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We present a comprehensive study of axion condensed neutron stars that arise in models of an
exceptionally light axion that couples to quantum chromodynamics (QCD). These axions solve the strong-
charge-parity (CP) problem, but have a mass-squared lighter than that due to QCD by a factor of ε < 1.
Inside dense matter, the axion potential is altered, and much of the matter in neutron stars resides in the
axion condensed phase where the strong-CP parameter θ ¼ π and CP remains a good symmetry. In these
regions, masses and interactions of nucleons are modified, in turn changing the equation of state (EOS),
structure, and phenomenology of the neutron stars. We take the first steps toward the study of the EOS of
neutron star matter at θ ¼ π within chiral effective field theory and use relativistic mean field theory to
deduce the resulting changes to nuclear matter and the neutron star low-density EOS. We derive constraints
on the exceptionally light axion parameter space based on observations of the thermal relaxation of
accreting neutron stars, isolated neutron star cooling, and pulsar glitches, excluding the region up to
5 × 10−7 ≲ ε ≲ 0.2 for ma ≳ 2 × 10−9 eV. We comment on potential changes to the neutron star mass-
radius relationship, and discuss the possibility of novel, nuclear-density compact objects with θ ¼ π that
are stabilized not by gravity but by the axion potential.
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I. INTRODUCTION

The quantum chromodynamics (QCD) axion is a well-
motivated and minimal solution to the strong charge-parity
(CP) problem [1–4], the puzzle of the smallness of the
neutron electric dipole moment (EDM). The neutron EDM
is proportional to θ̄, a combination of Standard Model
parameters,

θ̄ ¼ θ þ arg detYuYd; ð1Þ

where θ is the QCD θ angle, while Yu and Yd are the up-
and down-type Yukawa matrices. The combination is
experimentally bounded to be θ̄ ≲ 10−10 based on the

nonobservation of the neutron electric dipole moment [5].
The smallness of θ̄ is particularly puzzling since the
CP-violating angle in the Cabibbo-Kobayashi-Maskawa
(CKM) matrix has been measured to beOð1Þ, in agreement
with theoretical expectation.
The axion is the pseudo-Nambu-Goldstone boson result-

ing from the spontaneously broken Peccei-Quinn sym-
metry and couples to gluons as

L ⊃
�
a
fa

− θ̄

�
αs
8π

GμνG̃μν; ð2Þ

where a is the axion field, fa the axion decay constant, αs
the strong coupling constant, Gμν the color field strength
tensor, and G̃μν ≡ εμνρσGρσ=2 its dual. The entire depend-
ence on θ̄ has been placed in the gluon term after a chiral
rotation of the quarks. At low energies, the axion obtains
a periodic potential from the coupling to gluons, and the
CP-violating angle θ̄ relaxes to zero during cosmic
evolution of the axion field in its potential [6–8].
The QCD axion has inspired a diverse experimental

campaign [9–12]. Searches for the QCD axion and axion-
like particles (ALPs) through their electron and photon
couplings have seen tremendous progress in recent years.
The axion-nucleon coupling—the coupling that defines the
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QCD axion and distinguishes it from ALPs that do not
solve the strong CP problem—is much more difficult to
probe in the laboratory [13–17]. The sensitivity of current
ground-based experiments is rapidly improving [18–28]
but is as yet orders of magnitude away from the “QCD
axion line” on which the axion decay constant fa and the

axion mass mðQCDÞ
a are related by the QCD prediction [1],

mðQCDÞ
a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mumd

ðmu þmdÞ2
r

mπfπ
fa

: ð3Þ

Furthermore, these laboratory searches are at present far
weaker than astrophysical constraints from big bang
nucleosynthesis [29], the evolution of supernova 1987A
[30–35], stability of the Earth, the Sun and white dwarfs
[36,37], LIGO-Virgo-Kagra (LVK)measurements of binary
neutron star inspirals [36,38,39] and isolated neutron star
cooling [40]. See e.g. [41,42], for recent reviews.
Theoretically, there is renewed interest in the parameter

space of axions which solve the strong CP problem but

have an exceptionally light mass, ma < mðQCDÞ
a , in light of

the discrete symmetry noted in Ref. [43]. A discrete ZN
symmetry can suppress the axion mass below that predicted
by Eq. (3) in a technically natural way by a factor of

ε1=2 ≡ ma

mðQCDÞ
a

≈
1

2N =2−logN ; ð4Þ

in the large N limit [44]. This motivates the study of
lighter-than-expected QCD axions—hereafter referred to
as exceptionally light QCD axions—that still solve the
strong CP problem (for N odd). In phenomenological
models, a small θ angle is itself technically natural so the
very small ε ≪ 1 parameter space, in particular ε≲ 10−10,
cannot be well-motivated: it would introduce a tuning at
the level of the original tuning of the strong CP problem.
The ZN models alleviate this tuning at the expense of
model complexity, especially in light of cosmological
evolution [43,45].
As we discuss below, due to their high density, neutron

stars provide a unique environment to test exceptional
axions close to the QCD line: values of ε close to unity, and
ZN models for modest values of N . We note that the
vacuum structure of the ZN model is significantly different
from the phenomenological ε model and can result in
different dynamics and constraints.
Observationally, the above-mentioned studies of dense

astrophysical objects place strong constraints on the axion-
gluon coupling parameter space, and hence ε, especially at
small axion masses. These constraints stem from the effect
first noted in Ref. [36]. The axion potential is modified in
the presence of matter, which suppresses the vacuum QCD
contribution. For small ε, there is a critical density above
which a large, dense object can contain a region with
negative effective axion mass which, in turn, shifts the

potential minimum from θ̄ ¼ 0 to θ̄ ¼ π inside the object.
For Earth and solar core densities, the θ̄ ¼ π region
emerges for ε≲ 10−13, while in white dwarfs, θ̄ ¼ π occurs
at ε≲ 10−7 [36]. Studies of the properties and stability of
these objects have led to the most stringent constraint on the
parameter space of ε≲ 2 × 10−7 for fa ≲ 1016 GeV [37].
In this study, we focus on axion condensation in

neutron stars for ε≳ 5 × 10−7. Earlier work has shown
that for small axion masses (ma ≲ 10−11 eV) the axion
condensate extends far outside the radius of the star [36].
In this scenario, the extended axion field mediates a force
between neutron stars and is constrained by LVK obser-
vations of neutron star mergers [36,38,39]. For a heavier
axion with ma ≳ 10−8 eV, the axion field is largely
confined inside the neutron star, and the effects of axion
condensation on the neutron star interior need to be
understood to predict the observational consequences.
Prior work has considered neutron stars in the axion
condensed phase in the noninteracting Fermi gas approxi-
mation [46] and in hybrid stars where axion interactions
were included in the quark phase (but not the nuclear
phase) via an effective ’t Hooft determinant interaction in
the NJL model [47].
In this work, we provide a dedicated study of the

equation of state (EOS) for 5 × 10−7 ≲ ε < 1 and its impact
on neutron star structure. To calculate the EOS and phases
present in the neutron star, we compare results from chiral
effective field theory (ChiEFT) and relativistic mean field
theory (RMFT). As noted in Ref. [36], the reduction in the
effective mass of the axion in the presence of finite baryon
density also leads to a reduction in the effective mass of
nucleons. At fixed chemical potential, a smaller effective
nucleon mass results in a larger baryon density. As a result,
the transition from θ̄ ¼ 0 to θ̄ ¼ π introduces a disconti-
nuity in the EOS. For different ε, this transition occurs at
different locations in the neutron star, leading to a variety of
observational effects. For ε≳ 0.1, the neutron star will have
an inner region with θ̄ ¼ π, separated by an axion field
profile from the outside region where θ̄ ¼ 0, while for
smaller ε the entire star has θ̄ ¼ π except for a thin region
near the surface. When ε≲ 0.1, θ̄ ¼ π becomes energeti-
cally favored at a baryon chemical potential lower than that
of iron (μFe=A ≃mN − 8 MeV) and the axion pressure
itself becomes important at low density, producing a state
with zero pressure at non-negligible energy density. This
may result in a star that is almost entirely at a density above
the neutron drip density or above the crust-core transition
density. In this case, the remaining crust phases will only
appear in a thin region where θ changes from π to 0.
Recent observations of neutron stars (NSs) have resulted

in reliable measurements of NS masses and constraints on
their size. Radio observations of pulsars have now provided
compelling evidence for neutron stars with masses greater
than 2M⊙, while gravitational wave and x-ray observations

MIA KUMAMOTO et al. PHYS. REV. D 112, 043008 (2025)

043008-2



suggest that typical NSs with mass ≃1.4M⊙ have radii in
the range 11–13 km. Taken together, these observations
and recent ChiEFT -based calculations of the EOS of
neutron-rich matter indicate that the pressure of dense
matter inside neutron stars is relatively small up to 2nsat,
where nsat ¼ 0.16 nucleons per fm3 is the nucleon density
at nuclear saturation, and increases rapidly at higher
densities encountered in the neutron star inner core to
support massive neutron stars [48–50]. A relatively soft
EOS in the outer core and inner crust of a neutron star has
important implications for neutron star structure. As we
discuss, axion condensation at nB ≲ nsat could have dra-
matic effects on the structure and dynamics of the outer
regions of the neutron star with observable consequences.
The outline of this paper is as follows. In Sec. II, we

describe the most important features of axion condensa-
tion in a simple gas of noninteracting nucleons. In Sec. III,
we discuss the effects of axion condensation including the
potential effects of nuclear interactions, with a focus on
ChiEFT and RMFT models. Section IV describes the
impact that axion condensation has on the structure and
properties of neutron stars within our nuclear model. In
Sec. V, we describe novel nuclear density objects stabi-
lized by an axion potential rather than gravity, first
proposed in Refs. [37,46] for a noninteracting Fermi
gas. We present constraints in the fa-ma parameter space
for the phenomenological ε model and comment on the
ZN model based on neutron star observables in Sec. VI.
Section VII concludes this manuscript with a summary
and outlook.

II. AXION CONDENSATION IN
A DILUTE GAS OF NUCLEONS

In this section, we summarize the main properties of
axions discussed in Refs. [36–39,46,51–54], which lead to
the development of an axion profile around compact stellar
objects with θ̄ ¼ π inside these objects and θ̄ ¼ 0 outside.
We focus here on the scenario of a dilute nucleon gas (see
also [46]) and leave the impact of interactions to Sec. III.
We also review the main observational consequences for
the Earth, the Sun, white dwarfs and neutron stars.
Henceforth, we take the quark mass matrix to be real
and θ̄ ¼ θ. Throughout the paper, we work with an axion
with the following potential in vacuum:

VðθÞ ¼ −εm2
πf2π½fðθÞ − 1�; ð5Þ

where [55]

fðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4mumd

ðmu þmdÞ2
sin2

�
θ

2

�s
; ð6Þ

and θ ¼ a=fa. The minimum of this potential is at θ ¼ 0
and the mass of the axion is1

ma ¼ ε1=2mðQCDÞ
a ¼ ε1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mumd

ðmu þmdÞ2
r

mπfπ
fa

: ð7Þ

A. Baryon and meson masses

The spectrum of baryons and mesons and the vacuum
energy are altered when θ ≠ 0 [56,57]. The θ dependence
of the pion mass, which is most important for our study, can
be calculated by noting that the θ term in the QCD
Lagrangian can be eliminated by a unitary rotation of
the quark fields. When only up and down quarks are
included, the transformation u → exp ðiγ5ϕuÞu and d →
exp ðiγ5ϕdÞd where ϕu þ ϕd ¼ θ fully captures the effect
of θ ≠ 0. From the relation m2

π ∝ mq ¼ mu þmd, the θ
dependence of the mass of the neutral pion is [57]

m2
πðθÞ ¼ fðθÞm2

πðθ ¼ 0Þ: ð8Þ

At θ ¼ π, the net effect of this transformation is to change
the sign of the up quark mass in the quark mass matrix
and the neutral pion mass is mπðθ ¼ πÞ ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md −mu
p

=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md þmu

p Þmphys
π ≈ 80 MeV for mphys

π ¼ 138 MeV, sig-
nificantly lighter than at θ ¼ 0. The smaller pion mass
implies a longer range of the force; implications for nuclear
interactions will be discussed in Sec. III.
We note that the θ-dependence of the masses of the σ and

ρ mesons have been calculated from analysis of pion-pion
amplitudes in Refs. [58–60]. The amplitudes are calculated
using chiral perturbation theory (ChiPT) but depend on the
unitarization scheme which is not unique and introduces a
systematic error that cannot be easily quantified. When mπ

is reduced to 80 MeV, Refs. [58,59] find a 6% reduction to
the σ mass. In Ref. [60] it was found that the logarithmic
derivative Kσ ¼ d lnmσ=d lnmq ¼ 0.081� 0.007, which
implies ≈7% reduction to the σ mass at θ ¼ π. The ρ
meson mass was also found to decrease with pion mass but
to a lesser degree. In Sec. III C, we shall incorporate these
observations to study the θ dependence of the nuclear EOS
in a relativistic mean field model.
Apart from the mass of the mesons, the masses of

baryons, especially protons and neutrons, also depend on
the θ angle. Such a dependence can be parametrized as

mnðθÞ¼mnðθ¼ 0ÞþσNðfðθÞ−1Þ
�
1−

Δσ
σNfðθÞ

�
;

mpðθÞ¼mpðθ¼ 0ÞþσNðfðθÞ−1Þ
�
1þ Δσ

σNfðθÞ
�
; ð9Þ

1The property of the potential in the ZN model is similar near
θ ¼ 0 but can be quite different near θ ¼ �π. See Secs. IV B
and VI D for more details.
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where σN is the isoscalar nucleon sigma term and Δσ is the
isovector sigma term. Despite much interest and effort the
isoscalar nucleon sigma term is not precisely known and
the best estimates from lattice QCD and phenomenology
indicate that σN ≃ 50� 10 MeV [61]. The value of Δσ can
be inferred from the mass splitting of baryons. Determining
Δσ from the mass splitting of the neutron and proton gives
Δσ ¼ ðmn −mpÞnon−em=2 ≃ 1 MeV [62]. The mass split-
ting of the nucleons and Ξ baryon gives a somewhat larger
value of 3.1 MeV [63]. In what follows, we shall adopt
σN ¼ 50 MeV andΔσ ¼ 1 MeV. For this choice, at θ ¼ π,
the proton and neutron masses decrease by about 32 MeV,
and the neutron-proton mass difference increases by
about 3.5 MeV.

