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Lindbladian for exact renormalization of density operators in QFT
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Fliss et al. [Phys. Rev. D 95, 126001 (2017).] extended the exact renormalization group (ERG) to
arbitrary wave functionals in quantum field theory. Applying this formalism, we show that a Lindblad
master equation gives the ERG flow of density matrices. The Lindbladian consists of a “Hamiltonian” term,
which is the sum of a scaling and a coarse-graining (disentangling) operator, and a dissipative term with
absorption and emission rates for each momentum mode. We consider as examples the flow of Gaussian
states and the perturbative ground state of A¢* theory and highlight the role of the dissipative terms in
generating accurate contributions to the flow of couplings at nontrivial order in A. Integrating the Lindblad
master equation, we find that a finite ERG flow of density matrices is described by a quantum channel. It
follows from the data processing inequality that any distinguishability measure of states is an ERG

monotone.
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I. INTRODUCTION

The exact renormalization group (ERG), also known as
the functional renormalization group, is a powerful theo-
retical framework in statistical physics and quantum field
theory (QFT) that uses path integral methods to implement
the intuitive coarse-graining picture of Kadanoff [1] and
Wilson [2,3]. In a seminal work [4], Polchinski developed
the ERG formalism based on the central principle that the
generating functional of QFT is independent of regulari-
zation. The ERG formalism has since found many appli-
cations in the study of strongly coupled QFTs [5].

With the recent development of quantum information
methods in many-body quantum physics, the ideas of
Wilson and Kadanoff have inspired the development of
novel numerical and analytic tools such as entanglement
renormalization and tensor networks [6,7]. These tools
have proven to be extremely effective in describing low-
energy wave functions and finite temperature states of
quantum spin systems with strongly interacting local
Hamiltonians. Such methods have been extended to con-
tinuum Gaussian theories resulting in tensor networks such
as the continuous multiscale entanglement renormalization
ansatz (¢(MERA) and continuous tensor network renorm-
alization (cTNR) [8,9]. However, unlike the case of spin
models, defining these continuous tensor networks away
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from the Gaussian limit has proven to be challenging [10].
In spite of this, MERA and cMERA continue to provide
a conceptual framework to explore the connection
between entanglement and the emergence of geometry in
holography [11-13].

Motivated by applications of the ERG in holography
[14-16], the authors of [17] extended the ERG formalism
to arbitrary wave functionals of QFT. They discovered that
the ERG equations result in continuous tensor networks,
which as opposed to the cMERA and cTNR, systematically
generalized to interacting models. In particular, by choos-
ing regularization schemes that modify the dispersion
relation, we recently showed the wave-functional ERG
reproduces and generalizes cMERA tensor networks [18].

In this work, we apply the ERG formalism developed
in [17] to path integrals with two boundaries and derive the
ERG flow of density matrices in QFT. Our derivation is
based on a consistency condition, which requires the
following two methods for performing the renormalization
group (RG) to be equivalent:

Method I: First, use the Polchinski equation to flow a
UV action S(e™°A) to an IR action S(e™A) (s > s), and
then evaluate the path integral on a manifold with boundary
to obtain the state p(e™*A).

Method 2: First, “slice” the path integral to obtain the UV
density matrix p(e*A), and then flow the density operator
to obtain the IR state p(e™A).

The consistency of these two methods can be summa-
rized as a commuting diagram, which we depict in Fig. 1.
We find that by enforcing this condition, the ERG flow of
density matrices is described by a scale-dependent
Lindblad master equation [19,20],

Published by the American Physical Society


https://orcid.org/0000-0003-3446-5933
https://ror.org/047426m28
https://ror.org/05p8z3f47
https://crossmark.crossref.org/dialog/?doi=10.1103/5vx6-bk2m&domain=pdf&date_stamp=2026-08-26
https://doi.org/10.1103/PhysRevD.95.126001
https://doi.org/10.1103/5vx6-bk2m
https://doi.org/10.1103/5vx6-bk2m
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GOLDMAN, LASHKARI, and LEIGH

PHYS. REV. D 114, 045029 (2026)

Polchinski eq.

Sle™%0A] Sle™%A]
State preparation
p[@iSOA] RG master eq. p[eiSA]

FIG. 1. The RG master equation we derive is consistent with the
Polchinski equation in the sense that the above diagram com-
mutes.

d A N
25P(8) = Lylp(s)) = i[Ly + K. p(s)] + Dlp(s)). - (1)
The Lindbladian above implies that the ERG is, in general,
a nonunitary and irreversible process [21]. The ERG is
expected to be irreversible, as is demonstrated by C
theorems in two, three, and four spacetime dimensions

|

B As(p)
Dylp) = /p 2sinh(for(p)/2)

[22-24]. However, the nonunitarity of RG is a less explored
phenomenon. We trace back the origin of this nonunitarity
to the nonlocality of the effective actions that ERG
produces. For other perspectives on the nonunitary aspects
of renormalization, see [25-27]. Here, we point out some of
the key properties of our ERG equation in (1):
(i) The Hamiltonian term: As was previously observed
in [17,18], the Hamiltonian piece is composed of a
scaling generator L, [see (59)] and a squeezing
generator K [see (55)]. In analogy with cMERA
tensor networks, we refer to K as a “disentangler.”
All terms in the Lindbladian are independent of s,
except for the scaling operator L, which we take to
depend on s to allow for a scale-dependent anoma-
lous dimension.
(ii) The diffusion term: This term is a diffusive piece D
which for the ERG of the thermal state takes the
form [see (154)]

P (a(p)pa’ (p) ~ 5 {a(p) a(p). o))

+ e Pe®)/2(a(p)tpa(p) - % {a(p)a(p)™.p})|. (2)

where Ay (p) defined in (36) depends only on the ERG
regulator. The diffusive term above belongs to a class of
open quantum dynamics that are commonly studied in
quantum optics. Using the terminology of quantum optics,
we call the apa’ and a’pa the “emission” and “absorption”
terms, respectively. Their corresponding rates e’”/? and
e#»/2 match the expectation from quantum detailed
balance [28,29]. In the zero-temperature limit, the absorp-
tion coefficient vanishes and the generator becomes (51)

Dlp) = [ as(o) [ate)pa’ () =5 0. @)ate)} |-

An immediate application of our result is that integrating
our Lindblad master equation results in a quantum channel.
The data processing inequality then implies that any
distinguishability measure of states is nonincreasing under
the ERG. In other words, we naturally obtain a large class
of ERG monotones.

In Sec. II, we review the ERG formalism. The derivation
of our ERG Lindblad equation is in Sec. III. In Sec. IV, we
work out examples of density matrix ERG in QFT for
Gaussian states and perturbatively for 1¢*. We comment on
the necessity of the diffusive terms for reproducing the
correct flow of the couplings. In Sec. V, using methods
from quantum optics, we integrate the ERG flow in the
Heisenberg picture. In Sec. VI, we generalize our ERG
flow to thermal density matrices. Finally, in Sec. VII, we

|

comment on connections between the ERG and approxi-
mate quantum error correction, in line with the recent work
of [30,31]. We also work out two examples of RG
monotones implied by our result, namely, quantum fidelity
of Gaussian vacuum states and the quantum relative
entropy of thermal states.

II. REVIEW OF THE ERG FORMALISM
A. The Polchinski equation: ERG for effective actions

We begin by reviewing Polchinski’s formalism for the
ERG and the derivation of the Polchinski equation, which
describes the ERG flow of the Wilsonian effective action
[4]. Polchinski’s result is a special case of a more general
formulation of RG known as the Wegner-Morris equation
that, for completeness, we review in Appendix A. To
simplify the presentation, we use a modified DeWitt
notation for spacetime integrals: if K(x,y) is a bilocal
kernel with x, y € R?, then we write

(K+d)(x) = / YK (x.9)(). (4)

Since we will be considering path integrals with bounda-
ries, we also write for integrals over a constant ¢ slice,

(K- §)(x) = / & YK (. Y)(y). (5)
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K(s) a

0 1 s

FIG. 2. An example of the smooth regulating function K(s).
When |p| ~ A, the function K(p?/A?) drops to zero quickly.

where x,y € R4 are spatial coordinates on the constant
t = 0 surface.

The starting point of ERG is a general Euclidean action
of the form

SE:S0+SI’ (6)

where S is a quadratic (free) action, and §; is an arbitrary
functional of the fields. Note that, in what follows, we do
not require S; to be small relative to Sj. One usually regards
S; as “interaction terms,” but here we will also view them as
sources in the Euclidean path integral for preparing excited
states. The Polchinski ERG is implemented by choosing S
to be a regulated free action with the following form:

So.= =5 K~ (=0/A2) « (7)

where A is a UV cutoff scale. The function K(p?/A?) is a
smooth regulator that approximates an indicator function
on momenta below the cutoff (see Fig. 2). One has some
latitude in the precise shape of the function K(s), but one
requires that K(s) > 0 and K'(s) < 0 for all s > 0 for the
ERG flow equations to be well defined [32]. One then
constructs the Euclidean path integral

Zy = / DepeSr-51. (8)

For momentum modes with support above the cutoff,
K='(p*/A?) in (7) becomes large, suppressing the con-
tribution of such configurations to Zg. In perturbation
theory, the function K regulates UV divergences by
modifying the propagator to

2 A2
K’ /N )

G(p%:A) =
(P*3A) ,

which smoothly cuts off the contribution of large momenta
to loop integrals.

The RG condition is the invariance of the partition
function under a variation of the momentum cutoff A,

d d d 5.

Writing S in the form

1
Sozigb*G_l*qS, (11)
one finds
d 1 d
AL Sy == (AL G
dN>° 2¢*< dA )“b
- _%(p*c—l * (A%G) *G lx¢p
168, d 58,
=20, (AL ) 20, 12
25¢*<dA>*5¢ (12)

It is convenient to define a bilocal kernel

d
= A— 1
G dAG’ (13)

which captures the logarithmic scale derivative of the
regulated propagator. We emphasize that G’ is nonlocal
in spacetime, and this will play a crucial role in our
derivation of ERG flow for density matrices in Sec. III.

Recall that, for an arbitrary operator insertion O(x), the
Schwinger-Dyson equation states that we can make the
following replacement in the path integral:

55y 80(x)
sp(y)  Sp(y)

58,
Sp(y)

O(x)

- 0() (14)

Applying this twice to the expression in (12), we obtain

LI )
264 5
2
_ L (250, 6r) 41050, 0 050
2 \6poe 264 5
2 2
2 \6¢o¢ 2 \6¢og 250 5
(15)

Comparing with (10), the RG condition is satisfied if S;
obeys the Polchinski equation
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Schematic diagram of the path integrals considered for state preparation. There are two boundaries at = +-¢. Left: the path

integral that prepares the vacuum density matrix. Right: the Euclidean time-reflection symmetric insertions of operators in the path

integral prepare excited density matrices.

d 168 oS, 1 58
A—S, = [*G/*—I__Tr((sqj&lp*(;/)

dN"T T 269 sp 2
1. (68,
+§Tr<5¢5¢*G>, (16)

where in our notation

Tr(A) E/ddXA(X,)C). (17)

Notice that the final term in the Polchinski equation is field
independent and thus has no bearing on local physics. It can
be treated by paying attention to the normalization of the
path integral; that is, this term can be dropped at the cost of
scaling the partition function by an overall constant, so that
the Polchinski equation is written solely in terms of ;.

An important feature of the Polchinski equation is that,
even if §; starts as a local polynomial of fields, the first term
in (16) generates nonlocal interactions, due to the non-
locality of the kernel G’. In perturbative renormalization,
these nonlocal terms are often attributed to irrelevant
operators and neglected. However, nonlocality is indispen-
sable in the ERG formalism, and as we will see, these
nonlocal terms are the origin of the nonunitarity of the ERG
flow for density matrices.

B. Path integrals for density matrices

Here, we review the construction of density matrices
using the path integral formalism. Consider a Euclidean
spacetime M with a distinguished time coordinate
1€ (—o0,00). In this section, we take the background to
be d-dimensional Euclidean space, M = R4: however, our
discussion generalizes to more general background space-
times. In Sec. VI, we will discuss the case of a thermal
cylinder, ie., M = R x S},. We denote by M* (M)

the upper (lower) half-spaces ¢ > ¢(r < —e) and their
boundaries at t = ¢ (t = —¢) by Xt (X7), respectively.
We denote coordinates on the constant time slices X+ using
boldface vectors x. See Fig. 3.

Let Sg[¢, M| be the Euclidean action of a scalar field
theory on M, and let F[¢] be some functional of the fields
representing insertions in Euclidean time representing an
excited state or a background source. We limit our
presentation here to scalar field theories, but the general
properties of our construction can be carried over analo-
gously to fields with nonzero spin. A density matrix in the
basis of spatial field configurations ¢*(x) on * can be
represented as the path integral

X)=¢~(x)

1 [#(07x)=p"(x)
(o lolo) =+ / Do Flgle-SoM (18)
Z Jp0

where the normalization Z is given by

Z= / D F[ple=Seld-M, (19)

ensuring that tr(p) = 1. Density matrices are positive
semidefinite, i.e., p = QT Q for some operator Q. For path
integral preparation, this requires that the action Sy and
insertion F[¢] in (18) are chosen so that the resulting path
integral operator satisfies the positivity condition
(ylply) =0 for all states |y) in the Hilbert space. A
necessary implication is that the Euclidean path integral
representing a density matrix will be reflection symmetric.
Assuming the action S is itself reflection symmetric, this
implies that both the measure and any insertions D¢, F ]
be reflection symmetric as well. In principle, one must
check the positivity condition for any proposed density
operator preparation, although it will be obviously satisfied
for all explicit examples we consider in this work.
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We decompose the field ¢(#,x) into its components on
the two regions, which we denote as ¢ (z,x) = ¢+ and

¢ (1,X) = | 4~ so that
P(1.x) = ¢~ (1.X)0(=1) + ¢*(1,x)0(1),  (20)

where ©(t) is the Heaviside step function. In terms of these
components, the path integral measure factors as

D = Dp+Dep~. (21)

In the special case where the action (including potential
boundary terms) and the insertions F in (18) factorize as

Sglp. M| = S [T, MF] + S_[¢p~, M7,
Flop*.¢7] = GlpT1Gle7], (22)

for some functional G, the path integral in (18) represents a
pure state,

(@~ Iple™) = (0~ [¥)(Plo*). (23)

The wave functional is defined by

~(0.x)=¢~(x) o
<¢-|\P>=% /"’ P Dg-Glgems-w M. (24)

In general, due to the nonlocality of the effective action in
ERG, the factorization conditions (22) fail and a pure
density matrix is not guaranteed. One way to interpret this
failure of factorization is via interactions that couple ¢
and ¢~ in the path integral. To build intuition on how to use
path integrals to prepare mixed states, we work out two
explicit examples of mixed states in quantum mechanics
prepared using 0+ l1-dimensional path integrals in
Appendix B.

