest mass itself can decrease
with increasing magnetic field, the physical LLL energy

FIG. 8. Lower mixed eigenmode in the near-pole quasiparticle
scheme. The dashed blue line shows the unmixed pion LLL
energy, while the red solid line shows the lower eigenmode
obtained from the canonically normalized near-pole kernel. The
turnover reflects residue-enhanced level repulsion between pion-
like and rholike Landau modes.

FIG. 9. Unmixed charged-pion LLL energy obtained from
different extraction schemes. The rest mass and local bosonized
schemes reconstruct the charged energy from vacuum-style or
local effective quantities, while the Landau projected determinant
scheme extracts the charged pole directly from the LLL-projected
microscopic kernel. The near-pole scheme uses the same un-
mixed Landau projected energy as the direct determinant ap-
proach.
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reconstructed as ELLL ¼ ðm2
rest þ eBÞ1=2 remains too rigid

and continues to rise. This makes the rest mass scheme
incompatible with the lattice trend once the data bend
downward.
The local bosonized scheme generates a nonmonotonic

lower mode, but the turnover is delayed and the energy
remains substantially above the lattice data in the inter-
mediate-field region. This indicates that a local derivative
expansion can retain part of the mixing mechanism, but
does not fully capture the charged pole structure that
controls the lattice observable.
By contrast, the two Landau projected pole-based

schemes show the closest qualitative connection to the
lattice result. The direct determinant solution produces a
turnover in approximately the same magnetic field range as
the lattice data, showing that the nonmonotonic behavior
can already emerge from the full Landau projected quad-
ratic kernel. The near-pole scheme also gives a robust
decreasing tendency after the peak, and makes transparent
that the downward bending is driven by residue-enhanced
level repulsion. Quantitatively, the direct determinant curve
give the most close turnover region compared to lattice
result, while the near-pole curve tends to bend downward at
larger fields because it relies on an expansion around the
unmixed poles. Thus Fig. 10 supports the interpretation that
the lattice behavior is tied to the Landau projected charged
quasiparticle pole, rather than to a vacuum-style rest mass
or to a strictly local mass parameter.
Taken together, the four schemes reveal a clear hierarchy.

The rest mass construction misses the lattice-type turnover
because the charged excitation is not treated as a Landau
eigenmode from the outset. The local bosonized expansion
retains part of the mixing mechanism, but the effect is weak
and delayed. By contrast, both Landau projected schemes

produce a robust nonmonotonic lowest mode. The direct-
determinant approach provides the most faithful descrip-
tion of the charged quasiparticle spectrum, whereas the
near-pole expansion gives the clearest dynamical interpre-
tation in terms of residue enhanced level repulsion. Thus,
the comparison indicates that the lattice behavior is tied
primarily to the Landau projected charged pole structure,
with wave function normalization controlling the strength
of the effective mixing.

IX. IMPLICATIONS FOR LATTICE AND EFT

The comparison of extraction schemes clarifies what is
actually probed in lattice simulations of charged mesons in
a magnetic field. Lattice calculations extract the lowest
energy eigenmode from Euclidean correlation functions.
For a charged excitation, this quantity is most naturally
associated with the pole of the Landau projected propa-
gator, rather than with a rest mass parameter defined at
vanishing spatial momentum and then supplemented by a
simple dispersion relation. In this sense, the direct deter-
minant and near-pole schemes provide the closest theo-
retical counterparts to the lattice observable.
This comparison also shows that the nonmonotonic

behavior of the charged pion mode should not be inter-
preted as a generic consequence of introducing π-ρ mixing
into any effective description. The rest mass construction
fails to reproduce the turnover because its dispersion
relation is too rigid, while the local bosonized expansion
retains only a weakened and delayed version of the effect.
By contrast, the turnover remains robust in the two Landau
projected pole-based schemes. The lattice result should
therefore be understood not simply as evidence for mixing,
but more specifically as evidence for a quasiparticle mixing
phenomenon in which the charged pole structure in a
magnetic field is essential.
It should be emphasized that the wave function renorm-

alization are not themselves model independent observ-
ables. In the present NJL formulation the meson fields are
introduced as Hubbard-Stratonovich auxiliary fields and
possess no bare kinetic terms, so that their pole normali-
zation is generated entirely by the quark polarization
functions. In a theory with explicit meson fields, such as
a quark-meson model, the quadratic kernel contains an
additional bare kinetic contribution, and the total Zϕ

therefore need not exhibit the same strong suppression
found here. Accordingly, the quantitative enhancement of
the canonically normalized mixing through ðZπZρÞ−1=2 is
model dependent. However, this does not imply that the
nonmonotonic lower eigenmode is tied exclusively to the
limit of small Zρ. The physical ρπγ transition fixes the
canonically normalized vacuum mixing strength, so a
different Zρ is accompanied by a different local mixing
coefficient. Moreover, the mixing term contains an explicit
factor proportional to eB. Thus, even in a model where the

