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We compare the isospin-one, vector-current hadronic vacuum polarization (HVP) obtained from isospin-
symmetric lattice QCD with that obtained from a dispersive representation employing inclusive hadronic 7
decay data corrected for isospin breaking. We consider the subtracted HVP evaluated at squared Euclidean
momenta ranging from 0.5 GeV? to 12 GeV?, together with the light-quark-connected HVP contribution
to the muon anomalous magnetic moment and the short-, intermediate- and long-distance RBC/UKQCD
window components thereof. Dispersive contributions from the region of hadronic invariant masses above
the 7 mass are evaluated using perturbative QCD. We also consider dispersive determinations using 7 data
only for contributions from two-pion, or two-pion and four-pion, modes, and evaluating the remaining
contributions using exclusive-mode e e~ — hadrons cross sections up to about 2 GeV, lessening the
dependence on perturbation theory. We find generally good agreement between lattice and z-based results.
However, a comparison of z-based window-quantity contributions for the two four-pion modes to
expectations for those contributions based on the Pais relations and e*e™ four-pion cross sections, reveals

significant differences for the 27~z 7% mode.

DOI: 10.1103/5y9v-c2h6

I. INTRODUCTION

Because of the recent high-precision measurement of the
anomalous magnetic moment of the muon a, = (g—2)/2
[1,2], there has been much interest in the hadronic vacuum
polarization (HVP) contribution a};"*, which plays a crucial
role in the determination of the Standard Model (SM) expect-
ation for a,,. The reason is that, at present, the error on a!!"*
strongly dominates the total error on the SM expectation [3].
Moreover, there are large discrepancies between the estimate
for a;}"* from lattice QCD and dispersive estimates obtained
from the R ratio measured in e e~ — hadrons(y) [3], with the
exception of those using results from the CMD-3 experiment
for the two pion exclusive-mode contribution [4].

These discrepancies can be traced to the exclusive electro-
production mode eTe~ — ztz~, for which there are
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significant differences in the cross section in the region
around the p peak. Because this exclusive mode has isospin
1, data for the dispersive analysis can also be obtained from
the decay 7~ — 7~ 7v,, if one can reliably correct for the
differences in isospin breaking (IB) between the two proc-
esses. Much effort has gone into this approach; for a partial list
of references, see Refs. [5—-13] and other references therein.

In this paper, while also considering the question of to what
extent information from hadronic 7z decays can help provide
additional insight, we take a slightly different approach,
focusing on the facts that (i) the / =1 contribution to
af¥? can be obtained from the inclusive vector isovector
spectral function obtained from nonstrange vector hadronic =
decays, and (ii) in the isospin limit, the / = 1 contribution to

HVP

a, " is directly related to the light-quark connected (Iqc)

contribution computed in isospin-symmetric lattice QCD:

nveige _ 10 pyp =
ay =g .

(1.1)

Our primary goal is to use hadronic 7-decay data in the vector
isovector channel, and to compare results based on these data
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with results obtained from lattice QCD. The quantities we are
interested in are ay ' "%, the lqc parts of the window
quantities defined in Ref. [14], and values for the 7 =1
component of the subtracted vacuum polarization [1(Q?) as a
function of Euclidean momentum Q which contributes to the
running of the electromagnetic (EM) coupling a,
and for which values were obtained in lattice QCD
[15,16]. Results for the Iqc intermediate window are of
particular interest given that the largest of the discrepancies
between pre-CMD-3 dispersive and lattice results was
observed for this quantity [17].

Most lattice computations of aj ' "% are carried out in
the “time-momentum” representation [18], in which
aZWP’qu is expressed as a weighted integral over the
zero-spatial-momentum current-current correlator
C'=!(t), where t is the Euclidean time. This correlator
can be obtained from a Laplace transform of the inclusive
vector isovector spectral function, p/7~!(s), where s is the
hadronic invariant mass squared. For squared invariant
masses s < m2, pl~!(s) can be obtained from the differ-
ential distributions measured in nonstrange hadronic 7
decays. For s > m2, where no such experimental data
are available, we determine p!7!(s) using perturbation
theory (PT) to fifth order in the strong coupling a,(m?)
[19],' employing a model to estimate uncertainties due to
residual quark-hadron duality violations in that region.

For the 7-based input for p/-!(s) in the region s < m2,
we use the results of Ref. [20]. These were obtained by
combining 7-decay data from ALEPH [21-23], OPAL [24]
and Belle [25] for the two-pion and from ALEPH and
OPAL for the four-pion contributions, with the small
contributions from other (“residual”’) modes obtained using
exclusive-mode electroproduction data (for a detailed
explanation of how this was done, see Ref. [26]), with
the exception of the K ~K° mode, for which 7-decay data
from Ref. [27] was used.” The resulting pl=! (s) is the most
precise vector isovector inclusive spectral function avail-
able at present that does not involve data from e*e™ to two
or four pions. As we will see in this paper, in addition to the
well-known discrepancies between 7 — hadrons-based and
ete™ — hadrons-based two-pion distributions, there
appear to be further discrepancies between 7 and electro-
production results for the four-pion modes. In making
comparisons between 7- and electroproduction-based
results, we will use the 2019 results by Keshavarzi,
Nomura, and Teuber (“KNT19”) for the exclusive-mode
electroproduction R(s) contributions produced and made
available to us by the authors of Ref. [28].

The lattice results we will compare with have been
computed in “isoQCD,” which is QCD without EM

'Only an estimate of the fifth-order term is known; see Eq. (2.10).
A complete list of references used in estimating residual-
mode contributions can be found in Ref. [26].

corrections, and in the limit m, = m,, defined such that
the pion mass is equal to the neutral pion mass. We will use
the definition of isoQCD specified in Ref. [29], which is
sufficiently close to the scheme used in Ref. [3] for our
purposes. The inclusive z-decay data we employ have
already been corrected by the short-distance electroweak
factor Sgw [30], but this is not the only source of IB in the 7
data, and we will need to correct the z-based results for
these additional IB contributions before comparing with
1s0QCD lattice results. We note that, while EM and strong
IB corrections have been computed or estimated by various
lattice-QCD collaborations, these corrections have only
been considered for the EM current correlator, and not for
the charged I = 1, vector current case relevant for = decays.

This paper is organized as follows. In Sec. II we provide
definitions and collect the theory results we need for our
analysis. In particular, in Sec. IIC we give a detailed
description of our treatment of IB in the 7z data. In Sec. III
we describe in more detail all data we employ, with emphasis
on the data for 7 — 2z~ 7" 7%, and 7 — 72~ 37%,, which we
compare to Pais-relation [31] expectations obtained using
ete” = 2712z and ete™ — w220 cross section input
from Ref. [28]. In Sec. IV we present our results for the
comparison between z-based and lattice results, both for
I1(Q?) at a range of values between Q? = 0.5 and 12 GeV?
(Sec. IVA), and for a,ﬁwp’lqc and the short-distance, inter-
mediate-distance and long-distance window quantities
(Sec. IV B). In Sec. IV C we consider what is changed if
only the two-pion data are taken from 7 decays, with
all other contributions taken from the KNT19 compilation
[28] up to the KNT19 exclusive-mode-region endpoint,
s = sgnt = (1.9375 GeV)?, including those of the two-pion
mode between the 7 mass squared and the KNT19 endpoint.
We also consider the case that in this approach the four-pion
data are taken from 7z decays instead of from the KNT19
compilation. Section V contains our conclusions. Two
Appendices collect some technical details.