III. ERG FLOW OF DENSITY MATRICES

In this section, we establish our central finding: we
derive an equation for the ERG flow of density matrices
and demonstrate that it is generated by a Lindbladian. The
flow equation we derive is consistent with the Polchinski
ERG in the sense of Fig. 1.

Our setup is a continuation of the line of work initiated in
[17] that studies ERG flows for path integrals on manifolds
with boundary. To have a well-defined path integral on a
manifold with boundary, we need to ensure that the
boundary value problem (BVP) associated with the action
is well posed. In Polchinski’s scheme, the regulating
function K depends on the full Euclidean momentum
p?; in position space, this amounts to adding time deriv-
atives of arbitrarily high order into the action, resulting in

an ill-posed BVP. It was shown in [17] that the replacement
K(p*/A?) — K(p*/A?) (25)

with p the spatial momentum is a sufficient modification to
make the ERG well defined on states. We refer the reader to
[17] for details of the proof of this statement. In the
following discussion, we will use (25) to regulate the
action.

There are two steps to ERG: lowering the cutoff and
rescaling. We discuss these steps separately and closely
follow the manipulations of the path integral in [17].

In the first step of the ERG we lower the cutoff A.
Consider a state p prepared by the path integral

1 [o(0"x)=p"(x)
(@ lplo™) =5 Depexp(—So — S; — Spary )
Z Jp0mx)=p"(x)
q X)=@~ (X

(26)

where S; is a general functional of the field ¢. The
regulated action S with a spatial regulator is

S, = —%qﬁ « K-1(=V2/A2) % 3P, (27)

and Spgy is an additional boundary term that ensures a
consistent variational principle,

1
Shdry = Eéﬂ_ KN (=V2/A?) -0,

1
50" KT (VA 00"
L -1 +
:E(P Dy _E(p Dy (28)
In the second line, we have defined a nonlocal regulated

derivative operator
D, = K '(=V?/A%)o,. (29)

The RG condition is implemented by requiring the nor-
malization of the state Z is unchanged along the flow,

d
AN—Z=0.
an 0 (30)

To satisfy the renormalization condition above, we require
that §; satisfies the Polchinski equation written in Eq. (16),
but with all instances of the regulator replaced with the
spatial regulator used in S,. To derive the flow of the

density matrix, we need to take the A derivative of the path
integral in (26),
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d 1 (0" x)=¢"(x)
-A—— (¢~ |ple™) =/
dA Z Jp(0mx)=p"(x)

In the presence of boundaries, the derivation of the ERG
flow changes in two ways. First, the scale dependence of
the boundary term S,4, results in new operator insertions in
the path integral. Second, consider again the manipulations
performed in (12) which involved the following steps:

PG () = (G ) () =5 0

The kernel G~! is proportional to the Laplacian ¢*> and, in
going to the second expression, we must integrate by parts
twice. In the presence of boundaries, this results in

() (32)

D¢ (A

d d d g 5.
d/\SO+Ad/\SI+Ad[\dery)e So=Sr dery. (31)

|

The rest of the analysis remains the same: we repeat the
steps of (15) using the Schwinger-Dyson equations and
apply the Polchinski equation (16). All the bulk integrals
cancel and the flow of p reduces to a sum of boundary
insertions in the path integral,

d 1 [#(0" x)=¢"(x)
AL ooty =1 /
dA Z Jp(0-x)=¢™(x)

d
X D¢ <A d_A dery + BT) e_SO_Sl_dery .

boundary terms that we denote by BTs, (34)
d | / -1
A—Sy=—=(G %)« G« (G x¢) + BT
dA 2 We start with the first term in the parentheses above. The
- _ 155, x G 5o + BT. (33) only A dependence comes from the regulator, and we pick
26¢ o up a term corresponding to each boundary
|
d 1 d 1 d
A—Suiyw=—=¢ K" A—K-K ' 0~ +=¢p" K" A—K-K ' 0"
anvy = 2% dA Wt a9 dA b
1 1
:—Efﬂ_'Az'Dr¢_+§(P+‘A2'Dz¢+» (35)
where we have defined the spatial kernel
d d
As(p;A) = A Hlog(K(p?/A%) = K~ (p?/A)A = K(p?/A%). (36)

We will see in (56) that this term contributes to the unitary part of the evolution of the density matrix and has the
interpretation of a disentangler.

The nonunitary part of the evolution of the density matrix comes from the terms in BTs. To compute these terms, we must
explicitly go between the expressions

—%gb*G‘l G xG lxgp= —%(G‘l x @) * G * (G % ¢) + BT. (37)

The path integral has two boundaries located at t = ¢, and t = t_. Therefore, the only boundary terms come from
derivatives in the ¢ direction. As stated in the preliminaries, we take 7, = +¢ with ¢ — 0 for the preparation of density
matrices in flat space. As we will see, there are terms in BTs that couple the two boundaries at 7, and 7_, which ultimately
leads to a nonunitary flow equation. To see how these boundary terms come about, we apply a spatial Fourier transform to
(37) to obtain the expression

GGG = [tk )07 = C = i) = (). 59

Here we have used a (time-dependent) spatial mode decomposition

d—1
px.1) = / {‘z’ﬂ)d" ()P (39)
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and the temporally nonlocal kernel is given by

AL K(p?/A%) o—Vl=r|

2v/p?

We also use the shorthand for momentum space integrals

Because the integrand in (38) is local in momenta, we can
consider a single mode and focus on the integrals over ¢ and
¢. For the mode of momentum p, we have the expression

G(t—1;p) = (40)

1

-3 KN [ dde gy (10 - )

X G/(1.1:9) (B — )by (1)). (42)

After integrating by parts on the ¢ integral, we will obtain
boundary terms at r = .. However, the ¢ integral remains
a “bulk” integral over the entire spacetime, and so the BTs
appear to be a mix of boundary and bulk terms. To resolve
this, we notice that G’ is proportional to the propagator, and
so by integrating by parts twice on 7, we get a 5 function at

|

the cost of additional boundary terms. In Appendix C, we
show that, after this manipulation, all bulk integrals in BTs
vanish.

Schematically, each time we integrate by parts, we get
boundary terms of the form (b, — b_) where the subscript
denotes the surface of support. Thus, after integrating by
parts on both 7 and ¢ we formally obtain an expression with
the structure

(b+ - b—) A (b+ - b—)’ (43)

where A is a kernel and we recall the dot here denotes
integration over the spatial coordinates. After multiplying
these terms out, we obtain two types of boundary terms:
those with insertions supported on the same boundary and
those that couple the two boundaries. The coupling of the
t, and 7_ surfaces is incompatible with unitary evolution
and is therefore responsible for the nonunitarity of the
ERG. Obtaining the terms denoted by BT is straightforward
but requires a careful treatment of the order of limits when
approaching the boundary surfaces; this calculation is
performed in Appendix C. We cite the result here,
which reads

1 1
BT =—¢" 89" +5¢7 8 ¢ +5¢" Ly -97

1 1
- Dt¢_ : A0 : Dt¢+ +§Dt¢_ : A0 : Dt¢_ +§Dt¢+ . A0 . Dt¢+

¢~ A Dt + D - Ay -

1

+§(Dt¢_ AT =97 A D+ 9" A DT = DpT - A '§0+)’ (44)

where the three kernels Aj, Ay, and A, expressed in momentum space are

M) =58P A) =3 As) e = U Asp) (45)
with
o0 ) = b (46)

Although the full expression is messy, we can clearly see the claimed structure, namely, the appearance of cross terms that

couple fields on the 7, and ¢_ surfaces.

The final step of our computation is to convert the boundary terms in the path integral into operators acting on the state p.
Insertions of ¢ and ¢~ in the integrand correspond to the position space representation of the field operator ¢ inserted on
the left or right of the density operator, respectively. For the momentum operator in the configuration basis, we have

. ) B
(o~ |7ple™) = —l&’jp(co o),

Thus, it follows from

R .0 B
(¢~ |plo™) = lé?p(ca LoT). (47)
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o

)
—ie_Shdfy =+D,p* (48)

that insertions of D¢~ correspond to applying —i7 to the left of the state, while D,¢* corresponds to applying —i7 to the

right of the state.

We can now convert the terms of BTs into operators acting on the state p, making sure to preserve the Euclidean time

order discussed in Appendix C. The result is

% / Dep(BT) e S0=51 Sy :% /P As(p) [g(p) (@(—p)p(ﬁ(p) —%{p@(p)@(—p)})

+ L (;z(—p)pfr(p) - %{p, fr(p)fr(—p)}>

9(p)

= i(0-p)0(e) = H-DI0(0) -5 HCIOD) - o))} )| 49

To interpret the equations above, it is helpful to introduce
scale-dependent annihilation operators [33]

g(pzmcb(p) +1i !

a(p;A) = #(p).  (50)

29(p; A)

In terms of these operators, the contribution of the
boundary terms corresponds to the action of the super-
operator D below,

D(p) E%/Dd)(BT)@‘SO—S[—deW

- [ Asle) atipa'(0) =3 oo )a(w)} - 5)

e—0F

o* (=) D#*(p) = lim (nm bo(©)

h—0*

I
where we have suppressed the A dependence in a(p) and
Az (p). Next, we have the terms coming from Sy,q,,, which
we recall are of the form

1 1 1
Z/ D¢ <—2§0_ . A): . D,¢_ +§(p+ . AZ . Dt¢+> e~ 50=S1=Svary _

(52)

Unlike terms in BT which have a natural ordering for
products of ¢ and D,¢, the products appearing here are
genuinely “simultaneous.” The simplest way to understand
the operator order is to use the definition of the derivative
directly in the path integral, so that we obtain

(53)

¢p(€ + h) - ¢p(€ - h))
2h '

Note that we are using a symmetric definition of the derivative to ensure the time-reflection symmetry of the Euclidean path
integral. Putting everything into Euclidean time order, this definition results in symmetrized operator products,

%/D¢(—(P_(—p)Dt¢—(p)>e—s0_51_gbdry _

(p(-p)a(p) + z(p)@(-p))p,

~ N ~.

5 [ DH0 DD B = p((p)ip) + #)(p). (54)

Then we see that
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1 d a
z/ 2 (AW> —i[R.p]. (56)

Combining the equation above with (51) gives the flow
of the density operator under the first step of ERG as a
scale-dependent Lindblad equation

Ap = L) = ilR.p] D). (5)
whose Hamiltonian is described by the Hermitian operator
K. Note that both K and D depend on the cutoff A. We refer
to the ERG flow equation above as the “bare flow”
equation.

In the second step of ERG, we perform the following
Weyl transformation

P(x) = e (x), (58)

and bring A back to its initial value [17]. Under an
infinitesimal transformation above, the density matrix
transforms as

2s
’7/41/ — e ’/I/w’

p—p =p+iell,p] (59)

i- —% / dIX[((x -V + Ap)p(x)i(x) + Hel. (60)

where A, = (d —2)/2 is the canonical scaling dimension
of a scalar field in d dimensions coming from the Weyl
transformation and the x - V compensates for the shift in
the argument of K(—V?/A?) (see Appendix F for a
derivation).

Putting the two steps of ERG together, the density matrix
flows according to the equation

%p: i[L. p] + La(p). (61)

We define a rescaled Lindbladian

which is independent of the scale s [34]. However, this
conclusion is a little too quick. In a general interacting
theory, under the ERG, the scaling dimension of the field ¢
does not remain the power-counting dimension (d — 2)/2.
Generally, the field acquires an anomalous dimension.
Anomalous dimensions can be incorporated in the ERG
formalism simply by choosing a scale-dependent scaling
dimension Ay(s) = (d —2)/2 + y(s) in (59), resulting in
the scale-dependent operator,

. 1

i = _E/ dIX[((x -V + Ag(s))§(x))2(x) + H.el.

(63)

This discussion is standard in the ERG literature; for a more
detailed discussion, we refer the reader to [32]. In an ERG
flow from a UV (to an IR) fixed point, the value of y(s)
must be chosen so that it coincides with the anomalous
scaling dimension at the fixed points at s = —oo (s — 00),
respectively.

A. The RG Lindbladian

The effect of rescaling is to bring A back to its original
value, resulting in an effective scale, which we keep track
of with s. This adds an additional term to the generator of
the flow in (57), resulting in the flow equation

d . N
2P = Lslp) = ilLs + K. p] + Dlp). (64)
This flow equation belongs to a well-known class of
evolutions in the study of open quantum systems. In this
section, we would like to highlight some of the key
properties of this equation.

The evolution in (64) is “memoryless” (Markovian), in
the sense that the right-hand side depends only on the state
p(s) and not on its history. In the open quantum system
literature, the generator of a Markovian flow, e.g., the
superoperator on the right-hand side, is called a
Lindbladian. In finite dimensions, the Lindbladian can

L=ilL, ]+ Ly, (62) always be put into the form
|
N>—1 1
Ly(p) = —ilH(s),p] + Z 7i(s) <Li(S)PLi(S)T _E{vai(s)TLi(S)}>v (65)
i1
|
where N is the dimension of the Hilbert space on which p ®,, = Pe N ds/gxl. (66)

acts as a matrix. Equation (65) is often referred to as the
“standard form” for such superoperators. H(s) is the usual
Hamiltonian time evolution of the state, while the L;(s) are
known as Lindblad jump operators. Integrating (65) for a
general time-dependent Lindbladian results in the “time-
ordered” flow

It is a standard result in finite-dimensional quantum
mechanics that if for all s>s, one has y;(s) >0,
then the integrated map @, is completely positive for
all s > sy > 5y and, hence, a quantum channel [35]. For our
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generator, the decay rates y;(7) are set by Ay (p). As long as
the regulator K is a nonincreasing function (as is required in
the construction of the Polchinski equation), the kernel
Az (p) > 0 for all A and p. It is tempting then to say that,
since we have written down a Lindbladian operator in
standard form via (64), we can integrate and obtain a family
of quantum channels @, for all s > s; > 0. We must be
careful here though, as the identification of Lindbladians as
generators of quantum channels is only firmly established
in the finite-dimensional setting. It is a common practice in
the open quantum system literature to regard a Lindbladian
as the generator of a CPCP map so long as the generator can
be written in standard form (65), even if one is working in
infinite dimensions and with unbounded jump operators L;.
It should noted, however, that this is not necessarily the
case (see, for example, [36]), and moreover, our construc-
tion has the additional wrinkle of a continuously infinite
family of jump operators a(p), which to the authors’
knowledge is not a case that has been considered in any
rigorous setting. In what follows, we will treat the flow
equation defined in (64) as the generator of a quantum
channel, but the reader should note that this has not been
rigorously established and should be regarded as a formal
QFT statement following from the standard form of the
generator we have derived.