FIG. 10. Comparison of the lower mixed eigenmode obtained
from the four extraction schemes: rest mass reconstruction, local
bosonization, direct determinant solving with Landau projection,
and near-pole expansion. The orange points with error bars
denote the continuum-extrapolated charged-pion lattice data from
Ref. [22], shown as a reference for the lattice observable. The
vertical dotted lines mark the field region where the lattice data
start to deviate from the simple LLL trend and where the turnover
occurs.
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total Zϕ remains of order unity, sufficiently strong π-ρ
mixing can still generate level repulsion and a nonmono-
tonic lower branch. What is model dependent is the field
scale and strength of the turnover. This distinction is
consistent with the direct-determinant result of Sec. VI,
where the nonmonotonic mode already appears in the full
Landau projected kernel without introducing the near-pole
wave function renormalization.
From the effective field theory point of view, the analysis

highlights two requirements. First, the effective description
must contain the gauge-invariant π − ρ—electromagnetic
coupling that allows mixing in a magnetic background.
Second, it must treat the normalization of the charged
modes consistently. The present results show that the size
of the microscopic mixing kernel alone is not enough to
determine the spectrum. What matters physically is the
canonically normalized mixing strength, which can be
strongly enhanced when the mesonic residues are
suppressed.
More generally, the results show that in strong magnetic

fields the notion of hadron “mass” becomes intrinsically
scheme dependent, while the physically relevant charged
excitation is controlled by pole structure, Landau level
kinematics, and residue behavior taken together. The non-
monotonic behavior of the charged pion is therefore not
simply a mass shift, but a manifestation of how magnetic
fields reshape the quasiparticle content of hadronic modes.
The same lesson is expected to apply beyond the π-ρ

system. Whenever a magnetic background allows mixing
between charged hadrons with the same quantum numbers,
the resulting spectrum may depend sensitively on how the
charged pole is defined and normalized. The framework
developed here therefore provides a useful starting point for
studying analogous effects in other channels, such as kaons
and their vector partners.

X. OUTLOOK

The mechanism identified here, mixing between charged
hadronic modes with the same quantum numbers in a
magnetic background, amplified by the suppression of
quasiparticle residues, is expected to be more general than
the π� − ρ�sz¼0 system studied in this work. A natural
extension is the K� − K�� system, where lattice simula-
tions also indicate nonmonotonic behavior. It would be
particularly interesting to examine whether the same
hierarchy found here persists there as well, namely whether
the turnover remains robust only in Landau projected pole-
based extractions while becoming weaker in strictly local
descriptions.

On the lattice side, the present analysis points to several
concrete directions. Since the turnover is most naturally
associated with the charged Landau projected quasiparticle
pole, it would be valuable to study not only the lowest
charged pseudoscalar mode but also the corresponding
vector channel in the same magnetic field range. In
particular, a more direct information on residue, or on
the behavior of vector channel correlators in the longi-
tudinal sector, would provide an important test of the
residue enhanced mixing mechanism suggested here.
Several improvements of the present framework are also

worth pursuing. On the microscopic side, it would be
important to compute the full quark-level ρπγ triangle
vertex in the magnetic field, so that the magnetic depend-
ence of the mixing can be determined more directly rather
than split into an explicit loop part plus a local matched
remainder. It would also be valuable to include finite-width
effects of the rho meson in a more systematic way, in order
to test how stable the pole-based picture remains once the
vector mode acquires a sizable imaginary part.
More broadly, the present study suggests that strong

magnetic fields reshape hadron spectroscopy not only
through shifts of mass parameters, but through changes
in the very definition of the relevant quasiparticle excita-
tion. Understanding this interplay between Landau level
kinematics, pole structure, and residue suppression may
therefore be essential for connecting lattice QCD, effective
field theory, and microscopic quark models in magnetized
QCD matter.
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APPENDIX A: MATSUBARA SUM IN THE LOOP

The functions I2ðq0Þ and I3ðq0Þ encodes the Matsubara
sum,
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I2ðq0Þ ¼ i
Z

dk0
2π

−1
ððk0þq0Þ2−E2

u;nÞðk20−E2
d;mÞ

¼ 1

4Eu;nEd;m

�
nFðEd;mÞ−nFðEu;nÞ
ðEd;m−Eu;nþq0Þ

þnFðEd;mÞ−nFðEu;nÞ
ðEd;m −Eu;n −q0Þ

þ 1−nFðEd;mÞ−nFðEu;nÞ
ðEd;mþEu;n −q0Þ

þ 1−nFðEd;mÞ−nFðEu;nÞ
ðEd;mþEu;nþq0Þ

�
;

I3ðq0Þ ¼ i
Z

dk0
2π

k0ðk0þq0Þ
ððk0þq0Þ2−E2

u;nÞðk20−E2
d;mÞ

¼ 1

4

�
nFðEd;mÞ−nFðEu;nÞ
ð−Ed;mþEu;n −q0Þ

þnFðEd;mÞ−nFðEu;nÞ
ð−Ed;mþEu;nþq0Þ

þ 1−nFðEd;mÞ−nFðEu;nÞ
ðEd;mþEu;n −q0Þ

þ 1−nFðEd;mÞ−nFðEu;nÞ
ðEd;mþEu;nþq0Þ

�
; ðA1Þ

with E2
u;n ¼ 2njquBj þ k23 þm2

f and E2
d;m ¼ 2mjqdBj þ k23 þm2

f.
The Matsubara sum in the loop in parameters

Il0d ¼
Z

dpE

2π

1

p2
E þ E2

d

¼ 1 − 2nFðEdÞ
2Ed

;

