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The hidden-charm pentaquark states P.z(4312)", Pz(4380)", P z(4440)", and P.;(4457)", all with
isospin / = 1/2, were discovered by the LHCb Collaboration in the decay process AY — J/ypK~.
Although their quantum numbers remain undetermined, these states have generated significant theoretical
interest. We analyze their spectrum and decay patterns—including those of their spin partners—within the
Born-Oppenheimer (BO) effective field theory (BOEFT), a framework grounded in QCD. At leading order
in BOEFT, we identify these pentaquark states as bound states in BO potentials that exhibit at short distance
a repulsive octet behavior and a nonperturbative shift due to the adjoint baryons masses, while
asymptotically approaching the XD threshold. We further incorporate O(1/ mg) spin-dependent correc-
tions to compute pentaquark multiplet spin splittings. Based on the spectrum, semi-inclusive decay widths to
J/w and 7., and the decay width ratios to A.D and A,.D*, we provide the first theoretical predictions for the
adjoint baryon masses, which can be confirmed by future lattice QCD studies. Moreover, our analysis
supports the quantum number assignments: J* = (1/2)~ for P (4312)", (3/2) for P..(4380)*, (1/2)~
for P.;(4457)", and (3/2)~ for P;(4440)". We also present results for the lowest bottom pentaquarks.

DOI: 10.1103/5z3t-rq5f

I. INTRODUCTION

QCD, the established theory of the strong interaction,
describes the dynamics of quarks and gluons. The property
of color confinement confines quarks and gluons into color-
singlet hadrons and allows for a richer spectrum of bound
states than conventional mesons (quark-antiquark pairs) or
baryons (three-quark states) [1-3] including exotic hadrons
such as tetraquarks (four-quark states), pentaquarks (five-
quark states), hybrids (bound states of quarks with gluonic
excitations), and glueballs (bound states composed purely
of gluons) and so on; see Ref. [4] for a review. The past two
decades have seen a surge of discoveries of XY Z states that
are exotic hadrons with at least two heavy quarks and are
often located near or above open-flavor thresholds. The
Belle experiment in 2003 discovered the first XYZ state,
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xc1(3872), containing a charm quark-antiquark (c¢) pair, in
the B - Kntn~J/y decay channel [5]. This breakthrough
paved the way for the discovery of dozens of new XYZ
hadrons by various experiments at the B-factories (BABAR,
Belle, Belle2), z-charm facilities (BES, BESIII), and also
proton-(anti)proton colliders (CDF, DO, LHCb, ATLAS,
CMS) (see Refs. [4,6-11] for reviews). To date, approx-
imately 55 XYZ states with at least two heavy quarks have
been observed [12]. Among them are six pentaquark states
discovered by LHCb in the cc¢ sector: four isospin half-
integer (I =1/2) states P.(4312)", P.(4380)",
P.:(4440)", and P.:(4457)" with quark content ccqqq
and two isospin integer (I = 0) states P,:(4338)° and
P,:(4459)° with quark content ccsqq, where g = (u,d)
[13-16]. Understanding the nature of these pentaquark
states remains an elusive problem.

The LHCb Collaboration first reported the discovery of two
hidden-charm pentaquark states in the J/y p invariant mass
distribution of the Ag — J/wpK~ decay [13]. These included
a broad state P_.;(4380)" with mass 4380+30MeV and
width 210 4= 90 MeV, and a narrower state P,.;(4450)" with
mass 4449.8 = 3 MeV and width 39 + 20 MeV. Four years
later, in 2019, a subsequent updated analysis with larger data
sample (Run 1 and Run 2) by the LHCb Collaboration found
a new narrow state P.z(4312)" and further resolved the
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originally reported P.:(4450)" into two distinct narrow
resonances: P.:(4440)" and P.:(4457)" [14]. The broad
state P.;(4380)" was neither confirmed nor refuted in the
updated analysis, which was only sensitive to narrow peaks.
A clear signal for this state was not seen in the J/y p mass
spectrum in Ref. [14], and therefore the existence of
P.:(4380)" needs further experimental confirmation. In
our work, we refer to a “P.:(4380)"” state, whose mass
aligns with the value reported in Ref. [13], although our
predicted decay width is significantly smaller and incon-
sistent with that analysis, which is now considered obsolete.
Table I shows the four hidden-charm pentaquark states
reported in the particle data group (PDG) [17]. The quantum
number J” assignment of these states is not yet known.
The hidden-charm pentaquark states P.; were theoreti-
cally anticipated well before their experimental observation
[18-25]. After the LHCb Collaboration discovery, a wide
range of theoretical frameworks has emerged to explain the
nature of the pentaquark states such as hadronic molecules
[26-58], compact pentaquark states [51,59-68], baryo-
charmonia or hadro-charmonia [69-74], cusp effects [51],
triangle singularities [75], and virtual states [76]. Given that
the pentaquark states P.; in Table I have masses within

close proximity of the Z(C*)l_)(*) thresholds, the states have
been widely interpreted as hadronic molecules with S-wave
> DM constituents. In this interpretation, P.z(4312)" is a
(1/2)~ .D state and P.;(4380) is a (3/2)" Z:D state,
albeit with a smaller width compared to the state observed in
the original LHCb analysis [28,29,55]. P.:(4440)" and
P,;(4457)" are both £.D* states, and can be assigned either
(1/2)” and (3/2)7, or (3/2)” and (1/2)~, respectively. In
contrast, the compact pentaquark model attributes positive
parity to some of these states. Within the molecular
framework, the heavy-quark spin symmetry implies that
there is a multiplet of seven pentaquark states (including
three additional states near the X D* threshold with respect
to the four states listed in Table I). As remarked above, in the
molecular framework, the mass spectrum alone is insuffi-
cient to determine the J” numbers of P.(4440) and
P.(4457). Many studies have addressed this J? issue
[31,43,44,55,56,77-80]. We discuss the quantum number
assignment in Sec. III.

TABLE L

The pentaquark states P.:(4312)", P.;(4440)*, and
P.:(4457)" have been investigated using lattice QCD by
calculating the S-wave scattering of £.D and X .D* via
Liischer’s method only in the /(J”) = 1 (1/2)~ channel at a
pion mass of 294 MeV and with a lattice spacing of 0.08 fm.
Two bound-state poles were found with one corresponding
to P.:(4312)" and the other to either P.:(4440)" or
Pz (4457)" [81].

Beyond spectroscopy, decay properties are also key to
understanding the structure of the pentaquark states. Several
approaches have been used to study the decay of charm
pentaquark states P, into J/wp, n.p, A.D") and £.D)
thresholds [29,41,45,55,57,58,79,82,83]. Most recently, the
LHCDb Collaboration performed a search for P.;(4312)",
P.-(4440)*, and P,;(4457)" states in the prompt A D),
A.D™, and A, zD™) mass spectra. No significant signal was
observed [84]. Thus far, the only observed decay channel for
the P.; pentaquark states remain J/y p.

In this paper, we use the QCD effective field theory
called BOEFT to address both the spectra and decays of
quarkonium pentaquark states QQgqq, without making
any a priori assumption on their quark configurations. The
BOEFT is derived from QCD on the basis of symmetries
and scale separations and results in coupled channel
Schrodinger equations governing the dynamics of the states
[85]. A crucial input to the Schrodinger equations are the
static energies or potentials between the heavy quarks due
to light quarks or gluons. These are nonperturbative
functions of the heavy quark separation to be computed
in lattice QCD. Currently, there are no lattice QCD results
for the pentaquark static energies. However, BOEFT
constraints the behavior of the static energies based on
the symmetries both at short and long distances. While
BOEFT requires lattice input for the static energies com-
puted from some generalized Wilson loops, the factoriza-
tion inherent the framework ensures that only a small set of
universal, flavor-independent nonperturbative correlators
are needed, greatly simplifying the problem.

The Born-Oppenheimer picture has been used for a long
time to study QCD bound states such as heavy quarkonium
hybrids [86-94]. It has been recast into an EFT framework
known as BOEFT [85,95-99]. For hybrids, the BOEFT has

List of nonstrange pentaquark states with quark content c¢gqq, where ¢ = (u, d) that are listed on

PDG [17]. All the states have I = 1/2 but J¥ quantum numbers are unknown.

State (PDG) M (MeV) I' MeV) 1(J7) Decay modes
P(4312)" 4311.9%79 1045 1/2(2?) JJwp
P.;(4380)" 4380 + 30 210 + 90" 1/2(?) J/wp
P:(4440)" 44407249 21+ 1/2(2%) J/wp
P (4457)*" 44573149 6.4759 1/2(277) JJwp

*The reported width is based on the original analysis [13], which is nowadays considered obsolete.

"Earlier, this state was P,;(4450).
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been used to study the spectrum, incorporating spin
corrections in the hybrid multiplets through spin-dependent
potentials [95,100-104], and computing semi-inclusive
decays to low-lying quarkonium states [100,105,106]. In
addition, decays of hybrids into open-flavor threshold
states have been investigated within this framework
[107-109]. The BOEFT formalism has been also applied
to study spectra and decays of doubly heavy baryons [110—
113] and recently the lowest-lying tetraquark multiplets,
including their spin splittings [114,115].

The paper is organized as follows: in Sec. I, we give a
brief description of the BOEFT, information on the
quantum numbers, expressions of the pentaquark static
energies relevant for lattice QCD computation, and the
expected short and long distance behavior of the static
energies. In Sec. III, we first write the coupled Schrédinger
equations that follow from BOEFT for pentaquark states
ignoring spin corrections and then we include spin cor-
rections using first-order perturbation theory to identify the
experimental states. We discuss the different scenarios for
the quantum number J? assignments to the pentaquark
states in the charm sector. In Sec. IV, we examine the
decays of the pentaquark states into J/w, 1., A.D, and
A.D* based on the scenarios in Sec. III. In Sec. V, we give
the results for the bottom pentaquark states P,; based
on the preferred scenario fixed by the spectrum and decays
of the charm pentaquark P.; states. Finally, Sec. VI
contains discussion and conclusion.

II. BORN-OPPENHEIMER EFFECTIVE THEORY

Heavy quarkonium systems and hidden-heavy systems
are hadrons made of a heavy quark-antiquark pair (cc¢ or
bb) bound to light d.o.f. (LDF) such as gluons g or light
quarks g or antiquarks g. The large heavy quark mass scale,
mg, introduces significant simplifications: the scale is
perturbative (mg > Agcp, With Agep the nonperturbative
hadronic scale), and the quarks move nonrelativistically,
ie., v < 1, where v is the relative velocity of the heavy
quark-antiquark pair in the bound system.

The simplest hidden-heavy systems are quarkonium states
(QQ), which are color singlet heavy quark-antiquark bound
states with no valence LDF in the bound state. In contrast,
pentaquark states QQgqq are examples of hidden-heavy
systems with three light quarks as LDF bound to the QQ pair
to form a color-singlet state. Other examples include hybrids
(QQg), where a valence gluon contributes to the dynamics
and tetraquarks (QQgg), which contain light quark-anti-
quark pair as valence LDF. The relevant energy scales to
describe such systems made of two nonrelativistic heavy
quarks (QQ or even QQ) are the mass scale my, the relative
momentum scale myv ~ 1/r, where r is the relative distance
between the heavy quarks, and the heavy-quark-antiquark
binding energy scale mgv?. Such scales are hierarchically
ordered as mg > myv > myv?, where v << 1 is the

relative velocity of the heavy (anti)quark in the bound
system. In addition, in QCD, there is the nonperturbative
energy scale of the LDF, Agcp. Apart from the heavy quark
mass, the treatment of the other energy scales depends on
their proximity to Agcp, as nonperturbative methods have to
be used if the scales are close to it. The challenge of dealing
with multiple intertwined energy scales in nonrelativistic
bound states of QCD has been systematically addressed by
substituting QCD with simpler yet equivalent nonrelativistic
effective field theories [88,116—-121].

The suitable EFT for describing systems with two heavy
quarks after integrating out the heavy quark mass scale m,, is
nonrelativistic QCD (NRQCD) [116,117]. NQRCD is for-
mulated as a systematic expansion in 1/m,,. For exotic states
such as pentaquarks, which are typically extended objects,
we assume that the LDF responsible for their binding satisfy
the hierarchy condition myv 2 Agep > mg v?. This hier-
archy implies that the nonrelativistic motion of the QQ pair
evolves with a much larger time scale compared to the LDF
time scale, 1/Agcp. It also implies that mixing between
states separated by energy gaps of order Agcp is parametri-
cally suppressed.' This separation of scales naturally moti-
vates the use of the BO approximation, well known from
molecular physics [122,123]. In the context of QCD bound
states, focusing on the lower-energy dynamics at the scale
mg v? by integrating out all the higher-energy scales above
mpv? leads to the BOEFT [85,95-99]. In BOEFT, the LDF
dynamics is encoded in the static potentials between the
heavy quarks. In this work, we apply the formalism
developed in Refs. [85,105,109] to the study of spectrum
and decays of QQgqq pentaquark states. We consider both
semi-inclusive decays to quarkonium states like J/y, 7., and
decays to baryon-antimeson A.D, and A,D* thresholds.