Identifying the Hamiltonian term, the jump operators and
the decay rates in our ERG equation allow us to interpret
the flow equation in physical terms. The Hamiltonian piece
is made up of a coarse-graining generator K followed by a
scaling generator L,. The operator K is the generator found
in [17] in the context of pure state RG flows, where it was
shown that it can be interpreted as a disentangler [37]. In
fact, as was established in [18], this unitary evolution
generalizes the multiscale renormalization ansatz to the
continuum limit [8,38].

Now consider the dissipative term D(p) in the Lindblad
equation. Generators that are discrete versions of (51) are
commonly studied in modeling the coupling of a cavity
mode to a thermal bath [28]. In this context, the Lindblad
coefficients y; are proportional to decay rates of the
associated jump process. The jump operators for us are
simply given by a(p) for each value of p, representing an
emission process for the field mode with the corresponding
momentum. The corresponding decay rate is set by the

|

1500

— K(s) =3+ stanh(3(1 — s))
==+ K(s) =3 + Larctan(8(1 — 5))
== K(s) =3+ serf(B(1 - 5))
1000 4

log(K(s))

.4
—5s

500 4

T T
0.8 0.9

FIG. 4. Plots of the function Ay(s) = —s4log(K(s)), where
s = |p|/A, for three choices of regulator. The parameter § = 500
for all three curves. Each is nearly zero for values of s < 1 and
grow sharply in the vicinity of the cutoff. The behavior above the
cutoff is highly sensitive to the particular choice of function, but
this should not affect any universal (low-energy) behavior of the
state.

function Ay (p). Turning again to Fig. 4, we can investigate
the decay rates for various choices of regulating function.
One can see that essentially no decay occurs for modes well
below the cutoff scale A. As we approach modes with
magnitude comparable to A, the value of Ay becomes large
with a value that diverges in the limit of a sharp cutoff. For
momenta above the cutoff, the behavior of Ay depends on
the choice of regulator. This is a manifestation of the fact
that the renormalization group flow, away from a fixed
point, is scheme dependent. However, the dependence on
the scheme does not affect the qualitative behavior of
solutions when we flow from a UV fixed point deep into the
infrared, since the scale ordering of the integrated channel
guarantees that modes above the cutoff are always removed
at a prior RG step.

For an alternative point of view, let us reexpress the bare
flow equation in the field configuration basis. In this basis,
the density matrix has components

(p~lple™) =plo~. ¢") (67)

and the action of the bare generator can be expressed as a
functional differential equation,

Aa(—+)—1/A1 S N W SR WO
NP8 =5 | 72 g \Gp g™ 2690 | 2607097 )Y 7
5 & g
- + “ oM =2Z(p~ —ot)? oM. 68
+ (st o) (o + 07 0l0m ) =07 =00l ) (68)

Note that this takes the form of a functional convection diffusion equation. The first line implements a diffusion process,
while the second line represents a drift term. Interestingly, if one regards
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RG flow, when regarded as a differential equation for the
matrix elements of the state, is a combination of a formal
diffusion of matrix elements and dephasing, both of which
are irreversible.

1
=~ eSS (69)

P(d) =~

as a probability distribution on the space of field configu-
rations, then the Polchinski equation can also be recast as a
convection diffusion equation for P(¢) [32]. The novel
feature of the density matrix flow equation is the final line,
which represents a sink term for the matrix elements.
Notice that the sink is stronger the further off the “diago-
nal” one gets in the configuration basis, and so this term has
a tendency to suppress the contribution of off-diagonal
matrix elements in the density matrix. In this sense, the last
term can be regarded as a dephasing effect. In summary, the
|

IV. EXAMPLES

A. Example 1: Gaussian states

As a first example of our formalism, we consider the case
of Gaussian density matrices, for which the flow equation is
exactly solvable. In the configuration basis, a general
Gaussian density matrix takes the form

1 1
(@ lplo™) = p(¢™.9") = Nexp <—2fﬂ‘ R e A N A N A (p+> : (70)
Here we specialize to translation invariant states where ¢; = ¢;(p) and ¢, = ¢,(p) are local functions in momentum space.

Hermiticity requires that ¢, (p) and c¢,(p) be symmetric under reflections p — —p. The constant N is a normalization
factor. Taking the A derivative of the state, we have

d 1 d 1 d d A d
—Ad—AP((ﬂ_,fﬂﬂ = (E(ﬂ_' <Ad_ACl> 2 +5fﬂ+' <Ad_Acl> A A <Ad—c2) 2 —Nd—AN’>P((P_,fP+)~
(71)

The Lindblad flow we derived in (57) and (51) for the ERG is diagonal in momentum space and preserves the Gaussianity
of density matrices. Therefore, the evolution can be expressed as flow equations for the functions ¢, (p) and ¢,(p) and \V.
However, because the flow equation is trace preserving, the flow of V' is redundant, and we only need to compute terms that
contribute to the flow of ¢; and ¢,. Using Eq. (68) and collecting in powers of ¢, we obtain the following flow equations:

d 1 1
Aﬁﬁ ==Ay- (¢ —Cz)—5A2'9+§(C1 —c2) As g7t (e — ),
d 1 1
Ad—ACz =-As-(c2-¢) _EAZ '9—5(61 —c3) As g (e — ). (72)

Now define the functions ¢, = c¢; &£ ¢,. Then, using the
relation

d
A= A

we find that in momentum space c.. satisfy the decoupled
flow equations

d d (¢ d
A, =nl (L) =aly 74
dN T A (c_> an? (74)

Integrating these equations with initial scale A, and final
scale A results in

ci(mA) = c(ps o) + 9@ A) = g(ps Ao),  (75)

2(-
f_(@lﬁi (i) PN ToRiAe) (0

[
The solution above can be used to construct solutions to the
fully rescaled flows,

d e d

S =il p] = A= ).
7P ilL,p] 4

(77)
Acting with the dilatation operator on the Gaussian density
matrix and once again collecting powers ¢, the result for
the flow of ¢; and ¢, reads

d d

26T —(P-Vp+r—1e —Ad—ACh

d d

$C2 = —(p -Vp +]/— 1)02 —AECQ. (78)

If we now consider free fields, we can set the anomalous
dimension y = 0. If ¢;,(p, A) are solutions to (72), then
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the functions ¢, (s) = e’cy,(e~*p, e~*A) solve the scaled
equation above.

As a concrete example, suppose at scale Ay we have the
massive free field action

Slna] = Solt] +75- [ dlxple. (79)

Preparing the ground state, the initial values of ¢, are
given by

e (P Ao) = c_(ps Ao)
_ VP +K(p?/AG)m?

where in going to the Ilast expression we have
introduced the massive dispersion relation w,,(p;A) =
VP? + K(p?/A?)m?. Plugging in the initial condition
and solving for the kernels, the solution at a lower scale
A is given by

e (s A) = g(p; A) + g(p; Ao) (%&30) _ 1>’
-3 ()

(81)

K(p?/A9)
= g(p; AO)M’ (80)  For the massive free field ground state with y =0, we
@o(P) conclude
|
eo(s) = VP <1 . _K®/A)_(Vp?+K(ep/N)ePm® 1))
" K(p/A) K(e™'p/A) Vp? ’
-1
e (s) = VP’ (1 _ K/N) VP’ >> (82)
- K(p/A) K(e™*p/A) VD24 K(e™p/A)eZm? ’
|
where s = 0 is the initial condition. The first observation is 1
that, in the expressions above, the mass m?> always appears SIA] = SolA] + 2 ¢+ B(A) ¢ (85)

with an additional factor of e>* as expected from naive
power counting. To further interpret these solutions, it is
helpful to take the limit that K(s) is nearly a Heaviside
function. As long as K goes to zero quickly enough at
|p| & A, one can approximate [39]

K(p/A)
Kep/n) =K (p/A). (83)

In this limit, our solution becomes

V' +erm? [p| <A
ci(s)me_(s)~ NS

K(p/A) [pl > A

A Gaussian density matrix is pure if and only if ¢, = c_.
Therefore, in the sharp momentum cutoff limit, the flowed
state is well approximated by the pure ground state of a
field theory with mass m(s) = e*m(0), as expected. The
behavior above the cutoff is divergent in this limit, which
simply enforces the cutoff by suppressing the contribution
of these modes to the state.

Let us now compare directly with the effective action of
the Polchinski equation. For an initial action that is
quadratic at scale Ay, it can be shown that at a lower scale
A the effective action takes the form

Here B(A) is a bilocal function and the initial condition for
the massive case is B(x,y; Ag) = m?6@ (x — y). From the
Polchinski equation, one finds that B satisfies the flow
equation

d /

AdAB_ B G x B. (86)
In Appendix D, we solve this equation for translation
invariant B. Then, because the action is quadratic, we can
use a field redefinition in the path integral to derive the
“ground state” density matrix, i.e., the density matrix
associated with the flowed path integral with no operator
insertions. The result is in precise agreement with (81), as
claimed.

B. Example 2: A¢* ground state

As a second example, we consider the interacting ERG
flow with initial condition

Slol = Solio + 35 [ dixpa. (87)

We take the initial state p(Ag) to be the ground state of
S[Ay]. Because the initial action is local, the corresponding
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ground state is pure, and we denote it by p(Ag) = |;) (€.
Our goal in this example, in addition to demonstrating the
validity and computational power of our formalism, is to
provide intuition as to how specific terms in the Polchinski
equation are reflected in our master equation.

In the presence of interactions, the nonlinear terms in the
Polchinski equation generate all possible polynomial terms
in the action. To perform a calculation, we will have to
resort to a perturbative expansion in A. Our main goal will
be to highlight how the nonlinear behavior of the
Polchinski equation is captured by the dissipative terms
D of our generator. As we will see, these nonlinear
contributions do not appear at first order in A, and so in
what follows we will work to second order.

To compare the Polchinski equation and our
Lindbladian, we will view the state as a function of S,
as it flows under the Polchinski equation. Formally, we
have p = p(S;[A], A), and its total derivative is given by

d
—A%P = b5,p — Nopp. (88)

The total derivative of the state from the path integral is
- A— (/ D¢e_SO[A]_SI[AO]_de|y[A])
A

—A _p e~50[80]=S1[Ag]=Shary[Ao]

9’

5 = SolMol=81[Ao]=Suary [Mo] - (9])

d
= | Dp| A—S
A, = [reaaas)],

These definitions highlight the fact that &5 p captures the
“dynamical” contribution of the Polchinski equation, while
the partial derivative simply captures the parametric
dependence of the state on A. In Appendix E, we show
that the second term in (88) takes the form

~Aoxp(Si; A) = i[K. p] = S(p), (92)
and so the unitary evolution of the state is entirely captured
by the parametric dependence on A. The definition of the
operator S is given in the Appendix, as we will not use it
here. Now equating (88) with the Lindbladian £, we have

D(p) = b5,p = S(p). (93)

This equation establishes explicitly that the ERG flow of
the effective action in the Polchinski equation is entirely
captured by the nonunitary generator D. In our derivation in
Sec. III, we used the Schwinger-Dyson equation to convert
the bulk term &g, p to boundary terms in D(p). One of our
main objectives in this example is to explicitly study this
step in more detail in a perturbative expansion for A.

Ao The initial interaction term in (87) is
(89)
A
and we identify Silfol = 41 / dxp(x)*. (94)
—Aoyp| =- Ai ( / D¢e—So[A]—Sz[Ao]—dery[A]) (90) Under the Polchinski equation, the action flows to
n  OA Ao SIN] = Si[Ag] = (AL S))|, with
|
alds| = 105 G’*(SSI[AO]+1Tr<G’*52S1[AO]> (95)
“A—5§,| = Z
7N ) 5p 2 5o
A d 2 ’ d . 1d 3 3
=5 ] 26 0) - i [ iy gepa - )07 (96)

The linear term in A comes from the trace and describes the first order correction to the propagator. As we claimed earlier,
the nonlinear term of the Polchinski equation contributes at O(4?) and describes a nonlocal six point interaction. It is this
term on which we will focus. Let us suppress the spatial coordinates for a moment and simply analyze the time integrals. We
can break these integrals up into three terms,

- /1;) [/_/_dtdt’+LLdtdt'+2/_Adtdt’}¢(l)3G'(t—t’

where we are using the shorthand

)(1)? ©7)
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/ith:I:/Oimdt (98)

and in the last term we have taken advantage of the reflection symmetry of the kernel G’. Because insertions in negative
Euclidean time appear to the left of the state, while insertions at positive Euclidean time appear to the right, we can see that
the first two terms correspond to inserting six field operators to either the right or the left of the state, while the final term
corresponds to having three field insertions on both the left and the right. This implies that this term contributes to matrix
elements with odd particle number,

// / ddrG (1 - 1. x — y) (e p(x)%)| Qo) (Qul (9(y)Pe ). (99)

After performing Wick contractions, the expression above leads to both three- and one-particle matrix elements of the state.
In fact, the term above is the only contribution to the odd particle matrix elements of the flowed density matrix at this order
[40]. Hence, we can isolate this term in the Polchinski equation by considering matrix elements in the odd particle number
sector. Define the three-particle wave functions

|l//1.,2> :/ w12(P1.P2.P3)|P1-P2. P3)- (100)
Pi1.P2.P3

Then we have

| (101)

Ao

<ll/1 |5S,,0|1l/2>

~nl (A o) =

where we are able to drop the S term as it does not contribute. We can now investigate explicitly how the Lindbladian
accounts for this matrix element. Going to momentum space, the expression in (99) becomes

A2 0 fo 3 e~ @) (=)

A / 5(d-1) L d 1)

(3!>/,,,.,q,.,p [ ars (Zp ) (Z“’ +p> 20(D)
X AE(P)K(P/AZ)[eﬂq@(Pl)@(Pz)@([h)|90><Qo|@(Q1)€7’(Q2)€7)(Q3)6’_[ H]-

Expanding the field operators in creation and annihilation operators and performing Wick contractions, we can collect terms
that contribute to the three-particle sector. The final expression takes the form

(102)

Sy L K®*/A) 1 [K@®/A%) K(q;/A%)
Ss,p :/12/5p A —L——a’(p;) | |Q)(2 alq;) |, (103
> 3—particle p ( )EIEZ 20(p) 20(p;) ( [20) (€l H 260 (q;) a(a) (103)
|
where we have defined p. There are two types of propagators,
3 3
= §ld-1) _ (d-1) A
5 (Z; p; p) 5 (; qi + p) (104) K /0 internal
; =
o %cﬂ(p; A) external
3 3
Er=o®)+> o). E=op)+) o) (106)
i=1 i=1
(105) Each external leg corresponds to a creation operator that

In Appendix E, we discuss, in detail, a diagrammatic
approach to the perturbation theory in 4 of density matrices

acts on the free vacuum state. For internal legs, the
propagator evaluates to a scalar coefficient corresponding
to a “spatial” Green’s function. Diagrams with external legs
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are therefore operator valued, with n external legs gen-
erating an n-particle state when acting on the vacuum. To
evaluate diagrams, every propagator is assigned a (spatial)
momentum and all momenta are integrated over. As usual,
vertices carry a factor of the interaction 4 as well as a
momentum-conserving ¢ function. There are some addi-
tional details in determining an overall energy factor
associated with every diagram, which is described in the
Appendix and which we will not emphasize here [41].

