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Fliss et al. [Phys. Rev. D 95, 126001 (2017).] extended the exact renormalization group (ERG) to
arbitrary wave functionals in quantum field theory. Applying this formalism, we show that a Lindblad
master equation gives the ERG flow of density matrices. The Lindbladian consists of a “Hamiltonian” term,
which is the sum of a scaling and a coarse-graining (disentangling) operator, and a dissipative term with
absorption and emission rates for each momentum mode. We consider as examples the flow of Gaussian
states and the perturbative ground state of λϕ4 theory and highlight the role of the dissipative terms in
generating accurate contributions to the flow of couplings at nontrivial order in λ. Integrating the Lindblad
master equation, we find that a finite ERG flow of density matrices is described by a quantum channel. It
follows from the data processing inequality that any distinguishability measure of states is an ERG
monotone.
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I. INTRODUCTION

The exact renormalization group (ERG), also known as
the functional renormalization group, is a powerful theo-
retical framework in statistical physics and quantum field
theory (QFT) that uses path integral methods to implement
the intuitive coarse-graining picture of Kadanoff [1] and
Wilson [2,3]. In a seminal work [4], Polchinski developed
the ERG formalism based on the central principle that the
generating functional of QFT is independent of regulari-
zation. The ERG formalism has since found many appli-
cations in the study of strongly coupled QFTs [5].
With the recent development of quantum information

methods in many-body quantum physics, the ideas of
Wilson and Kadanoff have inspired the development of
novel numerical and analytic tools such as entanglement
renormalization and tensor networks [6,7]. These tools
have proven to be extremely effective in describing low-
energy wave functions and finite temperature states of
quantum spin systems with strongly interacting local
Hamiltonians. Such methods have been extended to con-
tinuum Gaussian theories resulting in tensor networks such
as the continuous multiscale entanglement renormalization
ansatz (cMERA) and continuous tensor network renorm-
alization (cTNR) [8,9]. However, unlike the case of spin
models, defining these continuous tensor networks away

from the Gaussian limit has proven to be challenging [10].
In spite of this, MERA and cMERA continue to provide
a conceptual framework to explore the connection
between entanglement and the emergence of geometry in
holography [11–13].
Motivated by applications of the ERG in holography

[14–16], the authors of [17] extended the ERG formalism
to arbitrary wave functionals of QFT. They discovered that
the ERG equations result in continuous tensor networks,
which as opposed to the cMERA and cTNR, systematically
generalized to interacting models. In particular, by choos-
ing regularization schemes that modify the dispersion
relation, we recently showed the wave-functional ERG
reproduces and generalizes cMERA tensor networks [18].
In this work, we apply the ERG formalism developed

in [17] to path integrals with two boundaries and derive the
ERG flow of density matrices in QFT. Our derivation is
based on a consistency condition, which requires the
following two methods for performing the renormalization
group (RG) to be equivalent:
Method 1: First, use the Polchinski equation to flow a

UV action Sðe−s0ΛÞ to an IR action Sðe−sΛÞ (s > s0), and
then evaluate the path integral on a manifold with boundary
to obtain the state ρðe−sΛÞ.
Method 2: First, “slice” the path integral to obtain the UV

density matrix ρðe−s0ΛÞ, and then flow the density operator
to obtain the IR state ρðe−sΛÞ.
The consistency of these two methods can be summa-

rized as a commuting diagram, which we depict in Fig. 1.
We find that by enforcing this condition, the ERG flow of
density matrices is described by a scale-dependent
Lindblad master equation [19,20],
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d
ds

ρðsÞ ¼ LsðρðsÞÞ ¼ i½L̂s þ K̂; ρðsÞ� þDðρðsÞÞ: ð1Þ

The Lindbladian above implies that the ERG is, in general,
a nonunitary and irreversible process [21]. The ERG is
expected to be irreversible, as is demonstrated by C
theorems in two, three, and four spacetime dimensions

[22–24]. However, the nonunitarity of RG is a less explored
phenomenon. We trace back the origin of this nonunitarity
to the nonlocality of the effective actions that ERG
produces. For other perspectives on the nonunitary aspects
of renormalization, see [25–27]. Here, we point out some of
the key properties of our ERG equation in (1):

(i) The Hamiltonian term: As was previously observed
in [17,18], the Hamiltonian piece is composed of a
scaling generator L̂s [see (59)] and a squeezing
generator K̂ [see (55)]. In analogy with cMERA
tensor networks, we refer to K̂ as a “disentangler.”
All terms in the Lindbladian are independent of s,
except for the scaling operator L̂s, which we take to
depend on s to allow for a scale-dependent anoma-
lous dimension.

(ii) The diffusion term: This term is a diffusive piece D
which for the ERG of the thermal state takes the
form [see (154)]

DβðρÞ ¼
Z
p

ΔΣðpÞ
2 sinhðβωðpÞ=2Þ

�
eβωðpÞ=2ðaðpÞρa†ðpÞ − 1

2
faðpÞ†aðpÞ; ρgÞ

þ e−βωðpÞ=2ðaðpÞ†ρaðpÞ − 1

2
faðpÞaðpÞ†; ρgÞ

�
; ð2Þ

where ΔΣðpÞ defined in (36) depends only on the ERG
regulator. The diffusive term above belongs to a class of
open quantum dynamics that are commonly studied in
quantum optics. Using the terminology of quantum optics,
we call the aρa† and a†ρa the “emission” and “absorption”
terms, respectively. Their corresponding rates eβω=2 and
e−βω=2 match the expectation from quantum detailed
balance [28,29]. In the zero-temperature limit, the absorp-
tion coefficient vanishes and the generator becomes (51)

DðρÞ ¼
Z
p
ΔΣðpÞ

�
aðpÞρa†ðpÞ − 1

2
fρ; a†ðpÞaðpÞg

�
: ð3Þ

An immediate application of our result is that integrating
our Lindblad master equation results in a quantum channel.
The data processing inequality then implies that any
distinguishability measure of states is nonincreasing under
the ERG. In other words, we naturally obtain a large class
of ERG monotones.
In Sec. II, we review the ERG formalism. The derivation

of our ERG Lindblad equation is in Sec. III. In Sec. IV, we
work out examples of density matrix ERG in QFT for
Gaussian states and perturbatively for λϕ4. We comment on
the necessity of the diffusive terms for reproducing the
correct flow of the couplings. In Sec. V, using methods
from quantum optics, we integrate the ERG flow in the
Heisenberg picture. In Sec. VI, we generalize our ERG
flow to thermal density matrices. Finally, in Sec. VII, we

comment on connections between the ERG and approxi-
mate quantum error correction, in line with the recent work
of [30,31]. We also work out two examples of RG
monotones implied by our result, namely, quantum fidelity
of Gaussian vacuum states and the quantum relative
entropy of thermal states.

II. REVIEW OF THE ERG FORMALISM

A. The Polchinski equation: ERG for effective actions

We begin by reviewing Polchinski’s formalism for the
ERG and the derivation of the Polchinski equation, which
describes the ERG flow of the Wilsonian effective action
[4]. Polchinski’s result is a special case of a more general
formulation of RG known as the Wegner-Morris equation
that, for completeness, we review in Appendix A. To
simplify the presentation, we use a modified DeWitt
notation for spacetime integrals: if Kðx; yÞ is a bilocal
kernel with x; y∈Rd, then we write

ðK � ϕÞðxÞ≡
Z

ddyKðx; yÞϕðyÞ: ð4Þ

Since we will be considering path integrals with bounda-
ries, we also write for integrals over a constant t slice,

ðK · ϕÞðxÞ≡
Z

dd−1yKðx; yÞϕðyÞ; ð5Þ

FIG. 1. The RGmaster equation we derive is consistent with the
Polchinski equation in the sense that the above diagram com-
mutes.
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where x; y ∈Rd−1 are spatial coordinates on the constant
t ¼ 0 surface.
The starting point of ERG is a general Euclidean action

of the form

SE ¼ S0 þ SI; ð6Þ

where S0 is a quadratic (free) action, and SI is an arbitrary
functional of the fields. Note that, in what follows, we do
not require SI to be small relative to S0. One usually regards
SI as “interaction terms,” but here we will also view them as
sources in the Euclidean path integral for preparing excited
states. The Polchinski ERG is implemented by choosing S0
to be a regulated free action with the following form:

S0 ¼ −
1

2
ϕ � K−1ð−∂2=Λ2Þ � ∂2ϕ; ð7Þ

where Λ is a UV cutoff scale. The function Kðp2=Λ2Þ is a
smooth regulator that approximates an indicator function
on momenta below the cutoff (see Fig. 2). One has some
latitude in the precise shape of the function KðsÞ, but one
requires that KðsÞ > 0 and K0ðsÞ ≤ 0 for all s ≥ 0 for the
ERG flow equations to be well defined [32]. One then
constructs the Euclidean path integral

ZE ¼
Z

Dϕe−S0−SI : ð8Þ

For momentum modes with support above the cutoff,
K−1ðp2=Λ2Þ in (7) becomes large, suppressing the con-
tribution of such configurations to ZE. In perturbation
theory, the function K regulates UV divergences by
modifying the propagator to

Gðp2;ΛÞ ¼ Kðp2=Λ2Þ
p2

; ð9Þ

which smoothly cuts off the contribution of large momenta
to loop integrals.
The RG condition is the invariance of the partition

function under a variation of the momentum cutoff Λ,

−Λ
d
dΛ

ZE ¼
Z

Dϕ

�
Λ

d
dΛ

S0 þ Λ
d
dΛ

SI

�
e−SE ¼ 0: ð10Þ

Writing S0 in the form

S0 ¼
1

2
ϕ � G−1 � ϕ; ð11Þ

one finds

Λ
d
dΛ

S0 ¼
1

2
ϕ �

�
Λ

d
dΛ

G−1
�
� ϕ

¼ −
1

2
ϕ � G−1 �

�
Λ

d
dΛ

G

�
�G−1 � ϕ

¼ −
1

2

δS0
δϕ

�
�
Λ

d
dΛ

G

�
� δS0
δϕ

: ð12Þ

It is convenient to define a bilocal kernel

G0 ≡ Λ
d
dΛ

G; ð13Þ

which captures the logarithmic scale derivative of the
regulated propagator. We emphasize that G0 is nonlocal
in spacetime, and this will play a crucial role in our
derivation of ERG flow for density matrices in Sec. III.
Recall that, for an arbitrary operator insertion OðxÞ, the

Schwinger-Dyson equation states that we can make the
following replacement in the path integral:

OðxÞ δS0
δϕðyÞ ¼

δOðxÞ
δϕðyÞ −OðxÞ δSI

δϕðyÞ : ð14Þ

Applying this twice to the expression in (12), we obtain

−
1

2

δS0
δϕ

�G0 �δS0
δϕ

¼−
1

2
Tr

�
δ2S0
δϕδϕ

�G0
�
þ1

2

δS0
δϕ

�G0 �δSI
δϕ

¼−
1

2
Tr
�
δ2S0
δϕδϕ

�G0
�
þ1

2
Tr
�
δ2SI
δϕδϕ

�G0
�
−
1

2

δSI
δϕ

�G0 �δSI
δϕ

:

ð15Þ

Comparing with (10), the RG condition is satisfied if SI
obeys the Polchinski equation

FIG. 2. An example of the smooth regulating function KðsÞ.
When jpj ∼ Λ, the function Kðp2=Λ2Þ drops to zero quickly.
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Λ
d
dΛ

SI ¼
1

2

δSI
δϕ

�G0 � δSI
δϕ

−
1

2
Tr

�
δ2SI
δϕδϕ

� G0
�

þ 1

2
Tr

�
δ2S0
δϕδϕ

� G0
�
; ð16Þ

where in our notation

TrðAÞ≡
Z

ddxAðx; xÞ: ð17Þ

Notice that the final term in the Polchinski equation is field
independent and thus has no bearing on local physics. It can
be treated by paying attention to the normalization of the
path integral; that is, this term can be dropped at the cost of
scaling the partition function by an overall constant, so that
the Polchinski equation is written solely in terms of SI .
An important feature of the Polchinski equation is that,

even if SI starts as a local polynomial of fields, the first term
in (16) generates nonlocal interactions, due to the non-
locality of the kernel G0. In perturbative renormalization,
these nonlocal terms are often attributed to irrelevant
operators and neglected. However, nonlocality is indispen-
sable in the ERG formalism, and as we will see, these
nonlocal terms are the origin of the nonunitarity of the ERG
flow for density matrices.

B. Path integrals for density matrices

Here, we review the construction of density matrices
using the path integral formalism. Consider a Euclidean
spacetime M with a distinguished time coordinate
t∈ ð−∞;∞Þ. In this section, we take the background to
be d-dimensional Euclidean space,M ¼ Rd; however, our
discussion generalizes to more general background space-
times. In Sec. VI, we will discuss the case of a thermal
cylinder, i.e., M ¼ Rd−1 × S1β. We denote by Mþ (M−)

the upper (lower) half-spaces t ≥ ϵðt ≤ −ϵÞ and their
boundaries at t ¼ ϵ (t ¼ −ϵ) by Σþ (Σ−), respectively.
We denote coordinates on the constant time slices Σ� using
boldface vectors x. See Fig. 3.
Let SE½ϕ;M� be the Euclidean action of a scalar field

theory onM, and let F ½ϕ� be some functional of the fields
representing insertions in Euclidean time representing an
excited state or a background source. We limit our
presentation here to scalar field theories, but the general
properties of our construction can be carried over analo-
gously to fields with nonzero spin. A density matrix in the
basis of spatial field configurations φ�ðxÞ on Σ� can be
represented as the path integral

hφ−jρjφþi ¼ 1

Z

Z
ϕð0þ;xÞ¼φþðxÞ

ϕð0−;xÞ¼φ−ðxÞ
DϕF ½ϕ�e−SE½ϕ;M�; ð18Þ

where the normalization Z is given by

Z ¼
Z

DϕF ½ϕ�e−SE½ϕ;M�; ð19Þ

ensuring that trðρÞ ¼ 1. Density matrices are positive
semidefinite, i.e., ρ ¼ Q†Q for some operator Q. For path
integral preparation, this requires that the action SE and
insertion F ½ϕ� in (18) are chosen so that the resulting path
integral operator satisfies the positivity condition
hψ jρjψi ≥ 0 for all states jψi in the Hilbert space. A
necessary implication is that the Euclidean path integral
representing a density matrix will be reflection symmetric.
Assuming the action SE is itself reflection symmetric, this
implies that both the measure and any insertions Dϕ;F ½ϕ�
be reflection symmetric as well. In principle, one must
check the positivity condition for any proposed density
operator preparation, although it will be obviously satisfied
for all explicit examples we consider in this work.

FIG. 3. Schematic diagram of the path integrals considered for state preparation. There are two boundaries at t ¼ �ϵ. Left: the path
integral that prepares the vacuum density matrix. Right: the Euclidean time-reflection symmetric insertions of operators in the path
integral prepare excited density matrices.
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We decompose the field ϕðt;xÞ into its components on
the two regions, which we denote as ϕþðt;xÞ ¼ ϕjMþ and
ϕ−ðt;xÞ ¼ ϕjM− so that

ϕðt;xÞ ¼ ϕ−ðt;xÞΘð−tÞ þ ϕþðt;xÞΘðtÞ; ð20Þ

where ΘðtÞ is the Heaviside step function. In terms of these
components, the path integral measure factors as

Dϕ ¼ DϕþDϕ−: ð21Þ

In the special case where the action (including potential
boundary terms) and the insertions F in (18) factorize as

SE½ϕ;M� ¼ Sþ½ϕþ;Mþ� þ S−½ϕ−;M−�;
F ½ϕþ;ϕ−� ¼ G½ϕþ�G½ϕ−�; ð22Þ

for some functional G, the path integral in (18) represents a
pure state,

hφ−jρjφþi ¼ hφ−jΨihΨjφþi: ð23Þ

The wave functional is defined by

hφ−jΨi ¼ 1ffiffiffiffi
Z

p
Z

ϕ−ð0;xÞ¼φ−ðxÞ
Dϕ−G½ϕ−�e−S−½ϕ−;M−�: ð24Þ

In general, due to the nonlocality of the effective action in
ERG, the factorization conditions (22) fail and a pure
density matrix is not guaranteed. One way to interpret this
failure of factorization is via interactions that couple ϕþ
and ϕ− in the path integral. To build intuition on how to use
path integrals to prepare mixed states, we work out two
explicit examples of mixed states in quantum mechanics
prepared using 0þ 1-dimensional path integrals in
Appendix B.

III. ERG FLOW OF DENSITY MATRICES

In this section, we establish our central finding: we
derive an equation for the ERG flow of density matrices
and demonstrate that it is generated by a Lindbladian. The
flow equation we derive is consistent with the Polchinski
ERG in the sense of Fig. 1.
Our setup is a continuation of the line of work initiated in

[17] that studies ERG flows for path integrals on manifolds
with boundary. To have a well-defined path integral on a
manifold with boundary, we need to ensure that the
boundary value problem (BVP) associated with the action
is well posed. In Polchinski’s scheme, the regulating
function K depends on the full Euclidean momentum
p2; in position space, this amounts to adding time deriv-
atives of arbitrarily high order into the action, resulting in

an ill-posed BVP. It was shown in [17] that the replacement

Kðp2=Λ2Þ ⟶ Kðp2=Λ2Þ ð25Þ

with p the spatial momentum is a sufficient modification to
make the ERG well defined on states. We refer the reader to
[17] for details of the proof of this statement. In the
following discussion, we will use (25) to regulate the
action.
There are two steps to ERG: lowering the cutoff and

rescaling. We discuss these steps separately and closely
follow the manipulations of the path integral in [17].
In the first step of the ERG we lower the cutoff Λ.

