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We revisit the transition from inspiral to plunge for extreme mass-ratio inspirals on quasicircular,
inclined orbits in Kerr spacetime from the perspective of catastrophe theory. Our goal is to uncover the
mathematical structures underlying the universality of the transition dynamics, which remains governed
by the same Painlevé I differential equation as for equatorial inspirals despite the additional complexity.
We first analyze the solution of the Painlevé I equation selected by the physical boundary conditions of
slowly evolving quasicircular inspiral at early times. We argue that these conditions uniquely select the
so-called Boutroux’s tritronquée solution of Painlevé I. We then compare existing high-accuracy analytic
approximations of the tritronquée solution with direct numerical integrations of the Painlevé I equation,
finding comparable accuracy and improved stability under differentiation and integration for the analytic
solution. In the second part of this work, we show that the equilibrium structure of the Kerr radial
effective potential admits a natural interpretation in terms of catastrophe theory. Equatorial orbits are
associated with the fold catastrophe, while inclined orbits are described by the cusp catastrophe. In
both cases, the transition to plunge corresponds to slow evolution across fold lines of the catastrophe
manifold, providing a geometric explanation for the universal appearance of the Painlevé I equation in the
transition dynamics.
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I. INTRODUCTION

The problem of binary black hole mergers in general
relativity has deservedly attracted significant attention in
gravitational-wave (GW) astronomy. A gravitationally
bound system of two compact objects loses energy as it
emits gravitational radiation. This emitted radiation carries
information about the dynamics and the ultimate fate of the
binary system as the two black holes eventually merge and
form a single remnant black hole. This entire process of the
inspiral and merger of two black holes have been observed

by current generation gravitational-wave detectors; see,
e.g., [1] for the most recent observational results. These
merger events carry a wealth of information regarding
gravity in the dynamical strong-field regime, and some of
these events already allow stringent tests of general
relativity. While the inspiral and postmerger regimes of a
compact binary merger are amenable to analytical treat-
ments, these methods are not directly applicable to the
merger regime, which currently requires numerical calcu-
lations for an accurate description. Thus, it is the merger
regime which might be expected to harbor new, perhaps as
yet undiscovered, phenomena pertaining to the dynamical
nonperturbative aspects of general relativity.
Future generations of GW observatories on Earth [2–5]

and in space [6–8] will allow us to measure the emitted GW
signal with great precision. One of the important GW
sources for space-based observatories are extreme mass
ratio inspirals (EMRIs) [9]. While the current generation of
GW detectors are most sensitive to comparable stellar-mass
binaries, space-based detectors such as LISA are sensitive at
lower frequencies corresponding to more massive systems.
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These include the highly asymmetric EMRIs consisting of a
stellar mass compact object captured by a supermassive
black hole.
A typical EMRI evolution can be divided into three

regimes: the adiabatic inspiral, the transition-to-plunge and
the plunge. Roughly speaking, the corresponding regimes
for comparable-mass systems would be inspiral, merger,
and ringdown. The transition-to-plunge phase carries little
signal-to-noise-ratio in LISA and other space-based gravi-
tational-wave detectors [10] and has therefore often been
treated only approximately or ignored in waveform pipe-
lines. Nonetheless, the transition-to-plunge becomes signifi-
cantly more relevant for intermediate-mass-ratio inspirals
(IMRIs) [11,12], (partially) explaining the recent interest in
modeling this regime more accurately [13–17]. This regime
is also crucial for connecting the long adiabatic inspiral to the
final ringdown with controlled phase and amplitude accu-
racy. A robust description of the transition is therefore
essential for performing precision tests of black holes and
general relativity that rely on coherent matching of inspiral,
plunge, and ringdown, or when extracting strong-field
parameters from IMRI signals where the transition can
contribute non-negligibly to the observable waveform.
In this work we reexamine the transition from inspiral to

plunge for quasicircular, inclined EMRIs. Just as for
comparable mass systems, while there exist analytical
methods which accurately describe the inspiral (and ring-
down) regimes, the merger remains less well understood.
There are two principal difficulties:
(1) The merger may have nonperturbative aspects. This

is especially true for comparable-mass systems
wherein the spacetime in the vicinity of the merger
cannot be treated as a linear perturbation of a Kerr
black hole.

(2) In the inspiral regime there is a natural separation of
time scales allowing us to treat the problem as an
adiabatic evolution; the radiation reaction which is
responsible for the shrinking of the orbit operates on
a longer timescale than the orbital motion. However,
in the merger regime, this separation of time scales is
no longer possible and other methods are required.

EMRIs are simpler than comparable-mass systems in the
sense that, even at the merger, the spacetime can always be
considered to be a perturbation of a background Kerr
spacetime corresponding to the central supermassive black
hole. EMRIs therefore provide us with a simplification
(while still remaining very interesting for GW astronomy).
The second difficulty, namely, dealing with nonadiabatic
dynamics at the merger, is also more straightforward for
EMRIs as the transition to plunge still has a separation of
scales, albeit a different one from the adiabatic inspiral.
Building on earlier derivations for equatorial motion

[10,18] and recent extensions to inclined Kerr orbits [13],
we stress that the transition to plunge equation reduces to
the Painlevé I equation, as was already pointed out

in [15] for quasicircular equatorial orbits, and in [13]
for inclined orbits. Solutions to Painlevé equations are
called “Painlevé transcendents” and depend on the
imposed boundary and/or asymptotic conditions. In the
case of equatorial motion, it was identified in Ref. [19] that
under the physical boundary condition that the inspiral is
slowly evolving and quasicircular at early times, the real
Boutroux’s tritronquée Painlevé I transcendent is uniquely
selected. In the present work, we prove this result in a
systematic manner, and also extends it to inclined orbits.
Moreover, identifying the physical solution with the
tritronquée one not only fixes the solution’s analytic
structure (in particular the location of the first real pole
that signals the breakdown of the transition approxima-
tion), it also permits the use of a recent high-accuracy,
uniformly valid analytic approximation to the Painlevé I
equation [20]. This high-accurate analytic solution,
applied for the first time to the gravitational-wave problem,
also comes with rigorous (and uniform) error bounds, and
we show that its performance is comparable to that of a
numerical implementation, while retaining the advantage
of a closed-form analytical expression. Therefore, for
waveform modeling, this solution should be used.
Independently, we interpret the transition-to-plunge

regime in the language of catastrophe theory [21,22].
Catastrophe theory is a powerful tool that, in particular,
classifies the structurally stable ways in which critical points
of a smooth potential are created or annihilated as control
parameters evolve slowly. In our setting, the relevant
potential is the effective potential describing the radial
motion, the control parameters are combinations of the
“constants” of motion describing the trajectory, viz. energy,
angular momentum and the Carter constant, and the critical
points mark the transition to plunge. In GW science
catastrophe theory has already been used, for example, in
the exploration of universality and simplicity features of the
binary black hole merger waveform, to model features
associated with fold/cusp caustics in electromagnetic and
gravitational-wave lensing, to improve waveform modeling
in certain regimes of Fourier space and to define orbital
eccentricity [23–28]. In a related gravitational setting,
catastrophe or singularity theory has also been recently
used to study nondifferentiable stable structures in black
hole horizons [29–31]. For us, the radial effective potential
serves as a starting point to apply the framework of
catastrophe theory. As we shall see in Sec. V B, the
transition to plunge is governed by the fold (equatorial
orbits) and cusp (inclined orbits) catastrophes. The tran-
sition-to-plunge dynamics always selects a slow radiation-
reaction drift crossing a fold. This immediately explains the
observed universality for equatorial and inclined orbits.
The present work is related to the program to understand

the simplicity and universality features of the binary black
hole merger waveform sketched in [19,23,32,33]. However,
in contrast with the qualitative and heuristic tone of the
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discussion in those references, the present work aims at
addressing the concrete problem of plunge dynamics.
The remainder of the paper is organized as follows. In

Sec. II we review Kerr geodesics, define quasicircular
inclined orbits and the ISSO, and rederive the leading-order
transition equation. In Sec. III we identify the physical
solution with the tritronquée Painlevé I transcendent and
present the explicit high-accuracy approximation together
with its error bounds. There we also compare the analytic
approximation with numerical integrations and discuss
implications for waveform modeling. Section V develops
the catastrophe-theoretic interpretation and analyzes struc-
tural stability of the Painlevé I equation. We conclude in
Sec. VI with a summary and outlook.

II. BACKGROUND

In an EMRI, the small but finite mass of the compact
object (μ) gives rise to radiation reaction, leading to the
gradual loss of energy and angular momentum through
gravitational-wave emission. During the inspiral, the
motion can be described as an adiabatic sequence of
geodesics with slowly evolving orbital parameters. As
the system approaches the last stable orbit, the separation
between the orbital and radiation-reaction time scales
breaks down. The adiabatic approximation then fails,
and a distinct perturbative treatment is required to model
the transition from inspiral to plunge. The plunge phase
itself is well approximated by geodesic motion in the
background spacetime.
In this work, we provide an analytic solution to the

trajectory of a small nonspinning and nonprecessing
compact object from the transition regime up to the final
plunge, to leading order in the mass ratio. Moreover, we
provide a description of the transition using the language of
catastrophe theory. We will consider a Kerr spacetime with
an orbit of arbitrary inclination. However, we restrict our
attention to quasicircular orbits, i.e., orbits with vanishing
eccentricity.1 Hence, instead of the last stable orbit, the
transition will take place around the innermost stable
circular orbit (ISCO) for equatorial motion, or around
the innermost stable spherical orbit (ISSO), its generaliza-
tion for inclined orbits. Throughout this work, we use
geometrized units (G ¼ c ¼ 1).
In the remainder of this section, we review the status of

previous work on this topic, which is also used to set the
notation. In Sec. II A, we review the timelike geodesic
equation in a Kerr background, and the location of the ISSO
for quasicircular, inclined orbits. In Sec. II B we rederive
the differential equation governing the transition to plunge
for inclined orbits in a Kerr background.

A. Geodesics in the Kerr background

The geodesic motion in Kerr spacetime (a Petrov type D
solution) is completely integrable due to the existence of a
second-rank Killing tensor, which gives rise to the Carter
constant [34]. As a consequence, there exist four constants
of motion that allow the geodesic equations in a Kerr
background with mass M and spin a to be written as a
system of four first-order coupled nonlinear differential
equations.
Introducing Mino time λ, defined by dλ ¼ dτ=Σ with

Σ ¼ r2 þ a2 cos2 θ [35], decouples the radial and polar
equations. The geodesic equations in Boyer-Lindquist
coordinates then take the form

�
dr
dλ

�
2

¼ ½Eðr2 þ a2Þ − aLz�2 − Δ½r2 þ ðLz − aEÞ2 þQ�

≡ RðrÞ;�
dθ
dλ

�
2

¼ Q − L2
zcot2θ − a2cos2θ½1 − E2�

≡ ΘðθÞ;�
dϕ
dλ

�
¼ csc2θLz þ

2MraE
Δ

−
a2Lz

Δ
≡Φðr; θÞ;�

dt
dλ

�
¼ E

�ðr2 þ a2Þ2
Δ

− a2sin2θ

�
−
2MraLz

Δ
≡ Tðr; θÞ; ð1Þ

where Δ ¼ r2 − 2Mrþ a2, E is the orbital energy (per unit
μ), Lz the z component of the orbital angular momentum
(per unit μ), and Q the Carter constant (per unit μ2). To
avoid notational clutter, we will also denote Lz simply as L
throughout the rest of the paper, as nowhere will we use the
norm of the total angular momentum.
Since we restrict our attention to the study of the

transition up to the final plunge, we consider bound orbits,
which have 0 < E < 1. Furthermore, for bounded orbits
the radial function RðrÞ can be rewritten as