Note that, in the perturbative expansion for [€;), dia-
grams always appear to the left of the state. In constructing
the density operator, we must compute (Q,| which contains
conjugates of the diagrams in its perturbative expansion,
placing them to the right of the unperturbed state. For
convenience, in what follows there will always be an
implicit complex conjugation associated with diagrams
appearing to the right of the unperturbed density operator
120)(]

Combining the diagrammatic rules from Appendix E
with the Polchinski equation (96), which we refer to as
Feynman-Polchinski diagrams, the expression in Eq. (103)
can be summarized as [42]

(105, plep2) = (¢ 1€20) (€20 |th2)

(107)

where we have introduced the modified propagator

Asx(p) K(p*/A%) internal

. s 2(p)
%Ag(p),/% f(p;A) external

(108)

5(d71) (21 1 pZ

In the remainder of this section, we reproduce the
diagram in (107) by computing the matrix elements of
our Lindbladian generator D,

(w1 [ D(1€2:) (23] [w2)- (109)

From the parity symmetry of the initial action, the state |Q;)
only has diagrams with even particle number. Consider the
explicit expression for D,

Dlp) = [ Aslp[ate)pa’ () =3 (o' @late)) | (10

The anticommutator term {a’(p)a(p).p} does not change
the particle number of a diagram, and so the only
contribution to the matrix element must come from

/p As(p) (v a(P)|@)(Qila (D)lya).  (111)

The creation/annihilation operators lower the particle
number of any diagram in the state by 1, and so for a
term in the expansion of |Q;)(€;] to contribute to a three-
particle matrix element, it must have a four-particle dia-
gram on both sides of the density operator. If one inspects
all of the terms in the second order expression for the state
(E37), we see that at second order there is only one term
that satisfies this requirement, namely,

s X |

where the explicit expression for the diagram appearing

(112)

2//\2)

P1,P2,P3,P4

A
4

Z? 1(*) pz

(113)

e pZ ( ))

(11"

We can commute the jump operators past the expression for the diagram, which precisely reproduces Eq. (103), or as a

diagrammatic manipulation,

/p As(p)a(p)

{><]|QO><90‘{><1QT(p):

Q) (] (114)

where we can interpret the creation and annihilation operators from D as contracting one of the open legs from each
diagram. Thus, we conclude that, at second order, the three-particle matrix elements satisfy

045029-15



GOLDMAN, LASHKARI, and LEIGH

PHYS. REV. D 114, 045029 (2026)

W D) () lw2) = <ll/1|5s,/7|l//2> (115)

Ao

We now see that the nonlinear contributions of the
Polchinski equation are accurately accounted for by the
dissipative terms of the Lindbladian. This is important, for
example, for using our flow equation to compute the
second order f function for A.

V. INTEGRATING THE ERG FLOW

In this section, we will explore the Heisenberg evolution
induced by the RG master equation. This allows us to
exactly integrate the ERG flow by solving the flow of
arbitrary correlation functions implicitly in terms of the
correlation functions at the UV scale. Recall that, for a
quantum channel @, the “dual map” ®* is defined by the
adjoint relation

tr(@(p)X) = tr(p®* (X)), (116)
where p is a density matrix and X € B(H) is any bounded
operator on the Hilbert space [43]. As a Lindbladian £ may
be regarded as the generator of an “infinitesimal channel,” it
also has a corresponding dual, L£*. For a general
Lindbladian of the form

1 -

L(p) = —ilH, A\ LipL] =< {p, LiL;} ), (117

() = =il p]+zijy,<,p, S LiLy). )
the dual generator can be given explicitly as
- 1 .

LH(X) = i[H.X]+ > 7, <L}XLi —E{X,L}Li}>. (118)

Thus, for example, the dual generator for the dissipative
term D is given by

. 1 .
D(X) = [ As(p)|a'(p)Xalp) ~3 (X, o' Bap)} |
p
(119)
and the dual RG Lindbladian can be written as

L*(X) = —i[L + K, X] + D*(X). (120)

A. Correlator generating function

We will now use the dual flow equation to implicitly
solve the ERG master equation for arbitrary correlation
functions. Our discussion is inspired by well-known

methods in the study of open quantum system dynamics
[28]. Suppose we have an initial state p, defined at a UV
scale A. Introduce the operator

Dla.ax) =exoi [ (=)o) )

p

xexp(—i / az(—p)ﬁ(p)>. (121)

P

Then, consider the characteristic function

Flay, ap) = tr(poD(ar, az)), (122)
which up to a phase matches the Wigner quasiprobability
distribution. Similar to the Wigner distribution, we can use
the characteristic function in (122) as a generating func-
tional for correlation functions of the form (¢"z™), at the
cutoff scale. This set of correlators along with the canonical
commutation relations is sufficient to reproduce any cor-
relation function. The choice of generating function one
uses always induces a preferred ordering of operators.
Which one is used is a matter of convenience. See
Appendix G for a calculation using normal ordered
products. If we now flow the state along the RG, the value
of the correlator flows in the Schrédinger picture to

Fy(ai, @) = te(p(s)D(ar, ay)), (123)
where p(s) is the flowed state,
p(s) = ®y(po). (124)
Equivalently, we may write
Fy(ay, ) = tr(pg @3 (D(a1, @))) (125)

and study the flow of the generating function by solving the
ERG flow in the Heisenberg picture,

d *
%X(s) = L*X(s),

(126)
with the initial condition X(0) = D(ay,a,). As before,
we solve this equation by first solving the bare flow
equation

NI X(A) = L (X(AN)), (127)
and then we find a solution to the rescaled equations

by making an appropriate redefinition. Consider the
ansatz
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X(A) = VDB, (A), fo(A)) (128)
eXP< /m -p;A )
cexp( - | ﬂz<—p;A>ﬁ<p>). (120)

That is, we keep the functional form of D up to a
normalization, but where we have introduced scale-depen-
dent functions f;,(A) and &(A) satisfying the initial
condition

5(Ag) =0,

ﬂl,Z(AO) = ap2- (130)

Then, it follows that

D*(X)=

Next we need the unitary term, which is given by

i

-1 / As(p) [ (D) (=D)X + B (p) X (~p)].

(134)

—ilK,X] =

Matching terms with our ansatz, we obtain the system of
equations

,31 (p) = —As(p)pi(p). (135)

(136)

1 1
5= =4 [0 A B) 4 B ()

_2ip, <p>ﬁ2<—p>]. (137)

The equations for f; and f, are easily solved. Using the
initial condition, one finds

K(p?/A?)

Ai(p;A) :K(T/Aé)

a1(p), (138)

The explicit derivative of X is given by

~hox =éx+i [ﬁmp)@(p)x ~ (p)Xi(-p))|.
(131)

where we have implemented a dot notation for the differ-
ential operator —AJA.

We need to compute the action of the dual generator on
X. First, let us write the diffusive term in a more convenient
form. Written in terms of ¢ and 7, it can be shown that

[Z(=p). [2(p), X]| + ip(=p)[2(p), X] = iff(—p)[@(P),X])-

(132)

1 9(p) 1 R ,
=5 [ 35000 (U221t 1a0) s (D (0) )X R X i) X)) ()X ).

(133)

Pr(p:A) (139)

= o (p).
Plugging these solutions back into the equation for 8, we
can directly integrate to obtain

1) ai

=) -
—2ia1a2<K£0—1>}

We have dropped the dependence of functions on p and A
above to keep the expression concise. The subscripted
variables K, and g, are evaluated at the initial scale A,
while K and ¢ are evaluated at A.

Now, consider the rescaled flow equation. We must
include the action of the dilation generator on X, which
reads

it =i [ (09 + 5 )nwat-x

(p V,+ )ﬁz( )Xi(-p) ).

(140)

(141)
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Now suppose that f(p;A), S(p;A), and S(A) are
solutions to the bare flow equation. We see that we can
construct solutions to the rescaled equation by defining

pi(s) = ed%zsﬁl(espw_sl\o)’ (142)

Pa(s) = e pa(e'ps e Ay), (143)

x(s) = e exp(i [ Sptemienpp)

5(s) = 6(e™Ay). (144)

Unlike in the Schrodinger picture, the momenta and cutoff
do not scale in the same manner, which may seem odd at
first glance. However, once we insert these functions back
into X(s), we can perform a change of variables as

IEE / (e N)i(p))

p
=) eXp<i / e‘%’sﬁl(—p;e‘sA)ri)(e‘sp)) eXp<—i / e‘%ﬂz(—p;e”/\)ff(e‘sp)) (145)
p P

Plugging in the scaled solutions, we obtain the final result

K 25122 AZ
X(S) _ e&(s) exp<i/e—§s(e+/2)a
P K(p*/A?%)

The scaling factors in the exponents match what one
expects from power counting of the field variables. This
expression may be used to construct the generating function
F(a, ay). Note that 5(s) depends on a; and @, and must
be included when taking derivatives to compute correlators.

VI. THERMAL ERG

Our derivation of the ERG flow density matrices as a
Lindblad equation in Sec. III applies to any background
spacetime M with two spacelike boundaries £* and .
However, the explicit form of the Lindblad operator
depends on the propagator in this spacetime. In computing
the Hamiltonian piece in (55) and the diffusive piece in
(51), we specialized to the vacuum propagator in R, which
after Fourier transforming in the spatial directions becomes

e—w\z—t’|

G(t—1;p) = K(Pz//\z)T

with @ = |p|. Another physically important background is
the Euclidean cylinder, i.e., R*"" x S}, depicted in Fig. 5.

o

FIG. 5. The path integral used for state preparation in Sec. VI.
Note that the resulting density matrix need not be the thermal
state, due to the presence of sources in the path integral.

(147)

o (x
o (

)
x)j

1(—p)¢<e”p)> CXP<—i /p e‘%az(—p)ﬂe”p))-

(146)

In this background, to satisfy the Polchinski equation for
the trace of the density matrix, we must use the thermal
propagator at inverse temperature /3,

2 2 ©
Gy(t—1p) = Kp~/n7) Z e~l=r+nplo

2w —
_ cosh([1 - #| - §/2)0)
= KON Gy (Y

where |r—17|€[0,8) and @ = |p|. Using the thermal
propagator above in our derivation in Sec. III only changes
the variation of the bulk term in (33) and BTs, whereas the
variation of Spq, in (56) remains unchanged. Physically,
this means that the new background only affects the
dissipative terms.

We repeat the integration by parts performed in
Appendix C that led to the derivation of BTs. The result
takes the same form as in (44) but now with temperature-
dependent kernels Ay, A, and A,. Their values can be read
off from (C13),

po
o0) =T A0 8) =~ Aslp)
po
pafp) = - LD )

At finite temperature, the dissipative term of the ERG
Lindbladian becomes
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Dylp) =3 [ 2s(0) |ate)comn () (a(-p1poo) = {p. 010}
D (o) 4 o301

= i(0-p)0i(p) = H-DI0(D) -5 (H-DIOD) ~ -)i0). ) ) | (149)

Introducing the creation/annihilation operators that diagonalize the scale-dependent Hamiltonian (50) gives the Lindbladian

Az (p)

1 1
D — fw/2 T __ (.7 —fw/2 T _ T )
() /szinh(ﬁw/z) [e <aﬂa 5{a mp}) +e (a pa = {aa ,p}ﬂ

We have suppressed the momentum/scale dependence of
the operators here for notational clarity. Unlike the “zero-
temperature” case, the Lindblad generator above includes
both the emission apa’ and absorption a’pa of modes
weighted with thermal coefficients ¢/?/? and e#*/2,
respectively [44]. Consider the contribution to the thermal
state of a free theory from a single momentum mode p,
ps(p) ~ e—Po(p)(a(p)'a(p)+1/2), (151)
Then, we have
J

(150)

a(p)ps(p) = ps(p)a(p)e™. (152)

Plugging this into (150) we find that the diffusive part of the
evolution of the thermal state vanishes,
To see how this changes the RG flows, it is instructive to
consider an explicit example. Let us once again look at the

Gaussian state flows. Written as a functional differential
equation, the new bare flow equation becomes

—Nonp(e™.97) = % /p (Az coth(fw/2) Ké D; - g (™ - rp*)2>p(rp‘, »")

1)
Aol 22
+ E[(&p‘

where we have defined the functional differential operator

5 1 & 1 &

D - = .
S~ op" * 250~ 6¢~ + 25¢" st

2 (155)
The only difference from the zero-temperature case in (68)
is the coefficient of coth(fw/2). Carrying this through the
computation for a Gaussian density matrix, the flow
equation becomes

2
AL oAl <f—) — coth(f/2)A-L g (156)

dA dA dA

where ¢, are defined as before. Notice now that, because
coth(fw/2) is A independent, we can define scaled kernels

- Cy

CcL = m, _ = COth(ﬁ([)/z)C_

(157)

such that the tilded kernels satisfy the same differential
equation as the zero-temperature case. The solutions are

b ) (0 00 ntom )] )

(154)

[

then of the same form, where one must take care in the
implementation of the initial condition. For the purpose of
comparison, consider again the sharp cutoff approximation,
so that we may write the approximate solution as

cr(ps o)

2 (B3 A) = {g(p;A)

Then, returning to the untilded variables, we conclude

c+(p; Ao) Ip| <A

c(p:h) = { 4(p: A) coth (far/2)+)

p| > A (159)

The state below the cutoff is completely unaffected by the
value of the temperature f. The new element of this
solution is that, above the cutoff, rather than replacing
the state with the massless ground state, we now replace it
with the massless thermal state of temperature fj3.
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VII. ERG MONOTONES AND APPROXIMATE
QUANTUM ERROR CORRECTION

Consider again the rescaled flow equation for the density
matrix with an s-dependent scaling dimension (60),

d ..
Zo=ill.+ K. pl+D
757 i[Ly + K.p] 4+ D(p)

L,= —%/ d7x(x -V + Ay(s))p(x))#(x) + Hee.).

