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We investigate the influence of spin polarization in strongly interacting matter by introducing a finite
spin potential, μΣ, which effectively controls the spin density of the system without requiring rotation or
specific boundary conditions. Inspired by recent lattice QCD simulations that incorporated such a potential,
we implement this approach within an effective QCD framework. Our results show that increasing spin
polarization leads to a simultaneous decrease in both the chiral and deconfinement restoration temper-
atures. The resulting phase structure is qualitatively consistent with lattice findings, and notably, we
observe the emergence of a first-order chiral phase transition at low temperature. These results suggest that
spin-polarized environments can significantly impact the QCD phase diagram and offer a controlled route
for studying spin effects in hot and dense matter.
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Introduction. The quark-gluon plasma is not only an almost
perfect fluid [1], but also the most vortical, as the detection
of the global polarization of Λ̄ and Λ baryons [2] indicates.
The estimated values of angular velocity associated with
the system can be predicted by experimental constraints as
ω ∼ 7 MeV [2], or obtained with hydrodynamic models as
ω ∼ 20–40 MeV [3]. The underlying physics of these new
effects is still under investigation, and some experiments
conducted by the ALICE and STAR Collaborations indi-
cate, for instance, different values of the spin-density
matrix ρ00 [4,5]. Various groups engaged in lattice quantum
chromodynamics (LQCD) and effective model studies have
been exploring different aspects of the QCD phase diagram
[6–18], introducing also new effects such as the negative
Barnett effect [19–21] and the chiral vortical cataly-
sis [22,23].
The theoretical problem, in general, is characterized by

strongly interacting matter in a finite-sized rigid cylinder
with constant angular velocity ω, in which one needs to set
ωr ≤ 1, where r is the radius of the cylinder, in order to
obey causality [13]. Also, several applications focus on
homogeneous chiral condensates valid for small angular
velocities [13,17,24], while nonhomogeneous phases have

been predicted recently in different applications [11,25,26].
Effective approaches, e.g., the Nambu–Jona-Lasinio model
[12–16,24,27–39], the linear sigma model coupled with
quarks [17,18,40–43] and holographic approaches [44–48],
have been applied in order to predict possible phase
diagrams, i.e., pseudocritical temperature as a function
of the angular velocity, Tpc × ω, that can be dependent on
different boundary conditions associated with fermionic
degrees of freedom in a cylindrical system [13,24,49]. In
LQCD the phase diagram indicates an increasing behavior
of Tpc × ω [7,8], while effective approaches predict the
inverse behavior, which is associated with the lack of
gluons in these methods [22,23,27].
One of the important aspects of vorticity in strongly

interacting matter is the spin polarization of the particles in
the system. The role of spin polarization has instigated
studies in different contexts, e.g., relativistic fluid dynamics
and effective field theories [50,51] A possible approach to
introduce this condition effectively, without dealing with
boundary conditions associated with the geometry of the
system, is to apply a finite spin potential, μΣ, as recently
proposed in Ref. [52] using two-flavor Monte Carlo
simulations. However, the generalized spin-tensor contri-
bution suffers from ambiguities in relativistic spin-hydro-
dynamics associated with pseudogauge transformations
[53–58], which can be fixed by interacting field theories
[54]. Then, a simplification of the spin-density matrix term
can be applied in order to choose a preferred polarization in
the z direction. Physically, in the same way we think about
the finite baryon density as a conjugated variable of baryon
chemical potential, one can expect a spin density associated
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with a spin potential. This prescription is therefore inter-
esting for studying a system composed by fermions with a
specific density of polarized spins in a chiral symmetry
broken environment without invoking rotations and avoid-
ing issues of the thermodynamic limit [52]. An additional
advantage is that the spin-potential is applied, at this initial
point, only to the fermionic degrees of freedom and is well-
suited for effective models and presents a possibility to
make reliable comparisons with LQCD.
In this work, we apply the spin-potential control param-

