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We present a novel framework for deriving on-shell recursion relations, with a specific focus on biadjoint
and pure Yang-Mills theories. Starting from the double-cover Cachazo-He-Yuan factorization formulas, we
identify a suitable set of independent kinematic variables that enables the reconstruction of amputated
currents from amplitudes. As a by-product, this new recursive structure recasts the Bern-Carrasco- Johansson

numerators into an explicitly on-shell factorized form.
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I. INTRODUCTION

The study of scattering amplitudes has transformed our
understanding of quantum field theory, revealing elegant
mathematical structures that remain hidden in traditional
Feynman diagram techniques. This transformation centers
on the idea that amplitudes (physical observables) can be
directly constructed from on-shell, gauge-invariant quan-
tities. The Britto-Cachazo-Feng-Witten (BCFW) recursion
relations [1,2] are a seminal example of this paradigm,
showing that tree-level amplitudes in gauge theories and
gravity can be built from lower-point amplitudes. Through
complex deformations of external momenta and the use of
the global residue theorem, the BCFW relation bypasses
the complications of off-shell intermediate states.

Another remarkable work in this direction is the Cachazo-
He-Yuan (CHY) formalism [3,4], which recasts tree-level
amplitudes as integrals over the moduli space of a punctured
Riemann sphere. For example, the color-stripped n-point
amplitude of the biadjoint massless scalar theory (BAS) in
the single-cover formulation is given by the integral

3 =l
Mww=[[l$mewww,<n

a#p.q.r

where a and f are two specific orderings, o, is the position
of the ath puncture on the Riemann sphere, and y is the
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integration contour defined by the equations, S, = 0, for
a=3,...,n—1. The S,’s, known as the “scattering equa-
tions,” are given by

N 2k, k
SaE Z aib:()’ (2)

b=T.bta®a ~ Ob

where k, is the momentum associated with the ath external
(ordered) particle. We have also introduced the notation
A(pgr) = 6pg04:0,p, With 6, =0;—0;, and PT(a)=

J
(6a1a20a2a3 o 'o-a,,al )_1

. Without loss of generality, the
SL(2, C) symmetry has been fixed by setting the punctures
(6,.064.0,) to constants. Here, the momentum conservation
>, k, =0 and massless condition k7 = 0 are implicit.
When at least one of the external legs is off shell, i.e.,
k,zl # 0, we refer to the resulting object as an “amputated

current,” denoted by the calligraphic symbol J f [5-8]. In
the special case when a =, we adopt the shorthand
notation

AV (@ =AY (ala). TV () =T0 (a). (3)

The amplitudes Ai’{3 (a) correspond to the theory known as
Tr(¢?) [91.

A refined version, the double-cover (DC) formalism [5],
offers a new handle that enables a clearer understanding
of factorization properties [5,6]. In this formulation, the
SL(2, C) symmetry is extended to GL(2, C), allowing us to
gauge fix four punctures instead of three. Consequently,
one of the scattering equations becomes nonzero and
instead manifests as a propagator.
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In this work, we begin by studying the factorization
formulas obtained from the double-cover approach [5,6],
with a focus on biadjoint and pure Yang-Mills (YM) theory.
Next, we identify a suitable set of independent kinematic
variables for which the amputated currents (emerging from
the double-cover CHY factorization formulas) are mani-
festly independent of the Mandelstam variables associated
with the “mass” of the off-shell legs. This invariance allows
us to set those variables to zero, thereby reducing the
computation to purely on-shell data, i.e., amplitudes.
Finally, given a profound understanding of ordered theories
encapsulated in the Bern-Carrasco-Johansson (BCJ) numer-
ators [10], we show that our new on-shell formulation
naturally yields a factorized structure for the BCJ
numerators.

It is important to emphasize that, in this work, the number
of spacetime dimensions is not specified. Instead, we regard
the kinematic space defined solely by the Mandelstam
invariants s;; = (k; + k;)?. These variables are not all
independent, as momentum conservation imposes the con-
straints ) ;s;; = 0. Consequently, a scattering process

n(n—1) n(n=3)
2

5 inde-

involving n massless particles has
pendent kinematic invariants.

—-_n =

II. RECURSION FOR BAS FROM
THE DC FORMULATION

In the double-cover formulation of the CHY construction,
the n-point amplitude is expressed as a contour integral over
a double-covered Riemann sphere with n punctures.
Schematically, the pairs (v, 61), (y2,063), ..., (V,,, 6,,) define
a new set of integration variables, constrained to lie on the
algebraic curve,

C,=y:-02+ AN =0 fora=1,...,n, (4)

which encodes the double-cover geometry. A translation
table has been worked out in detail in [5].

The DC approach for the color-stripped BAS amplitude
for two different orderings, a and f, is given by the integral
(let us recall that >-"_, k, = 0 and k2 = 0)

# L P —
Ay (alp) = d/tnSiPT (@)PT*(),  (5)

where, without loss of generality, the GL(2,C)=
SL(2,C) x C* symmetry has fixed by setting the punctures
(ap,o—q,o 6,,) to constants.