B. Effective axion potential at finite density

The dependence of the axion potential on the temper-
ature and density of the medium is essential to under-
standing the behavior of the axion field in the hot, early
Universe and in dense astrophysical objects. The temper-
ature dependence of the axion mass in the early Universe is
well-known to be key to obtaining a precise prediction of
the range of QCD axion masses that can be the dark matter
in the Universe [64]. The density dependence of the axion
mass, on the other hand, is much less explored. In the limit
where the medium can be treated as a dilute gas of nucleons
with density nB, the axion potential has been shown to
become shallower as the nucleon density increases, follow-
ing the equation [36]:

m2
a;effðnB; nIÞ ¼ m2

a

�
1 −

1

ε

σNnB
f2πm2

π

�
1 −

nI
nB

Δσ
σN

�

þO
��

σNnB
m2

πf2π

�
2
��

; ð10Þ

where baryon density nB ¼ np þ nn and nI ¼ np − nn is
the isospin density, with proton and neutron density np and
nn, respectively. The critical density for a phase transition
to axion condensed matter is given by

ncB ¼ εm2
πf2π
σN

≃ 2.65nsatε

�
50 MeV

σN

�
: ð11Þ

For ε ¼ 1, the critical density determined from Eq. (11) is
sufficiently large that the expansion in σNnB=m2

πf2π breaks
down near the critical density, and it is conceivable that
axion condensation does not occur at any density. We will
return to this question in Sec. III B. However, for ε < 0.4,
Eq. (10) predicts axion condensation at nB ≲ nsat. At these
moderate densities where matter can be described reliably
using nuclear physics, one can conclude that the axion
potential is minimized at θ ¼ π. If the nuclear force is
significantly modified by axion condensation, θ ¼ π may

be favored below the saturation density even for ε ≥ 0.4,
which we will discuss in more detail in Secs. III and IV B.
An interesting consequence of Eq. (11) is that, for small

enough ε, the ground state of nuclear matter is θ ¼ π and
ordinary nuclei are only stabilized by the fact that the axion
field changes on a length scale of 1=ma, much larger than the
size of a typical nucleus. At finite nucleon density, it is more
convenient to analyze the transition to the axion condensed
phase as a function of the baryon chemical potential μB. The
phase transition will occur at a critical chemical potential
μcB where the free energy ΩðμcB; θ ¼ 0Þ ¼ ΩðμcB; θ ¼ πÞ.
Neglecting interactions between nuclei, the free energy of
dilute nonrelativisticmatter at zero temperature and finite μB
is given by, apart from gradient terms,

ΩðμB; θÞ ¼ −PðμB; θÞ ¼ −
k5FðθÞ

10π2mnðθÞ
þ VðθÞ; ð12Þ

where PðμB; θÞ is the pressure, kFðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2B −m2

nðθÞ
p

and
the neutron mass mnðθÞ is given in Eq. (9). From Eq. (12)
we see that axion contribution to the pressure is negative,
and for θ ¼ π, Paxion ¼ −Vðθ ¼ πÞ ¼ εf2π½m2

πðθ ¼ πÞ−
m2

πðθ ¼ 0Þ�. The importance of this negative pressure was
first pointed out in Refs. [37,65] where it was noted that for
white dwarfs, which are stabilized by electron degeneracy
pressure, this negative pressure would destabilize a large
number of observed white dwarfs in the universe. This
consideration leads to the strongest constraint on the axion
parameter space for ε < 2 × 10−7 [37].Aneutron star, on the
other hand, is much denser and balanced by the much larger
neutron degeneracy pressure. It is unlikely that this negative
pressure can lead to the collapse of a neutron star into a black
hole, but it might significantly change the EOS of a neutron
star [46].
We begin by analyzing the effects of axions on a dilute

gas of neutrons. The left panel of Fig. 1 shows the pressure
of a free Fermi gas of neutrons at θ ¼ π and μB ¼
mnðθ ¼ 0Þ. The insets show the θ-dependence of the free
energy in each of the regions depicted. When the pressure is
positive, axion condensation will be favored for dilute
neutron matter. In the absence of nuclear interactions, dilute
neutron matter with θ ¼ 0 is metastable for 0.005≲ ε≲
0.065 and unstable when ε≲ 0.005. For ε≳ 0.065, the
first-order transition to the θ ¼ π phase occurs at μB > mn
and low-density neutron matter with θ ¼ 0 is stable. In
this case, the phase transition to axion condensed matter
will occur at finite density. On the other hand, if ε≲ 0.065,
the phase transition will occur at μB < mn, and bulk
matter in its ground state will always have θ > θc, with
mnðθcÞ ¼ μB. In the case where 2 × 10−7 < ε≲ 0.005,
normal matter is unstable, and ordinary stars, planets,
and white dwarfs are stabilized by Coulomb forces between
atoms and nuclei. For ε > 2 × 10−7, a system of atoms or
nuclei at fixed chemical potential must significantly
increase its density to nucleate the θ ¼ π phase, and an
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electrical barrier must be overcome to bring the nuclei
closer together. For smaller ε, the required increase in
density is more modest, and the constraint on axions from
the stability of white dwarfs, stars, and planets applies.
For a given ε, if μB inside the star exceeds the critical

chemical potential and it is possible to nucleate the θ ¼ π
phase, axions would condense in the inner region, sepa-
rated by a domain wall with thickness ΔrDW ≈ 1=ma from
the exterior θ ¼ 0 phase. In the Fermi gas model, for
ε≳ 0.065, the neutron star would consist of three regions: a
normal outer region with θ ¼ 0, a metastable region which
could, in principle, exist in the θ ¼ 0 phase if the nucleation
timescale was long, and inner core characterized by θ ¼ π.
In the right panel of Fig. 1, we plot pressure as a function of
μB for ε ¼ 0.3. It consists of the three regions just
mentioned, and the insets show the θ dependence of the
free energy, which delineates the stable, metastable, and
unstable regions.

C. Axion field profile interpolating
between θ= π and θ = 0

The axion field profile across the domain wall, which
minimizes the energy, is obtained by solving

f2a∇2θ ¼ dΩðθ; μcBÞ
dθ

; ð13Þ

where μcB is the critical baryon chemical potential at which
the transition occurs. This equation, though used here for a
dilute gas of nucleons, remains exact when nuclear inter-
action is included in Ωðθ; μcBÞ. Such an axion profile will
develop as long as the object that contains this dilute gas of
nucleons is both dense enough [see Eq. (11)] and its radius,
rNS, large enough such that the bulk of the star can be
subsumed within a domain wall of thickness,

ΔrDW ≃
1

jma;effðnBÞj
≤ rNS: ð14Þ

Wewill focus on the condition on the density in Eq. (11) for
now and return to the effects of the finite size of stellar
objects in Sec. V. For axions with ma < 10−11 eV, the
axion profile can be treated as situated outside the neutron
star. In binary systems, this field profile results in axion-
mediated forces and axion radiation, which lead to the most
stringent constraint from LVK observations of neutron star
binaries [39]. On the other hand, whenma ≫ 10−11 eV, the
axion field profile can reside inside the neutron star,
separating regions with different densities and pressure.
Given the prior constraints on the exceptionally light QCD
axion parameter space, we are mostly interested in the
region of parameter space where jm2

aðnBÞj > m2
a > 1=r2NS.

For these larger axion masses, the thickness of the region
in which θ changes from �π to 0 is much smaller than the
radius of a neutron star. On the other hand, constraints on
QCD axions from SN cooling imply that the axion mass is
below the tens of meV scale [34]; i.e. the domain wall
thickness is much larger than the relevant microphysical
scales: the size of a nucleon, typical separation between
nucleons, Debye screening length, and mean free path of
neutrons and protons in a neutron star. As a result, we can
treat the axion field profile in the parameter space of
interest as smooth when considering interactions between
the nucleons, while at the same time, studying the proper-
ties of the gas of nucleons in domains where θ ¼ �π and
θ ¼ 0 separately, and glue them together with a boundary
condition at the location of a thin axion “domain wall.”
Unlike a normal neutron star where density and pressure

are continuous, with an axion field profile, both the density
and pressure are no longer continuous when adopting the
approximation that the domain wall is infinitely thin. In
addition to the negative pressure from the condensation of
the axion field itself, the domain wall also exerts a force
inward due to domain wall tension of order maf2a=rNS. For
ma ≫ 1=rNS, this additional pressure is parametrically
smaller in the thin wall limit in the model in Eq. (5).
We return to discuss the importance of domain wall
pressure in the ZN model in Sec. IV B.

FIG. 1. Left Panel: Pressure of axion condensed PNM at μB ¼ mnðθ ¼ 0Þ in the absence of nuclear interactions. Insets show free
energy as a function of θ in each region. Right Panel: Phase diagram of a free neutron gas at ε ¼ 0.3.
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III. NEUTRON AND NUCLEAR
MATTER AT θ= π

In this section, we describe our efforts to model the
properties of dense nuclear matter at θ ¼ �π, taking into
account changes to the strength of nuclear interactions.
Despite developments in effective field theory (EFT)
methods to describe nuclear interactions, the connection
between fundamental parameters that appear in the QCD
Lagrangian (the quark mass matrix Mq and θ) and the
parameters needed to describe interactions between nucle-
ons remains elusive. This is because the quark mass
dependence of the low-energy constants (LECs) in the
EFT that describe the strength of interactions at short
distances is poorly known. Nevertheless, earlier studies
have provided useful insights to address the question of the
quark mass dependence of the nucleon-nucleon interaction.
We first briefly summarize earlier work in

Refs. [60,66,67] which are based on nuclear potentials
derived from ChiEFT as they are better suited to address
how nuclear interactions are altered by changes to the quark
mass matrix. To assess the quark mass dependence of the
nuclear interactions at momentum scales of relevance to the
large nuclei and neutron-rich matter encountered in neutron
stars, we next compare results from ChiEFT and the three
scenarios in RMFT which we will use to extract phenom-
enological results, summarized in Table I.
In ChiEFT, nuclear forces are derived by explicitly

including the contribution from pion-exchange as well as
the short-distances components, which are included
through a systematic expansion of operators of increasing
dimension constructed from nucleon fields consistent with
the symmetries of low-energy QCD. Such a low energy
EFT description is expected to be applicable for nB ≲ 2nsat
and is described in Sec. III B. We employ ChiEFT
potentials at order N2LO and perform calculations of the
energy per particle in pure neutron matter (PNM) using
many-body perturbation theory (MBPT). In this case, the
quark mass dependence is taken into account through its
modification of the pion mass, nucleon masses, the axial
coupling constant gA, and the pion decay constant fπ .
RMFT is based on the assumption that scalar and vector

interactions provide the dominant contributions to the
interaction energy of baryons in large systems. In this
phenomenological model, the interaction between nucleons
is mediated by the exchange of scalar and vector mesons.

The model and the quark mass dependence of the model
parameters are described in Sec. III C (see Table I for a
summary). While ChiEFT is a microscopic theory in which
potentials are constrained by nucleon-nucleon scattering
data and properties of light nuclei, RMFT is a phenom-
enological model designed to provide a good description of
large nuclei. RMFT also provides a convenient extrapola-
tion to high density and permits efficient calculation of
heterogeneous crust phases. In RMFT scenario A, the only
modification we make to nuclear physics is to modify the
nucleon masses according to Eq. (9) since the pion does not
explicitly appear in RMFT. In scenario B, we modify the
meson masses with θ dependence given by calculations in
Refs. [58–60]. In scenario C, we consider a more extreme
modification to the RMFT based on the results around
saturation density given by ChiEFT.
As noted earlier, in the low energy theory, finite θ

manifests as a reduction of the pion mass as in Eq. (8). In
what follows, we shall assume that the effect of θ ¼ π can
be adequately characterized by the reduction in the pion
mass and calculate all other parameters of relevance to the
two-nucleon interaction using ChiPT.

A. Pion mass dependence of
two-nucleon observables

By explicitly accounting for the mπ dependence of
the parameters that describe the nucleon-nucleon (NN)
interaction in ChiEFT, one can calculate the quark mass
dependence of low-energy NN observables such as the NN
scattering phase shifts and the deuteron binding energy. In
ChiEFT, at leading order (LO) in the momentum expan-
sion, the NN potential is characterized by long-range
one-pion exchange (OPE) and short-range NN contact
interactions. While the mπ dependence of the parameters
associated with the OPE potential is well understood, the
mπ dependence of the NN contact interaction, which is
typically calledD2, is not well determined and the resulting
uncertainty in the scattering length and scattering phase
shifts have been studied in earlier work [66,67].
In Ref. [67], the authors find that when the quark mass is

reduced, the binding energy of the deuteron increases, and
the spin-singlet and spin-triplet scattering lengths decrease.
To quantify the quark mass dependence of an observableO,
the authors define the logarithmic derivative at the physical
point,

TABLE I. Summary of the three scenarios used in this work as benchmarks of nuclear force modification in the θ ¼ π region.
Parametrized by the logarithmic derivative evaluated at the physical quark mass Kσ ¼ d lnmσ=d lnmq. See Sec. III C for discussion.

Scenario Kσ Interpretation

A 0 Nuclear forces are not modified
B 0.08 Corresponds to an mσ decrease of ∼6% as found in Refs. [58–60]
C 0.16 Matches the largest binding of neutron matter found using ChiEFT. See Figs. 2 and 4
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KO ¼ mq

O

�
dO
dmq

�
phys

≃
�
m2

π

O
dO
dm2

π

�
mπ¼mphys

π

; ð15Þ

since at leading order in ChiPT, m2
π ∝ mq. The mq

dependence of the 1S0 and 3S1 scattering lengths and the
deuteron binding energies are captured by the values of
Ka1S0, Ka3S1, and Kdeut, and their values obtained in earlier
studies are shown in Table II. Results shown in the first row
were obtained using potentials derived from ChiEFT at
next-to-leading order (NLO) in Weinberg power counting
[67] and NLO results obtained in Ref. [66] using Kaplan-
Savage-Wise power counting [68] are shown in the second
row. In this case, the uncertainty is dominated by the poorly
known LEC, D2, which was mentioned earlier. Results
obtained more recently in Ref. [60] are shown in the third
row; here, the authors employ strategies to go beyond the
NLO approach adopted in Refs. [66,67] and use informa-
tion from resonance saturation models to constrain the
quark mass dependence of the short-range contact oper-
ators and incorporate N2LO corrections to gA, fπ , and the
nucleon mass.
With decreasing quark mass, these earlier studies found

the 1S0 phase shifts were reduced and the 3S1 phase shifts
were enhanced. Thus, in dilute neutron matter where spin
singlet interactions dominate, the interaction energy will be
less attractive when s-wave interactions dominate. In dilute
nuclear matter with an equal number of protons and
neutrons (symmetric nuclear matter), where spin triplet
interactions dominate, the s-wave interaction energy is
larger and more attractive when the quark mass is reduced.
However, when the pion becomes lighter and of longer
range, higher partial wave contributions are in general
enhanced [69]. The attraction in the 3P0 and 3P2 channels is
enhanced and the repulsion in the 1P1 channel is reduced
[67]. For these reasons, the analysis of the scattering
lengths and the deuteron binding energy is insufficient
to inform about the behavior of matter at densities of
relevance to nuclei and neutron stars where contributions
due to higher partial waves and higher-order quark mass-
dependent short-distance operators can contribute.