II. THEORY INGREDIENTS
A. Definitions

The I = 1 subtracted vacuum polarization TT'='(Q?) is
dispersively related to the corresponding isovector, vector
spectral function pi~1(s) as

© =1
=102 = 2/ dsp‘/i(s)’
(@) =0 ST
where Q is the Euclidean momentum, and s is the invariant
mass squared, with sy the threshold. We decompose
=1(0?) as
1(0?) = Mg, (Q) + Mr' (Q%) + II5y (Q%).
This breakdown is needed because data are only available
up to s = m2, where m, is the 7 mass, and we thus have to

(2.1)

(2.2)
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rely on a theory representation for larger s, composed of a
PT part and a duality-violating (DV) part, as will be
discussed below. Likewise, we define the Euclidean time
correlation function as

1 0
) = / ds\/5e-Fpl-l(s), 150, (23)
Sth
with corresponding decomposition
CI=H(1) = Caaa(t) + Cor' (1) + Chy/ (1), (2.4)

This is equal to exactly 9/10 times the Iqc contribution to
the correlation function of the electromagnetic current,
computed in lattice QCD in the isospin limit, i.e.,

N 1

ﬁdata(Qz) = Q2 Z(Si - Si—l)z

—Si—l)

Cdala(t) = Z(si

| —

where p(s;) = p(sy) = 0, and we used the trapezoidal rule
for carrying out the sums.

The maximum value sy is (approximately) equal to m2.?
For values of s > sy we use five-loop masslesss PT [19]
with an estimate for the order-a coefficient:

ﬁPT(QQ) = Q? /oo ds per(s)

SN S(S + QZ) ’
1 )
Cnlt) =5 [ dsvse Toms). (27
SN
where
1 5 n
pPT(s) = W <1 + Z Z Cnmean(S; m%)) (28)
n=1 m=1

with a(s;m?) = a,(s;m?)/x the strong coupling evolved

from m?2 to s using five-loop running [32,33]

J = 7" sin(zm/2) (2.9)
and, for QCD with three flavors,
=1, ¢y = 1.63982, c3; = 6.37101,
¢y = 49.0757, cs; =283 £ 141, (2.10)

*For the dataset employed in Secs. III and IV sy is slightly
smaller than m?2

T

10

Cles(1) = 5- €171 (1. (2.5)

Since we will only be concerned with vector [ =1
correlation functions, we will typically drop the superscript
I = 1 and understand the quantities of interest to be vector,
isovector channel ones in the rest of this paper. We will,
however, keep the superscript “lqc” where needed.

The main task of this paper is the construction of T1(Q?)
and C(¢) from the vector nonstrange hadronic z-decay data.
Given data p(s;) for the spectral function at values s; from
§| = Sy to a maximum value sy with N the number of data
points, the data-based parts of I1(Q?) and C(t) are

p(s;)

si(s; + 0%)

(Vsie™V5ip(s;) + /sicie™Vmip(siy)),

P(Si—l) )
* sic1(siz1 +0%))°

(2.6)

|

where the values for c,,,, for m > 1, which follow from the
renormalization group,4 are given in Appendix A. The
value of c¢s5; has not been calculated, and instead, as
indicated in Eq. (2.10) we use an estimate [35,36].
The values of the c,,, are those for Ny = 3 perturbation
theory. While this is appropriate for our comparison with
N;=2+1 flavor lattice results from Ref. [15] in
Sec. IVA, many of the lattice results we compare with
in Sec. IVB have been obtained with Ny =2+ 1+ 1
flavor lattice QCD. However, the effects of including or
excluding dynamical charm effects appear to be very
small [37,38], and we will ignore them in this paper.

At the 7 mass, quark-hadron DVs are still visible in the
experimental spectral distribution, and we thus introduce a
DV component to the representation of the spectral
function above s = s to parametrize this nonperturbative
effect. We use the model we have employed starting in
Ref. [39], based on the theoretical considerations about the
asymptotic behavior of the spectral function of Ref. [40].°
The explicit form is

pov(s) = e 7 sin(a + Ps), (2.11)

where a, ff, y and 6 are the “DV” parameters. Both the
perturbative part and the DV model will only be employed

*See for example Ref. [34].

For completeness, we include a brief review of the derivation
of Eq. (2.8) in Appendix A.

®Earlier work can be found in Refs. [41-48].
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above sy ~ m?. The expressions for Iy (Q?) and Cpy (1)
simply follow by replacing ppr(s) by ppy(s) in Eq. (2.7).

B. Light-quark-connected window quantities

In addition to comparing the vacuum polarization I1(Q?)
obtained using 7 data with lattice results, it is also
interesting to compare the lqc part of the HVP contribution
aiV? to the anomalous muon magnetic moment and related
window quantities [14] obtained using the 7z data with
results obtained on the lattice in isoQCD.

The Iqc contribution to afV¥ is given by

10 [
ap "t =5 A diw(1)C(1), (2.12)

where C(r) is defined in Eq. (2.3), and w(t) is the
Bernecker-Meyer kernel [18], for which we use the

sufficiently precise approximation of Ref. [49], normalized
such that for small ¢

1
w(r) 0:]23Mml2,(l‘t + (’)(mitz)).

=13 (2.13)

Window quantities are defined by inserting “window”
functions W(¢) into Eq. (2.12),

ale = g /0 Tawwnc@).  (2.14)

0(1;7, ) :% <1 + tanh <t;ﬂ>>, (2.15)

Ref. [14] defined the short-distance (SD), intermediate
(W1) and long-distance (LD) window functions as

Using

WSD =1 —H(Z; to,A),
Wwi =0(t; 1, A) = 0(t; 11, A),

Wip = 0(t;11, A), (2.16)

choosing

to = 0.4 fm, t; =1 fm, A =0.15 fm. (2.17)
In Sec. IV we will compare results obtained using the

7-based, IB-corrected spectral functions with Iqc lattice
results for a,IfVP’lqc and a,vlv’lqc, with W = SD, W1 and LD.

C. Isospin breaking
In order to compare with lattice results for isospin-
symmetric Iqc quantities, we need to adjust the
r-data-based parts of I1(Q?) and C(t), defined in
Eq. (2.6), for IB. The theoretical part above s = sy is

already in pure isospin-symmetric QCD,’ but the data-based
part needs to be corrected. A first observation is that,
working to first order in IB, IB corrections in the [ =1
vacuum polarization are purely EM in origin. This follows
because both currents in the lqc diagrams conserve chirality,
and thus two mass insertions of m,, or m, are needed for a
nonvanishing IB contribution. If the insertions are on the
same quark line, the insertion will be proportional to
m2 + mfl; if they are on different quark lines, they are
proportional to m,m,. These combinations can be rewritten
as (m, + my)?* + (m, — my)?, and thus are second order in
strong IB. Another way to see this is to observe that the two
I =1 currents in the correlator are G-parity positive, while
the strong isospin breaking (SIB) mass operator is G-parity
negative. A contribution with a single SIB mass insertion
thus vanishes identically. We will not explicitly use this
observation below, but, for example, it excludes the need to
consider the form factor f_(s) that appears in the differential
hadronic 7 decay rate [50] if we work to first order in IB.