As we pointed out in Sec. III, a key property of the ERG
equation above is that it is memoryless. Physically, this
means that knowledge of the state p(sg) is sufficient to
determine its flow toward the infrared at s > sy. In the
vicinity of a fixed point, the values of A(s) for scaling
operators are set to their scaling dimensions. However,
away from a fixed point, we are free to choose any A(s)
that interpolates between the scaling dimensions at the
fixed points. Different choices of functions A(s) corre-
spond to different ERG schemes. Integrating the ERG flow,
we obtain a one-parameter flow of quantum channels,

s
- dS’[,‘/
q)s,.\'o = Ps'e 0 5

(160)
where P is scale ordering. In this section, we explore two
consequences of the ERG equations we have derived.

First, we observe that, for any ERG scheme we choose,
the flow in (160) results in a large class of RG monotones,
namely, functions that monotonically decrease along the
ERG flow. As we discussed in Sec. III, the integrated ERG
map @, , is a quantum channel for any s > s,. This implies
that, for any pair of states p(sy) and o(sy) and any
distinguishability measure D(p,c6) we have the data
processing inequality [45]

D(p(s).a(s)) < D(p(s0).o(s0))- (161)
In fact, there exists a zoo of such multistate multiparameter
distinguishability measures [46]. Physically, this implies
that the distinguishability of states is nonincreasing under
the ERG and, hence, is an RG monotone. Later in this
section, we will explore two examples of such monotones,
namely, the quantum relative entropy and the (logarithmic)
Uhlmann fidelity. We remind the reader that there is a
distinction between RG monotones and C theorems. To
find a C function, one needs an RG monotone that satisfies
extra conditions such as stationarity at fixed points and the
requirement that C(UV) — C(IR) is finite. We postpone the
study of such requirements for our ERG monotones to
future work.

Second, we observe that our integrated ERG flow in
(160) combined with the mathematical formalism of
approximate quantum error correction can make the
following intuition precise: the ERG flow erases the

short-distance information of the correlators. It turns out
that the Heisenberg picture (dual ERG map) is a more
convenient language to connect with approximate quantum
error correction [30,31].

Consider an ERG flow that starts by deforming a
conformal field theory (CFT) at some UV scale A. Deep
in the IR s — oo there are three possibilities:

(1) Mass gap: In the first case, at large enough s, the
effective scale e~ A reaches the mass gap. Flowing
observables deeper into the IR projects out all
observables except for the ERG zero modes,

@, (Og) = Op. (162)
In addition to the identity operator, any zero mode of
ERG results in vacuum degeneracies and topological
order. In other words, deep in the IR, we have an
exact quantum error correction code [30]. For
theories with unique vacuum, below the mass gap,
there is no nontrivial observable algebra and all our
RG monotones (distinguishability — measures)
reach zero.

(2) An IR fixed point: In some cases, deep in the IR, we
can end up with a fixed point. In the vicinity of the
IR CFT, we can choose the scheme A(s) = A to get
rid of the scale dependence in the ERG equation and
obtain

— e—(S—SO)E .

® (163)

5,80
Such a flow is called a Markov semigroup. The
eigenoperators of the Lindbladian are the IR con-
formal primary fields [31]
D, (0,) = e~ (5750200, (164)
Using the spectral analysis of the Lindbladian £ we
can obtain bounds on how quickly the distinguish-
ability decreases in scale [47]. In this case, we can
view ERG as a scheme that prepares approximate
quantum error correction codes, and decay of
relative entropy can be used to write down approxi-
mate Khnill-Laflamme equations [31]. In such an
approximate quantum error correction code, the
logical operators are the low-lying IR primary fields
that are approximately protected against the erasure
of short-distance information [30].

(3) Massless particles: In Abelian gauge theory (pho-
tons) and theories with spontaneous symmetry
breaking, deep in the IR, we end up with massless
particles. In this case, we expect the spectrum of the
Lindbladian to become continuous near zero to
reflect the massless mode.

In the remainder of this section, we make use of the

solutions for Gaussian density matrices to compute exact

045029-20



LINDBLADIAN FOR EXACT RENORMALIZATION OF DENSITY ...

PHYS. REV. D 114, 045029 (2026)

results for the ERG flow of quantum fidelity and relative
entropy of states as RG monotones.

A. Ground state fidelity

For a first example of an RG monotone, let us return to
the flow of the massive ground state |€2,,). Although in the
sharp cutoff limit each massive state remains approximately
pure along the flow, this does not imply that the flow is
approximately unitary, as we will see below. For a pair of
pure states, quantum fidelity is the same as the square of the
overlap of the wave functions. Therefore, in the limit of a
sharp momentum cutoff, our ERG monotone is |(€2,,)€|?
where |Qg) is the massless free ground state.

Denote by g,,(s) =c,(s) =c_(s) the pure state
Gaussian kernel for a state with initial mass m. A simple
computation with Gaussian integrals yields the result

k]

det(2g,,)"/* det(2go)'/*
det(g,, + 90)

cenlo ().

where gy = ¢ (s = 0) = ¢_(0). In evaluating the trace, we
must account for the dilation scale s. As an integral over
momenta, we therefore have

—a-ns [ 47'P
tr = Ve~ (@1 /W,

|{Q2,) Q0> =

(166)

where V is the spatial volume. In the infinite volume limit,
this becomes IR divergent, and so the fidelity always yields
either zero or one. This is a standard problem for overlaps
of QFT ground states, which is avoided by considering the
IR finite quantity

_log(|(2,)2 )

£(1%0), .

Q) = (167)
One can interpret f as a “fidelity density” between the two
states. It is also a monotone under quantum channels and is
zero only when the states are the same.

Using the piecewise approximation (84) to g,,, we notice
that, for momenta above the cutoff, g,, = go, and so

4 1/2
0g<( In90)

=0 for |p| > A. 168
gm+90> | (168)

Therefore, our fidelity density is

S A
Q). 1Q)) = —(d-1)s _2d=2 / dppd2
S 190)) = e 5 [ dpp

4 2 25 ,,,2\1/2
xlog((p ptetm) )

/p2 +e2sm2 +p

(169)

For simplicity, consider the case of d = 2 [48]. Define the
ratio of the mass m and the effective scale e ™A by

m

o= .
Ae™*

(170)

Then we can exactly integrate the expression above

F(120).1€2)) = % [\/@—é—i— (%arccot(a) — 1>

1 4V1 +a?
+-log| ———F—5 | |- (171)
2a (1+V1+a?)
Up to an overall factor, the result depends only on the scale-
dependent ratio a. The function is plotted in Fig. 6. It is
helpful to consider the asymptotic behavior of the function,
which reads

fla) { 1+ 0O(a%)

L—log(:m +0(@?) a>1.

UM

a1
(172)

For small «, the evolution is approximately unitary, and the
fidelity density is almost constant. However, near a = 1,
the log-fidelity begins to drop, indicating nonunitary
evolution. This particular value of a is special, as it
represents the value of s at which the effective scale
Ae™* and the original mass m are equal. We interpret this
as a threshold effect for the relevant perturbation to the
massless ground state. That is, for values of a < 1, the
effective scale remains above the mass, and no information
about the state is lost. For @ > 1, the mass is greater than the
effective scale, and so the state has essentially “forgotten”
its initial condition.

10

10 0.01 1 100 10

FIG. 6. The normalized log-fidelity f = —log(F)/V between a
massive ground state and the massless fixed point ground state as
a function of the normalized effective scale a = (m/A)e*. The
UV behavior is consistent with a unitary RG flow, while the IR
behavior indicates a loss of distinguishability between a massive
and massless state. The crossover between these regimes occurs
at @ = 1, when the effective scale is equal to the mass.
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B. Quantum relative entropy with ,,(p) = \/p> + m>. We can now use the exact

As the second example, let us consider the quantum solutions (81) to solve for the density matrix at a lower
relative entropy of two density matrices p and o, scale and then perform rescaling to obtain the solution to
the full flow equation. Just as in the massive ground state

Swi(pllo) = tr(plogp) —tr(plog o). (173)  case, the flow is once again given by scaling m and f by

their canonical mass dimensions (when the regulator is
Relative entropy satisfies the data processing inequality and  taken to be sharp). That is, the state at scale s is given by the
is therefore guaranteed to be an RG monotone. As the  expressions for c¢;, as written above, but with the replace-
relative entropy of any two pure states is infinite, the  ments of m — e¢*m and g — ¢™p.
ground states we used in the previous section will not be of Our goal is to compute the relative entropy
much use. Instead, we compute the relative entropy of the
thermal density matrices pg,, where f is the inverse
temperature and m is the mass. As usual, we write the
Gaussian density matrix as

Stet (Pp.n(9)]1Pp0(5)), (177)

which can be computed exactly for Gaussian states [49]. It

is convenient to express the result purely in terms of the two
(@-lppmlos) =N exp < /p [_ V-1 point functions of the fields. In the case of a translationally
1 invariant and UV regulated state, we can, in fact, express
RGN +@, 0y q;_] > (174)  the relative entropy purely as a momentum space integral.
As before, let c. = ¢| £ ¢, and define

For an initial thermal state in the sharp cutoff limit, we have

C=—-,/—, X=—, pP=—. 178
on@)cob(pon(®) ol <A 2\ 2 o (U
c1\P) =
R P> A, . . :
Let C/,, X,), P/, be the functions associated with the
,,(p)esch(faw,, (p)) |p| < A, translationally invariant Gaussian state p and likewise
c(p) = Ip| p|> A (176)  C,, X,, P, for the state . Then, the relative entropy is
K(p?/A?) P ’ given by
C,+3 X, P)\C C,+3\ 1 1 —4C2
tr( —C,1 m L4+-L)=2] 22| +-1 2. 179
r( ’ Og<cp—%>+(X6+Pﬂ 2 %\c,—1) i ae (179)

It is now a matter of plugging in the explicit expression for the states and computing the momentum integral. Once again,
the cutoff in the state causes the trace to vanish for momenta with magnitude greater than A. Working once againin 1 + 1
dimensions, the relative entropy is given by the integral

1 /A pm? coth (%ﬁ\/ m* + e‘z“'pz) coth (%ﬁ\/ m* + e‘z“pz) +1
dp

Sret(Pp.m($)llPp0(s)) = — + e log - (180)
7 Jo 4\/e*m?* + p? coth(%) +1
The above integral can be evaluated analytically in the  — 0 limit [50]. The result is given by
. e [A p m?
lim$S =— dp|l 181
ﬂl—r>r01 rcl(pﬂ,m(s)Hpﬂ,O(s)) ju A p [ Og(\/m) + 2(m2 + e—25p2):| ( )
1 241
__— [og(a—i-) + arccot(a)] , (182)
2n a

where we have once again defined @ = e¢*m/A. As it turns out, this result has essentially the same qualitative behavior as the
ground state fidelity density; both have the same UV and IR behavior, with the crossover occurring at a ~ 1.
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VIII. DISCUSSION

In a seminal paper [4], Polchinski provided a concrete
realization of the ideas of Wilsonian renormalization, now
known as the ERG. By considering path integrals on
manifolds with boundary, the authors of [17] extended
Polchinski’s formalism to the ERG flow of wave func-
tionals. In this work, we applied this extended ERG
formalism to derive the ERG flow of density matrices
and discovered that, generically, it is described by a scale-
dependent Lindblad equation,

ip = L,(p) =i[L, + K.p] + D(p).

- (183)

The Hamiltonian piece is a disentangler K followed by a
scaling L, as was already pointed out in [17]. We have
found that, in order to satisfy the consistency condition of
Fig. 1, an additional dissipative term appears, which is
given by (51) at zero temperature and (150) at inverse
temperature . We integrated this Lindbladian flow in the
Heisenberg picture exactly and worked out examples of this
ERG flow in Gaussian states and in perturbation theory for
A¢*. An important implication of our result is that any
distinguishability measure of states decreases monotoni-
cally under the ERG flow. We postpone the exploration of
connections between our ERG monotones and C functions
to future work.

The main appeal of the ERG is that it provides a fully
nonperturbative and systematic approach to the renormal-
ization of states that connects with other proposals for
renormalization of states such as tensor network renorm-
alization [6,8,9,17], holographic renormalization [14-16],
and optimal transport in statistical field theory [51]. Here,
we comment on the connections between our results and
tensor networks. We postpone a careful exploration of the
ERG in large N models and holography and the connec-
tions between our flow equation (154) and optimal trans-
port in statistical field theory to future work.

It was already observed in [17] that the ERG flow of states
for particular choices of coarse graining reduces to the
unitary tensor network approaches to the RG of states. In
particular, by choosing regulators that modify the relativistic
dispersion in the UV, we explicitly showed that the ERG
results in a cMERA [18]. Our ERG scheme applied to free
quantum fields closely resembles the so-called cTNR
scheme introduced in [9]. However, as opposed to
cMERA and cTNR, the ERG approach has the advantage
that it can systematically include interactions, as we dem-
onstrated in a sample calculation in Sec. IV B.

In discrete tensor networks, applying tensor network
renormalization to a discretized Euclidean path integral
yields a MERA network on the boundary [52]. The authors
of [9] observed that, in the continuum limit, as opposed to
the discrete case, applying cTNR to a Euclidean path
integral of a Gaussian free fields does not result in a

cMERA on the boundary. Our results suggest a resolution
to their puzzle, as we observed that the nonlocalities in the
ERG, generically, induce diffusive terms on the boundaries
that need to be added to the cMERA flow.