A. BO quantum numbers

In the static limit, eigenstates and eigenvalues of the
QCD Hamiltonian in the QQ sector are referred to as static
states and static energies, respectively. In this limit, the
heavy quarks act as static color sources, while the different
LDF configurations identify different static energies that
are labeled by the BO quantum numbers A{, representa-
tions of the cylindrical symmetry group D,. The quantity
A is defined as A = |4] = |K - 7|, where 4 is the eigenvalue
of the projection of the LDF total angular momentum (spin)
K along the heavy quark pair axis 7. For integer values of A,
we use the standard notation of capital Greek letters:
2 ILA,... for A=0,1,2,.... The index 7 is the CP
eigenvalue, if CP is a good quantum number, elsewhere
it is the parity P, and is denoted by g = +1 and u = —1.
The index o = £1 is the eigenvalue of the reflection
operator with respect to a plane passing through the

'Note that states like quarkonium and pentaquarks cannot mix
due to differences in quantum numbers such as isospin.
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7 axis. The index o is explicitly written only for X states,
which are not degenerate under reflection. The static
energies are also characterized by the flavor quantum
numbers of the LDFs, such as isospin / and projection m;,
baryon number b, and so on.

Assuming that the angular momentum operator K> has
eigenvalues k(k + 1), which restricts the projection to
A < k, we introduce the shorthand notation

x={k". f}. (2.1)

where f denotes the LDF flavor indices.” The quarkonium
states are isoscalar states with x = {07, 7 =0}, while
pentaquark states have nonzero isospin and nonzero LDF
spin k. It is important to note that k is a good quantum
number only at short distances (r — 0), where the sym-
metry group of the system becomes the spherical symmetry
O(3), but not at large distances, where the symmetry of the
system is D,.

For 0Qqqq pentaquarks, the total spin K of the three
light quarks can only assume half-integer values. As a
result, the standard notation for the BO-quantum numbers
Aj is not applicable: there are no established labels for A
in the half-integer case, the reflection quantum number o
does not appear without a A =0 state, and, because
CP transforms a light ggq state into a g g g state, the
CP eigenstates are even and odd linear combinations of
the two.’ For notation, we choose to label the LDF states
by k” and represent the BO quantum numbers as (A)ﬂ,
where 5 refers only to parity P, and A = |K-7|. The
ground state with given BO quantum number is labeled
(A),, whereas excited states with the same quantum

numbers are labeled (A);, (A)y, .-

B. Pentaquark static energies: Operator and
behavior at short distance

While quarkonium QQ states are bound states of a heavy
quark-antiquark pair with no LDF, pentaquark QQgqqq
states are bound states with three light quarks as LDF. In the
r — 0 (short-distance) limit, where r is the separation
between the heavy quark and antiquark pair, the color
quantum number combination of the QQ pair results in
both color singlet and color octet configurations. In the
color octet case, the (QQ)y pair binds with the LDF that are
in the adjoint representation of SU(3) to form color singlet
hadrons. We refer to those LDF states with quantum
numbers kP in the adjoint representation as adjoint
hadrons. In the context of the current work, the color
octet case describes pentaquarks [(QQ)g + (¢qq)g], while

*For notational ease, we explicitly mention whenever we
suppress the flavor index f.
3See Sec. IV C in Ref. [85] for more details.

the color singlet case corresponds to quarkonia (QQ), or
quarkonia with light hadrons [(Q0), + (gqq),] [85,99].}

The static energy—also known as the BO potential—for
the pentaquark state with BO-quantum number (A), can be
computed from the large time behavior of the logarithm of
an appropriate gauge-invariant correlator, as follows:

E(A) (”)

n

EK,M\(F)

Tlim %10g[<vac|(9kvﬁ(T/2,r,R)

x OF (=T/2,r,R)|vac)], (2.2)
where « is given by Eq. (2.1) and |vac) denotes the NRQCD
vacuum. The gauge-invariant interpolating operator O, ; is
a function of the relative coordinate r = x; — x, and the
c.m. coordinate R = (x; + x,)/2 of the QQ pair, x; and x,
being the space locations of the quark and antiquark. The
LDF isospin or flavor quantum numbers are not explicitly
written. For a heavy quark-antiquark octet, O, ; can be
given in terms of NRQCD fields by

O i(t.r.R) = 4" (. R+r/2)p(t;R +1/2,R)PL H (1. R)
xT9(R.R—r/2w(t,R—r/2),  (2.3)

where the field y is the Pauli spinor that annihilates the
heavy quark and y is the Pauli spinor that creates the heavy
antiquark; they satisfy canonical equal time anticommuta-
tion relations. The matrices 7% (a = 1, ..., 8) are the SU(3)
generators and ¢(f;x,y) is the Wilson line

P(t;x,y) = Pexp {—ig /x dz 'A(t,z)], (2.4)

y

with P the path ordering operator. The operators Hg'( (R)
are related to adjoint baryons when the LDF are three light
quarks. The projection vectors Py ; with a the vector or spin
index project onto eigenstates of K - 7 with eigenvalue 4,
thereby fixing the cylindrical symmetry group D, quan-
tum numbers. They are are given in terms of Wigner D-
matrices and read [85]

P%(0.9) = 87° 1y (0.6, ¢) (2.5)
KA Q) = 2k+1 ka U,9), .
where a =k, ...,0,...,—k, as we are using a spherical

basis. Specific expressions of different projection vectors
are in Appendix F of Ref. [85]. For quarkonium, the
quantum numbers of the LDF are x = 0™, which implies a
trivial form of the projection vector: Py, = 1. Indeed,

*Lattice QCD calculations show that these states are not
sufficiently bound to form a multiquark state [124,125].
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setting P¢,Hg¢(t,R)T* =1 in Eq. (2.3) identifies the

color singlet (QQ); state corresponding to quarkonium.
In the current work, we consider the lowest pentaquark
states QQqqq, where g = (u,d), listed in Table I, all of
which have isospin I = 1/2. Without orbital excitations,
the three light quarks have positive parity and can have total
spin either as a spin doublet [k” = (1/2)*] or a spin quartet
[k = (3/2)"]. Their isospin can similarly be either a
doublet (I = 1/2) or quartet (I = 3/2). However, the light
quarks being indistinguishable, the Pauli exclusion princi-
ple imposes constraints on the whole color-spin-isospin
|

Haa

8.1,=+1/2,(1/2)* (1. x)

combinations, which must be totally antisymmetric under
quark exchange. As a result, in the color-octet sector, all
combinations of spin and isospin are allowed except for the
case where both are quartets (I = 3/2, k = 3/2).” For light
quark spin kP = (1/2)*, we denote the BO potential

E(1/),(r) and for light quark spin k" = (3/2)*, we denote
the two BO potentials corresponding to the two projections
along the QQ axis as E(yy (r) and E3) (r).

The light quark interpolating operator Hg(#,x) for
I=1/2,13=41/2, and k = 1/2 is given by [85]

_ 2 2 2 2 2
= [(6ap, O, + 0,05, + 0ap,05,,) Oy, Thp, + S0, Th p, + 011,71, ) (T2 1y,

2 2 2 2 2 2
+ (5aﬂ16ﬁzﬁ3 + 6 2083, + 5aﬂ30ﬁ2ﬁ1)(513f1 Thats + 513f27f3f1 + 513f31f2f1>

(T3)1 1,4,
(T

2 2 2 2 2 2
+ (8ap, 5., + BapsOp, + Bapy 55 ) Orp Ty, + 01, T g, 01,177 ) (T ]

X (Pyqu g, (.0)) (Poqy,p, (1.%))(Pqy,p (1.2) )5,

and for I = 1/2, I; = £1/2, and k = 3/2, it is given by

Ht oy (63) = [l (€n 610 pp, + il (€
X (Crmiiag, (em - it?) gy, + Cilil (€

+ (Cop, (€ - 8i0%) 5.5, + CltY) o (€

X (Criliag, (@m - 7it) gy, + Cilils . (e

+ (C?{nzl(l/Z/}] (€n ”iaz)ﬂzﬁz Cimzla/%’z(

X (Criliag, (@n - 7it) 1, + Cilila, (e

X (Poq, s, (t.%))P1(Poqp,p, (1.%))2(Poqp, s, (1. %)),

where repeated indices are summed over, a, f; (i = 1,2,3)
are the spin or vector indices, f; (i = 1,2, 3) are the isospin
or flavor index, [; (i = 1,2, 3) are the color index, Cffnzf’/%
and C }{nz 11 /32 s, are Clebsch-Gordon coefficients and the color

matrices (7;)¢ (i =1,2,3) are defined as

(T )1]k
(T )z/k

ek (Tz)l,k ilkT?jv

€llelk (28)

The projector P, = (1 +y°)/2 in Egs. (2.6) and (2.7) is
required due to positive parity [98,126]; it selects a two-
component Pauli spinor, 6> and 7 are the antisymmetric
spin and isospin Pauli matrices, ¢’ and 7’ are the spin and
isospin Pauli matrices, and e, are the spherical basis
vectors

(2.6)
. 3/2a .
' 6162)ﬂ1ﬂ3 + Clml(/z/}z( ’ GZGZ)ﬁlﬁz)
. 1/21 .
22T g, g+ Ci g, (€n - i7) 1,1 ) (T2)f 4y
. 3/2a .
‘5102)ﬂ3ﬂ1 Clml{/Zﬂg( 'Glaz)ﬁzﬁl)
. 1/21 .
’ Tsz)f3f1 + Clm1/32fz (em ) Tsz)fol )(T3)?1~12-13
. 3/2a .
'510'2)/13111 Clml/Zﬁg( 'Glgz)ﬁlﬁz)
1/21 .
$TiT )f3f1 + Cl;nl;ng (em ) Tnz)flfz)(Tl)?lJz-ls]
(2.7)
|
e =(0.0.1), e, =—(1,i,0)/V2,
e, = (1,-i,0)/V2. (2.9)
Replacing the Clebsch-Gordon coefficient C3/ 2a 125 in

Eq. (2.7) with C}/>

polating operator, H8»13:i1/2»(3/2) (t,x), for I=1/2,

= 41/2, and k = 1/2. As discussed in Secs. I C and
IID 1, and summarized in Tables II and III, there are in fact
two distinct k” = (1/2)" configurations. The interpolating
operator in Eq. (2.6) corresponds to the light quark pair-
quark combination kY, ® kb = 0" ® (1/2)*, while the

yields another light-quark inter-

>There is no fully antisymmetric combination in color for three
identical quarks in a color octet configuration. For details, see
Appendix H in Ref. [85].
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TABLEIL J” multiplets for the lowest pentaquark states QQqqq where ¢ = (u, d) and P denotes the parity of the state. We represent
the BO quantum numbers (D, representation) in the third column as (A),, where # = g denotes positive parity and A = |K - r|. There
are two distinct multiplets corresponding to two distinct adjoint baryons with light spin parity (1/2)*: one multiplet with K = (1/2)*
corresponds to states near the A,/A;, — D/B thresholds, while the other multiplet with k¥ = (1/2)* together with the multiplet with
kP = (3/2)* corresponds to states near the ./, — D/B thresholds. In the table, we only show the J” multiplets associated with the
lowest pentaquark states near the X./¥, — D/B thresholds, since no experimental states have been seen observed near the
A./A, — D/B thresholds.

Q0 color state Light spin k” BO quantum # D, l JP {s=0,s=1}

Octet 8 (1/2)* (1/2), 1/2 {1/27,(1/2,3/2)"}
(3/2)* {(1/2),.(3/2),} 3/2 {3/27.(1/2.3/2.5/2)"}

TABLE III.  Total LDF spin-parity k” quantum numbers of light quark pair-quark (g¢ ® ¢) combinations for the lowest light-quark

states forming BM pair thresholds. The light-quark states have quantum numbers k%, and kf. The BO quantum numbers corresponding

to k” are listed in the third column. The prime in the third row indicates the excited state of the same BO quantum number. The first row,
which accounts for the spin singlet gg pair, is relevant for the A.D or A,B thresholds with isospin I = 1/2, while the second and third
rows, which account for the spin triplet gq pair, are relevant for the =.D or X,B thresholds, and include both isospin 7 = 1/2 and
1=3/2.

kb, @ kb kP BO quantum D,

0" ® (1/2)* (1/2)* (1/2),

1+ ® (1/2)* (1/2)* (1/2),
(3/2)* 1(1/2)5,(3/2),}

operator obtained via the above substitution corresponds to
kb, ®@ kb =1t ® (1/2)*.

Following Ref. [85], the short-distance behavior of the
pentaquark BO potential EE?\)) (r) can be written as

n

E(A) (r> = V0<r) + A+ O(rz)’

n

(2.10)

where V,(r) = a,/(6r) is the color octet potential and A,
is the adjoint baryon mass with x = {(1/2)*,1 = 1/2} and
{(3/2)*",1 = 1/2}. Equation (2.10) incorporates the infor-
mation that, at leading order in the multipole expansion,
several BO potentials become degenerate as they depend
solely on the adjoint baryon quantum number x = k% (see
the second column of Table II). The degeneracy is broken
by the O(r?) terms that arise from the multipole expan-
sion [88].

C. Pentaquark multiplets

The lowest quarkonium pentaquarks are bound states in
the BO potentials (static energies) with BO-quantum number
(1/2),, corresponding to the adjoint baryon kP = (1/2)", or
BO potentials with BO-quantum numbers (1/2) and (3/2),
corresponding to the adjoint baryon k” = (3/2)* (see
Table II). The ordering of the adjoint baryon masses for
(1/2)* and (3/2)" is not known from lattice QCD. We
consider both adjoint baryons for the ground state. For
kP = (3/2)", we need to consider both static energies

(1/2); and (3/2), because they are degenerate in the short
distance limit. The states associated with the static energies
(1/2), and (3/2),, mix, and their dynamics are governed by
a set of coupled Schrodinger equations [85]. Higher static
energies are assumed to be separated from the static energies
(1/2),, (1/2), and (3/2),, by a gap of order Agcp (at least
true for the hybrid static energies), and their modes are
integrated out when integrating out LDF of energy or
momentum of order Agep.