RðrÞ ¼ ð1 − E2Þðr1 − rÞðr2 − rÞðr3 − rÞðr − r4Þ ð2Þ

where ri; i ¼ 1…4 are the real roots of the fourth degree
polynomial RðrÞ such that r1 ≥ r2 ≥ r3 ≥ r4. Bound
motion occurs for rp ¼ r2 ≤ r ≤ r1 ¼ ra, with rp (peri-
center) and ra (apocenter) the minimum and maximum
radii of the orbit. Orbits with L > 0 (L < 0) are prograde
(retrograde), i.e., they rotate in the same (opposite) sense as
the black hole spin.
Rewriting the polar equation in Eq. (1) using ζ ¼ cos θ

gives

1Although some of the methods and ideas developed in this
work may prove useful for eccentric inspirals, they are not
directly applicable in that case.
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�
dζ
dλ

�
2

¼ ð1 − ζ2ÞQ − ζ2½L2 þ ð1 − E2Þð1 − ζ2Þa2�; ð3Þ

which shows that the Carter constant must be positive
Q > 0 for bound nonequatorial motion, while equatorial
orbits (with ζ ¼ 0) correspond to Q ¼ 0.
In the form of Eq. (1), the geodesic equations can be

solved hierarchically by first integrating the radial and polar
equations. The temporal and azimuthal components may
then be obtained by separation, writing tðrðλÞ; θðλÞ; λÞ ¼
trðrðλÞÞ þ tθðθðλÞÞ and ϕðrðλÞ; θðλÞ; λÞ ¼ ϕrðrðλÞÞ þ
ϕθðθðλÞÞ (see, e.g., Ref. [36]). In this section we therefore
focus on the radial and polar motion.
In an EMRI, radiation reaction induces a slow time

dependence in the constants of motion ðE;L;QÞ. Hence,
the inspiral and transition are not accurately described by
Eq. (1), which applies to geodesic motion. However, the
motion is well approximated by a geodesic with fixed
constants of motion during the plunge.
In this work, we restrict ourselves to quasicircular orbits

following the exposition in Refs. [10,13]. Circular orbits
are defined by the conditions

RðroÞ ¼ 0; R0ðroÞ ¼ 0; ð4Þ

where the prime denotes partial differentiation with
respect to r and ro the location of a specific circular orbit.
These conditions ensure that the radius remains constant
at r ¼ ro.
Imposing the circularity condition yields a two-

parameter family of solutions, which may be parametrized
by the orbital radius ro and an inclination angle I. For I ¼ 0
the orbit is equatorial (θ ¼ π=2) and remains confined to
the equatorial plane. For nonequatorial orbits, the polar
motion is bounded between θ∈ ½θmin; θmax� [13], where

θmin ¼ sgnðLÞ ×
�
π

2
− I

�
; θmax ¼ π − θmin: ð5Þ

Since circular orbits are fully specified by ðro; IÞ, the
constants of motion ðE; L;QÞ can equivalently be
expressed in terms of these parameters by solving
Eq. (4) together with

ΘðθminÞ ¼ 0; ð6Þ

which defines the inclination angle I as in Refs. [13,37].
The ISSO separates stable quasicircular motion from

unstable or plunging geodesics. After imposing the circu-
larity conditions in Eq. (4), the ISSO is identified by the
additional marginal stability condition

R00ðrISSOÞ ¼ 0: ð7Þ

For fixed black hole mass and spin, and orbital inclination,
this condition singles out a unique orbit within the family of
circular solutions.
At the ISSO, the radial potential R develops a triple root

as r1, r2, r3 in Eq. (2) become degenerate, reflecting
marginal stability. The radial equation for geodesics
asymptoting to the ISSO can therefore be written as [36]�

dr
dλ

�
2

¼ ð1 − E2ÞðrISSO − rÞ3ðr − r4Þ ð8Þ

where

r4 ¼
a2Q

ð1 − E2Þr3ISSO
ð9Þ

is the remaining real root. For equatorial orbits or for a
Schwarzschild background this root vanishes since
r4 ∝ Q, a.
Solving Eqs. (4) and (7) analytically is cumbersome, and

we refer to Appendix B in Ref. [38] for explicit expres-
sions. Instead, we display the ISSO location, energy, and
angular momentum for prograde (solid) and retrograde
(dashed) orbits as functions of the black hole spin and
inclination in Figs. 1 and 2.
In certain limits these expressions simplify greatly, and

we show them for completeness. Introducing the dimen-
sionless spin χ ¼ a=M and v ¼ ffiffiffiffiffiffiffiffiffiffiffi

M=ro
p

, the
Schwarzschild (a ¼ 0) ISCO quantities are

ra¼0
ISCO=M ¼ 6; ð10aÞ

Ea¼0
ISCO ¼ 1 − 2v2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 3v2
p ; ð10bÞ

La¼0
z;ISCO ¼ cos I

M

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3v2

p ; ð10cÞ

FIG. 1. Radial location of the ISSO as a function of
the black hole spin for different inclinations between the
equatorial plane I ¼ 0, and the rotation axis I ¼ π=2. The
solid lines represent the ISSO location for prograde orbits (with
I as in the label and L > 0), while the dashed lines for retrograde
orbits (with I ¼ π − Ilabel and L < 0). The black hole region has
been shaded in black.
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Qa¼0
ISCO ¼ sin2 I

M2

v2ð1 − 3v2Þ : ð10dÞ

For equatorial orbits in Kerr (I ¼ 0), these quantities read

rI¼0
ISCO=M ¼ 3þ Z2 ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3 − Z1Þð3þ Z1 þ 2Z2Þ

p
; ð11aÞ

EI¼0
ISCO ¼ 1 − 2v2 � χv3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 3v2 � χv3
p ; ð11bÞ

LI¼0
z;ISCO ¼ �M

v
1 ∓ 2χv3 þ χ2v4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3v2 � 2χv3

p ; ð11cÞ

QI¼0
ISCO ¼ 0; ð11dÞ

with

Z1 ≡ 1þ ð1 − χ2Þ1=3½ð1þ χÞ1=3 þ ð1 − χÞ1=3�; ð12aÞ

Z2 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3χ2 þ Z2

1

q
: ð12bÞ

B. The transition to plunge for inclined orbits in Kerr

The derivation of the differential equation governing the
radial motion across the transition to plunge was first
presented by Ori and Thorne [10] and Buonanno and
Damour [18] for quasicircular, equatorial orbits in Kerr, and
later generalized to inclined orbits by Apte and Hughes
[13]. Here we review this derivation for quasicircular

inclined motion, focusing on the radial dynamics near
the ISSO.
The description of the transition relies on three key

ingredients:
(1) Radiation reaction drives a slow evolution of the

geodesic constants of motion compared to the orbital
time scale. A multiscale description therefore ap-
plies: the orbital motion is characterized by the fast
time scale To, of the order of the orbital period,
while the constants of motion evolve on the radia-
tion-reaction time scale TRR. Their ratio scales as

To

TRR
∼ η

where η ¼ μ
M is the mass ratio, which we take to be

η ≪ 1 for an EMRI.
(2) The slow evolution of the constants of motion can be

viewed as a slow deformation of the effective radial
potential [10]. The transition occurs when the local
minimum and maximum of this potential merge into
an inflection point, i.e., when the ISSO conditions
are satisfied.

(3) To leading order in the mass ratio, the conservative
part of the self-force, which shifts the ISSO location,
can be neglected [10,13]. The transition is thus
modeled as geodesic motion in a slowly evolving
background driven by the dissipative self-force.

The transition regime has since been studied systemati-
cally beyond leading order in Schwarzschild [15,18,39],
and recently extended to equatorial Kerr orbits [12,17,40].
Here, however, we restrict attention to the leading-order
correction to geodesic motion.
Following [13], we start the derivation of the differential

equation governing the radial motion during the transition
by rewriting the radial geodesic equation in Eq. (1) as a
second-order differential equation,

d2r
dλ2

¼ 1

2

∂R
∂r

þ 1

2ðdrdλÞ
��

∂R
∂E

�
dE
dλ

þ
�
∂R
∂L

�
dL
dλ

þ
�
∂R
∂Q

�
dQ
dλ

�
:

ð13Þ

where R ¼ Rðr; CðλÞÞ, with C ¼ ðE; L;QÞ now slowly
evolving due to radiation reaction, and r labeling a
particular orbital radius.
Near the ISSO, the radial motion and the evolution of the

constants C both scale with the mass-ratio η, but the two
lines in Eq. (13) scale differently. The first line is of order
OðηÞ around the ISSO since we consider circular orbits.
The second scales with O(1) since both dC

dλ ∼
dr
dλ ∼ OðηÞ [13].

Requiring consistency order by order in η yields two
equations

FIG. 2. Energy and angular momentum at the ISSO location as
a function of the black hole spin for different inclinations between
the equatorial plane I ¼ 0, and the rotation axis I ¼ π=2. The
solid lines represent the energy and angular momentum for
prograde orbits, while the dashed lines for retrograde orbits.
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d2r
dλ2

¼ 1

2

∂Rðr; CðλÞÞ
∂r

ð14aÞ

0 ¼
�
∂R
∂E

�
dE
dλ

þ
�
∂R
∂L

�
dL
dλ

þ
�
∂R
∂Q

�
dQ
dλ

ð14bÞ

where the quantities in parentheses are constants evaluated
at the ISSO.
The first equation, expanded around the ISSO, yields the

transition equation. The second equation is the quasicircu-
larity condition, first identified by Kesden [41] for equa-
torial motion and generalized to inclined orbits in [13]. In
the following, we review the argument in Ref. [41].
For circular equatorial orbits, the evolution of the energy

and angular momentum are related so that circular orbits
evolve to circular orbits. In fact, in Ref. [10], Ori and
Thorne took the rate of change of energy and angular
momentum to be proportional, satisfying

Ω−1 dE
dτ

−
dL
dτ

¼ 0 ð15Þ

with τ proper time, and Ω the orbital frequency. Notice that
this condition is equivalent to Eq. (14b) being satisfied,
since Ω−1 ¼ −∂ER=∂LR, and it is valid to leading order.
However, as shown by Kesden [41], this condition leads

to an inconsistency in the normalization of the four velocity
if the next-to-leading order correction is not accounted for,
which is manifest in the first-order version of Eq. (14a).
The correct condition to next-to-leading order is

Ω−1 dE
dτ

−
dL
dτ

∝ η4=5ðr − rISCOÞ; ð16Þ

i.e., the proportionality between the rate of change of
energy and angular momentum holds only up to higher-
order corrections in the mass ratio.2

For the derivation in the case of inclined orbits, we
follow [13] and impose directly the generalized quasicir-
cularity condition in Eq. (14b) to leading order in η. This is
enough for this work since we restrict ourselves to the study
of the leading order transition. For higher-order refinements
of the transition dynamics one should take into account a
correction of type (16) (see, e.g., [16]). To derive the
transition equation, we expand Eq. (14b) around the ISSO.
We introduce

xðλÞ ¼ rðλÞ − rISSO; ð17aÞ

δEðλÞ ¼ EðλÞ − EISSO; ð17bÞ

δLðλÞ ¼ LðλÞ − LISSO: ð17cÞ

δQðλÞ ¼ QðλÞ −QISSO: ð17dÞ

Using the ISSO conditions in Eqs. (4) and (7), together
with the expansion in Eq. (17) the radial potential can be
expanded as

R ¼ 1

6

�
∂
3R
∂r3

�
x3 þ

�
∂
2R

∂r∂E
δEþ ∂

2R
∂r∂L

δLþ ∂
2R

∂r∂Q
δQ

�
x

þ terms independent of x: ð18Þ

The evolution of the energy, angular momentum, and
Carter constant are purely driven by radiation reaction,
and computing them exactly would require knowledge of
the self-force. However, the transition takes a short
time compared to the radiation-reaction timescale. In
particular [13],

λ − λISSO ∼ η−1=5; ð19Þ

and hence we can approximate the unknown functions δC
by a Taylor expansion around the ISSO, i.e.,

δC ¼ η
X∞
i¼1

η
i−1
5

�
diC
dλi

�
ðλ − λISSOÞi; ð20Þ

where we assume that higher powers in ðλ − λISSOÞ are
suppressed by higher powers in the mass ratio. This
assumption is revisited in Sec. VA.
Since we wish to derive the transition equation to leading

order, the evolution of the constants of motion is linear in
λ − λISSO

δC ¼ ηκCðλ − λISSOÞ þ Oðη6=5Þ; ð21Þ

where the constants κC can be read off from Eq. (20).
Introducing the constants

A≡ −
1

4

�
∂
3R
∂r3

�
;

B≡ 1

2

�
∂
2R

∂r∂E
κE þ ∂

2R
∂r∂L

κL þ ∂
2R

∂r∂Q
κQ

�
; ð22Þ

allows us to rewrite Eq. (14a) in the simplified form

d2x
dλ2

¼ −Ax2 þ Bηðλ − λISSOÞ: ð23Þ

Finally, rescaling the relevant quantities by appropriate
powers of the mass ratio through the transformation2This is why the orbits are called “quasi”-circular.