The scattering equations, measure, and Parke-Taylor
factor are given by the expressions

1 (ya + Vb + 6ab>
T(ab) ’

26ab Ya

= Z 2ka . ka(a,b)y

b#a

ldA WAy, rd
i H)’ y 11;;’

l,l

PT(@) = (a, a0) Tlayry) "+ 7

(an’al>’
AL = (10T (a0 Trp) s

A7 o,A7 | —0,A7

(parm) = OpBgrm) (par — 0,47

) o (rmp)’

mpq)

The I" contour is defined by the 2n — 3 equations
{ A=0
5 =0

As a simple example, let us consider the four-point

for d # {p,q,r,m},C, =0,...,C, =0.

(7)

amplitude Af(l, 2,3,4) with the gauge fixing (pgrim) =
(412|3). By performing the integration, [ [, v4, dy./Ca, We
first focus on the configuration in which the puncture pairs
{01,0,} and {03,064} lie on the upper and lower sheets of

the curve, respectively,
( +\/6] A2 61) <y2=+\/0%—/\2,02),
—\/ai — A2,04).

(o= fdme). (-
(8)

Expanding all elements of Af (1,2,3,4) around A = 0, we
obtain, to leading order,

A2 1 1
PT7(1,2,3,4)}2 = .
( )|3'4 2? (01202§0§1) (5@303404(’)

AuiAuanp) |2 2° (616102)" X b
S§ 3.4 A4 TR $34
x (04p0303)°, 9)

where two new fixed punctures arise at 6, = 6 = 0. From

the measure duy = 392,

amplitude becomes

we compute the A integral and the

1700120 x 74 (¢.3.4)

5 1.2
Al (1,2,3’4)|3,4:2 $34

(10)
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FIG. 1. All factorization contributions for the four-, five-, six-,
seven-, and eight-point amplitudes, respectively. The white vertices
indicate the remaining integrations over the o; coordinates, taken
around the corresponding scattering equations S; = 0.

which has been factorized into a product of two amputated
currents in the single-cover formulation, each carrying
one off-shell leg, k; = k3 + k4 and kg = k; + k,. The
overall factor 1/2 cancels out after summing over mirrored
configurations, i.e.,

AT (1,23, 4)35 + A7 (1.2.3.4)}3
120 x 78 (.3.4)

834

(11)

3
In a similar way, the factorization expansion A? (1,2,3,4) 155
turns into

AT (1,2,3.4) 3’§+A¢3(1 2,3,4)23
I @30 x L (1K, 4)

$23

, (12)

Wlth kK = k4 + kl and kKr = k2 + k3.

One can easily verify that the remaining configurations,
for instance, A7 (1,2,3,4)|33, A?'(1,2,3,4)[}*3, and
AZ’S(I, 2,3,4)|"*34, vanish identically upon expansion
and integration over A.

Therefore, the double-cover approach gives us the four-
point factorization relation

JV(1,2,0) x IV (¢.3,4)

AT (1,2,3,4) =
§34
. TV 2.3.6) x 78 (1,4, 4)
$23
11
=4, (13)

$34 8§23

where we have used the identity J° ff} (a,b,c) = 1. Figure 1
provides a schematic representation of the two factorization
channels contributing to this four-point amplitude.

This factorization formula is easily obtained from the
integration rules formulated by the author in [5].

The analysis and computations carried out for the four-
point example can be straightforwardly generalized to higher
multiplicity. Accordingly, Fig. 1 summarizes all possible
nonvanishing factorization contributions up to the eight-point
level, corresponding to the gauge fixing (pgr|im) = (n12|3).

Thus, for the setup (pgrim) = (n12|3), we obtain the
following off-shell factorization formula:

AV (1, ...n)
_IL (12,0 X Th (3.4, .00m)
S34...n
-l 7
Z 239,,K,)X.,7n+2 (LK, QL ) (14)
$23...j
where the off-shell legs are given by
kC:k3++knv kC/:kl+k2’
kK,-:ki+l+"'+kn+kl’ kK::k2++kl
(15)

The ordered sets Q; and Q! are defined as

Q = {45 ...i)
DY i=4,...n-2 (16)
Q={i+1,i+2,...,n—-1}
and
Q=0 =@, Q. =0, ={45 . ..n-1}

(17)

Notice that, Q; UQ/ ={1,2,3,....,n}\{p,q.r,m} and
ke, +k,<; = 0. Finally, we adopt the standard shorthand
notation

k. . :ki|+"'

iy

+ki7

_ 2

» Sipi, = (ki,wi,,) - (18)

It is useful to recall that the amputated currents 7%’ ()

are evaluated according to the prescription introduced by

Naculich in Ref. [8]. This means the scattering equations
are modified by the following kinematic shift:

Sab + Aab
S, = Z—G : (19)
b#a ab

where the only nonvanishing components of A, are

Acd:kg—i_k?]_k)%a A)(c:k)%"f'k%_kiy
Agy =2+ 12—, (20)

with c,de€{n,1,2,3} and y € {¢, ', k;, k}}. In this case, it
follows immediately that k2 = k3 = 0.