Il0u ¼
Z

dpE

2π

1

p2
E þ E2

u
¼ 1 − 2nFðEuÞ

2Eu
;

Il1 ¼
Z

dpE

2π

1

ðp2
E þ E2

uÞðp2
E þ E2

dÞ
¼ 1 − 2nFðEuÞ

2EuðE2
d − E2

uÞ
−

1 − 2nFðEdÞ
2EdðE2

d − E2
uÞ
;

Il2 ¼
Z

dpE

2π

1

ðp2
E þ E2

uÞ2ðp2
E þ E2

dÞ
¼ 1 − 2nFðEdÞ

2EdðE2
d − E2

uÞ2
þ ðE2

d − 3E2
uÞð1 − 2nFðEuÞÞ

4E3
uðE2

d − E2
uÞ2

þ n0FðEuÞ
2E2

dE
2
u − 2E4

u
;

Il3 ¼
Z

dpE

2π

1

ðp2
E þ E2

uÞ3ðp2
E þ E2

dÞ
¼ n00FðEuÞ

8E3
uðE2

u − E2
dÞ

þ ð3E2
d − 7E2

uÞn0FðEuÞ
8E4

uðE2
d − E2

uÞ2

−
1 − 2nFðEdÞ

2EdðE2
d − E2

uÞ3
−
ð−10E2

dE
2
u þ 3E4

d þ 15E4
uÞð1 − 2nFðEuÞÞ

16E5
uðE2

u − E2
dÞ3

: ðA2Þ

APPENDIX B: LANDAU LEVEL PARAMETERS Hi IN THE LOOP INTEGRAL

The parameters in (32) and (49) are obtained through loop functions which all contain integral over perpendicular
momentum. Such integral are translated into the following integrals over Laguerre polynomials

Hn;m
1 ¼

Z
du e−

3u
2 ðLmð2uÞLn−1ðuÞ þ LnðuÞLm−1ð2uÞÞ;

Hn;m
2 ¼

Z
du e−

3u
2 uL1

m−1ð2uÞL1
n−1ðuÞ;

Hn;m
3 ¼

Z
du e−

3u
2 ðLmð2uÞLn−1ðuÞ − LnðuÞLm−1ð2uÞÞ;

Hn;m
4 ¼

Z
du e−

3u
2 ½Lmð2uÞððu − 2ÞLn−1ðuÞ þ 4ðu − 1ÞL1

n−2ðuÞ þ 4uL2
n−3ðuÞÞ

þ Lm−1ð2uÞððu − 2ÞLnðuÞ þ 4ðu − 1ÞL1
n−1ðuÞ þ 4uL2

n−2ðuÞÞ�≡ F n−1;m þ F n;m−1;

Hn;m
5 ¼

Z
du e−

3u
2 uL1

m−1ð2uÞððu − 4ÞL1
n−1ðuÞ þ 4ðu − 2ÞL2

n−2ðuÞ þ 4uL3
n−3ðuÞÞ: ðB1Þ

These integrals can all be carried out analytically using the following basic integral

Jan;m ¼
Z

du e−
3u
2 uaLa

mð2uÞLa
nðuÞ ¼

Γðmþ nþ aþ 1Þ
m!n!

ð−1Þm21þa

3mþnþaþ1
F½−m;−n;−m − n − a; 9�; ðB2Þ

as well as the relations between Laguerre functions
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uLa
l ðuÞ ¼ −ðaþ lÞLa

l−1ðuÞ þ ðaþ 2lþ 1ÞLa
l ðuÞ − ðlþ 1ÞLa

lþ1ðuÞ;
La−1
m ðxÞ ¼ La

mðxÞ − La
m−1ðxÞ: ðB3Þ

The analytical expression for Hi defined above are then

Hn;m
1 ¼ J0m;n−1 þ J0m−1;n;

Hn;m
2 ¼ J1m−1;n−1;

Hn;m
3 ¼ J0m;n−1 − J0m−1;n;

F n−1;m ¼ ð2n − 3ÞJ0n−1;m − nJ0n;m − ðn − 1ÞJ0n−2;m
þ 4ð2n − 3ÞðJ1n−2;m − J1n−2;m−1Þ − 4ðn − 1ÞðJ1n−1;m − J1n−1;m−1Þ − 4ðn − 1ÞðJ1n−3;m − J1n−3;m−1Þ
þ 4ð2n − 3ÞðJ2n−3;m − 2J2n−3;m−1 þ J2n−3;m−2Þ
− 4ðn − 2ÞðJ2n−2;m − 2J2n−2;m−1 þ J2n−2;m−2Þ − 4ðn − 1ÞðJ2n−4;m − 2ðn − 1ÞJ2n−4;m−1 þ J2n−4;m−2Þ;

Hn;m
5 ¼ ½ð2nÞJ1n−1;m−1 − nJ1n;m−1 − nJ1n−2;m−1 − 4J1n−1;m−1�

þ 4
Xn−2
r¼0

½ð2rþ 2ÞJ1r;m−1 − ðrþ 1ÞJ1rþ1;m−1 − ðrþ 1ÞJ1r−1;m−1 − 2J1r;m−1�

þ 4
Xn−3
r¼0

ðn − 2 − rÞ½ð2rþ 2ÞJ1r;m−1 − ðrþ 1ÞJ1rþ1;m−1 − ðrþ 1ÞJ1r−1;m−1�: ðB4Þ

APPENDIX C: LANDAU PROJECTED POLARIZATION FUNCTION

Take the Landau projected pion polarization function Πππ;j in (61) as an example, we briefly show the procedure of the
calculation.