We define the total angular momentum of the state as
J =L+ S8, where the angular momentum L = Ly, + K
is the sum of the orbital angular momentum L, of the
QQ pair and the spin K of the LDF, and § = S, + S, is
the total spin of the QQ pair. The associated quantum
numbers are as follows: J(J+ 1) and m; are the
eigenvalue of J? and J; respectively, [(I+ 1) is the
eigenvalue of L2, and s(s + 1) is the eigenvalue of 2. In
addition, we denote the quantum number of the angular
momentum Ly, by L. In Table II, we show the results
for the J¥ multiplets of the lowest QQgqq pentaquark
states, where P denotes the parity of the state. Notably,
there are two distinct multiplets corresponding to
two different adjoint baryon configurations with light

®An analogous degeneracy at short distances occurs in the case
of the hybrid static energies X, and II, [88,89,127] and the
tetraquark static energies X" and IT, [85,114].
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spin-parity k¥ = (1/2)": one multiplet is associated
with states near the A./A,— D/B thresholds, while
the other—along with the & = (3/2)" multiplet—is
associated with states near the X./X, — D/B thresholds.
Hence, in total, there are 10 possible J states. However,
three of these states are excluded as no experimental
states have been seen observed near the A./A, — D/B
thresholds. As we will see in Sec. IID, this has
implications on the behavior of the BO potentials.

As seen in Table II, all the ground-state pentaquark
states have negative parity given by P = (—1)""* [85]. The
QO pair has negative intrinsic parity, while the three light
quarks have positive intrinsic parity. For k' = (1/2)* with
[ =1/2, the negative parity P implies L, =0 and for
kP = (3/2)* with [ =3/2, the negative parity implies
Lyo=0,2.

D. Behavior of pentaquark BO potentials and
parametrization

1. Mixing with baryon-antimeson threshold

The BOEFT constrains the behavior of the BO (static)
potentials at short and large distances based on the BO
quantum number [85]. At short distances (r — 0), the
form of the potential is fixed by the potential NRQCD
multipole expansion: for color octet (QQ)s, the potential
is the sum of the repulsive color octet potential, adjoint
hadron mass and higher-order corrections of (’)(A%CDrZ)
[85,88]. At large distances (r — o), the form depends on
the LDF. In the quenched approximation, where the LDF
consist solely of gluons (quarkonium and hybrid
configurations), lattice QCD calculations show that the
static potentials grow linearly with the interquark dis-
tance r (see recent lattice results in Refs. [128—130]). In
contrast, in the unquenched case, the LDF include light
quarks, and the relevant long-distance behavior is gov-
erned by the heavy-light hadron pair thresholds, such as
the heavy baryon-heavy antimeson threshold (denoted by
BM for notational ease) in the QQgqq pentaquark
system.

The LDF quantum numbers of the BM thresholds are
inferred from the light quark spin, k¥, in the heavy
antimeson and the light quark pair spin, &}, in the heavy
baryon: k; = (1/2)" for the ground-state heavy antimeson
and kb, = 0" and 1" for the ground-state heavy baryon,
where we assume that the K = 0t state is lower in
energy.7 The total LDF spin-parity k and the correspond-
ing BO quantum numbers in the Aj representation for the
lowest BM thresholds are listed in Table III. The BO
quantum number conservation between adjoint baryons

"This is supported by the observation that A-baryons have
lower mass than X-baryons.

(Table II) and BM thresholds (Table III) implies that the
QO pentaquark BO static potentials with repulsive color
octet behavior at r — 0 decrease as r increases and
eventually evolve smoothly into BM thresholds at r —
oo [85,115]. This constraint severely restricts the potentials
capable of supporting bound states. These are only the
pentaquark potentials that cross the BM threshold and then
approaches it from below. If the pentaquark potential
decreases monotonically as r increases and connects to
the BM threshold from above, it cannot support bound
states [85,115].

The LHCDb experiment has observed four half-integer
isospin (I =1/2) pentaquark states: P.:(4312)7,
P.:(4380)", P.:(4440)*, and P.;(4457)", all with quark
content c¢qqq, where ¢ = (u, d) [13,14]. The J* quantum
numbers are unknown. All of these states are below the
spin-isospin averaged X.D threshold (which includes
.D, :D, £ .D*, and £:D*) and are above the spin-
isospin averaged A.D threshold (which includes A D and
A.D*). Notably, no states have been observed near the
spin-isospin averaged A.D or A,B thresholds. This
suggests that the static potential with BO quantum number
(1/2), corresponding to the adjoint baryon (1/2)" for
kf;q = 0" (first row in Table III) decreases monotonically
with r and joins the A./A,—D/B thresholds from above—
thus failing to support bound states, as sketched in Fig. 1.
In contrast, for the BO potentials with quantum numbers
(1/2), and (1/2);,(3/2), corresponding to the two
adjoint baryons (1/2)* and (3/2)" with k[, = 17 (second
and third rows of Table III) and asymptotically connecting
to the X./%,-D/B thresholds, two scenarios appear
possible:

(1) Only the potentials with BO quantum numbers
{(1/2);.(3/2),} cross the ¥./%,~D/B thresholds
and then approach them from below, supporting
bound states (see Fig. 1), while the potential with
BO quantum number (1/2),, joins the X./%,~D/B
thresholds from above, thus not supporting any
bound state. This implies that the lowest pentaquark
states are only four, those associated with the
multiplet of the adjoint baryon (3/2)" (see Table II).
This number matches the number of observed
pentaquark states reported in Table I.

(2) All the static potentials with BO quantum
numbers (1/2), and {(1/2),(3/2),} cross the
¥./2,—D/B thresholds and then approach them
from below, supporting bound states near the
potential minima (see Fig. 1). This implies that
the lowest pentaquark states are the seven penta-
quark states associated with the multiplet of the
adjoint baryons (1/2)" and (3/2)" (see Table II).
Of these seven states, four can be associated with
the observed pentaquark states reported in Table I;
the remaining three must be understood as
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r
FIG. 1. TIlustrative figure showing BO potentials that decrease

monotonically with r and connect to the baryon-antimeson
thresholds at large distances. The blue curve represents a BO
potential that approaches the XD threshold from below, poten-
tially supporting a bound state. In contrast, the red curve
corresponds to a BO potential that approaches the A D threshold
from above, in which case, making it unlikely to support any
bound state. Furthermore, though not shown here, a BO potential
may dip slightly below a threshold, such as the A,D one, cross it
again, and then approach it from above, in which case it could
support a resonant state [115].

yet undetected. The first scenario has been
analyzed in Ref. [131]. In the current work,
we analyze the second one. We only consider / =
1/2 adjoint baryons and exclusively focus on the
static potentials that asymptotically connect to the
¥./%,—D/B thresholds.

2. Quark masses and parametrization

The charm and bottom quark masses that we use in the
current work are the renormalon-subtracted (RS) charm and
bottom masses [132,133] defined at the renormalon sub-
traction scale vy = 1 GeV and computed in [95]: m{> =
1.477 GeV and mRS = 4.863 GeV. The physical spin-
isospin averaged BM thresholds are Es p =4.470 GeV,
and Ey p = 11.140 GeV [17]. We choose the zero of
energy to be the spin-isospin averaged X.D threshold for
charm and X, B threshold for bottom. For completeness, the
spin-isospin averaged A.D and A, B thresholds are E, p =
4.260 GeV and E, 5 = 10.933 GeV [17].

There are no lattice QCD computations of the penta-
quark static potentials. Therefore, we model the potentials
based on the short-distance and long-distance behavior
dictated by BOEFT [85], as follows:

Vljs(r,uf)—|—A,<—1-A,\qr2 r<Ry, 1)
FA”e_’/d/r ’ '

r>RAn

E(A)”<r)_{

where A, €[(1/2),,{(1/2);",(3/2),}]. For the short-dis-
tance part (r <R, ), we use the RS octet potential
VRS(r,v;) up to order o] in perturbation theory® and v, =
1 GeV is the renormalon subtraction scale. The constant A,
is the adjoint baryon mass withk = {(1/2)*,7 = 1/2} and
{(3/2)",1 =1/2}. Due to the lack of lattice data, we
choose the parameters A A, in Eq. (2.11) to be the same as

the parameters for the lowest hybrid potentials in Ref. [94],
as follows:

Ay, = 0.042 GeV3,
A<3/2)g = 0.0726 GCV3.

A(l/2); = 0.0065 GCVS,
(2.12)

For the long-distance part (r > RAn) in Eq. (2.11), we
use the one-pion exchange potential motivated from
molecular models [28,29,44,52,80,134]. The parameters
F,, and R, are determined by imposing continuity up
to the first derivatives. We treat the adjoint baryon
masses A5+ and A+ as adjustable parameters to
reproduce the P.;(4312)", P.;(4380)", P.;(4440)", and
P.:(4457)" pentaquark masses within the experimental
uncertainties.

III. PENTAQUARK SPECTRUM
AND IDENTIFICATION WITH
EXPERIMENTAL STATES

A. Schrodinger equations without
spin splittings

Pentaquarks (QQqqq) are exotic hadrons that are color-
singlet bound states of a color octet QQ pair coupled to
three light quarks ggq. We focus here on the lowest-lying
pentaquark states that can be built from the (1/2), and
{(1/2);,(3/2),} static energies corresponding to adjoint
baryons with quantum numbers « = {(1/2)%,1 = 1/2}
and {(3/2)",1 =1/2} (see multiplets in Table II). For
kP = (1/2)", two values of A (4-1/2) are possible and for
kP = (3/2)", four values of A (+1/2 and +3/2) are
possible. The pentaquark state | Py ) with quantum numbers
N={n,J,my, 1, s}, where n is the principal quantum
number, can be written in the rest frame as [85]

$An expression of the RS octet potential can be found in
Apgpendix B of Ref. [95].

Varying the short-distance coefficients A by 20% requires
adjusting the adjoint baryon mass by only a few MeV to
reproduce the pentaquark masses within experimental uncertain-
ties. Furthermore, replacing the one-pion exchange potential in
Eq. (2.11) with a two-pion exchange potential in the long-
distance part, the adjoint baryon masses A7)+ and A(3/)~ have
to be changed by around 100 MeV and 40 MeV respectively,
to reproduce the pentaquark masses within experimental
uncertainties.
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v, @)

P =3 [ o

The state |r) stands for the static heavy quark-antiquark pair
at the c.m. (R = 0) , A) for the
LDF identified by the quantum numbers x and 4, and the
integration over the coordinates r implies that we are
beyond the static limit. In the short-distance limit » — 0,

the static states are approximate eigenstates of K, whose
eigenvalues are labeled by k.

(N)

The wave functions ¥ ;;” in Eq. (3.1) are eigenfunctions of
K - 7 but not of parity. Under parity, the index 4 goes into —4,
so, the parity eigenfunctions are constructed as a linear
combinations of ‘Pg) (r) and ‘I‘,(fg (r)." Following Ref. [85],
the parity eigenfunctions for the pentaquark multiplet in
Table 11 corresponding to K = (1/2)" can be written as

Wiy pe (1) = Zc;",;:f,s( w0l (0.6) + Py, (0 ¢>) Wiy (MWt (3.2)
m, m,
Similarly, the parity eigenfunctions for the pentaquark multiplet in Table II corresponding to k' = (3/2)" are
3/2 P (r)= \/, ZC‘T’;ZL;S {(P;;v%i(@ @) + Pz_zv (9 qb)) (r)
my,mg
+ (P%é“ll,{f,(e’ $) + Py, (0. ¢)> Wy (), (3.3)

(

where 1//<1/)2) (r), 1//213\//)2)+ (r), and wgllv/)z)+, (r) are the radial wave functions, y,,, denotes the heavy quark-antiquark QQ pair

spin wave function, Cﬂ";gx are suitable Clebsch-Gordon coefficients, and the index P in the subscript on the lhs of Egs. (3.2)
and (3.3) denotes the parity of the states in Table II. The angular eigenfunctions v?ﬁml(Q, ¢) are generalizations of the
spherical harmonics for systems with cylindrical symmetry [123] and are given by

—1)Hm 2141 (I—m)! .

L (0.9) =" P}, (cos@)e™? 4

Vin (0-) 2 \/ dz (L +m(I— )+ ) im(c0s 0)e™, (34)
P?m(x) — (1 _ x)(m—/l)/z(l +x)(m+ﬂ)/2&i+m(1 —x)lH(l —l—x)l_/l (3_5)

The pentaquark wave functions in Eqgs. (3.2) and (3.3) are tensor wave functions. Their Schrédinger equations can be
derived from the equations of motion of the BOEFT Lagrangian [85]. The radial Schrodinger equation for the pentaquark

multiplet in Table II with parity P = — and associated with the adjoint baryon k* = (1/2)7 is
1 ) (l—l/2)(l+1/2) Ny (N)
mor? 0, + mor? T Eqy), |W (12 = E1/2¥ (1)) (3.6)

For the pentaquark multiplet in Table II with parity P = — and associated with the adjoint baryon k* = (3/2)", the
two static energies E /2), and E3 /2), mix at short distances, so, the radial Schrodinger equations are a set of coupled

equations:

)49 _9 (V) ()
20, 4+ —— - I+ =3 Eqpy, 0 Yz £ Yz
L 9 3 0 E () ey )
0 g 3+ 1) -7 W(I+1)—3 (3/2), W3/ W32
(3.7)

where £/, and &3, are the eigenenergies for which we have suppressed the label (N) for simplicity. These eigenenergies
provide the binding energies with respect to the spin-isospin averaged BM threshold—specifically, the ¥.D and X,B

"The projection vectors P¢, in Eq. (2.5) project on states with definite K - 7. States labeled by the index 4 = 0 are eigenstates of K - 7
and parity as well [85,95].
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thresholds—that are set to zero. The static potentials
E(l/z)g, E(l/%, and E(3/2>y are given by Egs. (2.11) and
(2.12) and are independent of the heavy-quark spin. Since
we treat A, in Eq. (2.11) as a free parameter, the
eigenenergies &/, and &3, are functions of the respective
adjoint baryon masses.