Consider a state ρ prepared by the path integral

hφ−jρjφþi ¼ 1

Z

Z
ϕð0þ;xÞ¼φþðxÞ

ϕð0−;xÞ¼φ−ðxÞ
Dϕ expð−S0 − SI − SbdryÞ;

ð26Þ

where SI is a general functional of the field ϕ. The
regulated action S0 with a spatial regulator is

S0 ¼ −
1

2
ϕ � K−1ð−∇2=Λ2Þ � ∂2ϕ; ð27Þ

and Sbdry is an additional boundary term that ensures a
consistent variational principle,

Sbdry ¼
1

2
φ− · K−1ð−∇2=Λ2Þ · ∂tϕ−

−
1

2
φþ · K−1ð−∇2=Λ2Þ · ∂tϕþ

¼ 1

2
φ− ·Dtϕ

− −
1

2
φþ ·Dtϕ

þ: ð28Þ

In the second line, we have defined a nonlocal regulated
derivative operator

Dt ≡ K−1ð−∇2=Λ2Þ∂t: ð29Þ

The RG condition is implemented by requiring the nor-
malization of the state Z is unchanged along the flow,

Λ
d
dΛ

Z ¼ 0: ð30Þ

To satisfy the renormalization condition above, we require
that SI satisfies the Polchinski equation written in Eq. (16),
but with all instances of the regulator replaced with the
spatial regulator used in S0. To derive the flow of the
density matrix, we need to take the Λ derivative of the path
integral in (26),
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−Λ
d
dΛ

hφ−jρjφþi ¼ 1

Z

Z
ϕð0þ;xÞ¼φþðxÞ

ϕð0−;xÞ¼φ−ðxÞ
Dϕ

�
Λ

d
dΛ

S0 þ Λ
d
dΛ

SI þ Λ
d
dΛ

Sbdry

�
e−S0−SI−Sbdry : ð31Þ

In the presence of boundaries, the derivation of the ERG
flow changes in two ways. First, the scale dependence of
the boundary term Sbdry results in new operator insertions in
the path integral. Second, consider again the manipulations
performed in (12) which involved the following steps:

ϕ � G−1 � ð� � �Þ ¼ ðG−1 � ϕÞ � ð� � �Þ ¼ δS0
δϕ

� ð� � �Þ: ð32Þ

The kernel G−1 is proportional to the Laplacian ∂
2 and, in

going to the second expression, we must integrate by parts
twice. In the presence of boundaries, this results in
boundary terms that we denote by BTs,

Λ
d
dΛ

S0 ¼ −
1

2
ðG−1 � ϕÞ � G0 � ðG−1 � ϕÞ þ BT

¼ −
1

2

δS0
δϕ

� G0 � δS0
δϕ

þ BT: ð33Þ

The rest of the analysis remains the same: we repeat the
steps of (15) using the Schwinger-Dyson equations and
apply the Polchinski equation (16). All the bulk integrals
cancel and the flow of ρ reduces to a sum of boundary
insertions in the path integral,

−Λ
d
dΛ

hφ−jρjφþi ¼ 1

Z

Z
ϕð0þ;xÞ¼φþðxÞ

ϕð0−;xÞ¼φ−ðxÞ

×Dϕ

�
Λ

d
dΛ

Sbdry þ BT

�
e−S0−SI−Sbdry :

ð34Þ

We start with the first term in the parentheses above. The
only Λ dependence comes from the regulator, and we pick
up a term corresponding to each boundary

Λ
d
dΛ

Sbdry ¼ −
1

2
φ− · K−1 · Λ

d
dΛ

K · K−1 · ∂tϕ− þ 1

2
φþ · K−1 · Λ

d
dΛ

K · K−1 · ∂tϕþ

¼ −
1

2
φ− · ΔΣ ·Dtϕ

− þ 1

2
φþ · ΔΣ ·Dtϕ

þ; ð35Þ

where we have defined the spatial kernel

ΔΣðp;ΛÞ≡ Λ
d
dΛ

logðKðp2=Λ2ÞÞ ¼ K−1ðp2=Λ2ÞΛ d
dΛ

Kðp2=Λ2Þ: ð36Þ

We will see in (56) that this term contributes to the unitary part of the evolution of the density matrix and has the
interpretation of a disentangler.
The nonunitary part of the evolution of the density matrix comes from the terms in BTs. To compute these terms, we must

explicitly go between the expressions

−
1

2
ϕ �G−1 � G0 �G−1 � ϕ ¼ −

1

2
ðG−1 � ϕÞ � G0 � ðG−1 � ϕÞ þ BT: ð37Þ

The path integral has two boundaries located at t ¼ tþ and t ¼ t−. Therefore, the only boundary terms come from
derivatives in the t direction. As stated in the preliminaries, we take t� ¼ �ϵ with ϵ → 0 for the preparation of density
matrices in flat space. As we will see, there are terms in BTs that couple the two boundaries at tþ and t−, which ultimately
leads to a nonunitary flow equation. To see how these boundary terms come about, we apply a spatial Fourier transform to
(37) to obtain the expression

−
1

2
ϕ �G−1 � G0 � G−1 � ϕ ¼ −

1

2

Z
p

Z
dtdt0K−2ðp2=Λ2Þðϕ−pðtÞðp2 − ∂

2
t ÞG0ðt − t0;pÞðp2 − ∂

2
t0 Þϕpðt0ÞÞ: ð38Þ

Here we have used a (time-dependent) spatial mode decomposition

ϕðx; tÞ ¼
Z

dd−1p
ð2πÞd−1 ϕpðtÞe−ip·x ð39Þ
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and the temporally nonlocal kernel is given by

G0ðt − t0;pÞ ¼ Λ d
dΛKðp2=Λ2Þ
2
ffiffiffiffiffi
p2

p e−
ffiffiffiffi
p2

p
jt−t0j: ð40Þ

We also use the shorthand for momentum space integralsZ
p
≡
Z

dd−1p
ð2πÞd−1 : ð41Þ

Because the integrand in (38) is local in momenta, we can
consider a single mode and focus on the integrals over t and
t0. For the mode of momentum p, we have the expression

−
1

2
K−2ðp2=Λ2Þ

Z
dtdt0ðϕ−pðtÞðp2 − ∂

2
t Þ

×G0ðt; t0;pÞðp2 − ∂
2
t0 Þϕpðt0ÞÞ: ð42Þ

After integrating by parts on the t integral, we will obtain
boundary terms at t ¼ t�. However, the t0 integral remains
a “bulk” integral over the entire spacetime, and so the BTs
appear to be a mix of boundary and bulk terms. To resolve
this, we notice thatG0 is proportional to the propagator, and
so by integrating by parts twice on t0, we get a δ function at

the cost of additional boundary terms. In Appendix C, we
show that, after this manipulation, all bulk integrals in BTs
vanish.
Schematically, each time we integrate by parts, we get

boundary terms of the form ðbþ − b−Þ where the subscript
denotes the surface of support. Thus, after integrating by
parts on both t and t0 we formally obtain an expression with
the structure

ðbþ − b−Þ · Δ · ðbþ − b−Þ; ð43Þ

where Δ is a kernel and we recall the dot here denotes
integration over the spatial coordinates. After multiplying
these terms out, we obtain two types of boundary terms:
those with insertions supported on the same boundary and
those that couple the two boundaries. The coupling of the
tþ and t− surfaces is incompatible with unitary evolution
and is therefore responsible for the nonunitarity of the
ERG. Obtaining the terms denoted by BT is straightforward
but requires a careful treatment of the order of limits when
approaching the boundary surfaces; this calculation is
performed in Appendix C. We cite the result here,
which reads

BT ¼ −φ− · Δ2 · φþ þ 1

2
φ− · Δ2 · φ− þ 1

2
φþ · Δ2 · φþ

−Dtϕ
− · Δ0 ·Dtϕ

þ þ 1

2
Dtϕ

− · Δ0 ·Dtϕ
− þ 1

2
Dtϕ

þ · Δ0 ·Dtϕ
þ

− φ− · Δ1 ·Dtφ
þ þDtϕ

− · Δ1 · φþ

þ 1

2
ðDtϕ

− · Δ1 · φ− − φ− · Δ1 ·Dtϕ
− þ φþ · Δ1 ·Dtϕ

þ −Dtϕ
þ · Δ1 · φþÞ; ð44Þ

where the three kernels Δ0, Δ1, and Δ2 expressed in momentum space are

Δ0ðpÞ ¼
1

2gðpÞΔΣðpÞ; Δ1ðpÞ ¼ −
1

2
ΔΣðpÞ; Δ2ðpÞ ¼ −

gðpÞ
2

ΔΣðpÞ; ð45Þ

with

gðp;ΛÞ≡ jpj
Kðp2=Λ2Þ : ð46Þ

Although the full expression is messy, we can clearly see the claimed structure, namely, the appearance of cross terms that
couple fields on the tþ and t− surfaces.
The final step of our computation is to convert the boundary terms in the path integral into operators acting on the state ρ.

Insertions of φþ and φ− in the integrand correspond to the position space representation of the field operator φ̂ inserted on
the left or right of the density operator, respectively. For the momentum operator in the configuration basis, we have

hφ−jπ̂ρjφþi ¼ −i
δ

δφ− ρðφ−;φþÞ; hφ−jρπ̂jφþi ¼ i
δ

δφþ ρðφ−;φþÞ: ð47Þ

Thus, it follows from

LINDBLADIAN FOR EXACT RENORMALIZATION OF DENSITY … PHYS. REV. D 114, 045029 (2026)

045029-7



δ

δφ� e−Sbdry ¼ �Dtϕ
� ð48Þ

that insertions of Dtϕ
− correspond to applying −iπ̂ to the left of the state, while Dtϕ

þ corresponds to applying −iπ̂ to the
right of the state.
We can now convert the terms of BTs into operators acting on the state ρ, making sure to preserve the Euclidean time

order discussed in Appendix C. The result is

1

Z

Z
DϕðBTÞe−S0−SI−Sbdry ¼ 1

2

Z
p
ΔΣðpÞ

�
gðpÞ

�
φ̂ð−pÞρφ̂ðpÞ − 1

2
fρ; φ̂ðpÞφ̂ð−pÞg

�
þ 1

gðpÞ
�
π̂ð−pÞρπ̂ðpÞ − 1

2
fρ; π̂ðpÞπ̂ð−pÞg

�
− i

�
φ̂ð−pÞρπ̂ðpÞ − π̂ð−pÞρφ̂ðpÞ − 1

2
fπ̂ð−pÞφ̂ðpÞ − φ̂ð−pÞπ̂ðpÞ; ρg

��
: ð49Þ

To interpret the equations above, it is helpful to introduce
scale-dependent annihilation operators [33]

aðp;ΛÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðp;ΛÞ

2

r
φ̂ðpÞ þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2gðp;ΛÞ

s
π̂ðpÞ: ð50Þ

In terms of these operators, the contribution of the
boundary terms corresponds to the action of the super-
operator D below,

DðρÞ≡ 1

Z

Z
DϕðBTÞe−S0−SI−Sbdry

¼
Z
p
ΔΣðpÞ

�
aðpÞρa†ðpÞ − 1

2
fρ; a†ðpÞaðpÞg

�
; ð51Þ

where we have suppressed the Λ dependence in aðpÞ and
ΔΣðpÞ. Next, we have the terms coming from Sbdry, which
we recall are of the form

1

Z

Z
Dϕ

�
−
1

2
φ− ·ΔΣ ·Dtϕ

−þ1

2
φþ ·ΔΣ ·Dtϕ

þ
�
e−S0−SI−Sbdry :

ð52Þ

Unlike terms in BT which have a natural ordering for
products of φ and Dtϕ, the products appearing here are
genuinely “simultaneous.” The simplest way to understand
the operator order is to use the definition of the derivative
directly in the path integral, so that we obtain

φ�ð−pÞDtϕ
�ðpÞ ¼ lim

ϵ→0�

�
lim
h→0þ

ϕ−pðϵÞ
ϕpðϵþ hÞ − ϕpðϵ − hÞ

2h

�
: ð53Þ

Note that we are using a symmetric definition of the derivative to ensure the time-reflection symmetry of the Euclidean path
integral. Putting everything into Euclidean time order, this definition results in symmetrized operator products,

1

Z

Z
Dϕð−φ−ð−pÞDtϕ

−ðpÞÞe−S0−SI−Sbdry ¼ i
2
ðφ̂ð−pÞπ̂ðpÞ þ π̂ðpÞφ̂ð−pÞÞρ;

1

Z

Z
Dϕð−φþð−pÞDtϕ

þðpÞÞe−S0−SI−Sbdry ¼ i
2
ρðφ̂ð−pÞπ̂ðpÞ þ π̂ðpÞφ̂ð−pÞÞ: ð54Þ

Define the Hermitian disentangler operator

K̂ ¼ 1

4

Z
p
ΔΣðpÞðφ̂ð−pÞπ̂ðpÞ þ π̂ðpÞφ̂ð−pÞÞ

¼ −
i
4

Z
p
ΔΣðpÞðaðpÞað−pÞ − a†ðpÞa†ð−pÞÞ: ð55Þ

Then we see that
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1

Z

Z
Dϕ

�
Λ

d
dΛ

Sbdry

�
e−S0−SI−Sbdry ¼ i½K̂; ρ�: ð56Þ

Combining the equation above with (51) gives the flow
of the density operator under the first step of ERG as a
scale-dependent Lindblad equation

−Λ
d
dΛ

ρ ¼ LΛðρÞ ¼ i½K̂; ρ� þDðρÞ; ð57Þ

whose Hamiltonian is described by the Hermitian operator
K̂. Note that both K̂ andD depend on the cutoff Λ. We refer
to the ERG flow equation above as the “bare flow”
equation.
In the second step of ERG, we perform the following

Weyl transformation

ημν → e2sημν; ϕðxÞ → e−sðd−2Þ=2ϕðxÞ; ð58Þ
and bring Λ back to its initial value [17]. Under an
infinitesimal transformation above, the density matrix
transforms as

ρ → ρ0 ¼ ρþ iϵ½L̂; ρ� ð59Þ

L̂ ¼ −
1

2

Z
dd−1x½ððx ·∇þ ΔϕÞφ̂ðxÞÞπ̂ðxÞ þ H:c:�; ð60Þ

where Δϕ ≡ ðd − 2Þ=2 is the canonical scaling dimension
of a scalar field in d dimensions coming from the Weyl
transformation and the x ·∇ compensates for the shift in
the argument of Kð−∇2=Λ2Þ (see Appendix F for a
derivation).
Putting the two steps of ERG together, the density matrix

flows according to the equation

d
ds

ρ ¼ i½L̂; ρ� þ LΛðρÞ: ð61Þ

We define a rescaled Lindbladian

L≡ i½L̂; ·� þ LΛ; ð62Þ

which is independent of the scale s [34]. However, this
conclusion is a little too quick. In a general interacting
theory, under the ERG, the scaling dimension of the field ϕ
does not remain the power-counting dimension ðd − 2Þ=2.
Generally, the field acquires an anomalous dimension.
Anomalous dimensions can be incorporated in the ERG
formalism simply by choosing a scale-dependent scaling
dimension ΔϕðsÞ ¼ ðd − 2Þ=2þ γðsÞ in (59), resulting in
the scale-dependent operator,

L̂s ¼ −
1

2

Z
dd−1x½ððx · ∇þ ΔϕðsÞÞφ̂ðxÞÞπ̂ðxÞ þ H:c:�:

ð63Þ
This discussion is standard in the ERG literature; for a more
detailed discussion, we refer the reader to [32]. In an ERG
flow from a UV (to an IR) fixed point, the value of γðsÞ
must be chosen so that it coincides with the anomalous
scaling dimension at the fixed points at s → −∞ (s → ∞),
respectively.

A. The RG Lindbladian

The effect of rescaling is to bring Λ back to its original
value, resulting in an effective scale, which we keep track
of with s. This adds an additional term to the generator of
the flow in (57), resulting in the flow equation

d
ds

ρ ¼ LsðρÞ ¼ i½L̂s þ K̂; ρ� þDðρÞ: ð64Þ

This flow equation belongs to a well-known class of
evolutions in the study of open quantum systems. In this
section, we would like to highlight some of the key
properties of this equation.
The evolution in (64) is “memoryless” (Markovian), in

the sense that the right-hand side depends only on the state
ρðsÞ and not on its history. In the open quantum system
literature, the generator of a Markovian flow, e.g., the
superoperator on the right-hand side, is called a
Lindbladian. In finite dimensions, the Lindbladian can
always be put into the form

LsðρÞ ¼ −i½HðsÞ; ρ� þ
XN2−1

i¼1

γiðsÞ
�
LiðsÞρLiðsÞ† −

1

2
fρ; LiðsÞ†LiðsÞg

�
; ð65Þ

where N is the dimension of the Hilbert space on which ρ
acts as a matrix. Equation (65) is often referred to as the
“standard form” for such superoperators. HðsÞ is the usual
Hamiltonian time evolution of the state, while the LiðsÞ are
known as Lindblad jump operators. Integrating (65) for a
general time-dependent Lindbladian results in the “time-
ordered” flow