Making use of the SL(2, C) symmetry, the three scatter-
ing equations corresponding to the off-shell legs can be
removed, i.e., {c,d,y}. Consequently, the gauge-fixed
integration measure retains the same form as in the fully
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massless case. Thus, for n > 4, we can again use the factorization formula derived in Eq. (14), leading to

o = TR DTIE A i '(3,4,.9, )T (¢ K, )
ST S4.n 834..j41 '
7823 - T (2.3.0T0_,(¢. 4. +2 TV (34,9, %) 700 (2R D k)
P S45..n1 — k:%,, S34.. 41
3
j¢ (I (I’é’)jn+l q(§/7q4' 1,....n) " quﬁ (Kq’Q+1 QJ’ /)jf+4—q—j(1"€/’9/ n)

‘-7n+2 q(l’Kq’Q/ )

Sq+1-on

where p =4,. —1, and q—3,...,n—2. The new
labels and sets, namely, {C Zk K, ’.}, Q ;> and Q’, are
defined in a similar way as in Egs. (15) and (16).
Together with Eq. (14), the relations in Eq. (21) furnish a
recursive representation of the n-point amplitude.

A. Comparison with Berends-Giele recursion

Before proceeding, it is instructive to compare our
construction with the standard Berends-Giele (BG) recur-
sion, which provides a well-established framework for
computing amplitudes from off-shell currents [11].

Notice that the off-shell recursive relations obtained in
Egs. (14) and (21) for the Tr(¢?) theory differ from
those derived using the BG (perturbiner) method by
Mafra in [12]. In particular, while both approaches aim
to construct multiparticle objects recursively, the structure
and organization of the recursion in our case are distinct.

For instance, let us consider the n-point scattering
amplitude in the Tr(¢?*) theory within the BG framework,
which is given by

AT (1,2, ...n) = lzinl()slz,,_n_ljgf}l(l,Z,...,n

ki—

- 1)¢n’
(22)

where 78BS denotes the BG current with one off-shell leg,
defined recursively as

BG . . .
Sil“'imjm (ll, Iy .uuy lm)

m—1
= Ty, i) T8 gt o). (23)
a=1
with the boundary condition
TO() = ¢ = 1. (24)

It is straightforward to see that the number of terms in
Eq. (22) are governed by the Catalan numbers, reflecting its
direct correspondence with the standard Feynman diagram

2

5 . (21)
= S2..4q+]_2 - kK;

expansion. In this sense, the perturbiner approach naturally
organizes the amplitude in terms of planar cubic graphs.

As a simple illustration, one can explicitly verify the
following low-point currents:

snd59(1.2) = 1. (25)
si375°(1,2,3) = 756(2.3) + 75°(1.2)
1 1
=—+—, 26
$23  S12 (26)

s123474°(1,2,3.4) = J73°(2.3.4) + 73°(1.2) 73°(3.4)

+759(1.2.,3)

1 ( 1 1 > 1
=—\—+—]+
§234 \523  S34 S12534
1 1 1
+——+—.
S123 \S12 $23
Therefore, using the above currents and based on the

prescription given in Eq. (22), it is straightforward to see
that

(27)

AZ’}(I,Z,S) = I}Zirr})slzJ‘SG(l,Z)% =1,
3—)

3 1 1
A?(1,2,3,4) = lims;2378%(1,2,3)py = — + —,
2 ( ) e 12375 °( )4 5 5
AL (1,2,3,4,5) = k12ir110s1234,_7EG(1,2,3,4)¢5
5—)
1 ( 1 1 ) 1
=—|—+—+
$234 \523  S34 $12534
1 1 1
—l——(——i——), (28)
$123 \S12 8§23

which precisely match the expected amplitudes.
On the other hand, within the CHY framework it is well

known that Af(l, 2,3) = 1, while the four-point ampli-
tude Af(l, 2,3,4) was computed in Eq. (13). Now, using
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Eq. (14), the five-point amplitude A?S becomes

AL (1,2,3,4,5)
J7(¢.3,4.5) . TV (1,6,4,5) . TV (2,3,4,k,)

§345 523 §234
1 1 1 1 1 1
=—\|\—Ft— ) +—|—F
S12 \834 8123 $23 5123 5234(1 —@)
1 1 1
+— | =+ | 29
$234 LM s23(1 —234)} (29)

523

where we have used J' fs = 1. The amputated four-point

currents J fz are obtained from Eq. (21), namely,

3 1 1
jf (C/737475):—+_a
S123 S34
AT PN —
4 } S123 8234 — 823
4)3 l l
T (2,3,4,k) =——— +—. (30)

8§23 = 8234 S34

By means of the simple identity

1 1 1 1
l _m+1_323‘|_ ’ (31)

$238234 S23 Sooa $238234
clearly, the result in Eq. (29) is in agreement with that
in Eq. (28).

In contrast, the off-shell recursive relations obtained in
Egs. (14) and (21) for the Tr(¢?) theory differ significantly
from the BG construction. Our prescription is based on a
factorizationlike approach, which leads to a different
organization of the amplitude. This difference is already
manifest at five points: while Eq. (28) contains five terms,
in agreement with the Catalan counting, Eq. (29) involves
six terms. This overcounting signals that our representation
is not minimal and, consequently, introduces spurious
poles, as can be explicitly seen in Eq. (29). Despite these
structural differences, the final result remains consistent.