Without spin-dependent corrections, we obtain the spin-
averaged pentaquark spectrum with masses given by
Esp+ & and Ey p+ &3y in the charm sector and
Eg,p+ &)y and Ey p+ &3/ in the bottom sector. For
&1j» = €35 = 0, the seven pentaquark states in Table II lie
exactly at the spin-isospin averaged .D or ¥, B thresholds.

B. Spin-splittings

Quantitative results of the pentaquark spectrum that
reproduce the experimental masses of the states listed in
Table I require incorporating spin-dependent corrections,
which depend on the heavy-quark spins Sy, S,, or their total
spin S. The BOEFT potential at O(1/mg)) includes only
static contributions, and solving the Schrodinger equation
in this potential yields degenerate spin multiplets. However,
BOEFT allows for the systematic inclusion of the spin-
dependent corrections to the BO potential, which for
hybrids and tetraquarks appear at order 1/mg, [98,100-
104,114,115]. The general form of the spin corrections to
the BO potentials in terms of generalized static Wilson
loops is known [98], but preliminary lattice calculations of
them exist at the moment only for hybrids [104].

In the absence of lattice data, we evaluate the spin
splittings within the ground-state QQ pentaquark multip-
lets in Table II using a method analogous to the one
developed for the QQ tetraquarks in Refs. [114,115]. The
spin splittings in the multiplet are estimated from the spin
splittings in the heavy-light baryon-antimeson pair states
BM. As discussed, the BO static potentials for the Q0
pentaquark asymptotically approach (smoothly connect to)
the BM energy at large separations (r — o0), owing to the
conservation of BO quantum numbers [85]. Since the spin-
dependent interactions responsible for the BM threshold

ls =0,k =1/2),r_1/2-

|JQqq =1/2.jp,=0) +

splittings arise at O(1/m,), the pentaquark spin-dependent
BO potential at O(1/mg) reduces at large r to a constant
potential Vg that depends on the heavy-quark and anti-
quark spins §; and S,, as follows:

249
‘S1 K, + ASS, - K,

Vs = (3.8)
where K; and K, denote the total light-quark spin in the
heavy baryon B and heavy antimeson M, respectively. The
prefactor 2/3 in the first term on the rhs of Eq. (3.8) is such
that the parameter A2, which is proportional to 1/m,, is
equal to the spin splitting between the heavy baryons B*

and B: A§{=064.6 MeV for X, baryons and A} =
19.4 MeV for X, baryons, and Af/b =0 MeV for A, or

A, baryons [17]. The parameter Azg is proportional to
1/mg and is equal to the spin splitting between the heavy
mesons M* and M: A5 = 141.3 MeV for D mesons and
Aé’ =45.2 MeV for B mesons [17]. The energies of the
Dy /b and X/, baryons relative to spin-isospin average are

Qo Q
AT‘ and — 2%. The energies of the D*/B* and D / B mesons
Q

. o . A
relative to spin-isospin average are - and ——*. The
different heavy-light baryon antimeson thresholds relatlve

to spin-isospin average threshold are (— 287 _ &) for BM,

3
(AT? ) for B*M, ( 27 TZ) for BM*, (Tl + %) for
B*M*, where B = {ZC,Zb} and M = {D, B}.

Because of the form of the assumed spin interaction in
Eqg. (3.8), it is convenient to move from a basis of the total
heavy-quark spin, labeled by s, and light-quark spin, labeled
by k, to a basis of the Qg and Qgq total angular momenta
labeled by jp, and jou.. respectively. These quantum
numbers match the ones of the heavy baryon-heavy anti-
meson pair states BM, B*M, BM*, and B*M*. The change of
basis may be expressed in terms of Wigner 9; symbols and
found, e.g., in Refs. [29,82,109]. It reads for the pentaquark
states listed in Table II with J¥ = (1/2)~ as follows:

1. .
\/§|JQqq =1/2.jg,=1)

2. )
+ \/:|Jth1 =3/2.jp, = 1),

|S =1k= 1/2>J”=(1/2)’ \/—|]Qqq

V2

1/2 ]Qq _0>

|jQqq = l/z’jQq =1)

_TUQqq =3/2.jps = 1),

2. .
s = 1k =3/2)pquppy = \/gwgqq = 1/2.jg, = 0) -

§|jQqq =

3/2,joq = 1).

7

|]Qqq 1/2.jgs = 1)
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Similarly, for J* = states, we have

(3/2)°

ls =1 k=1/2);r_3/2-

V5

1. .
:7§|JQqq =3/2.jpy =0)

1. )
_§|1Qqq =1/2,jp,=1)

+T|jQqq = 3/2’jQq = 1),

1.
s =0,k=3/2)yr_3)5 = —3 l/ogq

=3/2,jp, =0

1. .
>+7§|ng<1 =1/2,jg, = 1)

/5. .
+ E|JQqq:3/2’JQq:1>’

5. .
ls=1k=3/2)yr_3/0- = \/EUQqq =3/2,jp, =0) +

1.
g|quq:

and for J* = we have

= (5/2)7,

3/2,jp,=1).  (3.11)

ls=1.k=3/2);r_(52)- =ljogq =

To compute the effects of the spin-dependent potential
Vs, we use first-order perturbation theory. We first
consider the pentaquark multiplet in Table II associated
with the adjoint baryon k¥ = (1/2)*. To first order in AIQ
and AzQ, the energies Ej; of the three states in the spin
multiplet are

VNN
Ef'=&,-—L+-2%

(3.12)

where £, is the eigenenergy obtained from the Schrodinger
equation (3.6), the first subscript corresponds to &, and the
second subscript corresponds to J. We next consider the
pentaquark multiplet in Table II associated with the adjoint
baryon k¥ = (3/2)*. To first order in A and AY, the
energies of the four states in the spin multiplet are

_ 5A2  5A%

B =&p By =&p-5 -
- 209 A9 _ AQ  AQ
E§;1:53/2_Tl_?2’ Egglf&/z—f—?l—f-?z,
(3.13)

where &35 is the eigenenergy obtained from the Schrodinger
equations (3.7), the first subscript corresponds to k, and the
second subscript corresponds to J.

In Egs. (3.12) and (3.13), there are three pentaquark
states with J¥ = (1/2)~ and J* = (3/2)~. If the eigene-
nergies &, and 3, are nearly degenerate, then the mixing

3/2,j0q = 1),

V5 .
TUQqq =1/2.jgg=1)

(3.10)

of states with the same J* quantum numbers cannot be
treated as a perturbation. To correctly determine the
physical spectrum or eigenstates, it is necessary to diag-
onalize the 3 x 3 submatrix of Vg in Eq. (3.8) for J =
(1/2) and J* = (3/2)~. As we show in Egs. (3.18),
(3.19), (3.22), and (3.23), the resulting physical eigenstates
(pentaquark states) turn out to be superpositions of states
with heavy quark-antiquark pair spin s = 0 and s = 1.
The 3 x 3 submatrix for J© = (1/2)~ is given by

ES:O ZAQ AZQ 2A|Q AZQ
1l T3ATRA e e
242 A? — V2A2  AY
Mapy = =3h-35 B S5
&Q — A_g \/EAIQ — A_g Es:l
3v6 V6 9 3V2 33
(3.14)
where the rows and columns correspond to
|S—0 k—1/2>JP 1/2 |S—1 k—1/2>JP 1/2) and
s =1,k =3/2)r_(12)-- Similarly, for J* = (3/2)7, the
resulting matrix is given by
- A2 A? NGICIERVEIN
B e R
_ A A? —0 V3A2  VBAL
Mep-=| 55ta5 Ey EEV IR
\/_A? _ ‘/—AzQ _ ‘/EAIQ \/§A§~) Es:]
9 6 33 1 43 3
(3.15)
where the rows and columns correspond to

[s=1k=1/2),r_3/2)-

|S: l,k:3/2>JP:(3/2)—. . :
the matrices M j )5)- and M 3,,)- by ijl/z and E}l,h/2 (i=1,
2, 3),

|S - 0, k - 3/2>JP=(3/2)7, and
We denote the eigenvalues of

respectively. The eigenvectors of the matrices
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M2~ and M3y~ are identified with the physical
pentaquark states, which are superpositions of the multiplet
states (Table II) with well-defined heavy quark-antiquark
pair spin s and LDF spin k. The state with J* = (5/2)~
corresponds to only s = 1, k = 3/2 and [/ = 3/2. Note that
E5W1/2 and Ej‘,h/2 depend on the adjoint baryon masses
A(12)+ and A3/5)+ through the eigenenergies &/, and 3,
obtained from the Schrodinger equations (3.6) and (3.7).
After incorporating spin-dependent corrections, the
masses of the pentaquark states are given as follows: for
JP = (1/2)" the masses are Ey j —I—E}'M]/2 in the charm
sectorand Ey, ; + E 5\41/2 in the bottom sector, while for J¥ =
(3/2)” they are Ey +E§W3/2 in the charm sector and
Ey, g+ E}'V,m in the bottom sector. Finally, for J* = (5/2)7,
the masses are given by Ey p + E3 ! in the charm sector and

22

Es, g+ Eg? in the bottom sector.

In the next subsection, we focus only on the charm
pentaquarks. We discuss different plausible scenarios for
|

o[ 2A% 3AS 2AC AS AS
Mw(‘T_T’_T 43
o (A 3AS 0 2A%  AS AS
Ms2 = <?_T’_ 3473

where the first, second, and third entries in the parentheses
correspond to i = 1, 2, 3, respectively. The masses of the
states are obtained after adding Ey _p to the eigenvalues E 5‘41/2
and Ef"fa/z in Eq. (3.16). This implies that for J* = (1/2)7,
there is a state exactly at each of the £.D, X .D*, and ;D*
thresholds, while for J* = (3/2)~, there is a state exactly at
each of the =X D, £.D*, and X} D* thresholds. The state with
mass 4.321 GeV at the £.D threshold is identified with
P;(4312)T, the state with mass 4.385 GeV at the ;D
threshold is identified with P.;(4380)%, and the two states
with mass 4.462 GeV at the £,D* threshold are identified
with P.;(4440)* and P ;(4457)*, whose J¥ quantum
numbers could be both (1/2)~ and (3/2). There are three
states at the X:D* threshold with mass 4.527 GeV and
JP =(1/2)7,(3/2)7, and (5/2)".

However, the experimental states listed in Table I have
masses slightly below the X.D, D, and £,D* thresholds
after including spin corrections. The eigenvalues Ej”l/z and
ijm (i =1,2,3) of the 3 x 3 matrices M, and M, are
functions of the eigenenergies &, /, and £3,. To reproduce
the masses of the four observed pentaquark states within
experimental uncertainties (see Table 1), we identify two
optimal choices for these eigenenergies: (&, &3 n) =
(=23 MeV, -1 MeV) and (&,/,.&5),) = (-0.5MeV,
—14MeV), which we denote as Scenario 1 and Scenario
2, respectively. In the following, we discuss both scenarios.

3AS

identifying states with the experimentally observed charm
pentaquarks P,z listed in Table L.

C. Identification with experimental P ; states

1. Scenario 0: £;,=&3,,=0

For illustration, we first discuss the simplest scenario
where the adjoint baryon masses A(j )+ and Ao+ are
chosen in such a way to set the eigenenergies of the
Schrodinger equations (3.6) and (3.7) to zero: &), =
&3/» = 0. This scenario was considered by Voloshin to
study the decay properties of P, states in the molecular
picture in Ref. [41]. Without including the spin-dependent
corrections from Vg given in Eq. (3.8), the states are
exactly at the spin-isospin averaged X.D threshold. The
critical values of the adjoint baryon masses (in the RS
scheme'') that yield &1y =&z, =0 are Agj)rs =
1.149 GeV and A3+ rs = 1.230 GeV.

Including the spin-dependent corrections from Vg, the
eigenvalues Ej, =~ and Ej,  in this scenario are

3A§
TQ> = (—149.1,-7.8,56.9) MeV,
) = (—84.4,-7.8,56.9) MeV, (3.16)

I
2. Scenario 1: €;,=—-23 MeV and €3,,= -1 MeV

The values of the adjoint baryon masses (in the RS
scheme) that yield (&;/,&3/,) = (=23 MeV, —1 MeV)
are A(j2)+rs = 0.998 GeV and Ay gs = 1.209 GeV.
Including the spin-dependent corrections from Vg, the
eigenvalues Ej, . Ej;, . and Eg_;l are

Ei = (—158.1, -25.6, 36.7) MeV,
M),

E;izl =55.9 MeV,
33

Efws/z = (-93.7,-11.4,44.8) MeV, (3.17)
where the first, second, and third entries in the parentheses
correspond to i = 1, 2, 3, respectively. The masses of the
states, obtained after adding Ey j to the results in Eq. (3.17),
and the assigned J” quantum numbers are listed in Table. IV.
The identification with the experimental states is shown
in Fig. 2.