Φs;s0 ≡ Pe
R

s

s0
ds0Ls0 : ð66Þ

It is a standard result in finite-dimensional quantum
mechanics that if for all s ≥ s0 one has γiðsÞ ≥ 0,
then the integrated map Φs;s1 is completely positive for
all s ≥ s1 ≥ s0 and, hence, a quantum channel [35]. For our
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generator, the decay rates γiðtÞ are set by ΔΣðpÞ. As long as
the regulatorK is a nonincreasing function (as is required in
the construction of the Polchinski equation), the kernel
ΔΣðpÞ ≥ 0 for all Λ and p. It is tempting then to say that,
since we have written down a Lindbladian operator in
standard form via (64), we can integrate and obtain a family
of quantum channels Φs;s1 for all s ≥ s1 ≥ 0. We must be
careful here though, as the identification of Lindbladians as
generators of quantum channels is only firmly established
in the finite-dimensional setting. It is a common practice in
the open quantum system literature to regard a Lindbladian
as the generator of a CPCPmap so long as the generator can
be written in standard form (65), even if one is working in
infinite dimensions and with unbounded jump operators Li.
It should noted, however, that this is not necessarily the
case (see, for example, [36]), and moreover, our construc-
tion has the additional wrinkle of a continuously infinite
family of jump operators aðpÞ, which to the authors’
knowledge is not a case that has been considered in any
rigorous setting. In what follows, we will treat the flow
equation defined in (64) as the generator of a quantum
channel, but the reader should note that this has not been
rigorously established and should be regarded as a formal
QFT statement following from the standard form of the
generator we have derived.
Identifying the Hamiltonian term, the jump operators and

the decay rates in our ERG equation allow us to interpret
the flow equation in physical terms. The Hamiltonian piece
is made up of a coarse-graining generator K̂ followed by a
scaling generator L̂s. The operator K̂ is the generator found
in [17] in the context of pure state RG flows, where it was
shown that it can be interpreted as a disentangler [37]. In
fact, as was established in [18], this unitary evolution
generalizes the multiscale renormalization ansatz to the
continuum limit [8,38].
Now consider the dissipative term DðρÞ in the Lindblad

equation. Generators that are discrete versions of (51) are
commonly studied in modeling the coupling of a cavity
mode to a thermal bath [28]. In this context, the Lindblad
coefficients γi are proportional to decay rates of the
associated jump process. The jump operators for us are
simply given by aðpÞ for each value of p, representing an
emission process for the field mode with the corresponding
momentum. The corresponding decay rate is set by the

function ΔΣðpÞ. Turning again to Fig. 4, we can investigate
the decay rates for various choices of regulating function.
One can see that essentially no decay occurs for modes well
below the cutoff scale Λ. As we approach modes with
magnitude comparable to Λ, the value of ΔΣ becomes large
with a value that diverges in the limit of a sharp cutoff. For
momenta above the cutoff, the behavior of ΔΣ depends on
the choice of regulator. This is a manifestation of the fact
that the renormalization group flow, away from a fixed
point, is scheme dependent. However, the dependence on
the scheme does not affect the qualitative behavior of
solutions when we flow from a UV fixed point deep into the
infrared, since the scale ordering of the integrated channel
guarantees that modes above the cutoff are always removed
at a prior RG step.
For an alternative point of view, let us reexpress the bare

flow equation in the field configuration basis. In this basis,
the density matrix has components

hφ−jρjφþi≡ ρðφ−;φþÞ ð67Þ

and the action of the bare generator can be expressed as a
functional differential equation,

−Λ∂Λρðφ−;φþÞ ¼ 1

2

Z
p
ΔΣ

�
1

g

�
δ2

δφ−δφþ þ 1

2

δ2

δφ−δφ− þ 1

2

δ2

δφþδφþ

�
ρðφ−;φþÞ

þ
�

δ

δφ− þ δ

δφþ

�
ððφ− þ φþÞρðφ−;φþÞÞ − g

2
ðφ− − φþÞ2ρðφ−;φþÞ

�
: ð68Þ

Note that this takes the form of a functional convection diffusion equation. The first line implements a diffusion process,
while the second line represents a drift term. Interestingly, if one regards

FIG. 4. Plots of the function ΔΣðsÞ ¼ −s d
ds logðKðsÞÞ, where

s ¼ jpj=Λ, for three choices of regulator. The parameter β ¼ 500
for all three curves. Each is nearly zero for values of s < 1 and
grow sharply in the vicinity of the cutoff. The behavior above the
cutoff is highly sensitive to the particular choice of function, but
this should not affect any universal (low-energy) behavior of the
state.
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PðϕÞ ¼ 1

Z
e−S0−SI ð69Þ

as a probability distribution on the space of field configu-
rations, then the Polchinski equation can also be recast as a
convection diffusion equation for PðϕÞ [32]. The novel
feature of the density matrix flow equation is the final line,
which represents a sink term for the matrix elements.
Notice that the sink is stronger the further off the “diago-
nal” one gets in the configuration basis, and so this term has
a tendency to suppress the contribution of off-diagonal
matrix elements in the density matrix. In this sense, the last
term can be regarded as a dephasing effect. In summary, the

RG flow, when regarded as a differential equation for the
matrix elements of the state, is a combination of a formal
diffusion of matrix elements and dephasing, both of which
are irreversible.

IV. EXAMPLES

A. Example 1: Gaussian states

As a first example of our formalism, we consider the case
of Gaussian density matrices, for which the flow equation is
exactly solvable. In the configuration basis, a general
Gaussian density matrix takes the form

hφ−jρjφþi ¼ ρðφ−;φþÞ ¼ N exp

�
−
1

2
φ− · c1 · φ− −

1

2
φþ · c1 · φþ þ φ− · c2 · φþ

�
: ð70Þ

Here we specialize to translation invariant states where c1 ¼ c1ðpÞ and c2 ¼ c2ðpÞ are local functions in momentum space.
Hermiticity requires that c1ðpÞ and c2ðpÞ be symmetric under reflections p → −p. The constant N is a normalization
factor. Taking the Λ derivative of the state, we have

−Λ
d
dΛ

ρðφ−;φþÞ ¼
�
1

2
φ− ·

�
Λ

d
dΛ

c1

�
· φ− þ 1

2
φþ ·

�
Λ

d
dΛ

c1

�
· φþ − φ− ·

�
Λ

d
dΛ

c2

�
· φþ −

Λ
N

d
dΛ

N
�
ρðφ−;φþÞ:

ð71Þ

The Lindblad flow we derived in (57) and (51) for the ERG is diagonal in momentum space and preserves the Gaussianity
of density matrices. Therefore, the evolution can be expressed as flow equations for the functions c1ðpÞ and c2ðpÞ and N .
However, because the flow equation is trace preserving, the flow ofN is redundant, and we only need to compute terms that
contribute to the flow of c1 and c2. Using Eq. (68) and collecting in powers of φ�, we obtain the following flow equations:

Λ
d
dΛ

c1 ¼ −ΔΣ · ðc1 − c2Þ −
1

2
ΔΣ · gþ

1

2
ðc1 − c2Þ · ΔΣ · g−1 · ðc1 − c2Þ;

Λ
d
dΛ

c2 ¼ −ΔΣ · ðc2 − c1Þ −
1

2
ΔΣ · g −

1

2
ðc1 − c2Þ · ΔΣ · g−1 · ðc1 − c2Þ: ð72Þ

Now define the functions c� ¼ c1 � c2. Then, using the
relation

Λ
d
dΛ

g ¼ −ΔΣ · g; ð73Þ
we find that in momentum space c� satisfy the decoupled
flow equations

Λ
d
dΛ

cþ ¼ Λ
d
dΛ

�
g2

c−

�
¼ Λ

d
dΛ

g: ð74Þ

Integrating these equations with initial scale Λ0 and final
scale Λ results in

cþðp;ΛÞ ¼ cþðp;Λ0Þ þ gðp;ΛÞ − gðp;Λ0Þ; ð75Þ

g2ðp;ΛÞ
c−ðp;ΛÞ

¼ g2ðp;Λ0Þ
c−ðp;Λ0Þ

þ gðp;ΛÞ − gðp;Λ0Þ: ð76Þ

The solution above can be used to construct solutions to the
fully rescaled flows,

d
ds

ρ ¼ i½L̂; ρ� − Λ
d
dΛ

ρ: ð77Þ

Acting with the dilatation operator on the Gaussian density
matrix and once again collecting powers φ�, the result for
the flow of c1 and c2 reads

d
ds

c1 ¼ −ðp ·∇p þ γ − 1Þc1 − Λ
d
dΛ

c1;

d
ds

c2 ¼ −ðp ·∇p þ γ − 1Þc2 − Λ
d
dΛ

c2: ð78Þ

If we now consider free fields, we can set the anomalous
dimension γ ¼ 0. If c1;2ðp;ΛÞ are solutions to (72), then
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the functions c1;2ðsÞ ¼ esc1;2ðe−sp; e−sΛÞ solve the scaled
equation above.
As a concrete example, suppose at scale Λ0 we have the

massive free field action

S½Λ0� ¼ S0½Λ0� þ
m2

2

Z
ddxϕðxÞ2: ð79Þ

Preparing the ground state, the initial values of c� are
given by

cþðp;Λ0Þ ¼ c−ðp;Λ0Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ Kðp2=Λ2

0Þm2
p

Kðp2=Λ2
0Þ

¼ gðp;Λ0Þ
ωmðp;Λ0Þ
ω0ðpÞ

; ð80Þ

where in going to the last expression we have
introduced the massive dispersion relation ωmðp;ΛÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ Kðp2=Λ2Þm2

p
. Plugging in the initial condition

and solving for the kernels, the solution at a lower scale
Λ is given by

cþðp;ΛÞ ¼ gðp;ΛÞ þ gðp;Λ0Þ
�
ωmðp;Λ0Þ
ω0ðpÞ

− 1

�
;

c−ðp;ΛÞ ¼ gðp;ΛÞ
�
1þ gðp;Λ0Þ

gðp;ΛÞ
�

ω0ðpÞ
ωmðp;Λ0Þ

− 1

��
−1
:

ð81Þ

For the massive free field ground state with γ ¼ 0, we
conclude

cþðsÞ ¼
ffiffiffiffiffi
p2

p
Kðp=ΛÞ

�
1þ Kðp=ΛÞ

Kðe−sp=ΛÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ Kðe−sp=ΛÞe2sm2
p ffiffiffiffiffi

p2
p − 1

��
;

c−ðsÞ ¼
ffiffiffiffiffi
p2

p
Kðp=ΛÞ

�
1 −

Kðp=ΛÞ
Kðe−sp=ΛÞ

�
1 −

ffiffiffiffiffi
p2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ Kðe−sp=ΛÞe2sm2

p ��−1

; ð82Þ

where s ¼ 0 is the initial condition. The first observation is
that, in the expressions above, the mass m2 always appears
with an additional factor of e2s as expected from naive
power counting. To further interpret these solutions, it is
helpful to take the limit that KðsÞ is nearly a Heaviside
function. As long as K goes to zero quickly enough at
jpj ≈ Λ, one can approximate [39]

Kðp=ΛÞ
Kðe−sp=ΛÞ ≈ Kðp=ΛÞ: ð83Þ

In this limit, our solution becomes

cþðsÞ ≈ c−ðsÞ ≈
8<:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ e2sm2

p
jpj < Λffiffiffiffi

p2
p

Kðp=ΛÞ jpj > Λ:
ð84Þ

A Gaussian density matrix is pure if and only if cþ ¼ c−.
Therefore, in the sharp momentum cutoff limit, the flowed
state is well approximated by the pure ground state of a
field theory with mass mðsÞ ¼ esmð0Þ, as expected. The
behavior above the cutoff is divergent in this limit, which
simply enforces the cutoff by suppressing the contribution
of these modes to the state.
Let us now compare directly with the effective action of

the Polchinski equation. For an initial action that is
quadratic at scale Λ0, it can be shown that at a lower scale
Λ the effective action takes the form

S½Λ� ¼ S0½Λ� þ
1

2
ϕ � BðΛÞ � ϕ: ð85Þ

Here BðΛÞ is a bilocal function and the initial condition for
the massive case is Bðx; y;Λ0Þ ¼ m2δðdÞðx − yÞ. From the
Polchinski equation, one finds that B satisfies the flow
equation

−Λ
d
dΛ

B ¼ −B � G0 � B: ð86Þ

In Appendix D, we solve this equation for translation
invariant B. Then, because the action is quadratic, we can
use a field redefinition in the path integral to derive the
“ground state” density matrix, i.e., the density matrix
associated with the flowed path integral with no operator
insertions. The result is in precise agreement with (81), as
claimed.

B. Example 2: λϕ4 ground state

As a second example, we consider the interacting ERG
flow with initial condition

S½Λ0� ¼ S0½Λ0� þ
λ

4!

Z
ddxϕðxÞ4: ð87Þ

We take the initial state ρðΛ0Þ to be the ground state of
S½Λ0�. Because the initial action is local, the corresponding
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ground state is pure, and we denote it by ρðΛ0Þ ¼ jΩλihΩλj.
Our goal in this example, in addition to demonstrating the
validity and computational power of our formalism, is to
provide intuition as to how specific terms in the Polchinski
equation are reflected in our master equation.
In the presence of interactions, the nonlinear terms in the

Polchinski equation generate all possible polynomial terms
in the action. To perform a calculation, we will have to
resort to a perturbative expansion in λ. Our main goal will
be to highlight how the nonlinear behavior of the
Polchinski equation is captured by the dissipative terms
D of our generator. As we will see, these nonlinear
contributions do not appear at first order in λ, and so in
what follows we will work to second order.
To compare the Polchinski equation and our

Lindbladian, we will view the state as a function of SI
as it flows under the Polchinski equation. Formally, we
have ρ ¼ ρðSI½Λ�;ΛÞ, and its total derivative is given by

−Λ
d
dΛ

ρ ¼ δSIρ − Λ∂Λρ: ð88Þ

The total derivative of the state from the path integral is

−Λ
d
dΛ

ρ

����
Λ0

¼
Z

Dϕ

�
Λ

d
dΛ

SI

�����
Λ0

e−S0½Λ0�−SI ½Λ0�−Sbdry½Λ0�

− Λ
∂

∂Λ

�Z
Dϕe−S0½Λ�−SI ½Λ0�−Sbdry½Λ�

�����
Λ0

;

ð89Þ

and we identify

−Λ∂Λρ
����
Λ0

≡−Λ
∂

∂Λ

�Z
Dϕe−S0½Λ�−SI ½Λ0�−Sbdry½Λ�

�����
Λ0

; ð90Þ

δSIρ

����
Λ0

≡
Z

Dϕ

�
Λ

d
dΛ

SI

�����
Λ0

e−S0½Λ0�−SI ½Λ0�−Sbdry½Λ0�: ð91Þ

These definitions highlight the fact that δSIρ captures the
“dynamical” contribution of the Polchinski equation, while
the partial derivative simply captures the parametric
dependence of the state on Λ. In Appendix E, we show
that the second term in (88) takes the form

−Λ∂ΛρðSI;ΛÞ ¼ i½K̂; ρ� − SðρÞ; ð92Þ

and so the unitary evolution of the state is entirely captured
by the parametric dependence on Λ. The definition of the
operator S is given in the Appendix, as we will not use it
here. Now equating (88) with the Lindbladian LΛ, we have

DðρÞ ¼ δSIρ − SðρÞ: ð93Þ

This equation establishes explicitly that the ERG flow of
the effective action in the Polchinski equation is entirely
captured by the nonunitary generatorD. In our derivation in
Sec. III, we used the Schwinger-Dyson equation to convert
the bulk term δSIρ to boundary terms in DðρÞ. One of our
main objectives in this example is to explicitly study this
step in more detail in a perturbative expansion for λ.
The initial interaction term in (87) is

SI½Λ0� ¼
λ

4!

Z
ddxϕðxÞ4: ð94Þ

Under the Polchinski equation, the action flows to
SI½Λ0� ¼ SI½Λ0� − ϵðΛ d

dΛ SIÞjΛ0
with

−Λ
d
dΛ

SI

����
Λ0

¼ −
1

2

δSI½Λ0�
δϕ

�G0 � δSI½Λ0�
δϕ

þ 1

2
Tr

�
G0 � δ

2SI½Λ0�
δϕδϕ

�
ð95Þ

¼ λ

4

Z
ddxϕðxÞ2G0ð0Þ − λ2

2ð3!Þ2
Z

ddxddyðϕðxÞ3G0ðx − yÞϕðyÞ3Þ: ð96Þ

The linear term in λ comes from the trace and describes the first order correction to the propagator. As we claimed earlier,
the nonlinear term of the Polchinski equation contributes at Oðλ2Þ and describes a nonlocal six point interaction. It is this
term on which wewill focus. Let us suppress the spatial coordinates for a moment and simply analyze the time integrals. We
can break these integrals up into three terms,

−
λ2

2ð3!Þ
�Z

−

Z
−
dtdt0 þ

Z
þ

Z
þ
dtdt0 þ 2

Z
−

Z
þ
dtdt0

�
ϕðtÞ3G0ðt − t0Þϕðt0Þ3; ð97Þ

where we are using the shorthand
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Z
�
dt≡�

Z �∞

0

dt ð98Þ

and in the last term we have taken advantage of the reflection symmetry of the kernel G0. Because insertions in negative
Euclidean time appear to the left of the state, while insertions at positive Euclidean time appear to the right, we can see that
the first two terms correspond to inserting six field operators to either the right or the left of the state, while the final term
corresponds to having three field insertions on both the left and the right. This implies that this term contributes to matrix
elements with odd particle number,

λ2

ð3!Þ2
Z
x;y

Z
0

−∞

Z
∞

0

dtdt0G0ðt − t0;x − yÞðetĤφ̂ðxÞ3ÞjΩ0ihΩ0j
�
φ̂ðyÞ3e−t0Ĥ	: ð99Þ

After performing Wick contractions, the expression above leads to both three- and one-particle matrix elements of the state.
In fact, the term above is the only contribution to the odd particle matrix elements of the flowed density matrix at this order
[40]. Hence, we can isolate this term in the Polchinski equation by considering matrix elements in the odd particle number
sector. Define the three-particle wave functions

jψ1;2i ¼
Z
p1;p2;p3

ψ1;2ðp1;p2;p3Þjp1;p2;p3i: ð100Þ

Then we have

−hψ1j
�
Λ

d
dΛ

ρ

�
jψ2i

����
Λ0

¼ hψ1jδSIρjψ2i
����
Λ0

; ð101Þ

where we are able to drop the S term as it does not contribute. We can now investigate explicitly how the Lindbladian
accounts for this matrix element. Going to momentum space, the expression in (99) becomes

λ2

ð3!Þ
Z
pi;qi;p

Z
0

−∞

Z
∞

0

dtdt0δðd−1Þ
�X3

i¼1

pi − p

�
δðd−1Þ

�X3
i¼1

qi þ p

�
e−ωðpÞðt0−tÞ

2ωðpÞ
× ΔΣðpÞKðp=Λ2Þ½etĤφ̂ðp1Þφ̂ðp2Þφ̂ðp3ÞjΩ0ihΩ0jφ̂ðq1Þφ̂ðq2Þφ̂ðq3Þe−t0Ĥ�: ð102Þ

Expanding the field operators in creation and annihilation operators and performingWick contractions, we can collect terms
that contribute to the three-particle sector. The final expression takes the form