In future work, it would be interesting to explore whether
the interpretation of RG as a quantum channel can provide
new insights into C theorems. It would be particularly
interesting to make contact with recent information theo-
retic interpretations of C theorems via null energy operators
[53]. Additionally, another direction for future investigation
is studying more precisely the relationship between non-
locality and mixing of density operators. For example, there
may be connections to bra-ket wormholes, whose origin
also similarly lies in the nonlocal nature of certain effective
actions [54]. Finally, by representing RG as an operator on
the QFT Hilbert space, we can potentially explore coarse-
grained dynamics of the low-energy limit of QFTs in a
systematic manner. For earlier investigations into this
subject, see [55,56].
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APPENDIX A: WEGNER-MORRIS EQUATION

In this appendix, we will review an alternative and more
general approach to the ERG, as developed by Wegner and
Morris. Although we only make use of the Polchinski
equation in our paper, some of the conceptual discussion in
Sec. III is more directly inspired by the Wegner-Motris
approach. The idea is to take seriously Kadanoff spin
blocking in the continuum. In particular, much like blocked
spins, one defines a coarse-grained field variable and
reexpresses the partition function in terms of these new
variables. The infinitesimal field redefinition is taken to be
of the form

oA

P(x) = ¢'(x) = p(x) + = ¥(x).

- (A1)

Note the similarities with the cTNR proposal in [9] for free
fields. By absorbing the change of the path integral into an
effective action, one obtains a flow equation for effective
Euclidean action S, which is simply the Schwinger-Dyson
equation applied to this specific redefinition,

045029-23



GOLDMAN, LASHKARI, and LEIGH

PHYS. REV. D 114, 045029 (2026)

d ) oY
A—SE—‘P*E—Tr<—>. (A2)

dA 5 5

The first term is the contribution of the change of the action
under the redefinition, while the second term accounts for
the change of path integral measure. This result is known as
the “Wegner-Morris equation.” Of course, not every choice
of ¥ implements an RG flow. For example, one could take
Y to be the infinitesimal generator of some gauge trans-
formation. At a conceptual level, one must require that ¥
actually coarse grains in some appropriate sense. In the
literature, this is often done by parametrizing ¥ as

‘P:lG’*&—Z

, Y =25,-28.
27 59 E

(A3)

The particular scheme is specified by choosing the func-
tions G’ and S, referred to as the ERG kernel and the seed
action, respectively. With this choice, it can be shown that
the Wegner-Morris equation becomes a generalized heat
equation for the probability density of field configurations.
To recover the Polchinski equation, one splits the action in
the form S = S, + S; and takes

ALK .
G =—4— S=35,.
P

(A4)

Note that, using this parametrization, the field redefinition
VW always depends on the action at scale A, ultimately
making the Wegner-Morris equation nonlinear.

APPENDIX B: MIXED STATE PREPARATION IN
QUANTUM MECHANICS

In this Appendix, we consider two examples of
0 + 1-dimensional path integrals that prepare mixed states.

1. Example 1: Two-state mixture

Consider a quantum harmonic oscillator x(¢) with the
standard Hamiltonian
2
H=2"1 s

2m 2 (BI)

The ground state is prepared by the Euclidean path integral

1 0
0) = — [ Dxe™ S il
V=7 /

We can also consider a state prepared by a single Euclidean
insertion,

(B2)

ly) = %e“ﬂ:’ﬂm = \/L?/Dx [x(—é)e_f—oeo dtLE[x(t)q ,

(B3)

with A2 = (0|£e=2*2|0). Now we can construct a mixed
state by taking the convex combination

p = pl0){O[ + (1 = p)ly){wl, (B4)

where 0 < p < 1. Rewriting each state in its path integral
representation, we have

p=p (% / Dx-Drte ) erEMrﬂ)
+(1-p) <ZII/D)C_DX+ [x(—é)x(é)e_f—ozo dlLE[x(l)q ) .
(B5)

Here we have written the path integral measure explicitly as
Dx~Dx* to remind the reader that the ¢ = 0% surface
should be thought of as a cut in these path integrals,
awaiting a boundary condition from a position basis bra or
ket. Combining these path integrals, we have

p= /Dx‘Dx*f[x]e‘SE, (B6)
Fli] = g 41 ;,p x(=58)x(5). (B7)

Clearly, F[x] fails to factorize into functionals of only x~
and x*, which was our stated condition for purity of a state.
In this particularly simple example, it is clear that the mixed
density matrix arises purely as a consequence of the
linearity of the path integral. That is to say, if one can
use path integrals to prepare pure density matrices, then one
must also necessarily be able to prepare mixed states via
convex combination of the integrand.

2. Example 2: Nonlocal sources

The previous example is essentially the full story for
mixed state preparation, in its simplest form. However, in
some cases one can use an alternative interpretation of the
path integral as turning on nonlocal “interactions” between
the upper and lower half planes which induce the mixed
state. We will now discuss a simple example of such a case.
Consider two coupled quantum harmonic oscillators with
Hamiltonian

P% P% 1 202 2
H :%+%+§mw (xl +x2) + Ax1x;. (B8)

Once again, we denote the unique ground state by |0). If we
then partial trace over the second particle’s Hilbert space,
we obtain the reduced density matrix corresponding to only
the first particle in the ground state,

p1 = trr(|0)(0]). (B9)
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In the path integral, we can obtain a representation of the reduced density matrix by integrating out the second particle. The

global ground state density matrix is prepared by

1
(7. 22) 000y =7

/DX Dx,e fo; dt [—%xljc'l—%xzjr'z-k—%ma)z(xf-&-x%)-&—/lx]xz] (AT —x X g s - k)
1 2 B .

(B10)

The final terms in the exponent are boundary terms from integrating by parts in the kinetic term of the Euclidean action. The
partial trace over x, removes the boundary terms and allows us to simply integrate the Gaussian path integral over x,. Define

the propagator G as

1 )
G(t—t/) :m:%g_wlt_t“ (Bll)
Then it is not hard to show that the reduced density matrix is given by
< |p1|x+ /Dxe - dt —ﬂx( i( +—mw2x2 tnl fw dr'x(r) ))—%(x’)'c’—x*ic*)‘ (B12)

Notice in the last term of the action that we have a nonlocal
quadratic interaction of the form

[;f x(0)G(t —1)x(). (B13)

Other than this nonlocal term, we simply have the usual
elements for the preparation of a harmonic oscillator
ground state, and so without this nonlocal term we would
find that p is pure (and, in particular, the ground state of a
single harmonic oscillator).

Because this path integral is Gaussian, we can now
explicitly compute the density matrix by performing a shift
of variables of the form

X = X+, (B14)

where x; satisfies the “effective equation of motion”

—mi(t) + maw?x. (1) —g/dt’G(t —)xy(t)
x7)d (1) = m(xT —x7)o(1).

The two 6 functions on the right-hand side of the equation
enforce the boundary conditions lim,_ - x(¢) = x*. In
particular, the first § function enforces the strength of
the discontinuity of x(¢) at r=0, while the second
determines the strength of the discontinuity in the first
derivative. The derivative discontinuity is not determined
by our boundary conditions, but will be given once we

|

=—-m(xt - (B15)

sgn(t)

xcl(t) -

1 e_w+M
Ax(e-l 4 em@+lily — ZM< + ) .
w_ .,

|

enforce the equations of motion. With this shift, # no longer

depends on the boundary conditions of the path integral,

and so one finds
(Clpulr) = Ne B0, (Bl6)

It remains to compute X, at t — 0*. Fourier transforming

from ¢ to p, the effective equation of motion becomes

2 1
2 2
p*xa(p) + @*x.(p) — mecl(l?)
— —ip(xt —x7) = (x5 - 2). (B17)
and so we obtain the momentum space solution
—ip(rt —x7) = (5 - 52)
Ya(p) = ————— 7~ (BI§)
prr ot =i (W
For convenience, let us define
Ax =xt —x, Ax =i} -7, (B19)
and
o, = \/o* £ A/m. (B20)

Then, the classical solution after inverse Fourier trans-
forming is

e—w_\t\

(B21)
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By enforcing the condition lim,_+ x;(¢) = x*, we find that Ak =

conditions, we obtain

1

_ 20 0,
@_+wy

(x~ 4+ x™), and so as a function of the boundary

2 6 2
i (0, —w_ ) —x" W=+ oo, 0 + @y , (B22)
Yo, + o) W, +w_
1 2 + 6w, w_ + o
iy = |—xT (0, —w_)? +x~ @+ oo+ @5 . (B23)
4w, + o) w, + o_
Plugging our results back into (B16), we obtain the density matrix
m
(x_|p1|x+> = Nexp [—m ((w% + 6a)+a)_ + Q)i)((x_)z + (X+>2) - 2(w+ — w_)2X+X_):| . (B24)
- +

This density matrix is indeed mixed unless 4 = 0. Moreover, one can verify via standard canonical techniques that this is the

correct reduced density matrix.

In this calculation, the nonlocal term in the reduced density matrix path integral arose from the partial trace over the x,
particle, and so it was clear that its contribution would lead to a mixed density matrix. However, we can now replace the
particular kernel G(z — ¢') with an arbitrary (reflection symmetric) bilocal function A(z, ¢'), leading to the path integral

(| :% / Dxexp(— / dt<%m5€(t)2+%ma)2x(t)2 - / arat, t’)x(t’))).

This allows us to prepare a more general class of mixed
states, and for all such path integrals it is convenient to
regard A(t, 1) as a nonlocal interaction of some effective
action, rather than simply as the result of some convex
combination of pure state path integrals.

APPENDIX C: COMPUTATION OF BOUNDARY
TERMS

In this Appendix, we will explicitly compute the BTs
defined implicitly in (33) and show that they are given by
(44). Our starting point is the expression

1
—Eqﬁ*G‘l*G’*G‘l*(ﬁ, (C1)

1
—§¢*G‘1 xG x G lxgp = —/dd_lpdtdt’

where we have used a (time-dependent) spatial mode
decomposition

d—1
p(x.1) = /%f/)p(t)e‘”’"‘,

2 (C4)

and the temporally nonlocal kernel is given by

K72 (p*/A?)
2(27)%!

(B25)

[
where we recall that G™! is the regulated Laplacian

G = —K1(=V?/A?) x 0% (C2)
In this expression, each of the G™! factors is a differential
operator acting to the right. In our derivation, we “symme-
trize” this expression by moving the action of the leftmost
G~! to the left. For now, we assume that the path integral
has two boundaries located at t = +e. Later, we will take
the limit € — O left implicit in all expressions. Thus, only
terms with time derivatives get nontrivial contributions
from integrating by parts. To calculate the terms that
appear, it is convenient to work in (spatial) momentum
space, where our expression reads

(@-p()(P* = 07)G (1 = 1sp) (P> = 97)hp (7)),  (C3)
G(t—1;p) = A K(p?/A%) eVl (C5)

2v/p?

Because the integrand is local in momentum space, we can
ignore the spatial integrals and focus only on the integrals
over tand ¢'. That is, for a single momentum mode, we have
the expression
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~S K2 [ dtd 4y (007 = )G 1 £ p) 7 = )y (1)) (c6)
With this observation in mind, define ;
BT = / (d _)d_l f(p). (C7)
Integrating by parts twice in the 7 integral then yields the explicit expression for f,
7(0) = 5 K207/A%) [ dr[(§-y(-€)0,6' (¢ = £3D) = b-4(€)9,G (e~ 1)
— h-p(=€)G'(—e = 11p) + ¢p(€)G'(e = 1:p)) (P* = 07 )by (V)] (C8)

where we have implemented above the notation ¢(¢) = d,¢(). We have generated four boundary terms from this procedure,
since we have two boundaries and integrated by parts twice. However, this expression retains one bulk integral, from the
coordinate ¢'. We can now integrate by parts twice on ¢ to move the operator p> — 0,2, onto G'. Because G’ is proportional to

the propagator, this results in a 6 function. The bulk terms are therefore proportional to the integral

/ dt' [(¢_p(—€)0,8(—e — ') —
—p(_e)(bp(_e) - ¢—p (€)¢p (6) - ¢—p(_

Note that the final expression is not technically zero, but
will evaluate to zero inside of the remaining momentum
integral, since all momentum space kernels in the expres-
sion are symmetric under a p — —p reflection.

So, as one might expect, we can remove all bulk time
integrals and write BT purely as a sum of boundary terms.
However, before writing these terms out, we must address
an order of limits issue. In obtaining boundary terms from
the 7 integral, we will introduce additional limits of # — 0.
To distinguish this limit from those coming from the first ¢
integral, we use €’ to denote the limit. Then, in expressions
of the form ¢(%e)p(+e’) or ¢(+e')dp(Ee) there is an
ambiguity in the time order, depending on the order in
which the two limits are taken. [Note that there is no
ambiguity in the product ¢(+e)p(F €’) or similar inser-
tions since the two factors live on different time slices.] We
single out these products, in particular, because as operators
they will correspond to products of ¢ and 7, and so we must
make sure they are inserted in the correct order. To resolve
|

—2f(p) = ¢(-€)D,G'(07)Dyp(—€’) — ¢(—€)D,G'(0
—¢(e)D,G'(07)D,p(=€) + ¢(e)D,G'(0
= D.p(=€)G'(0)D,p(=€) + Dp(—€)G

+ Dip(e)G'(0)D,p(—€) — Dip(e)G'(0)Digp(€)

_p(€)0,6(e = 1)

“)Dip(e) -
T)IDp(€) + d(e)D,DyG'(0)p(—€) —
"(0)Dig(e) + Dip(=

— D,p(e)DyG'(07)p(—

—bp(=€)5(—e = 1) + d_y(€)5(e = 1)y ()]
€)¢p(_€

)+ ¢p(e)pp(e) =0 (€9)

|
the potential ambiguity, we must note that the order in
which we perform the integration by parts provides a
specification of the order in which we perform the limits.
So, the limit should always be performed first on € and then
on €. Using the notation of 0* to denote an infinitesimal
positive or negative quantity, we have, of course, that
+e =+ = 0*. (C10)
The stated order of limits also resolves the difference of e
and €/, which should be taken as
e—€¢ =0". (C11)
In writing the result of the final two integration by parts,
we will drop the momentum dependence of our functions,

which can be straightforwardly added back in at the end of
our computation. One then finds

$(=€)DDyG'(0)p(—€) + (= )
$(€)D,DyG'(0)¢p(e)
€)DyG'(07)¢(e)
€) + Dih(e)DyG'(07)g(¢).  (C12)

€)D,DyG'(0)¢(e)

€)DyG'(07)p(—€¢') — Dygp(—

Note that we have used the notation D, = K~'9,. In terms where the time order of expressions is unambiguous or
unimportant, we have simply set ¢ = ¢’. Also, only the first time derivative of G’ depends on the direction of approach of
t = 0, and for all other terms we have simply taken the limit in the argument of G’.
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Finally, define the following momentum space functions:

Ay = G'(0;p),

In identifying A; in our expressions, we have the following identities:

9,G'(0%;p) = —0,G'(0"; p)

Then, f(p) may be written as

~2f(p) = K280 (20(e)h(~€) - pl-e)p(~e
+ KA (B-e)b(—¢) +
- bl=e)b(=¢) - Pl-e)ple

BT is then readily recovered by integrating over all spatial
momenta, resulting in Eq. (44).

