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We present a novel framework for deriving on-shell recursion relations, with a specific focus on biadjoint
and pure Yang-Mills theories. Starting from the double-cover Cachazo-He-Yuan factorization formulas, we
identify a suitable set of independent kinematic variables that enables the reconstruction of amputated
currents from amplitudes. As a by-product, this new recursive structure recasts the Bern-Carrasco- Johansson
numerators into an explicitly on-shell factorized form.
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I. INTRODUCTION

The study of scattering amplitudes has transformed our
understanding of quantum field theory, revealing elegant
mathematical structures that remain hidden in traditional
Feynman diagram techniques. This transformation centers
on the idea that amplitudes (physical observables) can be
directly constructed from on-shell, gauge-invariant quan-
tities. The Britto-Cachazo-Feng-Witten (BCFW) recursion
relations [1,2] are a seminal example of this paradigm,
showing that tree-level amplitudes in gauge theories and
gravity can be built from lower-point amplitudes. Through
complex deformations of external momenta and the use of
the global residue theorem, the BCFW relation bypasses
the complications of off-shell intermediate states.
Another remarkable work in this direction is the Cachazo-

He-Yuan (CHY) formalism [3,4], which recasts tree-level
amplitudes as integrals over the moduli space of a punctured
Riemann sphere. For example, the color-stripped n-point
amplitude of the biadjoint massless scalar theory (BAS) in
the single-cover formulation is given by the integral

Aϕ3

n ðαjβÞ ¼
Z
γ

Yn−1
a¼3

a≠p;q;r

dσa
Sa

Δ2
ðpqrÞPTðαÞPTðβÞ; ð1Þ

where α and β are two specific orderings, σa is the position
of the ath puncture on the Riemann sphere, and γ is the

integration contour defined by the equations, Sa ¼ 0, for
a ¼ 3;…; n − 1. The Sa’s, known as the “scattering equa-
tions,” are given by

Sa ≡
Xn

b¼1;b≠a

2ka · kb
σa − σb

¼ 0; ð2Þ

where ka is the momentum associated with the ath external
(ordered) particle. We have also introduced the notation
ΔðpqrÞ ≡ σpqσqrσrp, with σij ≡ σi − σj, and PTðαÞ≡
ðσα1α2σα2α3 � � � σαnα1Þ−1. Without loss of generality, the
SLð2;CÞ symmetry has been fixed by setting the punctures
ðσp; σq; σrÞ to constants. Here, the momentum conservationP

n
a¼1 ka ¼ 0 and massless condition k2b ¼ 0 are implicit.
When at least one of the external legs is off shell, i.e.,

k2b ≠ 0, we refer to the resulting object as an “amputated

current,” denoted by the calligraphic symbol J ϕ3

n [5–8]. In
the special case when α ¼ β, we adopt the shorthand
notation

Aϕ3

n ðαÞ≡ Aϕ3

n ðαjαÞ; J ϕ3

n ðαÞ≡ J ϕ3

n ðαjαÞ: ð3Þ

The amplitudes Aϕ3

n ðαÞ correspond to the theory known as
Trðϕ3Þ [9].
A refined version, the double-cover (DC) formalism [5],

offers a new handle that enables a clearer understanding
of factorization properties [5,6]. In this formulation, the
SLð2;CÞ symmetry is extended to GLð2;CÞ, allowing us to
gauge fix four punctures instead of three. Consequently,
one of the scattering equations becomes nonzero and
instead manifests as a propagator.
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In this work, we begin by studying the factorization
formulas obtained from the double-cover approach [5,6],
with a focus on biadjoint and pure Yang-Mills (YM) theory.
Next, we identify a suitable set of independent kinematic
variables for which the amputated currents (emerging from
the double-cover CHY factorization formulas) are mani-
festly independent of the Mandelstam variables associated
with the “mass” of the off-shell legs. This invariance allows
us to set those variables to zero, thereby reducing the
computation to purely on-shell data, i.e., amplitudes.
Finally, given a profound understanding of ordered theories
encapsulated in the Bern-Carrasco-Johansson (BCJ) numer-
ators [10], we show that our new on-shell formulation
naturally yields a factorized structure for the BCJ
numerators.
It is important to emphasize that, in this work, the number

of spacetime dimensions is not specified. Instead, we regard
the kinematic space defined solely by the Mandelstam
invariants sij ¼ ðki þ kjÞ2. These variables are not all
independent, as momentum conservation imposes the con-
straints

P
j sij ¼ 0. Consequently, a scattering process

involving n massless particles has nðn−1Þ
2

− n ¼ nðn−3Þ
2

inde-
pendent kinematic invariants.

II. RECURSION FOR BAS FROM
THE DC FORMULATION

In the double-cover formulation of the CHY construction,
the n-point amplitude is expressed as a contour integral over
a double-covered Riemann sphere with n punctures.
Schematically, the pairs ðy1; σ1Þ; ðy2; σ2Þ;…; ðyn; σnÞ define
a new set of integration variables, constrained to lie on the
algebraic curve,

Ca ≡ y2a − σ2a þ Λ2 ¼ 0 for a ¼ 1;…; n; ð4Þ

which encodes the double-cover geometry. A translation
table has been worked out in detail in [5].
The DC approach for the color-stripped BAS amplitude

for two different orderings, α and β, is given by the integral
(let us recall that

P
n
a¼1 ka ¼ 0 and k2b ¼ 0)

Aϕ3

n ðαjβÞ ¼
Z
Γ
dμn

Δτ
ðpqrÞΔ

τ
ðpqrjmÞ

Sτm
PTτðαÞPTτðβÞ; ð5Þ

where, without loss of generality, the GLð2;CÞ ¼
SLð2;CÞ × C� symmetry has fixed by setting the punctures
ðσp; σq; σr; σmÞ to constants.
The scattering equations, measure, and Parke-Taylor

factor are given by the expressions

τða;bÞ ≡ 1

2σab

�
ya þ yb þ σab

ya

�
;

Sτa ≡
Xn
b¼1
b≠a

2ka · kbτða;bÞ;

dμn ≡ 1

22
dΛ
Λ

×
Yn
a¼1

yadya
Ca

×
Yn−1
d¼4

dσd
Sτd

;

PTτðαÞ≡ τðα1;α2Þτðα2;α3Þ � � � τðαn;α1Þ;
Δτ

ðpqrÞ ≡ ðτðp;qÞτðq;rÞτðr;pÞÞ−1;
Δτ

ðpqrjmÞ ≡ σpΔτ
ðqrmÞ − σmΔτ

ðpqrÞ þ σrΔτ
ðmpqÞ − σqΔτ

ðrmpÞ:

ð6Þ

The Γ contour is defined by the 2n − 3 equations

�Λ ¼ 0

Sτd ¼ 0
for d ≠ fp; q; r;mg; C1 ¼ 0;…; Cn ¼ 0:

ð7Þ

As a simple example, let us consider the four-point

amplitude Aϕ3

4 ð1; 2; 3; 4Þ with the gauge fixing ðpqrjmÞ ¼
ð412j3Þ. By performing the integration,

Q
a ya; dya=Ca, we

first focus on the configuration in which the puncture pairs
fσ1; σ2g and fσ3; σ4g lie on the upper and lower sheets of
the curve, respectively,

�
y1 ¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ21 − Λ2

q
; σ1

�
;

�
y2 ¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ22 − Λ2

q
; σ2

�
;�

y3 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ23 − Λ2

q
; σ3

�
;

�
y4 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ24 − Λ2

q
; σ4

�
:

ð8Þ

Expanding all elements of Aϕ3

4 ð1; 2; 3; 4Þ around Λ ¼ 0, we
obtain, to leading order,

PTτð1; 2; 3; 4Þj1;23;4 ¼
Λ2

22
1

ðσ12σ2ζσζ1Þ
1

ðσζ03σ34σ4ζ0 Þ
;

Δð412ÞΔð412j3Þ
Sτ3

����1;2
3;4

¼ 25

Λ4
ðσζ1σ12σ2ζÞ2 ×

�
1

s34

�

× ðσ4ζ0σζ03σ34Þ2; ð9Þ

where two new fixed punctures arise at σζ ¼ σζ0 ¼ 0. From
the measure dμ4 ¼ 1

22
dΛ
Λ , we compute the Λ integral and the

amplitude becomes

Aϕ3

4 ð1; 2; 3; 4Þj1;23;4 ¼
1

2

J ϕ3

3 ð1; 2; ζÞ × J ϕ3

3 ðζ0; 3; 4Þ
s34

; ð10Þ

HUMBERTO GOMEZ PHYS. REV. D 114, 026019 (2026)

026019-2



which has been factorized into a product of two amputated
currents in the single-cover formulation, each carrying
one off-shell leg, kζ ¼ k3 þ k4 and kζ0 ¼ k1 þ k2. The
overall factor 1=2 cancels out after summing over mirrored
configurations, i.e.,