ARIADNA RIBES METIDIERI et al. PHYS. REV. D 114, 064084 (2026)

064084-6



x≡ η2=5B2=5A−3=5X;

ðλ − λISSOÞ≡ −η−1=5ðABÞ−1=5T; ð24Þ

yields the Painlevé I differential equation

d2X
dT2

¼ −X2 − T ð25Þ

as first identified in Ref. [15].

III. AN APPROXIMATE EXACT SOLUTION TO
THE PAINLEVÉ I DIFFERENTIAL EQUATION

In the seminal works of Buonanno and Damour [18] and
Ori and Thorne [10], it was noted that Eq. (25) does not
admit a solution in terms of elementary or special functions.
The authors therefore solved the equation numerically,
imposing the asymptotic boundary condition

XðTÞ ∼
ffiffiffiffiffiffiffi
−T

p
; T → −∞; ð26Þ

together with the consistent condition on its derivative
ẊðTÞ ∼ − 1

2
ð−TÞ−1=2 as T → −∞. This boundary condition

ensures consistency with the adiabatic inspiral regime at
early times, where Ẍ → 0 (with ˙¼ d=dT).
At late times, as the system approaches plunge, the

variable T varies slowly and Eq. (25) reduces locally to

Ẍ ≈ −X2; ð27Þ

whose solutions develop a second-order pole,

XðTÞ ∼ −6
ðTplunge − TÞ2 ; ð28Þ

with Tplunge ≈ 3.412, fixed after imposing the asymptotic
adiabatic boundary condition in Eq. (26). The appearance
of this pole signals the breakdown of the transition
approximation and the onset of geodesic plunge, as noted
by Buonanno and Damour [18] and Ori and Thorne [10].
It was later recognized in Ref. [15] that Eq. (25) is

precisely the first Painlevé equation, or Painlevé I equation,
one of the six nonlinear differential equations identified by
Painlevé and collaborators that defined transcendental
functions not known before. Although their solutions
cannot be expressed in terms of known special functions,
they are nevertheless analytic functions with highly con-
strained singularity structure. These solutions are known as
the Painlevé transcendents.
The first Painlevé equation admits a two-parameter

family of solutions. However, the asymptotic condition
in Eq. (26) uniquely selects a distinguished solution: the
tritronquée solution. This special solution is characterized
by the absence of poles in a maximal sector of the complex
plane containing the negative real axis, and by a discrete

sequence of poles along the positive real axis. In particular,
the pole at Tplunge corresponds precisely to the first real
singularity of the tritronquée solution.
In [19], the Ori-Thorne numerical solution was explic-

itly identified with Boutroux’s tritronquée solution of the
Painlevé I equation. In this work we develop and extend
this identification, crucially providing a first-principles
analysis. Such identification is not merely formal: it
allows us to exploit the extensive mathematical results
available for this special function. In particular, we
employ the explicit analytic representation constructed
in Ref. [20], which provides an approximate closed-form
expression with rigorously bounded errors for both the
solution and its derivatives.
We then compare this explicit approximation with direct

numerical integration of Eq. (25). Because the analytic
representation comes with controlled error bounds, it
provides improved accuracy near the plunge, where the
errors grow significantly for a “naive” numerical integra-
tion. We present the construction of the tritronquée solution
in Sec. III A, and analyze its performance relative to
numerical methods in Sec. III B.

A. The tritronquée solution of the
Painlevé I transcendent

Singularities of differential equations can be divided
into two types: fixed singularities, whose location is
determined solely by the equation itself, and movable
singularities, whose location depends on the initial data.
Linear second-order differential equations admit only
fixed singularities. Nonlinear equations, in contrast,
may also develop movable singularities. Among the
movable singularities that can arise, poles are the mildest.
A distinguished subclass of nonlinear equations allows no
movable singularities other than poles; consequently, their
solutions are meromorphic throughout the complex plane.
Such equations are said to possess the Painlevé property.
At the beginning of the twentieth century, Painlevé, with

complements by Gambier and Fuchs classified all second-
order differential equations of the form

y00 ¼ F ðy0; y; xÞ; ð29Þ

with F rational in ðy0; yÞ, that possess the Painlevé
property. Besides equations reducible to known special
functions, six irreducible equations were found, defining
new transcendental functions known as the Painlevé tran-
scendents. The simplest of these is the Painlevé I equation,
usually written as [42]

y00 ¼ 6y2 þ x: ð30Þ

The equation governing the transition-to-plunge,
Eq. (25), differs from Eq. (30) only by trivial rescalings
of the dependent and independent variables and is therefore
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equivalent to Painlevé I.3 All solutions to the Painlevé I
equation are meromorphic in the complex plane, with an
essential singularity at infinity.
A remarkable feature of the Painlevé transcendents is the

organization of its poles in the complex plane. For Painlevé
I, Boutroux [43] showed that near infinity the complex
plane is divided into five Stoke sectors separated by the rays
arg x ¼ 2πn=5 with n ¼ 0;�1;�2.4 In general, in each
Stokes sector the solution has a well-defined asymptotic
expansion as jxj → ∞. For Painlevé I, the generic solution
has poles accumulating toward all five rays, so it does not
have a clean asymptotic description in any sector. However,
special one-parameter families of solutions, called tronquée
solutions, are asymptotically pole free along one of these
five rays. For any such tronquée solution, the two adjacent
sectors to the special ray are also pole free, and hence an
asymptotic solution can be built in these two sectors. If a
solution is truncated along two adjacent rays, it is in fact
truncated along three consecutive rays and asymptotically
pole free in four consecutive sectors; such a solution is
known as the tritronquée solution. There exist five such
solutions, related by the fivefold rotational symmetry of
Painlevé I y ↦ e4ikπ=5yðe2πik=5xÞ for k ¼ 0;…; 4 [44]. In
other words, the tronquée and tritronquée solutions are
special precisely because they are pole free in some sectors,
which is what allows a valid asymptotic expansion to be
constructed there.
We now return to the physical boundary condition

relevant for the transition regime. Imposing the adiabatic
boundary condition at early times in Eq. (26) fixes the two
integration constants of the second-order equation and
therefore uniquely determines the solution. Remarkably,
the asymptotic condition that the orbit be quasicircular at
early times [see Eq. (4)] selects precisely the real tritronquée
solution aligned with the negative real axis [using the
convention of Eq. (25)]. This solution is pole free along
the whole real negative axis, consistent with the fact that we
can match the transition solution to the adiabatic inspiral
regime as T → −∞, but develops a pole at a finite positive

value, which Ori and Thorne called Tplunge; we will refer to
it as Tpole.
Since the tritronquée solution of the Painlevé I differ-

ential equation is a real-analytic function with isolated
pole-type singularities (a function in the sense of Painlevé),
one may construct an asymptotic expansion of the form

XðTÞ ∼
ffiffiffiffiffiffiffi
−T

p X∞
k¼0

ak
ð−TÞ5k=2 ; T → −∞ ð31Þ

with coefficients ak determined recursively. However, this
series is asymptotic rather than convergent and does not
remain accurate up to the pole. Similarly, numerical
methods solving Eq. (25) with asymptotic boundary con-
ditions (for some large but finite T ∈R−) lose precision
close to the pole.
An alternative approach is to construct an explicit

approximate representation

XðTÞ ¼ X0ðTÞ þ EðTÞ; ð32Þ

where XðTÞ is the solution to Eq. (25), X0ðTÞ is the
approximation given in closed form and the error EðTÞ is
rigorously bounded over the whole transition domain. In
Ref. [20], Adali and Tanveer constructed such an approxi-
mation using an asymptotic-matching procedure and
derived explicit error bounds for both the solution and
its derivative,

jEðTÞj ≤ 6.89 × 10−5; jĖðTÞj ≤ 2.38 × 10−4; ð33Þ

which, as we will see in Sec. III B, are comparable to
existing numerical methods. They further obtained an
accurate approximation for the pole location,

T0 ¼
770766

323285
61=5 ≈ 3.41167; ð34Þ

with rigorous bound

jTpole − T0j ≤ 5.9 × 10−6: ð35Þ

We now present their approximate solution X0ðTÞ,
omitting the details of the derivation. To ensure a maximal
error bound as in Eq. (33), the solution presented in
Ref. [20] is piecewise, divided in three regions

R1 ¼
�
−∞;−61=5

11

2

�
≈ ð−∞;−7.87�; ð36aÞ

R2 ¼
�
−61=5

11

2
; T0 − 61=5

7

10

�
≈ ð−7.87; 2.41�; ð36bÞ

R3¼
�
T∈C∶jT−T0j ¼ 61=5

7

10
;T ≠T0−61=5

7

10

�
: ð36cÞ

3A class of transformations which leaves invariant the singu-
larity structure in Eq. (29) is the homographic group (also called
Möbius group PSLð2;CÞ)

ðy; xÞ↦ ðY;XÞ; yðxÞ ¼ αðxÞYðxÞ þ βðxÞ
γðxÞYðxÞ þ δðxÞ ; X ¼ ξðxÞ

where ðα; β; γ; δ; ξÞ are functions such that αδ − βγ ≠ 0. Rescal-
ings by a constant of both the dependent and independent
variables are trivial representations of the homographic group.

4When you have an asymptotic expansion of a function valid
as jxj → ∞, the expansion can behave very differently depending
on which direction you go to infinity. Crossing one of the rays
(called a Stokes line) can cause subdominant terms in the
asymptotic expansion to suddenly “switch on”; this is the Stokes
phenomenon. Within each sector, the asymptotic behavior is
uniform, but it can change discontinuously as you cross a ray.
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Note that the region R3 extends to the complex plane. The error on the solution and its first derivative on the joining points
across regions is of the order of 10−14, so way below the error bounds.
The approximate solution is given by [20]

X0ðTÞ ¼

8>>>>><
>>>>>:

ffiffiffiffiffiffiffi
−T

p �
1þ 1

8
ð−TÞ−5=2 − 49

128
ð−TÞ−5 þ 1225

256
ð−TÞ−15=2 þ w̃0ðTÞ

�
onR1

− 6
ðT−T0Þ2 þ 63=5P2ðTÞ onR2

− 6
ðT−T0Þ2 þ 61=5ðT − T0Þ2P3ððT0 − TÞ=61=5Þ onR3

ð37Þ

with

w̃0ðTÞ ¼ Re
�Z

∞

0

e−s
4
ffiffi
2

p
5
ð−TÞ5=4W0

�ð−TÞ5=4
61=4

; s
�
ds
�
; ð38Þ

and the functions P2ðTÞ and P3ðTÞ

P2ðTÞ ¼
X22
k¼0

bk

�
−
T − T0=2þ 31

10
61=5

T0=2þ 12
5
61=5

�k

ð39aÞ

P3ðTÞ ¼
X17
k¼0

ckTk ð39bÞ

are finite polynomials in T. The numerical values of the
coefficients bk and ck and the function W0 are given in
Appendix A.
The first four terms of the expression in R1 have

appeared previously in the literature (see, e.g., [13]), as
they coincide with the large-jTj asymptotic expansion in
Eq. (31). The significance of the representation in Eq. (37),
however, is that it is not merely an asymptotic expansion
valid as T → −∞, but a uniformly valid approximation
across the transition domain, with rigorous error bounds.
Strictly speaking, this validity does not extend all the

way to the pole as R3 does not cover all the way to the
pole location T0 along the real line. Let us denote the
region extending to a distance ϵ from the pole along the real
line by

R4 ¼
�
−61=5

7

10
; T0 − ϵ

�
; ð40Þ

for ϵ ≪ 1. The region R4 is not part of the solution
presented in Eq. (37), because if we analytically continue
the solution in R3 to R4 the error bound (33) established in
Ref. [20] is no longer guaranteed to hold. Nevertheless, as
we will show below, the extension of the solution in R3 into
R4 continues to yield errors well below the bounds in
Eq. (33) for ϵ≲ 10−3, so we will extend the solution in R3

all the way to T0 − ϵ.