eter in the z direction to the two-flavor entangled
Polyakov–Nambu–Jona-Lasinio (EPNJL) model [59,60]
in the mean-field approximation. One of the benefits of
using an effective model is to avoid the sign problem
observed in LQCD [61], which allows us to explore real
values of μΣ in all regions of interest. In this way, the main
idea of this manuscript is to compare recent lattice results
with the ones obtained by the model and investigate some
of the basic predictions not reached by LQCD. To this end,
we obtain the solution of the dispersion relation of quarks
associated with the inclusion of μΣ. Then, we include the
Polyakov loop potential with the entanglement interaction
in the thermodynamical potential in order to match the
pseudocritical temperatures of chiral and deconfinement
phase transitions with lattice at μΣ ¼ 0. We calculate the
effective quark masses and the expectation value of the
Polyakov loop at finite values of temperature and spin-
density potential. By looking at the peak of the suscep-
tibilities we obtain the pseudocritical temperatures. The
dependence TpcðμΣÞ is explored by applying a quadratic
fitting function of μΣ and looking at the curvature κ and
comparing it with LQCD. We also predict how the effective
quark masses behave at higher values of the spin-density
potential at low temperature.
The manuscript is structured as follows. The basic steps

to obtain the quark dispersion relation of the SU(2) NJL
model with the spin-potential are shown in Sec. II. In
Sec. III we present the model details of the SU(2) EPNJL.
In Sec. IV we present and discuss our results. The
conclusions are shown in Sec. V.

Finite spin potential. In order to show the quark dispersion
relation with the inclusion of the spin-potential, the finite
spin density is introduced by the quark spin potential in the
canonical formulation of the spin operator, following the
approach developed in [52]. The spin potential exhibits a
distant resemblance to both axial and helical chemical
potentials. Notably, at zero temperature, we observe an
intriguing analogy between systems governed by an imagi-
nary quark spin potential μIΣ in Euclidean spacetime and
those governed by an axial (chiral) chemical potential μA, in
Minkowski spacetime [52,62–64].
We solve the generating functional for the SU(2)

Nambu–Jona-Lasinio and the extension to include the
Polyakov loop and entanglement is straightforward [59]
and will be explored in the next section.

The general Lagrangian with spin-potential is given by

L ¼ ψ̄ði=∂ − m̂Þψ þ G½ðψ̄ψÞ2 þ ðψ̄iγ5τ⃗ψÞ2� þ LΣ; ð1Þ
where G is the coupling constant and τ⃗ are isospin Pauli
matrices; the bare quark mass matrix m̂ ¼ diagðmu; mdÞ
and ψ ¼ ðψuψdÞT is the quark field. We consider the
isospin limit mu ¼ md ¼ mc. Regarding the quark spin
density term applied to the NJL model, we have

LΣ ¼ μα;μνψ̄Sα;μνψ : ð2Þ
where the following definitions are used:

Sα;μν ¼ 1

2
fγα;Σμνg; Σμν ¼ i

4
½γμ; γν�: ð3Þ

Since we are interested in the polarization in the
z direction we set

μα;μν ¼
μΣ
2
δα0ðδμ1δν2 − δν1δμ2Þ: ð4Þ

With this choice, the final Lagrangian becomes

L ¼ ψ̄

�
i=∂ −mc þ

μΣ
2
γ3γ5

�
ψ þG½ðψ̄ψÞ2

þ ðψ̄iγ5τ⃗ψÞ2�: ð5Þ
The spin polarization in the system is controlled by the

spin-potential μΣ, as originally developed in Ref. [52]. We
use the Dirac representation for the γ matrices.
To find the quark dispersion relation we start by looking

to the functional generator:

Z ¼ N
Z

Dψ̄Dψ exp

�
i
Z

d4xLðψ̄ ;ψÞ
�
; ð6Þ

where N is a normalization constant. We then perform the
Hubbard-Stratanovich transformation to introduce aux-
iliary fields σ and π⃗, which are defined as

π⃗ ¼ −2Gψ̄iγ5τ⃗ψ ; σ ¼ −2Gψ̄ψ : ð7Þ
Assuming an isospin-symmetric system, i.e., π⃗ ¼ 0, the

partition function becomes Z ¼ NZ1Z2, where

Z1 ¼ exp

�
−i

σ2

4G

Z
d4x

�
; ð8Þ

Z2 ¼
Z

Dψ̄Dψ exp

�
i
Z

d4xψ̄

�
i=∂ −mc − σ

þ μΣ
2
γ3γ5

�
ψ

�
: ð9Þ

After performing the functional integration over the
Grassmann variables:
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Z2 ¼ exp

�
Nc

Z
d4x

Z
d4p
ð2πÞ4 Trf;D ln

�
=p −mc − σ

þ μΣ
2
γ3γ5

��
; ð10Þ

with Nc ¼ 3. Evaluating the trace over the flavor and Dirac
indices using Tr lnO≡ lnDetO we obtain

Z2 ¼ exp

�
Nc

X
s¼�1

Z
d4x

Z
d4p
ð2πÞ4 ln ½−p0 þ Esðp⃗Þ�2

× ½p0 þ Esðp⃗Þ�2
�
; ð11Þ

where the dispersion relation Es
p is given by

Es ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þM2

q
þ s

μΣ
2

�
2

s
; ð12Þ

where M ¼ mþ σ and p2⊥ ¼ p2
1 þ p2

2.