Πππ;j ¼ −i2Nc

Z
r;r0

Tr½φ�
jðr0Þðiγ5ÞSuðr; r0Þðiγ5ÞSdðr0; rÞφjðrÞ�

¼ −2iNc

Z
d2r⊥d2r0⊥

Z
d4q
ð2πÞ4

d4k
ð2πÞ4 ½2πδðp0 þ q0 − k0Þ�2½2πδðp3 þ q3 − k3Þ�2 × tr½SuðqÞiγ5SdðkÞiγ5�

× eiq⃗⊥·ðr⃗⊥−r⃗0⊥Þþik⃗⊥·ðr⃗0⊥−r⃗⊥Þe−i
2
3

ðx−x0Þðyþy0Þ
2l2 ei

1
3

ðx0−xÞðyþy0Þ
2l2 φ�

jp1
ðr⃗0⊥Þφjp1

ðr⃗⊥Þ: ðC1Þ

Su and Sd are the Fourier transformation of the translation invariant part of the quark propagator. φnp1
are the wave function

of the Landau level defined in (60). Consider the lowest Landau level n ¼ 0 in the external line, inserting the explicit
expression of the Landau level wave function, and combining with the Schwinger phase in the quark propagator, the integral
over r⃗⊥ and r⃗0⊥ can be performed, giving

Z
dxdx0

Z
dydy0eiq⃗⊥·ðr⃗⊥−r⃗0⊥Þþik⃗⊥·ðr⃗0⊥−r⃗⊥Þe−i

ðx−x0Þðyþy0Þ
2l2 φ�

jp1
ðr⃗0⊥Þφjp1

ðr⃗⊥Þ ¼ 2π2l2e−l
2ðq⃗⊥−k⃗⊥Þ2 : ðC2Þ

Inserting this back to (61), it becomes

Πππ;j¼0 ¼ −2iNc2π2l2
Z

d4q
ð2πÞ4

d4k
ð2πÞ4 ½2πδðp0 − q0 þ k0Þ�2½2πδðp3 − q3 þ k3Þ�2e−l2ðq⃗⊥−k⃗⊥Þ2 tr½S̃uðqÞiγ5S̃dðkÞiγ5�: ðC3Þ

The Dirac trace in (C1) is evaluated as
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Tr½SuðqÞiγ5SdðkÞiγ5� ¼ e−q
2⊥l2u−k2⊥l2d

X∞
n;m¼0

ð−1Þnþm

½q20 − 2njquBj − q23 −m2
f�½k20 − 2mjqdBj − k23 −m2

f�
× f8ðk0q0 − k3q3 −mumdÞ½Lnð2q2⊥l2uÞLm−1ð2k2⊥l2dÞ þ Ln−1ð2q2⊥l2uÞLmð2k2⊥l2dÞ�
þ 64k⃗⊥ · q⃗⊥L1

n−1ð2q2⊥l2uÞL1
m−1ð2k2⊥l2dÞg ðC4Þ

Plugging in the Dirac trace and r⃗⊥r⃗0⊥ integral into (C1), and carrying out the integral over q0 and q3, one arrives at

Πππ;j¼0 ¼ −2iNc2π2l2
Z

d2q⊥d4k
ð2πÞ6 e−l

2ðq⃗⊥−k⃗⊥Þ2e−
3
2
q2⊥l2e−3k

2⊥l2

×
X∞
n;m¼0

ð−1Þnþm

Gu;nGd;m
f8ðk0q0 − k3q3 −mumdÞ½Lnð3q2⊥l2ÞLm−1ð6k2⊥l2Þ þ Ln−1ð3q2⊥l2ÞLmð6k2⊥l2Þ�

þ 64k⃗⊥ · q⃗⊥L1
n−1ð3q2⊥l2ÞL1

m−1ð6k2⊥l2Þg; ðC5Þ

whereGu;n ¼ ðp0 þ k0Þ2 − 2njquBj − ðp3 þ k3Þ2 −m2
f andGd;m ¼ k20 − 2mjqdBj − k23 −m2

f. The integral over q⃗⊥ in (C5)
can be carried out analytically using where we have used the integral

Z
∞

0

xνþ1e−βx
2

Lν
nðαx2ÞJνðxyÞdx ¼ 2−ν−1β−ν−n−1ðβ − αÞnyνe−y2

4βLν
n

�
αy2

4βðα − βÞ
�
: ðC6Þ

Inserting back to (C5), one has (p → q, and work in the qz ¼ 0 limit)