B. Axion condensation in
chiral effective field theory

To address how nuclear interactions influence axion
condensation, we first make the simple observation that

axion condensation is favored when the interaction energy
per particle decreases with pion mass. From the discussion
in Sec. II, we infer that in this case, condensation would
occur at nB ≲ 2.6nsat for ε ¼ 1. In ChiEFT, the mπ

dependence of the long- and intermediate-range parts
of the nucleon-nucleon and three-nucleon (3N) potentials
is explicit because pion-exchanges are systematically
included in Weinberg power counting. The mπ dependence
of the nuclear interaction energy in PNM and symmetric
nuclear matter (SNM) has been studied in the context of
addressing how hq̄qi, the chiral condensate, evolves at
finite density [70–73]. In these studies, the Feynman-
Hellmann theorem was exploited to relate the change in
hq̄qi to the derivative of the interaction energy with respect
to m2

π . Explicitly, one finds that

nB
f2π

�
dEintðnBÞ

dm2
π

�
mπ¼mphys

π

¼ R0ðnBÞ − RðnBÞ; ð16Þ

where EintðnBÞ is the interaction energy per nucleon in
nuclear matter, RðnBÞ ¼ hq̄qinB=hq̄qi0 is the ratio of the
chiral condensate at a finite density to that in vacuum,
and R0ðnBÞ is the same ratio calculated by neglecting
interactions.
ChiEFT -based calculations reported in Refs. [71–73]

find that RðnBÞ=R0ðnBÞ > 1 over the entire range of
densities where the ChiEFT is expected to be useful.
Thus, the interaction energy increases with decreasing pion
mass in the vicinity of mπ ¼ mphys

π in SNM and PNM.
However, the study in Ref. [71], which was restricted to the
case of SNM, found that the ratio RðnBÞ=R0ðnBÞ < 1 for
smaller mπ. Their calculations indicate that R0ðnsatÞ −
RðnsatÞ ≃ 0.1 at mπ ¼ 70 MeV and R0ðnsatÞ − RðnsatÞ ≃
0.3 in the chiral limit. Together, these results imply that
the interaction energy increases with decreasing mπ for
mπ ≃mphys

π and then decreases rapidly for smaller values of
mπ . The microscopic calculations of the energy per particle
of PNM as a function of mπ that we shall describe in the
following show a similar trend.
Figure 2 shows the difference in the PNM energies per

particle,

ΔEðnsat; mπÞ ¼ Eðnsat; mπÞ − Eðnsat; mphys
π Þ; ð17Þ

for two chiral potentials at nB ¼ nsat as a function of mπ

(see annotations). Here, we use the family of bare N2LO
potentials with chiral NN and 3N forces developed in
Ref. [74]. These nonlocal potentials are called the sim
potentials because they were simultaneously fit to scatter-
ing and bound-state observables in the pion-nucleon, NN,
and few-nucleon sectors. Specifically, we use the two
N2LO potentials with the NN and 3N momentum cutoffs
Λ ¼ 500 (left panel) and 450 MeV (right panel); both
constrained by NN scattering data at laboratory energies

TABLE II. Quark mass dependence of the scattering lengths
and the deuteron binding energy KO, as defined in Eq. (15).

Reference Ka1S0 Ka3S1 Kdeut

Epelbaum et al. [67] 5� 5 1.1� 0.6 −2.8� 1.2
Beane et al. [66] 2.4� 3.0 3.0� 3.5 −7� 6
Berengut et al. [60] 2.3þ1.6

−1.5 0.32þ0.17
−0.18 −0.86þ0.45

−0.50
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T lab ≤ 290 MeV [74]. The analytic expressions that define
these potentials and were used in this work are summarized
in the Appendix of Ref. [75] and Sec. 5.1.2 in Ref. [76]. To
obtain the PNM energy per particle, we apply the
Monte Carlo framework for MBPT nuclear matter calcu-
lations developed in Ref. [77]. The green bands in Fig. 2
depict the Hartree-Fock reference energy and the blue and
red bands the MBPT results at second and third order,
respectively. All MBPT calculations are performed at the
normal-ordered two-body level. More details on MBPT for
nuclear matter can be found in Ref. [50]. This MBPT
framework uses the operatorial definition of the chiral
potentials, allowing us to straightforwardly vary the values
of physical constants, such as the pion mass, low-energy
couplings, and more. Not all chiral potentials are given in
their operatorial form; e.g., when evolved to lower reso-
lution scales using renormalization group (RG) methods,
their operatorial definition is usually unknown. For the
solid lines in Fig. 2, we keep the values of the low-energy
couplings at their best-fit values determined in Ref. [74]
and vary only the pion mass, nucleon mass, and the pion
decay constant. The mπ dependence of the nucleon mass
was discussed in Sec. II A, and the mπ dependence of the
pion decay constant is given by

fπ ¼ f

�
1þ m2

π

ð16π2f2Þ l̄4
�
; ð18Þ

with its value in the chiral limit f ¼ 86.2 MeV and the
LEC l̄4 ¼ 4.3 [60]. The pion-mass dependence of the axial
coupling constant gA is relatively weak in the regime

considered here, as can be seen in Fig. 1 in Ref. [60],
and thus we keep gA ¼ 1.29 at the physical value. We use
these potentials to identify overall trends and emphasize the
need to explore the pion-mass dependence of a wider range
of chiral potentials in the future.
As noted earlier, the pion-mass dependence of the short-

range components of the interaction that are incorporated
through scale-dependent LECs is not well understood or
constrained by data. To study the sensitivity of our results
to variations in the short-range interaction, we have
calculated the energy per particle by changing the LEC
C̃1S0 that governs the strength of the NN contact interaction
at LO in the 1S0 partial-wave channels. Specifically, we
perform calculations for the energy per particle with a
scaled value for this coupling constant,

C̃1S0ðθÞ ¼ C̃fit
1S0

�
1þ ηfðθÞ
1þ η

�
; ð19Þ

where fðθÞ ¼ ðmπðθÞ=mphys
π Þ2, η ¼ D2ðmphys

π Þ2=C̃fit
1S0

and

C̃fit
1S0

is the best-fit value in each isospin channel obtained in

Ref. [74]. Here, D2 is the LEC discussed in Refs. [66,68]
that captures the pion-mass dependence at NLO. We
choose the two values η ¼ �0.1 to set the limits of this
variation and adopt mphys

π ¼ 138.04 MeV for the physical
pion mass. The dotted and dash-dotted lines in Fig. 2 depict
the results for the PNM energy per particle with the
modified LO coupling constant (19); the solid lines
correspond to η ¼ 0 and thus C̃1S0ðθÞ≡ C̃1S0 . Increasing
the strength of C̃1S0ðθÞ, corresponding to η ¼ −0.1, reduces

FIG. 2. Difference in the energy per particle (17) for the N2LO sim potentials [74] with two momentum cutoffs Λ at nB ¼ nsat as a
function ofmπ : Λ ¼ 500 MeV (left panel) and Λ ¼ 450 MeV (right panel), as annotated. In these potentials, we modifymπ, fπ , and the
LO LEC C̃1S0 (different line styles), whereas gA is kept at its physical value. The bands depict the variation of the LO LEC C̃1S0 according
to Eq. (19). The results were obtained at the Hartree-Fock level (green bands) and using second-order (blue bands) and third-order
MBPT (red bands). The energy per particle at the physical pion mass obtained from on our third-order calculations is Eðn0Þ ¼
16.94 MeV and Eðn0Þ ¼ 17.21 MeV for Λ ¼ 450 MeV and Λ ¼ 500 MeV, respectively. See the main text for details.
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ΔEðnsat; mπÞ, whereas decreasing the strength, correspond-
ing to η ¼ þ0.1, increases ΔEðnsat; mπÞ.
Several important insights can be drawn from the results

in Fig. 2. MBPT appears to converge more slowly with
decreasing pion mass, which could be further investigated
using a Weinberg eigenvalue analysis [78]. Although the
leadingHartree-Fock energies indicate a systematic increase
in interaction energy with mπ across the range shown in
Fig. 2, the second-order correction reverses this trend. The
third-order correction is modest and of the same sign as the
second-order correction. For relatively small reductions of
the pionmass (mπ ≳ 120 MeV forΛ ¼ 500 MeVandmπ ≳
110 MeV for Λ ¼ 450 MeV), the energy difference (17) is
positive. The sensitivity of the results at the second and third
order to the cutoff variation is larger than that of the LEC
variation. These general trends are not altered by varying the
momentum cutoff over the range shown in Fig. 2. However,
the rather large dependence on the momentum cutoff is
disconcerting and warrants a careful inclusion of the mπ

dependence of the short-range components of the force. As
discussed earlier, we have studied the effect of the mπ

dependence of the leading LEC associated with scattering in
the 1S0 channel shows that the qualitative behavior is not
changed. Based on these trends, we conclude that the
interaction energy at θ ¼ π, where mπ ≈ 80 MeV, can be
smaller than that at θ ¼ 0, wheremπ ≈ 138 MeV. However,
the energy difference ΔE remains quite sensitive to the
regularization scheme.
Constructing a neutron star EOS with θ ¼ π using

ChiEFT poses challenges as more work is needed to
include beta-equilibrium, charge neutrality, and hetero-
geneity in the crust. We defer this to future work and
instead use the ChiEFT results in PNM to inform the
simpler RMFT model, which we shall describe in the next
section. In particular, we utilize the energy per particle of
PNM at η ¼ 0 and momentum cutoff Λ ¼ 500 MeV to fix
a key parameter to account for changes to the nuclear
interaction at θ ¼ π.

C. Axion condensation in
relativistic mean field theory

To derive concrete results for neutron stars, we use a
model within RMFT (see Ref. [79] for a review). The
Lagrangian of this theory is given by the following,
omitting terms that will be discarded after taking the meson
fields to have their mean field values:

LRMF ¼
X
i¼n;p

ψ̄ i

�
i=∂ − gωωγ0 −

1

2
gρργ0τ3 − ðmi − gσσÞ

�
ψ i

þ
X
l¼e;μ

ψ̄lði=∂ −mlÞψl

þ 1

2
ð−m2

σσ
2 þm2

ωω
2 þm2

ρρ
2Þ þ Lσωρ; ð20Þ

where the nucleon-meson couplings are denoted by gσ, gω,
and gρ, the meson masses bymσ,mω andmρ, andmi are the
nucleon masses. The term Lσωρ contains all meson-meson
couplings that are fit, along with the nucleon-meson
couplings to known properties of nuclear matter for the
canonical choice of meson masses mσ ¼ 550 MeV and
mω ¼ mρ ¼ 770 MeV. τ3 is the third Pauli matrix in
isospin space. We use the IUFSU� parameter set from
Ref. [80] because it is optimized for the calculation of finite
nuclei and our study will focus on the crust. The mean field
values of the mesons and Fermi momenta of the nucleons
and leptons are calculated by solving the Euler-Lagrange
equations for each field and enforcing charge neutrality and
β equilibrium.
Since mean field models do not explicitly include pion

fields, incorporating the effects of a reduced pion mass on
nuclear interactions presents a challenge. To address this,
we model the increased attraction predicted by ChiEFT at
lower pion masses by reducing the mass of the σ meson.
This approach is motivated by the fact that the two-pion
exchange potential—which provides significant attraction
in ChiEFT—can be effectively represented by scalar (σ)
meson exchange in mean field models.
We consider three scenarios in our analysis. In scenarioA,

we assume no change in the nuclear interaction,meaning the
σ-meson mass is independent of θ. In scenarios B and C, we
introduce a modest reduction in the σ-meson mass to mimic
the decrease in energy per particle predicted by ChiEFT at
mπ ¼ 82 MeV. The specific values of mσ used in these
scenarios are informed by studies of the θ dependence of
meson masses reported in Refs. [58,59].
As noted earlier, scenario A is the simple case where

interactions are unmodified and only the nucleon masses
are modified by finite θ. For this case, Fig. 3 shows the
energy per baryon, including axion energy and the reduc-
tion of the mass of the nucleons, of SNM, PNM, and beta
equilibrated matter in this model. At fixed baryon density,
the energy per baryon is minimized, leading to axion
condensation due to the reduced nucleon mass. For small
ε, the energy cost of having nonzero θ is small and axion
condensation is favored at lower densities. Since the axions
themselves contribute to the energy density, the energy per
baryon of axion condensed matter will always diverge in
the limit of zero density, and a phase without axions will be
favored. This has the effect of producing a minimum in the
energy per baryon of axion condensed matter when ε is
sufficiently small and allows a stable zero pressure phase of
nuclear matter at lower energy than normal nuclei. We will
return to discuss objects made out of such matter in Sec. V.
The density where the energy per baryon of uniform

nuclear matter has a minimum should be differentiated
from a state with zero pressure not including the axion
contribution to the energy per baryon that will be found in
the crust. In the crust, the length scale over which the axion
field profile changes is much longer than the length scale of
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the lattice of nuclei. When there are no dripped neutrons,
these nuclei must be in a state with zero pressure after
including the surface energy of nuclear matter since the
lepton and axion fields take on the same value inside and
outside the nuclei. If axion condensation causes the nuclear
force to become more attractive, nuclear matter can be at
zero pressure at a larger isospin asymmetry, resulting in
more neutron-rich nuclei.
In a neutron star, the more natural parameter to fix is the