Finally, it is worth emphasizing that the amputated
currents arising in our approach differ from the standard
BG currents. In particular, our construction allows for
currents with up to three off-shell legs, whereas the BG
currents involve only a single off-shell leg. Moreover, our
amputated currents may contain spurious poles, while the
BG currents exhibit only physical poles. This highlights a
fundamental difference between the two approaches: while
the perturbiner method provides a minimal and diagram-
matic representation, our construction leads to a more
redundant but factorization-driven description.

Although we have focused here on the Tr(¢?) theory,
similar features can be observed in pure Yang-Mills theory.

III. NEW ON-SHELL RECURSION FOR BAS

The primary objective of this section is to determine
a suitable basis of kinematic variables that permits the
reconstruction of amputated currents from their on-shell
counterparts, thereby enabling a smooth extension to Yang-
Mills theory.

We begin by analyzing the pole structure of the ampu-
tated currents derived in Eq. (14), i.e., the poles appearing
in Eq. (21). Using momentum conservation, we eliminate
the momentum k,,, after which the poles take the form

S4oep = —2k123 . k4..4n_1 - (k4...n_1)2
n—1

(51 + 52 + 53;) — Z Sijs

ij=4
i<j

—_

n—

Il
'S

i
j+1

S34mjtl = E Sijs ] = 3.

ij=3
i<j

,n—=2,

P
2 _ _ E :

S4.n1 — kx,, =823 = 82.p = 8§23 — Sij
—
li/</'

_ 2
Sg+1n = _2k1--'q ' kq+1---n—1 - (qurl---n—l)
q n—1 n—
- E , Sij — Sij»
i—1 j— ij=gt1
i=1 j=q+1 1i<(/_+
q n—1
2 __ —
Speqrior =Ky = Sreqra=S2g =) ) sy (32)
=1 j=q+1

Clearly, giventhat p =4,...,n—landg =3, ...,n - 2,
the amputated currents in Eq. (21) depend only on the
@ — 2 Mandelstam variables highlighted by the shading
in the Gram matrix s;; in Eq. (33). We denote this set of

kinematic variables as K,,, for n > 4, referring to it as the
“common set,”

0 512|513 S14 -+ Sin—1 S1n
0 s23|S24 -+ Sop—1 San
0 s34 --+ 83n—1 S3n
(33)
Sn—2n—1 | Sn—2n
0 Sn—1n
0

A notable property of the common set is that the kinematic
variables corresponding to the effective mass of the off-
shell legs, e.g., k2 = k3., = m?, are not included in it,
namely, s;, ¢ K, and 5, ; ¢ K,,, for i =3,....,n— L.
On the other hand, observe that K4 is not defined. This

follows from the fact that J ?3 =1 and, consequently,
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Eq. (21) does not apply in this case. Since the three-point
current has no pole structure, the recursive construction
becomes degenerate at four points.

To maintain a uniform treatment across multiplicities,
and, in particular, to prepare for the pure YM extension, it is
convenient to introduce a common kinematic basis also
for n = 4. In defining the set K,, we make use of the
structural property of the common set discussed above.
From Eq. (13), one has

AT (1,2.3,4)
_ I (1.2.057¢.3.4) | IV (23078 (1.K.4)

S34 523

1 1
=—+—. (34)
S34 523

Evidently, the effective mass of the off-shell legs in the
amputated currents corresponds to the kinematic invariants,
k¢ = s34 and kg = s3. Since these Mandelstam invariants
cannot belong to the common set and at four points there
are only two independent kinematic variables satisfying
(with, s13 4 $23 + s34 = 0), we define the common set for
n=4as {S 13}.
We therefore define the full common set as

K,=K,U {s;3}, n>4, (35)

n(n—3)
2

which contains — 1 independent Mandelstam varia-
bles. This set corresponds precisely to the kinematic
invariants selected by the polygon in matrix (33).

For example, for n = 5, the amputated currents become
[see Eq. (30)]

y 1 1
jf(é',3,4,5):—+—,
=814 — 824 — 8314 S34
3 1 1
J"(1,k,4,5) = ,
AL ) —S14 = S24 — 834 So4 + S34

3 1 1
JV(2.3,4,) = ——— +—, 36
2 ( 4) o —su  om (36)

where Egs. (21) and (32) have been used. One readily
verifies that every Mandelstam invariant entering
Eq. (36) is contained in the full common set, K5 =
{513, 514, 524, 534}

Let us now focus on a single off-shell contribution, e.g.,
J ;/;12_,. x J ;/’3 As K, is sufficient to describe it, and the
total number of independent kinematic variables for an n-
point amplitude is @ there remains 1 degree of free-
dom. This residual degree of freedom can naturally be
assigned to the Mandelstam variable corresponding to the

effective mass of the off-shell leg, i.e., {s,.;} in the present

3
case. Given that j¢

3
war—i X J f’ is independent of this

kinematic invariant, we can consistently set it to zero
(effectively an on-shell projection). This procedure enables
the reconstruction of amputated currents directly from their
on-shell counterparts.