EPNJL model and equations. The generalized form of the
Lagrangian of the PNJL model for Nf ¼ 2 light quarks and
Nc ¼ 3 color degrees of freedom, where the quarks are
coupled to a temporal background gauge field, represented
in terms of Polyakov loops is given by [65]

L ¼ ψ̄

�
i=D −mc þ

μΣ
2
γ3γ5 þ μγ0

�
ψ þ G½ðψ̄ψÞ2

þ ðψ̄iγ5τ⃗ψÞ2� − Uðl; l̄; TÞ: ð13Þ
Here, the covariant derivative is given by Dμ¼ði∂μ−

iAμÞ where Aμ ¼ δμ0A
0 is the Polyakov gauge. The strong

coupling constant g is absorbed into the definition
AμðxÞ ¼ g λa

2
Aμ

aðxÞ, λa are the Gell-Mann matrices and
Aμ

aðxÞ is the SUð3Þ gauge field.
For the pure gauge sector, let us define the Polyakov

line as

LðxÞ ¼ P exp
�
i
Z

β

0

dτA4ðτ; x⃗Þ
�
; ð14Þ

where P denotes path ordering and β ¼ 1
T. Also, A4 ¼ iA0

is the temporal component of the Euclidean gauge

field ðA4; A⃗Þ.
The effective potential Uðl; l̄; TÞ for the Polyakov fields

is parametrized in order to reproduce lattice results in the
mean-field approximation [65,66]. We adopt the ansatz
[65],

Uðl; l̄;TÞ
T4

¼−
aðTÞ
2

ll̄

þbðTÞ ln ½1−6ll̄þ 4ðl3þ l̄3Þ− 3ðll̄Þ2�; ð15Þ
where aðTÞ and bðTÞ are given by

aðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

; bðTÞ ¼ b3

�
T0

T

�
3

:

ð16Þ

The parameters of the potential Uðl; l̄; TÞ will be speci-
fied in the numerical results section. We should also
mention that the thermal expectation value of the
Polyakov loop is given by [67]

l≡ 1

Nc
hTrcLðxÞi; l̄≡ 1

Nc
hTrcL†ðxÞi: ð17Þ

Since we are working with the background field A4, we
can obtain the generalization of all physical quantities at
finite temperature and density using the following symbolic
replacements [68]:

i
Z

d4p
ð2πÞ4 → −T

1

Nc
Trc

X∞
n¼−∞

Z
d3p
ð2πÞ3 ; ð18Þ

ðp0; p⃗Þ → ðiωn þ μ − iA4; p⃗Þ; ð19Þ

whereωn ¼ ð2nþ 1ÞπT is the Matsubara frequency. In this
work, we consider only the zero baryon chemical potential
case, and hence l ¼ l̄.
The inclusion of the entanglement is implemented by the

change in the coupling

G → Gðl; l̄Þ ¼ G½1 − α1ll̄ − α2ðl3 þ l̄3Þ�: ð20Þ

The final expression for the effective potential is
given by

ΩðM; l; l†; T;μÞ ¼ Uðl; l†; TÞ þ ðM −m0Þ2
4Gðl; l̄Þ þΩV

−
Nf

β

X
s¼�1

Z
d3p
ð2πÞ3 ½log ðF

sþFs
−Þ�; ð21Þ

where E2
sðp3; p⊥Þ ¼ p2⊥ þ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
3 þM2

p þ s μΣ
2
Þ2, and we

adopt the following definitions:

ΩV ¼ −NcNf

X
s¼�1

Z
dp3dp⊥p⊥

2π2
Esðp3; p⊥Þ; ð22Þ

Fs
− ¼ 1þ 3le−βðEs−μÞ þ 3l†e−2βðEs−μÞ þ e−3βðEs−μÞ; ð23Þ

Fsþ ¼ 1þ 3l†e−βðEsþμÞ þ 3le−2βðEsþμÞ þ e−3βðEsþμÞ: ð24Þ

By minimizing the thermodynamic potential, Eq. (21),
with respect to M, l, and l†, we obtain the three gap
equations:
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∂ΩðM; l; l†; T; μÞ
∂M

¼ ∂ΩðM; l; l†; T; μÞ
∂l

¼ 0;

∂ΩðM; l; l†; T; μÞ
∂l†

¼ 0: ð25Þ

Numerical results for these quantities will be presented in
the next section.