baryon chemical potential μB. Due to the decreased nucleon
mass, the value of μB corresponding to a system of nuclei in
a lattice with θ ¼ 0 corresponds to bulk matter at θ ¼ π. As
a result, the axion domain wall never separates two
heterogeneous phases. While there can be a transition from
homogeneous matter with θ ¼ π to a normal crust, there
will be no matter outside the domain wall in any star where
an axion-condensed crust phase appears.
Of particular relevance to observations of neutron stars is

the pressure atwhich neutron drip occurs.Neutron drip refers
to the density at which it becomes energetically favorable for
neutrons to come out of nuclei and form a background of free
neutrons. As such, the neutron drip phase transition will
occurwhen the baryon chemical potential is equal to themass
of the neutron (possibly modified by finite θ) in the case
where PNM is not self-bound. If the axion-condensed phase
persists to the surface of the neutron star, but the negative
axion pressure is larger than the pressure of electrons at
neutron drip density (nuclei make a small contribution to the
pressure), the neutron drip phase transition will not be found
in the neutron star and the surface of the star will have a thin
domain wall covering either a phase of nuclei in a dripped
neutron background or bulk nuclear matter.
Not included thus far is the pion mass dependence of the

nuclear force itself. As noted earlier, we use a simple ansatz
for modifications to the nuclear force, we modify the σ
mass with a tunable parameter dσ as follows:

m2
σðθÞ ¼ m2

σð0Þ
1þ dσfðθÞ
1þ dσ

: ð21Þ

The θ-dependence of the masses of the σ and ρ mesons
have been calculated in Refs. [58,59]. They find that,
comparing θ ¼ 0 and θ ¼ π, the σ mass decreases by about
6% and the ρ mass decreases by about 2%. At low density,
the RMFT EOS is dominated by the σ meson and its
modification is much larger than that of the vector mesons
so we focus on the effect of modifying the scalar inter-
action. Note that the logarithmic derivative evaluated at
the physical quark mass Kσ ¼ d lnmσ=d lnmq ¼ dσ=
ð2þ 2dσÞ. Scenario A, in which the nuclear forces are
not modified, corresponds to Kσ ¼ 0. For positive Kσ ,
the σ mass is lower, leading to a larger mean field value of
the σ field and a more attractive nuclear force. The limit
Kσ ¼ 1=2 corresponds to the σ mass having the same
dependence as the π mass. The 6% reduction to the σ mass
found in Refs. [58,59] is reached for Kσ ¼ 0.08. This is the
value we adopt in scenario B. We also note that Ref. [60]
found that Kσ ¼ 0.081� 0.007. For scenario C, we con-
sider a more extreme modification to the nuclear force
with Kσ ¼ 0.16, which achieves the same binding for
neutron matter found in our most attractive estimate from
ChiEFT found for cutoff Λ ¼ 500 MeV. These three
scenarios together span the parameter space supported
by our ChiEFT calculation. We will refer to our three
scenarios based on the value of Kσ evaluated at the physical
point, but the actual θ-dependence is given by Eq. (21) and
Kσ is not a constant when θ is varied. Scenarios B and C are
tuned to the properties of axion condensed matter at θ ¼ π;
Kσ at the physical point is merely a convenient benchmark.
The leading modification to the effective axion mass from
this modification to the nuclear force is given by

m2
a;effðnB;nIÞ¼m2

a

�
1−

1

ε

σNnB
f2πm2

π

�
1þKσg2σnB

σNχm2
σ
−
nI
nB

Δσ
σN

��
;

ð22Þ

where gσ is a parameter of the RMFT model and χ is the
volume fraction of nuclei when in a heterogeneous phase
and unity in a homogeneous phase. At saturation density,

FIG. 3. Energy per baryon for SNM, PNM, and β equilibrated matter with RMFT EOS with IUFSU� parameter set including axion
energy in scenario A.
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g2σnsat=σNm2
σ ≃ 11 for the RMFT model we use so for

scenario B, axion condensation should be expected below
nsat for ε≲ 0.8 and in scenario C, axion condensation
should be expected below nsat, even for ε ¼ 1!While this is
a striking prediction, it should be noted that RMFT is a
model for the nuclear interaction that does not have explicit
pions and we are parametrizing the expected effects of a
reduced pion mass via the meson masses and where
scenario C is chosen to recreate the most extreme prediction
of ChiEFT. While the σ meson is typically understood as a
two pion resonance, this comparison is certainly incom-
plete. More detailed study is required to determine the fate
of neutron matter at saturation density. The predictive
power of this model is additionally limited by the fact
that we only consider isoscalar effects on the nuclear force.
Axion condensation may also have an important impact on
the symmetry energy of nuclear matter beyond the effect of
Δσ. We expect this to have a more pronounced effect at
high density where our model of the nucleon-axion
interaction breaks down.
Figure 4 shows the kinetic and interaction energy per

baryon for scenarios A, B, and C at θ ¼ π. Since this only
includes the energy from the kinetic energy of baryons and
nuclear forces, this quantity is independent of ε. Note that
this differs from Fig. 3 in that the reduction of the nucleon
masses is not included in this value.
When ε is small enough that axion condensed matter is

favored down to zero pressure, there can be striking effects
on the crust of the star. We construct an axion-condensed
inner crust of nuclei in a background of dripped neutrons,
including Coulomb and surface energies. Since the con-
straints we derive on axion parameter space are tied to
the properties of the crust, we choose a surface tension
σ ¼ 0.75 MeV=fm2 tuned to recreate neutron drip pressure
at θ ¼ 0 calculated with more detailed microphysics (see,
e.g., Ref. [81]). To be self-consistent between the two
phases, the phase transition will be calculated between the
RMFT model in all crust phases for all values of θ rather
than using a tabulated crust EOS. Where relevant, we

compare quantitative results to the calculation of crust
properties calculation in the BPS and NV EOSs [81,82].
For sufficiently large Kσ , PNM saturates even for ε ¼ 1,

giving zero pressure solutions at finite density. For
0.035≳ Kσ ≳ 0.025, there are two positive pressure
branches to the PNM EOS, producing a jump in density
in the inner crust. For Kσ ≳ 0.035, the neutron drip phase
transition would become a first-order phase transition to a
phase of saturated neutrons if it appeared in the neutron
star, but as we will show later, within this model the neutron
dripped phase is never favored for such large values of Kσ.
Figure 5 shows a phase diagram for the RMFT model as

a function of pressure and ε. In the blue-shaded region,
θ ¼ π is favored while in the unshaded region, θ ¼ 0 is
favored. The crosshatched regions contain the outer crust of
nuclei and electrons and the diagonal-hatched regions
contain the inner crust of nuclei, dripped neutrons, and
electrons. Regions without hatching are composed of
homogeneous nuclear matter. The diagonal colored lines
show the domain wall pressure for an axion of a given mass
with the specified ε if the radius of the domain wall is
12 km. When the boundary region is treated as infinitely
thin, this is the pressure difference across the domain wall.
For small ε where the axion condensed phase is favored for
all densities, this acts as a cutoff pressure at the surface of
the star; lower pressures can only exist in the finite size of
the domain wall itself. Effects of the domain wall will be
discussed in more detail in Sec. IV B.
Note that points in the axion condensed phase with the

same pressure but different ε have different energy den-
sities. Equal pressure but larger ε corresponds to larger
energy density both from the energy of the axions them-
selves but also because pressure equality results in a larger
baryon density to compensate for the negative axion
pressure. In the normal phase, this effect is not present
and all points of a given pressure have the same density. For
ε → 0, if the nuclear force is not modified the phases
present in the neutron star look very similar to what is
found in a star without axions, but for intermediate values

FIG. 4. Kinetic and nuclear interaction energy per baryon for SNM, PNM, and β equilibrated matter at θ ¼ π with RMFT EOS with
IUFSU� parameter set and our three choices of Kσ . The estimate for the binding of PNM from ChiEFT is shown with the approximate
error bar including cutoff- and η-dependence.
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of ε, some phases may be missing because the negative
axion pressure cuts off the edge of the neutron star before
the density for that phase is reached. In this case, the
missing phases will only be found in the domain wall
region.
As Kσ is increased from 0, the pressure of the PNM

surrounding the nuclei in the inner crust decreases signifi-
cantly and, as a result, the chemical potential corresponding
to the crust-core transition (the boundary between the
diagonally hatched and unhatched regions) decreases. At
the same time, a more attractive nuclear interaction causes
nuclei to become more neutron-rich, increasing the electron
chemical potential. An increased electron density corre-
sponds to a larger pressure at neutron drip (the boundary
between the diagonal hatched and crosshatched regions).
For sufficiently large Kσ, if ε is small enough for an axion
condensed crust to be present, there will be a phase
transition directly from bulk nuclear matter to a phase
with nuclei and free electrons, with no dripped neutrons.
This occurs because bulk matter is favored when the
chemical potential is less than mnðθ ¼ πÞ þ Γnðθ ¼ πÞ
where ΓnðθÞ is the binding of PNM in the case where

neutron matter is self-bound (scenarios B and C) and 0 in
the case where it is not.

D. EOS of axion condensed matter

Figure 6 shows the RMFT EOS for charge neutral,
β-equilibrated matter for several choices of ε in the three
scenarios discussed. We focus on the crust and outer
regions of the core as those are the densities at which
the effects of axion condensation are well understood. The
solid red curve corresponds to the normal EOS without
axions. For comparison, the black dotted curve shows the
BPSþ NV crust EOS [81,82].
We first focus on the left panel of Fig. 6. For ε ¼ 10−6,

the axion field itself contributes very little to the energy
density and pressure at the densities pictured, and scenario
A looks very similar to the case with no axions. At
pressures of order εm2

πf2π ≃ 10 × εMeV=fm3 the curve
for scenario A will diverge from the EOS without axions
and go to zero pressure at finite energy density. For
ε ¼ 10−6 this corresponds to p ≃ 10−5 MeV=fm3, outside
the plot range shown. This occurs because zero pressure in

FIG. 5. Phase diagram for RMFT model with IUFSU� parameter set and our three choices of Kσ . The colored diagonal lines show the
domain wall pressure for a fiducial neutron star radius R ¼ 12 km and two example axion masses. The blue shading (no shading)
indicates the pressures for which θ ¼ π (θ ¼ 0) is the favored phase. The hatching indicates the regions of increasing density within the
neutron star: outer crust (crosshatched), inner crust (diagonal hatched) and core (no hatch).

FIG. 6. The RMFT EOS for three example values of ε and the three Kσ scenarios using the IUFSU� parameter set. The standard no
axion RMFT EOS and the BPSþ NV EOS for the crust are shown for comparison [81,82]. See Sec. III D for details.
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the axion condensed phase occurs when the pressure of
nuclear matter exactly cancels the negative axion pressure,
corresponding to a much larger baryon density than
normally found in nuclear matter at zero pressure. The
point where the curves for scenarios B and C in the left
panel diverge from scenario A and the EOS without
axions corresponds to the neutron drip phase transition
for scenario A and the EOS without axions. When Kσ is
large enough that the inner crust is absent, the pressure is
larger (the EOS is “stiffer”) at energy densities where
ordinarily dripped neutrons would be present because
there are fewer degrees of freedom in the system, resulting
in the lepton density being larger. At the crust-core
transition, however, there is a large jump in energy density
from the mixed phase to bulk nuclear matter, resulting in a
lower pressure (the EOS is “softer”) in the outermost part
of the core.
The center and right panels of Fig. 6 can be understood

in terms of the basic trends in the left panel. For ε ¼ 10−3,
the outermost regions of the star are still axion condensed,
and the only difference between the center and left panels is
the much larger energy density and negative pressure from
the axion field itself. This results in the equation of state
going to zero pressure at large energy density because the
nuclear matter at zero net pressure must contribute enough
pressure to cancel the much larger axion pressure. In the
right panel, scenarios B and C remain axion condensed
down to zero pressure but the much larger value of ε means
that this occurs before the crust-core phase transition and
the jump in energy density seen at lower ε is not present. In
scenario A in the right panel, axion condensation is not
favored at the lowest densities, and there is a phase
transition from axion condensed matter to normal matter,
producing a discontinuity in the energy density due to the
much lower baryon density in the normal phase.

IV. NEUTRON STARS WITH θ= π MATTER

In this section, we describe the modification to the
neutron star EOS taking into account the effects we
discussed in Secs. II and III, including the negative pressure
at θ ¼ π and modifications to the nucleon masses and
interactions, as well as the axion field profile and domain
wall pressure. Neutron star structure can be derived by
combining gravity and these new effects that depend on the
axion coupling and masses, parametrized by ε and ma.
Qualitatively, for larger ma (ma ≫ 1=RNS), the axion field
profile can be treated as a thin wall over which the
gravitational potential does not change, and the gravity
and axion effects can be accounted for separately. We will
first discuss neutron star structure in the simpler case where
this approximation is valid, before commenting on the
criteria for the validity of the approximation and working
out the more general cases.