The eigenvectors of the matrices M;;, and M3, in
Egs. (3.14) and (3.15) allow us to express the pentaquark
states in Table IV in terms of the multiplet states listed in
Table II, which have well-defined heavy-quark—antiquark
spin s and LDF angular momentum k:

"We use the RS masses, mRS and mBS, defined at the
renormalon subtraction scale vy = 1 GeV and given in Sec. I D 2.
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P (4312)") 0541 0327
|P.(4440)%) | = [ 0207 —0.842
|P,.(4507)*) —0.815  0.430
|P,.(4380)*) 0.646  —0.484
|P.(4457)%) | = | —0361 0.486
|P,.(4515)*) 0.672  0.727
|Pe(4526)) = |s = Lk =3/2)r_(s0-  (3.20)

3. Scenario 2: €,,=—0.5 MeV and &5, = - 14 MeV

The values of the adjoint baryon masses (in the RS
scheme) that yield (£;/5,&3/,) = (=0.5 MeV, —14 MeV)
are A(1/2)+,RS =1.125 GeV and A(B/Z)*.RS = 1.152 GeV.
Including the spin-dependent corrections from Vg, the

eigenvalues Ey, . Ej, . and E3! are
N 22

Ej;, , = (~158.8,~11.1,55.0) MeV,
EiT! = 42.9 MeV,
22

Ejy,, = (—942,-20.4,50.8) MeV, (3.21)

where the first, second, and third entries in the parentheses
correspond to i = 1, 2, 3, respectively. The masses of the
states, obtained after adding Ey p to the results in

Eq. (3.21), and the assigned J” quantum numbers are
listed in Table V. The identification with the experimental
states is shown in Fig. 3.

Similar to Egs. (3.18)—-(3.20), we can express the
pentaquark states in Table V as

TABLE IV. Masses and assigned J” quantum numbers for the
charm pentaquark states in scenario 1 listed in order of increasing
mass. The first four states are the experimental states shown in
Table 1. The last three states are below the X:D* threshold and
have not yet been observed experimentally. All states have
isospin 1 = 1/2.

P, state Mass (MeV) JP

P.;(4312)" 4312 (1/2)~
P.:(4380)" 4376 (3/2)"
P.:(4440)" 4444 (1/2)~
P (4457)" 4458 (3/2)”
P.:(4507)" 4507 (1/2)~
P (4515)" 4515 (3/2)"
P2 (4526) 4526 (5/2)"

0775\ [Is =0.k=1/2),r_( )
0499 [ | [s=1Lk=1/2)_q1)- |, (3.18)
0.388 |s: l,k:3/2>1p=(1/2>-
0.589 ls=1k= 1/2>JP:(3/2)-
0.796 |s =0,k = 3/2>J”=(3/2)’ ) (3.19)
-0.139 ls=1,k= 3/2>JP:(3/2)7
GeV Including spin corrections:
; MM
4527 fmmmmmmmmmmm e - - -
—— _::4515)+ P.: (4526)*
P (4507)* i
¥.D*
4462 f=====mmmmmm ey O RRELLEEELEEEED
—_—— P.: (4457)*
P, (4440)*
$:D
4386 -mmmmmmm e oS
P.: (4380)*
¥.D
R Ty eyt
—
P, (4312)*
(1/2)” (3/2)" (5/2)”
JP
0.3
0.2 : —
= 0.1 : ]
> ~
(,3, 0.0 XD ]
S
Ea/ -0.1 _ N
-0.2- b
-0.3F ]
_0_4““\““\““\““\““:
0.0 0.5 1.0 1.5 2.0 25
r [fm]

FIG. 2. Top: spectrum of the lowest c¢ pentaquark multiplet in
Table II after including spin corrections in Scenario 1. After solving
the coupled Schrodinger equations (3.6) and (3.7) and using
Egs. (3.14) and (3.15) to account for spin corrections, the obtained
states are represented as horizontal blue bars. The four experimental
P; states listed in Table I are shown as red dots, while the three
unobserved ones are shown as black crosses. Bottom: assumed BO
potential curves E /2), Eq /2,5 and E3 /2), corresponding to the
adjoint baryon masses A2+ rs = 0.998 GeV and A3+ rs =
1.209 GeV. Isospin of the states is [ = 1/2.
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TABLE V. Masses and assigned J© quantum numbers for the
charm pentaquark states in Scenario 2 listed in order of increasing
mass. The first four states are the experimental states shown in
Table 1. The last three states are below the :D* threshold and
have not been experimentally observed so far. All states have
isospin 7 = 1/2.

P state Mass (MeV) Jr
P.;(4312)" 4311 (1/2)"
P.;(4380)" 4376 (3/2)"
P.:(4440)" 4449 (3/2)"
P.:(4457)" 4459 (1/2)~
P.:(4513)" 4513 (5/2)"
P.:(4521)" 4521 (3/2)”
P.:(4525)F 4525 (1/2)-
GeV | . . o
ncluding spin corrections:
NED*
4,527 [ -mmpper = === === m - g ogEn T
+ ——
e (4525) Pee (45217 P (4513)*
¥.D*
4462 [ -aaguaum === mm s oo m s mmmsnen e
e (4457)* o (4440)*
$iD
4.386 === m e
P (4380)*
YD
T 73 | T T TS SRRy S SRR yS SRR
— —
P (4312)F
(1/2)” (3/2)" (5/2)"
JP
0.3_ T T T T T )
02 ¥
i 1
0.1 ]
YD

E(r) [Gev]
|
=

-0.21 1
E[I f2);
r Eizpo
—0.4' P S S S S S S S S
0.0 0.5 1.0 1.5 2.0 2.5
T [fm]
FIG. 3. Top: spectrum of the lowest c¢ pentaquark multiplet in

Table II after including spin corrections in Scenario 2. The masses
are computed from the adjoint baryon masses A;jrs =
1.125 GeV and Ajzjprs = 1.152 GeV. The labeling is the same
as in Fig. 2. Bottom: assumed BO potential curves E(l/z)”, E(l/z);
and E /), for Scenario 2 corresponding to the adjoinf baryon
masses A(j/p)+rs = 1.125 GeV and A3+ gg = 1.152 GeV.
Isospin of the states is I = 1/2.

|P.:(4312)) 0475 0.267 0.838
|P.:(4457)%) | = | —=0.331 —0.829 0.452
|P.:(4525)%) —-0.815 0.492 0.305
ls =0,k =1/2)r_(1)2)
x| Is=1k=1/2)_ |,
s = 1,k = 3/2) 10y
(3.22)
|P.:(4380)") 0.536  —-0.506 0.676
|P.:(4440)*) | = | -0.314 0.624  0.716
|P.(4521)%) 0.784  0.596 -0.176
ls=1.k=1/2);r_3/2)-
x| [s=0,k=3/2)r_3 |,
ls =1.k=3/2),r_32-
(3.23)
|Pe(4513)%) = [s = 1,k =3/2) ;r_(5/2)-- (3.24)

Contrary to Scenario 1, to the states P.:(4440) and
P;(4457) are assigned J* = (3/2)" and J* = (1/2)7,
respectively. Moreover, the pentaquark states that are
slightly below the X:D* threshold have slightly different
masses. In both scenarios, the pentaquark states with J© =
(1/2)~ and J¥ = (3/2)" are superpositions of heavy-quark
pair spin singlet, s = 0, and triplet, s = 1, states reflecting a
violation of the heavy-quark spin symmetry. Only the
pentaquark state with J* = (5/2) has a well-defined
heavy-quark spin configuration with s = 1.

IV. DECAYS

In this section, we examine the decays of the pentaquark
states obtained in Scenario 1 [see Eqgs. (3.18)—(3.20)] and
Scenario 2 [see Eqs. (3.22)—(3.24)], focusing on their
decays into J/w, 1., A.D, and A.D*. We compute the
semi-inclusive decay rates of pentaquark states to J/y and
n. following Ref. [105], and we evaluate the decay width
ratios to A.D and A.D* thresholds following Ref. [109].

A. Semi-inclusive decays to J/yw and 7,

Our aim is to compute the semi-inclusive decay rates of a
pentaquark P,; decaying into quarkonium states J/y and
ne: Pz = J/w+ X and P,z — 5, + X, where X denotes
light hadrons. The energy transfer in the transition
P.:— Q,+ X, with Q, ={J/w,n.} is AE, which is
simply the mass difference between the initial pentaquark
and the final quarkonium state. The energy gap AE is larger
than 1 GeV, and thus satisfies the condition AE > Agcp.

The QQ pairs in pentaquarks are in a color-octet state,
while the QQ pairs in J/y or 7, are in a color-singlet state.
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FIG. 4. Pentaquark state P, (gray blobs), and a QQ pair in a
color-singlet (single line) and octet (double line) state. The singlet
is associated with the quarkonium state. The curly line stands
for the energetic gluon emitted in the transition and the black dots
for the chromomagnetic-dipole (M1) couplings. The vertical line
is the cut. The imaginary part of this self-energy diagram gives
the semi-inclusive widths of the transitions P.z: — J/w + X and
P.: = n.+ X, where X denotes light hadrons. The light quark
d.o.f. that are part of the pentaquark are treated as spectators and
are not displayed.

With such a large energy gap AE, the gluon emitted by the
heavy quarks in the transition from an octet to a singlet state
can be treated in weak-coupling perturbation theory as
shown in Fig. 4 and semi-inclusive decay widths may be
computed along the lines of Refs. [100,105,106].

In BOEFT, all modes associated with high-energy scales
down to and including Agcp are integrated out, which
means that gluons of energy and momentum of order AE
should also be integrated out. This leads to an imaginary
contribution to the pentaquark BO potential related to the
semi-inclusive decay rate by the optical theorem. In the
context of quarkonium hybrids, the semi-inclusive decay
rates of hybrids to low-lying quarkonium states at leading
and subleading power in the inverse of the heavy-quark
mass were computed in Refs [100,105,106] using the
spectator gluon approximation: the LDF (low-energy
gluons) that constitute the hybrid do not interact with
the high-energy gluons emitted in the transition from octet
to singlet that carry the large energy AE > Aqcp. The leading
order contribution comes from the spin-conserving semi-
inclusive decay induced by the chromoelectric-dipole (E1)
coupling of the gluon with the color octet and singlet quark-
antiquark pairs, while the subleading order contribution
comes from the spin-flipping semi-inclusive decay induced
by the chromomagnetic-dipole (M1) coupling of the gluon
with the color octet and singlet quark-antiquark pairs [105].
With spin-conserving (or spin-flipping) decays, we mean that
the spin of the heavy-quark—antiquark QQ pair remains the
same (or changes) from the initial to the final state.

In the context of the present study on pentaquarks, we
use the results from Ref. [105] and the spectator light-quark
approximation: the LDF (three light quarks) in the penta-
quark do not interact with the high-energy gluon of energy
AE. The transition P.. — Q, + X, with Q, = {J/y.,n.}

proceeds via spin-flipping semi-inclusive decay, as
both the initial pentaquark and the final quarkonium states
have zero orbital angular momentum (L, = 0).' We use
the spin-averaged masses for pentaquark and quarkonium
to estimate the decay rates for both Scenarios 1 and 2.
The spin-flipping semi-inclusive decay width is given by
[105,106]

2a(AE)

I'(H, = Q,) = T (TY)AE,  (4.1)

with 7% the matrix element

aj 1 N).at ¢ j j
o [ e 002 e (51 - Shiko)
(4.2)

where k¥ = (1/2)" or (3/2)*, a denotes the pentaquark
vector index, S and S, are the spin vectors of the heavy
quark and heavy antiquark and |y, _) and [y, ) denote the
QQ pair spin state for pentaquark and quarkonium,
respectively. The spin-matrix elements are computed in
Appendix D of Ref. [105]. The pentaquark wave functions
are given by Eq. (3.2) for k¥ = (1/2)" and Eq. (3.3) for
kP = (3/2)", while <I>81)Q denotes the quarkonium wave
function with quantum numbers n = {n,J, m il s}.13

The P,; states are superpositions of both heavy-quark
spin s=0 and s=1 states for J¥ = (1/2)" and
JP = (3/2)~. The nonvanishing of the matrix element
(4.2) constrains the spin-0 component of P; to decay into
the spin-1 final state J/y, and the spin-1 component of P_;
to decay into the spin-0 final state #.(1S). For the spin-0
component, the spin-flipping rate in Eq. (4.1) is multiplied
by a factor 3 corresponding to the three polarizations of
J/w. As evident from Egs. (3.18), (3.19), (3.22), and
(3.23), for the spin-1 component, both k* = (1/2)" and
kP = (3/2)" contribute. The results for the semi-inclusive
decay rates are shown in Table VI.

12Spin—conserving semi-inclusive decays of P would instead
produce P-wave quarkonium states.
13 . . . .
The quarkonium wave functions are obtained from solving
the Schrédinger equation with the potential

VRS(rovp), r< Ry:
Ezf (r) = , s
/ or+ Vj, r> Rz;

where we use the RS singlet potential VRS(r) up to order a; in
perturbation theory (see, e.g., Ref. [135]), 0 = 0.218 GeV? is the
string tension from the lattice determination in Ref. [128], and
vy =1 GeV is the renormalon subtraction scale. The constant
Vi = —0.651 GeV and the matching radius Ry; = 0.339 fm are
determined from demanding continuity up to the first derivative.
To compute the energy difference AE, we use the spin-averaged
quarkonium masses from PDG [17].
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TABLE VI. Semi-inclusive decay rates of pentaquark states
decaying into J/y or n.: P,z = Q, + X, with Q,, = {J/y,n.},
where X denotes light hadrons. The decay rates are computed
from Eqgs. (4.1) and (4.2). The pentaquark states are denoted by
P ;[JP](mass), where the masses are in MeV. We have used the
spin-averaged masses for both pentaquark and quarkonium states
to estimate the decay rates. For both Scenarios 1 and 2 discussed
in Sec. III C, we show the decay rates to J/y on the left and decay
rates to 77, (1S) on the right. The first error comes from assuming
that the adjoint baryon masses have an uncertainty of the same
order as the gluelump masses for hybrids, which is £0.15 GeV
[133]. The second error bar is from varying the scale of g from
AE/2 to 2AE. For the decay rates shown, AE > 1.3 GeV and
as(AE) < 0.32. The first four states in each scenario are the
experimental states shown in Table I. The pentaquark state
P.;[JF = (5/2)7] decays only to 7.(1S).