δSIρ

����
3−particle

¼ λ2
Z
p
δ̂ðpÞ 1

E1E2

ΔΣðpÞ
Kðp2=Λ2Þ
2ωðpÞ

0B@Y3
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðp2

i =Λ2Þ
2ωðpiÞ

s
a†ðpiÞ

1CAjΩ0ihΩ0j

0B@Y3
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðq2

i =Λ2Þ
2ωðqiÞ

s
aðqiÞ

1CA; ð103Þ

where we have defined

δ̂ðpÞ≡ δðd−1Þ
�X3

i¼1

pi − p

�
δðd−1Þ

�X3
i¼1

qi þ p

�
ð104Þ

and

E1 ≡ ωðpÞ þ
X3
i¼1

ωðpiÞ; E2 ≡ ωðpÞ þ
X3
i¼1

ωðqiÞ:

ð105Þ

In Appendix E, we discuss, in detail, a diagrammatic
approach to the perturbation theory in λ of density matrices

ρ. There are two types of propagators,

ð106Þ

Each external leg corresponds to a creation operator that
acts on the free vacuum state. For internal legs, the
propagator evaluates to a scalar coefficient corresponding
to a “spatial” Green’s function. Diagrams with external legs
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are therefore operator valued, with n external legs gen-
erating an n-particle state when acting on the vacuum. To
evaluate diagrams, every propagator is assigned a (spatial)
momentum and all momenta are integrated over. As usual,
vertices carry a factor of the interaction λ as well as a
momentum-conserving δ function. There are some addi-
tional details in determining an overall energy factor
associated with every diagram, which is described in the
Appendix and which we will not emphasize here [41].
Note that, in the perturbative expansion for jΩλi, dia-

grams always appear to the left of the state. In constructing
the density operator, we must compute hΩλjwhich contains
conjugates of the diagrams in its perturbative expansion,
placing them to the right of the unperturbed state. For
convenience, in what follows there will always be an
implicit complex conjugation associated with diagrams
appearing to the right of the unperturbed density operator
jΩ0ihΩ0j.
Combining the diagrammatic rules from Appendix E

with the Polchinski equation (96), which we refer to as
Feynman-Polchinski diagrams, the expression in Eq. (103)
can be summarized as [42]

ð107Þ

where we have introduced the modified propagator

ð108Þ

In the remainder of this section, we reproduce the
diagram in (107) by computing the matrix elements of
our Lindbladian generator D,

hψ1jDðjΩλihΩλjÞjψ2i: ð109Þ

From the parity symmetry of the initial action, the state jΩλi
only has diagrams with even particle number. Consider the
explicit expression for D,

DðρÞ ¼
Z
p
ΔΣðp

�
aðpÞρa†ðpÞ− 1

2
fa†ðpÞaðpÞ;ρg

�
: ð110Þ

The anticommutator term fa†ðpÞaðpÞ; ρg does not change
the particle number of a diagram, and so the only
contribution to the matrix element must come from

Z
p
ΔΣðpÞhψ1jaðpÞjΩλihΩλja†ðpÞjψ2i: ð111Þ

The creation/annihilation operators lower the particle
number of any diagram in the state by 1, and so for a
term in the expansion of jΩλihΩλj to contribute to a three-
particle matrix element, it must have a four-particle dia-
gram on both sides of the density operator. If one inspects
all of the terms in the second order expression for the state
(E37), we see that at second order there is only one term
that satisfies this requirement, namely,

ð112Þ

where the explicit expression for the diagram appearing
above is

ð113Þ

We can commute the jump operators past the expression for the diagram, which precisely reproduces Eq. (103), or as a
diagrammatic manipulation,

ð114Þ

where we can interpret the creation and annihilation operators from D as contracting one of the open legs from each
diagram. Thus, we conclude that, at second order, the three-particle matrix elements satisfy
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hψ1jDðjΩλihΩλjÞjψ2i ¼ hψ1jδSIρjψ2i
����
Λ0

: ð115Þ

We now see that the nonlinear contributions of the
Polchinski equation are accurately accounted for by the
dissipative terms of the Lindbladian. This is important, for
example, for using our flow equation to compute the
second order β function for λ.

V. INTEGRATING THE ERG FLOW

In this section, we will explore the Heisenberg evolution
induced by the RG master equation. This allows us to
exactly integrate the ERG flow by solving the flow of
arbitrary correlation functions implicitly in terms of the
correlation functions at the UV scale. Recall that, for a
quantum channel Φ, the “dual map” Φ� is defined by the
adjoint relation

trðΦðρÞXÞ ¼ trðρΦ�ðXÞÞ; ð116Þ

where ρ is a density matrix and X∈BðHÞ is any bounded
operator on the Hilbert space [43]. As a Lindbladian Lmay
be regarded as the generator of an “infinitesimal channel,” it
also has a corresponding dual, L�. For a general
Lindbladian of the form

LðρÞ ¼ −i½H; ρ� þ
X
i

γi

�
LiρL

†
i −

1

2
fρ; L†

i Lig
�
; ð117Þ

the dual generator can be given explicitly as

L�ðXÞ ¼ i½H;X� þ
X
i

γi

�
L†
i XLi −

1

2
fX; L†

i Lig
�
: ð118Þ

Thus, for example, the dual generator for the dissipative
term D is given by

D�ðXÞ ¼
Z
p
ΔΣðpÞ

�
a†ðpÞXaðpÞ − 1

2
fX; a†ðpÞaðpÞg

�
;

ð119Þ

and the dual RG Lindbladian can be written as

L�ðXÞ ¼ −i½L̂þ K̂; X� þD�ðXÞ: ð120Þ

A. Correlator generating function

We will now use the dual flow equation to implicitly
solve the ERG master equation for arbitrary correlation
functions. Our discussion is inspired by well-known

methods in the study of open quantum system dynamics
[28]. Suppose we have an initial state ρ0 defined at a UV
scale Λ. Introduce the operator

Dðα1; α2Þ ¼ exp

�
i
Z
p
α1ð−pÞφ̂ðpÞ

�
× exp

�
−i
Z
p
α2ð−pÞπ̂ðpÞ

�
: ð121Þ

Then, consider the characteristic function

Fðα1; α2Þ ¼ trðρ0Dðα1; α2ÞÞ; ð122Þ

which up to a phase matches the Wigner quasiprobability
distribution. Similar to the Wigner distribution, we can use
the characteristic function in (122) as a generating func-
tional for correlation functions of the form hφnπmiΛ at the
cutoff scale. This set of correlators along with the canonical
commutation relations is sufficient to reproduce any cor-
relation function. The choice of generating function one
uses always induces a preferred ordering of operators.
Which one is used is a matter of convenience. See
Appendix G for a calculation using normal ordered
products. If we now flow the state along the RG, the value
of the correlator flows in the Schrödinger picture to

Fsðα1; α2Þ ¼ trðρðsÞDðα1; α2ÞÞ; ð123Þ

where ρðsÞ is the flowed state,

ρðsÞ ¼ Φsðρ0Þ: ð124Þ

Equivalently, we may write

Fsðα1; α2Þ ¼ trðρ0Φ�
sðDðα1; α2ÞÞÞ ð125Þ

and study the flow of the generating function by solving the
ERG flow in the Heisenberg picture,

d
ds

XðsÞ ¼ L�XðsÞ; ð126Þ

with the initial condition Xð0Þ ¼ Dðα1; α2Þ. As before,
we solve this equation by first solving the bare flow
equation

−Λ∂ΛXðΛÞ ¼ L�
ΛðXðΛÞÞ; ð127Þ

and then we find a solution to the rescaled equations
by making an appropriate redefinition. Consider the
ansatz
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XðΛÞ ¼ eδðΛÞDðβ1ðΛÞ; β2ðΛÞÞ ð128Þ

¼ eδðΛÞ exp
�
i
Z
p
β1ð−p;ΛÞφ̂ðpÞ

�
× exp

�
−i
Z
p
β2ð−p;ΛÞπ̂ðpÞ

�
: ð129Þ

That is, we keep the functional form of D up to a
normalization, but where we have introduced scale-depen-
dent functions β1;2ðΛÞ and δðΛÞ satisfying the initial
condition

δðΛ0Þ ¼ 0; β1;2ðΛ0Þ ¼ α1;2: ð130Þ

The explicit derivative of X is given by

−Λ∂ΛX ¼ δ̇X þ i
Z
p

�
β̇1ðpÞφ̂ðpÞX − β̇2ðpÞXπ̂ð−pÞÞ

�
;

ð131Þ

where we have implemented a dot notation for the differ-
ential operator −Λ∂Λ.
We need to compute the action of the dual generator on

X. First, let us write the diffusive term in a more convenient
form. Written in terms of φ̂ and π̂, it can be shown that

D�ðXÞ ¼ −
1

2

Z
p
ΔΣðpÞ

�
gðpÞ
2

½φ̂ð−pÞ; ½φ̂ðpÞ; X�� þ 1

2gðpÞ ½π̂ð−pÞ; ½π̂ðpÞ; X�� þ iφ̂ð−pÞ½π̂ðpÞ; X� − iπ̂ð−pÞ½φ̂ðpÞ; X�
�
:

ð132Þ

Then, it follows that

D�ðXÞ¼−
1

2

Z
p
ΔΣðpÞ

��
gðpÞ
2

β2ð−pÞβ2ðpÞþ
1

2gðpÞβ1ð−pÞβ1ðpÞ
�
Xþiβ1ðpÞφ̂ð−pÞX−iβ2ðpÞXπ̂ð−pÞ−iβ1ð−pÞβ2ðpÞX

�
:

ð133Þ

Next we need the unitary term, which is given by

−i½K̂; X� ¼ −
i
2

Z
p
ΔΣðpÞ½β1ðpÞφ̂ð−pÞX þ β2ðpÞXπ̂ð−pÞ�:

ð134Þ

Matching terms with our ansatz, we obtain the system of
equations

β̇1ðpÞ ¼ −ΔΣðpÞβ1ðpÞ; ð135Þ

β̇2ðpÞ ¼ 0; ð136Þ

δ̇ ¼ −
1

4

Z
p
ΔΣðpÞ

�
gðpÞβ2ðpÞβ2ð−pÞ þ

1

gðpÞ β1ðpÞβ1ð−pÞ

− 2iβ1ðpÞβ2ð−pÞ
�
: ð137Þ

The equations for β1 and β2 are easily solved. Using the
initial condition, one finds

β1ðp;ΛÞ ¼
Kðp2=Λ2Þ
Kðp2=Λ2

0Þ
α1ðpÞ; ð138Þ

β2ðp;ΛÞ ¼ α2ðpÞ: ð139Þ

Plugging these solutions back into the equation for δ, we
can directly integrate to obtain

δðΛÞ ¼ 1

4

Z
p

�
g

�
K
K0

− 1

�
α22 þ

1

3g0

�
K3

K3
0

− 1

�
α21

− 2iα1α2

�
K
K0

− 1

��
: ð140Þ

We have dropped the dependence of functions on p and Λ
above to keep the expression concise. The subscripted
variables K0 and g0 are evaluated at the initial scale Λ0,
while K and g are evaluated at Λ.
Now, consider the rescaled flow equation. We must

include the action of the dilation generator on X, which
reads

−i½L̂; X� ¼ i
Z
p

��
p ·∇p þ

d − 2

2

�
β1ðpÞφ̂ð−pÞX

−
�
p · ∇p þ

d
2

�
β2ðpÞXπ̂ð−pÞ

�
: ð141Þ
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Now suppose that β1ðp;ΛÞ, β2ðp;ΛÞ, and δðΛÞ are
solutions to the bare flow equation. We see that we can
construct solutions to the rescaled equation by defining

β1ðsÞ ¼ e
d−2
2
sβ1ðesp; e−sΛ0Þ; ð142Þ

β2ðsÞ ¼ e
d
2
sβ2ðesp; e−sΛ0Þ; ð143Þ

δðsÞ ¼ δðe−sΛ0Þ: ð144Þ

Unlike in the Schrödinger picture, the momenta and cutoff
do not scale in the same manner, which may seem odd at
first glance. However, once we insert these functions back
into XðsÞ, we can perform a change of variables as

XðsÞ ¼ eδðsÞ exp
�
i
Z
p
e
d−2
2
sβ1ðesp; e−sΛÞφ̂ð−pÞ

�
exp

�
−i
Z
p
e
d
2
sβ2ðesp; e−sΛÞπ̂ð−pÞ

�
¼ eδðsÞ exp

�
i
Z
p
e−

d
2
sβ1ð−p; e−sΛÞφ̂ðe−spÞ

�
exp

�
−i
Z
p
e−

d−2
2
sβ2ð−p; e−sΛÞπ̂ðe−spÞ

�
: ð145Þ

Plugging in the scaled solutions, we obtain the final result

XðsÞ ¼ eδðsÞ exp
�
i
Z
p
e−

d
2
s Kðe2sp2=Λ2Þ

Kðp2=Λ2Þ α1ð−pÞφ̂ðe−spÞ
�
exp

�
−i
Z
p
e−

d−2
2
sα2ð−pÞπ̂ðe−spÞ

�
: ð146Þ

The scaling factors in the exponents match what one
expects from power counting of the field variables. This
expression may be used to construct the generating function
Fsðα1; α2Þ. Note that δðsÞ depends on α1 and α2 and must
be included when taking derivatives to compute correlators.

VI. THERMAL ERG

Our derivation of the ERG flow density matrices as a
Lindblad equation in Sec. III applies to any background
spacetime M with two spacelike boundaries Σþ and Σ−.
However, the explicit form of the Lindblad operator
depends on the propagator in this spacetime. In computing
the Hamiltonian piece in (55) and the diffusive piece in
(51), we specialized to the vacuum propagator inRd, which
after Fourier transforming in the spatial directions becomes

Gðt − t0;pÞ ¼ Kðp2=Λ2Þ e
−ωjt−t0j

2ω
ð147Þ

with ω ¼ jpj. Another physically important background is
the Euclidean cylinder, i.e., Rd−1 × S1β, depicted in Fig. 5.

In this background, to satisfy the Polchinski equation for
the trace of the density matrix, we must use the thermal
propagator at inverse temperature β,

Gβðt − t0;pÞ ¼ Kðp2=Λ2Þ
2ω

X∞
n¼−∞

e−jt−t0þnβjω

¼ Kðp2=Λ2Þ coshððjt − t0j − β=2ÞωÞ
2ω sinhðβω=2Þ ; ð148Þ

where jt − t0j∈ ½0; βÞ and ω ¼ jpj. Using the thermal
propagator above in our derivation in Sec. III only changes
the variation of the bulk term in (33) and BTs, whereas the
variation of Sbdry in (56) remains unchanged. Physically,
this means that the new background only affects the
dissipative terms.
We repeat the integration by parts performed in

Appendix C that led to the derivation of BTs. The result
takes the same form as in (44) but now with temperature-
dependent kernels Δ0, Δ1, and Δ2. Their values can be read
off from (C13),

Δ0ðpÞ ¼
cothðβω

2
Þ

2gðpÞ ΔΣðpÞ; Δ1ðpÞ ¼ −
1

2
ΔΣðpÞ;

Δ2ðpÞ ¼ −
gðpÞ cothðβω

2
Þ

2
ΔΣðpÞ:

At finite temperature, the dissipative term of the ERG
Lindbladian becomes

FIG. 5. The path integral used for state preparation in Sec. VI.
Note that the resulting density matrix need not be the thermal
state, due to the presence of sources in the path integral.
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DβðρÞ ¼
1

2

Z
p
ΔΣðpÞ

�
gðpÞ coth

�
βω

2

��
φ̂ð−pÞρφ̂ðpÞ − 1

2
fρ; φ̂ðpÞφ̂ð−pÞg

�
þ cothðβω

2
Þ

gðpÞ
�
π̂ð−pÞρπ̂ðpÞ − 1

2
fρ; π̂ðpÞπ̂ð−pÞg

�
− i

�
φ̂ð−pÞρπ̂ðpÞ − π̂ð−pÞρφ̂ðpÞ − 1

2
fπ̂ð−pÞφ̂ðpÞ − φ̂ð−pÞπ̂ðpÞ; ρg

��
: ð149Þ

Introducing the creation/annihilation operators that diagonalize the scale-dependent Hamiltonian (50) gives the Lindbladian

DβðρÞ ¼
Z
p

ΔΣðpÞ
2 sinhðβω=2Þ

�
eβω=2

�
aρa† −

1

2
fa†a; ρg

�
þ e−βω=2

�
a†ρa −

1

2
faa†; ρg

��
: ð150Þ

We have suppressed the momentum/scale dependence of
the operators here for notational clarity. Unlike the “zero-
temperature” case, the Lindblad generator above includes
both the emission aρa† and absorption a†ρa of modes
weighted with thermal coefficients eβω=2 and e−βω=2,
respectively [44]. Consider the contribution to the thermal
state of a free theory from a single momentum mode p,

ρβðpÞ ∼ e−βωðpÞðaðpÞ†aðpÞþ1=2Þ: ð151Þ

Then, we have

aðpÞρβðpÞ ¼ ρβðpÞaðpÞe−βω: ð152Þ

Plugging this into (150) we find that the diffusive part of the
evolution of the thermal state vanishes,

DβðρβÞ ¼ 0: ð153Þ

To see how this changes the RG flows, it is instructive to
consider an explicit example. Let us once again look at the
Gaussian state flows. Written as a functional differential
equation, the new bare flow equation becomes

−Λ∂Λρðφ−;φþÞ ¼ 1

2

Z
p

�
ΔΣ cothðβω=2Þ

��
1

g
D2

φ −
g
2
ðφ− − φþÞ2

�
ρðφ−;φþÞ

þ ΔΣ

��
δ

δφ− þ δ

δφþ

�
ððφ− þ φþÞρðφ−;φþÞÞ

��
; ð154Þ

where we have defined the functional differential operator

D2
φ ≡ δ2

δφ−δφþ þ 1

2

δ2

δφ−δφ− þ 1

2

δ2

δφþδφþ : ð155Þ

The only difference from the zero-temperature case in (68)
is the coefficient of cothðβω=2Þ. Carrying this through the
computation for a Gaussian density matrix, the flow
equation becomes