A. Neutron star structure in
axion condensed stars

An ordinary neutron star has an outer crust composed of
nuclei in a background of free electrons and an inner crust
composed of nuclei in a background of free electrons and
dripped neutrons, together having a thickness of around a
kilometer (see the left panel of Fig. 7 for a sketch). The
possibilities for the outer structure of a neutron star become
more varied in the presence of axion condensation, depend-
ing on the value of ε and any modifications to the nuclear
force. In the simplest case, for ε≳ 0.1, the center of the star
is axion condensed with a transition to normal matter at
some intermediate radius. That radius may be large enough
that portions of the normal crust are missing with, e.g., a
transition directly from bulk matter at θ ¼ π to an outer
crust at θ ¼ 0 with possibly a thin inner crust in the domain

FIG. 7. Layers of a normal neutron star (left) and a neutron star with an axion condensed inner core (right). The thickness of layers is
not to scale. See Sec. IVA for discussion.
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wall region. For larger ε, the entire normal crust is present,
and only a portion of the bulk matter in the center of the star
is axion condensed, with a domain wall region of thickness
ΔrDW ∼ 1=ma;eff in which the energy density changes
rapidly but the pressure is nearly constant. This case is
sketched in the right panel of Fig. 7.
For smaller ε, different structures for the outermost

layers of the star are possible. For 0.01≲ ε≲ 0.1, there
is no positive pressure where a heterogeneous phase is
favored in all three scenarios, and bulk matter at θ ¼ π
persists almost to the edge of the star. A crust in this case is
only present in the thin domain wall region where the
pressure of bulk matter is negative and hydrostatic equi-
librium is maintained by the pressure produced by the axion
gradient. In this case, pbulk ≈ −pgrad ¼ −f2að∇θÞ2=2. This
case is sketched in the left panel of Fig. 8 for scenario A.
Scenarios B and C look the same, but without a phase of
dripped neutrons. If ε is smaller, it is possible to have an
axion-condensed crust at positive pressure. In this case
(sketched in the right panel of Fig. 8 for scenario A), if the
nuclear force is not significantly modified, some or all of
the normal layers of the crust will be present in the θ ¼ π
region. The domain wall region still has a positive gradient
pressure in this case and will support more crust at a
negative bulk pressure.
Although our treatment of axion condensed matter does

not apply at arbitrarily high density, we can still speculate
about the effects of axion condensation on neutron star
masses and radii. A similar calculation was performed in
Ref. [46] for a noninteracting gas of neutrons; see also
Ref. [83] for scalar effects on the crust thickness and EOS.
As can be seen in Fig. 6, at low density, the EOS is typically
softer for θ ¼ π and ε not too small because of the
contribution of the axion field. A naive extrapolation of
nuclear matter to high density with only the axion-nucleon
interaction we have considered thus far will eventually
yield a stiffer EOS because of the lighter nucleon mass.

This results in heavy neutron stars having larger radii and
larger maximum mass. Figure 9 shows the relationship
between mass and radius for neutron stars with various ε
within this simplistic picture of the high density EOS and
treating the domain wall as thin (1=ma ≪ rNS).
Counterintuitively, larger Kσ yields larger NS radii for

very small ε, pointing to a stiffer EOS. At high density,
larger Kσ results in a stiffer EOS because of greater
reduction to the effective nucleon mass. At low density,
larger Kσ corresponds to nuclei with larger isospin asym-
metry increasing the electron pressure once the neutron
dripped phase is missing, again giving a stiffer EOS. Only
in a range of energy densities just above the crust-core
phase transition do scenarios B and C give a softer EOS
than scenario Awith scenario C having such a small region
of softening that it has a minimal effect on the mass-radius
curve and radii are larger for all masses.
For ε where the lowest density parts of the crust are

missing, low mass stars may have very small radii, with a
mass-radius relation akin to strange quark stars. Unlike a
strange quark star, however, neutron stars with a condensed
axion field lack a confining potential at their surface, and as
a result have a thin crust of matter at intermediate θ in the
domain wall region. Since the density and chemical
potential smoothly go to zero on a length scale determined
by the axion field profile, unusual surface properties of
strange quark stars (see, e.g., Ref. [84] for a detailed
discussion) are not present in axion condensed stars. For
the same reason, the radius of an axion condensed star does
not go to zero for vanishing mass for any ε but will always
be limited by the finite size of the domain wall. The
minimum stable mass and radius of a compact axion
condensed object will be addressed in greater detail
in Sec. V.
Since our treatment of the interaction between axions

and nucleons is only strictly accurate at densities around or
below nuclear density, predictions from our calculation of

FIG. 8. Layers of a neutron star with a crust only in the domain wall region (left) and one with an axion condensed crust (right) in
scenario A. Scenarios B and C are the same, but with no dripped neutron phase. The thickness of layers is not to scale. See Sec. IVA for
discussion.
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the mass-radius relationship should be considered specu-
lative for M ≳ 1.4M⊙. As such, the constraints we draw
will all be based on the structure of the crust in axion
condensed stars. We will use masses and radii of 1.4M⊙
stars calculated with the uncertain high density equation of
state as a starting point to calculate the crust and domain
wall, but these will only have an effect by altering the
gravitational potential and explicit dependence of gradients
on the radius in spherical coordinates. Since the inclusion
of axion condensation changes the radius of a 1.4M⊙ star
by up to approximately a kilometer, and the uncertainties
from nuclear physics are �1–3 km (cf. Fig. 3 in Ref. [85]),
this is a subleading source of uncertainty.
Focusing on the crust, Fig. 10 shows the total thickness

and mass of the crust and thickness and mass of the outer
crust alone of a 1.4M⊙ neutron star as a function of ε,
normalized to the value for a star without axions. In
scenario A, the stars at very small ε have nearly the entire
crust and look very similar to a star without axions, though
the envelope (the region of the crust with ρ < 1010g=cm3)
is still diminished, providing a constraint from the cooling
of isolated neutron stars, as will be discussed in Sec. VI B.
In scenarios B and C, there is less overall mass in the crust

because of the lack of dripped neutrons. This will reduce
the moment of inertia in the crust and can be constrained
with pulsar glitches, as will be discussed in Sec. VI C. In all
three scenarios, when 10−4 ≲ ε≲ 0.1 the overall thickness
of the crust is diminished. Observations of the thermal
relaxation timescale of neutron stars in x-ray binaries put a
lower limit on the necessary thickness of the crust and will
be discussed in Sec. VI A.

B. Axion domain wall

An axion domain wall separates regions with densities
that are larger and smaller than nB ∼ εm2

πf2π=σN . This
profile, in general, should be solved together with the
density and pressure profile of the neutron star. In the limit
where mQCD

a > ma > 1=rNS, the axion profile is a thin
domain wall, located at a radius ra from the center of the
neutron star. The tension σa of this field profile wrapping
the nuclear matter inside the neutron star exerts a pressure
of σa=2ra, the minimal pressure of the matter inside the
domain wall.
We solve the axion field profile in two regimes,

extending the formalism described in Sec. II C to include

FIG. 9. Mass-radius relationship for neutron stars with three fiducial ε values and Kσ in RMFT. We consider only the leading
interaction between nucleons and axions (which leads to unknown uncertainties for M ≳ 1.4M⊙) and neglect the thickness of the
domain wall.

FIG. 10. Crust and outer crust mass and thickness of a 1.4M⊙ neutron star as a function of ε for RMFT EOS. The three panels
correspond to the three interaction scenarios (Table I). The curves are normalized to 1 for a star without axions.
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nuclear interactions. First, consider the limit where an
axion domain wall is in a smooth background of nuclear
matter which is changing slowly over length scales much
longer than 1=ma. In this case, we can solve the axion field
profile in PNM as

∇2a ¼
�
m2

a −
σNð1þ δðlocÞÞnnðrÞ

f2a

�
fa sin½a=fa�

≃
σNð1þ δðlocÞÞ

fa

dnnðrÞ
dr

����
r¼ra

ðr − raÞ sin½a=fa�; ð23Þ

where δðlocÞ ∝ KσnB=σNm2
σ is an order-one quantity that

encodes the mσ dependence of the effective axion mass.
Details can be found in Appendix B.
For axion profiles with thickness much smaller than ra,

at linear order in a=fa, the solution of this equation is an
Airy function, where the field profile changes over a length
scale of ðm2

a=raÞ−1=3. The domain wall tension of this axion
profile is σa ≤ maf2a, and the resulting pressure difference
due to this domain wall profile between inside and outside
is smaller than that due to the vacuum energy difference
of m2

af2a.
The smooth density profile would be a good approxi-

mation only for the largest ε, where the axion domain wall
is situated close to nuclear density. As we showed in
Sec. III, for most of the ε we consider, the domain wall is
between regions with drastically different densities, and the
density (and pressure) of the matter outside the domain wall
is effectively zero. In this second case, inside the domain
wall, the density nin is such that the degeneracy pressure is

ð3π2Þ2=3
5mn

n5=3in ≃m2
af2a; ð24Þ

and the axion mass in the region inside the domain wall is
much larger than the axion mass in vacuum at small ε, by a
factor of

maðninÞ
ma

¼
�
σNnin
m2

af2a

�
1=2

¼ σ1=2N ð5mnÞ3=10
ð3π2Þ1=5ðm2

af2aÞ1=5
≈
1.5

ε1=5
: ð25Þ

In this limit, the field profile is changing mainly inside the
region of low density, and the field profile has an extent of
1=ma. This exerts a pressure of ∼maf2a=rNS on the matter
inside, again smaller than the pressure difference due to the
changing vacuum energy.2

For axion masses that are not too small, the chemical
potential can be treated as approximately constant in the
domain wall crust. Across a domain wall crust, the
changing nucleon mass modulates the Fermi momenta in
the same way that a changing baryon chemical potential
does in a normal star, but on a much shorter distance scale.
This approximation is good as long as the condition
dμB=dr ≪ dmNðθÞ=dθ × dθ=dr. Since θ changes on a
distance scale 1=ma and the local chemical potential can
be expressed in terms of the local spacetime metric eνðrÞ ¼
g00ðrÞ and redshifted chemical potential μ̃B according to
μBðrÞ ¼ μ̃Be−νðrÞ, this condition can be translated into a
condition on the axion mass and the gravitational potential
near the surface of the star,

ma ≫
GMNS

r2NSð1 − 2GMNS=rNSÞ
mN

σN
≃ 9 × 10−11 eV; ð26Þ

with the final value given for a 1.4M⊙ star with a radius of
12 km. In what follows, we will consider axion masses
ma > 10−10 eV when calculating the domain wall crust and
will treat the chemical potential as approximately constant
in this regime.
The equivalent condition in the case where the domain

wall is inside the star is

jma;effðnBÞj≫
GMa

r2að1−2GMa=raÞ
μc
σN

�
1þ4πr3apc

Ma

�
; ð27Þ

where ra is the radius of the domain wall, Ma is the mass
contained within r < ra, and pc and μc are the critical
pressure and chemical potential where the phase transition
occurs. In practice, pc ≲ 0.1 MeV=fm3 for ε where the
crust is strongly affected and the GR correction is at most a
few percent, and we can instead use the approximate form,

jma;effðnBÞj ≫
GMa

r2að1 − 2GMa=raÞ
μc
σN

: ð28Þ

This approximation fails in the case where the domain wall
is very near the center of the star and Ma is small. In
practice, this is a challenging constraint to implement since
ma;eff changes sign in the vicinity of the domain wall. In the
core where the baryon density changes more slowly, this
leads to a very extended domain wall even for axion masses
that are larger than 1=RNS, with the extent of the domain
wall becoming comparable to the gravitational scale for
ma ≲ 10−9 eV. For the sake of calculating the contribution
of the domain wall to the crust, we limit ourselves to axion
masses ma ≳ 10−9 eV when the domain wall is inside the
star. This does not affect the final constraint we determine.
Apart from the two special cases, more generally, in

order to numerically solve the axion field profile, we will
work in the limit where the baryon chemical potential
changes on a length scale that is long compared to the

2In the ZN model, the vacuum energy difference is m2
af2a=N 2,

while the domain wall pressure becomes comparable to this
vacuum pressure when rNS ≃N 2=ma, that is ma ≃ 10−8 eV for
ε ≃ 2 × 10−7. The density nin for which Eq. (24) is satisfied is still
much larger than the critical density for which Eq. (11) saturates,
since the equation Eq. (25) is only modified by logarithmic
corrections.
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length scale for θ to change, set by Eq. (26) for the case
where the domain wall is at the surface of the star and
Eq. (28) for the case where the domain wall is in the interior
of the star. In this case, we can solve the axion field profile
at fixed chemical potential according to

∇2θ ¼ 1

f2a

dΩ
dθ

¼ 1

f2a

�
σNð1þ δðlocÞÞ½nðsÞp ðθÞ þ nðsÞn ðθÞ�

þ Δσ
f2ðθÞ ½n

ðsÞ
p ðθÞ − nðsÞn ðθÞ� − εm2

πf2π

	
f0ðθÞ; ð29Þ

where nðsÞi ¼ ∂E=∂mi is the scalar density of baryon species
i which at leading order in bulk matter is given by

nðsÞi ¼ ni − k5Fi=½10π2m2
i ðθÞ�, the spatial gradients include

corrections from gravity, and the scalar densities are found
at fixed baryon chemical potential. The quantity δðlocÞ
comes from the explicit mσ-dependence of the RMFT
Lagrangian and is approximately given by

δðlocÞ ≈
Kσ

χσN

�
gσ
mσ

�
2

ðnðsÞp þ nðsÞn Þ; ð30Þ

where gσ is the coupling of the σ meson to nucleons in the
RMFTmodel and χ is equal to the volume fraction of nuclei
in the outer crust and unity in the core. Exact expressions
including higher-order RMFT corrections and the more
complicated expression for the inner crust can be found in
Appendix B. This correction is order one for both scenarios
B and C in the outer crust and core and should not be
neglected, but is suppressed in the inner crust. Note that this
correction is due only to explicit mσ dependence of the
RMFT Lagrangian; implicit dependence via the effect of
mσ on the Fermi momenta of the nucleons and the mean-
field value of the σ field vanishes since the mean-field
approximation will always give Fermi momenta and a
mean-field value for the σ field that minimize the free
energy.
The fixed baryon chemical potential approximation leads

to overestimating the amount of matter in the crust
irrespective of the location of the crust. In the case where
the domain wall is at the surface of the star, the small
decrease to the baryon chemical potential in the domain
wall will cause the baryon density to decrease more rapidly,
resulting in a thinner crust. In the case where the domain
wall is inside the star, a domain wall that is too broad would
result in overestimating the size of the crust since, in
reality, part of the domain wall would extend into the crust
rather than being a separate layer that gets added to a
normal crust. Since our constraint is derived from layers of
the crust being missing or diminished, this approximation is
conservative.

It is worth noting that the equations of hydrostatic
equilibrium do not need to be solved separately in the
domain wall because they are automatically satisfied by
solving the Euler-Lagrange equation for the axion field
given by Eq. (29). This can be seen by observing that

dpbulk

dr
¼ −

dΩ
dθ

dθ
dr

¼ −f2a∇2θ
dθ
dr

¼ −
1

2

d
dr

½f2að∇θÞ2� ¼ −
dpgrad

dr
: ð31Þ

The differential equation given by Eq. (29) can be solved by
a shooting procedure, varying the initial conditions at the
inner edge of the domain wall until a solution is found that
smoothly goes from θ ¼ π to zero. In practice, solving this
equation is greatly simplified by making a change of
variables to confine θ to be between zero and π, θðyÞ≡
π=ð1þ eyÞ and solving the resulting equation for y.
Numerical results from this calculation will be presented
in Sec. VI.
Since we perform calculations in the domain wall region

only in RMFT, the entire θ-dependence in the domain wall
is contained in the nucleon and meson masses and the
energy of the axion field itself. There are additional terms in
the nuclear Lagrangian that contribute only when θ is at
some intermediate value that violates parity and a detailed
calculation of the domain wall from first principles should
include these terms that we neglect. For further discussion,
see Appendix A.