B. Performance of the exact approximate solution

In this section we assess the performance of the exact
approximate representation in Eq. (37) by comparing it
with a high-precision numerical integration of Eq. (25) in
Mathematica. While numerical solutions of the Painlevé I
equation can achieve excellent pointwise accuracy away
from the singularity, they do not provide uniform analytic
control near the pole, nor guaranteed bounds on derivatives.
The approximate representation constructed in Ref. [20]
provides global bounds on the error, and has therefore the
potential to behave better near the pole.
For the numerical solution, we solve the Painlevé I

equation using NDSolve in Mathematica, with Working-
Precision set to 50, AccuracyGoal set to ∞, and the
ImplicitRungeKutta method. These parameters were
chosen to match those employed in the numerical studies
of Refs. [12,45].
Initial data are imposed at T ¼ −40 using the asymptotic

expansion

XAsympðTÞ ¼
ffiffiffiffiffiffiffi
−T

p �
1þ 1

8
ð−TÞ−5=2

−
49

128
ð−TÞ−5 þ 1225

256
ð−TÞ−15=2

�
; ð41Þ

together with its derivative evaluated at the same point.
We have verified that varying the numerical parameters in

NDSolve—for example, by increasing the working preci-
sion, changing the integration method, or imposing the
initial data further in the asymptotic regime at T ¼ −100—
does not lead to any significant improvement in the
numerical solution presented here. Although both the
numerical and analytical treatments could, in principle,
be further optimized, the comparison below shows that
the analytical approximation already achieves a level of
accuracy comparable to that of a reasonable numerical
solution. In this sense, the analytical expression provides a
practical alternative to direct numerical integration while
retaining rigorous error control.
In Fig. 3, we display the approximate solution X0 and the

numerical solution Xnum up to T0 − ϵ, where throughout
this section we take ϵ ¼ 10−3. The regions R1, R2, and
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R3 ∪ R4 are colored yellow, orange, and red, respectively.
The two curves are visually indistinguishable on this scale.
To quantify the agreement, Fig. 4 shows the absolute

difference between X0 and Xnum, as well as the difference
between their first and second derivatives, plotted on a
logarithmic scale. The discrepancy between the functions
themselves remains extremely small throughout most of the
transition and increases only as T → T0.
The differences in the derivatives are more pronounced.

In particular, the discrepancy in the second derivative
reaches Oð10−3Þ around T ≈ 3, still well before the pole.
This behavior reflects the well-known sensitivity of
numerical differentiation near singularities.
While Fig. 4 measures the mutual agreement of the two

solutions, it does not indicate which one more accurately
satisfies the differential equation. To assess this, we
introduce the following two residuals:

ΔðTÞ ¼ Ẍ þ X2 þ T; ð42aÞ

Δ̃ðTÞ ¼ −ðX0Þ2 − 2

3
X3 − 2TX þ Y ð42bÞ

with Y satisfying dY
dT ¼ 2X. The two residuals are defined

as the transition differential equation and its first integral
(following Ref. [41]), using the rescaled variables
in Eq. (24).
Both residuals vanish identically for an exact solution of

the Painlevé I equation. For approximate or numerical
representations, Δ and Δ̃ provide direct diagnostics of how
well the differential equation and its first integral are
satisfied.
Figure 5(a) shows jΔj computed using X0 and Xnum. At

early times both representations satisfy the equation to high
accuracy, with residuals below 10−10 as expected. However,
as the solution approaches the pole, the residual associated
with the numerical solution grows and reaches Oð10−2Þ

FIG. 3. Comparison between the approximate tritronquée
solution X0ðTÞ and the numerical solution XnumðTÞ of the
Painlevé I equation as functions of T. The two curves are
visually indistinguishable on this scale throughout the transition
regime up to T0 − ϵ. We colored the regions R1 (yellow), R2

(orange), and R3 ∪ R4 (red) of the approximate solution.

FIG. 4. Absolute difference between the approximate solution
X0 and the numerical solution Xnum (black), together with the
absolute difference of their first (purple) and second (red)
derivatives, plotted on a logarithmic scale. While the functions
themselves agree to high accuracy across the transition,
discrepancies increase for higher derivatives as the pole is
approached.

FIG. 5. Comparison of the residuals Δ and Δ̃ evaluated using
the approximate solution X0 (solid green) and the numerical
solution Xnum (dashed black), shown on a logarithmic scale
for 0 ≤ T ≤ T0 − ϵ and −15 ≤ T ≤ T0 − ϵ, respectively. The
bounded residual of X0 indicates uniform consistency with
the differential equation, while the numerical residual grows as
the pole is approached. We colored the regions R1 (yellow) R2

(orange) and R3 ∪ R4 (red) of the approximate solution.

ARIADNA RIBES METIDIERI et al. PHYS. REV. D 114, 064084 (2026)

064084-10



near T ¼ 3. This behavior reflects the intrinsic difficulty of
numerically integrating a nonlinear equation whose sol-
ution develops a nearby singularity: truncation and round-
off errors are amplified by the rapidly growing derivatives.5

In contrast, the residual computed from the analytic
approximate solution remains uniformly bounded through-
out the entire transition regime, staying below 10−7 up
to T0 − ϵ.
This behavior is even more pronounced for the residual

Δ̃, shown in Fig. 5(b). While the residual associated with
the numerical solution (black dashed line) remains below
Oð10−3Þ in regions R1 and R2, it grows above O(1) in
regions R3 ∪ R4. By contrast, the residual of the approxi-
mate solution (green line) remains uniformly bounded
below Oð10−5Þ across the entire transition. The degrada-
tion in the numerical residual arises from the combination
of integrating the numerical solution (through the term Y)
and differentiating it repeatedly, operations whose accu-
racy deteriorates as the singularity is approached, as
discussed above.
The stability of the approximate solution is not acci-

dental but follows directly from the controlled error bounds
built into the construction of X0. The analytic representa-
tion therefore provides uniform control over both the
solution and its derivatives precisely in the regime where
numerical integration becomes increasingly unreliable
(without the use of more sophisticated numerical methods,
as is the case in current implementations [12,45]). We
emphasize, however, that the numerical solution itself
remains accurate for constructing the transition-to-plunge
trajectories: the difference between the numerical and
approximate solutions is at the level of 10−10. The loss
of accuracy becomes significant only when repeated differ-
entiation or integration is required near the singularity. This
effect might then become relevant when computing sub-
leading corrections to the transition dynamics, where
derivatives of X enter explicitly (see, e.g., Eq. (135) in
Ref. [17]). A more in depth analysis of the improvement in
the higher-order corrections to the transition dynamics
would need to be quantified. However, in principle, the
bounded analytic error of X0 provides a moderate advan-
tage, and unless stated otherwise, we will take X0 as the
solution of the Painlevé I differential equation in this work.

IV. TRANSITION TO PLUNGE TRAJECTORIES

The transition solution cannot be used to describe the
trajectory all the way until the small body is absorbed by
the larger black hole. This is evident from the fact that the
radius becomes negative for T → T0 (see Fig. 3), due to the
pole-dominated behavior of the transition solution. As

noticed in Refs. [10,18], this behavior signals the break-
down of the applicability of the transition regime, and the
onset of the geodesic plunge.
To describe the trajectory up to the moment when the

compact object crosses the horizon, one must append a
geodesic plunge for 0 ≪ T ≪ T0, corresponding to some
point in region R2 of Fig. 3. One approach to constructing
such a trajectory is patching: the values of the energy,
angular momentum, and Carter constant are frozen at a
chosen time Tpatch within R2, and the remainder of the
trajectory for T > Tpatch is replaced by a plunging geodesic
with the corresponding constants of motion ðEpatch;
Lpatch; QpatchÞ. This approach has been employed in,
e.g., Ref. [13]. Although the resulting trajectory depends
on the choice of Tpatch, it is shown in Ref. [14] that this
sensitivity does not affect the quasinormal modes excited
during ringdown.
Nevertheless, to avoid this dependence on the patching

time altogether, we instead adopt a matching procedure to
construct the transition-to-plunge trajectories as done in
Refs. [12,16] for a Schwarzschild background. The match-
ing procedure for the radial motion is detailed below. We
begin by constructing the radial motion from the ISSO,
described by the transition solution, to the moment the
compact object dives into the horizon, by matching the
transition and geodesic plunge solutions in their common
region of validity. The radial motion during the transition
follows from Eqs. (17a) and (24), and is given by

rtransðλÞ¼ rISSOþη2=5A−3=5B2=5X0½−ðηABÞ1=5ðλ−λISSOÞ�;
ð43Þ

withX0 explicitly given in Eq. (37). This expression is valid
throughout the transition regime, where the rescaled time
T ¼ −ðηABÞ1=5ðλ − λISSOÞ remains O(1).
The radial motion during the geodesic plunge can be

obtained from Eq. (8). Although r ¼ rISSO is a solution to
that equation, we are interested in the nontrivial branch
asymptoting to the ISSO from below, r < rISSO. To isolate
this solution, we introduce

rðλÞ ¼ rISSO − xplungeðλÞ; ð44Þ

where the minus sign with respect to Eq. (17a) ensures that
0 ≤ xplungeðλÞ ≤ rISSO − r4.

6 Note xplunge should not be
confused with x. Substituting into Eq. (8) yields�
dxplunge
dλ

�
2

¼ð1−E2
ISSOÞx3plungeðrISSO− r4−xplungeÞ; ð45Þ

which can be integrated exactly. The resulting solution is5This deterioration is not fundamental. More sophisticated
numerical approaches, such as puncture-type methods that
explicitly account for the singular behavior, could likely improve
the numerical accuracy in this regime.

6The upper limit in xplunge has been chosen so that the right
hand side of Eq. (8) is positive.
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xplungeðλÞ ¼
4ðrISSO − r4Þ

4þ ð1 − E2
ISSOÞðrISSO − r4Þ2ðλ − kÞ2 ð46Þ

where k is an integration constant. The radial motion during
the plunge is therefore given by Eq. (44) combined with
Eq. (46). This solution remains valid as long as rISSO −
r4 − xplunge ≥ 0.
The matching between the transition and plunge sol-

utions must be performed in the region where both
descriptions apply. The transition solution is valid for
rescaled times T ¼ Oð1Þ, corresponding to radial devia-
tions r − rISSO ∼ η2=5. The plunge solution, on the other
hand, is the exact geodesic solution obtained by freezing
the constants of motion at their ISSO values. To match the
two descriptions, we consider the early-time behavior of the
plunge solution, corresponding to xplunge → 0þ (i.e.,
r → r−ISSO), and the late-time behavior of the transition
solution T → T−

0 . These limits overlap in the regime

0 ≫ λ − λISSO ≫ −ðηABÞ−1=5T0: ð47Þ

To carry out the matching, we therefore examine the
asymptotic behavior of both solutions in this overlap
region. For the transition solution, taking the limit T →
T−
0 while remaining in the overlapping regime of validity in

Eq. (47) places us in region R2 of the approximate Painlevé
solution. From Eq. (37), the leading behavior is

X0ðTÞ ∼ −
6

ðT − T0Þ2
: ð48Þ

Substituting this into rtrans and using Eq. (24), we obtain

rtrans
→

ðλÞ ¼ rISSO −
6

Aðλ − λISSO þ T0

ðηABÞ1=5Þ2
ð49Þ

where
→
denotes the asymptotic behavior of this solution as

T → T−
0 , and A was given in Eq. (22).