For the case of the EM current correlator, IB
corrections have been computed or estimated on the lattice
[16,38,51-53]. However, the breakdown into individual
components needed to adjust these IB corrections to the case
of the 7-based representation is not available. We thus need to
compare with lattice results in isoQCD, and adjust the z-based
representation for IB effects in the z-decay data. Here we
describe how we estimate these effects, including a discussion
of our estimate of the associated systematic errors.

We will separate out the two-pion component of the
I =1 spectral function, py(s) = p}~!(s), and, with the
four-pion and other subdominant contributions expected to
have only small IB corrections of order 1% or less, we will
assume that IB in the remaining part of the spectrum can be
neglected for the quantities considered in this paper. Our
task is thus to correct the exclusive two-pion-mode con-
tribution to py(s) obtained from hadronic 7 decays
for IB. For this, we first need to define what is meant
by pure isoQCD, also at low energies. We will take the
definition from Ref. [29], which for our purposes is
equivalent to taking the “WP25” scheme of Ref. [3]. In
this scheme, we set the charged and neutral pion masses to
Mo = m o = 135 MeV, and the charged and neutral kaon
masses to myio = 494.6 MeV.®

An advantage of the current z-based approach when it
comes to estimating IB corrections is the absence of the
mixed-isospin, isoscalar-isovector contributions (such as
those produced by p — @ mixing) present in measured
ete” — hadrons(y) cross sections. This makes the task of
estimating IB corrections in the current analysis somewhat
simpler than that needed to estimate the IB corrections

" Above s =sy the up and down quark masses can
be neglected.

¥Kaon loop contributions barely play a role in the IB
corrections to the two-pion spectral function.
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required to convert the z-based two-pion distribution to that
measured in e'e” — hadrons(y). We will base our
approach on the recent study of Ref. [13], starting from
the expression for the two-pion contribution to the spectral
function
_ 3 2

Ple i) () = SEB o (I (5)PCru(s).  (2.18)
where SE§; accounts for short-distance electroweak cor-
rections and Ggy(s) accounts for radiative corrections in
the decay. The factor ﬂi_”o(s) is the usual phase-space
factor,

2 2
ﬂﬂ’no(s) = 21/2 <1’ M ’ m”0> )

N N

Mx,y,z) =x+y2+ 22 =2(xy+yz+zx), (2.19)
and, finally, f_ (s) is the weak pion form factor. To first
order in IB (i.e., first order in fine-structure constant agy
and the down-up quark mass difference m,; —m,),
Eq. (2.18) is sufficient. In the spectral functions to be
used below [20], the inclusive factor Sgw [30] has already
been removed. Therefore, for the two-pion contribution, the
relative additional electroweak correction factor is equal to
SE/Sew (see Ref. [54] and references therein).

For the s-dependent EM correction Ggy(s) we employ
the dispersive determination of Ref. [13]. We interpolate
the tabulated results’ using a cubic spline, as shown in
Fig. 1. Since Ggy(s) = 1 + O(agy), we can neglect the
dependence on light quark or pion mass differences in
Ggm — 1, as such effects will be second order in IB.

The phase-space factor ﬂi_ﬂo (s) in Eq. (2.18) depends on
the pion masses, and we thus include in our correction of
Pl —r0,()] ($) @ factor,

Ty,

ﬂioﬂo(s)
ﬁf,—,ro (s)

(2.20)

in order to adjust the spectral function to that corresponding
to isoQCD.

Similarly, the two-pion form factor f, (s) depends on the
pion masses. Such an IB effect was not considered in
Ref. [13], which was focused on a dispersive estimate of the
radiative corrections, leaving IB contributions to f_ (s) to
future work. Here we investigate this additional source of
IB using the chiral-perturbation-theory (ChPT)-inspired

|

SEW 1

Bro o (5) | 11001 () [ = s mg- go = mgwo]

1.05
= 100
[5a)
O
0.95
0.90
05 1.0 15 2.0 25 3.0
s in GeV?
FIG. 1. The radiative correction factor Ggy(s). The black

points are the tabulated values provided in Ref. [13]; the red
curve is a cubic spline interpolation of these points.

model of Refs. [50,55] for which

m2

model _ 14 T T
FS) = e R (5) ol
(2.21)
in which
r,(s) = 9’;?;% (ﬂ;_ﬁo(ge(s — (e +mp)?)
1
3P0 = i +me) ). (22)
and
i 1
H;;(s) = f—%Re hij(s,m,), (2.23)

with £;;(s, u), which encapsulates one-loop effects from
ChPT, given in Appendix B for masses m; and m;.

In order to correct the 7-data-based parts of Eq. (2.6) to
the world of isoQCD, we thus need to also multiply
Pl —r0,(y))(8) by the ratio of the form factor (2.21)
evaluated with both pion masses equal to the neutral pion
mass and both kaon masses equal to the kaon mass of
is0QCD, to that evaluated with “real-world” pion and kaon
masses. The complete correction factor is thus

Fls) = Ew GEM(S)ﬂi—EO(S)

*This table can be found at https://arxiv.org/src/2511.07507v2/anc.

| fmodel (¢)[real world]|? (2.24)
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012

0.10

0.08

Fig(s)-1
g

0.00 /_
N/

0.0 0.5 1.0 15 2.0 2.5 3.0
s in GeV?

FIG. 2. The correction factor for isospin breaking, Eq. (2.24),
minus 1. The central value is shown in red, with the error band
from Fig. 1 in black (dashed thin curves) and the error band from
varying I, in Eq. (2.22) by a factor 1 & 2a.gm/7 in blue (solid
thin curves).

The factor Sgyw in the numerator accounts for the fact that
all spectral data employed in this paper have already been
corrected by the factor Sgy, so only the relative difference
between Sgw and SEy still needs to be accounted for.

Finally, the threshold sy, = 4m?, for I = 1 hadronic 7
decays in isoQCD is lower than the threshold sy, = (m,- +
m)? in the real world, and we need to correct for this. For
such small s, this correction can be reliably calculated using
the phase space factor ﬂ?z%o (s) and the form factor of
Eq. (2.21) evaluated with both pion masses set equal to 7.
It turns out that the thus-obtained isoQCD spectral function
matches very well to the lowest data points, after they have
been corrected as described above. It also turns out that this
threshold correction is so small that it can be safely
neglected.

The use of the model of Ref. [50] for the form factor
f+(s) is the weakest step in modeling IB corrections. To
explore the impact of possible changes in the form used for
the s-dependent width, we have replaced the factor m,s by
m% \/s, following the form for ', used in Ref. [56]; we find
that this has no significant numerical impact. We have also
followed the prescription of Ref. [3] for modeling unknown
EM corrections to the pzz coupling which affect p decays
by multiplying I, by the factor 1 £ 2agy/#. This is done
only in the denominator of Eq. (2.24), and not in the
numerator, as the latter corresponds to the world of isoQCD
in which there are no EM corrections and thus also no
uncertainties due to EM effects. It turns out that this is a
significant effect, as discussed in Ref. [3], and we will use
the size of this effect as an estimate of the systematic error
associated with using Eq. (2.24) in Sec. IV below. We show
the IB correction factor, together with the errors from Ggy
and from the prescription above, in Fig. 2. In addition, in
order to account for other IB effects not covered in the
discussion above (such as EM corrections to the p mass),

we will add (in quadrature) an additional systematic error of
50% of the total IB correction itself, on the quantities to be
computed in Sec. IV. We have checked, for example, that
this covers the effect of varying the p mass independently in
the numerator and denominator of Eq. (2.24) within the
range allowed by the errors on the p° and p* masses given
in Ref. [57].