P:[J"] (mass) — J /y[17"] I (MeV)
Scenario 1

P[(1/2)7](4312) 3114
P.:[(3/2)7](4380) 4142
P.:[(1/2)7](4440) 54242
Pee[(3/2)7](4457) e
P[(1/2)7](4507) 71426 +32
Pel3/27]4515) g
Scenario 2

P.:[(1/2)7](4312) 35141
Pel(3/2)7](4380) 64647
P.:[(3/2)7](4440) 2339 fs”
P[(1/2)7](4457) 13405 406
P[(3/2)7](4521) 2018 £10
P.:[(1/2)7](4525) g3 +
PeclJ"] (mass) — n.(15)[0""] I (MeV)
Scenario 1

Pel(1/2)7)(4312) 2
Peel(3/2)7](4380) Ny
P[(1/2)7](4440) 261 oy
P.:[(3/2)7](4457) 812 3
Peel(1/2)7](4507) s
Pecl(3/2)7]4515) s
P.cl(5/2)7)(4526) sa
Scenario 2

Pel(1/2)7)4312) 155 4
P.cl(3/2)7)(4350) 2
Pecl(3/2)7) (4440) 03
P.:[(1/2)7](4457) 7242
P.:[(5/2)7](4513) 21749

(Table continued)

TABLE VI. (Continued)

P [J7] (mass) — 5.(15)[0~] ' (MeV)
P[(3/2)7](4521) 34
P[(1/2)7](4525) 35 %

The sum of the semi-inclusive decay rates to J/y and
7.(1S) in Table VI provides a lower bound for the total
decay width of the pentaquark state. Particularly, for the
P.z(4312)7 state, the experimentally measured total width
is 10 &5 MeV (see Table I) [17]. Our estimate of the lower
bound on the total width for P ;(4312)" is 38"/ MeV in
Scenario 1 and 18f§ MeV in Scenario 2. The central value
of the estimate from Scenario 1 is around 3.8 times the
experimental value, while the estimate from Scenario 2 is
consistent within errors with the experimental determina-
tion—thus favoring Scenario 2. Additionally, we get the
ratios of the decay rates to #.(1S) and J/y as

['(P.:(4312)" - n.(18) + X)
[(P..(4312)" = J/y + X)
['(P.:(4312)" - n.(18) + X)
[(P(4312)" = Jjy + X)

=0.237048  (Scenario 1),

~50%

(Scenario2).
(4.3)

For comparison, in Refs. [41,82], using the heavy quark spin
symmetry, the analytic ratio of the exclusive S-wave decay
widths for P.:(4312)" — 5.(18) + p and P.;(4312)" —
J/w + p, where p is the proton, was predicted to be

[(P.:(4312)" - J/y + p)

=30.  (44)

Although the central value of our semi-inclusive ratio from
Scenario 2 in Eq. (4.3) is about 1.7 times the value in
Eq. (4.4), the two results are compatible within the quoted
uncertainties.

For the P.;(4380)" state, the experimentally measured
total width is 210 +90 MeV (see Table I) [17], which
implies that it is a very broad state. Our estimate of the lower
bound on the total width is 21f59 MeV in Scenario
1 and 27f710 MeV in Scenario 2—both significantly below
the central experimental value. This discrepancy suggests
that the state identified in our analysis might be narrower
than the experimentally observed one. However, a definitive
conclusion requires narrowing the large uncertainty affecting
the measured width and including in the theoretical deter-
mination the decay channels to A.D* and A.D. For the
P.:(4440)" and P..(4457)" states, the experimentally
measured total widths are 217/ MeV and 6.4757 MeV,
respectively (see Table I) [17]. Our estimates of the lower
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bounds in both scenarios are consistent with the experi-
mental determinations within errors.

For the pentaquark state with J* = (5/2)~, P,..(4526)"
in Scenario 1 or P.:(4513)" in Scenario 2, the decay
proceeds only to an 7.(1S) final state, as shown in Table VL.
This is because the state has a well-defined heavy-quark
spin configuration s = 1.

B. Ratios of decays to A.D and A D"

In this section, our aim is to compute the ratios of the
pentaquark decays to the A.D and A.D* thresholds: P; —
A.D and P,; — A.D*. In the BO formalism, these decays
proceed through a coupling or mixing potential that arises
between BO potentials sharing the same quantum numbers.
In our current work, the pentaquark BO potentials can mix or
couple with BO potentials that asymptotically connect to the
spin-isospin averaged A.D threshold—provided they share
the same BO quantum numbers. The pentaquark BO
quantum numbers are (1/2), and {(1/2);, (3/2),}, corre-
sponding to adjoint baryons k* = (1/2)" and k* = (3/2)™,
respectively, as shown in Table II. The A.D threshold has
BO quantum number (1/2),, corresponding to total light-

|

I(1-1)+3
_mQr2 a”’2ar+mQr2 M+ =5
0
Eqpy, 0 V™ Vi
+1 O Egp, O Vi
ViR 0 By, i

where E} is the BO potential that asymptotically

(1/2), s
connects to the spin-isospin averaged A./A, —D/B
threshold from above, as shown in Fig. 1, without

supporting bound states. The mixing is unknown, since
it has not yet been measured in lattice QCD. We assume
that it is much smaller than the energy gap of order
200 MeV that separates the spin-isospin averaged
%./Z, —D/B and A./A, — D/B thresholds. Under this
assumption, the mixing has only a minimal effect on the
spectrum obtained from the Schrodinger equations without
mixing (3.6) and (3.7). The decay widths of pentaquark
states to (spin-isospin averaged) A.D thresholds, which
proceeds through the mixing potentials, can be obtained
from solving the coupled-channel Schrodinger equa-
tions (4.5) and (4.6). However due to the lack of lattice
QCD information on the mixing potentials V"X and VX,
we can only provide analytical results for the ratios of the
decay widths.

quark spin parity k” = (1/2)* with k, = 0" (first row in
Table III). Consequently, relevant for the present case is the
mixing of the pentaquark BO potentials with quantum
numbers (1/2), and (1/2); with the BO potential (1/2),
connecting with the A,D and A D* thresholds. Including
this mixing modifies the radial Schrodinger equations (3.6)
and (3.7), with the mixing potentials appearing as off-
diagonal terms in the potential matrix. Following Ref. [85],
the Schrodinger equation (3.6) gets modified into the two-
channel equation

L gy L (W=D 0
2T mgr? 0 (I-H(+3)
mix (N) N
Eqp), Wi V(12 Wg/;,ap
loyme g w ) =8l |
AR, !
(4.5)

and the Schrodinger equation (3.7) gets modified into the
three-channel equation

31(14+1) =2 0
I(1+1)=3 0
0 Q+9@+%
)
Y12
=& 1//213\//)2)+ ) (4.6)
v

The pentaquark states P,.; with quantum numbers J* in
Scenario 1 are listed in Table IV and those in Scenario 2 are
listed in Table V. Their expressions in terms of the
multiplets listed in Table II, characterized by a well-defined
heavy-quark—antiquark spin s and LDF angular momentum
k, are shown in Egs. (3.18)—(3.20) and (3.22)—(3.24). The
S-wave A,.D threshold has J¥ = (1/2)~, while the S-wave
A.D* threshold has J* = {(1/2)~, (3/2)~}. Therefore, for
the pentaquark states P ;[J¥ = (1/2)7] in both Scenarios 1
and 2, the decay to S-wave A.D and A.D* is allowed,
while, for P ;[J¥ = (3/2)7] in both Scenarios 1 and 2, only
the decay to S-wave A D* is allowed, while the decay to
A.D requires a D-wave transition. Similarly, the penta-
quark states P :[J” = (5/2)7] in both scenarios 1 and 2 can
decay to both A.D and A.D* only through D-wave
transitions. Since D-wave decays involve higher angular
momentum barriers, they are expected to be suppressed
compared to S-wave decays.
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Following Ref. [109], the mixing or coupling potential governing the transitions P ;[J*] — A.D, A.D* can be written as

P 1+ 1- 1+
V{ln(kP,LQ—) |:<2 O )Jl,(z 2 >J2:|J/ L >
1 1
1 2 2 S
_ \/_ 1 1/2+S+L)+J ~”l'j j j/ s 2 J 1 1 GP | KP. L lJr L 4.7
2(-1) VSIS o 0 3 3 m\*to=5 Lo s (4.7)
0
Ji A

where J, and J, are the spins of the A, baryon and D or D* mesons respectively, J; = 1/2 for A, and J, = 0 or 1 for
D or D*, J' is the quantum number of J' = J; + J,, whose values are /' = 1/2 for A.D and J' = {1/2,3/2} for A.D*, L},
is the quantum number denoting the relative angular momentum between the baryon A, and the meson D or D*, whose
values are L}, = 0 for S-wave and L{, = 2 for D-wave, and J = 2J + 1. The curly brackets {ﬁ Z ;z} and

Ji J2 3
Ja Js Je
J1Jg Jo

are the Wigner 6 symbol and Wigner 9 symbol, respectively. The quantum numbers in the parenthesis and square brackets
on the lhs of Eq. (4.7) have been summed over and the resulting quantum numbers are written to the right.14 The superscript
on V in Eq. (4.7) are quantum numbers J©, which is exactly conserved between the pentaquark states P ; and A.D or A D*

thresholds. The transition amplitude GY ,» Which depends on the combined angular momentum /, can be expressed as

1+\ 1 , k [ |L Lo 1+
p (P R T 2 WA 2 2 Z 0 2 0 P + Z
G""(k e <0 2 )2’LQ> -y Q4¢1/2<A —x’ 0 ><z —x’ 0 >g“<k - <O 2 >> )

where (/1 72| ’{l ) denotes Clebsch-Gordon coefficients, and A is the eigenvalue of K - # that for A.D or A D* is A = £1/2,

ml m2
corresponding to total light-quark spin parity (1/2)*. The quantity g, , is the transition amplitude between the light-quark
state in the pentaquark and the spin-isospin averaged A D threshold in the static limit. This quantity can, in principle, be
computed in lattice QCD, although it is currently unknown." Since 95, depends solely on the light-quark states in the
pentaquark and the spin-isospin averaged A, D threshold, it is the same for all pentaquark states with the same light-quark
quantum numbers k”. Using Eq. (4.8), we get for the S-wave transitions

I+\ 1 1 1+ 1+ 1+ 1+
o 0= (03 )50) =zl (G- (003)) 2o - (3)]
3+ I+\ 1
o (0 ) )
G%F" <2 ) O - (O ) 2 > 2 ) 0> O- (4.9)

This result implies that, among the components in Egs. (3.18)—(3.20) and (3.22)—(3.24), those involving LDF with k = 3/2,
ie,|s=1,k=3/2),r_1/2 |5 =0,k =3/2);r_3/2)-, and so on, do not contribute to the S-wave decays of P states to

A.D and A.D*. A direct consequence is that ['[P.[J* = (5/2)7] = A.D, A.D*] = 0 for S-wave transitions, in agreement
with the earlier discussion that such decays proceed only via D-wave and are thus suppressed.

Only the transition amplitude G e in Eq. (4.9) contributes to the decays of P states to S-wave A.D and A, D* states.
Therefore, it cancels out in the ratio of decay rates. Following Ref. [109], the ratio of decay widths for the pentaquark states
P.; with JP = (1/2)~ is given by

"“In the notation (GT.0T)Jy, (5. 50} appearing in Eq. (4.7), the first parenthesis identifies the A., whose heavy-quark spin 1/2
and light-quark spin 0 have been summed to give the total spin J;, which is written to the right of the parenthesis. Similarly, the second
parenthesis identifies the D or D*, whose heavy-quark spin 1/2 and light-quark spin 1/2 have been summed to give the total spin J,,
which is written to the right of the parenthesis. The sum of J; and J, gives J’, which is the quantum number of the S-wave A.D or A, D*
system written to the right of the square bracket.