Aϕ3

4 ð1; 2; 3; 4Þj1;23;4 þ Aϕ3

4 ð1; 2; 3; 4Þj3;41;2

¼ J ϕ3

3 ð1; 2; ζÞ × J ϕ3

3 ðζ0; 3; 4Þ
s34

: ð11Þ

In a similarway, the factorization expansionAϕ3

4 ð1; 2; 3; 4Þj4;12;3

turns into

Aϕ3

4 ð1; 2; 3; 4Þj4;12;3 þ Aϕ3

4 ð1; 2; 3; 4Þj2;34;1

¼ J ϕ3

3 ð2; 3; κÞ × J ϕ3

3 ð1; κ0; 4Þ
s23

; ð12Þ

with kκ ¼ k4 þ k1 and kκ0 ¼ k2 þ k3.
One can easily verify that the remaining configurations,

for instance, Aϕ3

4 ð1; 2; 3; 4Þj1;32;4, Aϕ3

4 ð1; 2; 3; 4Þj1;2;34 , and

Aϕ3

4 ð1; 2; 3; 4Þj1;2;3;4, vanish identically upon expansion
and integration over Λ.
Therefore, the double-cover approach gives us the four-

point factorization relation

Aϕ3

4 ð1; 2; 3; 4Þ ¼ J ϕ3

3 ð1; 2; ζÞ × J ϕ3

3 ðζ0; 3; 4Þ
s34

þ J ϕ3

3 ð2; 3; κÞ × J ϕ3

3 ð1; κ0; 4Þ
s23

¼ 1

s34
þ 1

s23
; ð13Þ

where we have used the identity J ϕ3

3 ða; b; cÞ ¼ 1. Figure 1
provides a schematic representation of the two factorization
channels contributing to this four-point amplitude.
This factorization formula is easily obtained from the

integration rules formulated by the author in [5].
The analysis and computations carried out for the four-

point example can be straightforwardly generalized to higher
multiplicity. Accordingly, Fig. 1 summarizes all possible
nonvanishing factorization contributions up to the eight-point
level, corresponding to the gauge fixing ðpqrjmÞ ¼ ðn12j3Þ.

Thus, for the setup ðpqrjmÞ ¼ ðn12j3Þ, we obtain the
following off-shell factorization formula:

Aϕ3

n ð1;…; nÞ

¼ J ϕ3

3 ð1; 2; ζÞ × J ϕ3

n−1ðζ0; 3; 4;…; nÞ
s34���n

þ
Xn−1
i¼3

J ϕ3

i ð2; 3;Ωi; κiÞ × J ϕ3

nþ2−ið1; κ0i;Ω0
i; nÞ

s23���i
; ð14Þ

where the off-shell legs are given by

kζ ¼ k3 þ � � � þ kn; kζ0 ¼ k1 þ k2;

kκi ¼ kiþ1 þ � � � þ kn þ k1; kκ0i ¼ k2 þ � � � þ ki:

ð15Þ

The ordered sets Ωi and Ω0
i are defined as

Ωi ¼ f4; 5;…; ig
Ω0

i ¼ fiþ 1; iþ 2;…; n − 1g

	
i ¼ 4;…; n − 2 ð16Þ

and

Ω3 ¼ Ω0
n−1 ¼ ∅; Ωn−1 ¼ Ω0

3 ¼ f4; 5;…; n − 1g:
ð17Þ

Notice that, Ωi ∪ Ω0
i ¼ f1; 2; 3;…; ngnfp; q; r; mg and

kκi þ kκ0i ¼ 0. Finally, we adopt the standard shorthand
notation

ki1���ip ¼ ki1 þ � � � þ kip ; si1���ip ¼ ðki1���ipÞ2: ð18Þ

It is useful to recall that the amputated currents J ϕ3ðαÞ
are evaluated according to the prescription introduced by
Naculich in Ref. [8]. This means the scattering equations
are modified by the following kinematic shift:

Sa ¼
X
b≠a

sab þ Δab

σab
; ð19Þ

where the only nonvanishing components of Δab are

Δcd ¼ k2c þ k2d − k2χ ; Δχc ¼ k2χ þ k2c − k2d;

Δdχ ¼ k2d þ k2χ − k2c; ð20Þ

with c; d∈ fn; 1; 2; 3g and χ ∈ fζ; ζ0; κi; κ0ig. In this case, it
follows immediately that k2c ¼ k2d ¼ 0.
Making use of the SLð2;CÞ symmetry, the three scatter-

ing equations corresponding to the off-shell legs can be
removed, i.e., fc; d; χg. Consequently, the gauge-fixed
integration measure retains the same form as in the fully

FIG. 1. All factorization contributions for the four-, five-, six-,
seven-, and eight-point amplitudes, respectively. The white vertices
indicate the remaining integrations over the σi coordinates, taken
around the corresponding scattering equations Si ¼ 0.
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massless case. Thus, for n > 4, we can again use the factorization formula derived in Eq. (14), leading to

J ϕ3

n−1ðζ0; 3;…; nÞ ¼ J ϕ3

3 ðζ0; 3; ζ̃ÞJ ϕ3

n−2ðζ̃0; 4;…; nÞ
s4���n

þ
Xn−2
j¼3

J ϕ3

j ð3; 4;Ωj; κjÞJ ϕ3

nþ1−jðζ0; κ0j;Ω0
j; nÞ

s34���jþ1

;

J ϕ3

p ð2; 3;Ωp; κpÞ ¼
J ϕ3

3 ð2; 3; ζÞJ ϕ3

p−1ðζ0; 4;…; κpÞ
s45���n1 − k2κp

þ
Xp−1
j¼3

J ϕ3

j ð3; 4; Ω̃j; κ̃jÞJ ϕ3

pþ2−jð2; κ̃0j; Ω̃0
j; κpÞ

s34���jþ1

;

J ϕ3

nþ2−qð1; κ0q;Ω0
q; nÞ ¼

J ϕ3

3 ð1; κ0q; ζÞJ ϕ3

nþ1−qðζ0; qþ 1;…; nÞ
sqþ1���n

þ
Xnþ1−q

j¼3

J ϕ3

j ðκ0q; qþ 1; Ω̃j; κ̃jÞJ ϕ3

nþ4−q−jð1; κ̃0j; Ω̃0
j; nÞ

s2���qþj−2 − k2κ0q
; ð21Þ

where p ¼ 4;…; n − 1, and q ¼ 3;…; n − 2. The new
labels and sets, namely, fζ̃; ζ̃0; κ̃j; κ̃0jg, Ω̃j, and Ω̃0

j are
defined in a similar way as in Eqs. (15) and (16).
Together with Eq. (14), the relations in Eq. (21) furnish a

recursive representation of the n-point amplitude.

A. Comparison with Berends-Giele recursion

Before proceeding, it is instructive to compare our
construction with the standard Berends-Giele (BG) recur-
sion, which provides a well-established framework for
computing amplitudes from off-shell currents [11].
Notice that the off-shell recursive relations obtained in

Eqs. (14) and (21) for the Trðϕ3Þ theory differ from
those derived using the BG (perturbiner) method by
Mafra in [12]. In particular, while both approaches aim
to construct multiparticle objects recursively, the structure
and organization of the recursion in our case are distinct.
For instance, let us consider the n-point scattering

amplitude in the Trðϕ3Þ theory within the BG framework,
which is given by

Aϕ3

n ð1; 2;…; nÞ ¼ lim
k2n→0

s12���n−1J BG
n−1ð1; 2;…; n − 1Þϕn;

ð22Þ

where J BG
n−1 denotes the BG current with one off-shell leg,

defined recursively as

si1���imJ
BG
m ði1; i2;…; imÞ

¼
Xm−1

a¼1

J BG
a ði1;…; iaÞJ BG

m−aðiaþ1;…; imÞ; ð23Þ

with the boundary condition

J BG
1 ðiÞ ¼ ϕi ¼ 1: ð24Þ

It is straightforward to see that the number of terms in
Eq. (22) are governed by the Catalan numbers, reflecting its
direct correspondence with the standard Feynman diagram

expansion. In this sense, the perturbiner approach naturally
organizes the amplitude in terms of planar cubic graphs.
As a simple illustration, one can explicitly verify the

following low-point currents:

s12J BG
2 ð1; 2Þ ¼ 1; ð25Þ

s123J BG
3 ð1; 2; 3Þ ¼ J BG

2 ð2; 3Þ þ J BG
2 ð1; 2Þ

¼ 1

s23
þ 1

s12
; ð26Þ

s1234J BG
4 ð1; 2; 3; 4Þ ¼ J BG

3 ð2; 3; 4Þ þJ BG
2 ð1; 2ÞJ BG

2 ð3; 4Þ
þ J BG

3 ð1; 2;3Þ

¼ 1

s234

�
1

s23
þ 1

s34

�
þ 1

s12s34

þ 1

s123

�
1

s12
þ 1

s23

�
: ð27Þ

Therefore, using the above currents and based on the
prescription given in Eq. (22), it is straightforward to see
that