III. DATA

In this section, we will specify our data input. We will be
using the results from Ref. [20] for the vector I =1
exclusive-mode spectral function contributions, reviewed
in more detail in Sec. IIT A for the two-pion and inclusive
cases, and in Sec. III B for the four-pion case. Here we
summarize other input employed in our analysis.

The main parameter values we use are

a,(m?) = 0.317(6),
m, = 1.77693 GeV,
o
“EM T 137036

m, = 0.105658 GeV. (3.1)

Here a,(m?) is taken from Ref. [58], evolved to the 7 mass,
and quantities shown without errors are so precisely known
that their errors do not affect our analysis.

For IB corrections, we take the additional parameter
values to be

m,- = 0.13957039 GeV,
mo = 0.1349768 GeV,
mg- = 0.493677 GeV,
myo = 0.497611 GeV,

Mo = 0.4946 GeV,

m, = 0.775 GeV,
£ = 0.09221 GeV,

Spw = 1.0201,

Stw = 1.0233, (3.2)
where all values come from Ref. [57] except mgio Which
comes from Ref. [58], Sgw which is taken from Ref. [30],
and SE,, for which we follow the discussion of Ref. [54].
Strictly speaking the pion mass in isoQCD is defined to be
0.135 GeV in Ref. [58], but the difference with m_ given
above is too small to have any effect. Errors on all these
values are negligibly small for our purposes.

We will also need values for the parameters in Eq. (2.11).
We take these from a fit of the w = 1 moment [20] at
smin = 1.5747 GeV? fixing a,(m2) = 0.317:

034021-6
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5 = 3.3857,
y = 0.62575 GeV~2,
a=—0.20412,

p=32111 GeV=2. (3.3)
The uncertainties on these values are not small, but they are
not very important, as we will take the difference of the
effect of including DVs with these parameters and omitting
DVs completely as the systematic error on the DV
contribution.

A. Hadronic z-decay data

Our hadronic spectral data for the / = 1 vector spectral
function are obtained by combining data from a range of
experiments. First, for the 7= — 277" v, spectral distribu-
tion, we combine data from ALEPH [21-23], OPAL [24]
and Belle [25], as described in detail in Ref. [20]."" We use
the 27 spectral distribution to estimate IB corrections, as
described in Sec. II C. Then, ALEPH and OPAL data for
the decays 7~ — 27zt 7%, and v~ — 7732, are com-
bined into a single 4z spectral function; this is again
described in detail in Ref. [20]. In Sec. III B below
we will compare the mode-by-mode ALEPH and
OPAL four-pion spectral distributions with those implied
by four-pion electroproduction data, which are related by
isospin symmetry as expressed through the Pais relations
[cf. Eq. (3.4a)].

Contributions from the remaining (“residual”) modes
have also all been determined from experimental data, as
described in Ref. [26]; none of the contributions from these
modes is obtained from Monte-Carlo simulation. This
represents an improvement over the ALEPH and OPAL
treatments of contributions from these modes, where,
lacking such experimental input, Monte Carlo estimates
had to be employed. The sum of the two-pion, four-pion
and residual-mode spectral distributions obtained in
Ref. [20] yields the inclusive spectral function to be used
in the data parts of Egs. (2.1) and (2.3).

We show the inclusive spectral function as well as the
two-pion, combined four-pion and combined residual
spectral distributions in Fig. 3. The four-pion exclusive-
mode spectral function contributions will be shown in the
next subsection.

B. Spectral distributions for the four-pion modes

With the recent focus on the contribution from the two-
pion mode to a!f¥* [3], discrepancies between the spectral
distributions for 7= = 77 7%, and ete” — zt7~ have
been studied extensively (see for example Ref. [61]).

'%The inclusion of CLEO data [59,60] was investigated in an
appendix of Ref. [20], neglecting the unknown systematic
correlations, and the impact of CLEO data was found to be small.

3 T T T T T T
. 212 o
271y
2.5 g k
27T2Pres
5 | 2m?pry —— |
15 | B .
1} \ 1
. A o b0 #
05 | y --. .-::::-.c. ) I +_
-._.- *.__,..:::::::::-. : *
0 L g SSidiiae.aseoiantd L L
0 0.5 1 1.5 2 2.5 3
s [GeV?]
FIG. 3. Rescaled inclusive 7 = 1 spectral function 27°p(s), the

two-pion mode 27%p,,(s) (yellow area), the four-pion modes
27%p4,(s) (orange area), and the residual modes 272p,(s) (light-
blue area) from vector hadronic 7z decays, from Ref. [20]. The
normalization shown is such that the parton-model value of the
rescaled inclusive spectral function is 1/2.

Here we consider the two four-pion modes in more detail,
comparing contributions to py(s) obtained from the
7= — 7 37%, and v~ — 27 n" 2%, decay distributions
to those implied by the I =1, EM spectral function
contributions obtained from measured ete” — 2227
and ete™ — nt 727" cross sections. With exact isospin
symmetry, the EM expectations for the 7 exclusive-mode
contributions are given by the Pais relations [31,62]

1
pylr.2n~ 7% (s) = EpV[EM, 227" (s)

+ py[EM, =2 27°%(s),  (3.4a)

pylr, 7732%(s) = %pv [EM, 27271 (s). (3.4b)

The quantities on the right-hand side of these equations
differ by a factor of 2 from the usual EM four-pion spectral
function contributions, as the I = 1 part of the EM current

is 1/4/2 times the neutral-current partner of the charged
vector ud current.

It is unknown how to systematically correct these
relations for IB. However, since the support of the four-
pion spectral distributions has little overlap with the p — @
narrow-resonance region, one expects these relations to
hold to better than 1% (the typical size of IB corrections)
also when IB is taken into account.

A comparison of the r-based ALEPH/OPAL four-pion
results and corresponding Pais relation expectations is
shown in Fig. 4. The Pais-relation expectations have been
evaluated using the KNTI19 four-pion exclusive-mode
distribution results provided to us by the authors of
Ref. [28]. The points labeled “ALEPH” and “OPAL” are
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FIG. 4. 27~ n"2° (left panel) and z~37° (right panel) ALEPH (blue) and OPAL (gray) z-based spectral functions, compared with the
e" e -based combinations on the right-hand sides of Egs. (3.4a) and (3.4b), obtained using KNT19 data (red).

the ALEPH and OPAL versions of the left-hand sides of
Eq. (3.4a) and those labeled “KNT19” the KNT19-based
versions of the right-hand sides. In Fig. 5 we show the
relative differences between the ALEPH and OPAL four-
pion spectral distributions and the KNTI19-based Pais
relation expectations after interpolation of the ALEPH
and OPAL results to the s values of the KNT19 set.
These relative differences are defined as follows. Given

2 et

a r-based distribution p*™*(s) and the corresponding

KNT19-based expectation, p™°%(s), where “exp” is

ALEPH or OPAL, and “mode” is 2z~ ztz° or n~3x°,
we define the ratios

,mod
Rexp,mode(s) _ pixp "o e(s) _Pghrogf(ﬂ
% (pixpymode<s> + pmode(s))

ete”

(3.5)

2t

lﬂm II{H_J_L}I i ITHIIIIIIIH {ﬂ

11

mh&rIHHUTTTTTTH"" 1]