Λ
d
dΛ

cþ ¼ Λ
d
dΛ

�
g2

c−

�
¼ cothðβω=2ÞΛ d

dΛ
g; ð156Þ

where c� are defined as before. Notice now that, because
cothðβω=2Þ is Λ independent, we can define scaled kernels

c̃þ ¼ cþ
cothðβω=2Þ ; c̃− ¼ cothðβω=2Þc− ð157Þ

such that the tilded kernels satisfy the same differential
equation as the zero-temperature case. The solutions are

then of the same form, where one must take care in the
implementation of the initial condition. For the purpose of
comparison, consider again the sharp cutoff approximation,
so that we may write the approximate solution as

c̃�ðp;ΛÞ ¼


c̃�ðp;Λ0Þ jpj < Λ
gðp;ΛÞ jpj > Λ:

ð158Þ

Then, returning to the untilded variables, we conclude

c�ðp;ΛÞ ¼


c�ðp;Λ0Þ jpj < Λ

gðp;ΛÞ cothðβω=2Þð�1Þ jpj > Λ:
ð159Þ

The state below the cutoff is completely unaffected by the
value of the temperature β. The new element of this
solution is that, above the cutoff, rather than replacing
the state with the massless ground state, we now replace it
with the massless thermal state of temperature β.
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VII. ERG MONOTONES AND APPROXIMATE
QUANTUM ERROR CORRECTION

Consider again the rescaled flow equation for the density
matrix with an s-dependent scaling dimension (60),

d
ds

ρ ¼ i½L̂s þ K̂; ρ� þDðρÞ

L̂s ¼ −
1

2

Z
dd−1xðx ·∇þ ΔϕðsÞÞφ̂ðxÞÞπ̂ðxÞ þ H:c:Þ:

As we pointed out in Sec. III, a key property of the ERG
equation above is that it is memoryless. Physically, this
means that knowledge of the state ρðs0Þ is sufficient to
determine its flow toward the infrared at s > s0. In the
vicinity of a fixed point, the values of ΔðsÞ for scaling
operators are set to their scaling dimensions. However,
away from a fixed point, we are free to choose any ΔðsÞ
that interpolates between the scaling dimensions at the
fixed points. Different choices of functions ΔðsÞ corre-
spond to different ERG schemes. Integrating the ERG flow,
we obtain a one-parameter flow of quantum channels,

Φs;s0 ¼ Ps0e
−
R

s

s0
ds0Ls0 ; ð160Þ

where P is scale ordering. In this section, we explore two
consequences of the ERG equations we have derived.
First, we observe that, for any ERG scheme we choose,

the flow in (160) results in a large class of RG monotones,
namely, functions that monotonically decrease along the
ERG flow. As we discussed in Sec. III, the integrated ERG
mapΦs;s0 is a quantum channel for any s ≥ s0. This implies
that, for any pair of states ρðs0Þ and σðs0Þ and any
distinguishability measure Dðρ; σÞ we have the data
processing inequality [45]

DðρðsÞ; σðsÞÞ ≤ Dðρðs0Þ; σðs0ÞÞ: ð161Þ

In fact, there exists a zoo of such multistate multiparameter
distinguishability measures [46]. Physically, this implies
that the distinguishability of states is nonincreasing under
the ERG and, hence, is an RG monotone. Later in this
section, we will explore two examples of such monotones,
namely, the quantum relative entropy and the (logarithmic)
Uhlmann fidelity. We remind the reader that there is a
distinction between RG monotones and C theorems. To
find a C function, one needs an RG monotone that satisfies
extra conditions such as stationarity at fixed points and the
requirement that CðUVÞ − CðIRÞ is finite. We postpone the
study of such requirements for our ERG monotones to
future work.
Second, we observe that our integrated ERG flow in

(160) combined with the mathematical formalism of
approximate quantum error correction can make the
following intuition precise: the ERG flow erases the

short-distance information of the correlators. It turns out
that the Heisenberg picture (dual ERG map) is a more
convenient language to connect with approximate quantum
error correction [30,31].
Consider an ERG flow that starts by deforming a

conformal field theory (CFT) at some UV scale Λ. Deep
in the IR s → ∞ there are three possibilities:
(1) Mass gap: In the first case, at large enough s, the

effective scale e−sΛ reaches the mass gap. Flowing
observables deeper into the IR projects out all
observables except for the ERG zero modes,

Φ�
s;s0ðO0Þ ¼ O0: ð162Þ

In addition to the identity operator, any zero mode of
ERG results in vacuum degeneracies and topological
order. In other words, deep in the IR, we have an
exact quantum error correction code [30]. For
theories with unique vacuum, below the mass gap,
there is no nontrivial observable algebra and all our
RG monotones (distinguishability measures)
reach zero.

(2) An IR fixed point: In some cases, deep in the IR, we
can end up with a fixed point. In the vicinity of the
IR CFT, we can choose the scheme ΔðsÞ ¼ Δ to get
rid of the scale dependence in the ERG equation and
obtain

Φs;s0 ¼ e−ðs−s0ÞL: ð163Þ

Such a flow is called a Markov semigroup. The
eigenoperators of the Lindbladian are the IR con-
formal primary fields [31]

Φs;s0ðOΔÞ ¼ e−ðs−s0ÞΔOO: ð164Þ

Using the spectral analysis of the Lindbladian L we
can obtain bounds on how quickly the distinguish-
ability decreases in scale [47]. In this case, we can
view ERG as a scheme that prepares approximate
quantum error correction codes, and decay of
relative entropy can be used to write down approxi-
mate Knill-Laflamme equations [31]. In such an
approximate quantum error correction code, the
logical operators are the low-lying IR primary fields
that are approximately protected against the erasure
of short-distance information [30].

(3) Massless particles: In Abelian gauge theory (pho-
tons) and theories with spontaneous symmetry
breaking, deep in the IR, we end up with massless
particles. In this case, we expect the spectrum of the
Lindbladian to become continuous near zero to
reflect the massless mode.

In the remainder of this section, we make use of the
solutions for Gaussian density matrices to compute exact
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results for the ERG flow of quantum fidelity and relative
entropy of states as RG monotones.

A. Ground state fidelity

For a first example of an RG monotone, let us return to
the flow of the massive ground state jΩmi. Although in the
sharp cutoff limit each massive state remains approximately
pure along the flow, this does not imply that the flow is
approximately unitary, as we will see below. For a pair of
pure states, quantum fidelity is the same as the square of the
overlap of the wave functions. Therefore, in the limit of a
sharp momentum cutoff, our ERG monotone is jhΩmiΩ0j2,
where jΩ0i is the massless free ground state.
Denote by gmðsÞ ¼ cþðsÞ ¼ c−ðsÞ the pure state

Gaussian kernel for a state with initial mass m. A simple
computation with Gaussian integrals yields the result

jhΩmiΩ0j2 ¼
detð2gmÞ1=2 detð2g0Þ1=2

detðgm þ g0Þ

¼ exp

�
tr

�
log

�ð4gmg0Þ1=2
ðgm þ g0Þ

���
; ð165Þ

where g0 ¼ cþðs ¼ 0Þ ¼ c−ð0Þ. In evaluating the trace, we
must account for the dilation scale s. As an integral over
momenta, we therefore have

tr ¼ Ve−ðd−1Þs
Z

dd−1p
ð2πÞd−1 ; ð166Þ

where V is the spatial volume. In the infinite volume limit,
this becomes IR divergent, and so the fidelity always yields
either zero or one. This is a standard problem for overlaps
of QFT ground states, which is avoided by considering the
IR finite quantity

fðjΩmi; jΩ0iÞ≡ −
logðjhΩmiΩ0j2Þ

V
: ð167Þ

One can interpret f as a “fidelity density” between the two
states. It is also a monotone under quantum channels and is
zero only when the states are the same.
Using the piecewise approximation (84) to gm, we notice

that, for momenta above the cutoff, gm ¼ g0, and so

log

�ð4gmg0Þ1=2
gm þ g0

�
¼ 0 for jpj > Λ: ð168Þ

Therefore, our fidelity density is

fðjΩmi; jΩ0iÞ ¼ e−ðd−1Þs
Sd−2

ð2πÞd−1
Z

Λ

0

dppd−2

× log

�ð4p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ e2sm2

p
Þ1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ e2sm2
p

þ p

�
: ð169Þ

For simplicity, consider the case of d ¼ 2 [48]. Define the
ratio of the mass m and the effective scale e−sΛ by

α ¼ m
Λe−s

: ð170Þ

Then we can exactly integrate the expression above

fðjΩmi; jΩ0iÞ ¼
m
2π

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

α2

r
−
1

α
þ
�
1

2
arccotðαÞ − 1

�
þ 1

2α
log

�
4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p

ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
Þ2
��

: ð171Þ

Up to an overall factor, the result depends only on the scale-
dependent ratio α. The function is plotted in Fig. 6. It is
helpful to consider the asymptotic behavior of the function,
which reads

fðαÞ
fð0Þ ∼

(
1þOðα3Þ α ≪ 1

2
4−π

logðα=4Þ
α þOðα−2Þ α ≫ 1:

ð172Þ

For small α, the evolution is approximately unitary, and the
fidelity density is almost constant. However, near α ¼ 1,
the log-fidelity begins to drop, indicating nonunitary
evolution. This particular value of α is special, as it
represents the value of s at which the effective scale
Λe−s and the original mass m are equal. We interpret this
as a threshold effect for the relevant perturbation to the
massless ground state. That is, for values of α < 1, the
effective scale remains above the mass, and no information
about the state is lost. For α > 1, the mass is greater than the
effective scale, and so the state has essentially “forgotten”
its initial condition.

FIG. 6. The normalized log-fidelity f ¼ − logðF Þ=V between a
massive ground state and the massless fixed point ground state as
a function of the normalized effective scale α ¼ ðm=ΛÞes. The
UV behavior is consistent with a unitary RG flow, while the IR
behavior indicates a loss of distinguishability between a massive
and massless state. The crossover between these regimes occurs
at α ¼ 1, when the effective scale is equal to the mass.
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B. Quantum relative entropy

As the second example, let us consider the quantum
relative entropy of two density matrices ρ and σ,

SrelðρjjσÞ ¼ trðρ log ρÞ − trðρ log σÞ: ð173Þ

Relative entropy satisfies the data processing inequality and
is therefore guaranteed to be an RG monotone. As the
relative entropy of any two pure states is infinite, the
ground states we used in the previous section will not be of
much use. Instead, we compute the relative entropy of the
thermal density matrices ρβ;m, where β is the inverse
temperature and m is the mass. As usual, we write the
Gaussian density matrix as

hφ−jρβ;mjφþi ¼ N exp

�Z
p

�
−
1

2
φ− · c1 · φ−

−
1

2
· φþ · c1 · φþ þ φþ · c2 · φ−

��
: ð174Þ

For an initial thermal state in the sharp cutoff limit, we have

c1ðpÞ ¼
(
ωmðpÞ cothðβωmðpÞÞ jpj < Λ;

jpj
Kðp2=Λ2Þ jpj > Λ;

ð175Þ

c2ðpÞ ¼
(
ωmðpÞcschðβωmðpÞÞ jpj < Λ;

jpj
Kðp2=Λ2Þ jpj > Λ;

ð176Þ

with ωmðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. We can now use the exact

solutions (81) to solve for the density matrix at a lower
scale and then perform rescaling to obtain the solution to
the full flow equation. Just as in the massive ground state
case, the flow is once again given by scaling m and β by
their canonical mass dimensions (when the regulator is
taken to be sharp). That is, the state at scale s is given by the
expressions for c1;2 as written above, but with the replace-
ments of m → esm and β → e−sβ.
Our goal is to compute the relative entropy

Srelðρβ;mðsÞjjρβ;0ðsÞÞ; ð177Þ

which can be computed exactly for Gaussian states [49]. It
is convenient to express the result purely in terms of the two
point functions of the fields. In the case of a translationally
invariant and UV regulated state, we can, in fact, express
the relative entropy purely as a momentum space integral.
As before, let c� ¼ c1 � c2 and define

C ¼ 1

2

ffiffiffiffiffiffi
cþ
c−

r
; X ¼ 1

2c−
; P ¼ cþ

2
: ð178Þ

Let Cρ, Xρ, Pρ be the functions associated with the
translationally invariant Gaussian state ρ and likewise
Cσ, Xσ , Pσ for the state σ. Then, the relative entropy is
given by

tr

�
−Cρ log

�
Cρ þ 1

2

Cρ − 1
2

�
þ
�
Xρ

Xσ
þ Pρ

Pσ

�
Cσ

2
log

�
Cσ þ 1

2

Cσ − 1
2

�
þ 1

2
log

�
1 − 4C2

σ

1 − 4C2
ρ

��
: ð179Þ

It is now a matter of plugging in the explicit expression for the states and computing the momentum integral. Once again,
the cutoff in the state causes the trace to vanish for momenta with magnitude greater than Λ. Working once again in 1þ 1
dimensions, the relative entropy is given by the integral

Srelðρβ;mðsÞjjρβ;0ðsÞÞ ¼
1

π

Z
Λ

0

dp

264βm2 coth
�
1
2
β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ e−2sp2

p �
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2sm2 þ p2

p þ e−s log

0@coth
�
1
2
β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ e−2sp2

p �
þ 1

coth
�
e−sβp
2

�
þ 1

1A
375: ð180Þ

The above integral can be evaluated analytically in the β → 0 limit [50]. The result is given by

lim
β→0

Srelðρβ;mðsÞjjρβ;0ðsÞÞ ¼
e−s

π

Z
Λ

0

dp
�
log
�

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2e2s þ p2

p �
þ m2

2ðm2 þ e−2sp2Þ
�

ð181Þ

¼ m
2π

�
log ðα2 þ 1Þ

α
þ arccotðαÞ

�
; ð182Þ

where we have once again defined α ¼ esm=Λ. As it turns out, this result has essentially the same qualitative behavior as the
ground state fidelity density; both have the same UV and IR behavior, with the crossover occurring at α ≈ 1.
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VIII. DISCUSSION

In a seminal paper [4], Polchinski provided a concrete
realization of the ideas of Wilsonian renormalization, now
known as the ERG. By considering path integrals on
manifolds with boundary, the authors of [17] extended
Polchinski’s formalism to the ERG flow of wave func-
tionals. In this work, we applied this extended ERG
formalism to derive the ERG flow of density matrices
and discovered that, generically, it is described by a scale-
dependent Lindblad equation,

d
ds

ρ ¼ LsðρÞ ¼ i½L̂s þ K̂; ρ� þDðρÞ: ð183Þ

The Hamiltonian piece is a disentangler K̂ followed by a
scaling L̂s, as was already pointed out in [17]. We have
found that, in order to satisfy the consistency condition of
Fig. 1, an additional dissipative term appears, which is
given by (51) at zero temperature and (150) at inverse
temperature β. We integrated this Lindbladian flow in the
Heisenberg picture exactly and worked out examples of this
ERG flow in Gaussian states and in perturbation theory for
λϕ4. An important implication of our result is that any
distinguishability measure of states decreases monotoni-
cally under the ERG flow. We postpone the exploration of
connections between our ERG monotones and C functions
to future work.
The main appeal of the ERG is that it provides a fully

nonperturbative and systematic approach to the renormal-
ization of states that connects with other proposals for
renormalization of states such as tensor network renorm-
alization [6,8,9,17], holographic renormalization [14–16],
and optimal transport in statistical field theory [51]. Here,
we comment on the connections between our results and
tensor networks. We postpone a careful exploration of the
ERG in large N models and holography and the connec-
tions between our flow equation (154) and optimal trans-
port in statistical field theory to future work.
It was already observed in [17] that the ERG flow of states

for particular choices of coarse graining reduces to the
unitary tensor network approaches to the RG of states. In
particular, by choosing regulators that modify the relativistic
dispersion in the UV, we explicitly showed that the ERG
results in a cMERA [18]. Our ERG scheme applied to free
quantum fields closely resembles the so-called cTNR
scheme introduced in [9]. However, as opposed to
cMERA and cTNR, the ERG approach has the advantage
that it can systematically include interactions, as we dem-
onstrated in a sample calculation in Sec. IV B.
In discrete tensor networks, applying tensor network

renormalization to a discretized Euclidean path integral
yields a MERA network on the boundary [52]. The authors
of [9] observed that, in the continuum limit, as opposed to
the discrete case, applying cTNR to a Euclidean path
integral of a Gaussian free fields does not result in a

cMERA on the boundary. Our results suggest a resolution
to their puzzle, as we observed that the nonlocalities in the
ERG, generically, induce diffusive terms on the boundaries
that need to be added to the cMERA flow.
In future work, it would be interesting to explore whether

the interpretation of RG as a quantum channel can provide
new insights into C theorems. It would be particularly
interesting to make contact with recent information theo-
retic interpretations of C theorems via null energy operators
[53]. Additionally, another direction for future investigation
is studying more precisely the relationship between non-
locality and mixing of density operators. For example, there
may be connections to bra-ket wormholes, whose origin
also similarly lies in the nonlocal nature of certain effective
actions [54]. Finally, by representing RG as an operator on
the QFT Hilbert space, we can potentially explore coarse-
grained dynamics of the low-energy limit of QFTs in a
systematic manner. For earlier investigations into this
subject, see [55,56].
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APPENDIX A: WEGNER-MORRIS EQUATION

In this appendix, we will review an alternative and more
general approach to the ERG, as developed by Wegner and
Morris. Although we only make use of the Polchinski
equation in our paper, some of the conceptual discussion in
Sec. III is more directly inspired by the Wegner-Morris
approach. The idea is to take seriously Kadanoff spin
blocking in the continuum. In particular, much like blocked
spins, one defines a coarse-grained field variable and
reexpresses the partition function in terms of these new
variables. The infinitesimal field redefinition is taken to be
of the form

ϕðxÞ → ϕ0ðxÞ ¼ ϕðxÞ þ δΛ
Λ

ΨðxÞ: ðA1Þ

Note the similarities with the cTNR proposal in [9] for free
fields. By absorbing the change of the path integral into an
effective action, one obtains a flow equation for effective
Euclidean action SE, which is simply the Schwinger-Dyson
equation applied to this specific redefinition,
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Λ
d
dΛ

SE ¼ Ψ � δSE
δϕ

− Tr

�
δΨ
δϕ

�
: ðA2Þ

The first term is the contribution of the change of the action
under the redefinition, while the second term accounts for
the change of path integral measure. This result is known as
the “Wegner-Morris equation.” Of course, not every choice
of Ψ implements an RG flow. For example, one could take
Ψ to be the infinitesimal generator of some gauge trans-
formation. At a conceptual level, one must require that Ψ
actually coarse grains in some appropriate sense. In the
literature, this is often done by parametrizing Ψ as

Ψ ¼ 1

2
G0 � δΣ

δϕ
; Σ ¼ SE − 2Ŝ: ðA3Þ

The particular scheme is specified by choosing the func-
tions G0 and Ŝ, referred to as the ERG kernel and the seed
action, respectively. With this choice, it can be shown that
the Wegner-Morris equation becomes a generalized heat
equation for the probability density of field configurations.
To recover the Polchinski equation, one splits the action in
the form S ¼ S0 þ SI and takes

G0 ¼ Λ d
dΛK

p2
; Ŝ ¼ S0: ðA4Þ

Note that, using this parametrization, the field redefinition
Ψ always depends on the action at scale Λ, ultimately
making the Wegner-Morris equation nonlinear.