V. FINITE SIZE OBJECTS
AT ZERO PRESSURE

As was first noted in Refs. [37,46], an object comprised
of nuclear matter at θ ¼ π can be stabilized by the negative
pressurem2

af2a, rather than gravity. These objects, which we
call π-balls, are held together by the attractive axion
potential as long as the baryon chemical potential is too
small to allow nucleons to escape (see also [83,86,87]).
Given the constraint from white dwarf stability of
ε > 2 × 10−7, a zero-pressure object balanced by electron
degeneracy pressure cannot exist. If a neutron star has a
central density large enough to be unstable against axion
condensation, it is possible that when such a neutron star is
disrupted in a binary neutron star merger, π-balls may be
part of the ejecta. Having an axion field surrounding them,
these objects may produce a unique electromagnetic
signature. Such questions of production and observational
signatures of π-balls will be explored in the future; in this
work, we merely comment on their basic properties.
An object with size R ≫ 1=ma made of PNM is stable at

almost zero pressure when

pDW ¼ maf2a
2R

¼ −εm2
πf2π½1 − fðπÞ� þ ð3π2Þ2=3

5mn
n5=3n ; ð32Þ
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and the Fermi energy of the neutrons is smaller than the
kinetic energy required to escape the θ ¼ π region,

ð3π2Þ2=3
2mn

n2=3n < σN ½1 − fðπÞ�; ð33Þ

which, when combined with Eq. (32), is identical to the
condition for the appearance of the θ ¼ π region
(σNnn > εf2πm2

π) if the domain wall pressure is small.
The mass-radius relation of this object can be found to be

M ≃
4πR3

3

mnð5mnεm2
πf2πÞ3=5

ð3π2Þ2=5

×

�
1 − fðπÞ þ mumd

2Rmaðmu þmdÞ2
�
3=5

;

≃ 2 × 1018ε3=5
�

R
1 m

�
3

kg; ð34Þ

where the last equality holds if maR ≫ 1. The maximal
radius of this object where gravity can be ignored can be

found by equating the gravitational potential energy with
the Fermi energy of the neutrons on the surface of this
object, which yields R ≃ 5ε−1=10 km and the resulting
maximal mass is

Mmax ≃ 0.12ε3=10M⊙; ð35Þ

beyond which the gravitational binding energy/pressure
cannot be ignored. The minimal mass of a π-ball can
either be found at R ¼ π=ma, when the thin wall approxi-
mation fails, or when the domain wall pressure becomes
large enough that the baryon chemical potential exceeds
the bare neutron mass. When the baryon chemical poten-
tial becomes larger than the bare neutron mass, it is
energetically favorable for neutrons to leave the θ ¼ π
region. In the dilute approximation where nuclear inter-
actions are ignored, the condition set by Eq. (33) is
saturated when R ≃ 1.2ε1=2=ma, which is smaller than
1=ma for any ε < 0.7. This leads to the final minimal
mass of

FIG. 11. Minimum stable radius of a π-ball made of SNM and PNM as a function of ε. Thin lines: ma ¼ 10−9 eV, thick lines:
ma ¼ 10−6 eV. The dotted black lines show lines of R ¼ π=ma for the two axion masses.

FIG. 12. The corresponding minimum stable mass of a π-ball made of SNM and PNM. Thin lines: ma ¼ 10−9 eV, thick lines:
ma ¼ 10−6 eV. The black dotted line is the maximum mass before gravity becomes important from Eq. (35).
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Mmin ≃ 8 × 109ε3=2 MeV4=m3
a

¼ 2 × 10−7M⊙

�
ε

10−1

�
21=10

�
10−9 eV

ma

�
3

: ð36Þ

In practice, to calculate the minimum mass of a stable
object, nuclear interactions must be included. In the case of
PNM, the minimum stable size is determined by the
requirement that the baryon chemical potential not exceed
the bare neutron mass. In the case of SNM, the minimum
stable size is determined by the requirement that the baryon
chemical potential be less than the energy per baryon of the
most bound symmetric nucleus, μFe=A ¼ mN − 8 MeV.
Figure 11 shows the minimum stable radius for π-balls

made of SNM and PNM, and Fig. 12 shows the minimum
stable mass, including nuclear interactions from the RMFT
model and stabilized by axions. The horizontal dotted lines
in Fig. 11 show when maR ¼ π and the domain wall
approximation fails. The black dotted lines in Fig. 12 show
the mass at which gravity cannot be neglected from
Eq. (35). Note that when the constraints on axion parameter
space from neutron star measurements we will derive in
Sec. VI are taken into account, these π-balls should
typically have masses larger than the Earth. They will
have masses comparable to heavy planets or brown dwarfs,
and sizes as large as a few kilometers. Observation of one of
these objects would be quite remarkable.

VI. OBSERVABLE IMPLICATIONS
AND CONSTRAINTS

In this section, we estimate constraints on the excep-
tionally light axion parameter space from neutron star
observations. We focus on three observables based on
modifications to the crust of an axion-condensed neutron
star: thermal relaxation times of the crust in accreting
systems (Sec. VI A), cooling rates of isolated neutron stars
based on a diminished envelope, first considered in
Ref. [40], (Sec. VI B), and fractional moment inertia of
the crust as inferred from pulsar glitches (Sec. VI C). All of
these rely only on the understanding of neutron star matter
and dynamics below saturation density. In Sec. VI D, we
summarize the constraints in the context of the ZN model
of exceptionally light axions.
We note also that the mass-radius relation of axion

condensed stars has some unusual features (see Sec. IVA)
which could lead to constraints on axion models. Current

measurements of the masses and radii of neutron stars
are not yet precise enough to draw conclusions. Next-
generation experiments may significantly reduce the error
bars and yield a useful constraint if the EOS for a range
of densities, and for both θ ¼ 0 and θ ¼ π, is better
understood.
To understand the constraint from observation, we apply

the methods discussed in Sec. IV and specifically the
understanding of the axion domain wall established in
Sec. IV B. There are three distinct regions for this calcu-
lation. First, when θ ¼ π is the favored phase all the way to
zero pressure, the domain wall sits at the surface and forms
a thin shell surrounding the rest of the star at negative bulk
pressure, resulting in a thinner crust if ε is not too small
(cf. Fig. 10). Second, when the transition from θ ¼ π to
θ ¼ 0 occurs in the crust of the normal phase, the domain
wall connects a homogeneous axion condensed phase to a
heterogeneous normal phase and the size of the crust is
diminished. Third, when the phase transition to θ ¼ π
occurs at a density above the crust-core phase transition, the
entire normal crust is present, and we draw no constraint.
If the domain wall is inside the star, the entire normal

envelope is present and constraints can only be drawn from
thermal relaxation and glitches, although the constraint
from thermal relaxation is much weaker. When the domain
wall is at the surface, all three constraints are relevant. Thus
far we have focused on results for ε≳ 10−6; here, for the
sake of calculating a constraint from the lack of an
envelope, we consider ε as low as 5 × 10−7 as this is the
ε at which the envelope appears for positive pressure at
θ ¼ π (i.e. not only in the domain wall). Table III shows the
ranges of ε relevant for each region.

A. Constraint from crust thermal relaxation
in x-ray binaries

Neutron stars in transiently accreting x-ray binaries go
through periods of outburst and quiescence, reaching a
quasisteady state on astronomical timescales [88]. During
outburst, matter is rapidly accreted onto the neutron star
surface from a companion and pycnonuclear reactions deep
in the crust heat the star. On timescales of tens to hundreds
of days (see, e.g., Ref. [89]) the crust cools and comes back
into thermal equilibrium with the core. Properties of the
crust of neutron stars in these x-ray binaries can be inferred
by observing the timescale for the crust to thermally relax
following an outburst. The thermal timescale is roughly

TABLE III. Range of ε corresponding to different locations of the domain wall in the thin-wall approximation
(ma ≳ 10−8 eV).

Region (A) Kσ ¼ 0 (B) Kσ ¼ 0.08 (C) Kσ ¼ 0.16

DW at surface ε < 0.068 ε < 0.27 ε < 0.61
DW in crust 0.068 < ε < 0.27 0.268 < ε < 0.56 0.61 < ε < 0.96
DW in core at nB < nsat 0.27 < ε < 0.38 0.56 < ε < 0.75 0.96 < ε < 1
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given by τth ≃ CVðΔrÞ2=κ where CV is the specific heat of
the crust, κ is the thermal conductivity, and Δr is the
thickness of the crust [90].
The specific heat capacity, CV , in the crust of a neutron

star is influenced by electrons, ions, and neutrons, depend-
ing on the ambient temperature. However, the thermal
conductivity, κ, is primarily determined by electrons across
all relevant temperatures [91]. For typical crustal temper-
atures in the range of 107–108 K, as found in accreting
neutron stars, the electron contribution provides a lower
bound for CV, while the neutron contribution—typically
suppressed due to superfluidity—sets an upper bound.
In scenario A, since nuclear interactions remain

unchanged, the crust’s composition is also relatively
unaltered for pressures much larger than the axion pressure.
In scenarios B and C we expect an increase in electron
density above the neutron drip pressure of normal nuclear
matter with a maximum increase by a factor of 3–4 near the
crust-core boundary in scenario C. In all scenarios, electron
conduction is primarily limited by electron-phonon scatter-
ing. To estimate uncertainties in electron scattering rates
due to electron-phonon interactions in scenarios B and C,
we modified the phonon spectrum for solids with varying
nuclear charge Z, mass number A, and the corresponding
plasma frequency, ωp ∼ ð4πe2Z2nI=AmnÞ1=2 [92]. Axion
condensation softens the spectrum of phonons, enhancing
electron-phonon scattering and suppressing the contribu-
tion of phonons to CV (for a review of thermal transport in
neutron star crusts, see Ref. [93]).
At equal nuclear pressure (i.e. not including the negative

axion pressure) the lack of dripped neutrons generically
enhances κ in scenarios B and C due to a significantly larger
electron density when nuclei are treated in mean field
theory. In order to outweigh the effects of increased
electron density, Z=A would need to decrease by about
an order of magnitude. At these densities, A > 100 and
including shell effects is unlikely to produce such a massive
change. Nonetheless, lacking an ab initio calculation of
neutron-rich nuclei in the axion condensed phase, we
place a generous uncertainty on this prediction. At low

temperatures, the effect on CV from axion condensation is
dominated by a decreased contribution from phonons,
which as with κ is susceptible to modifications from shell
effects. For T ≳ 5 × 107 K the increased electron density
dominates the change to the heat capacity and shell effects
are less important for CV. When shell effects are neglected,
the increase to CV at high temperature is always smaller
than the increase to κ, leading to a net decrease in CV=κ.
We do not include any free neutrons in the heat capacity

in our comparisons as the neutrons form a superfluid at
most densities they appear; including them would only
strengthen this claim by introducing an additional reservoir
of heat. Furthermore, CV=κ decreases as a function of
nuclear pressure at these densities, so at equal pressure after
including the axion pressure, CV=κ would be expected to
increase in the axion condensed phase at equal total
pressure. At the lowest densities, shell effects in nuclei
are expected to dominate and it is challenging to predict the
exact properties of these nuclei. However, in the range of ε
that we constrain with thermal relaxation, the part of the
crust with positive pressure is all above the normal neutron
drip pressure, and these shell effects are only dominant in
the thin domain wall.
To establish a bound on axion condensation from crust

relaxation—without performing detailed self-consistent
calculations of CV and κ—we exploit the quadratic
dependence of the thermal relaxation timescale on crust
thickness. As a conservative constraint, we require that the
total crust thickness be at least 0.2 km, which is approx-
imately one-fifth of its value in a normal neutron star. This
assumption effectively limits the increase of CV=κ to no
more than a factor of 25 when θ ¼ π, larger than the
maximum increase in CV=κ of a factor of 10 at θ ¼ π
suggested by the preceding arguments.
Figure 13 shows the total crust thickness as a function of

ma and ε for a 1.4M⊙ neutron star for our three scenarios in
the RMFT model. The white band covers regions of the
parameter space where the entire normal crust is present
(i.e., the phase transition happens at a pressure greater than
the crust-core boundary in a normal star) and the hatched

FIG. 13. Total crust thickness of a 1.4M⊙ star as a function of ma and ε in the RMFT model for three values of Kσ . In the hatched
region, the domain wall approximation fails. In the white band, the entire normal crust is present.
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region shows where the in-medium axion mass is low
enough in the domain wall region that the constant
chemical potential approximation fails. The solid black
line divides the region where the domain wall is at the
surface of the star and the region where it is inside the star.
Based on the conservative estimate that the total crust
thickness must be at least 0.2 km, our constraint is shown
for our three scenarios in Fig. 14. Table IV shows the
constraint on ε in our three scenarios for ma ≳ 10−8 eV
where the domain wall becomes insignificant and the
constraint is dependent on ε only.
Scenario B gives the strongest constraint for small ε from

crust thermal relaxation because the pressure at the crust-
core phase transition that determines at what ε the crust
appears is nonmonotonic as a function ofKσ (cf. Fig. 5). As
Kσ is increased from zero, the pressure for the crust-core
phase transition decreases because the neutron matter
surrounding nuclei in the inner crust becomes more
attractive. At the same time, pressure in the outer crust
that is dominated by electrons is increasing as nuclei

become more neutron-rich. The pressure at the crust-core
phase transition will decrease as Kσ is increased, giving a
stronger bound on small ε, until the crust-core phase
transition occurs at the same pressure as the transition
from inner to outer crust (neutron drip pressure). The
pressure at the crust-core phase transition will grow if Kσ is
increased further, giving a weaker bound on ε, since there
are no more dripped neutrons in the crust and the pressure
due to electrons increases with Kσ .