**uilil'

-0.5
-0.5
1.0 1.5 2.0 2.5 3.0 1.0 1.5 2.0 2.5 3.0
s in GeV? s in GeV?
730 77310
1.0
1.0
) Il
0.5 T 0.0 T: — TTTI}—-{
| { | Rt
oo ; TT _ TTITITTTTI -05 -
. lJ.J.J_J_lll L
R 2 ,
-0.5 - :|:|:‘|"|'
1 -1.5
-1.0 -2.0
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FIG. 5. The ratios R®*P™°% () defined in Eq. (3.5), for experiments ALEPH (left) and OPAL (right) and modes 2z~ 7+ z° (top) and
77 37° (bottom). The gray horizontal band shows the region of values between —0.01 and +0.01.
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TABLE I. Integrals over the 7 data for the 27~z 7" spectral
distribution and over the KNT19 EM spectral distributions in the
combination shown on the right-hand side of Eq. (3.4a) with SD,
W1, LD and HVP weights, in units of 10719, The 7 data have been
linearly interpolated to the KNT19 grid. The data are integrated
from 0.743906 GeV? to 3.01983 GeV?, which avoids extrapo-
lation of the 7 data.

Dataset SD Wi LD HVP

ALEPH 12° 5.37(19) 17.06(44) 5.157(92) 27.58(70)
OPAL 12 4.77(36) 15.96(69) 5.23(25) 26.0(1.1)
KNT19 12°  4.63(12) 14.8039) 4.45(13) 23.88(63)
TABLE II. Integrals over the 7 data for the 7~ 32z° spectral

distribution and over the KNT19 EM spectral distribution on the
right-hand side of Eq. (3.4b) with SD, W1, LD and HVP weights,
in units of 107'°. The 7 data have been linearly interpolated to the
KNT19 grid. The data are integrated from 0.883468 GeV? to
3.01983 GeV?2, which avoids extrapolation of the 7z data.

Dataset SD W1 LD HVP
ALEPH 37z° 1.59(22) 4.52(49) 1.076(97) 7.18(79)
OPAL 37° 1.61(56) 4.5(1.0) 0.98(14) 7.1(1.5)
KNT19 3z2° 1.361(18) 4.164(56) 1.104(16)  6.629(90)

If the difference between pf™™(s) and p™d(s) is
explained by IB, we expect the corresponding ratio to
lie between approximately —0.01 and +-0.01, shown in
Fig. 5 by the gray horizontal bands centered at the
horizontal axis.

These figures show that there are significant discrepan-
cies between the r-based data and ete~ based data, in
particular for the 2z~z"z° mode for which errors are
smaller. This may not be immediately obvious from Fig. 5,
in part because the figure does not show correlations
between different points.

In Tables I [for Eq. (3.4a)] and II [for Eq. (3.4b)] we
show the results of the integrals with weights defined in
Eq. (2.14) for the SD, W1 and LD windows as well as the

T-2n-nt v,

integral with W = 1 in Eq. (2.14) for the four-pion spectral
distributions from ALEPH and OPAL, compared with the
same integrals over the KNT19 EM combinations on the
right-hand side of these equations. From these tables, we
conclude that there are significant differences for the
27~ 7t7° mode between the ALEPH and KNT19 data,
ranging between 3.3¢ for the SD window to 4.4¢ for the LD
window. For the OPAL data, which has larger errors, the
differences are less pronounced, varying between 0.4¢ and
2.8¢ for the SD and LD windows. For the 773z° mode
there is good agreement between the z-based and ete™-
based window values. We note, however, that the z-based
window values have much larger relative errors for the
7~37° mode than for the 27~z 7% mode. The results of
Tables I and II are illustrated in Fig. 6, where we plotted the
r-based values shown in the tables normalized to the
KNT19 values.

IV. COMPARISONS WITH LATTICE QCD

In this section, we compare z-based dispersive results
with results from lattice QCD.

Sections IVA and IV B contain the comparisons for

I1(Q?), and the window quantities and a,I;WP']qC, respec-

tively, with dispersive contributions from the z kinematic
region s < m?2 evaluated using inclusive 7 vector isovector
data. The lattice results in Sec. IVA come primarily from
the Mainz Collaboration [15], with a few results also
available from the BMW Collaboration [16]. Recently,
preliminary work on TI(Q?) was also reported by the
Fermilab-MILC Collaboration [63], but no quantitative
results are available yet for comparison. The lattice results
in Sec. IVB are taken from Ref. [3]. In Sec. IVC we
perform alternate comparisons in which 7 dispersive input
to the data-based parts of the various dispersive integrals is
restricted to either exclusive two-pion- or exclusive two-
pion- and four-pion-mode contributions [20]. Contributions
from all other exclusive modes, as well as from two-pion
and four-pion contributions in the region s > m2, are
obtained using KNT19 data [28] up to the KNT19 endpoint
sxnt», With the perturbative form of the inclusive spectral

T- 1" 3%,

¢ KNT19 0.40 ¢ KNTI19
1.6 :
13 B ALEPH B ALEPH
) e OPAL ® OPAL
2.80
1.4
o 3.30 <))
E 12 3.80 4.40 3.90 E 1.00 0.30 0.30
X 1.70 ¥ 0.70 0.70
1.50
8 0.40 + + + g 12 ®
.% 1.1 % 0.30
o« o 0.90
10 + ¢ o ~A—— re .
1.0 S )\ )| [
T | T 1 T
0.8
0.9
SD w1 LD HVP SD w1 LD HVP

FIG. 6. Visual illustration of Tables I and II. All results normalized to KNT19 central values.
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TABLE III. Comparison of z-based I1(Q?) values (which
include the IB correction shown in the third column) with the
lattice values corresponding to the TTy;(Q?) results from Table 5
of Ref. [15]. All values in columns 2, 3 and 4 are in units of 107>.
The errors in the second column are the error without IB
corrections, the uncertainty on the IB correction, and the total
error in square brackets; see the main text. The results of Ref. [15]
have been multiplied by 2 to account for the isospin relation
pI=l =1py. The pull is defined as the difference between the
lattice and z-based values, normalized by total error in the second
column and the error in the fourth column added in quadrature.

0? (GeV?) (Q?) IB corr 2 x Iy (Q?) Pull
0.5 4490(20)(22)[30] —29(22) 4634(42) 2.8
1 6366(29)(31)[42] —39(31) 6534(38) 3.0
2 8345(40)(37)[55] —48(37) 8528(46) 2.6
3 9503(48)(40)[63] —51(40) 9688(52) 2.3
4 10318(53)(42)[68] —53(42)  10530(40) 2.7
5 10946(57)(43)[72] —54(43)  11162(40) 2.6
6 11456(61)(44)[75] —55(44)  11674(42) 2.5
7 11886(63)(44)[77] —56(44)  12102(44) 2.4
8 12257(65)(45)[79] —56(45)  12470(46) 2.3
9 12583(67)(45)[81] —57(45)  12796(48) 2.3
12 13377(71)(46)[84] —58(46)  13586(52) 2.1

function, supplemented by our estimate of possible DV
corrections, used above that. In this subsection, we will also
evaluate the four-pion contributions to the window quan-
tities and ay, "% with 7-based input on the left-hand sides
and KNT19 input on the right-hand sides. This will provide
additional quantitative measures of the impact of the
observed discrepancies between 7-based and e™ e~ -based
measurements of the four-pion spectral distributions on

.. . . . . HVP,I
quantities of interest in the determination of a, ' .