"“The transition rate has been computed only in the case of string breaking (avoided crossing) for the case of quarkonium and lowest
meson-antimeson thresholds in lattice QCD in Refs. [136,137].
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1- _ I- _ 2
[(Peld? = (1727 = AD)/unp |V (AP =Y 40V, (ADs ) =) (4.10)
L(Pecld” = (1/2)7] = AD) /oy b 3/21/2’ V L(ADST) + bV’ LD '

where the phase space factor for each final-state channel with orbital angular momentum L’Q is proportional to viLQH, a

being either A_.D* or A.D and v, the velocity of each of the outgoing heavy hadrons in the c.m. frame. The velocity v, is
determined through energy and momentum conservation by the masses of the initial pentaquark P,z, final baryon A, and
meson D* or D. The factors a and b in Eq. (4.10) are the elements of the 3 x 3 matrices in Egs. (3.18) and (3.22):
a=p_qp- (s=0k= 1/2|P.:[J* = (1/2)7]) and b =y (s=1Lk= 1/2|P.:[JF = (1/2)7]). For simplicity, in
Eq. (4.10), we have used a compact notation for the coupling potential in Eq. (4.7), as follows:

V%_ (A D*'J/) _ V%_ l+ 0— [ 1+ ot 1 1_ 1+ 1- 7.0

OV%A,‘F C > - 0%‘4, 2 ) I 2 ’ 27 2 52 ] ) )

- = 1+ [ (1+ 1 /1= 1+\ ]

Vzl% (A D* J/) VZL%A» <§ ?O - <§ 70+> 57 (E 55 >1 J/s 0) )
I- _ 1 = [1+ [ /1+ I /1-1+\ ]1
2 \AD) ==)=V2, |=.,0 — 07 |=,(=.,= ]0|=,0]. 4.11
V0-5-+< D/ 2) 0~5~+<2 ~ _<2 )2 <2 2 ) 12 ) (4.11)

Similarly, the ratio of decay widths for the pentaquark states P,; with J* = (3/2)~ can be obtained by setting a = 0 and
b =r_32) <s =1,k=1/2|P[JF = (3/2) ]) in Eq. (4.10), the matrix elements given by Egs. (3.19) and (3.23), and
- _ . - .
substituting Vl,%.+(ACD;J/ = 1) with Vi,%ﬁ(ACD;J’ =3) and V]‘%,Jr(ACD*;J/) with Viy%ﬁ(AcD 3 J).
The results for the numerator and denominator of the ratio in the rhs of Eq. (4.10) for different pentaquarks P,z decaying

into S-wave A.D and A.D* are shown in Fig. 5 for Scenario 1 and in Fig. 6 for Scenario 2. For a given pentaquark state,
Pz, from the entries in Figs. 5 and 6, it follows that

PO(P(4440)" = AD)/op | oo TP(Pe(4440)" = AD)/vp _
I (P, (4440)" — A.D*)/v x_ T TO(P(4440)F > ADY)/vp
r“>< alta57) - ADYns o TOPa4ST) ~ AD)vp
W (P(4457)F = AD")/vpp  TO(P(4457)" > AD ) /vap
rM(p,.(4507 AD 5 r®(P,.(4525)t - A.D o
( LL( ) . )/ A.D :2.53’ ( cc( ) - c_ )/UACD — 328, <4'12)
(D(P,:(4507)" = A.D*) /vy p (P (4525)" = A.D*)/vp pr
JP=(1/2)”
P(4312)* P:(4440)* P:(4507)*
AD 0 3.52 5.48
AD* 3.59 3.24 2.17
JP =(3/2)"
P.:(4380)" P:(4457)*% P(4515)*
AD 0 0 0
AD* 3.74 1.17 4.09
JP =(5/2)"
AD 0
AD* 0

- oo s 2,
FIG. 5. Scenario 1: rows marked A.D show ‘aVO,#(A DyJ' =3)+bV;, (AD;J = L)) /GL’+(%+,O - (0*,41)1,0)? and rows

marked A,D* show ZJ’:I/Z aV2 L(ADST) bV, (ADT) Z/Gj (‘+ 0 — (0%, 1+);,0)2, i.e., the numerator and denomi-

nator of the ratio in the rhs of Eq. (4.10), for the dlﬁerent states listed in the columns. The ratios of the different entries provide all the
decay widths ratios that follow from Eq. (4.10).
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JP =(1/2)"
P:(4312)* P:(4457)* P:(4525)*
AD 0 2.74 6.26
A.D* 2.67 4.42 1.91
JP =(3/2)”
P.:(4380)* P.:(4440)* P:(4521)*
AD 0 0 0
A.D* 2.59 0.89 5.53
77 =(5/2)"

P.(4513)*

A.D
AD*

0
0

FIG. 6. Scenario 2: same as in Fig. 5.

where the superscripts (1) or (2) denote results in Scenario 1
or 2, respectively. We recall that the state P.:(4440)7 is
assigned J¥ = (1/2)~ in Scenario 1, while in Scenario 2 it has
JP = (3/2)7; the reverse holds for P ;(4457)". The state
P.:(4507)" in Scenario 1 and the state P.;(4525)" in
Scenario 2 are close to the =;D* threshold with J* = (1/2)~.

In Ref. [41], considering that the states P.;(4440)" or
P,;(4457)* are exactly at the £.D* threshold with quantum
numbers J¥ = (1/2)~ (Scenario 0 in Sec. Il C), the ana-
lytically predicted ratio of S-wave decay rates turns out to be

P(Peel/" = (1/2)7] > AD)/vap 3 (4.13)
C(P.[J” = (1/2)7] > AD*) /vy p 4 -

Our results in Eq. (4.12) yield a ratio of 1.09 in Scenario 1
and 0.62 in Scenario 2. The result of Eq. (4.13) is therefore
closer to the one of Scenario 2, where the P.;(4440)" and
P (4457)" are assigned with J* = (3/2)" and J' =
(1/2)~, respectively.

Considering Scenario 2 in Fig. 6, for J* = (1/2) states,
we observe that the P.;(4312)" only decays into A D*,
which is consistent with the prediction from the molecular
picture [41].'° For P,;(4457)%, the relative partial decay
width to a A,D* final state is about 1.66 times larger than
that of P.:(4312)", which implies that P.z(4457)" exhibits
a slightly broader width into the A_D* channel, consistent
with its higher mass and larger available phase space.17 For
P,;(4525), the dominant S-wave decay is to A.D, which is
2.29 times larger than that of P.;(4457)" into the same
channel. The large total S-wave width suggests that the

"I the molecular picture, the P;(4312)* is a .D molecule.
There is no DD vertex to account for the transition to A.D [41].

""The total S-wave width of P.(4457)" is around 2.7 times
larger than the total S-wave width of P.;(4312)". However, their
measured total widths are similar (see Table I).

P.:(4525)" is likely a relatively broad resonance compared
to lower-lying states such as P.;(4312)" and P ;(4457)".
Also, accounting for the decays of P.z(4525)" to J/y and
1. (1S) from Table VI, the broad width may explain why this
state has not yet been observed experimentally.

For JP = (3/2)~ states, we observe that all the states
only decay to S-wave A.D*, as discussed at the beginning
of this section. For P.;(4380)", the relative partial decay
rate for decays into A.D* is of the same order as that of
P.:(4312)" (2.59 vs 2.67 in Fig. 6), which suggests that
P.:(4380)" has a total width comparable to the one of
P.:(4312)*. Also including decays to J/y and 7.(1S)
from Table VI, our analysis suggests that this state is
narrower than the broad structure seen in experiments, in
agreement with Refs. [28,29]. For P_.(4440)7, the relative
partial decay rate for decays into A, D* is about three times
smaller than that of P_.(4380)". Moreover, from Table VI,
we see that this state may have significant decay modes to
J/w and ,.(1S). For P.;(4521)", the relative partial decay
rate for decays into A D* is 2.14 times larger than that of
P.z(4380)", which suggests that this state is likely a
relatively broad resonance compared to lower-lying states
such as P.:(4380)" and P.;(4440)". Also accounting for
the decays of P.;(4525)" to J/w and n.(1S) from
Table VI, the broad nature of the resonance could be the
reason why this state has not been seen in experiments.

The JP = (5/2) state P,:(4513)* can decay into A.D
and A.D* only via D-wave transitions, which are sup-
pressed compared to S-wave decays, indicating that the
state may have a narrower width compared to other
pentaquark states in Fig. 6. Moreover, from Table VI,
we observe that this state only decays to 7.(1S) with a
width of 21 MeV (in Scenario 2). The narrow width for
decays into A.D, A.D* and the fact that the state decays to
n.(1S) and not to J/y clearly makes the detection of
P.:(4513)" a challenging enterprise.
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V. PREDICTIONS FOR BOTTOM
PENTAQUARKS P,;

As discussed in the previous section, Scenario 2 is
favored based on the analyses of the charm pentaquark
semi-inclusive decay widths into J/y and 75.(1S), and
decay patterns into S-wave A.D and A D* thresholds. In
this section, we provide predictions for the bottom penta-
quark states P,z adopting Scenario 2.

The values of the adjoint baryon masses (in the RS
scheme) tuned on the charm pentaquark case are
A(1/2)+.RS =1.125 GeV  and A(3/2)+,RS = 1.152 GeV.
Solving the Schrodinger equations (3.6) and (3.7) with
these inputs for the adjoint baryon masses appearing in
the potentials (2.11) and with m}> = 4.863 GeV yields
(€1/2:&32) = (=21 MeV, =59 MeV). Including the spin-
dependent corrections from Vg, the eigenvalues Ej",,l/z,
Ej'wm, and E%‘%:l corresponding to the J¥ = (1/2)7,(3/2)",

and (5/2)~ states are

Ej,, = (=97.7,-28.4,-5.5) MeV,
Ejf' = —41.0 MeV.
Eiy, = (=79.1,-58.1,-12.7) MeV, (5.1)

where the first, second, and third entries in the parentheses
correspond to i = 1, 2, 3 respectively. The masses of the
states are obtained after adding Ey, 3 = 11.140 GeV to the
results in Eq. (5.1), and the assigned J¥ quantum numbers
are shown in Fig. 7. The eigenvectors of the matrices M, /,
|

GeV Including spin corrections:
¥ B*
11157 fp==ememccccccccecccecsseemseemmemmmmmmm == --
11138 Fommmmzwmmmmmmmm e mmem e eee e 228
+ o
Fun (HT1EY Py; (11127)* ;B
11112 | ~=ppumer = = = = = == m e e e e e s s s s s s s e, --
P,y (11111)* P,; (11099) ¥, B
11093 =" """ """ TTTTmmmmssmssssssssssssssee- W 200
P, (11081)F
=
Py, (11060)*
—%—
P, (11042)*
(1/2)” (3/2)” (5/2)”
JP

FIG. 7. Predicted spectrum of the lowest-lying bottom penta-
quark states P,; and their assigned J© quantum numbers in
Scenario 2, which the analysis of charm pentaquarks favors. The
masses of the states, in units of MeV, are indicated in the
parentheses next to each state. The states, after solving the coupled
Schrodinger equations (3.6) and (3.7) and using Eqgs. (3.14) and
(3.15) to account for spin corrections, are represented by hori-
zontal blue bars; the black crosses on the horizontal bars denote
that the states have not been seen yet in experiments. The masses
are computed from the adjoint baryon masses A+ rs =
1.125 GeV and A3/5)+ gs = 1.152 GeV. Isospin is I = 1/2 for
all the states.

and M3/, in Egs. (3.14) and (3.15) allow us to express the
pentaquark states as superpositions of the multiplet states
listed in Table II, which have well-defined heavy-quark—
antiquark spin s and LDF angular momentum £, as follows:

s =0,k=1/2),r

|P,;(11042)™) 0318  0.153  0.936 —(1/2
P (11111)7) | = | =0.522 =0.796 0.307 || |s=1.k=1/2),r_p |, (5.2)
|Py;(11134)%) ~0.791  0.586 0.173 ) \ |s = 1.k =3/2),r_1 )
|Py5(11060) ) 0309 —0.503 0.807 \ [ls=1k=1/2);_(35-
P,;(11081)7) | = | —0.177 0.804 0568 || [s=0.k=3/2),r_32- |, (5.3)
P;(11127)7) 0934 0319 —0.160/ \ [s = 1.k =3/2) ;30

|P,5(11099)%) = |s = 1.k = 3/2) (52 (5.4)

Our predictions for the spin-flipping semi-inclusive decay widths into Y(1S) and 7, (1S) of the pentaquark states P,
shown in Fig. 7, computed using Eqs. (4.1) and (4.2) along with Egs. (5.2)—-(5.4), are summarized in Table VII. The
transition is spin-flipping as the nonvanishing of the matrix element in Eq. (4.2) constrains the spin-0 component of P} to
decay into the spin-1 final state T(1S) and the spin-1 component of P,; to decay into the spin-0 final state 7, (15). The sum
of the decay widths to T(1S) and 7, (1S) sets a lower bound on the total decay width of the P, state. Compared to the semi-
inclusive decays in the charm sector given in Table VI, the semi-inclusive rates in the bottom sector are smaller due to 1/m,,

suppression from the heavier bottom mass. The pentaquark state P,;[J" =

(5/2)7](11099) only decays to 7, as this state

has a well-defined heavy-quark spin s = 1, as seen from Eq. (5.4).
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TABLE VII. Predictions of the semi-inclusive decay rates of
pentaquark states P,; decaying into YT (15) or ,(1S) in Scenario
2: Py — Q, + X, with Q, = {Y(15),,(1S) }, where X denotes
light hadrons. The decay rates are computed from Eqs. (4.1) and
(4.2). The pentaquark states are denoted by P,;[J”](mass), where
the masses are in MeV. We have used the spin-averaged masses
for both pentaquark and quarkonium states to estimate the decay
rates. We show the decay rates to T(15) on the left and the decay
rates to 7,(1S) and on the right. The pentaquark state
P,;[JP = (5/2)7] decays only to 7,.