For instance, in the five-point example discussed in

Eq. (36), we can choose the following sets of @ =5
independent  kinematic  variables: Ks U {s;s} for

TV(2.3,4.x4), Ks U {53} for 7 (1,,,4.5), and K5 U
{s1n} for J%(¢'.3.4.5). With these choices, let us
compute J' f (2,3,4,k4) from its on-shell counterpart,
ie., the amplitude A7 (2,3.4,,). It follows that

3 1 1
AT (2.3,4.x) |k, = {m + E]

Ks

oo
B 2ky ki, S3

1 1
—824 — 834 S34

Ks

where we have used k., =ks+k =—ky— k3 —ky,
together with the on-shell condition (projection) k£4 =
515 = 0. The result obtained in this way agrees precisely
with Eq. (36), and we therefore arrive at the identity

3 3
AV (23450, =TT (2.3.4.6).  (38)

The corresponding results for the other amputated currents
follow in a completely analogous manner and can be
checked directly,

AT (1,65, 4.5) |k, = TV (1,64, 4,5),
3 3
AL (¢,3.4.5)|k, = T} (£.3.4.5). (39)

With all these ingredients in place, we are now in a
position to promote the factorization relation in Eq. (14) to
an on-shell recursive relation. This leads to

AV (1, ...n)
3 3
_AT(1,2,0) X AT (3.4, ),
S12
—1 44 ¢’
+nZAi (273791‘7’(1')XArH—Q—i(l’K?’Q?’nNKn. (40)
P §923...;

Although the above on-shell recursive relation was
derived within the DC framework using the gauge choice
(pgr|m) = (n12]3), one may adopt a different gauge fixing
and obtain an alternative recursive representation. This
generalization follows straightforwardly by applying the
procedure outlined in the previous sections.
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Additionally, some higher-point examples are provided
in [13].

A. Connection to BCFW on-shell recursion

The Britto-Cachazo-Feng-Witten recursion [1,2] is a
well-known on-shell construction in which a pair of ex-
ternal momenta is deformed by a complex parameter, while
preserving both momentum conservation and the on-shell
conditions.

The recursion relation obtained from this method, which
is likewise based on factorization, takes a form closely
resembling that of Eq. (40). A key difference between the
BCFW framework and our approach, however, is that our
construction avoids the need to analyze boundary contri-
butions associated with large complex deformations.
Nevertheless, it is possible to combine both formalisms
to develop a more powerful framework.

To proceed, let us consider the following complex
deformation of the external momenta:

kl(Z) = k1 +ZC],
ky(z) = ko — 29, (41)

where z is a complex parameter and ¢ is a null vector
satisfying

¢ =ki-q=k-q=0. (42)
Notice that, under these conditions, the deformed momenta
remain on shell, k}(z) = k3(z) = 0, and momentum con-
servation is preserved, k(z) + ko(z) + k3 + -+ + k, = 0.

Thus, using the deformed kinematic data {k;(z), k»(z),

ks, ..., k,}, the n-point amplitude Aﬁ’,53 can be written as
AL
AV (1,2, n) = 7{ (L)) ) g3
l2|=e <

Applying the global residue theorem, one readily finds
that the amplitude A? (1,2,...,n) can be expressed as

AT (1,2, ....n)
AP (2.3,9,0) (z) x AV, (LKL QLn)(z)
i=3 $23...
AY .
—Res,_, [w} , (44)
Z

where z; is the solution to the pole condition, sy;..,(z) =
(ka(z) + k3 + - - + k;)? = 0, namely,

o 8§23...; _
' 2q-K

8§23...; o
2q - k;

8§23...;
. 45
2q - ka3...i (43)

By comparing Egs. (40) and (44), one can combine both
approaches to reveal the following identities:

AT(2,3,9,5,)(z) x AT, (1,6, Q0 n) ()

M2

i=3 $23...i
n—1 ¢ (2,3,Q;.k;) ><Af/+2 (1K, Q)| (46)
=3 8§23...4 ’
3 3
AP AY (&.3,4,...n
—Res _ |: (Z):| _ n 1(€ )|Kn , (47)
Z S12

where we have used A;”3 = 1. This is an important result, as
it enables us to rewrite the boundary contribution of the
BCFW method in a purely on-shell form. On the other
hand, the first identity in Eq. (46) does not hold term by
term. To clarify this point, we present a simple example and
analyze the necessary conditions required to establish the
identity at the level of individual terms.

Let us consider the first nontrivial example, namely,
the five-point amplitude Af(l,Z, 3,4,5). Making use of
Eq. (44), i.e.,

AL (1,2.3,4.5)
3
_ AT (1,K4.4,5)(z3)

§23
AV (2.3.4.6,)(z
LA ( 4)(24)

$234

—Res,_, [A({(Z)] , (48)

and incorporating the boundary contribution given in
Eq. (47), more precisely,

A? AV(L,3,4,5
—ReSzm[ ! (z)] A (¢ )|K5’ (49)

Z S12

where Af (¢',3,4,5)|k, has been computed previously in
Egs. (36) and (39), one obtains

A(1.2.3.4,5)

i fr, 1
8§23 | S123 s234(1—w)

$2344°kys

n 1 1 L 1 n 1 (1 n 1 )
5234 |34 s23(1—M) S12 \S34 S13)

$23q°ks
(50)

Clearly, using the identity
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1 1 1 1

__ 5234.G°kas
$23.4°ks

. (51)

1 — 523,9°ks

S N
$234.9kas 2302234

$23, 234

one immediately verifies that Eq. (50) reproduces the
correct amplitude.