Aϕ3

3 ð1; 2; 3Þ ¼ lim
k2
3
→0
s12J BG

2 ð1; 2Þϕ3 ¼ 1;

Aϕ3

4 ð1; 2; 3; 4Þ ¼ lim
k2
4
→0
s123J BG

3 ð1; 2; 3Þϕ4 ¼
1

s23
þ 1

s12
;

Aϕ3

5 ð1; 2; 3; 4; 5Þ ¼ lim
k2
5
→0
s1234J BG

4 ð1; 2; 3; 4Þϕ5

¼ 1

s234

�
1

s23
þ 1

s34

�
þ 1

s12s34

þ 1

s123

�
1

s12
þ 1

s23

�
; ð28Þ

which precisely match the expected amplitudes.
On the other hand, within the CHY framework it is well

known that Aϕ3

3 ð1; 2; 3Þ ¼ 1, while the four-point ampli-

tude Aϕ3

4 ð1; 2; 3; 4Þ was computed in Eq. (13). Now, using
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Eq. (14), the five-point amplitude Aϕ3

5 becomes

Aϕ3

5 ð1; 2; 3; 4; 5Þ

¼ J ϕ3

4 ðζ0; 3; 4; 5Þ
s345

þ J ϕ3

4 ð1; κ03; 4; 5Þ
s23

þ J ϕ3

4 ð2; 3; 4; κ4Þ
s234

¼ 1

s12

�
1

s34
þ 1

s123

�
þ 1

s23



1

s123
þ 1

s234ð1 − s23
s234

Þ
�

þ 1

s234



1

s34
þ 1

s23ð1 − s234
s23
Þ
�
; ð29Þ

where we have used J ϕ3

3 ¼ 1. The amputated four-point

currents J ϕ3

4 are obtained from Eq. (21), namely,

J ϕ3

4 ðζ0; 3; 4; 5Þ ¼ 1

s123
þ 1

s34
;

J ϕ3

4 ð1; κ03; 4; 5Þ ¼
1

s123
þ 1

s234 − s23
;

J ϕ3

4 ð2; 3; 4; κ4Þ ¼
1

s23 − s234
þ 1

s34
: ð30Þ

By means of the simple identity

1

s23s234

"
1

1 − s234
s23

þ 1

1 − s23
s234

#
¼ 1

s23s234
; ð31Þ

clearly, the result in Eq. (29) is in agreement with that
in Eq. (28).
In contrast, the off-shell recursive relations obtained in

Eqs. (14) and (21) for the Trðϕ3Þ theory differ significantly
from the BG construction. Our prescription is based on a
factorizationlike approach, which leads to a different
organization of the amplitude. This difference is already
manifest at five points: while Eq. (28) contains five terms,
in agreement with the Catalan counting, Eq. (29) involves
six terms. This overcounting signals that our representation
is not minimal and, consequently, introduces spurious
poles, as can be explicitly seen in Eq. (29). Despite these
structural differences, the final result remains consistent.
Finally, it is worth emphasizing that the amputated

currents arising in our approach differ from the standard
BG currents. In particular, our construction allows for
currents with up to three off-shell legs, whereas the BG
currents involve only a single off-shell leg. Moreover, our
amputated currents may contain spurious poles, while the
BG currents exhibit only physical poles. This highlights a
fundamental difference between the two approaches: while
the perturbiner method provides a minimal and diagram-
matic representation, our construction leads to a more
redundant but factorization-driven description.
Although we have focused here on the Trðϕ3Þ theory,

similar features can be observed in pure Yang-Mills theory.

III. NEW ON-SHELL RECURSION FOR BAS

The primary objective of this section is to determine
a suitable basis of kinematic variables that permits the
reconstruction of amputated currents from their on-shell
counterparts, thereby enabling a smooth extension to Yang-
Mills theory.
We begin by analyzing the pole structure of the ampu-

tated currents derived in Eq. (14), i.e., the poles appearing
in Eq. (21). Using momentum conservation, we eliminate
the momentum kn, after which the poles take the form

s4���n ¼ −2k123 · k4���n−1 − ðk4���n−1Þ2

¼ −
Xn−1
i¼4

ðs1i þ s2i þ s3iÞ −
Xn−1
i;j¼4
i<j

sij;

s34���jþ1 ¼
Xjþ1

i;j¼3
i<j

sij; j ¼ 3;…; n − 2;

s4���n1 − k2κp ¼ s23 − s2���p ¼ s23 −
Xp
i;j¼2
i<j

sij

sqþ1���n ¼ −2k1���q · kqþ1���n−1 − ðkqþ1���n−1Þ2

¼ −
Xq
i¼1

Xn−1
j¼qþ1

sij −
Xn−1
i;j¼qþ1

i<j

sij;

s2���qþj−2 − k2κ0q ¼ s2���qþj−2 − s2���q ¼
Xq
i¼1

Xn−1
j¼qþ1

sij: ð32Þ

Clearly, given that p ¼ 4;…; n − 1 and q ¼ 3;…; n − 2,
the amputated currents in Eq. (21) depend only on the
nðn−3Þ

2
− 2Mandelstam variables highlighted by the shading

in the Gram matrix sij in Eq. (33). We denote this set of
kinematic variables as K̃n, for n > 4, referring to it as the
“common set,”

ð33Þ

A notable property of the common set is that the kinematic
variables corresponding to the effective mass of the off-
shell legs, e.g., k2κi ¼ k22���i ¼ m2

i , are not included in it,
namely, s12 ∉ K̃n and s2���i ∉ K̃n, for i ¼ 3;…; n − 1.
On the other hand, observe that K̃4 is not defined. This

follows from the fact that J ϕ3

3 ¼ 1 and, consequently,
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Eq. (21) does not apply in this case. Since the three-point
current has no pole structure, the recursive construction
becomes degenerate at four points.
To maintain a uniform treatment across multiplicities,

and, in particular, to prepare for the pure YM extension, it is
convenient to introduce a common kinematic basis also
for n ¼ 4. In defining the set K̃4, we make use of the
structural property of the common set discussed above.
From Eq. (13), one has

Aϕ3

4 ð1; 2; 3; 4Þ

¼ J ϕ3

3 ð1; 2; ζÞJ ϕ3

3 ðζ0; 3; 4Þ
s34

þ J ϕ3

3 ð2; 3; κÞJ ϕ3

3 ð1; κ0; 4Þ
s23

¼ 1

s34
þ 1

s23
: ð34Þ

Evidently, the effective mass of the off-shell legs in the
amputated currents corresponds to the kinematic invariants,
k2ζ ¼ s34 and k2κ ¼ s23. Since these Mandelstam invariants
cannot belong to the common set and at four points there
are only two independent kinematic variables satisfying
(with, s13 þ s23 þ s34 ¼ 0), we define the common set for
n ¼ 4 as fs13g.
We therefore define the full common set as

Kn ≡ K̃n ∪ fs13g; n ≥ 4; ð35Þ

which contains nðn−3Þ
2

− 1 independent Mandelstam varia-
bles. This set corresponds precisely to the kinematic
invariants selected by the polygon in matrix (33).
For example, for n ¼ 5, the amputated currents become

[see Eq. (30)]

J ϕ3

4 ðζ0; 3; 4; 5Þ ¼ 1

−s14 − s24 − s34
þ 1

s34
;

J ϕ3

4 ð1; κ03; 4; 5Þ ¼
1

−s14 − s24 − s34
þ 1

s24 þ s34
;

J ϕ3

4 ð2; 3; 4; κ4Þ ¼
1

−s24 − s34
þ 1

s34
; ð36Þ

where Eqs. (21) and (32) have been used. One readily
verifies that every Mandelstam invariant entering
Eq. (36) is contained in the full common set, K5 ¼
fs13; s14; s24; s34g.
Let us now focus on a single off-shell contribution, e.g.,

J ϕ3

nþ2−i × J ϕ3

i . As Kn is sufficient to describe it, and the
total number of independent kinematic variables for an n-

point amplitude is nðn−3Þ
2

, there remains 1 degree of free-
dom. This residual degree of freedom can naturally be
assigned to the Mandelstam variable corresponding to the
effective mass of the off-shell leg, i.e., fs2∶ig in the present

case. Given that J ϕ3

nþ2−i × J ϕ3

i is independent of this

kinematic invariant, we can consistently set it to zero
(effectively an on-shell projection). This procedure enables
the reconstruction of amputated currents directly from their
on-shell counterparts.
For instance, in the five-point example discussed in