A. Subtracted vacuum polarization I1(Q?)

In Table Il we compare results for [1(Q?) from the
z-based dispersive representation (2.1) to those obtained on
the lattice by the Mainz Collaboration [15], for values of Q?
between 0.5 GeV? and 12 GeV?. The latter are both
continuum extrapolated and finite-volume corrected.

The errors on the data-based contributions to the dis-
persive results were obtained from the full covariance
matrix of the input inclusive spectral function.

Perturbative contributions were evaluated using the input
a,(m?) specified in Eq. (3.1), with errors equal to the
quadrature sum of (i) the error produced by propagating the
uncertainty in Eq. (3.1) through the computation, and (ii) a
systematic error equal to the maximum variation produced
by either turning off the O(a3}) term in Eq. (2.8) altogether,
or varying cs; within the bounds specified in Eq. (2.10).
The shift that results from varying cs, is, for all Q2, largest
when cs; takes on its lowest allowed value in this range.

DV contributions were evaluated using the input param-
eter values shown in Eq. (3.3). A 100% systematic

uncertainty, equal to the shift produced by turning off
DVs altogether, is assigned to these estimates.

There are no correlations between the data, PT and DV
sources of error.

The central values for I1(Q?) obtained from the dis-
persive representation of Egs. (2.1) and (2.2) are shown in
the second column of the table. The IB corrections listed in
the third column have already been applied. The first error
on the I1(Q?) entries in the second column is that obtained
by adding in quadrature the errors on the data, PT and DV
parts. The second error shown is the systematic uncertainty
associated with IB corrections, described in Sec. 11 C
above; this error is also shown in the third column. The
total error is obtained by summing these two errors in
quadrature, and is shown in square brackets in the second
column. The fourth column shows the corresponding lattice
values, obtained by multiplying the results of Ref. [15] by a
factor of 2 to match our normalization convention.

Finally, the last column of the table shows the tension
between the z-based representation and the results of
Ref. [15], quantified as a pull for each value of Q2
obtained by taking the difference and dividing by the
quadrature sum of the total errors in the second and fourth
columns. We see that there is a 2.1 — 3.00 tension, with the
7-based results lying systematically below the lattice
values.

The BMW Collaboration, in Ref. [16], reported a lattice
value,

[1(Q% = 1 GeV?) = 0.06453(42), (4.1)
where we assigned the finite-volume correction between
the reference volume and infinite volume entirely to the Iqc
part, and multiplied by 9/10 to convert from the BMW
lgc normalization to the / = 1 normalization. The BMW
result differs from our 1 GeV? result by 1.56. A value for
[1(Q? = 10 GeV?) —T1(Q* = 1 GeV?) was also reported
in Ref. [16]:

I1(Q* = 10 GeV?) —I1(Q* = 1 GeV?) = 0.06545(40),
(4.2)

where we again adjusted to the / = 1 normalization used in
this paper. Our value at 10 GeV? is I1(10 GeV?) =
0.12875(68)(46)[82], which includes the IB correction
—0.00057(46), in the notation of Table III. However,
without a more detailed understanding of the correlations
between the systematic uncertainties on our estimates of the
IB corrections at different s, the strength of the correlations
between the uncertainties on the associated IB corrections
to [1(Q?) at different Q? is unclear. However, one obtains
the smallest uncertainty for the IB correction to the
dispersive version of the difference in Eq. (4.2) if one
assumes the errors on the IB corrections at 1 GeV? and
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TABLE IV. Comparison of r-based quantities a, % for

X =SD, W1, LD and HVP with the WP25 average values
[3]. For the two different lattice HVP averages, see Ref. [3]. All
entries in units of 10719, See the main text.

Mode SD wi LD HVP
rdata  25.61(28) 192.36(88) 406.2(2.5)  624.2(3.2)
PT +DV 2226(21) 14.58(39) 0.669(38) 37.52(63)
EMIB —0.13(11) —1.40(1.1) —2.2(1.9) -3.7(3.1)
lqc total  47.74(37) 205.55(1.5) 404.73.1)  657.9(4.5)
WP25  48.123(83) 206.97(41) 406.0(4.9) 659.5(4.7) (Avg. A)

661.1(5.0) (Avg. B)

10 GeV? are fully (and positively) correlated. In this case
we find a dispersive result that differs by 0.61¢ from the
lattice result in Eq. (4.2). If instead we assume the IB errors
at 1 GeVZ and 10 GeV? to be uncorrelated, this difference
is reduced to 0.44c.

From Table III, it can be seen that the errors obtained for
the 7-based representation are competitive with those
obtained on the lattice, especially for lower Q? values,
where the data part of T1(Q?) constitutes a larger part of the
total. For Q% = 0.5 GeV?, the data part is about 91% of the
total and the perturbative part, i.e., the contribution to I1(Q?)
above s ~ m? [cf. Eq. (2.7)] about 9%. For Q> = 12 GeV?
these percentages are about 68% and 32%, respectively. For
all values of Q?, the DV part is only a fraction of a percent. In
addition, the magnitude of the IB correction, and the
corresponding systematic error, increase with increasing
Q?, though the size of the IB correction relative to I1(Q?)
decreases with increasing 9, as one would expect, varying
from 0.65% at Q> = 0.5 GeV? t0 0.43% at Q% = 12 GeV?.

B. Light-quark connected window quantities

In this subsection, we compare the quantities defined
in Egs. (2.12) and (2.14) obtained from the z-based repre-
sentation for C(z) of Eq. (2.3) to the average lattice values
provided in Ref. [3], which is based on the work of
Refs. [14,16,38,51-53,64-76]. Figures showing the individ-
ual results from these references will be shown in Sec. IV C.

The results are shown in Table IV. The row “z-data”
shows our results, without IB corrections, and with errors
obtained analogously to those in Table IIIl. The row

“WP25” shows the lattice averages from Ref. [3], with

. HVP,l .
two consistent averages for a, " (for explanation of

lattice averaging procedures, we refer to Ref. [3]). Our
results are quoted using the definition of isoQCD of
Ref. [29], which differs slightly from the scheme of
Ref. [3]. However, within current errors the two definitions
are sufficiently close for this comparison.

Clearly, the 7-based and lattice results are consistent,
with the largest relative difference, which occurs for the SD
window, equal to 1.06. We note that for the LD window and
the full HVP, the r-based results have somewhat smaller

0.070

0.065

0.060 |

0.055§

£C@)

0.050 |

0.045}

0.040
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

tin fm

FIG. 7. Comparison of £2C(¢) between the z-based representa-
tion (blue) and QCD perturbation theory (black, dashed) with
a,(m?) = 0.317.

errors, while the z-based SD and W1 values are not as
precise as the corresponding lattice results.

Since large-t contributions to the SD window are
strongly suppressed by the corresponding window func-
tions, it is interesting to compare the z-based values for the
SD window quantity with that obtained in PT only, in pure
QCD with massless up and down quarks [77]. For the SD
window, we find

a3PM Pt — 47.0(1.2) x 10710, (4.3)
This value is about 0.5¢ lower than the nonperturbative,
z-based value shown in Table IV, with the perturbative error
in Eq. (4.3) being much larger than that in the table. It is
somewhat surprising that PT gives a good value for the SD
window, as that window has a significant contribution,
about 36% (cf. Table V), from the 2z mode, which includes
the p peak region.