APPENDIX B: MIXED STATE PREPARATION IN
QUANTUM MECHANICS

In this Appendix, we consider two examples of
0þ 1-dimensional path integrals that prepare mixed states.

1. Example 1: Two-state mixture

Consider a quantum harmonic oscillator xðtÞ with the
standard Hamiltonian

H ¼ p2

2m
þ 1

2
mω2x2: ðB1Þ

The ground state is prepared by the Euclidean path integral

j0i ¼ 1ffiffiffiffi
Z

p
Z

Dxe−
R

0

−∞
dtLE½xðtÞ�: ðB2Þ

We can also consider a state prepared by a single Euclidean
insertion,

jψi ¼ 1

N
e−δĤx̂j0i ¼ 1ffiffiffiffiffi

Z0p
Z

Dx
h
xð−δÞe−

R
0

−∞
dtLE½xðtÞ�

i
;

ðB3Þ

with N 2 ¼ h0jx̂e−2δĤx̂j0i. Now we can construct a mixed
state by taking the convex combination

ρ ¼ pj0ih0j þ ð1 − pÞjψihψ j; ðB4Þ

where 0 < p < 1. Rewriting each state in its path integral
representation, we have

ρ¼p

�
1

Z

Z
Dx−Dxþe−

R
∞
−∞

dtLE½xðtÞ�
�

þð1−pÞ
�
1

Z0

Z
Dx−Dxþ

h
xð−δÞxðδÞe−

R
∞
−∞

dtLE½xðtÞ�
i�

:

ðB5Þ

Here we have written the path integral measure explicitly as
Dx−Dxþ to remind the reader that the t ¼ 0� surface
should be thought of as a cut in these path integrals,
awaiting a boundary condition from a position basis bra or
ket. Combining these path integrals, we have

ρ ¼
Z

Dx−DxþF ½x�e−SE; ðB6Þ

F ½x�≡ p
Z
þ 1 − p

Z0 xð−δÞxðδÞ: ðB7Þ

Clearly, F ½x� fails to factorize into functionals of only x−

and xþ, which was our stated condition for purity of a state.
In this particularly simple example, it is clear that the mixed
density matrix arises purely as a consequence of the
linearity of the path integral. That is to say, if one can
use path integrals to prepare pure density matrices, then one
must also necessarily be able to prepare mixed states via
convex combination of the integrand.

2. Example 2: Nonlocal sources

The previous example is essentially the full story for
mixed state preparation, in its simplest form. However, in
some cases one can use an alternative interpretation of the
path integral as turning on nonlocal “interactions” between
the upper and lower half planes which induce the mixed
state. We will now discuss a simple example of such a case.
Consider two coupled quantum harmonic oscillators with
Hamiltonian

H ¼ p2
1

2m
þ p2

2

2m
þ 1

2
mω2ðx21 þ x22Þ þ λx1x2: ðB8Þ

Once again, we denote the unique ground state by j0i. If we
then partial trace over the second particle’s Hilbert space,
we obtain the reduced density matrix corresponding to only
the first particle in the ground state,

ρ1 ¼ tr2ðj0ih0jÞ: ðB9Þ
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In the path integral, we can obtain a representation of the reduced density matrix by integrating out the second particle. The
global ground state density matrix is prepared by

hx−1 ; x−2 i0h0ixþ1 ; xþ2 ¼ 1

Z

Z
Dx1Dx2e

−
R

∞
−∞

dt


−m

2
x1ẍ1−m

2
x2ẍ2þ1

2
mω2ðx2

1
þx2

2
Þþλx1x2

�
−m

2
ðx−

1
ẋ−
1
−xþ

1
ẋþ
1
þx−

2
ẋ−
2
−xþ

2
ẋþ
2
Þ: ðB10Þ

The final terms in the exponent are boundary terms from integrating by parts in the kinetic term of the Euclidean action. The
partial trace over x2 removes the boundary terms and allows us to simply integrate the Gaussian path integral over x2. Define
the propagator G as

Gðt − t0Þ ¼ 1

−∂2t þ ω2
¼ 1

2ω
e−ωjt−t0j: ðB11Þ

Then it is not hard to show that the reduced density matrix is given by

hx−jρ1jxþi ¼
1

Z0

Z
Dxe−

R
∞
−∞

dt
�
−m

2
xðtÞẍðtÞþ1

2
mω2x2−λ2

m

R
∞
−∞

dt0xðtÞGðt−t0Þxðt0Þ
	
−m

2
ðx−ẋ−−xþẋþÞ: ðB12Þ

Notice in the last term of the action that we have a nonlocal
quadratic interaction of the formZ

t;t0
xðtÞGðt − t0Þxðt0Þ: ðB13Þ

Other than this nonlocal term, we simply have the usual
elements for the preparation of a harmonic oscillator
ground state, and so without this nonlocal term we would
find that ρ is pure (and, in particular, the ground state of a
single harmonic oscillator).
Because this path integral is Gaussian, we can now

explicitly compute the density matrix by performing a shift
of variables of the form

x → xcl þ η; ðB14Þ

where xcl satisfies the “effective equation of motion”

−mẍclðtÞ þmω2xclðtÞ −
λ2

m

Z
dt0Gðt − t0Þxclðt0Þ

¼ −mðxþ − x−Þδ0ðtÞ −mðẋþ − ẋ−ÞδðtÞ: ðB15Þ

The two δ functions on the right-hand side of the equation
enforce the boundary conditions limt→0� xðtÞ ¼ x�. In
particular, the first δ function enforces the strength of
the discontinuity of xðtÞ at t ¼ 0, while the second
determines the strength of the discontinuity in the first
derivative. The derivative discontinuity is not determined
by our boundary conditions, but will be given once we

enforce the equations of motion. With this shift, η no longer
depends on the boundary conditions of the path integral,
and so one finds

hx−jρ1jxþi ¼ N e−
m
2
ðx−ẋ−cl−xþẋþclÞ: ðB16Þ

It remains to compute ẋcl at t → 0�. Fourier transforming
from t to p, the effective equation of motion becomes

p2xclðpÞ þ ω2xclðpÞ −
λ2

m2

1

p2 þm2
xclðpÞ

¼ −ipðxþ − x−Þ − ðẋþcl − ẋ−clÞ; ðB17Þ

and so we obtain the momentum space solution

xclðpÞ ¼
−ipðxþ − x−Þ − ðẋþcl − ẋ−clÞ

p2 þ ω2 − λ2

m2

�
1

p2þm2

� : ðB18Þ

For convenience, let us define

Δx ¼ xþ − x−; Δẋ ¼ ẋþcl − ẋ−cl; ðB19Þ

and

ω� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � λ=m

q
: ðB20Þ

Then, the classical solution after inverse Fourier trans-
forming is

xclðtÞ ¼
sgnðtÞ
4

Δxðe−ω−jtj þ e−ωþjtjÞ − 1

4
Δẋ
�
e−ω−jtj

ω−
þ e−ωþjtj

ωþ

�
: ðB21Þ
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By enforcing the condition limt→0� xclðtÞ ¼ x�, we find thatΔẋ ¼ − 2ω−ωþ
ω−þωþ

ðx− þ xþÞ, and so as a function of the boundary
conditions, we obtain

ẋþcl ¼
1

4ðωþ þ ω−Þ
�
x−ðωþ − ω−Þ2 − xþ

�
ω2
− þ 6ωþω− þ ω2þ

ωþ þ ω−

��
; ðB22Þ

ẋ−cl ¼
1

4ðωþ þ ω−Þ
�
−xþðωþ − ω−Þ2 þ x−

�
ω2
− þ 6ωþω− þ ω2þ

ωþ þ ω−

��
: ðB23Þ

Plugging our results back into (B16), we obtain the density matrix

hx−jρ1jxþi ¼ N exp

�
−

m
8ðω− þ ωþÞ

ððω2
− þ 6ωþω− þ ω2þÞððx−Þ2 þ ðxþÞ2Þ − 2ðωþ − ω−Þ2xþx−Þ

�
: ðB24Þ

This density matrix is indeed mixed unless λ ¼ 0. Moreover, one can verify via standard canonical techniques that this is the
correct reduced density matrix.
In this calculation, the nonlocal term in the reduced density matrix path integral arose from the partial trace over the x2

particle, and so it was clear that its contribution would lead to a mixed density matrix. However, we can now replace the
particular kernel Gðt − t0Þ with an arbitrary (reflection symmetric) bilocal function λðt; t0Þ, leading to the path integral

hx−jρλjxþi ¼
1

Z

Z
Dx exp

�
−
Z

dt

�
1

2
mẋðtÞ2 þ 1

2
mω2xðtÞ2 −

Z
dt0λðt; t0Þxðt0Þ

��
: ðB25Þ

This allows us to prepare a more general class of mixed
states, and for all such path integrals it is convenient to
regard λðt; t0Þ as a nonlocal interaction of some effective
action, rather than simply as the result of some convex
combination of pure state path integrals.

APPENDIX C: COMPUTATION OF BOUNDARY
TERMS

In this Appendix, we will explicitly compute the BTs
defined implicitly in (33) and show that they are given by
(44). Our starting point is the expression

−
1

2
ϕ �G−1 � G0 �G−1 � ϕ; ðC1Þ

where we recall that G−1 is the regulated Laplacian

G−1 ¼ −K−1ð−∇2=Λ2Þ � ∂2: ðC2Þ

In this expression, each of the G−1 factors is a differential
operator acting to the right. In our derivation, we “symme-
trize” this expression by moving the action of the leftmost
G−1 to the left. For now, we assume that the path integral
has two boundaries located at t ¼ �ϵ. Later, we will take
the limit ϵ → 0 left implicit in all expressions. Thus, only
terms with time derivatives get nontrivial contributions
from integrating by parts. To calculate the terms that
appear, it is convenient to work in (spatial) momentum
space, where our expression reads

−
1

2
ϕ � G−1 �G0 �G−1 � ϕ ¼ −

Z
dd−1pdtdt0

K−2ðp2=Λ2Þ
2ð2πÞd−1 ðϕ−pðtÞðp2 − ∂

2
t ÞG0ðt − t0;pÞðp2 − ∂

2
t0 Þϕpðt0ÞÞ; ðC3Þ

where we have used a (time-dependent) spatial mode
decomposition

ϕðx; tÞ ¼
Z

dd−1p
ð2πÞd−1 ϕpðtÞe−ip·x; ðC4Þ

and the temporally nonlocal kernel is given by

G0ðt − t0;pÞ ¼ Λ d
dΛKðp2=Λ2Þ
2
ffiffiffiffiffi
p2

p e−
ffiffiffiffi
p2

p
jt−t0j: ðC5Þ

Because the integrand is local in momentum space, we can
ignore the spatial integrals and focus only on the integrals
over t and t0. That is, for a single momentummode, we have
the expression
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−
1

2
K−2ðp2=Λ2Þ

Z
dtdt0ðϕ−pðtÞðp2 − ∂

2
t ÞG0ðt; t0;pÞðp2 − ∂

2
t0 Þϕpðt0ÞÞ: ðC6Þ

With this observation in mind, define

BT ¼
Z

dd−1p
ð2πÞd−1 fðpÞ: ðC7Þ

Integrating by parts twice in the t integral then yields the explicit expression for f,

fðpÞ ¼ 1

2
K−2ðp2=Λ2Þ

Z
dt0

ðϕ−pð−ϵÞ∂tG0ð−ϵ − t0;pÞ − ϕ−pðϵÞ∂tG0ðϵ − t0;pÞ

− ϕ̇−pð−ϵÞG0ð−ϵ − t0;pÞ þ ϕ̇−pðϵÞG0ðϵ − t0;pÞÞðp2 − ∂
2
t0 Þϕpðt0Þ

�
; ðC8Þ

where we have implemented above the notation ϕ̇ðtÞ ¼ ∂tϕðtÞ. We have generated four boundary terms from this procedure,
since we have two boundaries and integrated by parts twice. However, this expression retains one bulk integral, from the
coordinate t0. We can now integrate by parts twice on t0 to move the operator p2 − ∂

2
t0 onto G

0. Because G0 is proportional to
the propagator, this results in a δ function. The bulk terms are therefore proportional to the integralZ

dt0

ðϕ−pð−ϵÞ∂tδð−ϵ − t0Þ − ϕ−pðϵÞ∂tδðϵ − t0Þ − ϕ̇−pð−ϵÞδð−ϵ − t0Þ þ ϕ̇−pðϵÞδðϵ − t0ÞÞϕpðt0Þ

�
¼ ϕ−pð−ϵÞϕ̇pð−ϵÞ − ϕ−pðϵÞϕ̇pðϵÞ − ϕ̇−pð−ϵÞϕpð−ϵÞ þ ϕ̇−pðϵÞϕpðϵÞ ¼ 0: ðC9Þ

Note that the final expression is not technically zero, but
will evaluate to zero inside of the remaining momentum
integral, since all momentum space kernels in the expres-
sion are symmetric under a p → −p reflection.
So, as one might expect, we can remove all bulk time

integrals and write BT purely as a sum of boundary terms.
However, before writing these terms out, we must address
an order of limits issue. In obtaining boundary terms from
the t0 integral, we will introduce additional limits of t0 → 0.
To distinguish this limit from those coming from the first t
integral, we use ϵ0 to denote the limit. Then, in expressions
of the form ϕð�ϵÞϕ̇ð�ϵ0Þ or ϕð�ϵ0Þϕ̇ð�ϵÞ there is an
ambiguity in the time order, depending on the order in
which the two limits are taken. [Note that there is no
ambiguity in the product ϕð�ϵÞϕ̇ð∓ ϵ0Þ or similar inser-
tions since the two factors live on different time slices.] We
single out these products, in particular, because as operators
they will correspond to products of φ̂ and π̂, and so we must
make sure they are inserted in the correct order. To resolve

the potential ambiguity, we must note that the order in
which we perform the integration by parts provides a
specification of the order in which we perform the limits.
So, the limit should always be performed first on ϵ and then
on ϵ0. Using the notation of 0� to denote an infinitesimal
positive or negative quantity, we have, of course, that

�ϵ ¼ �ϵ0 ¼ 0�: ðC10Þ

The stated order of limits also resolves the difference of ϵ
and ϵ0, which should be taken as

ϵ − ϵ0 ¼ 0−: ðC11Þ

In writing the result of the final two integration by parts,
we will drop the momentum dependence of our functions,
which can be straightforwardly added back in at the end of
our computation. One then finds

−2fðpÞ ¼ ϕð−ϵÞDtG0ð0þÞDt0ϕð−ϵ0Þ − ϕð−ϵÞDtG0ð0−ÞDtϕðϵÞ − ϕð−ϵÞDtDt0G0ð0Þϕð−ϵÞ þ ϕð−ϵÞDtDt0G0ð0ÞϕðϵÞ
− ϕðϵÞDtG0ð0þÞDtϕð−ϵÞ þ ϕðϵÞDtG0ð0−ÞDtϕðϵ0Þ þ ϕðϵÞDtDt0G0ð0Þϕð−ϵÞ − ϕðϵÞDtDt0G0ð0ÞϕðϵÞ
−Dtϕð−ϵÞG0ð0ÞDtϕð−ϵÞ þDtϕð−ϵÞG0ð0ÞDtϕðϵÞ þDtϕð−ϵÞDt0G0ð0þÞϕð−ϵ0Þ −Dtϕð−ϵÞDt0G0ð0−ÞϕðϵÞ
þDtϕðϵÞG0ð0ÞDtϕð−ϵÞ −DtϕðϵÞG0ð0ÞDtϕðϵÞ −DtϕðϵÞDt0G0ð0þÞϕð−ϵÞ þDtϕðϵÞDt0G0ð0−Þϕðϵ0Þ: ðC12Þ

Note that we have used the notation Dt ¼ K−1
∂t. In terms where the time order of expressions is unambiguous or

unimportant, we have simply set ϵ ¼ ϵ0. Also, only the first time derivative of G0 depends on the direction of approach of
t → 0, and for all other terms we have simply taken the limit in the argument of G0.
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Finally, define the following momentum space functions:

Δ0 ¼ G0ð0;pÞ;
Δ1 ¼ K−1ðp2=Λ2Þ∂tG0ð0þ;pÞ;
Δ2 ¼ K−2ðp2=Λ2Þ∂t∂t0G0ð0; ;pÞ: ðC13Þ

In identifying Δ1 in our expressions, we have the following identities:

∂tG0ð0þ;pÞ ¼ −∂t0G0ð0þ;pÞ ¼ −∂tG0ð0−;pÞ ¼ ∂t0G0ð0−;pÞ: ðC14Þ

Then, fðpÞ may be written as

−2fðpÞ ¼ K−2Δ0

�
2ϕ̇ðϵÞϕ̇ð−ϵÞ − ϕ̇ð−ϵÞϕ̇ð−ϵÞ − ϕ̇ðϵÞϕ̇ðϵÞ	

þ K−1Δ1

�
ϕð−ϵÞϕ̇ð−ϵ0Þ þ ϕð−ϵÞϕ̇ðϵÞ − ϕðϵÞϕ̇ð−ϵÞ − ϕðϵÞϕ̇ðϵ0Þ

− ϕ̇ð−ϵÞϕð−ϵ0Þ − ϕ̇ð−ϵÞϕðϵÞ þ ϕ̇ðϵÞϕð−ϵÞ þ ϕ̇ðϵÞϕðϵ0Þ	
þ Δ2ð2ϕðϵÞϕð−ϵÞ − ϕð−ϵÞϕð−ϵÞ − ϕðϵÞϕðϵÞÞ: ðC15Þ

BT is then readily recovered by integrating over all spatial
momenta, resulting in Eq. (44).