Next, we consider the plunge solution in the limit
r → r−ISSO, or equivalently xplunge → 0þ. Expanding
Eq. (45) for small xplunge and integrating yields

−
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rISSO − r4
p ffiffiffiffiffiffiffiffiffiffiffiffixplunge

p þ Oðx1=2plungeÞ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − E2

ISSO

q
ðλ − kÞ: ð50Þ

Solving for xplunge and substituting into Eq. (44) gives

rplunge
⟵

ðλÞ ¼ rISSO −
4

ð1−E2
ISSOÞðrISSO − r4Þðλ− kÞ2 ; ð51Þ

where the under arrow indicates that this is an asymptotic
solution, and k is an integration constant.

For the matching to be possible, rtrans
⟶

and rplunge
⟵

must

share the same functional dependence. Using Eqs. (22) and
(8), one finds that the constant A is

A ¼ 3

2
ð1 − E2

ISSOÞðrISSO − r4Þ; ð52Þ

which ensures that Eq. (49) has the same constants in front
of the inverse-square structure as Eq. (51). In fact, the two
expressions coincide upon identifying

k ¼ λISSO −
T0

ðηABÞ1=5 : ð53Þ

A uniformly valid approximation across the transition
and plunge regimes is then obtained through the standard
composite construction

rmatchedðλÞ ¼ rtransðλÞ þ rplungeðλÞ − rtrans
⟶

ðλÞ: ð54Þ

In Fig. 6 we present the composite matched solutions
describing the transition and geodesic plunge for radiation-
reaction-driven inspirals at leading order. These trajectories
are not expected to remain valid at sufficiently early times,
where the evolution is instead described by the adiabatic
inspiral regime. Constructing the full global solution would
therefore require matching the transition solution to an
adiabatic inspiral at early times, following the procedure
described in Refs. [12,16]. Here, however, we restrict
attention to the matched transition and plunge solutions
only.
The trajectories are shown for different values of the

dimensionless spin of the central black hole, χ ¼ a=M, and
orbital inclinations I, while fixing the mass ratio to
η ¼ 10−5. Each color corresponds to a different spin

FIG. 6. Composite transition and geodesic plunge solutions as a
function of Mino time. We show the trajectories for three values
of the dimensionless spin of the central black hole χ ¼ 0, 0.4, 0.8
and three inclinations I ¼ 0; π=6; π=3 for prograde orbits. The
mass ratio has been fixed to η ¼ 10−5.
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(χ ¼ 0, 0.4, and 0.8 shown in black, green, and yellow,
respectively), while the inclination is indicated by the line
style: solid for I ¼ 0, dashed for I ¼ π=6, and dot-dashed
for I ¼ π=3. The sharpest transition occurs for the non-
rotating case, for which all inclinations yield the same
trajectory, as expected from the spherical symmetry of the
Schwarzschild spacetime. For spinning black holes this
degeneracy is broken, and larger inclinations shift the
transition to larger radii. Increasing the spin also broadens
the transition regime, leading to a more gradual trajectory, in
which the compact object takes longer to dive into the
horizon.
To generate Fig. 6 we computed the coefficients A and B

defined in Eq. (22). This requires the rates of change of the
energy, angular momentum, and Carter constant at the
ISSO, namely, the coefficients κC introduced in Eq. (21).
The rates of change of the energy and angular momentum
with respect to Boyer-Lindquist coordinate time were
provided by Maarten van de Meent in the form of
Mathematica interpolating functions. The conversion to
Mino time was performed using the KerrGeoFrequencies
routine from the Black Hole Perturbation Toolkit [46].
The evolution of the Carter constant was obtained from
the quasicircularity condition in Eq. (14b). In Table I we
summarize the numerical values of the coefficients κC
together with the corresponding values of A and B for
different spins and inclinations.

V. UNIVERSALITY OF THE TRANSITION
TO PLUNGE

Up to this point, our focus has been on the solutions of
the transition equation. However, the derivation of the
transition equation itself, reviewed in Sec. II B, relied on a
number of physical assumptions. In particular, in Eq. (14a)
it is assumed that the dissipative component of the self-
force enters only through a slow evolution of the geodesic
constants of motion, that the conservative piece merely
shifts the ISSO location (as discussed in Ref. [10]) and can
therefore be neglected at leading order, and that the
dominant evolution of the constants of motion is linear
in time, cf. Eq. (21) (see also Refs. [10,13]). While these
assumptions are physically well motivated, they remain
approximations. One may therefore ask whether modifying
the precise time dependence of the evolving constants of
motion or relaxing the assumption that the self-force acts
exclusively through slow parameter drift, would alter the
differential equation governing the transition.
In Sec. VA, we address this question by examining the

robustness of the transition equation under admissible
perturbations. We introduce controlled modifications of
the differential equation and apply the Painlevé test to
determine whether the perturbed equations retain the
Painlevé property, namely, that their movable singularities
are poles. The persistence of this property indicates that the

transition dynamics remains within the Painlevé I univer-
sality class.
Beyond the robustness of the equation itself, we empha-

size that the emergence of Painlevé I persists even when the
orbital configuration is generalized from equatorial to
inclined Kerr geodesics. Despite the increased complexity
of the parameter space, the transition dynamics reduces
locally to the same equation. This strongly suggests that the
appearance of Painlevé I reflects a universal mechanism
describing the transition to plunge.
To clarify the geometric origin of this universality, we

turn in Sec. V B to catastrophe theory. Catastrophe theory,
introduced in the seminal work of René Thom in 1972 [47],
classifies the structurally stable degeneracies of critical
points of smooth functions under variation of control
parameters. In the present context, the effective radial
potential defines a family of equilibria parametrized by
the orbital constants and the black-hole spin. The ISCO
corresponds to a degenerate critical point at which a stable
and an unstable circular orbit merge and form an inflection
point. Such a merger is the hallmark of a fold catastrophe.
The transition to plunge may therefore be interpreted as the
slow evolution of the system across the fold curve of the
catastrophe manifold.

A. Structural stability of the transition equation

In this section we investigate whether analytic modifi-
cations of the transition equation preserve the Painlevé
property. Such corrections may arise from higher-order
terms in the time evolution of the constants of motion, from
additional contributions to the self-force that might not
have been taken into account in the derivation of the
transition, or from small environmental effects that slightly
perturb the dynamics near the ISSO. Our goal is to
determine whether the characteristic singularity structure
of the Painlevé I equation is robust under a controlled class
of perturbations.
We consider the modified equation

E≡ d2x
dλ2

þ Ax2 þ BηFðλÞ ¼ 0 ð55Þ

where

FðλÞ ¼
X∞
i¼1

ciðλ − λISSOÞi; c1 ¼ 1; ð56Þ

and the series is assumed to be absolutely convergent in a
neighborhood of the ISSO. When ci ¼ 0 for all i ≥ 2,
Eq. (55) reduces to the transition equation (23), which can
be mapped to the Painlevé I differential equation (25), as
discussed in Sec. II B. The class of modifications consid-
ered here is sufficiently general to incorporate higher-order
terms in the Taylor expansion governing the slow evolution
of the constants of motion, as well as more general analytic
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corrections to the forcing term proportional to η. A subset
of these corrections was previously considered in Ref. [13],
where polynomial corrections up to cubic order in Mino
time were introduced to model the evolution of the
constants of motion during the transition.
To assess whether this modified equation retains the

Painlevé property, we apply the Painlevé test in the
Kowalevski-Gambier formulation [48,49]. The test exam-
ines whether the general solution can be expressed locally as
a Laurent expansion about a movable singularity with only
pole-type behavior. Passing the test is a necessary condition
for the Painlevé property and provides strong evidence,
though not a proof, of integrability in the Painlevé sense. We
follow the exposition of the test described in Ref. [49]. We
start by assuming the existence of a movable singularity at
λ ¼ λ0 and introduce χ ¼ λ − λ0 (not to be confused with
the dimensionless spin variable). We look for the dominant
singular behavior of the form

x ∼
χ→0

x0χp; x0 ≠ 0; −p∈N: ð57Þ

Substituting into the differential equation yields the leading
scalings

x00 ∼ pðp − 1Þx0χp−2; x2 ∼ x20χ
2p: ð58Þ

Since FðλÞ is analytic in λ, it is also analytic in χ, and
therefore contributes only non-negative powers of χ.
Consequently it cannot participate in the dominant singular
balance. The only possible balance between negative
powers is obtained by equating the exponents of x00 and
x2, which gives

p − 2 ¼ 2p ⇒ p ¼ −2: ð59Þ

A necessary condition for the Painlevé property is that the
leading power p is a negative integer, which in this case is
satisfied. Thus any movable pole-type singularity must be a
double pole, in agreement with the behavior of solutions to
Painlevé I.
Matching the coefficients at leading order yields

pðp − 1Þx0 þ Ax20 ¼ 0 ⇒ x0 ¼ −
6

A
: ð60Þ

The dominant singular structure is unchanged by the
analytic forcing term FðλÞ.
After the completion of this first step, one must deter-

mine whether a Laurent series of the form

x¼
X∞
j¼0

xjχjþp; E¼
X∞
j¼0

Ejχ
jþq; −p;−q∈N; ð61Þ

exists and whether all the coefficients in the series can be
computed recursively. Hence, in the second step of the test
we compute the indicial equation and Fuchs numbers of the
linearized ordinary differential equation, which indicates at
which order in the expansion of the solution arbitrary
constants can enter. The determination of such constants
imposes constraints on the coefficients of the differential
equation, thus allowing us to answer the question of
whether Eq. (55) passes the Painlevé test for arbitrary
coefficients ci; i ≥ 2. The dominant terms of the differential
equation, denoted by Ê½x�, are

Ê½x� ¼ x00 þ Ax2: ð62Þ
The linearization of the dominant singular terms around the
leading order solution is obtained by adding the next-to-
leading order correction, i.e., x ∼ x0χ−2 þ ϵX, and yields

lim
ϵ→0

1

ϵ
ðÊ½xþ ϵX� − Ê½x�Þ ¼ X00 þ 2AxX ¼ 0: ð63Þ

Looking for power-law solutions of the form X ∼ xjχj−2 for
j a positive integer, leads to the indicial equation

xjχj−4ðjþ 1Þðj − 6Þ ¼ 0: ð64Þ

The associated Fuchs indices are therefore j ¼ −1 and
j ¼ 6. The index j ¼ −1 corresponds to the arbitrariness of
the pole position λ0, while j ¼ 6 indicates that a second
arbitrary constant may enter at order x6χ4.
We now construct the full Laurent expansion around the

movable singularity

x ¼
X∞
j¼0

xjχj−2; E ¼
X∞
j¼0

Ejχ
j−4; ð65Þ

and substitute it into the complete modified equation (55).
We find the coefficients xj order by order up to j ¼ 6 to

TABLE I. Rates of change of the energy, angular momentum,
and Carter constant at the ISSO for three values of the spin of the
central black hole and three inclinations. We restrict ourselves to
prograde orbits. The rates change of the energy, angular mo-
mentum, and Carter constant as a function of Boyer-Lindquist
time at the ISSO were provided by Maarten van de Meent.