P,;[JF] (mass) — Y(18)[177] I (MeV)
Scenario 2

Pyp[(1/2)7](11042) 1703263
P;5((3/2)7)(11060) 25 %5
Pyp[(3/2)7](11081) 61313
Pyp[(1/2)7](11111) 344
Py[(3/2)7](11127) 1595 503
Py[(1/2)7)(11134) 835
P,5[JF] (mass) — 1, (15)[07F] I'(MeV)
Scenario 2

Pyp[(1/2)7](11042) 354
Pyp[(3/2)7](11060) 25 o4
Pyp[(3/2)7](11081) 1155 503
Py5[(5/2)71(11099) 355
Pyp[(1/2)7](11111) 354
Py;((3/2)7](11127) 4t
Py[(1/2)7](11134) 15205 103

The results for the numerator and denominator of the
ratio in the rhs of Eq. (4.10) obtained using Eqgs. (5.2)—(5.4)
for different pentaquarks P,; decaying into S-wave A,B
and A,B* are shown in Fig. 8 for Scenario 2. For a given
pentaquark state, P,j, from the entries in Fig. 8, it follows

that
(P (11111)* — A,B) /vy, 5 02
C(Py(11111)Y = AyB) Jop
[(P,;(11134)" — A,B ;
PosLI34)7 = MB)/ons _ 530 (s.5)
T(P,;(11134)" > AB*) /vy 5

If the state P,;(11111)" with J© = (1/2)~ were exactly at
the X, B* threshold (Scenario 0 in Sec. III C), then the ratio of
decay widths would be given by Eq. (4.13). Our results yield
a ratio of 0.25 [see Eq. (5.5)], which is three times smaller
than Eq. (4.13). This deviation reflects the fact that bottom
pentaquark states are more deeply bound, as it follows from
the values of the binding energies £/, and ;.
Considering Fig. 8, for J* = (1/2)~ states, we observe
that P,;(11042)" decays most often into A,B*. For
P,;(11111)", which has dominant decay into A,B*, the
relative partial decay width to a A, B* final state is about 5.86
times larger than that of P,5(11042)" implying that the state
has much broader width into the A.B* channel. For
P,;(11134)", the dominant S-wave decay is into A,B,
whose width is 4.45 times larger than that of P,z (11111)"
into the same channel. The large total S-wave width for both
P,;(11111)" and P,;(11134)" suggests that both states are
likely to manifest as relatively broad resonances compared to
P,;(11042)*. For J¥ = (3/2)~ states, we observe that all
the states decay only to S-wave A,B* as discussed at the
beginning of this section. For P,;(11060)", the relative
partial decay rate for decays into A,B* is slightly smaller
(0.7 times) than that of P,;(11042)*. For P,;(11081)%, the
relative partial decay rate for decays into A,B* is about three
times smaller than that of P,;(11060)". Moreover, account-
ing for the decays to Y(1S) and 7, (1S) in Table VII, both
P,;(11060)" and P,;(11081)" are possibly narrow penta-
quark states. For P,;(11127)*, the relative partial decay rate
for decays into A, B* is around nine times larger than that of
P,;(11060)", which suggests that this state will likely
be a relatively much broader resonance compared to

JP =172
P,5(11042)* Pp(11111)*F P,5(11134)"
AyB 0.01 1.65 7.35
ApB* 1.11 6.50 1.38
JP = (3/2)"
P,;(11060)* P,(11081)F Pp(11127)%
ApB 0 0 0
AyB 0.86 0.28 7.86

JP = (5/2)"

P,5(11099)*

AyB
A,B*

0
0

FIG. 8.

Same as in Fig. 6 but for P,; states decaying into S-wave A,B and A,B* in Scenario 2.
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P,;(11060)" and P,;(11081)*. The J* = (5/2)~ state
P,;(11099)* can decay into A,B and A,B* only via
D-wave transitions, which are suppressed compared to
S-wave decays, indicating that the state will have a narrower
width compared to other pentaquark states in Fig. 8.
Accounting for the decay to #,,(1S) from Table VII, further
supports that this state may probably be a narrow resonance.

VI. SUMMARY AND CONCLUSIONS

In this work, we have presented a QCD-based descrip-
tion of quarkonium pentaquark QQqqq states both in the
charm and bottom sector. The description is based on the
Born—Oppenheimer nonrelativistic effective field theory
framework, whose underlying principle is the systematic
factorization of the dynamics of the heavy quarks and the
three light quarks based on the hierarchy Agcp > mg 2.
The BOEFT leads to coupled-channel Schrédinger equa-
tions (3.6) and (3.7) for describing the pentaquarks, as
derived in Ref. [85]. These equations require pentaquark
BO potentials (static energies) as inputs. They appear in the
diagonal entries of the potential matrix in the Schrodinger
equations (3.6) and (3.7). In Sec. I B, we write down the
pentaquark BO potentials at short distances. At short
distances, they are the sum of a repulsive color octet
potential, adjoint baryon masses A, and nonperturbative
terms of O(r?). Currently, there are no lattice QCD
computations available for either the adjoint baryon spec-
trum or the pentaquark BO potentials. To facilitate future
lattice studies, we give the expressions of the light-quark
operators for the lowest adjoint baryons with quantum
numbers k = {(1/2)",1 =1/2} and {(3/2)",1 = 1/2}in
Egs. (2.6) and (2.7) and the expression of the gauge-
invariant interpolating operators in Eq. (2.3). The two-point
correlation functions of the interpolating operators can be
expressed in terms of generalized Wilson loops, computed
in lattice QCD and eventually used to extract the penta-
quark BO potentials.

In this work, we propose to identify the four exper-
imentally observed hidden-charm pentaquark states Pz
listed in Table I with states in the lowest multiplet of the BO
potentials (1/2), and {(1/2);,(3/2),}. These potentials
connect smoothly to the £.D threshold at long distances
due to BO quantum number conservation [85] and match to
the spectrum of the adjoint baryons (1/2)" and (3/2)%,
respectively, at short distances. The form of the potentials at
intermediate distances is unknown, as they have not been
computed in lattice QCD. At leading order in the 1/mg
expansion, solving the Schrodinger equations (3.6) and
(3.7) with these BO potentials yields a degenerate (spin-
averaged) set of states independent of the heavy-quark spin
S (see Table II). Since the BO potentials for the QQ
pentaquark at large r evolve smoothly into the heavy-light
baryon-antimeson thresholds in the static limit and because
the spin-dependent interaction that leads to spin splitting in

the heavy-light baryon-antimeson threshold appears at
order 1/m,, in Sec. Il B, we account for the spin splittings
in the pentaquark multiplet in Table II by choosing a spin
interaction that resembles the one responsible for the spin
interaction in the heavy-light baryon-antimeson states [see
Eq. (3.8)]. Besides the four states already observed, our
assumed form (at intermediate distances) for the (1/2), BO

potential connecting with the X.D threshold at large
distances and the (1/2)" adjoint baryon at short distances
supports three additional states, which are near the X:D*
threshold. Seven states are also predicted by the molecular
picture based on the heavy-quark spin symmetry in
Refs. [27-29,37]. In the absence of lattice data, however,
other choices for the behaviour of the BO potentials at
intermediate distances are possible. If the (1/2), BO

potential connecting with the A, D threshold would support
bound states, then three additional low-lying pentaquark
states in the charm sector could exist. Ten low-lying
pentaquark states, some having positive parity, are pre-
dicted in compact pentaquark models such as in Ref. [60].
Because there is no experimental evidence of states near the
A.D threshold, we have assumed that the BO potential that
connects to that threshold falls off monotonically from
above like in Fig. 1 and hence does not support bound
states. Another possibility is that the (1/2), BO potential

connecting to the XD threshold at large distances and the
(1/2)" adjoint baryon at short distances do not support
bound states. This case, which brings the number of
predicted low-lying pentaquarks to four, has been inves-
tigated in Ref. [131]. In BOEFT, all the ground-state
pentaquark states have negative parity. The positive-parity
pentaquark states arise from orbital excitations with heavy-
quark orbital angular momentum L, =1 (P-wave) and
therefore lie at higher energies than the ground-state
pentaquarks.

By treating the adjoint baryon masses A(j o)+ and A2+
as free parameters fitted on the masses of the four observed
P states after including spin corrections, we find two
viable scenarios, Scenario 1 and Scenario 2, whose spectra
and J? assignments are summarized in Tables IV and V, and
in Figs. 2 and 3. Notably, in Scenario 2, our predicted
masses for the three unobserved P, states show good
agreement with the molecular model predictions in
Refs. [28,29], even though BOEFT makes no a priori
assumption of a molecular configuration. The agreement
emerges from the complex QCD dynamics encoded in the
solutions of the Schrodinger equations (3.6) and (3.7). In
particular, the BOEFT can be closer or farther away from
the molecular picture results, depending on the values of
the adjoint baryon masses and the corresponding eigene-
nergies coming from the diagonalization of the matrices in
Egs. (3.14) and (3.15). It is therefore of crucial importance
to calculate on the lattice the adjoint baryon masses A(j )+
and A3/,)+. After including spin corrections, the resulting
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P_; states are superpositions of multiplet states (Table II)
with the heavy-quark—antiquark pair in both spin s = 0 and
s = 1 configurations, as given by Egs. (3.18)—(3.20) and
Egs. (3.22)—-(3.24) for Scenarios 1 and 2, respectively. In
Sec. IVA, we compute semi-inclusive decay rates into J/y
and 77.(18) following Ref. [105]. Spin-flip transitions medi-
ate the decays: the spin-0 component of P decays to J/y
and the spin-1 component of P decays to #.(1S). Spin-
conserving transitions of P,z would instead lead to P-wave
quarkonium states, and hence do not contribute. The sum of
these rates provides a lower bound on the total width of the
pentaquark state. Results for both scenarios are summarized
in Table VL. In particular, for P,:(4312)*, which has J© =
(1/2)~ in both scenarios, comparing our lower bound
estimate with the total width favors Scenario 2. Scenario 2
assigns P.:(4440)" to JP = (3/2)" and P (4457)" to
JP = (1/2)~. This J* assignment agrees with the one in
Refs. [28,29,43,44,58,134]. In Scenario 2, the state
P;(4513)" with J¥ = (5/2)~ decays only to 7.(1S).

In Sec. IV B, we present model-independent predictions
for the decay ratios of P, states into S-wave A,D and
A.D* following Ref. [109]. These transitions are governed
by a single transition amplitude [see Egs. (4.8) and (4.9)],
which, in principle, is calculable in lattice QCD. The
transition amplitude cancels in the decay width ratios, as
shown in Eq. (4.10). We find that the P, states with J* =
(3/2)~ decay only to S-wave A.D* and that the decay to
A.D requires a D-wave transition. Also the P, states with
JP =(5/2)" can decay to both A.D and A.D* only
through a D-wave. Our results are summarized in
Eq. (4.12) and Figs. 5 and 6. Again, we find that
Scenario 2 is favored. For P_.;(4380)", to which a now
obsolete LHCb analysis attributed a broad width [13],
we find that the decay rate into S-wave A D* is of the same
order as that of P,z(4312)7 (see Fig. 6). Also including the
decay widths to J/w and n.(1S) from Table VI, our
analysis suggests that P.:(4380)" is a narrow state, in
agreement with the studies in Refs. [28,29].

In Sec. V, based on Scenario 2, we report our predictions
for the bottom pentaquark P,; states. The adjoint baryon
masses and the BO static potentials are independent of the
heavy-quark mass. Unlike in the molecular model, which
cannot be easily extended from the charm to the bottom
sector, in the BOEFT it is enough to solve the Schrodinger
equations (3.6) and (3.7) using the bottom quark mass and
the BO static potentials in Eq. (2.11), with the adjoint
baryon masses A1 /5)+ and Az/,)+ fixed in the charm sector.
The results for the masses of the lowest seven P, states
along with their J¥ quantum number assignments are
shown in Fig. 7. The states are more deeply bound than
in the charm sector, as reflected by the values of the binding
energies. Our predictions for the semi-inclusive decays into
Y(1S) and 7,(1S) are given in Table VII, while model-
independent results for the relative decay rates into S-wave
A,B and A,B* are shown in Fig. 8. We find that for the
pentaquark state P,;(11111)* with J* = (1/2)~, the ratio

of the decay rates into S-wave A,B and A,B* is different
from the molecular picture prediction in Ref. [41].

Finally, we emphasize that definitive, model-independent
predictions for hidden-heavy pentaquarks, both P_; and P,
need several lattice QCD inputs, most importantly the
adjoint baryon spectrum and the pentaquark BO potentials.
The computation of the adjoint baryon spectrum, and in
particular the adjoint baryon masses A+ and A+,
may confirm or correct our choices for these quantities. The
computation of the BO potentials would establish whether
the ground-state multiplet contains ten, seven, or just four
P.: and P,; states. Obviously, the experimental confirma-
tion or discovery of new P.. and P,; states is the most
awaited and needed information to constrain the different
scenarios for hidden-heavy pentaquarks in the framework of
the BOEFT presented in this and related works.

Notably, the LHCb Collaboration recently reported the
observation of a new pentaquark state P.;(4337)" in the
decay BY — J/wpp, seen as a structure in the J/yp
invariant-mass distribution with mass 4337 MeV and
width 2919 MeV [138]. If this state has J* = (1/2)%,
which currently has the highest statistical significance of
3.7¢ [138], then within the BOEFT framework it could
correspond to a P-wave resonance state in the BO potential
(1/2),, that dip slightly below the A.D threshold, then cross

it again and asymptotically connects to the A.D threshold
from above. Additionally, no P, states with quartet isospin
I =3/2 have yet been observed experimentally. In the
BOEFT, the I = 3/2 pentaquark states are described by a
single-channel Schrodinger equation with BO potential
(1/2), matching to an adjoint baryon with quantum

number k¥ = (1/2)* and I =3/2 at short distances
[85]. A comprehensive investigation of these states will
be pursued in future work.

The nonstrange and strange charm pentaquark states P,z
and P, will be searched and studied through the hadro-
production channels pp — ppJ/w and pp — pK™AJ/y
at the upcoming CBM experiment at the GSI-FAIR facility
[139]. The direct observation of existing and new penta-
quark states through hadroproduction channels has the
potential to provide new valuable insights into the for-
mation and internal structure of these states.
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