An interesting observation is the close similarity between
Egs. (29) and (50). In order to establish an exact corre-
spondence, it is sufficient to impose the additional con-
dition k, - ¢ = 0, which is consistent since ¢ is a complex
vector. Under these conditions, namely,

P =k-q=k -q=ky-q=0, (52)

Eq. (46) becomes a term-by-term identity at five points. In
particular, one finds

AT (1,65, 4,5)(z3)
3
AT (2,3,4,x4)(24)

=AY (LK. 4.5) k.
3
=AY (2.3.4,x4)]x,. (53)

A similar analysis can be extended to higher multiplic-
ities and to Yang-Mills theory, where one expects analo-
gous structures to emerge. We leave a detailed study of
these aspects for future work [14].

IV. PURE GLUONS

In the subsequent sections, we consider color-ordered
Yang-Mills amplitudes, which we denote by A, (1, ..., n).
Each label a specifies an external particle carrying momen-
tum k, and polarization vector €,,.

Given a similar setup as in the previous case, i.e. by
choosing the gauge fixing (pgr|m) = (n12|3) and remov-
ing rows and columns (1,3) from the Pfaffian. In [6],
we demonstrated that the n-point pure YM amplitude is
factorized as

A,(l,...,n)
_ YT 2. M) x T (EM,3,..0n)

S12

+Z|:ZMJ 23QI’KM)XJVH-2 1( 71’9/ )

$23...i
12
b

(54)

+2ZL i(2’3in’Ki)Xjn+2 z( Q/ )

§23...i

where 7, denotes the Yang-Mills amputated currents with
off-shell legs {¢, (', k;,«}} defined in Eq. (15), while the
sets Q; and Q] are specified in Eq. (16). The underlined
labels indicate rows/columns removed from the Pfaffian.

In this context, ) ,, represents the sum over all off-shell
polarization states, whereas »_, refers specifically to the
longitudinal sector. Therefore, the associated completeness
relations are given by

Kiky
MyMu_ s LﬂLu_ "J
2 LS DA A
with 1€{{,k;} and Je€{{ «}}. Finally, the superscript
(I <> 2) means the labels 1 and 2 must be flipped.

In complete analogy with the BAS case, the YM
amputated currents are evaluated using the modified scatter-
ing equations in Eq. (19). Accordingly, the Pfaffian entries
;%’; are deformed by the addition of the term A, as defined

in Eq. (20), leading to the substitution (see Ref. [6])

(55)

Sab _, Sab T Bap. (56)
Ouab Oab

As shown in Refs. [6], the amputated currents appearing
in Eq. (54) are not transverse. Schematically, one finds

jm|eK—>kK & k% 7é O’ (57)

a property that plays a crucial role in reproducing the
contact terms.

Evidently, the this factorization formula mirrors the BAS
structure in Eq. (14). We will show that the BAS results
naturally extend to pure YM theory.

V. ON-SHELL RELATION AT LOWER POINTS

As the following sections aim to show how the off-shell
factorization formula in Eq. (54) naturally extends to an on-
shell form, within the framework previously developed, we
begin with illustrative examples.

The simplest nontrivial case is the four-point amplitude
A4(1,2,3,4). From Eq. (54), this amplitude receives three
off-shell contributions,

Ay(1,2,3,4)
C SuTs(L2,8M) x T5(E™M,4,3)
S12
523
— ZZLJ?!(EL’ 3’ 2) X j3(K1L74’ l) le2 (58)
$23 ’
Wlth k( = k3 + k4 = —kcf and kK = k4 + kl = —kK/. We
have made use of the cyclic and reflection identities
An(ila iz, ooy Zn) == An<i2, ooy im il)’
An(il’ i2v ceey ln) = (_l)nAn(iw in—lv I il)’ (59)

which can be straightforwardly extended to the amputated
currents 7 ,,.

Here, our focus is solely on the transition to the on-shell
case, guided by the results obtained previously.
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First, notice that the nonlongitudinal contributions,
specifically, the second and third lines, exhibit the same
structure as in the BAS case. Thus, building upon the
framework developed in Sec. III, we select the following
sets of independent kinematic variables for the amputated
currents and subsequently compute the associated on-shell
contributions, namely,

LK U {s3} for Y T5(1.2.¢M) x J5(¢™.4.3)
M
and the on-shell side, ZA3(1,2, {T) x A5(¢.4.3) Ik, s
T
2Ky U {sp3} for Y T5(L4.&™M) x T5(kM,2.3)
M

and the on-shell side, Y "A3(1,4,x) x A3(x".2.3)|x,.
T

where K4 = {sy3}. The sum >, runs over all possible on-
shell (transverse) polarization vectors, which implies the
completeness relation

2 :(:'Tﬂ Tv ’/Iﬂy _

with 7€ {{,x} and J € {{, K’}

Let us first to recall the expression for the three-point
amputated current J3(1, 2, QM ). From the CHY approach,
it takes the form

kiq" = q"ky
kr-q ’