χ κE κL κQ A B

I ¼ 0 0 0.048 0.704 1.6 × 10−7 1 14.624
0.4 0.098 1.006 3.2 × 10−9 1 12.573
0.8 0.312 1.793 −1.9 × 10−8 1 8.250

I ¼ π=6 0 0.048 0.656 0.936 1 14.624
0.4 0.088 0.895 1.032 0.993 12.785
0.8 0.235 1.474 1.065 0.936 9.017

I ¼ π=3 0 0.048 0.528 3.047 1 14.624
0.4 0.066 0.638 3.097 0.982 13.303
0.8 0.110 0.844 2.983 0.882 10.691
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check whether obstructions exist to the construction of the
power series solution.
Matching coefficients order by order in χ shows that the

recursion uniquely determines xj for j ¼ 1;…5. In par-
ticular, we find that for x0 the recurrence relation is
automatically satisfied once we account for Eq. (60), while
for j ¼ 1;…; 5

ðEj ¼ 0Þ∶ xj ¼ 0 for j ¼ 1; 2; 3 ð66aÞ

ðE4 ¼ 0Þ∶ x4 ¼
Bη
10

X∞
i¼1

ciðλ0 − λISSOÞi ð66bÞ

ðE5 ¼ 0Þ∶ x5 ¼
Bη
6

X∞
i¼1

ciiðλ0 − λISSOÞi−1: ð66cÞ

At j ¼ 6, however, the coefficient multiplying x6 vanish
identically. Instead of determining x6, one then obtains a
compatibility condition involving the forcing function
FðλÞ, namely,

ðE6 ¼ 0Þ∶
X∞
i¼1

ci
iði − 1Þ

2
ðλ0 − λISSOÞi−2 ¼ 0: ð67Þ

If this condition is satisfied, the recursion proceeds con-
sistently, x6 remains arbitrary, and higher-order coefficients
can be determined recursively without further obstructions.
The local solution then depends on the two arbitrary
constants ðλ0; x6Þ, and no logarithmic terms appear in
the expansion. If the condition fails, logarithmic branching
is generically expected, and the equation does not pass the
Painlevé test.
Notice that for cj ¼ 0 for j ≥ 2 the constraint is

automatically satisfied, and hence Eq. (23) passes the
Painlevé test, as expected. Furthermore, affine forcing
terms of the form c0 þ c1ðλ − λISCOÞ automatically pass
the test as well.7

For cj ≠ 0 for j ≥ 2 the forcing term FðλÞ must satisfy
Eq. (67). Under the classical interpretation of the Painlevé
test, this condition signals a failure of the test: the constraint
on the coefficients depends on λ0—the location of the
movable singularity—and therefore on the initial condi-
tions. In other words, this means that if the constraint is
satisfied, the coefficients in the original differential equation
depend on the initial conditions. This is indirect contra-
diction with the Painlevé property. However, if we restrict
ourselves to the subclass of solutions corresponding to the
tritronquée solutions (which recall are the physically rel-
evant solutions), then this fixes the singularity location and
the Painlevé test is satisfied for this subclass. Thus, if the
constraint in Eq. (67) is satisfied, the Painlevé test is

satisfied in this weaker sense. Consequently, for this
distinguished class one may still construct a Laurent
expansion of the perturbed equation (55) with a general
forcing term satisfying Eq. (67).
For physical perturbations, however, the relevant tran-

sition equation need not be Eq. (55): because the transition
is governed by a slow-time, the leading dynamics is
organized in terms of the rescaled variable T ∼ η1=5ðλ −
λISSOÞ rather than λ. In that setting, condition (67) (i.e., the
resonance compatibility requirement) is not expected to
control the physical behavior. Instead, any higher-order
terms in the analytic forcing FðλÞ enter as subleading
corrections in the small-η expansion, appearing as higher-
order perturbations of the Painlevé I equation, in the same
spirit as Ref. [16]. Thus, for many physical situations, the
leading singular behavior governing the transition remains
unchanged, underscoring the rigidity of the transition.
The present analysis applies only to analytic forcing

terms depending on λ alone. More general perturbations
involving nonlinear powers of x beyond quadratic order or
derivative-dependent terms may alter the dominant balance
and thereby change the singularity structure of the equation.
Establishing the Painlevé property in such cases would
require a separate analysis. Terms of the form x2 and xλ
could be added without changing the singular behavior of
Eq. (55), although the coefficients in the Laurent series
expansion would change. Within the analytic class consid-
ered here, however, we have shown explicitly that the
modified transition equation preserves the pole-type mov-
able singularities and resonance structure of Painlevé I,
provided the resonance compatibility condition in Eq. (67)
is satisfied.

B. A catastrophic interpretation
of the transition to plunge

Catastrophe theory [47] studies the structurally stable
critical points of smooth systems and the universal ways in
which these equilibria change under smooth variation of
parameters. Remarkably, the local behavior around these
singular points, the catastrophe singularities, is highly
constrained and falls into a small number of universal
classes. Interpreting the transition to plunge as the slow
passage through one such catastrophe explains two key
features of the dynamics: first, why the transition equation is
structurally robust under perturbations, and second, why the
transition for inclined Kerr orbits remains qualitatively as
simple as the equatorial Schwarzschild case. In both
situations, the dynamics is governed by the same underlying
catastrophe structure.
In the following, we first review the basic concepts of

catastrophe theory in Sec. V B 1. We then show in
Sec. V B 2 that the space of structurally stable equilibria
for equatorial Kerr orbits can be mapped to the fold
catastrophe, while the equilibrium manifold for inclined
Kerr orbits is described by the cusp catastrophe. Finally, in

7Although we set c0 ¼ 0 in Eq. (56), allowing c0 ≠ 0 similarly
leads to Eq. (66), with the series coefficients xi acquiring
additional terms proportional to c0. However, the outcome of
the test remains unchanged.
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Sec. V B 3, we show that the transition equation reduces to
the Painlevé I differential equation because, in both cases,
the transition corresponds to the slow crossing of a fold
catastrophe.

1. A catastrophe theory primer

Catastrophe theory provides a geometric framework for
describing how equilibria of a smooth function change
under variation of external parameters [50]. In this sub-
section we follow partially the presentation in [23], in
particular its notation. Let ΦðR;XÞ be a smooth function
depending on a set of state variables R∈ S and control
parameters X∈D. The state variable space S is a assumed
to bem dimensional, while the control parameter spaceD is
n dimensional. These two spaces can a priori be infinite,
but in practice, only the relevant parameters for the caustic
structure need to be accounted for [23]. In fact, for most
physical situations, a finite number of state variables and
control parameters with n ≥ m suffices.
The smooth function Φ∶S ×D → R is called the gen-

erating function, and in the present context, it plays the role
of an effective potential8: equilibria are obtained from

∇RΦðR;XÞ ¼ 0; ð68Þ

where the gradient is taken with respect to the state
variables.
For fixed X, solutions of this equation define the

stationary points of the system. AsX varies, these stationary
points trace out an n-dimensional surface M ⊂ S ×D,
known as the stationary (or catastrophe) manifold. The
projection ofM onto control-parameter spaceD need not be
injective as a point inD can have several preimages: several
equilibria may correspond to the same set of control
parameters. The projection map ξ∶M → D is known as
the catastrophe map.
A catastrophe occurs when two or more stationary points

coalesce and change their nature. Mathematically, this
corresponds to a degenerate critical point of Φ, where in
addition to Eq. (68), the Hessian with respect to the state
variables becomes noninvertible,9 i.e.,

det

�
∂
2Φ

∂Rα∂Rβ

�
¼ 0: ð69Þ

The projection of such degenerate points into control-
parameter space through the catastrophe map ξ defines the
caustic (or bifurcation set).
A central result due to Thom and further developed by

Arnol’d [47,51] is that, up to smooth changes of variables,
only a finite number of local normal forms describe all
structurally stable degeneracies when the number of control
parameters does not exceed four. For one state variable, the
relevant catastrophes are the fold and the cusp. Their
normal forms are

ϕfoldðs; x1Þ ¼
s3

3
− x1 s ð70Þ

ϕcuspðs; x1; x2Þ ¼
s4

4
þ x2

2
s2 þ x1 s ð71Þ

where s represents the state variable, and x1, x2 the control
parameters. The normal form of the generating function
assumes that the highest order singularity lies at x ¼ 0, and
it can be obtained from any generating function ΦðR;XÞ
through appropriate diffeomorphisms of the state variables
R ↦ sðRÞ and control parameters X ↦ xðXÞ. The standard
form of the catastrophe’s generating function ϕðs; xÞ is
related to Φ by

ΦðR;XÞ ¼ CðXÞ þ ϕðsðRÞ; xðXÞÞ; ð72Þ

where CðXÞ is a smooth function of the control parameters
only, so the stationary points of Φ and ϕ coincide [23].
The fold catastrophe is obtained when there is only one

relevant control parameter. The cusp arises when the
control parameter space is two dimensional. In the fold
catastrophe, two stationary points merge and annihilate as
the control parameter crosses the caustic. The simplest
representation of this phenomena is given by a parabola.
This can be seen by solving Eq. (68) for the fold generating
function in its standard form (70), which yields

∇sϕfold ¼ s2 − x1 ¼ 0 ⇒ s ¼ � ffiffiffiffiffi
x1

p
: ð73Þ

For x1 > 0 there are two distinct equilibria, while for x1 ¼
0 they merge. For x1 < 0 no critical points exist. In Fig. 7
we show the fold in its standard form and mark the relevant
points for catastrophe theory.
In the cusp catastrophe, the fold curve itself acquires a

singular point, organizing a two-parameter family of folds.
The catastrophe manifold is obtained by solving Eq. (68)
with the standard form for the cusp generating function.
This yields

∇sϕcusp ¼ s3 þ x2 sþ x1 ¼ 0; ð74Þ

8The generating function is a more general concept than the
effective potential. In gravitational lensing, for example, the time
delay plays the role of a generating function [23]. More broadly,
catastrophe theory has found applications beyond physics,
including in the social sciences, with models in psychology
and finance [50].

9In optics, the magnification matrix is usually defined as
M−1

αβ ðXÞ ¼ −ð ∂
2Φ

∂Rα∂Rβ
ÞðX1;…;XnÞ

. The light intensity then scales as

I ¼ j detMαβj, so crossing a caustic leads to a divergence of the
intensity [23]. In the transition to plunge problem, however, there
is no direct analogue of the light intensity, and therefore no
corresponding divergent observable is expected at the catastrophe.
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which is a depressed cubic polynomial. The roots of the
polynomial become degenerate when the discriminant

−ð4x32 þ 27x21Þ ¼ 0 ð75Þ

vanishes. This occurs along the lines x1 ¼ � 2
3

ffiffiffiffiffiffiffiffi
− x3

2

3

q
, for

which two of the roots of the cubic become degenerate, and
hence for which the Hessian defined in Eq. (69) vanishes.
These are fold lines.10

Furthermore, the roots of the polynomial in Eq. (74)
become triply degenerate at the point x ¼ 0. This is where
the cusp catastrophe occurs. The projections of these points
to control parameter space are the fold and the cusp
caustics. The shaded region in control parameter space
in Fig. 8 marks the region of parameters where the
generating function has three critical points, and the white
segment the region where only one such equilibria exists.
In what follows, we will show that both the ISCO and the

ISSO corresponds to such a fold degeneracy of the Kerr
effective potential, and that the transition to plunge can be
interpreted as slow evolution across the associated caustic.

2. The Kerr parameter space as a cusp manifold

We now use the tools of catastrophe theory summarized
in the previous section to analyze the space of equilibrium

solutions of Kerr geodesics. While the structure of Kerr
geodesic phase space has been extensively studied in the
literature (see e.g. [52–55]), here we emphasize its inter-
pretation in terms of universal catastrophe morphologies.
To study the space of equilibrium configurations we take

as generating function the radial effective potential,

ΦðR;XÞ ¼ Veffðr;E;L;QÞ: ð76Þ

This choice is natural because equilibrium states of the
radial motion correspond to critical points of Veff .
Catastrophe theory classifies the degeneracies of such
critical points under variation of control parameters.
Although, in principle, the full dynamics involves both r

and θ, the polar potential does not develop higher-order
degeneracies in the regime relevant for the transition to
plunge. The singular structure is therefore entirely gov-
erned by the radial potential and considering the θ motion
would not change the morphology of the catastrophe
manifold.
The effective potential for the Kerr radial geodesic

motion can be written as

VeffðrÞ≡ E2 −
RðrÞ
r4

; ð77Þ

FIG. 7. Fold catastrophe manifold M ⊂ S ×D. The caustic xc
has been represented in the control parameter space D, which is
one-dimensional and parametrized by x1. The fold catastrophe is
marked in red. The two preimages by the catastrophe map of a
point xi ∈D are shown in the catastrophe manifold by black dots.

FIG. 8. Cusp catastrophe manifold embedded in S ×D. We
show four points in D, xi within the cusp region, xj outside of the
cusp region, xc on the fold caustic (red), and xcc in cusp caustic
(blue). Their respective preimages on the manifold M have been
indicated. The cusp catastrophe, where the three sheets join onM,
has also been marked in blue.