Eq. (36), we can choose the following sets of 5ð5−3Þ
2

¼ 5

independent kinematic variables: K5 ∪ fs15g for

J ϕ3

4 ð2; 3; 4; κ4Þ, K5 ∪ fs23g for J ϕ3

4 ð1; κ03; 4; 5Þ, and K5 ∪
fs12g for J ϕ3

4 ðζ0; 3; 4; 5Þ. With these choices, let us

compute J ϕ3

4 ð2; 3; 4; κ4Þ from its on-shell counterpart,

i.e., the amplitude Aϕ3

4 ð2; 3; 4; κ4Þ. It follows that

Aϕ3

4 ð2; 3; 4; κ4ÞjK5
¼



1

ðk4 þ kκ4Þ2
þ 1

s34

�����
K5

¼



1

2k4 · kκ4
þ 1

s34

�����
K5

¼ 1

−s24 − s34
þ 1

s34
; ð37Þ

where we have used kκ4 ¼ k5 þ k1 ¼ −k2 − k3 − k4,
together with the on-shell condition (projection) k2κ4 ¼
s15 ¼ 0. The result obtained in this way agrees precisely
with Eq. (36), and we therefore arrive at the identity

Aϕ3

4 ð2; 3; 4; κ4ÞjK5
¼ J ϕ3

4 ð2; 3; 4; κ4Þ: ð38Þ

The corresponding results for the other amputated currents
follow in a completely analogous manner and can be
checked directly,

Aϕ3

4 ð1; κ03; 4; 5ÞjK5
¼ J ϕ3

4 ð1; κ03; 4; 5Þ;
Aϕ3

4 ðζ0; 3; 4; 5ÞjK5
¼ J ϕ3

4 ðζ0; 3; 4; 5Þ: ð39Þ

With all these ingredients in place, we are now in a
position to promote the factorization relation in Eq. (14) to
an on-shell recursive relation. This leads to

Aϕ3

n ð1;…; nÞ

¼ Aϕ3

3 ð1; 2; ζÞ × Aϕ3

n−1ðζ0; 3; 4;…; nÞjKn

s12

þ
Xn−1
i¼3

Aϕ3

i ð2; 3;Ωi; κiÞ × Aϕ3

nþ2−ið1; κ0i;Ω0
i; nÞjKn

s23���i
: ð40Þ

Although the above on-shell recursive relation was
derived within the DC framework using the gauge choice
ðpqrjmÞ ¼ ðn12j3Þ, one may adopt a different gauge fixing
and obtain an alternative recursive representation. This
generalization follows straightforwardly by applying the
procedure outlined in the previous sections.
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Additionally, some higher-point examples are provided
in [13].

A. Connection to BCFW on-shell recursion

The Britto-Cachazo-Feng-Witten recursion [1,2] is a
well-known on-shell construction in which a pair of ex-
ternal momenta is deformed by a complex parameter, while
preserving both momentum conservation and the on-shell
conditions.
The recursion relation obtained from this method, which

is likewise based on factorization, takes a form closely
resembling that of Eq. (40). A key difference between the
BCFW framework and our approach, however, is that our
construction avoids the need to analyze boundary contri-
butions associated with large complex deformations.
Nevertheless, it is possible to combine both formalisms
to develop a more powerful framework.
To proceed, let us consider the following complex

deformation of the external momenta:

k1ðzÞ ¼ k1 þ zq;

k2ðzÞ ¼ k2 − zq; ð41Þ

where z is a complex parameter and q is a null vector
satisfying

q2 ¼ k1 · q ¼ k2 · q ¼ 0: ð42Þ

Notice that, under these conditions, the deformed momenta
remain on shell, k21ðzÞ ¼ k22ðzÞ ¼ 0, and momentum con-
servation is preserved, k1ðzÞ þ k2ðzÞ þ k3 þ � � � þ kn ¼ 0.
Thus, using the deformed kinematic data fk1ðzÞ; k2ðzÞ;

k3;…; kng, the n-point amplitude Aϕ3

n can be written as

Aϕ3

n ð1; 2;…; nÞ ¼
I
jzj¼ε

Aϕ3

n ð1;…; nÞðzÞ
z

dz: ð43Þ

Applying the global residue theorem, one readily finds
that the amplitude Aϕ3

n ð1; 2;…; nÞ can be expressed as

Aϕ3

n ð1; 2;…; nÞ

¼
Xn−1
i¼3

Aϕ3

i ð2; 3;Ωi; κiÞðziÞ × Aϕ3

nþ2−ið1; κ0i;Ω0
i; nÞðziÞ

s23���i

− Resz¼∞



Aϕ3

n ð1;…; nÞðzÞ
z

�
; ð44Þ

where zi is the solution to the pole condition, s23���iðzÞ ¼
ðk2ðzÞ þ k3 þ � � � þ kiÞ2 ¼ 0, namely,

zi ¼
s23���i
2q · κ0i

¼ −
s23���i
2q · κi

¼ s23���i
2q · k23���i

: ð45Þ

By comparing Eqs. (40) and (44), one can combine both
approaches to reveal the following identities:

Xn−1
i¼3

Aϕ3

i ð2; 3;Ωi; κiÞðziÞ × Aϕ3

nþ2−ið1; κ0i;Ω0
i; nÞðziÞ

s23���i

¼
Xn−1
i¼3

Aϕ3

i ð2; 3;Ωi; κiÞ × Aϕ3

nþ2−ið1; κ0i;Ω0
i; nÞjKn

s23���i
; ð46Þ

−Resz¼∞



Aϕ3

n ðzÞ
z

�
¼ Aϕ3

n−1ðζ0; 3; 4;…; nÞjKn

s12
; ð47Þ

where we have used Aϕ3

3 ¼ 1. This is an important result, as
it enables us to rewrite the boundary contribution of the
BCFW method in a purely on-shell form. On the other
hand, the first identity in Eq. (46) does not hold term by
term. To clarify this point, we present a simple example and
analyze the necessary conditions required to establish the
identity at the level of individual terms.
Let us consider the first nontrivial example, namely,

the five-point amplitude Aϕ3

5 ð1; 2; 3; 4; 5Þ. Making use of
Eq. (44), i.e.,

Aϕ3

5 ð1; 2; 3; 4; 5Þ

¼ Aϕ3

4 ð1; κ03; 4; 5Þðz3Þ
s23

þ Aϕ3

4 ð2; 3; 4; κ4Þðz4Þ
s234

− Resz¼∞



Aϕ3

5 ðzÞ
z

�
; ð48Þ

and incorporating the boundary contribution given in
Eq. (47), more precisely,

−Resz¼∞



Aϕ3

5 ðzÞ
z

�
¼ Aϕ3

4 ðζ0; 3; 4; 5ÞjK5

s12
; ð49Þ

where Aϕ3

4 ðζ0; 3; 4; 5ÞjK5
has been computed previously in

Eqs. (36) and (39), one obtains

Aϕ3

5 ð1; 2; 3; 4; 5Þ

¼ 1

s23

"
1

s123
þ 1

s234ð1 − s23q·k5
s234q·k45

Þ

#

þ 1

s234

"
1

s34
þ 1

s23ð1 − s234q·k45
s23q·k5

Þ

#
þ 1

s12

�
1

s34
þ 1

s123

�
:

ð50Þ

Clearly, using the identity
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1

s23; s234

"
1

1 − s23;q·k5
s234;q·k45

þ 1

1 − s234;q·k45
s23;q·k5

#
¼ 1

s23; s234
; ð51Þ

one immediately verifies that Eq. (50) reproduces the
correct amplitude.
An interesting observation is the close similarity between

Eqs. (29) and (50). In order to establish an exact corre-
spondence, it is sufficient to impose the additional con-
dition k4 · q ¼ 0, which is consistent since q is a complex
vector. Under these conditions, namely,

q2 ¼ k1 · q ¼ k2 · q ¼ k4 · q ¼ 0; ð52Þ
Eq. (46) becomes a term-by-term identity at five points. In
particular, one finds

Aϕ3

4 ð1; κ03; 4; 5Þðz3Þ ¼ Aϕ3

4 ð1; κ03; 4; 5ÞjK5
;

Aϕ3

4 ð2; 3; 4; κ4Þðz4Þ ¼ Aϕ3

4 ð2; 3; 4; κ4ÞjK5
: ð53Þ

A similar analysis can be extended to higher multiplic-
ities and to Yang-Mills theory, where one expects analo-
gous structures to emerge. We leave a detailed study of
these aspects for future work [14].