Πππ;j¼0 ¼ −4iNc

Z
d4k
ð2πÞ4

X∞
n;m¼0

ð−1Þm
Gu;nGd;m

8

5n

�
ðk0ðp0 þ k0Þ − k23 −m2Þ

�
e−

18
5
k2⊥l2
�
1

5
Ln

�
−
12

5
k2⊥l2

�
Lm−1ð6k2⊥l2Þ

− Ln−1

�
−
12

5
k2⊥l2

�
Lmð6k2⊥l2Þ

��
−
16

5
k2⊥e−

18
5
k2⊥l2L1

n−1

�
−
12

5
k2⊥l2

�
L1
m−1ð6k2⊥l2Þ

	
; ðC7Þ

the integral over k⃗⊥ can also be carried out analytically using (B2), yielding Y1 and Y2. One can then arrive at the
polarization Πππ;0 in (62). For other Landau projected polarization function, there is another coefficient Y3. We present the
definition of Yi below

Y1ðm; nÞ≡ ð−1Þm
5nþ1

Z
due−

3
5
u

�
Ln

�
−
2

5
u

�
Lm−1ðuÞ − 5Ln−1

�
−
2

5
u

�
LmðuÞ

�
¼ −

2m−1

3nþm

ð2nþmÞΓðnþmÞ
Γð1þ nÞΓð1þmÞ ;

Y2ðm; nÞ≡ ð−1Þm
5nþ1

Z
due−

3
5
uuL1

n−1

�
−
2

5
u

�
L1
m−1ðuÞ ¼ −

2m−1

3nþm

ΓðnþmÞ
ΓðnÞΓðmÞ ;

Y3ðn;mÞ≡ ð−1Þm
5nþ1

Z
due−

3
5
u

�
Ln

�
−
2

5
u

�
Lm−1ðuÞ þ 5Ln−1

�
−
2

5
u

�
LmðuÞ

�
¼ −

2m−1

3nþm

ðm − 2nÞΓðnþmÞ
Γð1þ nÞΓð1þmÞ : ðC8Þ

APPENDIX D: LARGE-FIELD BEHAVIOR OF THE WAVE FUNCTION RENORMALIZATION
IN THE LOCAL BOSONIZATION SCHEME

In this appendix, we examine the asymptotic behavior of the wave function renormalization obtained from the local
bosonization scheme in the limit of a strong magnetic field. We present the derivation in some detail for the longitudinal
coefficient of the charged ρmeson, Zk

ρ, while the corresponding results for Z⊥
ρ , Z

k
π , and Z⊥

π are summarized at the end of this
appendix.
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1. Longitudinal wave function renormalization for ρ

meson Zk
ρ

The longitudinal wave function renormalization of the
charged ρ meson is given by (50)

Zk
ρ ¼ −Nc

4eB
3π

Z
dp3

2π

X
n;m

ð−1Þmþn½W3H1ðn;mÞ

þ 4jquBjW2H2ðn;mÞ�; ðD1Þ

where W3¼−8e2uðnquBþp2
3ÞIl3þð2e2uþ6nquBþ6p2

3ÞIl2−
Il1,W2 ¼ 3Il2 − 4e2uIl3. HereH1ðn;mÞ andH2ðn;mÞ denote
the corresponding overlap functions of the Landau level
wave functions. The explicit expressions for I1;2;3 are
presented in Appendix A, H1;2 are given in Appendix B.
For the asymptotic expansion it is important to perform

the Pauli-Villars (PV) summation before expanding in
inverse powers of the magnetic field. We introduce

M2
i ¼ m2

q þ aiΛ2; ðc0; c1; c2; c3Þ ¼ ð1;−3; 3;−1Þ;
ða0; a1; a2; a3Þ ¼ ð0; 1; 2; 3Þ; ðD2Þ

such that the PV coefficients satisfy

X3
i¼0

ci ¼
X3
i¼0

ciM2
i ¼

X3
i¼0

ciM4
i ¼ 0: ðD3Þ

These cancellations are essential for obtaining the correct
large-B behavior.
We separate the Landau level summation into three

sectors,

Zk
ρ ¼ Zk

ρ;n;m>0 þ Zk
ρ;n¼0;m>0 þ Zk

ρ;m¼0;n>0: ðD4Þ

The ðn;mÞ ¼ ð0; 0Þ contribution vanishes because of the
corresponding Landau level overlap functions.
a. Contribution with n, m > 0. For finite nonzero n and

m, we introduce the dimensionless longitudinal momentum
p3 ¼ x

ffiffiffiffiffiffiffiffi
quB

p
. After first carrying out the PV summation

and subsequently expanding at large quB ¼ 2
3
eB, one

obtains

WPV
3 ¼ Λ6

ðquBÞ9=2
fW3

ðn;m; xÞ þOððquBÞ−11=2Þ; ðD5Þ

WPV
2 ¼ Λ6

ðquBÞ11=2
fW2

ðn;m; xÞ þOððquBÞ−13=2Þ; ðD6Þ

where fW2
and fW3

are dimensionless functions independent
of the magnetic field. Since dp3 ¼

ffiffiffiffiffiffiffiffi
quB

p
dx and the overall

prefactor in Eq. (D1) is proportional to eB, both terms in
Eq. (D1) contribute at the same order. Consequently,