Finally, we compare C(¢) from our z-based representa-
tion with pure PT. As C(t) ~ 1/ for t = 0, we show the
combination #*C(t) in Fig. 7, with the z-based representa-
tion in blue and the purely perturbative version in black, in
the range between 0.1 and 0.8 fm."" Small nonperturbative
effects are already visible in the region between 0.2
and 0.6 fm.

C. Comparisons based on exclusive boldmathz-decay
mode contributions

In the previous subsection, the isospin-limit Iqc
contributions to the RBC/UKQCD windows and to the
total HVP were obtained from the inclusive I =1 7 —
hadrons + v, spectral function, supplemented with PT and
DV contributions for s > 3.087 GeV2. In a series of
previous papers, using the strategy of Refs. [79,80],
we obtained data-driven, results for the lgc and the

""This figure is inspired by Fig. 7 of Ref. [52].
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strange-plus-light-quark-disconnected (s + lqd) contribu-
tions to the same window quantities and to the total
HVP from eTe™ data [17,78,81], using pre-CMD-3 com-
bined exclusive-mode KNT19 distributions provided by the
authors of Ref. [28]. Results for the Igc and s -+ Iqd
contribution to the total HVP [78-80] were also obtained
using publicly available electroproduction results from
Davier et al. [82]. Given the present discrepancies in the
ete™ — nm~ cross section results from different experi-
ments [3], an interesting exercise carried out in Ref. [78]
was to replace the pre-CMD-3 KNT19 combination of
eTe™ = wtx~ cross sections with the recent CMD-3 results
[4], where available. We showed that, using the new CMD-3
results, the data driven lqc and s + lqd contributions in the
isospin limit agree well with the lattice results.

It is therefore interesting to reobtain the Iqc contribution
to the RBC/UKQCD windows and the total HVP by
replacing the pre-CMD-3 KNTI19 eTe™ — z"z~ combi-
nation with the 7-based 2z spectral distribution where
available (i.e., up to s = 3.087 GeV?), keeping all other
contributions from the KNT19 compilation used in our
previous work [78] unchanged. This allows us to

TABLE V.

investigate whether using the z-based 2z spectral distribu-
tion leads to agreement between isospin-symmetric data-
driven and lattice results, as was already observed to
happen when the new CMD-3 two-pion cross section
results were employed. In addition, given the tensions
observed in Sec. III B between the z-based and e™ e~ -based
four-pion mode distributions, it is of interest to obtain
7-based results for the Iqc windows where both the 27 and
the 47 mode distributions from the KNT19 compilation are
replaced by their 7-based counterparts in the energy region
up to the 7 mass.

Compared to our previous determinations of the isospin-
symmetric lqc windows, the z-based results have the
advantage of being free from leading-order strong IB, as
already discussed in Sec. IIC. In comparing with the
inclusive 7-based results of the previous section, one
difference is in the switch point at which one transitions
from using data to using PT, supplemented by DV con-
tributions. When using KNT19 data, this switch point
occurs at a higher energy, s = sgny = 3.754 GeV?2. Other
small differences appear in the treatment of contributions
from subdominant modes. In the case of the inclusive

Isospin symmetric Iqc contribution to the RBC/UKQCD windows and to the total HVP. Here, the 27

mode contributions are obtained from our combined 7~ — 7~z v, spectral distribution [20] (“z-based 27”"), while
KNT19 input [28], as in Ref. [78], is used for the contributions from all other modes. “KNT19 2 tail” refers to the
27 contribution from the region of s between 3.087 GeV? and sy, while “Unamb.” and “Amb.” refer to the sums
of G-parity unambiguous- and ambiguous-mode distributions, respectively. Results in units of 10710,

Mode SD Wi LD HVP
7-based 27 17.152(66) 165.93(65) 398.5(2.5) 581.6(3.0)
KNT19 27 tail 0.0535(40) 0.0964(72) 0.00897(67) 0.159(12)
Unamb. non 2z 9.41(21) 26.77(58) 7.02(17) 43.19(95)
Amb. modes 0.75(32) 1.88(61) 0.613(91) 3.2(1.0)
PT + DV 20.28(10) 11.06(16) 0.346(11) 31.68(28)
EM IB —0.13(11) —1.4(1.1) -22(1.9) -37(3.1)
Iqc total 47.51(42) 204.3(1.5) 404.3(3.1) 656.2(4.5)
TABLE VI. Isospin symmetric Iqc contribution to the RBC/UKQCD windows and to the total HVP. Here, the 27

and the 47 mode contributions are obtained from our combined 7 — 7~ 7

0 + .0

v,, 7 — 7 37%,, and 7 — 277t 70,

spectral distributions [20] (“z-based 2z + 4x”), while contributions from all other modes are obtained using
combined eTe™ KNT19 input [28], as in Ref. [78]. “KNT19 2z tail” and “KNT19 4z tail” refer to the 2z- and
4z-mode contributions from the region of s between 3.087 GeV? and sgyr. “Unamb.” and “Amb.” refer to the sums
of G-parity unambiguous- and ambiguous-mode contributions, respectively. Results in units of 10710

Mode SD Wi LD HVP
r-based 27 + 4x 24.49(28) 189.17(87) 405.4(2.5) 619.1(3.2)
KNT19 27 tail 0.0535(40) 0.0964(72) 0.0090(67) 0.159(12)
KNTI19 47 tail 1.177(24) 2.122(44) 0.1981(42) 3.498(73)
Unamb. non 27 /4x 1.383(98) 3.17(19) 0.578(23) 5.13(32)
Amb. modes 0.75(32) 1.88(61) 0.613(91) 3.2(1.0)
PT + DV 20.28(10) 11.06(16) 0.346(11) 31.68(28)
EM IB —0.13(11) —1.4(1.1) —2.2(1.9) —3.7(3.1)
Iqc total 48.00(46) 206.1(1.5) 405.0(3.1) 659.1(4.5)
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Data-driven results for isospin-symmetric lqc contribution to the RBC/UKQCD windows and to the total HVP compared with

lattice determinations from Refs. [16,38,51-53,64-74,76] and the WP25 lattice averages (gray bands). Results based exclusively on
ete™ data are labeled “BBGKMP-24" [78]. The z-based results correspond to those of Tables IV-VI.

z-based [ =1 spectral function, BABAR results for
7 — KK, [27] were used to obtain the KK contribution.
For the KKz mode, where both vector and axial vector
contributions exist, the vector component was obtained
using conserved vector current (CVC) and the / = 1 vector
part of the e*e” — KKz distribution produced by
BABAR’s Dalitz-plot-based separation of the / =0 and
I = 1 components [83]. Contributions from all other modes
are obtained from CVC-related ete™ cross sections,

resorting to a maximally conservative separation, assigning
50% =+ 50% of the total to each of / = 1 and I = O for G-
parity ambiguous modes, such as KK?2z. In the evaluation
based on e™ e cross sections, apart from the modes already
considered in the construction of the inclusive I =1 z-
based spectral function, the higher switch point means that
small contributions from additional modes such as e*e™ —
pp and et e — nii, having ambiguous isospin and present
only at higher s, have to be included as well. For these
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ambiguous modes the maximally conservative isospin
separation is again used [79,80].