IV. PURE GLUONS

In the subsequent sections, we consider color-ordered
Yang-Mills amplitudes, which we denote by Anð1;…; nÞ.
Each label a specifies an external particle carrying momen-
tum ka and polarization vector ϵa.
Given a similar setup as in the previous case, i.e. by

choosing the gauge fixing ðpqrjmÞ ¼ ðn12j3Þ and remov-
ing rows and columns (1,3) from the Pfaffian. In [6],
we demonstrated that the n-point pure YM amplitude is
factorized as

Anð1;…; nÞ

¼
P

MJ 3ð1; 2; ζMÞ × J n−1ðζ0M; 3;…; nÞ
s12

þ
Xn−1
i¼3


P
MJ ið2; 3;Ωi; κMi Þ × J nþ2−ið1; κ0Mi ;Ω0

i; nÞ
s23���i

þ 2

P
LJ ið2; 3;Ωi; κLi Þ × J nþ2−ið1; κ0Li ;Ω0

i; nÞ
s23���i

����1↔2
�
;

ð54Þ
where J m denotes the Yang-Mills amputated currents with
off-shell legs fζ; ζ0; κi; κ0ig defined in Eq. (15), while the
sets Ωi and Ω0

i are specified in Eq. (16). The underlined
labels indicate rows/columns removed from the Pfaffian.
In this context,

P
M represents the sum over all off-shell

polarization states, whereas
P

L refers specifically to the
longitudinal sector. Therefore, the associated completeness
relations are given by

X
M

ϵM;μ
I ϵM;ν

J ¼ ημν;
X
L

ϵL;μI ϵL;νJ ¼ kμI k
ν
J

kI · kJ
; ð55Þ

with I ∈ fζ; κig and J∈ fζ0; κ0ig. Finally, the superscript
ð1 ↔ 2Þ means the labels 1 and 2 must be flipped.
In complete analogy with the BAS case, the YM

amputated currents are evaluated using the modified scatter-
ing equations in Eq. (19). Accordingly, the Pfaffian entries
sab
σab

are deformed by the addition of the term Δab, as defined
in Eq. (20), leading to the substitution (see Ref. [6])

sab
σab

→
sab þ Δab

σab
: ð56Þ

As shown in Refs. [6], the amputated currents appearing
in Eq. (54) are not transverse. Schematically, one finds

J mjϵκ→kκ ∝ k2κ ≠ 0; ð57Þ

a property that plays a crucial role in reproducing the
contact terms.
Evidently, the this factorization formula mirrors the BAS

structure in Eq. (14). We will show that the BAS results
naturally extend to pure YM theory.

V. ON-SHELL RELATION AT LOWER POINTS

As the following sections aim to show how the off-shell
factorization formula in Eq. (54) naturally extends to an on-
shell form, within the framework previously developed, we
begin with illustrative examples.
The simplest nontrivial case is the four-point amplitude

A4ð1; 2; 3; 4Þ. From Eq. (54), this amplitude receives three
off-shell contributions,

A4ð1; 2; 3; 4Þ

¼ −
P

MJ 3ð1; 2; ζMÞ × J 3ðζ0M; 4; 3Þ
s12

−
P

MJ 3ð1; 4; κ0MÞ × J 3ðκM; 2; 3Þ
s23

− 2

P
LJ 3ðκL; 3; 2Þ × J 3ðκ0L; 4; 1Þ

s23

����1↔2

; ð58Þ

with kζ ¼ k3 þ k4 ¼ −kζ0 and kκ ¼ k4 þ k1 ¼ −kκ0 . We
have made use of the cyclic and reflection identities

Anði1; i2;…; inÞ ¼ Anði2;…; in; i1Þ;
Anði1; i2;…; inÞ ¼ ð−1ÞnAnðin; in−1;…; i1Þ; ð59Þ

which can be straightforwardly extended to the amputated
currents J m.
Here, our focus is solely on the transition to the on-shell

case, guided by the results obtained previously.
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First, notice that the nonlongitudinal contributions,
specifically, the second and third lines, exhibit the same
structure as in the BAS case. Thus, building upon the
framework developed in Sec. III, we select the following
sets of independent kinematic variables for the amputated
currents and subsequently compute the associated on-shell
contributions, namely,

1:K4 ∪ fs34g for
X
M

J 3ð1; 2; ζMÞ × J 3ðζ0M; 4; 3Þ

and the on-shell side;
X
T

A3ð1; 2; ζTÞ × A3ðζ0T; 4; 3ÞjK4
;

2:K4 ∪ fs23g for
X
M

J 3ð1; 4; κ0MÞ × J 3ðκM; 2; 3Þ

and the on-shell side;
X
T

A3ð1; 4; κ0TÞ × A3ðκT; 2; 3ÞjK4
;

whereK4 ¼ fs13g. The sum
P

T runs over all possible on-
shell (transverse) polarization vectors, which implies the
completeness relation

X
T

ϵT;μI ϵT;νJ ¼ ημν −
kμI q

ν − qμkνJ
kI · q

; k2I ¼ 0; ð60Þ

with I ∈ fζ; κg and J∈ fζ0; κ0g.
Let us first to recall the expression for the three-point

amputated current J 3ð1; 2; ζMÞ. From the CHY approach,
it takes the form

J 3ð1; 2; ζMÞ ¼ ðσ12σ2ζσζ1Þ2PTð1; 2; ζÞ

×
1

σ1ζ
Pf

2
666666664

0 − ϵ1·k2
σ12

−C22 −
ϵMζ ·k2
σζ2

ϵ1·k2
σ12

0 ϵ1·ϵ2
σ12

ϵ1·ϵMζ
σ1ζ

C22
ϵ2·ϵ1
σ21

0
ϵ2·ϵMζ
σ2ζ

ϵMζ ·k2
σζ2

ϵMζ ·ϵ1
σζ1

ϵMζ ·ϵ2
σζ2

0

3
777777775

¼ ðϵ1 · ϵMζ Þðϵ2 · kζÞ − ðϵ2 · ϵMζ Þðϵ1 · kζÞ
− ðϵ1 · ϵ2ÞðϵMζ · k2Þ; ð61Þ

with C22 ¼ − ϵ2·k1
σ21

− ϵ2·kζ
σ2ζ

¼ ðϵ2 · kζÞ σζ1
σ12σ2ζ

. Employing the

reflection identity together with an appropriate relabeling
of the external legs, we can compute the other amputated
currents. It leads toX
M

J 3ð1; 2; ζMÞ × J 3ðζ0M; 4; 3Þ ¼ ðnð124Þ · ϵ3Þ;X
M

J 3ð1; 4; κ0MÞ × J 3ðκM; 2; 3Þ ¼ ðnð142Þ · ϵ3Þ; ð62Þ

where we have used the kinematic identity k2 · k4 ¼ 2−1s13
and have introduced the current (see Refs. [6,15])

nμði1…inÞ ≡ ðki1 · ϵi2Þðki1i2 · ϵi3Þ � � � ðki1∶ in−1 · ϵinÞ

×

�
ϵi1 · exp



−fi2

ðki1 · ϵi2Þ
� � � � exp½ −fin

ðki1∶in−1 · ϵinÞ
��

μ

;

ð63Þ

with fμνi ≡ kμi ϵ
ν
i − kνi ϵ

μ
i and ðϵi · ϵiÞ ¼ 0 (this is to guar-

antee that only linear contributions arise from the
exponentials).
Turning to the on-shell side, we begin by considering the

three-point YM amplitude,

A3ð1; 2; 3Þ ¼ nð1;2Þ · ϵ3

≡ Nð1;2;3Þ; ð64Þ

where Nð1;2;3Þ denotes the three-point BCJ numerator.
Thus, it is straightforward to checkX
T

A3ð1; 2; ζTÞ × A3ðζ0T; 4; 3ÞjK4
¼ ðnð124Þ · ϵ3Þ;X

T

A3ð1; 4; κ0TÞ × A3ðκT; 2; 3ÞjK4
¼ ðnð142Þ · ϵ3Þ; ð65Þ

which is in complete agreement with the expected result,
i.e., X

M

J 3ð1; 2; ζMÞJ 3ðζ0M; 4; 3Þ

¼
X
T

A3ð1; 2; ζTÞA3ðζ0T; 4; 3ÞjK4
;

X
M

J 3ð1; 4; κ0MÞJ 3ðκM; 2; 3Þ

¼
X
T

A3ð1; 4; κ0TÞA3ðκT; 2; 3ÞjK4
: ð66Þ

Now, we turn our attention to the longitudinal sector.
From the last line in Eq. (58), we can see that s13 is a
spurious pole, which implies the numerator must be propor-
tional to it. Indeed, for this contribution, it is straightforward
to observe that the Mandelstam variable corresponding to
the mass of the off-shell leg, namely, k213 ¼ s13, decouples
from the current, which enables an on-shell formulation. To
achieve this, we use the formula found by Dong et al. in [16]
(see also [17]),

Anð1; 2;…; nÞ
¼

X
Ξ
ðϵn · FΞt · ϵ1ÞAYM⊕ϕ3

n ð1;Ξ; nj1; 2;…; nÞ; ð67Þ

where AYM⊕ϕ3

n is the single-trace amplitude involving
gluons and BAS interactions. The first ordering in the
argument specifies the scalar sector, whereas the second one
corresponds to the complete ordering of the external legs.
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The sum
P

Ξ extends over all subsets Ξ ⊆ f2;…; n − 1g,
including the empty set. We regard Ξ as an ordered set,
Ξ ¼ fξ1;…; ξrg with r ≥ 0, and define