Zk
ρ;n;m>0 ¼

Λ6

ðquBÞ3
Ck
ρ;n;m>0 þOððquBÞ−4Þ; ðD7Þ

with

Ck
ρ;n;m>0 ¼ −

Nc

π2

Z
dx
X
n;m>0

ð−1Þmþn½fW3
ðn;m; xÞH1

þ 4fW2
ðn;m; xÞH2�: ðD8Þ

Numerically, we find

Ck
ρ;n;m>0 ¼ 0.189916 > 0: ðD9Þ

Thus, the contribution from Landau levels with both indices
nonzero is positive and decreases as ðquBÞ−3.
b. Contribution with n ¼ 0 or m ¼ 0. The sectors with

one vanishing Landau level index require separate treat-
ment. In these sectors the fixed-x expansion used above is
not uniform in the vicinity of x ¼ 0. It is therefore more
convenient to keep p3 fixed, perform the PV summation,
and carry out the p3 integration before taking the large-
B limit.
Consider first n ¼ 0 andm > 0. In this caseH2 ¼ 0, and

the leading nonvanishing contribution after the PV sum-
mation gives

Zk
ρ;n¼0;m>0 ¼

Ck
ρ;n¼0;m>0

ðquBÞ2
þOððquBÞ−3Þ; ðD10Þ

where

Ck
ρ;n¼0;m>0 ¼

Nc

2π2

�X3
i¼0

ciM4
i ln

�
M2

i

Λ2

��

×

�X∞
m¼1

ð−1Þm
m3

Y1ð0; mÞ
�
: ðD11Þ

The Landau level sum is convergent and evaluates toP∞
m¼1

ð−1Þm
m3 H1ð0; mÞ ¼ −0.697656. For the PV parameters

used in the present calculation,

X3
i¼0

ciM4
i ln

�
M2

i

Λ2

�
< 0: ðD12Þ

It therefore follows that Ck
ρ;n¼0;m>0 > 0.

Similarly, for m ¼ 0 and n > 0, one obtains

Zk
ρ;m¼0;n>0 ¼

Ck
ρ;m¼0;n>0

ðquBÞ2
þOððquBÞ−3Þ; ðD13Þ

with
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Ck
ρ;m¼0;n>0 ¼

Nc

16π2

�X3
i¼0

ciM4
i ln

�
M2

i

Λ2

���X∞
n¼1

ð−1Þn
n3

Y1ðn; 0Þ
�
: ðD14Þ

The second Landau level sum gives
P∞

n¼1
ð−1Þn
n3 H1ðn; 0Þ ¼ −0.641302. Together with Eq. (D12), this

yields Ck
ρ;m¼0;n>0 > 0.

Combining the three sectors, the large-field behavior of Zk
ρ is therefore

Zk
ρ ¼

Ck
ρ;n¼0;m>0 þ Ck

ρ;m¼0;n>0

ðquBÞ2
þ Λ6Ck

ρ;n;m>0

ðquBÞ3
þ � � � : ðD15Þ

Since

Ck
ρ;n¼0;m>0 > 0; Ck

ρ;m¼0;n>0 > 0; Ck
ρ;n;m>0 > 0; ðD16Þ

we conclude that

Zk
ρ ⟶
eB→∞

Ck
ρ

ðquBÞ2
> 0; Ck

ρ ≡ Ck
ρ;n¼0;m>0 þ Ck

ρ;m¼0;n>0 > 0: ðD17Þ

Thus, although Zk
ρ decreases rapidly with increasing magnetic field, it approaches zero from the positive side and does not

develop a zero crossing in the large-field limit.

2. Other wave function renormalizations

The large-field asymptotic behavior of the remaining wave function renormalizations can be obtained following the same
procedure. We therefore only summarize the results below.
For the transverse charged-ρ coefficient, we again separate the contributions with both Landau level indices nonzero and

those with one vanishing index,

Z⊥
ρ ¼ Z⊥

ρ;n;m>0 þ Z⊥
ρ;n¼0;m>0 þ Z⊥

ρ;m¼0;n>0;

¼ Λ6

ðquBÞ3
C⊥
ρ;n;m>0 þ

C⊥
ρ;n¼0;m>0

quB
þ C⊥

ρ;m¼0;n>0

quB
; ðD18Þ

where

C⊥
ρ;n;m>0 ¼

Nc

π2

Z
1

0

dx
X
n;m>0

ð−1Þmþn½H4;nmfI0 − 2ðH4;nmðx2 þ nÞ þ 2H5;nmÞfI1 � ¼ 0.443 > 0:

C⊥
ρ;n¼0;m>0 ¼

Nc

4π2

�X∞
m¼1

ð−1Þm
m

H4;0m

��X3
i¼0

ciM2
i ln

�
M2

i

Λ2

��
;

C⊥
ρ;m¼0;n>0 ¼

Nc

8π2

�X∞
n¼1

ð−1Þn
n

H4;n0

��X3
i¼0

ciM2
i ln

�
M2

i

Λ2

��
: ðD19Þ

Numerically we find
P∞

m¼1
ð−1Þm
m H4;0m ¼ 0.577054 and

P∞
n¼1

ð−1Þn
n H4;n0 ¼ 0.36521, with

P
3
i¼0 ciM

2
i lnðM

2
i

Λ2 Þ > 0. The
coefficients of the leading 1=ðquBÞ terms are positive. Consequently,

Z⊥
ρ ⟶
eB→∞

C⊥
ρ;n¼0;m>0 þ C⊥

ρ;m¼0;n>0

quB
> 0: ðD20Þ
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For the charged pion, the longitudinal coefficient can similarly be written as