10A generic transverse (n − 1)-dimensional slicing of an
n-dimensional catastrophe manifold produces a (n − 1)-
dimensional catastrophe manifold. In other words, locally, a
generic one-dimensional slice of a cusp is a fold [47,50].
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which explicitly reads

VeffðrÞ ¼ 1 −
2M
r

þ L2 þQþ a2ð1 − E2Þ
r2

− 2M
Qþ ðL − aEÞ2

r3
þ a2Q

r4
ð78Þ

where RðrÞ was introduced in Eq. (1), and we have
collected terms in powers of r−1. As discussed in
Sec. V B 1, the structure of the catastrophe is determined
by the order of degeneracy of critical points [given by the
conditions on extremizing the generating function in
Eq. (68), and its Hessian vanishing (69)], which translates
into the following two conditions for the effective potential:

V 0
eff ¼ 0; V 00

eff ¼ 0; ð79Þ
with 0 ¼ ∂r. Consequently, the structure of the catastrophe
depends critically on the powers of r−1 in the effective

potential. The highest power in r−1 is proportional to Q;
hence, we need to analyze the equatorial (Q ¼ 0) and
nonequatorial (Q ≠ 0) cases separately.
We start with the equatorial orbits of Kerr, and hence set

the Carter constant to zero, for which we obtain a poly-
nomial of degree three in r−1. We denote the potential in the
equatorial plane by VI¼0

eff . By using a transformation of
Möbius class11

r ¼ 6MðL − aEÞ2
a2ð1 − E2Þ þ L2 − 62=3ðL − aEÞ4=3M2=3 s

ð80Þ

the effective potential for the Kerr radial geodesics in
Eq. (76) confined to the equatorial plane looks like the fold
generating function in standard form in Eq. (70) up to the
constant in Eq. (72) with

CI¼0ðXÞ ¼
18M2ðL − aEÞ2½a2ð4E2 − 1Þ − 6aELþ 2L2� þ ðL2 þ a2ð1 − E2ÞÞ3

54M2ðL − aEÞ4 ð81Þ

and

x1 ¼
ðL2 þ a2ð1 − E2ÞÞ2 − 12M2ðL − aEÞ2

64=3ðL − aEÞ8=3M4=3 : ð82Þ

Notice that it is not strictly necessary to write the effective
potential in the fold standard form to have a foldlike
catastrophe manifold. However, we use the standard form
of the fold manifold to make the discussion transparent in
terms of the general theory of catastrophes introduced in
Sec. V B 1.
As discussed in Sec. V B 1, the fold caustic occurs for

x1 ¼ 0, which gives the condition

L2 þ a2ð1 − E2Þ
L − aE

¼ �2
ffiffiffi
3

p
M: ð83Þ

This condition identifies the locus in ðE;LÞ space where
two stationary points of the effective potential merge. In the
Schwarzschild limit this reduces to the usual L ¼ �2

ffiffiffi
3

p
M

condition.
The two solutions s ¼ � ffiffiffiffiffi

x1
p

form the two branches of
stationary points of the potential. At the caustic x1 ¼ 0, and
so s ¼ 0, so that the radius in Eq. (80) satisfies the relation

r ¼
ffiffiffi
3

p
ðL − aEÞ; ð84Þ

at the fold caustic [to obtain this result, we used Eq. (83)].
Notice that the location of the caustic is still not fully

determined in parameter space, since Eq. (83) provides a

relationship between the energy and angular momentum of
the orbit for which two stable solutions of the potential
coincide. However, to recover the ISCO location we
presented in Eq. (11a) we further need to impose the
circularity conditions in Eq. (85), or in this case,

VI¼0
eff ¼ E2: ð85Þ

Combining Eq. (85) with Eqs. (84) and (83) we obtain a
relationship between the radius and the energy

r ¼ 2Mð4 ∓ 3Þ
3ð1 − E2Þ ; ð86Þ

which can be inverted to obtain an expression of the energy
as a function of r, and where the∓ stands for prograde and
retrograde orbits. Similarly, Eq. (84) can then be inverted.
Plugging these expressions in the circular orbit condition in
Eq. (85), we obtain an algebraic equation for the ISCO
radial position

r2 −

 
6M ∓ 2a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 −

2M
r

r !
rþ 3a2 ¼ 0 ð87Þ

whose solutions are given by Eq. (11a), and where the ∓
indicates prograde and retrograde orbits respectively. The

11A transformation of Möbius class r → asþb
csþd is a local

diffeomorphism as long as ad − bc ≠ 0, which is satisfied for
the range of parameters under consideration.
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above discussion shows that only a given combination of
the energy and angular momentum are relevant for the
catastrophe morphology.
Importantly, varying the spin a shifts the location of the

fold in parameter space but does not change its codimen-
sion or universal structure. The catastrophe type is therefore
robust under changes in black hole spin.
Next, we turn to the general case of the space of solutions

for inclined orbits in Kerr. The generating function is again
the effective potential, given by Eq. (78), but since Q ≠ 0

the polynomial is quartic in r−1. As before, we do a local
diffeomorphism of the state variables and control param-
eters to express the Kerr effective potential in the standard
form of the catastrophe. In this case, we use the trans-
formation

r ¼ 2a2Q

M½ðL − aEÞ2 þQ� þ
ffiffiffiffiffiffiffi
2a3

p
Q3=4 s

ð88Þ

which leaves the effective potential in the form

Veff ¼ CðXÞ þ ϕcuspðs; x1; x2Þ ð89Þ

where ϕcusp was given in Eq. (71) and the function C and
the control parameters x1, x2 are combinations of ðE;L;QÞ.
The explicit expressions are given in Appendix B.
Given the higher dimensionality of the cusp, we need to

study the fold lines and the cusp singularity separately.
Here we study the fold lines, since they are the physically
relevant quantities for localizing the ISSO in phase space.
We briefly comment on the location of the cusp singularity
in Sec. V B 3.
Following the discussion in Sec. V B 1, the two fold lines

are given by the condition

x1 ¼ � 2

3

ffiffiffiffiffiffiffiffiffi
−
x32
3

r
; ð90Þ

and correspond to points where

V 0
eff ¼ 0; V 00

eff ¼ 0; V 000
eff ≠ 0: ð91Þ

Solving the Hessian condition in Eq. (69) yields a
relationship between the state variable s and the control
parameter x2,

s ¼ �
ffiffiffiffiffiffiffiffiffi
−
x2
3

r
; ð92Þ

which translates to the radius where the fold singularities
would occur through Eq. (88), yielding

r ¼ 2a2Q

M½ðL − aEÞ2 þQ� �
ffiffiffiffiffiffiffi
2a3

p
Q3=4

ffiffiffiffiffiffiffiffi
− x2

3

p : ð93Þ

For quasicircular orbits, imposing

Veff ¼ E2 ð94Þ

restricts the parameter space to a one-dimensional curve
that intersects the cusp manifold along its fold lines.
Solving the conditions in Eqs. (92), (94), and (93) allows
us to recover the known expressions for the ISSO radius,
energy, and angular momentum for fixed spin and incli-
nation that we showed in Figs. 1 and 2.
We have shown that the equilibrium structure of Kerr

geodesics is organized by universal catastrophe morphol-
ogies: equatorial motion realizes a fold, while generic
inclined motion realizes a cusp. The equatorial case is
therefore a codimension-one slice of the higher-
dimensional cusp manifold. Despite this richer underlying
structure, the physically relevant transition to plunge
generically corresponds to crossing a fold branch of the
cusp rather than its singular tip, which is known as the cusp
caustic (see Fig. 8). The cusp itself is reached only under
nongeneric conditions, which we analyze in Sec. V B 3.
As a result, the transition to plunge is structurally stable
and universally governed by the slow crossing of the fold,
explaining the ubiquity of the Painlevé I differential
equation [56] dominating the dynamics across both equa-
torial and inclined inspirals.

3. The transition as a slow fold crossing

In the equatorial case, the transition to plunge corre-
sponds to crossing a fold singularity, and the slow dynam-
ics near this jump is governed by the Painlevé I equation.
However, as reviewed in Sec. II B, the transition for
inclined Kerr orbits is also governed by Painlevé I. This
is only consistent if the inspiral trajectory crosses one of the
fold branches of the cusp manifold in control parameter
space. If instead the cusp singularity itself were encoun-
tered, one would expect different universal scaling behav-
ior, associated with the higher catastrophe singularity,
which would be governed by the Painlevé II differential
equation [56]. We now show that crossing the cusp
singularity during the transition occurs only under non-
generic conditions.
The cusp singularity occurs where both fold lines

coincide, i.e.,

x1 ¼ x2 ¼ 0 ⇒ s ¼ 0: ð95Þ

Using the diffeomorphism introduced in Eq. (88), this
corresponds to
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r ¼ 2a2Q
M½ðL − aEÞ2 þQ� : ð96Þ

To determine whether this configuration is realized
dynamically, it is convenient to return to the radial poly-
nomial RðrÞ in its factorized form in Eq. (2). For quasi-
circular orbits,

∂rVeff ¼ 0 ⇒ ∂rR ¼ 0; ∂
2
rVeff ¼ 0 ⇒ ∂

2
rR ¼ 0; ð97Þ

so the critical points coincide for both functions, and we
can use R for the following analysis.
The ISSO corresponds to a triple root of the function R,

RðrISSOÞ ¼ R0ðrISSOÞ ¼ R00ðrISSOÞ ¼ 0; ð98Þ

i.e. r1 ¼ r2 ¼ r3 ¼ rISSO. This is one of the fold lines of the
cusp manifold. The second fold line is not crossed on the
transition setting, since it would correspond to having a
triple root inside the horizon r1 ¼ r2 ¼ r4 ≡ rfold ≠ r3 with

r4 ¼ a2Q
ð1−E2Þr3rfold. However, a cusp singularity would require

an additional degeneracy, namely

r4 ¼ rISSO ≡ rcusp; ð99Þ

so that RðrÞ develops a root of multiplicity four

RðrÞ ¼ −ð1 − E2Þðrcusp − rÞ4: ð100Þ

Substituting this ansatz into Eq. (78) and matching
powers of r yields an algebraic relation between the
dimensionless spin χ ¼ a=M and q ¼ Q=M2:

χ2 þ χ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 −

22=3

χ2=3q1=3

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
22=3χ4=3q2=3 − q

q
− 321=3χ2=3q1=3 þ 22=3χ4=3q2=3 ¼ 0: ð101Þ

Although this equation would, in principle, generate a
family of black-hole spins and orbit inclinations for which
the cusp crossing could be possible, one can show (see
Appendix C) that this equation admits no real solution for
0 < χ < 1. A real solution exists only in the extremal limit
χ ¼ 1, for which Q=M2 ¼ 1=2.12

Thus, the cusp singularity arises only in the extremal
limit and for a specific value of the inclination. In other
words, in control-parameter space it lies on a codimension-
two surface, and is therefore nongeneric: reaching it
requires fine-tuning of two independent conditions.
A more detailed analysis of the near-horizon geometry in

the extremal Kerr limit, analogous to the one in Ref. [15],

would be required to determine whether, in that regime, the
transition to plunge is governed by a different universal
scaling (in particular, whether it could be described by the
Painlevé II equation), as suggested by the higher degen-
eracy of the potential. Establishing this would also clarify
whether the cusp can indeed be accessed only for a finely
tuned inclination.
We therefore interpret the above discussion in two ways.