ðϵn · FΞt · ϵ1Þ≡ ðϵn · fξr · fξr−1 � � � fξ1 · ϵ1Þ; ð68Þ

where Ξt denotes the reversed ordering of Ξ.
Thus, from Eq. (67), it is simple to verify that the

longitudinal contributions can be recast as

2

k2κ
J 3ðκl; 3; 2Þ ¼ ðϵ2 · ϵ3ÞAϕ3

3 ðκ; 3; 2jκ; 3; 2Þ

¼ ðϵ2 · ϵ3Þ;
2

k2κ0
J 3ðκ0l; 4; 1Þ ¼ ðϵ1 · ϵ4ÞAϕ3

3 ðκ0; 4; 1jκ0; 4; 1Þ

¼ ðϵ1 · ϵ4Þ; ð69Þ

where k2κ ¼ k2κ0 ¼ s23, and κl (κ0l) denotes the longitudinal
projection obtained by setting ϵκ → kκ (ϵκ0 → kκ0 ).
On the other hand, in order to formulate a recursive

relation purely within Yang-Mills theory, the single-trace
YM ⊕ ϕ3 amplitudes must first be rewritten entirely in

terms of gluonic amplitudes. A systematic way to relate the
AYM⊕ϕ3

contributions to pure Yang-Mills amplitudes is
through the use of “transmutation operators.” As shown by
Cheung et al. in [18], this mapping takes the explicit form

AYM⊕ϕ3

n ðβjγ1;…; γnÞ ¼ T ½β�Anðγ1;…; γnÞ; ð70Þ

where β ¼ fβ1; β2;…; βmg, m ≤ n, and the operator T ½β� is
defined as

T ½β� ≡ T β1βm

Ym−1

i¼2

T βi−1βiβm; ð71Þ

with T ij ≡ ∂ϵi·ϵj and T ijr ≡ ∂ki·ϵj − ∂kr·ϵj . Hence, the longi-
tudinal contributions obtained in Eq. (69) become

2

k2κ
J 3ðκl; i; jÞ ¼ ðϵj · ϵiÞT ½κ;i;j�A3ðκ; i; jÞ: ð72Þ

Considering the results found in Eqs. (65) and (72) into
Eq. (58), we observe that

−
P

TA3ð1; 2; ζTÞA3ðζ0T; 4; 3ÞjK4

s12
−
P

TA3ð1; 4; κ0TÞA3ðκT; 2; 3ÞjK4

s23

−
1

2



ðϵ1 · ϵ4Þðϵ2 · ϵ3ÞT ½κ0;4;1�T ½κ;3;2�A3ð1; κ0; 4ÞA3ð2; 3; κÞ

�����1↔2

¼ −ðnð124Þ · ϵ3Þ
s34

þ −ðnð142Þ · ϵ3Þ
s23

þ 1

2
ðϵ1 · ϵ3Þðϵ2 · ϵ4Þ ¼ A4ð1; 2; 3; 4Þ; ð73Þ

which is precisely the pure YM amplitude A4ð1; 2; 3; 4Þ,
confirming the validity of extending the off-shell factori-
zation formula to its on-shell counterpart.
We now turn to the five-point amplitude, which presents

a more interesting and rich structure. In the remainder of
this work, we focus exclusively on the evaluation of the on-
shell counterparts. Details regarding the computation of the
corresponding currents can be found in Ref. [6].
From Eq. (54), one has

A5ð1; 2; 3; 4; 5Þ

¼
P

MJ 3ð1; 2; ζMÞJ 4ðζ0M; 3; 4; 5Þ
s12

þ
X4
i¼3


P
MJ ið2; 3;Ωi; κMi ÞJ 7−ið1; κ0M;Ω0

i; 5Þ
s2���i

þ 2

P
LJ ið2; 3;Ωi; κLi ÞJ 7−ið1; κ0Li ;Ω0

i; 5Þ
s2���i

����1↔2
�
: ð74Þ

The nonlongitudinal contributions, corresponding to the
first two lines, take the same structural form as in the BAS

case. Accordingly, employing the independent kinematic
invariants specified by the full common set K5 [see, for
instance, Eq. (37)], we proceed to evaluate the correspond-
ing on-shell contributions,

1:
X
T

A3ð1; 2; ζTÞ × A4ðζ0T; 5; 4; 3ÞjK5
;

2:
X
T

Aið2; 3;Ωi; κTi Þ × A7−ið1; κ0Ti ;Ω0
i; 5ÞjK5

;

with i ¼ 3, 4 and the transverse completeness relation
given in Eq. (60). The explicit computations are carried out
in Sec. VIII, with particular emphasis on the reconstruction
of the five-point BCJ numerators.
In the longitudinal sector, to obtain an on-shell formu-

lation, we must decouple the Mandelstam variables asso-
ciated with the effective mass of the off-shell legs, i.e.,
k213 ¼ s13 and k225 ¼ s25. Since these contributions can be
derived from the nonlongitudinal terms via the relabeling
1 ↔ 2 [see Eq. (74)], we may employ the same sets of
independent kinematic variables used in the preceding
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on-shell computations, namely,

K5 ∪ fs2���ig for

P
LJ ið2; 3;Ωi; κLi ÞJ 7−ið1; κ0Li ;Ω0

i; 5Þ
s2���i

;

with i ¼ 3, 4. Following the same procedure used to derive
Eq. (72), and applying Eqs. (67) and (70), we obtain the on-
shell expression for the four-point longitudinal contribu-
tions,

2

k2κ4
J 4ðκl4; 4; 3; 2Þ

¼
X

δ∈ f∅;f4gg
ðϵ2 · fδ · ϵ3ÞT ½κ4;3;δ;2�A4ðκ4; 4; 3; 2ÞjK5

;

2

k2κ0
4

J 4ðκ0l4; 4; 5; 1Þ

¼
X

α∈ f∅;f4gg
ðϵ1 · fα · ϵ5ÞT ½κ0

4
;5;α;1�A4ðκ04; 4; 5; 1ÞjK5

; ð75Þ

with k2κ4 ¼ s15 and k2κ0
4
¼ s23.

Finally, bringing everything together, as it is detailed in
Sec. VIII, we arrive at the on-shell formula,

A5ð1; 2;3; 4; 5Þ

¼
P

TA3ð1; 2; ζTÞA4ðζ0T; 5;4; 3ÞjK5

s12

þ
X4
i¼3

P
TAið2; 3;Ωi; κTi ÞA7−ið1; κ0Ti ;Ω0

i;5ÞjK5

s2���i

−
1

2

X4
i¼3

X
δi;αi



ðϵ2 · fδi · ϵ3Þðϵ1 · fαi · ϵ5ÞT ½κi;3;δi;2�T ½κ0i;5;αi;1�

× Aið2; 3;Ωi; κiÞA7−ið1; κ0i;Ω0
i; 5ÞjK5

�����1↔2

; ð76Þ

where δ3 ¼ ∅ and α3 ∈ f∅; f4gg, while δ4 ∈ f∅; f4gg and
α4 ¼ ∅. Notice that δi ⊆ Ωi and αi ⊆ Ω0

i.
Likewise, the six- and seven-point computations,

detailed in [13], serve to confirm the new on-shell formula
proposed below.

VI. NEW ON-SHELL RECURSIVE RELATION

The nonlongitudinal contributions, corresponding to
the first two lines of Eq. (54), are well understood. By
employing the full common set of independent kinematic
invariants Kn, the resulting on-shell expressions are in
complete agreement with the contributions obtained from
the amputated currents. More precisely, one finds

X
M

J 3ð1; 2; ζMÞ × J n−1ðζ0M; 3;…; ; nÞ

¼
X
T

A3ð1; 2; ζTÞ × An−1ðζ0T; 3;…; ; nÞjKn
;

X
M

J ið2; 3;Ωi; κMi Þ × J nþ2−ið1; κ0Mi ;Ω0
i; nÞ

¼
X
T

Aið2; 3;Ωi; κTi Þ ×Anþ2−ið1; κ0Ti ;Ω0
i; nÞjKn

: ð77Þ

These relations have been explicitly verified up to eight-
point amplitudes.
The longitudinal contributions, corresponding to the last

line in Eq. (54), require special consideration. As they can
be obtained from the nonlongitudinal ones by the relabeling
1 ↔ 2, we can use the same sets of independent kinematic
variables, i.e., Kn ∪ fs2���ig for i ¼ 3;…; n − 1. Now,
proceeding as in the previous section, in order to cancel
out the spurious poles and obtain an on-shell formulation, we
must decouple the Mandelstam variables associated with the
effective mass of the off-shell legs. This is achieved by
applying the formulas given in Eqs. (67) and (70). Thus, we
arrive at the general expressions

2

k2κi
J ið2; 3;Ωi; κliÞ

¼
X
δi⊆Ωi

ðϵ2 · Fδti
· ϵ3ÞT ½κi;3;δi;2�Aið2; 3;Ωi; κiÞjKn

;

2

k2κ0i
J nþ2−ið1; κ0li;Ω0

i; nÞ

¼
X
αi⊆Ω0

i

ðϵ1 · Fαti
· ϵnÞT ½κ0i;n;αi;1�Anþ2−ið1; κ0i;Ω0

i; nÞjKn
;

ð78Þ

where k2κi ¼ k2κ0i
¼ s2���i.