J3(L2’§M) = (01202§0c1)2PT(1,2,C)
B €k el ky T
0 —ﬁ -C,, - i’az
-k . €-eM
I S
x —Pf ZM
o1 C erey 0 ke s
22 031 Oy
Mk eMe eMe
2 ¢ 1 ¢ 2
L o o¢1 e 0 -
= (€ '5?)(€2 ) kC) — (e 624)(61 'k()
= (e1-e) (e} ko). (61)
. . €k
with Cy, = —%— (2;24 (e - kc)m% Employing the

reflection identity together with an appropriate relabeling
of the external legs, we can compute the other amputated
currents. It leads to

Zalzwwjﬂ%4®

2731 &M

where we have used the kinematic identity k, - k4 = 27153
and have introduced the current (see Refs. [6,15])

= (”(124) -€3),

) x J3(&",2,3) = (n n(142) -€3), (62)

”}(il,,,,-”) = (ki, '€i2)(ki1i2 '61'3) T (kilz iy '€i,,)
X <€i1 -exp{ —fi E ~-exp[i]>ﬂ,
(k,l : 612) (kil Tipp ei,,)
(63)

with 1 = k'e? — k¥e and (¢;-€;) = 0 (this is to guar-

antee that only linear contributions arise from the
exponentials).

Turning to the on-shell side, we begin by considering the
three-point YM amplitude,

As(1, 23)—”12) €3
=N(123) (64)

where N(j,3) denotes the three-point BCJ numerator.
Thus, it is straightforward to check

ZA3(1,2, {M) x A3(¢7,4,3)[k, = (n(124) - €3),
T

D As(LAKT) x Ay (k" 2.3) |k, = (n(ay - e3), (65)
T

which is in complete agreement with the expected result,
ie.,

D T3(1.2,8M)T5(E™M.4,3)

M
=Z}u2cﬂ%w34mm,
Zj3l

=) As(1,4.KT)A; (k7. 2.3) [, (66)
T

MYT3(kM,2,3)

Now, we turn our attention to the longitudinal sector.
From the last line in Eq. (58), we can see that 53 is a
spurious pole, which implies the numerator must be propor-
tional to it. Indeed, for this contribution, it is straightforward
to observe that the Mandelstam variable corresponding to
the mass of the off-shell leg, namely, k2, = 5,3, decouples
from the current, which enables an on-shell formulation. To
achieve this, we use the formula found by Dong et al. in [16]
(see also [17]),

A, (1,2, ....n)

= Ylen P e)AT (12,0

1.2,...n),  (67)

where AYM@”S is the single-trace amplitude involving

gluons and BAS interactions. The first ordering in the
argument specifies the scalar sector, whereas the second one
corresponds to the complete ordering of the external legs.
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The sum ) = extends over all subsets 2 C {2,...,n — 1},
including the empty set. We regard E as an ordered set,
E={¢,....&} with r > 0, and define

(en - Far ‘61) = (e, ‘f:, ‘f:,_] "'f:l ‘61)’ (68)
where B’ denotes the reversed ordering of E.

Thus, from Eq. (67), it is simple to verify that the
longitudinal contributions can be recast as

2
2 J3(E.3.2) = (&2 )AY (x.3.20x.3.2)

= (€z'€3)v
2 7 o /
k—2~73(E 4, 1) = (61 €4)A (K, 4, 1], 4,1)

K

= (€1 - &), (69)
where k2 = k% = 523, and k' (") denotes the longitudinal
projection obtained by setting €, — k. (€ — k).

On the other hand, in order to formulate a recursive
relation purely within Yang-Mills theory, the single-trace
YM @ ¢* amplitudes must first be rewritten entirely in
J

_2rAs(lL2, CNAS(T.4.3) |k,

terms of gluonic amplitudes. A systematic way to relate the

AYM®¢ contributions to pure Yang-Mills amplitudes is
through the use of “transmutation operators.” As shown by
Cheung et al. in [18], this mapping takes the explicit form

AZMea(p (ﬁ|}/l7 ceey yn) = TW]AH(YI’ e }/n)’ (70)

where = {1, >, ..., B }» m < n, and the operator TW] is
defined as

m—1

T =Tpp, 11 o0 (71)
=2

with 7 ;; = dei,ej and 7 ;;, = ak,_.ej - ak,-ej- Hence, the longi-
tudinal contributions obtained in Eq. (69) become

2 . ..
FJ3(KI, l,l) = (€j : ei)T[K,i,j]A3(K7 l,])- (72)

Considering the results found in Egs. (65) and (72) into
Eq. (58), we observe that

_ ZTA3(] s 4, K/T)A3(KT, 2, 3)|K4

S12

(e1-€s)(e2 €3)T wanT 3As(1,6,4)A5(2,3, K)}

1
2
_ —(”(124) - €3) i —(n(142) - €3)
§34 8§23

which is precisely the pure YM amplitude A,4(1,2,3,4),
confirming the validity of extending the off-shell factori-
zation formula to its on-shell counterpart.

We now turn to the five-point amplitude, which presents
a more interesting and rich structure. In the remainder of
this work, we focus exclusively on the evaluation of the on-
shell counterparts. Details regarding the computation of the
corresponding currents can be found in Ref. [6].

From Eq. (54), one has

As5(1,2,3,4,5)
_ 2nT3(1,2,8") T4, 3,4,5)

S12

4 M /M /
i 27379ia’<i —i lvE 9Qi’5
+Z|:ZMJ( 3,Q;, k") T7-i( )
=3

8§2...