B. Constraint from isolated neutron star cooling

The cooling of isolated neutron stars has been used to
constrain light QCD axions in Ref. [40]. Their constraint
hinges on the envelope being thinner in a star with an
axion-condensed crust than in a normal neutron star,
providing less thermal insulation between the core and
exterior of the star and shortening the cooling timescale of
the core. Taking the boundary of the envelope to be at an
energy density of 1010 g=cm3 when the energy density of
the axion is not included, we find that for the range of ε we
consider, the entire envelope is in the domain wall region.
Figure 15 shows the thickness of the envelope as a

function ofma and ε. In the white band, the phase transition
to axion condensed matter occurs inside the star and the
entire normal envelope is present. The feature around
ε ≃ 10−2 in all three panels is a result of a jump in the
EOS just as the crust-core phase transition is at the bottom
edge of the domain wall. Reference [40] found that when

FIG. 14. Constraint from crust thermal relaxation assuming a total crust thickness of Δr < 0.2 km is disfavored by observation of
thermal relaxation timescales. Three scenarios are shown, assuming no change to nuclear interactions (A), which we take as the
conservative bound, and moderate (B) or large (C) increases of attractive nuclear interactions in θ ¼ π matter (see Sec. III for details).
The gray shaded regions are excluded by prior studies of the Sun and white dwarf stability [36,37], black hole superradiance [94,95] and
neutron star inspiral gravitational wave emission [39]. Recent constraints from isolated neutron star cooling [40] are shown as a contour.
Plots of past constraints are generated with code from Ref. [10].

TABLE IV. Constraint on ε from crust thermal relaxation for
ma ≳ 10−8 eV.

(A) Kσ ¼ 0 (B) Kσ ¼ 0.08 (C) Kσ ¼ 0.16

Min. excluded ε 2.2 × 10−3 8.7 × 10−4 2.5 × 10−3

Max. excluded ε 0.10 0.32 0.69
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the envelope is at least a few times thinner than its normal
∼100 m, the star cools too quickly, and this region of
parameter space is excluded. Taking a conservative esti-
mate that the envelope must be at least 5 m thick to explain
neutron star cooling data, we show the constraint for our
three scenarios in Fig. 16. Notably, this indicates that the
constraint in Ref. [40] extends to lower axion masses and
larger ε than previously considered when the modification
to the nuclear force is taken into account. This occurs
because the chemical potential in the crust is significantly
lower for larger Kσ due to nuclei being more strongly
bound. At a chemical potential much lower than that of
normal nuclei, the baryon density goes to zero much more
rapidly as θ decreases in the domain wall, resulting in a

thinner envelope. The envelope constraint applies for all ε
we consider where the domain wall is at the surface of the
star (given by the first row of Table III). At larger ε, the
domain wall is inside the star and the entire normal
envelope is present. Table V shows the constraint on ε
in our three scenarios for ma ≳ 10−8 eV where the domain
wall becomes insignificant and the constraint is dependent
on ε only.
We mention in passing that a detailed calculation of

constraints from neutron star cooling should include the
modification to the direct Urca threshold from axion
condensation. When the central density of a neutron star
exceeds the direct Urca threshold (set by the density at
which kFn < kFp þ kFe, equivalently Yp ≥ 0.11 in matter

FIG. 15. Envelope thickness of a 1.4M⊙ neutron star as a function of ma and ε in the RMFT model for the three Kσ scenarios. In the
white band, the entire normal envelope is present.

FIG. 16. Constraint from isolated neutron star cooling based on the lack of an envelope in our three scenarios. We use the envelope
thickness of 5 m as a conservative minimum consistent with neutron star cooling. Our scenario (A) is in good agreement with the neutron
star cooling bound of Ref. [40]. Parameter space as in Fig. 14.
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containing neutrons, protons, and electrons), rapid cooling
becomes possible. The isovector contribution to the
nucleon masses from finite θ will result in a larger proton
fraction at θ ¼ π, lowering the direct Urca threshold.
Additionally, a more attractive nuclear force with a lighter
effective nucleon mass will result in a larger symmetry
energy and a lower direct Urca threshold. In the RMFT
model, the symmetry energy is given by

asym ¼ k2F
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2F þm�2p þ nB

8

�
gρ
mρ

�
2

; ð37Þ

where kF is the Fermi momentum of SNM and m� is the
effective nucleon mass, decreased from its vacuum value by
the effect of the σ meson. Finite Kσ results in a smaller
effective nucleon massm�, increasing the symmetry energy
and lowering the direct Urca threshold. The exact value of
the direct Urca threshold in nuclear matter is not known,
and the effects of the axion at the relevant baryon densities
is uncertain. Table VI shows the baryon density at the direct
Urca threshold for the IUFSU� RMFT parameter set we
have used throughout. These values should be considered
illustrative of possible impacts of axion condensation on
neutron star cooling and not a concrete prediction.

C. Constraint from pulsar glitches

Pulsars are spinning neutron stars that emit regular
pulses of EM radiation at twice their spin frequency.
Pulsar timing studies since the 1970s have cataloged about
3000 sources that exhibit remarkable stability. Precise
measurements of the spin period and its steady rate of
change have provided useful insights about neutron star
populations and their magnetic fields. Some pulsars, how-
ever, have been observed to glitch, a phenomenon in which
the rotation frequency rapidly increases on timescales of
less than a minute. For a concise review of pulsar timing
and glitches see [96].
In crust-based models of neutron star glitches, the

phenomenon is thought to result from a sudden transfer

of angular momentum from an interior superfluid that stores
angular momentum in quantized vortices to the crust. As the
star gradually spins down, the superfluid cannot adjust
smoothly because its vortices are pinned—or otherwise
hindered—by a lattice of neutron-rich nuclei [97–100].
Over time, this creates a buildup of angular momentum
stress between the superfluid and the rest of the star.
Eventually, this tension is released in a sudden, dramatic,
and still poorly understood event that unpins many vortices
at once, rapidly spinning up the star.
The spin-up is proportional to the ratio of the moment of

inertia of the superfluid component, denoted by Is, to the
moment of inertia of the star, denoted by I. The Vela pulsar
places the most stringent constraint on glitch models,
requiring that the ratio of superfluid moment of inertia
to the total moment of inertia lies between 1.6% and 7%
[101]. While there remains ongoing debate about whether
nuclear physics models can account for values at the upper
end of this range [101–103]—and speculation about addi-
tional angular momentum reservoirs being necessary to
fully explain Vela’s glitches [104]—the conventional
model, involving a neutron superfluid in the inner crust,
remains both natural and viable.
The glitches of the Vela pulsar are challenging to

describe in terms of other available models for glitch
behavior. Starquakes are a possible alternate explanation
for pulsar glitches [105,106] and recent observations
suggest that the Vela pulsar may experience starquakes
[107]. However, to explain the high frequency of glitches in
the Vela pulsar with starquakes requires either an extreme
equation of state in tension with observations of NS masses
and radii [108] or results in the Vela pulsar having an
unrealistically small mass [109] with the connection
between starquakes and glitches still typically requiring
the presence of a neutron superfluid [110]. While the
possibility of a phase transition deep in the neutron star
is potentially relevant for glitches, without any concrete
evidence for such a phase transition, this explanation
remains speculative.
In the following, we constrain ε within the framework of

the standard glitch model, which requires a substantial
superfluid component in the inner crust with Is=I > 1.6%.
In our scenarios B and C, when axions condense in the
crust, the crust-core phase transition occurs at a baryon
density below the neutron drip, and there is no region of
coexistence of solid and superfluid matter in the crust.
Consequently, glitches cannot be explained in the presence
of an axion condensate at the surface of the star when the
nuclear force is more attractive. Thus, within the standard
glitch models, ε < 0.27 is ruled out for scenario B and
ε < 0.61 is ruled out for scenario C provided that fa is not
so large that the surface of star has small θ due to the large
domain wall. Even in the domain wall, the increasing
nucleon mass brings matter below neutron drip before the
interactions become sufficiently repulsive to force neutrons

TABLE V. Constraint on ε from isolated neutron star cooling
for ma ≳ 10−8 eV.

(A) Kσ ¼ 0 (B) Kσ ¼ 0.08 (C) Kσ ¼ 0.16

Min. excluded ε 5.2 × 10−7 5.8 × 10−7 5.6 × 10−7

Max. excluded ε 0.068 0.27 0.61

TABLE VI. Baryon density at the direct Urca threshold
(kFn < kFp þ kFe) in the RMFT model.

No
axion

(A)
Kσ ¼ 0

(B)
Kσ ¼ 0.08

(C)
Kσ ¼ 0.16

nDU (fm−3) 0.61 0.54 0.48 0.42
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out of nuclei. This result is in part a consequence of the fact
that in the ansatz we use in the RMF model, the nuclear
force becomes monotonically more attractive as θ
increases. If nuclear matter with moderate isospin asym-
metry were only more attractive near θ ¼ π and rapidly
became repulsive for intermediate θ, it is possible that
enough neutrons could be present in the domain wall to
explain glitches when ma ≪ 10−8 eV. This is an issue that
warrants further exploration in light of the prediction from
our MBPT calculation that neutron matter will be more
repulsive at intermediate θ and the work of past authors
[70–73] that showed that reducing the pion mass made
nuclear interactions in neutron matter more repulsive in the
vicinity of the physical pion mass (but not at significantly
reduced pion mass, as in the axion condensed phase).
We estimate this critical fa by treating the neutron star as

a uniform sphere of saturation density matter. The approxi-
mation of constant density is conservative since most of the
star is at a higher density than the reference density used but
is also not particularly impactful since within this approxi-
mation f2a ∝ nsB and nsB changes by only a factor of at most
3–5 within the core of a 1.4M⊙ star. Within this constant
density approximation, the maximum fa can be found by
solving an inhomogeneous Poisson’s equation,

∇2θ ¼ −
1

r20

sin θ
fðθÞ ; ð38Þ

where r0 is given by

r−20 ¼ σNnsatð1þ δðlocÞÞ
f2a

−m2
a: ð39Þ

In practice, ma has a very small effect on this constraint for
ε that are not very close to the QCD axion line, which this
part of the constraint does not touch. In the regime of
ma ≪ 1=RNS ≃ 10−10 eV, this can be solved by matching
the surface boundary condition to the lowest energy
configuration of a massless field, θðrÞ ¼ θ0RNS=r, where
θ0 is the critical θ at which dripped neutrons can appear at
positive pressure. The bound on fa we find is below the
value necessary for the system to be stable against con-
densation due to the large extent of the axion field. At the ε
relevant for this part of the constraint, β-equilibrated matter
at or above saturation density is unstable to axion con-
densation and the system can adiabatically evolve to its
ground state. If a more detailed calculation of the nuclear
forces shows that β-equilibrated matter becomes signifi-
cantly more repulsive for intermediate θ before becoming
attractive at large θ, the exact limits of this bound will need
to be revisited but the findings will be qualitatively
unchanged.
In scenario A where dripped neutrons can appear in an

axion condensed crust or in any scenario when the critical
pressure occurs in the outer crust of a normal star, if the
domain wall is large a significant number of neutrons can
be present in the domain wall region. For this case, we limit
ma > 10−8 eV so that the domain wall has a thickness of
Oð10 mÞ, more than an order of magnitude smaller than is
normally seen. Since the neutron superfluid mechanism for

FIG. 17. Constraint from observation of crust-based pulsar glitches in our three scenarios requiring the quantity of neutrons be reduced
by less than an order of magnitude. Parameter space as in Fig. 14.
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glitches as currently understood requires nearly all of the
superfluid neutrons to participate in a normal star, a
reduction this severe excludes this possibility. This applies
for scenario A for 0.0083 < ε < 0.17, for scenario B for
0.27 < 0.42, and for scenario C for 0.61 < ε < 0.79.
Lacking a complete and detailed picture of the crust

glitch mechanism, we refrain from making a concrete
numerical estimate of exactly how many neutrons are
necessary to be in tension with observations and rely on
the fact that near the boundaries of our constraint the
quantity of neutrons changes by many orders of magnitude
for relatively small changes in axion parameters. Scenarios
B and C are particularly notable for the fact that the neutron
dripped phase is completely absent for much of the
parameter space. The constraint that the quantity of
neutrons is reduced by less than an order of magnitude
is shown for our three scenarios in Fig. 17. Table VII shows
the constraint on ε in our three scenarios forma ≳ 10−8 eV,
where, as before, the domain wall does not play an
important role and the constraint only depends on ε.
Note that in Fig. 17, there is a small notch in the constraint
curves for scenarios B and C at ma ¼ 10−8 eV. While this
is a small effect on the typical log scale for constraint plots,
it is a relevant difference when assessing how close
constraints come to the QCD axion line at large and small
axion masses. It should be noted that only this region of
larger axion masses can be confidently constrained within
this scheme when using the ZN model, which will be
discussed in greater detail in the next section.

D. ZN model

The discrete ZN symmetry proposed in Ref. [43] pro-
vides a concrete realization of the exceptionally light QCD
axion. This model predicts a suppression factor ε of the
axion mass for odd integer N , given by

ε1=2 ≡ ma

mðQCDÞ
a

≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1ffiffiffi
π

p N 3=2zN−1ð1þ zÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

ps

≈
1

2N =2−logN ; ð40Þ

where z≡mu=md and the large N limit has been taken
[44]. For small N , the ZN model results in a modest

change to the axion mass: for N ¼ 3, ma=m
ðQCDÞ
a ¼ 0.94.

The first significant decrease comes at N ¼ 5 giving

ma=m
ðQCDÞ
a ¼ 0.65, and N ¼ 11 corresponds to approx-

imately an order of magnitude suppression.
In the ZN model for the exceptionally light QCD axion,

the axion potential has a period of 2π=N and the negative
axion pressure is suppressed by an additional factor of N 2

[43]. In the simple case where the domain wall connects
θ ¼ 0 and θ ¼ π smoothly and the axion mass is suffi-
ciently large that the domain wall pressure is unimportant,
the results are identical to our existing calculation but
with a modified axion potential provided N is small
enough that normal matter at saturation density is unstable
to the nucleation of the θ ¼ π phase. Thus, in the range
ma ≳ 10−8 eV, the constraint on the ZN model parameter
space can be inferred directly from the constraint on ε we
have derived. The lower limit on N is determined from the
difference in vacuum energy between the maximum at
θ ¼ π and minimum at θ ¼ 0 of the potential given in
Ref. [44] since the dependence on the relationship between
ma and fa and the change to the period of the axion
potential is minimal in this region. This lower limit on N
for the various effects and scenarios is given in Table VIII.
For ma ≳ 10−8 eV, the combined constraint is the same for
all three scenarios,N ≥ 19. Combined with the upper limit
from white dwarf of N ≤ 31 [37], this leaves a gap of
19 ≤ N ≤ 31. On the other hand, the upper limit on N is
also determined by the conditions for the appearance of the
domain wall in Table III. Although N ¼ 3 and 5 appear to
be constrained in scenario A and N ¼ 3 appears to be
constrained in scenario B (see Table VIII), for those choices
ofN andKσ , the axion mass remains positive near θ ¼ 0 in
the ZN model. Therefore, even though the ground state of
matter is axion condensed, since matter at saturation is only
metastable in these cases, it is conceivable that the axion
mass squared is always positive near θ ¼ 0 anywhere in the
neutron star, and theseN cannot be conclusively excluded.
However, it is possible that if axion condensation is favored
at a sufficiently large density where the axion mass squared
turns negative near θ ¼ 0, these N values could also be
excluded in scenarios A and B.