We are now ready to present the on-shell form of the
factorization formula in Eq. (54), yielding the following
recursive relation:

Anð1;…; nÞ

¼
P

TA3ð1;2;ζTÞAn−1ðζ0T;3;…; nÞjKn

s12

þ
Xn−1
i¼3

Oi½Aið2;3;Ωi; κTi ÞAnþ2−ið1; κ0Ti ;Ω0
i; nÞ�jKn

s2���i
; ð79Þ

with the linear operator Oi defined by

Hi ≡
X
δi⊆Ωi
αi⊆Ω

0
i

ðϵ1 · Fδti
· ϵ3Þðϵ2 · Fαti

· ϵnÞT ð1↔2Þ
½κi;3;δi;2�T

ð1↔2Þ
½κ0i;n;αi;1�;

Oi ≡
X
T

−
s2���i
2

Hi; ð80Þ

NOVEL ON-SHELL RECURSIVE RELATION PHYS. REV. D 114, 026019 (2026)

026019-11



where the superscript ð1 ↔ 2Þ indicates that the labels 1
and 2 must be exchanged after performing the computa-
tions, and the transverse completeness relation follows the
standard form given in Eq. (60).

VII. FACTORIZING BCJ NUMERATORS

Up to this point, we have obtained two novel on-shell
recursive factorization relations, Eq. (40) for BAS and
Eq. (79) for pure YM theory. As a by-product, the on-shell
YM formula can be extended to generate BCJ numerators.
To understand how this BCJ factorization arises, we

begin with the four-point example. As seen from Eqs. (73)
and (79), it is straightforward to observe that

A4ð1; 2; 3; 4Þ

¼ −
P

TNð1;2;ζT ÞNðζ0T ;4;3Þ
s12

−
1

s14


X
T

Nð1;4;κ0T ÞNðκT ;2;3Þ

−
s14
2

ðϵ1 · ϵ3Þðϵ2 · ϵ4ÞT ð1↔2Þ
½κ;3;2� T

ð1↔2Þ
½κ0;4;1�Nð1;4;κ0ÞNðκ;2;3Þ

�

¼ −
Nð1;2;4;3Þ

s12
−
Nð1;4;2;3Þ

s14
: ð81Þ

Therefore, we can identify the BCJ master numerators,

Nð1;2;4;3Þ ¼
X
T

Nð1;2;ζT ÞNðζ0T ;4;3Þ

¼ ðnð124Þ · ϵ3Þ;
Nð1;4;2;3Þ ¼ O½Nð1;4;κ0TÞNðκT ;2;3Þ�

¼ ðnð142Þ · ϵ3Þ − ðϵ1 · ϵ3Þðϵ2 · ϵ4Þðk1 · k4Þ; ð82Þ

where O is the operator,

O ¼
X
T

−
s14
2

ðϵ1 · ϵ3Þðϵ2 · ϵ4ÞT ð1↔2Þ
½κ;3;2� T

ð1↔2Þ
½κ0;4;1�: ð83Þ

This section illustrates, in a simple and explicit manner,
how the four-point BCJ numerators emerge from on-shell
three-point building blocks.
In the next section, we provide a detailed derivation of

the five-point BCJ numerators. A more general formulation
will be presented in [14].

VIII. FIVE-POINT BCJ NUMERATORS

In the previous section, we derived the BCJ master
numerators Nð1;2;4;3Þ and Nð1;4;2;3Þ. By relabeling the exter-
nal legs, the corresponding four-point BCJ numerators
Nð1;2;3;4Þ and Nð1;3;2;4Þ can be expressed as

Nð1;2;3;4Þ ¼ ðnð123Þ · ϵ4Þ;
Nð1;3;2;4Þ ¼ ðnð132Þ · ϵ4Þ − ðϵ1 · ϵ4Þðϵ2 · ϵ3Þðk1 · k3Þ: ð84Þ
Using these master numerators, the four-point amplitude

A4ð1; 2; 3; 4Þ can be written as

A4ð1; 2; 3; 4Þ ¼
Nð1;2;3;4Þ

s12
þ Nð1;½2;3�;4Þ

s14
; ð85Þ

where we have employed the standard bracket notation,

Nð1;½2;3�;4Þ ≡ Nð1;2;3;4Þ − Nð1;3;2;4Þ: ð86Þ

In this section, we make use of the two representations of
the four-point amplitude presented in Eqs. (81) and (85).
Before proceeding with the computation, we note that,

since all contributions in Eq. (79) are on shell (amplitudes),
gauge invariance ensures that the longitudinal components
vanish. Therefore, it suffices to employ the transverse
completeness relation as

X
T

ϵT;μI ϵT;νJ ¼ ημν; ð87Þ

where I ∈ fζ; κig, J∈ fζ0; κ0ig, kI þ kJ ¼ 0, and k2I ¼ 0.
We now proceed with a detailed evaluation of the

contributions obtained in Eq. (76). Throughout this compu-
tation, we use the full common set K5 ¼ fs13; s14; s24; s34g
together with the identities

−s14 − s24 − s34 ¼ s45 ¼ 2k4 · k5;

s13 þ s14 þ s34 ¼ s25 ¼ 2k2 · k5: ð88Þ

This leads to:
(i) Contribution

X
T

A3ð1; 2; ζTÞA4ðζ0T; 5; 4; 3ÞjK5

¼
P

TNð1;2;ζT ÞNðζ0T ;5;4;3Þ
s34

þ
P

TNð1;2;ζTÞNðζ0T ;½5;4�;3Þ
s45

;

ð89Þ

with numerators

X
T

Nð1;2;ζTÞNðζ0T ;5;4;3Þ ¼ ðnð1254Þ · ϵ3Þ;X
T

Nð1;2;ζTÞNðζ0T ;½5;4�;3Þ

¼ ðnð12½54�Þ · ϵ3Þ þ
s14 þ s24

2
ðnð12Þ · ϵ3Þðϵ4 · ϵ5Þ:

ð90Þ
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(ii) Contribution

X
T

A4ð1; 5; 4; κ0T3 ÞA3ðκT3 ; 2; 3ÞjK5
¼

P
TNð1;5;4;κ0T

3
ÞNðκT

3
;2;3Þ

s24 þ s34
þ
P

TNð1;½5;4�;κ0T
3
ÞNðκT

3
;2;3Þ

s45
; ð91Þ

with numerators

X
T

Nð1;5;4;κ0T
3
ÞNðκT

3
;2;3Þ ¼ ðnð1542Þ · ϵ3Þ;

X
T

Nð1;½5;4�;κ0T
3
ÞNðκT

3
;2;3Þ ¼ ðnð1½54�2Þ · ϵ3Þ þ

s14
2

ðnð12Þ · ϵ3Þðϵ4 · ϵ5Þ: ð92Þ

(iii) Contribution

ð−1Þ
X
T

A3ð1; 5; κ0T4 ÞA4ðκT4 ; 2; 3; 4ÞjK5
¼

P
TNð1;5;κ0T

4
ÞNðκT

4
;2;4;3Þ

s34
þ
P

TNð1;5;κ0T
4
ÞNðκT

4
;4;2;3Þ

−s24 − s34
; ð93Þ

with numerators

X
T

Nð1;5;κ0T
4
ÞNðκT

4
;2;4;3Þ ¼ ðnð1524Þ · ϵ3Þ;

X
T

Nð1;5;κ0T
4
ÞNðκT

4
;4;2;3Þ ¼ ðnð1542Þ · ϵ3Þ þ

s24 þ s34
2

ðnð15Þ · ϵ3Þðϵ2 · ϵ4Þ: ð94Þ

(iv) Contribution

−
1

2
H3½A3ð2; 3; κ3ÞA4ð1; 5; 4; κ03Þ�jK5

¼ 1

2

X
α∈ f∅;f4gg

ðϵ1 · ϵ3Þðϵ2 · fα · ϵ5ÞT ð1↔2Þ
½κ0

3
;5;α;1�



Nð1;5;4;κ0

3
Þ

s24 þ s34
þ Nð1;½5;4�;κ0

3
Þ

s45

�
; ð95Þ

where

H3 ¼
X

α∈ f∅;f4gg
ðϵ1 · ϵ3Þðϵ2 · fα · ϵ5ÞT ð1↔2Þ

½κ3;3;2�T
ð1↔2Þ
½κ0

3
;5;α;1�; ð96Þ

and with T ð1↔2Þ
½κ3;3;2�A3ð2; 3; κ3Þ ¼ −1. The numerators are given by

1

2

X
α∈ f∅;f4gg

ðϵ1 · ϵ3Þðϵ2 · fα · ϵ5ÞT ð1↔2Þ
½κ0

3
;5;α;1�Nð1;5;4;κ0

3
Þ ¼

1

2
ðϵ2 · ϵ5Þðϵ1 · ϵ3Þðϵ4 · k13Þ;