APPENDIX D: MASSIVE GROUND STATE FLOW

In Sec. IV, we claimed that the massive ground state
flows are commensurate with the Polchinski equation for
Gaussian sources. Here we will compute the flow of the
massive free field ground state directly from the Polchinski
equation and verify this claim. As in the computation of
Gaussian wave functionals, we may ignore the flow of the
field-independent terms as they only contribute to the
normalization, which is fixed. If we take an ansatz for
SI of the form

SI ¼
1

2
ϕ � B � ϕ; ðD1Þ

then up to said field-independent terms, the Polchinski
equation becomes

−Λ
d
dΛ

B ¼ −B � G0 � B: ðD2Þ

Let us also take the simplifying assumption that B is
translation invariant and reflection symmetric, so that it
may be written in momentum space as Bðp;ΛÞ with

Bð−p;ΛÞ ¼ Bðp;ΛÞ. Then, using the definition of G0,
we have

d
dΛBðp;ΛÞ
Bðp;ΛÞ2 ¼

d
dΛKðp2=Λ2Þ

p2
: ðD3Þ

We can directly integrate this expression from Λ0 to a final
Λ to obtain the solution

1

Bðp;Λ0Þ
−

1

Bðp;ΛÞ ¼
Kðp2=Λ2Þ − Kðp2=Λ2

0Þ
p2

: ðD4Þ

For convenience let us write δK ¼ Kðp2=Λ2Þ − Kðp2=Λ2
0Þ.

Then we may rearrange to find

Bðp;ΛÞ ¼ p2Bðp;Λ0Þ
p2 − Bðp;Λ0ÞδK

: ðD5Þ

If we start with the massive theory at scale Λ0, we simply
have Bðp;Λ0Þ ¼ m2, and so

Bðp;ΛÞ ¼ p2m2

p2 −m2δK
¼ m2 þ m4δK

p2 −m2δK
: ðD6Þ

Now we use this solution to compute the ground state wave
functional as a function of scale. The path integral is givenby

hφ−jρjφþi ¼
Z

ϕðt¼0þÞ¼φþ

ϕðt¼0−Þ¼φ−

Dϕ exp

�
1

2



ϕ � K−1 � ∂2ϕ − ϕ � BðΛÞ � ϕ − φ− · K−1 · ∂tϕ− þ φþ · K−1 · ∂tϕþ

��
: ðD7Þ

Now we shift the field ϕ → ϕc þ η where ϕc satisfies the classical equation of motion

−K−1
∂
2ϕcðxÞ þ

Z
ddyBðx; y;ΛÞϕcðyÞ ¼ −K−1ððφþðxÞ − φ−ðxÞÞδ0ðtÞ þ cðxÞδðtÞÞ ðD8Þ
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or, more simply in momentum space,

K−1p2ϕcðpÞ þ Bðp;ΛÞϕcðpÞ ¼ −K−1ðiptðφþðpÞ − φ−ðpÞ þ cðpÞÞ: ðD9Þ

The right-hand side in this expression enforces the discontinuous boundary conditions at t ¼ 0; the first δ function sets the
discontinuity of ϕ, while the second sets the discontinuity of its derivative ∂tϕ. We have left this in terms of an arbitrary
function cðpÞ to be determined later. With this shift, the density matrix becomes

hφ−jρjφþi ¼ N exp

�
−
1

2

Z
p
ðφ−ðpÞK−1ðp2=Λ2Þ∂tϕc;−ðpÞ − φþðpÞK−1ðp2=Λ2Þ∂tϕc;þðpÞÞ

�
ðD10Þ

with N an overall normalization that is independent of the
boundary conditions. It remains to solve the classical
equations of motion and compute the first derivatives at
the boundary. Fourier transforming Eq. (D8), we find

ϕcðt;pÞ ¼ −
Z

dpt

2π

iptðφþ − φ−Þ þ c
KðK−1p2 þ Bðp;ΛÞÞ e

iptt ðD11Þ

¼ −
Z

dpt

2π

ðiptðφþ − φ−Þ þ cÞðp2 −m2δKÞ
p2ðp2 þ K0m2Þ eiptt;

ðD12Þ

where we have dropped the functional dependence
on the momentum, to lighten the notation. We have
also introduced K0 ¼ Kðp2=Λ2

0Þ to denote the initial
regulator.
It is not hard to perform the integral over pt to obtain the

explicit solution for ϕcðtÞ. It is convenient to define
ωm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ K0m2

p
and as before write ω0 ¼

ffiffiffiffiffi
p2

p
.

Then the solution takes the form

ϕcðt;pÞ ¼
Ke−ωmjtj

2K0

�
sgnðtÞðφþ − φ−Þ −

c
ωm

�
−
ðK − K0Þe−ω0jtj

2K0

�
sgnðtÞðφþ − φ−Þ −

c
ω0

�
:

ðD13Þ

Since the strength of the discontinuity in ϕ at t ¼ 0 has
already been set, cðpÞ is determined by requiring

lim
t→0þ

ϕcðt;pÞ ¼ φþðpÞ; ðD14Þ

which yields

c ¼ ω0ðφþ þ φ−Þ
K
K0

�
1 − ω0

ωm

�
− 1

: ðD15Þ

With cðpÞ determined, we have the full solution for
ϕcðt;pÞ, and it only remains to compute the terms in the
exponential of (D10). The rather messy result is

1

2K
ðφ−∂tϕc;− − φþ∂tϕc;þÞ ðD16Þ

¼ KðK − K0Þðφ− − φþÞ2ð2ω0ðω0 − ωmÞ þ K0m2Þ − 2K2
0ω0ðφ2þ þ φ2

−Þωm

4KK0ðKðωm − ω0Þ − K0ωmÞ
: ðD17Þ

We can clean things up a bit by writing the final answer in the form

hφ−jρjφþi ¼ N exp

�
−
1

2
ðφþ · c1 · φþ þ φ− · c1 · φ−Þ þ φ− · c2 · φþ

�
ðD18Þ

and defining the functions

c� ¼ c1 � c2: ðD19Þ
Then the final result of our computation yields

cþ ¼ ω0

K
−
ω0

K0

þ ωm

K0

; ðD20Þ

c− ¼ K0ω0

K
�
K0 þ K

�
ω0

ωm
− 1
�� ; ðD21Þ

which matches precisely our result in (81).
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APPENDIX E: PERTURBATIVE CALCULATIONS

1. Diagrammatic rules for states

In this section, we will detail the spatial diagrammatic
rules for a small coupling perturbative expansion to set the
stage for the calculation of the ERG flow of the density
matrix in perturbation theory. For our application, we only
use the λϕ4 Lagrangian, but much of our discussion
generalizes straightforwardly. Our starting point is the
regulated Euclidean Lagrangian,

L ¼
Z

dd−1x

�
−
1

2
ϕðt;xÞK−1ð−∇2=Λ2Þ∂2ϕðt;xÞ

þ 1

4!
λϕðt;xÞ4

�
: ðE1Þ

The ground state will be prepared by a half-space Euclidean
path integral with corresponding action

SE ¼ S0 þ
Z

0

−∞
V½ϕðt;xÞ�dt; ðE2Þ

where we have defined the perturbative splitting

S0 ¼
Z

0

−∞
dt
Z

dd−1x

�
−
1

2
ϕðt;xÞK−1ð−∇2=Λ2Þ∂2ϕðt;xÞ

�
;

ðE3Þ

V½ϕ� ¼ λ

4!

Z
dd−1xϕðt;xÞ4: ðE4Þ

In order to get the correct normalization of the state, it is
necessary to “regulate” the lower bound of the time integral
of V, and so the path integral preparing the ground state
may be written as

jΩλi ¼ lim
T→∞

N T

Z
Dϕe−S0−

R
0

−T
Vdt; ðE5Þ

where ϕ has an unspecified fixed boundary condition at
t ¼ 0. The normalizationN T is chosen so that the state has
norm 1 for all T > 0. We will later see that some terms in
the perturbative expansion are naively divergent in the
T → ∞ limit. However, these divergences are only inter-
mediate quantities, which ultimately cancel upon appro-
priately normalizing and, as such, have no physical
meaning. These divergences should not be confused with
the UV divergences appearing from loop diagrams.
Expanding in small λ, one obtains

jΩλi¼N
Z

Dϕ

�X∞
n¼0

ð−1Þnλn
4nn!

�Z
dtdd−1xϕðt;xÞ4

�
n
�
e−S0 ;

ðE6Þ

where S0 denotes the massless free field theory action. Each
term in this sum can be treated as a Euclidean ordered
operator insertion acting on the ground state, so we
may write

jΩλi ¼ N
�X∞

n¼0

ð−1Þnλn
ð4!Þnn!

Z
0

−T
dt1 � � �

Z
0

−T
dtnT ½φ̂1ðt1Þ4 � � � φ̂nðtnÞ4�

�
jΩ0i ðE7Þ

¼ N
�X∞

n¼0

ð−1Þnλn
ð4!Þn

Z
0

−T

Z
tn

−T
� � �
Z

t2

−T
ðφ̂nðtnÞ4φ̂n−1ðtn−1Þ4 � � � φ̂1ðt1Þ4Þdt1 � � � dtn−1dtn

�����Ω0i; ðE8Þ

where we have used a subscript on φ̂ to denote the spatial dependence of each insertion. We can remove the time
dependence from each operator insertion by using the Euclidean time evolution operator. Writing H for the regulated free
Hamiltonian, we may rewrite

φ̂nðtnÞ4 � � �cφnðt1Þ4jΩ0i ¼ e−tnHφ̂4
ne−ðtn−1−tnÞHφ̂4

n−1 � � � φ̂4
2e

−ðt1−t2ÞHφ̂4
1jΩ0i: ðE9Þ

Finally, each spatially local term can be written in momentum space where the spatial integrals may be traded for a
momentum-conserving δ function,

φ̂4
i ¼

Z
p1;p2;p3;p4

φ̂ðp1Þφ̂ðp2Þφ̂ðp3Þφ̂ðp4Þδðd−1Þðp1 þ p2 þ p3 þ p4Þ: ðE10Þ

This leads us to an expansion very similar to standard Feynman diagrams, but where notably we must take care to preserve
the Euclidean time ordering, and each vertex conserves only the spatial momentum. To formalize this, let us now expand
each field operator φ̂ðpÞ in creation/annihilation operators via
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φ̂ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
KðpÞ
2ωðpÞ

s
ðaðpÞ þ a†ð−pÞÞ: ðE11Þ

By expanding out all the resulting terms, we can construct
diagrams by contracting operators using Wick’s theorem.
Any term with an excess of annihilation operators after
contractions will evaluate to zero when acting on the
unperturbed ground state, and so we only consider terms
where the number of creation operators is greater than or
equal to the number of annihilation operators. The only
additional subtleties that must be addressed are the Ham-
iltonian factors eHt appearing between each vertex inser-
tion. To handle these, it is helpful to first consider an
example.
Consider the following term that appears in the expan-

sion at second order:�Z
0

−T
dt2eHt2a†8a

†
7a6a5

�Z
t2

−T
dt1eHt1a4a

†
3a

†
2a

†
1

��
jΩ0i:

ðE12Þ

Here we are denoting the momentum dependence in the
subscript. We commute a4 all way to the right to produce
the state�Z

0

−T
dt2eHt2a†8a

†
7a6a5

�
δ34

Z
t2

−T
dt1eHt1a†2a

†
1

��
jΩ0iþ��� ;

ðE13Þ

where the � � � contain the other operator contractions. Now,
the state to the right of eHt1 is an eigenstate ofH, and so we
convert the expression to�Z

0

−T
dt2eHt2a†8a

†
7a6a5

�
δ34

Z
t2

−T
dt1eE21t1a†2a

†
1

��
jΩ0iþ��� ;

ðE14Þ

where E21 ¼ ωðp1Þ þ ωðp2Þ. We can now evaluate the t1
integral, which yieldsZ

t1

−T
dt1eE21t1 ¼ 1

E21

þOð1=TÞ: ðE15Þ

Note that, because E21 is nonzero, we can simply take the
T → ∞ limit immediately. However, in the case where the
state is the vacuum and E ¼ 0, we must keep T finite and
carry it through the computation. The resulting term will be
divergent for large T, but one can check order by order that
all such terms cancel after normalizing the state.
Finally, plugging back in, the form of the state becomes

� � � 1

E21

δ34

�Z
t3

−T
dt2eHt2a†8a

†
7a6a5a

†
2a

†
1

�
jΩ0i: ðE16Þ

We are now free to commute a5 and a6 to the right,
producing additional contractions. Finally, after this, we
can convert the factor of eHt2 to its corresponding eigen-
value and perform the t2 integral. For more general
diagrams at higher order, this procedure then carries out
iteratively to the left until we have exhausted all the time
integrals.
This procedure of contractions and evaluation of the time

integrals from right to left can be summarized by the
following diagrammatic rules:
(1) For a diagram at order n in perturbation theory, first

draw n disconnected interaction vertices arranged
from right to left. The diagrams represent operator
insertions to be acted on the state jΩ0i.

(2) A particular diagram is generated by connecting
pairs of legs to form a contraction. Not all legs have
to be contracted.

(3) To each leg, associate a spatial momentum. Each
vertex enforces conservation of spatial momentum
for its connected legs. For each internal leg, insert a
factor of K

2ω, and for each external leg, insert a factor

of
ffiffiffiffi
K
2ω

q
a†ðpÞ.

(4) To evaluate the energy factor, starting from the
rightmost vertex and repeating from right to left
for all vertices, consider the subdiagram given by
removing all vertices to the left. Any contraction to a
removed vertex should be replaced with an external
leg with the same momentum. Compute the energy
EðkÞ of the state corresponding to the kth subdia-
gram. The diagram gets an overall factor of

Z
0

−T
dtn

Z
tn

−T
dtn−1 � � �

Z
t2

−T
dt1


etnðEðnÞ−Eðn−1ÞÞetn−1ðEðn−1Þ−Eðn−2ÞÞ � � � et2ðEð2Þ−Eð1ÞÞet1Eð1Þ

�
: ðE17Þ

In the case that all the EðkÞ are nonzero, one may take the T → ∞ limit immediately, in which case the above integral
simplifies to

Yn
k¼1

1

EðkÞ
: ðE18Þ
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However, if any of the EðkÞ are zero, the order of limits is to first take the energies to zero and then T to infinity. Such terms
will have power-law divergences in T, which are all ultimately canceled by the normalization.
(5) Multiply by a factor of ð−1Þnλn=ð4!Þn as well as the

overall multiplicity of the diagram. Integrate over all
momenta (including external legs).

(6) To construct the ground state, sum over all diagrams
to a given order in perturbation theory, and then
compute the normalization N T as a sum of vacuum
diagrams. Finally, take the limit T → ∞.

The slicing procedure in step 4 retroactively implements
the iterative replacement of energy factors we discussed
above. The multiplicity of a given diagram may be
determined via Wick’s theorem.
Let us now use these rules for some explicit calculations.

At first order in λ, there are only three diagrams contrib-
uting to the ground state, which are explicitly given by

ðE19Þ

ðE20Þ

ðE21Þ

There are a few elements of these equations to be pointed
out. The first two equations are nonvacuum states and, as
such, have a nonzero energy. For these diagrams, we have
sent Λ → ∞, which leaves behind an energy factor of
1=
P

i ωðpiÞ. The final diagram, on the other hand, is a
vacuum contribution and has a divergent factor of T
coming from the integral factorZ

0

−T
e−tð0Þdt ¼ T: ðE22Þ

Now writing the normalization of the state as

N T ¼ 1þ λN ð1Þ þ λ2N ð2Þ þ…; ðE23Þ

the ground state to first order in λ is given by

ðE24Þ

and the normalization condition at this order reads

ðE25Þ

As one expects, the normalization merely removes all first
order contributions to the vacuum. Thus, the final expres-
sion for the ground state at first order is given by

ðE26Þ

which is indeed independent of the constant T, as claimed.
We now turn to the calculation of the state at second

order. In Fig. 7, we have drawn all diagrams that contribute
to the state before normalizing. Notice that at second order
the noncommutativity of diagrams becomes relevant, and
so diagrams that are not left-right reflection symmetric
must be included in both orders. We will not explicitly
compute each diagram, but we give special attention to the
diagrams that have naive divergences in T. There are five
such diagrams,

ðE27Þ
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Computing the normalization at second order, we obtain the formula

ðE28Þ

Using Eq. (E25), we see that

ðE29Þ

and so all disconnected diagrams vanish from the condition for N ð2Þ. The final result reads

ðE30Þ

Plugging this result back into the expression for the state,
one sees that all second order bubble diagrams vanish once
again. This removes the first three divergent diagrams listed
above. For the remaining two, we will now show that the
following cancellations occur:

ðE31Þ

ðE32Þ

This is our first true demonstration of the noncommuta-
tivity of our diagrammatic expansion. First, we calculate

FIG. 7. All diagrams contributing to the unnormalized ground state at second order in perturbation theory.
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ðE33Þ

Here E is the energy factor, which is given by

E ¼
Z

∞

−T
dt2

Z
t2

−T
dt1ðet2ð2ωmðp1ÞÞeð0Þt1ÞÞ ∼ T

2ωðp1Þ
−

1

ð2ωðp1ÞÞ2
: ðE34Þ

We obtain this expression because the first subdiagram is a zero-energy vacuum diagram, contributing to the divergence of
the t1 integral, while the second diagram is a finite-energy two-particle diagram. Now in contrast, the reflected diagram is
given by

ðE35Þ

Since the leg structure is the same, the propagators and operator insertions are the same, but the energy factor is a different
value, E0, which is given by