First, it limits the validity of our derivation to subextremal
black holes. Second, it reinforces the universality of the
transition being governed by the Painlevé I equation for
arbitrary inclination and spin, provided that χ < 1.
If, however, the transition to plunge in an extremal Kerr

background were controlled by a different dynamical
scaling, this would constitute a qualitatively distinct obser-
vational signature. Such behavior could, in principle,
provide a means of distinguishing extremal black holes,
should they exist in nature.
The discussion above shows that a generic transition to

plunge does not cross the cusp singularity. We must still
justify two points: (i) radiation reaction restricts the evolution
to an effectively one-dimensional slice of the cusp manifold,
and (ii) the trajectory crosses the fold branch transversely, so
the local dynamics follows the fold normal form and is
therefore governed by the Painlevé I equation.
Near the fold lines, radiation reaction drives the system

along a one-dimensional trajectory in control-parameter
space. This follows from the fact that, during the transition
regime discussed in Sec. II B, the quantities ðE;L;QÞ share
the same scaling with ðλ − λISCOÞ. The inspiral therefore
traces a one-dimensional curve in the two-dimensional
control space ðx1; x2Þ.
The only remaining possibility to exclude is that this

curve lies tangent to the fold branch, rather than crossing it.
Away from the cusp tip, however, any one-dimensional
slicing of the cusp manifold is locally diffeomorphic to a
fold. Thus, the precise “angle” of crossing is irrelevant,
what matters is that the trajectory does not remain confined
to the fold branch.
Transversality can be expressed by requiring that the

total derivative of the fold constraint along the inspiral
trajectory be nonvanishing at the crossing point. If the fold
branches are given by Eq. (92), then transversality requires

d
dλ

 
x1 ∓ 2

3

ffiffiffiffiffiffiffiffiffi
−
x32
3

r !				
x1�2

3

ffiffiffiffiffi
−
x3
2
3

q
¼0

≠ 0: ð102Þ

Equivalently, the velocity vector in control space must not
be tangent to the fold curve.
Since radiation reaction generically induces independent

variations of the control parameters, the resulting evolution
in control-parameter space is not expected to remain
tangent to the fold line. Such tangential motion would
require a fine tuning of the fluxes [equivalently, of the

12This value of the Carter constant corresponds to I ≈ 24° for
prograde orbits in the extremal Kerr limit.
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coefficients κC in Eqs. (20) and (21)] and is therefore
nongeneric. Furthermore, we have explicitly checked that
Eq. (102) is satisfied for the values given in Table I.
Therefore, although the full equilibrium manifold for

inclined Kerr orbits has cusp morphology, the inspiral
trajectory generically crosses one of its fold branches
transversely. By structural stability, the local dynamics is
then governed by the universal fold normal form.
This explains why the transition to plunge for inclined

Kerr orbits is described by the Painlevé I equation despite
the underlying cusp structure of the equilibrium manifold.

VI. DISCUSSION

Accurately modeling the transition from adiabatic inspi-
ral to plunge is essential for constructing faithful IMRI/
EMRI waveformmodels. A central result of this work is that
this regime exhibits a striking universality: for quasicircular
orbits in rotating black-hole spacetimes, both equatorial and
inclined, the transition dynamics is governed by the
Painlevé I equation. Our aim has been to elucidate the
origin of this universality in the presence of the additional
structure introduced by inclination. Within a catastrophe-
theory framework we found that, while inclined orbits
enrich the geometry of the equilibrium manifold (as already
suggested by the greater complexity of the ISSO relative to
the ISCO), the physical inspiral nevertheless selects a fold
branch, effectively reducing the dynamics to the equatorial
case. Finally, we showed that the Painlevé I description is
structurally stable, in the sense that it persists under
perturbations.
Extending the work in [19], we also showed that the

tritronquée solution, defined by its asymptotic behavior in
the complex plane, is the relevant physical solution to the
Painlevé I equation. We demonstrated that the known high-
accuracy analytical solution is at least as accurate as current
numerical methods. Moreover, there exist uniform error
bounds for this solution, making it practically useful for
quantitative studies of this “merger” regime. If necessary,
the analytic solution could be made more accurate by
extending the methods of Ref. [20].
The application of catastrophe theory in the context of

binary mergers was first put forward for comparable-mass
systems in [23], and is investigated here in greater detail in
the EMRI setting. The present study centered on the
inspiral-to-plunge transition, with its use of approximate
analytic solutions and its quest for structurally stable
structures, provides a remarkable instance of the “asymp-
totic reasoning” [57] approach in [19,23,32,33]. In particu-
lar, the present work provides a nontrivial case of insight
gained into the structural mechanisms that underlie the
simplicity and universality of binary black hole merger
dynamics.
Natural, though nontrivial, extensions of this work

include generalizing the analysis to eccentric equatorial

inspirals and, ultimately, to fully generic (inclined and
eccentric) Kerr orbits. It would also be interesting to
incorporate higher-order effects (such as higher-order
self-force and post-leading transition-to-plunge orders),
and to translate the resulting dynamics into practical
waveform ingredients (e.g., for fast surrogate models,
reduced-order models or Fast EMRI Waveforms (FEW)
[58,59]). Finally, one could explore how robust the catas-
trophe-theory picture remains in the presence of additional
physics, such as small-body spin, environmental perturba-
tions, or beyond-GR modifications that deform the sepa-
ratrix structure.
This work makes use of the Black Hole Perturbation

Toolkit [46].
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APPENDIX A: COEFFICIENTS AND SPECIAL
FUNCTIONS FOR THE APPROXIMATE

TRITRONQUÉE SOLUTION

The tritronquée solution of the Painlevé I differential
equation in Eq. (25), with T ∈C, is the unique solution
satisfying the asymptotic behavior

XðTÞ ¼
ffiffiffiffiffiffiffi
−T

p
½1þ OðT−5=8Þ� as T → −∞: ðA1Þ

Any solution of Painlevé I is single valued and meromor-
phic in C, with the singularity locations determined by the
initial data ðX; ẊÞ.
Rather than specifying initial conditions, a solution can

equivalently be characterized by the location of a pole Tpole

together with the coefficient â2 appearing in its local series
expansion. The solution then admits the locally convergent
representation

XðTÞ ¼ −
6

ðT − TpoleÞ2
− 62=5ðT − TpoleÞ2

×
X∞
j¼0

ð−1Þj âj
6j=5

ðT − TpoleÞj: ðA2Þ

The coefficients satisfy

â0 ¼
Tpole

61=510
; â1 ¼ −

1

6
; â3 ¼ 0; ðA3Þ

while for n ≥ 4 they are determined recursively through

ân ¼ −
6

ðnþ 5Þðn − 2Þ
Xn−4
k¼0

âkân−4−k: ðA4Þ

The exact location of the first singularity on the positive
real axis, Tpole, is not known analytically. However, the
approximation T0 given in Eq. (34) differs from the true
pole location by at most Oð10−6Þ.
In Sec. III A we introduced the approximate solution

constructed in Ref. [20], which replaces the exact pole
location Tpole by the approximation T0 while still providing
rigorous error bounds for both the solution and its deriva-
tive. In the remainder of this appendix we summarize the
coefficients and auxiliary functions entering the approxi-
mate solution X0 defined in Eq. (37).
The auxiliary functions P2 and P3 introduced in

Eq. (39a) are finite-order polynomials. The coefficients
bk are given in Eq. (7) of Ref. [20]. The coefficients ck are
defined analogously to those in Eqs. (A2) and (A4), but
replacing Tpole by T0 and fixing the coefficient c2 to

c2 ¼
19949

321055
: ðA5Þ

The remaining coefficients cn, with n ¼ 4;…; 17, are then
determined recursively through Eq. (A4).
Finally, the function W0 introduced in Eq. (38) is given

explicitly by

W0ðz; sÞ ¼ −
4412401

245760z7ð54Þ1=4
�
ð1þ isÞ−15=2 − 1225

ffiffiffi
6

p

540294z2
ð1þ isÞ−19=2 þ 30625

2161176z4
ð1þ isÞ−23=2

�
: ðA6Þ

APPENDIX B: LONG EXPRESSIONS OMITTED IN SEC. V B

In Sec. V B 2, we omitted the explicit expressions for the control parameters ðx1; x2Þ and the function CðXÞ appearing in
the reduction of the Kerr effective potential for inclined orbits to the cusp normal form (71), since these expressions are
rather lengthy. For completeness, we provide them here.
The control parameters entering the cusp generating function are

x1 ¼ −
M

2
ffiffiffi
2

p
a9=2Q9=4

½4a4Q2 þ 2a2ða2ð−1þ E2Þ − L2 −QÞQðð−aEþ LÞ2 þQÞ þ 2M2ðð−aEþ LÞ2 þQÞ3Þ�; ðB1aÞ

x2 ¼
1

2a3Q3=2 ð−3ð−aEþ LÞ4M2 þ 2ð−a4ð−1þ E2Þ þ a2L2 − 3ð−aEþ LÞ2M2ÞQþ ð2a2 − 3M2ÞQ2Þ: ðB1bÞ

The additional smooth contribution appearing in Eq. (72) is

CðXÞ ¼ 1−
M2ðð−aEþLÞ2þQÞ

a2Q
−
M2ða2ð−1þE2Þ−L2−QÞðð−aEþLÞ2þQÞ2

4a4Q2
−
3M4ðð−aEþLÞ2þQÞ4

16a6Q3
: ðB1cÞ
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APPENDIX C: PROOF THAT THE CUSP
SINGULARITY IS NOT CROSSED FOR

SUBEXTREMAL BLACK HOLES

The purpose of this appendix is to determine whether
Eq. (101) admits real solutions. It is immediate to verify
that χ ¼ 0 formally solves the equation. However, the
nonrotating case was treated separately in Sec. V B 3,
where the transition is governed by a fold rather than a
cusp. Equation (101) therefore does not apply to the
nonrotating case, so χ > 0 is strictly larger than zero.
For χ ¼ 1, Eq. (101) admits a unique solution correspond-
ing to q ¼ 1=2, as discussed in Sec. V B 3. We now show
that no additional real solutions exist for 0 < χ < 1.
To analyze the equation it is convenient to introduce the

change of variables

x ¼ 21=3χ2=3q1=3; ðC1Þ

which eliminates q. In terms of χ and x, Eq. (101) becomes

Fðχ; xÞ≡ χ2 þ xχ

ffiffiffiffiffiffiffiffiffiffiffi
2 −

1

x

r ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 −

x
χ2

r
− 3xþ x2 ¼ 0: ðC2Þ

For real solutions, the arguments of both square roots
must have the same sign, so either both are positive or both
are negative. Hence�

2 −
1

x

��
2 −

x
χ2

�
≥ 0: ðC3Þ

The branch in which both factors are negative is incom-
patible with 0 < χ ≤ 1, so we require both to be positive.
This yields the domain restriction

1

2
≤ x ≤ 2χ2: ðC4Þ

For this interval to be nonempty, the upper bound must
exceed the lower bound, which requires

2χ2 ≥
1

2
⇒ χ ≥

1

2
: ðC5Þ

Therefore no real solutions exist for slowly spinning black
holes with χ < 1=2.
It remains to analyze the regime 1=2 ≤ χ < 1. Since a

solution exists at extremality, we treat the near-extremal

case perturbatively by setting

χ ¼ 1 − ϵ; ϵ ≪ 1: ðC6Þ

At χ ¼ 1, the solution lies at the lower endpoint of the
allowed interval, x ¼ 1. We therefore consider the pertur-
bative expansion

x ¼ 1 − x1ϵ; ðC7Þ

with x1 an O(1) parameter. Substituting into Eq. (C2) and
expanding to linear order in ϵ yields

−4ϵþ Oðϵ2Þ: ðC8Þ

This expression is independent of x1 and vanishes only in
the limit ϵ → 0. Consequently, no nearby real solutions
bifurcate away from the extremal point.
We are just left with arguing that no real solutions exist

for 1 > χ > 1
2
and x∈ ð1=2; 2χ2Þ. To do this, we show that

the function Fðχ; xÞ defined in Eq. (C2) is monotonic and
that it remains negative in the above interval.
For x ¼ 1, Fðχ; xÞ simplifies to

Fðχ; 1Þ ¼ −2þ χ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 −

1

χ2

s
þ χ2 ðC9Þ

which remains negative and has the limit

lim
χ→1−

Fðχ; 1Þ → 0: ðC10Þ

For the upper boundary x ¼ 2χ2 the function simplifies to

Fðχ; 2χ2Þ ¼ χ2ð−5þ 4χ4Þ; ðC11Þ

but since χ is strictly smaller than one, the function remains
negative for all allowed χ on the interval. Similarly, one can
show that the function Fðχ; xÞ contains no stationary points
in the above interval, so Fðχ; xÞ is monotonic and remains
negative in the interval 1 > χ > 1

2
and x∈ ð1=2; 2χ2Þ.

Hence, we conclude that Eq. (101) admits a real solution
only in the extremal case χ ¼ 1, and no additional real
solutions exist for 0 < χ < 1.
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