TABLE VII. Constraint on ε from observation of crust-based
pulsar glitches for ma ≳ 10−8 eV.

(A)
Kσ ¼ 0

(B)
Kσ ¼ 0.08

(C)
Kσ ¼ 0.16

Min. excluded ε 8.3 × 10−3 0 0
Max. excluded ε 0.17 0.42 0.79

TABLE VIII. Minimum allowed N in the ZN model for ma ≳
10−8 eV when the domain wall connects θ ¼ 0 and θ ¼ π. In
scenario A, the envelope constraint also permits N ¼ 3. N must
be an odd integer for the axion to solve the strong-CP problem in
these models. Note that these bounds assume the inner region
is at θ ¼ π, as is preferred in a dynamical formation of the
neutron star [51], rather than the critical density minimum at
θ ¼ ðN − 1Þπ=N . See text for further discussion.

Constraint (A) Kσ ¼ 0 (B) Kσ ¼ 0.08 (C) Kσ ¼ 0.16

Crust thickness 7 9 7
Envelope 19 19 19
Glitches 7 5 5
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This might not be a complete story, if we were to only
solve for the possible axion field profile inside a neutron
star, while neglecting how neutron stars formed. For large
N , when only modifications to the nucleon masses are
included, it was pointed out in Ref. [37] that the ground
state of matter below the critical density is no longer θ ¼ 0

but θ ¼ ðN − 1Þπ=N , resulting in a vanishing axion
potential but lighter nucleon masses. If this ground state
is found, the full crust and envelope could be present at
θ ¼ ðN − 1Þπ=N and the constraint from neutron star
cooling would not apply. In scenario A, the constraints
from crust thermal relaxation and glitches also likely do not
apply in this case since a normal crust would be present.
When nuclear interactions, and their dependence on θ are
taken into account, the conclusion of Ref. [37] can be
modified. In scenarios B and C, the ZN model may still be
excluded since the lack of a dripped neutron phase
precludes crust-based glitches. Additionally, in scenarios
B and C, the dependence of the free energy as a function of
θ is modified and the minimum N where the θ ¼ π state is
stable [instead of θ ¼ ðN − 1Þπ=N ] at zero pressure
decreases. In our scenario C, for N ¼ 17 and 19, the
ground state remains at θ ¼ π at zero pressure, and is
disfavored as a result.
A better understanding of the nuclear physics at θ ¼ π is

necessary to provide a constraint on the ZN model that is
independent of our knowledge about how neutron stars are
created, and how the axion condensed phase could form
following a supernova. On the other hand, it is unclear how
a profile with θ ¼ π in the core of a neutron star, and θ ¼
ðN − 1Þπ=N in most of inner and outer crust could form in
the event of neutron star formation in, for example, a core
collapse supernova. In an event of a supernova, as the

density of the core grows past the critical density in
Eq. (11), a region of θ ¼ π emerges in the core, with a
domain wall interpolating between the original θ ¼ 0
region and the newly formed θ ¼ π region. This domain
wall, in particular the part that interpolates between θ ¼
ðN − 1Þπ=N and θ ¼ 0, will need to expand significantly
such that most of the inner and outer crust is at θ ¼
ðN − 1Þπ=N (see Fig. 8 of [37]). During this process, as
described in [51], the domain wall gains energy that is
OðσN=mnÞ, roughly 5% of the total mass energy of the
progenitor star, or at least the total mass energy of the inner
and outer crust of the protoneutron star. This energy, as
outlined in [51], will be released slowly, heating up the
medium surrounding the neutron star, leading to persistent
bright x-ray/optical emissions from the supernova remnant
that is not observed. In particular, an axion domain wall that
encloses the ejecta material around a core collapse super-
nova would qualitatively change the spectrum and its
evolution during the photosphere phase and is excluded
[111]. Whereas it is possible that the axion field profile
form nearly at rest and are not subsequently accelerated
outward, it is hard to imagine how the field profile could
gain this much energy through interactions with the
baryons, while at the same time, experience exact the right
amount of friction to land exactly at the boundary of the
outer crust in every single supernova we observed [51,54].
As a result, we do not consider this scenario further.
For axion masses below 10−8 eV, the distribution and

properties of nuclear matter in the axion domain wall region
are significantly affected by the change of the period of the
axion potential in the ZN model, which requires further
study. The parameter space in the gaps, as well as the lower
axion mass region, might be probed by other considerations

FIG. 18. Combined constraint from crust thermal relaxation (Sec. VI A), neutron star cooling (Sec. VI B), and pulsar glitches
(Sec. VI C) (left) and without glitches (right) in our three scenarios accounting for modification of nuclear interactions in θ ¼ π matter.
In scenario A, neutron star cooling is the dominant signature for ε ≪ 1while crust thermal relaxation and pulsar glitches set the strongest
constraints for ε ∼ 1. For scenarios B and C, the glitch constraint covers the entire excluded parameter space. We consider the pink
shaded region (scenario A, no modification to nuclear interactions) to be the conservative benchmark constraint. Increasingly attractive
nuclear interactions in axion condensed matter (scenarios B and C) would cause the modification of crust structure to occur closer to the
QCD axion line. Parameter space as in Fig. 14.
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of the formation of neutron stars during a supernova
explosion [51]. We leave a more detailed study of the
ZN model to future work.

VII. CONCLUSIONS

In this paper, we present a comprehensive study of the
neutron star equation of state in the presence of excep-
tionally light QCD axions. In dense objects, the axion
potential receives corrections proportional to the nucleon
density due to axion couplings to QCD. For a wide range of
ε [see Eq. (4)], a neutron star is both dense enough such that
the minimum of the axion potential shifts to θ ¼ π, and
large enough such that it is energetically favorable for a
θ ¼ π region to emerge at the center of the star and an axion
domain wall profile between the θ ¼ π inside and θ ¼ 0
outside to develop. In the θ ¼ π region, there are three main
effects, namely, a negative axionic pressure of order
−m2

af2a, lighter nucleon masses, and a decrease of the pion
mass from 138MeV to about 80 MeV. The latter can lead to
the modification of nuclear interactions.
We study these changes with chiral effective field theory

and relativistic mean field theory. The results of ChiEFTare
somewhat inconclusive at θ ¼ π and a pion mass of about
80 MeV, with the convergence of many-body perturbation
theory becoming worse as the pion mass is decreased.
Nevertheless, an initial assessment indicates that the
nuclear force may become significantly more attractive
at θ ¼ π leading to self-bound neutron matter and axion
condensation at nB ≃ nsat even for ε ≃ 1. We model this
reduction of the pion mass in RMFTwith a decrease of the
σ mass [Kσ > 0, see definition given by Eq. (21), Table I,
and related discussion], resulting in an increase of the
strength of the attractive part of the nuclear interaction.
Using RMFT, we calculate modifications to the equation of
state of nuclear matter at different densities at θ ¼ π.
Combining these modifications to the nucleon masses
and nuclear interaction strength, the negative axion pres-
sure, axion domain wall profile, and gravity, we compute
the neutron star equation of state and structure at different
ma and ε shown in Figs. 5, 7, and 8. Qualitatively, the
negative axion pressure, the lighter nucleon masses, and the
more attractive nuclear force at θ ¼ π lead to neutron stars
with a reduced or missing inner crust and a much reduced
outer crust that is partially or entirely at a negative pressure
in the axion domain wall for ε≲ 0.1. Our preliminary
investigations of the mπ—dependence of the nuclear EOS
in ChiEFT suggest the intriguing possibility of axion
condensation for ε ≃ 1 at nB ≲ 2nsat and will be explored
separately in future work. Our future work will also more
closely examine the mπ-dependence of the underlying
nuclear interactions, which is generally not well under-
stood, especially those terms that are typically assumed to
just renormalize the low energy constants.
This finding has observational consequences that are

significantly constrained by isolated neutron star cooling

(also recently considered in Ref. [40]), crust thermal
relaxation, and pulsar glitches. The combination of these
constraints is shown in Fig. 18 with and without pulsar
glitches as the pulsar glitch mechanism is the least under-
stood of these three observational constraints and most
amenable to alternative explanations, difficult to fully
justify as those may be. These all depend primarily on
the equation of state at nB ≲ nsat where our treatment of the
interaction between axions and nucleons is robust. As the
most conservative bound, scenario A in the figure shall be
considered as the benchmark constraint, while scenarios B
and C shall be considered as a generous estimate of the
uncertainty and possibly stronger constraints to be drawn
once the θ-dependence of QCD has been explored in
greater detail. The possibility that much of the parameter
space can be excluded by a lack of dripped neutrons in the
crust invalidating the crust-based glitch mechanism for
pulsars is an intriguing prediction which warrants further
exploration. In particular, the pion mass dependence of the
low energy constants in ChiEFT must be determined from
lattice QCD and the convergence of nuclear many-body
perturbation theory at decreased pion mass must be
addressed. Additionally, in the domain wall region, par-
ity-violating nuclear interactions may become relevant and
should be included in a detailed treatment in ChiEFT. More
details are available in Appendix A.
We also suggest two intriguing observational conse-

quences that require further observational and theoretical
investigation, also previously noted in Ref. [46] (see also
Ref. [83] for similar effects of scalar fields with Yukawa
couplings to SM fermions). As shown in Fig. 9, the mass-
radius relation of neutron stars with a θ ¼ π core is
indicative of rapid stiffening of the equation of state at
intermediate density. Additionally, for some ε there are
missing crust layers, resulting in very small radii for low-
mass neutron stars, similar to strange quark stars. With data
from the NICER x-ray observations as well as neutron star
merger measurements with LVK and future gravitational
wave observatories, a precisely known mass-radius relation
would strongly constrain the presence or absence of a
θ ¼ π core. A second intriguing possibility is self-bound
objects at θ ¼ π which we call π-balls, with densities close
to nuclear density and stabilized by the attractive axion
potential rather than gravity. These objects can have
different masses and sizes, ranging from planet to white
dwarf masses. Further studies are required to understand
their formation in violent events such as supernovae or
neutron star mergers, their growth in the interstellar and
intergalactic medium, as well as the resulting observational
signatures.
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APPENDIX A: ADDITIONAL NUCLEAR
INTERACTIONS IN THE AXION DOMAIN WALL

The energy density and pressure of the axion domain
wall has a somewhat weak effect on the EOS of typical
neutron stars. However, inside the axion domain wall, the
properties of nuclear matter can be affected by the follow-
ing additional terms [57],

LDW ⊃ iðc−þ4c4Þ
mumd sinθ

½m2
uþm2

dþ2mumd cosθ�1=2
N̄ γ5N

þcþ
mumd sinθ

½m2
uþm2

dþ2mumd cosθ�1=2
N̄

πaτa

fπ
N ; ðA1Þ

where N contains both nucleon fields and τ3 is the third
Pauli matrix in isospin space. This parity-violating mass
term and pion-nucleon interaction only turn on in regions of
finite θ between 0 and π. The LECs c−, cþ, and c4 are
expected to contribute at high order in the chiral expansion
since the interaction is isospin breaking, the Lagrangian has
a quark mass insertion, and in the case of the mass
correction the parity violation in the nucleon fields is
relativistic. If the LECs are all order unity, the interaction
between nucleons and pions is smaller than the leading
nucleon pion interaction strength by mq=fπ ≃ 10−1, and the
parity-violatingmass is a correction of ordermq=mN ≃ 10−3.

We do not expect these interactions to matter for sufficiently
large axion masses. However, they might lead to interesting
signatures for small axion masses (thick domain wall),
especially in the ZN model.

APPENDIX B: RMFT CORRECTIONS
TO THE DOMAIN WALL CALCULATION

In general, δðlocÞ is given by

δðlocÞ ¼ 1

σNn
ðsÞ
B

∂Ω
∂mσ

dmσ

dθ
; ðB1Þ

where nðsÞB is the total scalar density of baryons. In the outer
crust and core, the expression in terms of the mean-field
value of the σ field is simple,

δðlocÞ ¼ dσ
σN ½2þ 2dσfðθÞ�

χ

nðsÞB

�
mσ

gσ

�
2

×

�
ðgσhσiÞ2 þ

κ3

3mphys
N

ðgσhσiÞ3

þ κ4

12ðmphys
N Þ2 ðgσhσiÞ

4

�
; ðB2Þ

where gσ , κ3, and κ4 are parameters of the RMFT model, χ
is the volume fraction of nuclei (or one in the core), and
gσhσi ¼ mNðθÞ −m�

NðθÞ for m�
NðθÞ the effective mass of

the nucleon with mean field effects included. In the inner
crust, this expression becomes more complicated,

δðlocÞ ¼ dσ
σN ½2þ 2dσfðθÞ�

1

nðsÞB

�
mσ

gσ

�
2

×

�
χ

�
ðgσhσinucÞ2 þ

κ3

3mphys
N

ðgσhσinucÞ3

þ κ4

12ðmphys
N Þ2 ðgσhσinucÞ

4

�
þ ð1 − χÞ

�
ðgσhσineutÞ2

þ κ3

3mphys
N

ðgσhσineutÞ3 þ
κ4

12ðmphys
N Þ2 ðgσhσineutÞ

4

�	
;

ðB3Þ

where hσinuc is the mean field value of the sigma field in
nuclei and hσineut is the mean field value of the sigma field

in the dripped neutron phase. Since nðsÞB is dominated by the
dripped neutron phase except in the vicinity of the neutron
drip phase transition, but the σ field has a small mean field
value in the dripped neutron phase, this suppresses δðlocÞ in
the inner crust.
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