Numerical results. In this section we show our numerical
results. The basic parameter set for T ¼ 0 is chosen to be
Λ ¼ 587.9 MeV, GΛ2 ¼ 2.44 and mc ¼ 5.6 MeV [69].
The parameters associated with the Polyakov loop poten-
tial are given in Table I. The pure gauge sector, the
transition temperature is given by T0 ¼ 270 MeV [60],
however, a lower value of T0 is usually necessary in order
to include the effects of Nf ¼ 2 in the theory. Following
the procedure adopted in references [60,70,71], we use
T0 ¼ 212 MeV. For the entanglement interaction we
adopt α1 ¼ α2 ¼ 0.2 [59].
In EPNJL model we have two different critical (pseu-

docritical) temperatures. The first one is related to the chiral
symmetry restoration, Tc

pc, and the second is the deconfine-
ment temperature, Td

pc, defined as

Tc
pc → −

∂M
∂T

and Td
pc →

∂l
∂T

: ð26Þ

Once both transitions are crossovers at high enough
temperatures, we determine the critical values through the
peaks of the quantities.
In Fig. 1 we show the effective quark masses (top panel)

and the expectation values of the Polyakov loop (lower
panel) as functions of the temperature for different values of
spin potential μΣ. It is evident that, at T ¼ 0 the masses
decrease as we increase μΣ; the results also suggest a first-
order phase transition at μΣ ∼ 0.472 GeV, in which an
abrupt decrease is observed. As we increase the temper-
ature the spin potential and temperature together enhance a
partial chiral symmetry restoration, indicating a decreasing
behavior of the pseudocritical temperature as μΣ increases.
For the Polyakov loop expectation value, the transition for
the deconfined phase shifts to lower temperatures.
The susceptibilities of chiral and deconfinement phase

transitions are shown in Fig. 2 as functions of the temper-
ature for different values of μΣ. As explained earlier, the
peaks are treated as the pseudocritical temperatures of
chiral and deconfinement phase transitions. It is clear that a
decreasing behavior of both pseudocritical temperatures

occurs as μΣ increases, which is in qualitative agreement
with recent LQCD data [52].
Since we are using the EPNJL model, it is expected that

both pseudocritical temperatures, Td
pc and Tc

pc, are very
close, which is indeed confirmed in Fig. 3. The application
of the entangled extended EPNJL was motivated by the
goal of reducing the splitting between both pseudocritical
temperatures [59] and, in this way, being more aligned with
the findings of LQCD [52].
It is important to mention that, the LQCD results in

Ref. [52] found a fitting function for the pseudocritical
temperature as a function of μΣ by the quadratic function,

Ti
pcðμΣÞ
Td
pcð0Þ

¼ 1 − κ

�
μΣ

Td
pcð0Þ

�
2

; ð27Þ

which is valid for low values of μΣ. The index i ¼ d, c
denotes the pseudocritical temperature of deconfinement
and chiral phase transitions respectively. Different lattice
parameters, such as temporal and spatial sizes, and different
meson mass ratios Mps=Mv are considered. The extrapo-
lated result for Mps=Mv ¼ 0.175 indicates κ ∼ 0.06 for
both phase transitions. In the case of EPNJL model, we find

TABLE I. Parameters for EPNJL using logarithmic paramet-
rization.

a0 a1 a2 b3 T0 [MeV]

3.51 −2.47 15.2 −1.75 0.212

FIG. 1. Constituent quark mass (top panel) and the expected
value of Polyakov loop (lower panel) as a function of the
temperature for different values of μΣ.
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κ ∼ 0.03 for both transitions, which is significantly differ-
ent from the LQCD result. We believe this discrepancy may
be due to the lattice approach, which uses nonrenormalized
susceptibilities of the chiral condensate and Polyakov loop.
This method may shift the peak positions compared to the
renormalized case.

In Fig. 4 we show the phase diagram (the pseudo-
critical temperature as a function of the spin potential) for
the chiral symmetry restoration Tc

pc × μΣ. Then, around
T∼0.150GeV, a sharp drop leads to the critical end point
(CEP) ðTCEP; μΣCEP

Þ ¼ ð0.091 GeV; 0.47226 GeVÞ. The
first-order region shows a steep descent, indicating that
the spin potential changes slowly in this regime.
Since the LQCD results in Ref. [52] are limited to small

μΣ, this study provides, to the best of our knowledge, the
first prediction of the phase diagram in the presence of a
spin potential.