Zk
π ¼ Zk

π;n;m>0 þ Zk
π;n¼0;m>0 þ Zk

π;m¼0;n>0;

¼ Λ6

ðquBÞ3
Ck
π;n;m>0 þ

Ck
π;n¼0;m>0

quB
þ Ck

π;m¼0;n>0

quB
; ðD21Þ

with

Ck
π;n;m>0 ¼ −

Nc

π2

Z
1

−1
dx
X
n;m>0

ð−1Þmþn½fW1
ðn;m; xÞH1;nm þ 4fW2

ðn;m; xÞH2;nm� ¼ 0.199 > 0;

Ck
π;n¼0;m>0 ¼ −

Nc

2π2

�X3
i¼0

ciM2
i ln

�
M2

i

Λ2

���X∞
m¼1

ð−1Þm
m2

Y1ð0; mÞ
�
;

Ck
π;m¼0;n>0 ¼ −

Nc

8π2

�X3
i¼0

ciM2
i ln

�
M2

i

Λ2

���X∞
n¼1

ð−1Þn
n2

Y1ðn; 0Þ
�
: ðD22Þ

The relevant Landau level sums are
P∞

m¼1
ð−1Þm
m2 Y1ð0; mÞ ¼ −0.732426,

P∞
n¼1

ð−1Þn
n2 Y1ðn; 0Þ ¼ −0.618066, whileP

3
i¼0 ciM

2
i lnðM

2
i

Λ2 Þ > 0. It follows that both leading coefficients are positive, and hence

Zk
π ⟶
eB→∞

Ck
π;n¼0;m>0 þ Ck

π;m¼0;n>0

quB
> 0: ðD23Þ

Finally, for the transverse charged-pion coefficient, the sector with both Landau level indices nonzero behaves as

Z⊥
π ¼ Z⊥

π;n;m>0 þ Z⊥
π;n¼0;m>0 þ Z⊥

π;m¼0;n>0;

¼ Λ6

ðquBÞ3
C⊥
π;n;m>0 þ

Λ6

ðquBÞ3
C⊥
π;n¼0;m>0 þ

Λ6

ðquBÞ3
C⊥
π;m¼0;n>0; ðD24Þ

with

C⊥
π;n;m>0 ¼

Nc

π2

Z
1

0

dx
X
n;m>0

ð−1Þmþn½H4;nmfI0 − 2ðnH4;nm þ 2H5;nmÞfI1 � ¼ 0.408 > 0

C⊥
π;n¼0;m>0 ¼

Nc

2π2
X∞
m¼1

ð−1Þm
m3

H4;0m ¼ 0.837486;

C⊥
π;m¼0;n>0 ¼

Nc

16π2
X∞
n¼1

ð−1Þn
n3

H4;n0 ¼ 0.731146: ðD25Þ

Combining the three contributions gives

Z⊥
π ⟶
eB→∞

Λ6

ðquBÞ3
ðC⊥

π;n;m>0 þ C⊥
π;n¼0;m>0 þ C⊥

π;m¼0;n>0Þ > 0: ðD26Þ

APPENDIX E: LARGE-FIELD BEHAVIOR OF THE WAVE FUNCTION RENORMALIZATION IN THE
NEAR-POLE EXPANSION

In this section, we prove the positivity of the wave function renormalization Zρ in the near-pole expansion at large eB
limit. Again, we decompose Πρρ;0 in (62) into Πρρ;0 ¼ Πρρ;n;m>0 þ Πρρ;n¼0;m>0 þ Πρρ;m¼0;n>0. In the following we will first
derive the expression for each sector in the large-eB limit, then prove the positivity of Zρ.
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a. Contribution from n > 0 andm > 0. We first consider
the sector in which both quarks occupy excited Landau
levels. To determine the asymptotic behavior at large
magnetic field, we use the fact that the unmixed longi-
tudinal-ρ pole satisfies E2

ρ ¼ eBþm2
ρðBÞ ≃ eB, where

m2
ρðBÞ grows only mildly at large eB. It is therefore

convenient to introduce

s≡ q20
quB

; k3 ¼ x
ffiffiffiffiffiffiffiffi
quB

p
: ðE1Þ

At the ρ pole this gives asymptotically

sρ ¼
E2
ρ

quB
⟶

3

2
: ðE2Þ

After the rescaling, the integrand can be systematically
expanded in powers ofM2

i =Q. The Pauli-Villars conditions
cancel the lower-order terms in this expansion. The first
nonvanishing contribution from the n, m > 0 sector is
therefore strongly suppressed and takes the form

Πρρ;n;m>0 ≃
Λ6

ðquBÞ3
1

s2
Cðn;m>0Þ
ρρ ;

Cðn;m>0Þ
ρρ ¼ −

3Nc

8π2
X∞
n;m¼1

Z
∞

0

dxF nmðxÞ ðE3Þ

where

F nmðxÞ ¼
�
−

5m

ðmþ x2Þ7=2 þ
12

ðmþ x2Þ5=2 þ
2ð7nþ 6x2Þ
ð2nþ x2Þ7=2

�
Y1;nm − 20

�
1

ðmþ x2Þ7=2 þ
1

ð2nþ x2Þ7=2
�
Y2;nm: ðE4Þ

b. Contribution from n ¼ 0 and m > 0. We next consider the boundary sector in which the u-quark occupies its lowest
Landau level, n ¼ 0, whilem > 0. In this case Y1;0m ¼ − 2m−1