1

2

X
α∈ f∅;f4gg

ðϵ1 · ϵ3Þðϵ2 · fα · ϵ5ÞT ð1↔2Þ
½κ0

3
;5;α;1�Nð1;½5;4�;κ0

3
Þ ¼ −

1

2
ðϵ1 · ϵ3Þðnð54Þ · ϵ2Þ: ð97Þ

(v) Contribution

1

2
H4½A4ðκ4; 2; 3; 4ÞA3ð1; 5; κ04Þ�jK5

¼ 1

2

X
δ∈ f∅;f4gg

ðϵ2 · ϵ5Þðϵ1 · fδ · ϵ3ÞT ð1↔2Þ
½κ4;3;δ;2�



Nðκ4;2;4;3Þ

s34
þ Nðκ4;4;2;3Þ
−s24 − s34

�
; ð98Þ

where

H4 ¼
X

δ∈ f∅;f4gg
ðϵ2 · ϵ5Þðϵ1 · fδ · ϵ3ÞT ð1↔2Þ

½κ4;3;δ;2�T
ð1↔2Þ
½κ0

4
;5;1�; ð99Þ
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and with T ð1↔2Þ
½κ0

4
;5;1�A3ð1; 5; κ04Þ ¼ −1. The numerators are given by

1

2

X
δ∈ f∅;f4gg

ðϵ2 · ϵ5Þðϵ1 · fδ · ϵ3ÞT ð1↔2Þ
½κ4;3;δ;2�Nðκ4;2;4;3Þ ¼

1

2
ðϵ2 · ϵ5Þðnð34Þ · ϵ1Þ;

1

2

X
δ∈ f∅;f4gg

ðϵ2 · ϵ5Þðϵ1 · fδ · ϵ3ÞT ð1↔2Þ
½κ4;3;δ;2�Nðκ4;4;2;3Þ ¼

1

2
ðϵ2 · ϵ5Þðϵ1 · ϵ3Þðϵ4 · k13Þ: ð100Þ

Finally, by assembling all these on-shell contributions in Eq. (76), we arrive at the expected result,

A5ð1; 2; 3; 4; 5Þ ¼
ðnð1254Þ · ϵ3Þ þ ðϵ2 · ϵ5Þðnð34Þ · ϵ1Þðk1 · k2Þ

s12s34
þ ðnð1½54�2Þ · ϵ3Þ þ ðnð12Þ · ϵ3Þðϵ4 · ϵ5Þðk1 · k4Þ

s23s45

þ ðnð12½54�Þ · ϵ3Þ þ ðϵ4 · ϵ5Þðnð12Þ · ϵ3Þðk12 · k4Þ − ðϵ1 · ϵ3Þðnð54Þ · ϵ2Þðk1 · k2Þ
s12s45

þ ðnð1524Þ · ϵ3Þ
s234s34

þ 1

s23s234

�
ðnð1542Þ · ϵ3Þ



1

ð1 − s23
s15
Þ þ

1

ð1 − s15
s23
Þ
�
− ðnð15Þ · ϵ3Þðϵ2 · ϵ4Þðk2 · k3Þ

	

¼ Nð1;2;5;4;3Þ
s12s34

þ Nð1;2;½5;4�;3Þ
s12s45

þ Nð1;½5;4�;2;3Þ
s23s45

þ Nð1;5;4;2;3Þ
s23s234

þ Nð1;5;2;4;3Þ
s234s34

; ð101Þ

from which the BCJ numerators can be directly read off,

Nð1;2;5;4;3Þ ¼ ðnð1254Þ · ϵ3Þ þ ðϵ2 · ϵ5Þðnð34Þ · ϵ1Þðk1 · k2Þ;
Nð1;2;½5;4�;3Þ ¼ ðnð12½54�Þ · ϵ3Þ þ ðϵ4 · ϵ5Þðnð12Þ · ϵ3Þðk12 · k4Þ

− ðϵ1 · ϵ3Þðnð54Þ · ϵ2Þðk1 · k2Þ;
Nð1;½5;4�;2;3Þ ¼ ðnð1½54�2Þ · ϵ3Þ þ ðnð12Þ · ϵ3Þðϵ4 · ϵ5Þðk1 · k4Þ;
Nð1;5;4;2;3Þ ¼ ðnð1542Þ · ϵ3Þ − ðnð15Þ · ϵ3Þðϵ2 · ϵ4Þðk2 · k3Þ;
Nð1;5;2;4;3Þ ¼ ðnð1524Þ · ϵ3Þ: ð102Þ

The above BCJ numerators are in complete agreement
with those obtained from the construction of Ref. [15],
evaluated with reference ordering RO ¼ f1; 5; 2; 4; 3g.

IX. CONCLUSIONS

We introduced a new method, to the best of our knowl-
edge, for deriving on-shell recursive relations for scattering
amplitudes, using three-point amplitudes as fundamental
building blocks.
By selecting an appropriate set of independent kine-

matic variables (common set), we showed that each off-
shell factorization contribution is independent of the
Mandelstam variable associated with the effective mass of
the off-shell leg, e.g., ∂s23���iðJ i × J nþ2−iÞ ¼ 0. Exploiting
this translational symmetry in kinematic space, we gauge fix
this Mandelstam variable to zero, i.e., s2���i ¼ 0, thereby
projecting each contribution onto its on-shell counterpart
(amplitude). While this work focused on Trðϕ3Þ and pure
Yang-Mills theories, we are currently extending the method

to a wider class of theories, including those with fermionic
degrees of freedom, nonlinear σ model, higher-derivative
theories [such as ðDFÞ2 and F3], and exploring the role
of amputated currents in universal splitting processes
[7,9,14,19–24].
Several key properties, such as gauge invariance, soft

behavior, factorization, and cyclic symmetry, can be readily
confirmed from Eqs. (40) and (79). These checks provide
an important consistency check for the correctness of our
final results.
Through a detailed analytic study of the Trðϕ3Þ theory,

we showed that the spurious poles appearing in the
recursive expression of Eq. (40) cancel out, following a
mechanism analogous to that of BCFW recursion with
shifted momenta k1ðzÞ ¼ k1 þ zq and k2ðzÞ ¼ k2 − zq,
where q · k1 ¼ q · k2 ¼ q2 ¼ 0. Moreover, our approach
provides a simple and systematic way to understand and
compute the boundary contributions associated with this
type of deformation.
Remarkably, the same cancellation mechanism also

appears in pure Yang-Mills amplitudes, as shown in
Eq. (101). However, establishing relations analogous to
those in Eqs. (46), (47), and (53) is considerably more
involved, since in pure Yang-Mills theory the polarization
vectors must also be consistently deformed. A detailed
investigation of these aspects will be presented in future
work [14].
One of the central ingredients of our construction is the

ability to rewrite longitudinal contributions in a purely on-
shell form. As shown by the authors in [6], contact terms in
pure Yang-Mills theory can be expressed as longitudinal
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contributions arising from the product of two smaller
amputated currents [see Eq. (54)]. This observation suggests
that, in order to obtain an on-shell prescription, one must
factorize the effective mass associated with the longitudinal
leg from these contributions. Schematically, this takes the
form

J mjϵκ→kκ ¼ k2κ
X

Am: ð103Þ

Since the polarization vector of the longitudinal leg is
removed from the amputated current J m, the right-hand
side of Eq. (103) must involve scalar degrees of freedom.
This naturally leads to

J mjϵκ→kκ ¼ k2κ
X

AYM⊕ϕ3

m ; ð104Þ

where the amplitudes now include both gluons and scalar
particles.
Finally, in order to express the result entirely in terms

of pure gluon amplitudes, it is convenient to introduce the
well-known transmutation operators [18], which map
gluonic states into scalar ones. Schematically, this relation
can be written as

AYM⊕ϕ3

m ¼ T · AYM
m ; ð105Þ

where T is a transmutation operator. This constitutes a
highly nontrivial analysis, in which we make use of the
identity given in Eq. (67), as proposed in [16,17].
As a natural consequence, this new recursive structure

facilitates the reconstruction of BCJ numerators in a simple
factorized form (several examples will be presented in

Ref. [14]). This framework not only provides new insights
into the structure of gauge theory amplitudes but may also
open avenues for future developments in gravitational
theories via the double-copy construction or in cosmologi-
cal scattering equations [25–28].
Finally, while our analysis was carried out within the

DC formalism using the specific gauge fixing ðpqrjmÞ ¼
ðn12j3Þ, the construction can be straightforwardly extended
to an arbitrary gauge choice. In such a case, the matrix
given by the Mandelstam invariants sab can be arranged
according to the structure

sab ¼
�
q r m Ωi ∪ Ω0

i p
�
; ð106Þ

where Ωi ∪ Ω0
i ¼ f1; 2;…; ngnfp; q; r; mg. Therefore, the

full common set Kn keeps the same polygonal form as
in Eq. (33).
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