Conclusions. In this work we explored the effects of the
spin potential in the entangled-Polyakov–Nambu-Jona-
Lasinio SU(2) in the mean-field approximation. The finite
spin density is introduced by the quark spin potential in the
canonical formulation of the spin operator. We start by
solving the partition function of the two-flavor Nambu–
Jona-Lasinio model with the inclusion of the spin potential.
Then, we obtain the quark dispersion relation, which is
applied to the EPNJL model. To the best of our knowledge
these is the first application of quark spin potential in a
effective model of QCD, and our approach can be applied
to different models.
In the numerical results we observe a decrease of the

effective quark masses as function of temperature and the
spin potential, indicating that both effects combined can
restore partially the chiral symmetry. At low T ¼ 0 and
μΣ ¼ 0.472 GeV we observe a sharp decrease of the quark
masses indicating a first-order phase transition. The expect-
ation value of the Polyakov loop has been analyzed
indicating that the deconfinement transition is shifted to
lower values of temperature as we increase the spin potential.
By looking to the peak of chiral and deconfinement

susceptibilities we can find the pseudocritical temperatures.
In the EPNJL model, both pseudocritical temperatures are

FIG. 3. Normalized pseudocritical temperatures of chiral and
deconfinement phase transitions as a function of the spin
potential μΣ.

FIG. 4. Pseudocritical temperature as a function of the spin
potential, Tc

pc × μΣ, for the chiral symmetry restoration. The
crossover and first-order phase transition concerns to the con-
tinuous and dashed lines, respectively. These two regions are
divided by the CEP, in the blue dot.

FIG. 2. Chiral and deconfinement susceptibilities as a function
of temperature for different values of spin potential μΣ.
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very close, which is confirmed by looking the phase
diagram. When applying the quadratic fitting formula for
TpcðμΣÞ, we obtain κ ∼ 0.03 for both pseudocritical temper-
atures, in disagreement with the continuum extrapolated
value of LQCD, i.e., κ ∼ 0.06. However the qualitative
behavior is preserved where pseudocritical temperatures for
chiral and deconfinement phase transitions decrease as we
increase the spin potential. The disagreement related to the
curvature of the phase diagram can be related to model
limitations or due the lattice results used nonrenormalized
susceptibilities of the chiral condensate and Polyakov loop.
As a prediction, we show the phase diagram for the chiral

symmetry restoration Tc
pc × μΣ. Besides, lattice QCD can

work with low values of μΣ [52], after an analytical
continuation from imaginary to real values of spin poten-
tial. The advantage of our prescription is to access all values
of interest temperature and spin potential. The phase
diagram indicates a region, at T ≲ 0.150 GeV where the
pseudocritical decreases smoothly, and then suffers a sharp
decrease until the CEP. After this point, we observe a line of
first-order phase transition temperatures which changes in a
very slow way as a function of μΣ.
The NJL model, along with its extensions, is most often

applied within the mean-field approximation. While widely
used, this approach can be problematic for determining
critical exponents, as suggested by universality arguments.
When the model is confronted with data from compact
objects, for example, one finds that the expected values of
the sound velocity [72,73] cannot be reproduced without
further refinements. In our case, however, external con-
straints must be more clearly understood, given the still
incipient nature of the recently proposed spin potential. It is
also well-established that going beyond the mean-field
level modifies the transition temperature as a function of the
quark chemical potential, T × μ [74]. Nevertheless, effec-
tive models remain powerful tools for exploring key
features of quark matter under extreme conditions, as
exemplified by the NJL model [69,75]. In the seminal

LQCD study introducing the spin potential [52], the
analysis focuses solely on quark degrees of freedom, which
supports the view that effective quark models are well-
suited for studying such systems and making comparisons.
An additional advantage of the present approach is that it
allows us to make predictions in the high μΣ regime, since
the sign problem is absent—at least in the range μΣ < Λ.
For the purposes of the present work, the mean-field
approximation thus provides a coherent qualitative picture
of the underlying physics, in agreement with LQCD trends.
Future extensions beyond the mean-field level, as well as
refinements of the coupling, will require more robust
analytical and numerical developments, which are already
part of our research plans. We are currently applying this
approach to a renormalized theory and comparing the
results with lattice QCD data. The renormalization pro-
cedure, based on the dispersion relation derived in this
work, requires careful implementation. These findings,
along with further analyses, will be reported in a forth-
coming study.
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