3m
and Y2;0m ¼ 0, so that the longitudinal polarization reduces to

Πρρ;n¼0 ¼ −
Nc

π2
ðquBÞ

X∞
m¼1

Y1;0mIPVρ;n¼0ðmÞ; ðE5Þ

For a given Pauli-Villars mass Mi ¼ ðm2
q þ aiΛ2Þ1=2, we define A ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k23 þM2
i

p
and B ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k23 þM2
i þmquB

p
. At zero

temperature, the corresponding one-dimensional k3-integral can be evaluated analytically,

Iρ0;i ¼
Z

∞

0

dk3
ðAþ BÞðAB − k23 þM2

i Þ
AB½ðAþ BÞ2 − q20�

¼ 1

2

��
4M2

i þmquB −
m2ðquBÞ2

q20

�
Jiðq20Þ þ

m2ðquBÞ2
q20

Jið0Þ
�
; ðE6Þ

where

JiðcÞ ¼
Z

∞

yþ;i

dy

ðy − cÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðy − yþ;iÞðy − y−;iÞ
p ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðyþ;i − cÞðy−;i − cÞp arctanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y−;i − c
yþ;i − c

r
ðE7Þ

for c < y−;i, with y�;i ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

i þmðquBÞ
p

�MiÞ2. We now introduce the large-field scaling variable q20 ¼ sðquBÞ.
Assuming that the pole remains below the corresponding two-quark threshold, m − s > 0, the large-Q expansion gives

JiðsquBÞ ¼
1

ðm − sÞquB
�
1

2
ln quBþ ln

m − s
Mi

ffiffiffiffi
m

p
�
þOððquBÞ−2 ln quBÞ; ðE8Þ

Jið0Þ ¼
1

mquB
ln
mquB
M2

i
þOððquBÞ−2Þ: ðE9Þ

After the Pauli-Villars summation, the regulator-independent logarithmic terms cancel, and one obtains

IPVρ0 ðmÞ ¼ 1

quB
2s −m

2ðm − sÞ2
�X

i

ciM2
i ln

M2
i

Λ2

�
þOððquBÞ−2 ln quBÞ; ðE10Þ

Substituting Eq. (E10) into Eq. (E5):
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Πρρ;n¼0 ¼ −
Nc

π2

�X
i

ciM2
i ln

M2
i

Λ2

�
Sn0ðsÞ þOððquBÞ−1 ln quBÞ; ðE11Þ

where

Sn0ðsÞ ¼
X∞
m¼1

Y1;0m
1

quB
2s −m

2ðm − sÞ2 ¼
X∞
m¼1

Y1;0m
1

quB
2s −m

2ðm − sÞ2 : ðE12Þ

Φðz; p; aÞ denotes the Lerch transcendent.
c. Contribution from m ¼ 0 and n > 0. For the complementary boundary sector m ¼ 0 and n > 0, one has Y1;n0 ¼ − 1

3n

and Y2;n0 ¼ 0. We can derive the large-eB limit of the polarization function in the similar way, and obtain

Πðm¼0Þ
ρρ ¼ −

Nc

π2

�X
i

ciM2
i ln

M2
i

Λ2

�
Sm0ðsÞ þOððquBÞ−1 ln quBÞ; ðE13Þ

with

Sm0ðsÞ ¼
X∞
n¼1

Y1;n0
s − n

ð2n − sÞ2 ¼
1

12

�
Φ
�
1

3
; 1; 1 −

s
2

�
−
s
2
Φ
�
1

3
; 2; 1 −

s
2

��
: ðE14Þ

d. Wave function renormalization. Combining all the sectors above, the polarization function to the leading order is

Πρρ;0 ¼ −
Nc

π2

�X
i

ciM2
i ln

M2
i

Λ2

�
ðSn0ðsÞ þ Sm0ðsÞÞ þOððquBÞ−1 ln quBÞ: ðE15Þ

The corresponding contribution to the wave function renormalization is

Zρ;n0 ¼
∂Πρρ;0

∂q20

����
q2
0
¼E2

ρ

¼ −
Nc

π2ðquBÞ
�X

i

ciM2
i ln

M2
i

Λ2

�
ðS0n0ðsρÞ þ S0m0ðsρÞÞ þOððquBÞ−2 ln quBÞ; ðE16Þ

with

S0n0ðsÞ ¼ −
s
3
Φ
�
2

3
; 3; 1 − s

�
; S0m0ðsÞ ¼ −

s
24

Φ
�
1

3
; 3; 1 −

s
2

�
ðE17Þ

As discussed above, the large-field longitudinal-ρ pole satisfies sρ → 3=2. Numerically,

S0n0ð3=2Þ ≃ 1.254; S0m0ð3=2Þ ≃ −4.011: ðE18Þ

Therefore, in the large-eB limit, we have

Zρ;n0 ¼
1

quB
2.757Nc

π2

�X
i

ciM2
i ln

M2
i

Λ2

�
> 0: ðE19Þ

For pion, the proof is quite similar.
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