In Table V, we show the results where only the 2z
KNT19 contribution is replaced by the contribution from
the combined 7 — 7~ 7%, spectral distribution. Since the
input 7 spectral function ends at s = 3.087 GeV? a small
contribution from the region between 3.087 GeV? and the
KNTI19 exclusive-mode endpoint, sxnt = 3.754 GeV?,
obtained using KNT19 results, has to be added. The
contributions from all other modes are obtained exactly
as in Ref. [78] and include the contributions from all
G = +1, G-parity unambiguous, non-2z modes, and our
assessments of the vector channel parts of all G-parity-
ambiguous-mode contributions, supplemented by PT and
DV contributions above the KNT19 endpoint. The EM IB
correction is the same as the one shown in Table IV.
Comparing these results with the WP25 averages shown in
Table IV, we see that the replacement of (pre-CMD-3)
KNT19 27z input with z-based 2z input leads to a good
agreement with the lattice results for all four quantities
considered.

Next, we replace the KNT19 input for the 2z and two 4z
modes with that obtained using our combined 7 — 7z~ 7'y,
7 — 7 37%,, and 7 — 22 7" 2%, spectral distributions
[20]. The results of this exercise are shown in Table VI and
are again compatible, within errors, with the WP25 lattice
averages. The values shown in Tables V and VI share several
common ingredients and are, therefore, positively correlated.
This is especially true for the LD window, for which more than
98% of the total comes from the 27 mode. Small differences
between the two strategies are thus potentially significant. This
includes the discrepancies found in Sec. III B between the 7
and e™ e~ 4z-mode contributions. We estimate the correlation
between the results for the LD window in Table V and that in
Table VI to be 99.66%, which makes the two results incom-
patible at the 3.2¢ level. The other windows are compatible
within 2.36 or better. Results obtained with the inclusive I = 1
spectral function, Table IV, lie between those of Tables V and
VI and are compatible with them, even in the presence of
strong correlations (especially for the LD window).

In Fig. 8, we show the lqc results from Table VI
compared with several recent lattice determinations, the
WP25 averages (gray bands), as well as the previously
obtained ete~-based determinations of the lgc windows
[78]. It is clear that the pre-CMD-3 e™ e~ -based results (in
red) are in poor agreement with lattice results, especially for
the W1 window, while those produced using -either
CMD-3 e"e™ 2z input (in blue) or our new 7-based input
(in purple) are all in good agreement with the lattice
determinations of the same quantities.

V. CONCLUSION

In this paper, we considered the isospin-1 component of
the HVP, which is relevant for high-precision computations

of quantities such as the muon anomalous magnetic moment
and the hadronic contribution Aay,,q to the running of the EM
coupling @. We compared values obtained dispersively using
I = 1 hadronic z-decay data with those obtained in lattice
QCD. Specifically, we considered the subtracted HVP
[1(Q?), as well as the lqc contributions to the SD, W1
and LD window quantities and a;'" itself. As shown in
Fig. 8, generally good agreement was found between the
ay VP and 1gc window quantities produced using the
7-based representation and lattice results for these same
quantities reported and averaged in Ref. [3]. We note that
lattice errors are smaller for the SD and W1 window
quantities, while the situation is reversed for the LD window
anda, "%, For [1(0?), with 0.5 GeV2 < 0? < 12 GeV?, we
found z-based values which lie 2 — 36 below those of
Ref. [15], and are in better agreement with the smaller
number of results reported in Ref. [16].

In order to make the comparisons, the z-data-based
quantities had to be corrected for 1B, which we assumed
to be dominated by those of the two-pion mode. While
radiative corrections appear to be under control [13], IB
also affects the form factor f_ (s), for which no model-
independent analysis of IB effects exists at present. For this
form factor, we relied on the ChPT-inspired model of
Ref. [50] with what we believe to be conservative errors,
following recommendations from Ref. [3].

Finally, we compared the four-pion spectral distributions
obtained using 7 data with expectations for those distribu-
tions produced using electroproduction data and the iso-
spin-based Pais relations. Particularly interesting
comparisons based on these results are between the four-
pion contributions to the SD, W1 and LD window
quantities, where we find significant differences between
the 7-based 27~ 777° exclusive-mode contributions and
their e"e™-based counterparts. These differences do not
readily show up in our all-contribution totals for these lqc
quantities, as the 2z~ 7"z differences, though themselves
statistically significant when all correlations are taken into
account, are smaller than the errors on these totals.
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c,1,are given in Eq. (2.10). The values of the remaining c,,,,,
m > 1, which follow from RG considerations, are given in
Eq. (AS5) below. The spectral function is defined as (¢ > 0)

.1 .
p(s) = ll_{%z—m(n(s + ie)

—I(s—ie)). (A2)

Using the fact that I1(s) is analytic in the complex plane
except on the positive real axis, and setting u> = s, this can
be written as

(s) 1 4 drl(z)
§)—=—— 7
DATA AVAILABILITY P 271 J|oie < dz
There are no publicly available research data or software 1 n
supporting this manuscript. Requests for further informa- =37 f{ P (1 +Za )chnmlog’”‘l(—x))
tion or data should be sent to the authors. =1 m=1
APPENDIX A: DERIVATION OF EQ. (2.8) e <1 +Zan(5 )ZC””‘J”’> (A3)
n=1 =
We start from the (unsubtracted) vacuum polarization as
a function of s, using
1 o ﬂlog”"l (=x) =J,,,m >0, integer (A4)
I(s)=- 42 C00+10g 2 +Za zcnmlog 27l Jiy=1 x " ' ’
(Al) with J,, given in Eq. (2.9).
For completeness, we list the values of ¢,
where a(u?) = a,(u?)/r, and the independent coefficients, ~ for n > m > 1:
|
Cyy = —1125,
C3p = —56896, C33 = 16875,
cp = —33.0914, cy3 = 15.8016, c4y = —2.84766,
cso = —299.177, cs3 = 129.578, cs4 = —40.6161, css = 5.12578. (A5)
APPENDIX B: FORMULAS
The one-loop function /;;(s, u) is given by
hi(5o1) = 3= As 2 )Ty, ma) + s (5 = 30m o+ )
(s, p) =——A(s,m7, m>)J(s,m;,m — (s m; +m
IR = 0 02 TR (42 ’
1 (2(m; 4+m3)—s
— o\ T (L) = L) = 2(Li(w) + L; () ) (B1)
12 m; — mj
where
2 m?
Li(u) =—-——5log—, B2
(1) (4n)? og 2 (B2)
and
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J(s,my,my) =

- B 12/1dx10 (1= x)m3 4+ xm3 —x(1 —x)s
167 0

~ 3242 2

s my — mj

(1 = x)m? + xm3

1 m2—m3: m?+ m? m2  A2(s,m?, m?
<2+< 1 2 _ 1 2>log_§+ ( 1 2)

my s

—m} +m3 — s+ A2(s,m3, mj)

y <log m?—m3 — s+ V% (s,m3, m3)

A5, )

+ log

AP (s. )

—lo
T ()

m? —m3 + s+ Y2 (s,m}, m3) 4 —m? +m3+ s+ A2 (s, mi, m%)))

M2 (s, m?, m3) (B3)

One has to be careful with combining the logarithms in this expression, as both the numerators and denominators can have
complex phases. Here the logarithm is defined to have a branch cut discontinuity from —oo to 0, and the expressions above

need to be evaluated at s + ie with ¢ > 0 in the limit ¢ — 0.
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