E0 ¼
Z

∞

−T
dt2

Z
t2

−T
dt1ðe2t2ωmðp1Þe2t1ωmðp1ÞÞ ¼ 1

ð2ωmðp1ÞÞ2
: ðE36Þ

We see that the finite contributions of the two diagrams cancel, leaving behind only a divergent contribution proportional to
T. It is not hard to then check that the first term in (E31) cancels the remaining divergent term, and so we see that the claimed
cancellation occurs. The calculation for (E32) follows analogously.
Now we are prepared to write down the ground state to second order in perturbation theory, with which we conclude this

section. Our full expression reads

ðE37Þ

where

ðE38Þ

2. Proof of Eq. (92)

In the text, we made the claim

−Λ∂Λρ ¼ i½K̂; ρ� − SðρÞ: ðE39Þ
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Here we demonstrate this identity and define the quantity
SðρÞ in the course of the calculation. The partial derivative
is defined by

−Λ∂Λρ
����
Λ0

≡ −Λ
∂

∂Λ

�Z
Dϕe−S0½Λ�−SI ½Λ0�−Sbdry½Λ�

�����
Λ0

:

ðE40Þ

We expand the integrand asZ
Dϕe−S0½Λ�−Sbdry½Λ�ð1þ SI½Λ0� þ � � �Þ: ðE41Þ

This is simply the perturbative expansion of the state at
scale Λ, since SI½Λ0� has no explicit Λ dependence. After
expressing the state as a sum of diagrams, each term will
haveΛ dependence both through the unperturbed state jΩ0i
as well as through the diagrams, which depend explicitly on
functions of Λ. For an arbitrary term in the expansion, we
therefore identify three sources of Λ dependence: (a) the
unperturbed state jΩ0i, (b) the creation/annihilation oper-
ators aðp;ΛÞ; a†ðp;ΛÞ coming from external legs, and
(c) the scalar coefficients of each propagator. First, for (a), it

can be shown that

−Λ∂ΛjΩ0ihΩ0j ¼ i½K̂; jΩ0ihΩ0j�: ðE42Þ

Next we must account for the operator valued diagrams
encompassing (b) and (c). Similar to the state, we have

−Λ∂Λa†ðp;ΛÞ ¼ i½K̂; a†ðp;ΛÞ�; ðE43Þ

and so the operator contribution to the derivative is just a
commutator. As for the coefficients, notice that every
propagator contributes a factor of either K for internal
legs or

ffiffiffiffi
K

p
for external legs. Since the full diagram is just

the product over the contributions of each propagator, we
can treat the propagators one by one and sum over the
result. Using the fact

−Λ∂ΛKα ¼ −αΔΣKα; ðE44Þ

we can account for the coefficient derivatives by multi-
plying with a factor of ΔΣ for internal legs and 1

2
ΔΣ for

external legs. Recall the modified propagator

ðE45Þ

which accounts for precisely the logarithmic derivative of the diagram coefficient. Putting (b) and (c) together, the partial
derivative of any diagram is given by a commutator and a replacement of propagators with modified propagators. For
example, for the four-particle diagram, we have

ðE46Þ

More generally, we now define the linear function S as the
function that computes the partial derivative of the diagram
coefficients. Diagrammatically, this is given by the pro-
cedure of replacing propagators with modified propagators
one by one in a diagram and summing the result, as we saw
in the example above. Formally, S has the properties

SðDjΩ0ihΩ0jÞ ¼ SðDÞjΩ0ihΩ0j; ðE47Þ

SðD1jΩ0ihΩ0jD2Þ
¼ SðD1ÞjΩ0ihΩ0jD2 þD1jΩ0ihΩ0jSðD2Þ; ðE48Þ

whereD;D1; D2 are diagrams. The first property states that

S “ignores” the unperturbed ground state, while the second
is simply the Leibniz rule for diagrams on opposite sides of
the density matrix.
Now we can put everything together. Since the Λ

derivative of the unperturbed state and the creation/anni-
hilation operators are both generated by K̂, the final
expression for the partial derivative of the state is

−Λ∂Λρ ¼ i½K̂; ρ� − SðρÞ; ðE49Þ

and the total derivative of the state under the flow of the
Polchinski equation is
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−Λ
d
dΛ

ρ ¼ δSIρþ i½K̂; ρ� − SðρÞ: ðE50Þ

3. First order calculation

In the main discussion, we considered the equality

DðρÞ ¼ δSIρ − SðρÞ ðE51Þ

at second order in λ, where nonlinear contributions of the
Polchinski equation became important. In this subsection,
we will check this equation at first order in λ. For what
follows, all equalities should be read as up to terms of order
λ2. First, consider the term δSIρ. At first order in λ, the
nonlocal term does not contribute and we simply have

−Λ
d
dΛ

SI

����
Λ0

¼ λ

4

Z
ddxϕðxÞ2G0ð0Þ: ðE52Þ

Because this expression is local in Euclidean time, the
purity of the state is preserved at this order in perturbation
theory, and we may break its contribution into two terms,Z

ddxϕðxÞ2 ¼
Z

0

−∞
dt
Z

dd−1xϕðxÞ2

þ
Z

∞

0

dt
Z

dd−1xϕðxÞ2: ðE53Þ

The first term contributes to the “ket” and the second
contributes to the “bra” of the pure ground state. Consider
just the first term for the moment, as the second is just the
Hermitian conjugate. Writing H as the regulated free
Hamiltonian associated with S0, we haveZ

Dϕ

�Z
0

−∞
dt
Z

dd−xxϕðxÞ2e−S0−Sbdry
�

¼
Z

0

−∞
dtðeHtφ̂ðxÞ2ÞjΩ0i: ðE54Þ

Going to momentum space for the spatial arguments and
expanding φ̂ðxÞ in the creation/annihilation operators (50),
we arrive atZ

x

Z
0

−∞
dtðeHtφ̂ðxÞ2ÞjΩ0i

¼
Z
p

�Z
0

−∞
e2ωðpÞtdt

�
Kðp2=Λ2Þ
2ωðpÞ a†ðpÞa†ð−pÞjΩ0i þ � � � ;

ðE55Þ

¼
Z
p

Kðp2=Λ2Þ
4ωðpÞ2 a†ðpÞa†ð−pÞjΩ0i þ � � � : ðE56Þ

The terms denoted by � � � are terms proportional to the
unperturbed ground state, which at first order are always
removed upon normalizing. So, we have that

δSIρ¼−
λG0ð0Þ

4

Z
p

Kðp2=Λ2Þ
4ωðpÞ2 a†ðpÞa†ð−pÞjΩ0ihΩ0jþH:c:

ðE57Þ

We can compute the coefficient more explicitly using the
definition of G0, which yields

G0ð0Þ ¼
Z
q

Λ d
dΛKðq2=Λ2Þ

q2
¼
Z
q

Λ d
dΛKðq2=Λ2Þ
2ωðqÞ : ðE58Þ

Plugging this back in, we obtain the final expression,

δSIρ ¼ −
λ

4

Z
p;q

ΔΣðpÞ
Kðp2=Λ2ÞKðq2=Λ2Þ

8ωðpÞ2ωðqÞ
× a†ðpÞa†ð−pÞjΩ0ihΩ0j þ H:c:þOðλ2Þ: ðE59Þ

Finally, comparing with the expression for the diagram in
(E21), we see that this result can be summarized as

ðE60Þ

Now let us turn our attention to the operator D. Acting on the initial state, we have three terms to consider,

DðjΩλihΩλjÞ ¼
Z
p
ΔΣðpÞ

�
aðpÞjΩλihΩλja†ðpÞ −

1

2
a†ðpÞaðpÞjΩλihΩλj −

1

2
jΩλihΩλja†ðpÞaðpÞ

�
: ðE61Þ

Schematically, the perturbed ground state takes the form jΩλi ¼ jΩ0i þ λjΩ1i þ � � � and the density operator is

jΩλihΩλj ¼ jΩ0ihΩ0j þ λðjΩ1ihΩ0j þ jΩ0ihΩ1jÞ; ðE62Þ
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and so at this order in perturbation theory we have

aðpÞjΩλihΩλja†ðpÞ ¼ 0: ðE63Þ

Now consider the term

−
Z
p

ΔΣðpÞ
2

a†ðpÞaðpÞjΩλihΩλj: ðE64Þ

Each diagram in the first order correction of the state has external legs, corresponding to a product of creation operators. For
an arbitrary product of creation operators acting on the vacuum, we have

−
Z
p

ΔΣðpÞ
2

a†ðpÞaðpÞ
�Y

i

a†ðqiÞ
�
jΩ0i ¼ −

1

2

Z
p
ΔΣðpÞa†ðpÞ

X
i

�Y
j≠i

a†ðqjÞ
�
δðd−1Þðp − qiÞjΩ0i ðE65Þ

¼ −
1

2

X
i

ΔΣðqiÞ
�Y

j

a†ðqjÞ
�
jΩ0i: ðE66Þ

For each term in the sum above, we are simply multiplying the diagram by − 1
2
ΔΣðqiÞ for a given external leg, which is

precisely the result of replacing the external propagator with a modified propagator (with an overall minus sign). This
applies to every diagram to the left of the unperturbed state. However, we can see that the remaining term in D performs
precisely the same procedure to every diagram on the right of the unperturbed state. Motivated by this, define the splitting

S ¼ Se þ Si; ðE67Þ

where Se=i are defined similar to S, but where Se applies the procedure of modifying diagrams only to external legs and Si

to internal legs. If a diagram has no internal legs, then Si evaluates to zero, and likewise for Se and diagrams with no
external legs. Then, what we have just shown is that

DðjΩλihΩλjÞ
����
Λ0

¼ −SeðjΩλihΩλjÞ: ðE68Þ

Recall the first order state

ðE69Þ

The only diagram with an internal leg is the loop diagram. We therefore conclude that

SðjΩλihΩλjÞ ¼ SeðjΩλihΩλjÞ þ SiðjΩλihΩλjÞ ðE70Þ

ðE71Þ

¼ ½−DðjΩλihΩλjÞ þ δSIρ�jΛ0
; ðE72Þ

which is the desired identity. We can now clarify in what sense the first order calculation is “trivial.” Notice that, in solving
the equation for DðρÞ, all the contributions of δSIρ are canceled by terms in SðρÞ. So, at this order, D does not “see” the
Polchinski equation at all. In general, at higher orders of λ, D can only see the nonlocal contributions of the Polchinski
equation.
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APPENDIX F: DERIVATION OF DILATION
ACTION

In the second step of RG, we performed the Weyl scaling

ημν → e2sημν; ϕðxÞ → e−sðd−2Þ=2ϕðxÞ: ðF1Þ

In this Appendix, we will derive how this transformation
results in the action of the operator L̂. First, note that effect
of this transformation in the bulk of the path integral does
not contribute any nontrivial boundary terms, so these
terms can be entirely absorbed into the rescaled flow
equation for SI. So, we only need to address the change
in the boundary term Sbdry.
Under the rescalings above, Sbdry takes the form

−
1

2

Z
x
φ−ðxÞK−1ð−e−2s∇2=Λ2Þ∂tϕðxÞ−: ðF2Þ

This is only the t ¼ −ϵ surface term, but the t ¼ ϵ surface
term is completely symmetric. In the absence of the
regulator K, the transformations above are a symmetry
of the boundary terms, as one expects for the fixed point
theory. Because of the regulator, we must now remove the s
dependence from its argument. By changing variables in
the integral, we can rewrite this as

−
e−ðd−1Þs

2

Z
x
φ−ðe−sxÞK−1ð−∇2=Λ2Þ∂tϕðe−sxÞ−: ðF3Þ

We must also take t → e−st to ensure consistency with the
bulk terms, which results in additional factor

−
e−ðd−2Þs

2

Z
x
φ−ðe−sxÞK−1ð−∇2=Λ2Þ∂tϕðe−sxÞ−: ðF4Þ

For an infinitesimal s ¼ ϵ, this change in Sbdry can be
accounted for by the linear field redefinition

φðxÞ → φðxÞ − ϵ½ðx ·∇ÞφðxÞ þ ΔϕφðxÞ�: ðF5Þ

With these observations, let us consider the change in the
density matrix for an arbitrary linear field redefinition. In
the configuration basis

hφ−jρjφþi ¼ ρðφ−;φþÞ; ðF6Þ
we perform the transformation

ρðφ−;φþÞ → ρ0ðφþ;φ−Þ ¼ N ρðφ− þ ϵη−;φþ þ ϵηþÞ;
ðF7Þ

where N is a field-independent constant that restores the
normalization of the density matrix and η� ¼ η½φ�� is a
linear function of the boundary configurations. Expanding
to linear order in the perturbation yields

ρðφ− þ ϵη−;φþ þ ϵηþÞ ðF8Þ

∼ρðφ−;φþÞ þ ϵ

�
η− ·

δρ

δφ− þ ηþ ·
δρ

δφþ

�
: ðF9Þ

The normalization parameter N can be fixed using

1 ¼ trðρÞ ¼ N
Z

Dφρðφþ ϵη;φþ ϵηÞ ðF10Þ

¼ N
Z

Dφ0
���� δφ0

δφ

����−1ρðφ0;φ0Þ ðF11Þ

∼N
�
1 − ϵtr

�
δη

δφ

��
; ðF12Þ

where in going to the second line we have made the field
redefinition φ0 ¼ φþ η and in going to the final line we
used the normalization of the density operator ρ along with
the expansion for the determinant

j1þ ϵAj ∼ 1þ ϵtrðAÞ: ðF13Þ

Now specializing to our case, we have

η½φ� ¼ −ðx ·∇ÞφðxÞ − ΔϕφðxÞ; ðF14Þ
with Δϕ the canonical, or engineering, dimension of ϕ. Applying this to the above expressions and using the functional
representations of φ̂ and π̂, we deduce that the density matrix transforms as

ρ0 ¼ ρ − ϵ

Z
dd−1x



iððx ·∇þ ΔϕÞφ̂ðxÞÞπ̂ðxÞρ − iρπ̂ðxÞðx · ∇þ ΔϕÞφ̂ðxÞ ðF15Þ

þðx · ∇þ ΔϕÞδðd−1Þð0Þ
� ðF16Þ

¼ ρ − ϵ

Z
dd−1x½iððx ·∇þ ΔϕÞφ̂ðxÞÞπ̂ðxÞρ − iρððx · ∇þ ΔϕÞφ̂ðxÞÞπ̂ðxÞ�: ðF17Þ
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Comparing with the form of L̂, we see that this is indeed the
transformation

ρ0 ¼ ρþ iϵ½L̂; ρ�: ðF18Þ

APPENDIX G: NORMAL ORDERED
CORRELATORS

In Sec. V, we explicitly integrated the dual map to the
ERG flow L�

Λ. In this Appendix, we observe a property of
the generator of the dual map that allows us to write simple
flow equations for normal ordered operators.
Define a normal ordered product of n creation and m

annihilation operators

N̂n;mðp1;…;pnþm;ΛÞ
¼a†ðp1;ΛÞ���a†ðpn;ΛÞaðpnþ1;ΛÞ���aðpnþm;ΛÞ: ðG1Þ

By solving for the flow of expectation values of N̂n;m we
can obtain any correlator by linear combination. Thus, it is
sufficient to consider the set of correlation functions

Γðn;mÞðfpig;ΛÞ ¼ tr
�
ρðΛÞN̂n;mðfpig;ΛÞ

	
; ðG2Þ

where ρðΛÞ is an arbitrary density matrix. Taking the Λ
derivative, we have

−Λ
d
dΛ

Γðn;mÞðΛÞ ¼ tr
�
LΛðρðΛÞÞN̂n;mðΛÞ

	
− Λtr

�
ρ
�
ΛÞ∂ΛN̂n;mðΛÞ

	
: ðG3Þ

Once again using the fact that −Λ∂ΛgðΛÞ ¼ 1
2
ΔΣgðΛÞ, one

can show that

−Λ∂Λaðp;ΛÞ ¼ i½K̂; aðp;ΛÞ�; ðG4Þ

from which it follows that −Λ∂ΛN̂n;m ¼ i½K̂; N̂n;m�. So, we
have

−Λ
d
dΛ

Γðn;mÞðΛÞ ¼ itr
�½K̂; ρ�N̂n;m

	þ tr
�
DðρÞN̂n;m

	
þ itr

�
ρ½K̂; N̂n;m�

	 ðG5Þ

¼ tr
�
ρD�ðN̂n;mÞ

	
: ðG6Þ

The key observation is that N̂n;m are eigenoperators of the
superoperator D�, via the eigenvalue equation

D�ðN̂n;mÞ ¼
1

2

�Xnþm

i¼1

ΔΣðpiÞ
�
N̂n;m; ðG7Þ

where the pi are the values of momenta appearing in the
product. So, the correlator therefore satisfies the simple
differential equation

−Λ
d
dΛ

Γðn;mÞðΛÞ ¼ 1

2

�Xnþm

i¼1

ΔΣðpiÞ
�
Γðn;mÞðΛÞ: ðG8Þ

Integrating from initial scale Λ0 to final scale Λ, we have

Γðn;mÞðΛÞ ¼
 Ynþm

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðp2

i =Λ2Þ
Kðp2

i =Λ2
0Þ

s !
Γðn;mÞðΛ0Þ: ðG9Þ

Keeping in mind the approximation for Λ < Λ0 that

Kðp2=Λ2Þ
Kðp2=Λ2

0Þ
≈ Kðp2=Λ2Þ; ðG10Þ

we can simplify even further to the approximate solution

Γðn;mÞðΛÞ ≈
�Ynþm

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðp2

i =Λ2Þ
q �

Γðn;mÞðΛ0Þ: ðG11Þ

Thus, we have a simple interpretation for the solution that is
consistent with the Callan Symanzik equations: the normal
ordered correlators are unaffected when jpij < Λ for all the
momenta in the correlator. The value of the correlator
quickly drops to zero as soon as the scale Λ drops below
any of the momenta pi. For example, the expectation value
of the number operator NðpÞ ¼ a†ðpÞaðpÞ for modes at
momentum p is given by hNðpÞiΛ ¼ Γð1;1Þðp;p;ΛÞ, and
we have

hNðpÞiΛ ≈ Kðp2=Λ2ÞhNðpÞiΛ0
: ðG12Þ

The flow equation therefore removes the occupation of
modes above the cutoff for any state.
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