APPENDIX D: MASSIVE GROUND STATE FLOW

In Sec. IV, we claimed that the massive ground state
flows are commensurate with the Polchinski equation for
Gaussian sources. Here we will compute the flow of the
massive free field ground state directly from the Polchinski
equation and verify this claim. As in the computation of
Gaussian wave functionals, we may ignore the flow of the
field-independent terms as they only contribute to the
normalization, which is fixed. If we take an ansatz for
S; of the form

1
then up to said field-independent terms, the Polchinski
equation becomes

d
—-A—B =-BxG *B.

N (D2)

Let us also take the simplifying assumption that B is
translation invariant and reflection symmetric, so that it
may be written in momentum space as B(p,A) with

|

Ay = K~'(p*/A%)9,G'(0;p),
A, = K_z(pz/Az)azat’G/(O» iP)- (C13)
= —0,G'(07;p) = 9,G'(07;p). (C14)
) = dle)d(e))
(—e)p(e) = p(e)p(—€) — p(e)p(€)
(€) + dle)p(~¢) + p(e)p(¢'))
(e)g(€)) (C15)

[
B(—p,A) = B(p,A). Then, using the definition of G/,
we have

_dA
B(p.A)? p?

We can directly integrate this expression from A to a final
A to obtain the solution

HBA) _ HKW/A) -

1 I K(@*/A) - K(p*/A)

B(p.0o) B A) e - (B4

For convenience let us write K = K(p?/A?) — K(p?/A}).
Then we may rearrange to find

p*B(p.Ao)

B(p.A) = .
(P.) p> — B(p.No)6K

(D5)

If we start with the massive theory at scale A,, we simply
have B(p, Ay) = m?, and so

p>m? 5 m*6K
N 7l L B B y
p- —m~oK p° —m~ oK

Now we use this solution to compute the ground state wave
functional as a function of scale. The path integral is given by

B(p.A) = (D6)

P(1=0")=¢.. 1 _1 5 —1 —1
<40_|p|¢+>=/t D(PCXP(E[(P*K x«0Pp—p*xBN)xp—qp_-K'-0¢p_+q,.-K -6z¢+]>- (D7)

P(1=07)=¢_

Now we shift the field ¢ — ¢. + n where ¢, satisfies the classical equation of motion

~KT0g(3) + [ dlyB(x i Nely) = =K (0 (x) = 0-(x)8(0) + c(x)0(0)
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or, more simply in momentum space,

K= p*¢.(p) + B(p. Mg (p) = =K' (ip,(¢(P) — 9-(p) + c(p)). (D9)

The right-hand side in this expression enforces the discontinuous boundary conditions at # = 0; the first § function sets the
discontinuity of ¢, while the second sets the discontinuity of its derivative d,¢p. We have left this in terms of an arbitrary
function c(p) to be determined later. With this shift, the density matrix becomes

1
(p_lploy) = N exp (—2/ (¢-(P)K' (p*/A*)0p.—(p) — rﬂ+(p)K‘1(pz//\2)0t¢c.+(p))> (D10)
P
[
with A/ an overall normalization that is independent of the Ke—@nlll c
boundary conditions. It remains to solve the classical ~ Pc(t:P) = 2K, sgn(1) (¢4 — ¢-) Tl
equations of motion and compute the first derivatives at K K . m
. . — e~ %o c
the boundary. Fourier transforming Eq. (DS8), we find _ 5 ](; : <sgn(t)( o, — o) — w_())
dp: iples—@)+c |

Lp)=— [ — pit D11 (D13)

w0 == [ SR Ay O

_ ) 5 Since the strength of the discontinuity in ¢ at t = 0 has
_ _/@ (ipi(p+ — 9-) + c)(p° — m*6K) eirit already been set, ¢(p) is determined by requiring
2n p*(p? + Kom?) ’

(D12) lim¢c(r.p) = . (p). (D14)

where we have dropped the functional dependence which yields

on the momentum, to lighten the notation. We have

also introduced K, = K(p?/A}) to denote the initial c = M, (D15)
regulator. Kﬁo (1 - ;‘}’0) -1
It is not hard to perform the integral over p, to obtain the
explicit solution for ¢, (¢). It is convenient to define With ¢(p) determined, we have the full solution for
, = /p*+ Kym*> and as before write @, = \/p°. ¢.(t,p), and it only remains to compute the terms in the
Then the solution takes the form exponential of (D10). The rather messy result is
|
1
2K (90— — 9 0, 1) (D16)
_ K(K = Ko)(o- — 9. )*Qap(wy — ,,) + Kgm?) = 2K3w, (9% + ¢*)w,, (DI17)
4KKo(K (@, — ax) — Kow,,)
We can clean things up a bit by writing the final answer in the form
1
{o-lplp.) = Nexp<—5(¢+ Oyt o) oo ¢+> (D18)
and defining the functions
CiL = C + Ch. (D19)
Then the final result of our computation yields
Wy Wy Dy
— 20 20, Bm D20
K
c = 0% , (D21)

which matches precisely our result in (81).
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APPENDIX E: PERTURBATIVE CALCULATIONS

1. Diagrammatic rules for states

In this section, we will detail the spatial diagrammatic
rules for a small coupling perturbative expansion to set the
stage for the calculation of the ERG flow of the density
matrix in perturbation theory. For our application, we only
use the A¢* Lagrangian, but much of our discussion
generalizes straightforwardly. Our starting point is the
regulated Euclidean Lagrangian,

£:/dd_lx[—%qﬁ(z‘,X)K‘l(—VZ/A2)02¢(t,x)

+ %/M)(t, x)4] ) (E1)

The ground state will be prepared by a half-space Euclidean
path integral with corresponding action

Sp = S0+ / " Vig(r.x)]dr, (E2)

where we have defined the perturbative splitting

So :/_0 dt/dd‘lx[—%qﬁ(l,X)K‘l(—Vz/Az)azqﬁ(t,x)},
) (E3)

A

Vigl =3 [ ¢ xinxt (E4)

T T

0 = (S8 [ an o [ Tlon )0 )

n=

N G [ L e

Pn—-1 (tn—1)4 o '@1 (t1)4)dtl e dtn—ldtn> ‘QO>,

In order to get the correct normalization of the state, it is
necessary to “regulate” the lower bound of the time integral
of V, and so the path integral preparing the ground state
may be written as

) = Jimar [ Dpe LY (e

where ¢ has an unspecified fixed boundary condition at
t = 0. The normalization A7 is chosen so that the state has
norm 1 for all 7 > 0. We will later see that some terms in
the perturbative expansion are naively divergent in the
T — oo limit. However, these divergences are only inter-
mediate quantities, which ultimately cancel upon appro-
priately normalizing and, as such, have no physical
meaning. These divergences should not be confused with
the UV divergences appearing from loop diagrams.
Expanding in small 4, one obtains

Q) =N / Dy (i(‘:)nf < / dtdd—1x¢(z,x)4>")e—50,

n=0

(E6)

where S, denotes the massless free field theory action. Each
term in this sum can be treated as a Euclidean ordered
operator insertion acting on the ground state, so we
may write

(E7)

(E8)

where we have used a subscript on ¢ to denote the spatial dependence of each insertion. We can remove the time
dependence from each operator insertion by using the Euclidean time evolution operator. Writing H for the regulated free

Hamiltonian, we may rewrite

Pulty)* -

Q/O-;(tl)4|go> = e_th(ﬁ;"le_(tn—l_tn)H’\“

Py - P79 Qp). (E9)

Finally, each spatially local term can be written in momentum space where the spatial integrals may be traded for a

momentum-conserving & function,

o = / P(P)@(P2)9(P3)P(p4)8 "V (py + P2 + P3 + P4).-
P1.P2.P3.P4

(E10)

This leads us to an expansion very similar to standard Feynman diagrams, but where notably we must take care to preserve
the Euclidean time ordering, and each vertex conserves only the spatial momentum. To formalize this, let us now expand
each field operator @(p) in creation/annihilation operators via
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K(p)

2w(p)(a(p) +a'(-p)).

o(p) = (E11)

By expanding out all the resulting terms, we can construct
diagrams by contracting operators using Wick’s theorem.
Any term with an excess of annihilation operators after
contractions will evaluate to zero when acting on the
unperturbed ground state, and so we only consider terms
where the number of creation operators is greater than or
equal to the number of annihilation operators. The only
additional subtleties that must be addressed are the Ham-
iltonian factors e’ appearing between each vertex inser-
tion. To handle these, it is helpful to first consider an
example.

Consider the following term that appears in the expan-
sion at second order:

0
</T dtyet™alalagas </T dt;efh a4a§a2a1>> Q).

(E12)

Here we are denoting the momentum dependence in the
subscript. We commute a, all way to the right to produce
the state

0
</Tdt2eH’2a§a;a6a5 <534/Td11€H" a2a1>> Q) +

(E13)

where the - - - contain the other operator contractions. Now,
the state to the right of e/’1 is an eigenstate of H, and so we
convert the expression to

0 o 2 t oy
/lezemzas%aéas 534/T de®aial ) ||Qo)+-,

(E14)

where E;; = w(p;) + @(p,). We can now evaluate the 7,
integral, which yields

/ 1
/ldtleEZI’l =— 4+ 0(1/T). (E15)
-T E21

/ dt, / dt,_; - / dll[ 2 (E(n _E(n—])>e[n—l(E(n—])_E(n—Z))...et2<E(2)_E(l))etlE(])j|.

Note that, because E,; is nonzero, we can simply take the
T — oo limit immediately. However, in the case where the
state is the vacuum and E = 0, we must keep T finite and
carry it through the computation. The resulting term will be
divergent for large T, but one can check order by order that
all such terms cancel after normalizing the state.

Finally, plugging back in, the form of the state becomes

1 t
S ——034 </ ’ dtzeH’Zaga;aﬁaSagaO 1Qy).  (E16)
Ey, -T

We are now free to commute as and ag to the right,
producing additional contractions. Finally, after this, we
can convert the factor of ¢ to its corresponding eigen-
value and perform the f, integral. For more general
diagrams at higher order, this procedure then carries out
iteratively to the left until we have exhausted all the time
integrals.

This procedure of contractions and evaluation of the time
integrals from right to left can be summarized by the
following diagrammatic rules:

(1) For a diagram at order n in perturbation theory, first
draw n disconnected interaction vertices arranged
from right to left. The diagrams represent operator
insertions to be acted on the state |Q).

(2) A particular diagram is generated by connecting
pairs of legs to form a contraction. Not all legs have
to be contracted.

(3) To each leg, associate a spatial momentum. Each
vertex enforces conservation of spatial momentum
for its connected legs. For each internal leg, insert a
factor of 5 ﬁ and for each external leg, insert a factor

of \/%af(p)

(4) To evaluate the energy factor, starting from the
rightmost vertex and repeating from right to left
for all vertices, consider the subdiagram given by
removing all vertices to the left. Any contraction to a
removed vertex should be replaced with an external
leg with the same momentum. Compute the energy
E(; of the state corresponding to the kth subdia-
gram. The diagram gets an overall factor of

(E17)

In the case that all the E ) are nonzero, one may take the 7 — oo limit immediately, in which case the above integral

simplifies to

(E18)
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However, if any of the E(;) are zero, the order of limits is to first take the energies to zero and then 7 to infinity. Such terms
will have power-law divergences in 7', which are all ultimately canceled by the normalization.

(5) Multiply by a factor of (—1)"1"/(4!)" as well as the
overall multiplicity of the diagram. Integrate over all
momenta (including external legs).

(6) To construct the ground state, sum over all diagrams
to a given order in perturbation theory, and then
compute the normalization A7 as a sum of vacuum
diagrams. Finally, take the limit 7 — oo.

0V pi)

The slicing procedure in step 4 retroactively implements
the iterative replacement of energy factors we discussed
above. The multiplicity of a given diagram may be
determined via Wick’s theorem.

Let us now use these rules for some explicit calculations.
At first order in 4, there are only three diagrams contrib-
uting to the ground state, which are explicitly given by

A
Ty
4l P1,P2,P3,P4 Z

AT K(ai) K(az)
=6 Sy 2 2oy Y

There are a few elements of these equations to be pointed
out. The first two equations are nonvacuum states and, as
such, have a nonzero energy. For these diagrams, we have
sent A — oo, which leaves behind an energy factor of
1/>; w(p;). The final diagram, on the other hand, is a
vacuum contribution and has a divergent factor of T
coming from the integral factor

0
/ e 'Odt =T. (E22)
-T
Now writing the normalization of the state as
Npr=1+NO 4 2NO 4 (E23)

the ground state to first order in 4 is given by

23 = 1) + WD 20 + X + Q n 8

(E24)

and the normalization condition at this order reads

i:lw(pi> )
K(q) K(p) ao)at (-

) 20(q) 20(p) (p)a'(—p) (E20)

AN 4 8 =0 (E25)

As one expects, the normalization merely removes all first
order contributions to the vacuum. Thus, the final expres-
sion for the ground state at first order is given by

2 =100+ X+ ()

which is indeed independent of the constant 7', as claimed.

We now turn to the calculation of the state at second
order. In Fig. 7, we have drawn all diagrams that contribute
to the state before normalizing. Notice that at second order
the noncommutativity of diagrams becomes relevant, and
so diagrams that are not left-right reflection symmetric
must be included in both orders. We will not explicitly
compute each diagram, but we give special attention to the
diagrams that have naive divergences in 7. There are five

R
X3 0%

(E26)

CO NS

E27)
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—— XX c><><>»c><><

D

FIG. 7. All diagrams contributing to the unnormalized ground state at second order in perturbation theory.

Computing the normalization at second order, we obtain the formula
A2 (2N 4 (ND)2) 4 N 8 +2(c><><>+@+8 8)
' 8 8 0 [(0) (L) (X) ()] 1w =0

Using Eq. (E25), we see that

(E28)

A2 (N2 pN D 8 8 +38 8 =0 (E29)

and so all disconnected diagrams vanish from the condition for A/?). The final result reads

NN +2(c><>o+@) () {<Q>*<Q)+<><>*(><>] Q) =0 (E30)

Plugging this result back into the expression for the state,
one sees that all second order bubble diagrams vanish once
again. This removes the first three divergent diagrams listed NV >< + >< 8 + 8 >< =0 (E32)
above. For the remaining two, we will now show that the
following cancellations occur:

1) _ E31 This is our first true demonstration of the noncommuta-
9— * & 8 + 8 Q 0 (E31) tivity of our diagrammatic expansion. First, we calculate
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g ? 8 9)\ <H (C;W)dpil ZIZ)((p))> Ea'(=p1)a'(p1) (E33)

Here £ is the energy factor, which is given by

00 123 T 1
£ / dr / dt (¢2ComB) gO1)) - . E34
ey )~ 20 Qe (534

We obtain this expression because the first subdiagram is a zero-energy vacuum diagram, contributing to the divergence of
the ¢, integral, while the second diagram is a finite-energy two-particle diagram. Now in contrast, the reflected diagram is

given by
8 0 -0/ (M) evcmon e

Since the leg structure is the same, the propagators and operator insertions are the same, but the energy factor is a different
value, &', which is given by

© 153 1
— dt / d[ eZtZwm (pl ) eZtl [ (pl) = E36
/—T ? ) ! ) (2w,,(p1))? (£30)

We see that the finite contributions of the two diagrams cancel, leaving behind only a divergent contribution proportional to
T. Itis not hard to then check that the first term in (E31) cancels the remaining divergent term, and so we see that the claimed
cancellation occurs. The calculation for (E32) follows analogously.

Now we are prepared to write down the ground state to second order in perturbation theory, with which we conclude this
section. Our full expression reads

) = (1 3¢ 1)
(X QAo
+oX +>o0 + ()0 + L+ Q]
FXOX 0 QX 0+ X m

(E37)

where

= [(0) (0)+ () ()] e
2. Proof of Eq. (92)
In the text, we made the claim

—Aopp = i[K,p] = S(p). (E39)
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Here we demonstrate this identity and define the quantity
S(p) in the course of the calculation. The partial derivative
is defined by

9
Aoy =-A < / p¢e—so[A1—s,[Ao1—smy[A])
M, oA

Ay

(E40)

We expand the integrand as
/ Depe=SoN=SuayN (1 4 §;[Ao] +---).  (E41)

This is simply the perturbative expansion of the state at
scale A, since S;[Aq] has no explicit A dependence. After
expressing the state as a sum of diagrams, each term will
have A dependence both through the unperturbed state <)
as well as through the diagrams, which depend explicitly on
functions of A. For an arbitrary term in the expansion, we
therefore identify three sources of A dependence: (a) the
unperturbed state |€), (b) the creation/annihilation oper-
ators a(p;A),a’(p;A) coming from external legs, and
(c) the scalar coefficients of each propagator. First, for (a), it
|

can be shown that

~N0A1R0){Qo| = i[K, Q) {Q0l]. (E42)
Next we must account for the operator valued diagrams
encompassing (b) and (c). Similar to the state, we have
—Adpa' (p; A) = i[K,a' (p; A)], (E43)
and so the operator contribution to the derivative is just a
commutator. As for the coefficients, notice that every
propagator contributes a factor of either K for internal
legs or v/K for external legs. Since the full diagram is just
the product over the contributions of each propagator, we
can treat the propagators one by one and sum over the
result. Using the fact
—Ad\K* = —aAsK?, (E44)
we can account for the coefficient derivatives by multi-

plying with a factor of Ay for internal legs and %Az for
external legs. Recall the modified propagator

2 /A2 .
. B Ax(p) K(QI:,—({)/;) internal o)
%AE (p) %cﬁ (p; A) external

which accounts for precisely the logarithmic derivative of the diagram coefficient. Putting (b) and (c) together, the partial
derivative of any diagram is given by a commutator and a replacement of propagators with modified propagators. For

example, for the four-particle diagram, we have

a3l X (0 3 8 K

More generally, we now define the linear function S as the
function that computes the partial derivative of the diagram
coefficients. Diagrammatically, this is given by the pro-
cedure of replacing propagators with modified propagators
one by one in a diagram and summing the result, as we saw
in the example above. Formally, S has the properties

S(D|Q0) (o) = S(D)[€2) (L], (E47)
S(D1[90) (0| D7)
= 8(D1)[Q20)(Q0|D; + D;[€20)(Q|S(D,),  (E48)

where D, D, D, are diagrams. The first property states that

(E46)

|
S “ignores” the unperturbed ground state, while the second
is simply the Leibniz rule for diagrams on opposite sides of
the density matrix.

Now we can put everything together. Since the A
derivative of the unperturbed state and the creation/anni-
hilation operators are both generated by K, the final
expression for the partial derivative of the state is

—Adnp = i[K, p] = S(p), (E49)

and the total derivative of the state under the flow of the
Polchinski equation is
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d "
—A——p =ds,p +i[K,p] = S(p).

- (E50)

3. First order calculation

In the main discussion, we considered the equality

D(p) = 65,0 = S(p) (E51)
at second order in A, where nonlinear contributions of the
Polchinski equation became important. In this subsection,
we will check this equation at first order in A. For what
follows, all equalities should be read as up to terms of order
2. First, consider the term ds,p- At first order in 4, the
nonlocal term does not contribute and we simply have

d
A,

i (E52)

:j/ddx¢(x)2G’(0).

Ao

Because this expression is local in Euclidean time, the
purity of the state is preserved at this order in perturbation
theory, and we may break its contribution into two terms,

/ dx(x)? = /_ : dt / A 1xp(x)?

+/)°°dz/dd—1x¢(x)2. (E53)

The first term contributes to the “ket” and the second
contributes to the “bra” of the pure ground state. Consider
just the first term for the moment, as the second is just the
Hermitian conjugate. Writing H as the regulated free
Hamiltonian associated with S, we have

I [ [Laf dd‘qub(x)ze‘sﬂ‘sde}

0
- / dr(eM (%)) Q).

0s,p = [

(ES4)

10) (] + [20) (%] [ ] |

Going to momentum space for the spatial arguments and
expanding @(x) in the creation/annihilation operators (50),
we arrive at

| [ aemprian

= /p < /_ i, e2w<l’>fdt> —K(le(/p/;2)a*(p)aT(—p)IQo>+~~-,

(E55)

(E56)

K@AoL
|t ) (-pi)

The terms denoted by --- are terms proportional to the
unperturbed ground state, which at first order are always
removed upon normalizing. So, we have that

a’(p)a’(—p)|Q) (| +H.c.

o010 [ KB
p

4 4w (p)*
(ES7)

We can compute the coefficient more explicitly using the
definition of G’, which yields

o0) = SRR [
q

7’ 20(q) (53%)

Plugging this back in, we obtain the final expression,

L K(0?/A2)K (2 A%)
o5 = “/pq &) b Pala)

x @t (p)a’ (—p)|Qo) (| + Hee. + O(22).  (E59)

Finally, comparing with the expression for the diagram in
(E21), we see that this result can be summarized as

(E60)

Now let us turn our attention to the operator D. Acting on the initial state, we have three terms to consider,

D(|Q)(,

Schematically, the perturbed ground state takes the form |Q;) = |Qq) + A|Q) + - --

|€2,) (2] = [€20) (0] + A(|€21) (0] + [Q0) (2

)= [ Aslo) (a2 @la' ()5 (R)ale)] ) (]~ 512 @l Rlate) )

(E61)

and the density operator is

), (E62)
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and so at this order in perturbation theory we have
a(p)|;)(Qla’(p) = 0. (E63)

Now consider the term

- [FR i awie) @l (E64)

Each diagram in the first order correction of the state has external legs, corresponding to a product of creation operators. For
an arbitrary product of creation operators acting on the vacuum, we have

_ (8P i, JHa. ! 4 ata) )54V (p — a.
[ 252 watw) (T (a0 ) = -5 [ astora 03 (o)) 0 -aien) (e

T N
— 33 asa)([To'ta) ) ) (E6)

For each term in the sum above, we are simply multiplying the diagram by — % Ax(q;) for a given external leg, which is
precisely the result of replacing the external propagator with a modified propagator (with an overall minus sign). This
applies to every diagram to the left of the unperturbed state. However, we can see that the remaining term in D performs
precisely the same procedure to every diagram on the right of the unperturbed state. Motivated by this, define the splitting

S=8,+8. (E67)

where S, ; are defined similar to S, but where S, applies the procedure of modifying diagrams only to external legs and S;
to internal legs. If a diagram has no internal legs, then S; evaluates to zero, and likewise for S, and diagrams with no
external legs. Then, what we have just shown is that

D) ()| = =S (1) () (E68)

Ao

Recall the first order state

) (] = [90) (] + [(>< 4 Q) 1) (Q0|+h.c} (E69)

The only diagram with an internal leg is the loop diagram. We therefore conclude that

S(1Q){Q:]) = S, (1) () + S;(12:)(]) (E70)
=g @]+ ([ € ] 10wl + 100 0l | ) |) )
= [=D(1Q) () + 85,p]|a, (E72)

which is the desired identity. We can now clarify in what sense the first order calculation is “trivial.” Notice that, in solving
the equation for D(p), all the contributions of Jg p are canceled by terms in S(p). So, at this order, D does not “see” the
Polchinski equation at all. In general, at higher orders of A, D can only see the nonlocal contributions of the Polchinski
equation.
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APPENDIX F: DERIVATION OF DILATION
ACTION

In the second step of RG, we performed the Weyl scaling
p(x) > D 2g(x).  (F1)

In this Appendix, we will derive how this transformation
results in the action of the operator L. First, note that effect
of this transformation in the bulk of the path integral does
not contribute any nontrivial boundary terms, so these
terms can be entirely absorbed into the rescaled flow
equation for S;. So, we only need to address the change
in the boundary term Spgy,.
Under the rescalings above, Sy takes the form

2s
Ny = €7 Ny

—3 [ WK etV p . (F2)

This is only the t = —e surface term, but the ¢ = ¢ surface
term is completely symmetric. In the absence of the
regulator K, the transformations above are a symmetry
of the boundary terms, as one expects for the fixed point
theory. Because of the regulator, we must now remove the s
dependence from its argument. By changing variables in
the integral, we can rewrite this as

e—(d=1)s

S [ R =T o ()

X

We must also take t — e~°¢ to ensure consistency with the
bulk terms, which results in additional factor

e—(d—2)s

o LA LalC GOV TN

For an infinitesimal s = e, this change in Spq,, can be
accounted for by the linear field redefinition

p(x) = @(x) —e[(x - V)p(x) + Ay0(x)].  (F5)

nle] = =(x-V)o(x)

With these observations, let us consider the change in the
density matrix for an arbitrary linear field redefinition. In
the configuration basis

=plo~.¢"), (Fo)

we perform the transformation

(@~ lplo™)

=Nplp~ +en ot +en™),
(F7)

plo=.0") = pe*.o7)

where A\ is a field-independent constant that restores the
normalization of the density matrix and n* = 5[] is a
linear function of the boundary configurations. Expanding
to linear order in the perturbation yields

plo” +en " +ent) (F8)

op

ol ()

op
~p(o, " -t
(™. @ )+€[n 5¢_+n

The normalization parameter A can be fixed using

1 =1t(p) ZN/D¢p((p+€n,¢+€n) (F10)
—N/Drp ; p(/),(p’) (F11)
~N<1 —etr(?—Z)), (F12)

where in going to the second line we have made the field
redefinition ¢’ = ¢ 4+ and in going to the final line we
used the normalization of the density operator p along with
the expansion for the determinant

|1+ €A| ~ 1+ etr(A). (F13)

Now specializing to our case, we have

- Ayp(x), (F14)

with Ay the canonical, or engineering, dimension of ¢. Applying this to the above expressions and using the functional
representations of ¢ and 7, we deduce that the density matrix transforms as

p=p-e / d'x[i((x -V + Ay)p(x))E(x)p — ipa(x)(x - V + Ay )p(x) (F15)
+(x -V + A,)841(0)] (F16)
=p—€/dd X[i((x - V4 Ay)p(x)2(x)p — ip((x - V + Ay)p(x)) 2(x)]. (F17)
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Comparing with the form of ., we see that this is indeed the
transformation

p' = p+iell.pl. (F18)

APPENDIX G: NORMAL ORDERED
CORRELATORS

In Sec. V, we explicitly integrated the dual map to the
ERG flow £}. In this Appendix, we observe a property of
the generator of the dual map that allows us to write simple
flow equations for normal ordered operators.

Define a normal ordered product of n creation and m
annihilation operators

Nn,nl(pl7""pn+m;A)

=a'(pi:A)-+-a (P A)a(priiA) -+ (G1)

a(pn+m;A)'

By solving for the flow of expectation values of Nn!m we
can obtain any correlator by linear combination. Thus, it is
sufficient to consider the set of correlation functions

rm ({pi}s A) = tw(p(A)N,. ({pi }: A)),

where p(A) is an arbitrary density matrix. Taking the A
derivative, we have

(G2)

d N
A ETE(A) = t(Lp () ()
— Atr(p(A)o\N, . (A).  (G3)
Once again using the fact that —Ad,g(A) = 3 Asg(A), one

can show that

—Adya(p;A) = i[K.a(p; A)], (G4)
from which it follows that —Ad\N,, ,, = i[K, N,,,]. So, we
have

d VTP .
_Aﬁr(”’mNA) = ltI'([K, p]Nn,m) + tr(D(p)Nn,m)
+itr(p[K. N, 0]) (G5)
= tr(pD* (Nn,m)) : (G6)

The key observation is that N n.m are eigenoperators of the
superoperator D*, via the eigenvalue equation

n+m
<Z AZ Pi > n,m»

where the p; are the values of momenta appearing in the
product. So, the correlator therefore satisfies the simple
differential equation

d nm n+m
—AEF <Z As (p; > m(A).

Integrating from initial scale A to final scale A, we have

(G7)

(G8)

Keeping in mind the approximation for A < A, that

K(p*/A?)
K2 /A~ K(p?/A?), (G10)

we can simplify even further to the approximate solution

= (TJ V&
Thus, we have a simple interpretation for the solution that is
consistent with the Callan Symanzik equations: the normal
ordered correlators are unaffected when |p;| < A for all the
momenta in the correlator. The value of the correlator
quickly drops to zero as soon as the scale A drops below
any of the momenta p,. For example, the expectation value
of the number operator N(p) = a'(p)a(p) for modes at

momentum p is given by (N(p)), ="V (p,p;A), and
we have

P/ )T (G)

(G12)

(N(p))a ~ K(p?/A?)(N(P))a,

The flow equation therefore removes the occupation of
modes above the cutoff for any state.
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