+ 2 ZLji(zv 33 in Kll")j7—i(l9 K/ll"a Q:: 5)
8§2...

M} (74)

The nonlongitudinal contributions, corresponding to the
first two lines, take the same structural form as in the BAS

1
+§(€1 -e3)(er - €4) = Ay(1,2,3,4),

$23
<2

(73)

|
case. Accordingly, employing the independent kinematic
invariants specified by the full common set K5 [see, for
instance, Eq. (37)], we proceed to evaluate the correspond-
ing on-shell contributions,

1) A3(1,2,87) x A4(L7,5,4,3) k,
T

2.3 A(2.3,Q.k7) x Ari(1,6T. Q4. 5) [k,
T

with i =3, 4 and the transverse completeness relation
given in Eq. (60). The explicit computations are carried out
in Sec. VIII, with particular emphasis on the reconstruction
of the five-point BCJ numerators.

In the longitudinal sector, to obtain an on-shell formu-
lation, we must decouple the Mandelstam variables asso-
ciated with the effective mass of the off-shell legs, i.e.,
k3y = 513 and k35 = s,5. Since these contributions can be
derived from the nonlongitudinal terms via the relabeling
1 < 2 [see Eq. (74)], we may employ the same sets of
independent kinematic variables used in the preceding
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on-shell computations, namely,

ZL (2 3 szK )j7 z(

8§2...i

KL 5)

’

K5 U {52.“,'} for

with i = 3, 4. Following the same procedure used to derive
Eq. (72), and applying Eqgs. (67) and (70), we obtain the on-
shell expression for the four-point longitudinal contribu-
tions,

2
o T4(kh.4.3,2)

= Z (€2 f5-€3)T 1, 3.52A4(k4. 43,2k,
se{@.{4}}

2
k_2j4(E/ia4v S’l)

Ky

= Z (€1 fa-65

ae{@.{4}}

)T, 5.0A4(ky 4.5, Dk, (75)

with k%4 = S5 and kia = §23.

Finally, bringing everything together, as it is detailed in
Sec. VIII, we arrive at the on-shell formula,

As(1,2,3,4,5)
_ 2rAs(1,2,844(¢7.5,4.3) ik,
S12
_I_iZTA 2 3 QI’KI )A7 l(l K/T Q/ )|K5

=3 §$o...0

=

EZ {(62 fse3)(er fo, €5)T 135,27 [ 5.0,

i=3 §;,a;

12

(2.3 95k )Ari (1K QL5 >|K5} , (76)

where §; = @ and a3 € {@, {4} }, while 6, € {@, {4} } and
= @. Notice that §; C Q; and o; C Q.
Likewise, the six- and seven-point computations,
detailed in [13], serve to confirm the new on-shell formula
proposed below.

VI. NEW ON-SHELL RECURSIVE RELATION

The nonlongitudinal contributions, corresponding to
the first two lines of Eq. (54), are well understood. By
employing the full common set of independent kinematic
invariants K,,, the resulting on-shell expressions are in
complete agreement with the contributions obtained from
the amputated currents. More precisely, one finds

D T3(L2.8M) X Ty (M3, n)
M
">|K,,v

D Ti(2.3.Q0 kM) X T o (LM QL n)
M

=3 As(1.2.87) x A, (ET.3.
T

= ZAi(za 3,9 k7 ) x Ao (LKT. Q). (77)
T

These relations have been explicitly verified up to eight-
point amplitudes.

The longitudinal contributions, corresponding to the last
line in Eq. (54), require special consideration. As they can
be obtained from the nonlongitudinal ones by the relabeling
1 < 2, we can use the same sets of independent kinematic
variables, i.e., K, U {s,.;} for i=3,...,n—1. Now,
proceeding as in the previous section, in order to cancel
out the spurious poles and obtain an on-shell formulation, we
must decouple the Mandelstam variables associated with the
effective mass of the off-shell legs. This is achieved by
applying the formulas given in Egs. (67) and (70). Thus, we
arrive at the general expressions

2

k2 Ji(2,3,9Q;,kh)

= 2(62'F5;'€3) :3.5.240(2,3. Q4. 6) [k
5;CQ;

2

EJIH»Z (1 K Q/ )

= Z (61 : Fa; : en)T[K;,n,ai,l]An+2—i(1’Ki"Q;’ n>|K”’

a,CQ’

=5

(78)

where ki = k2, = s5,..;.
i

We are now ready to present the on-shell form of the
factorization formula in Eq. (54), yielding the following
recursive relation:

A,(1,....n)
_ ZTA3(172’ CT)AH—I (C/Tv 3, "'?n)|K,1
S12
= OilAi(2.3.9Q.])A, i (LK. QL n)] [k
+ 1 n =1 n , 79
; N ( )
with the linear operator O; defined by
12 12
H Z F{;r €3 €2 . Fa; . en)TEK,»Sﬁz,Z] EK;,H,(B,-,I]’
acel
8.0
O, = - . 80
=25 (80)
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where the superscript (1 <> 2) indicates that the labels 1
and 2 must be exchanged after performing the computa-
tions, and the transverse completeness relation follows the
standard form given in Eq. (60).

VII. FACTORIZING BCJ NUMERATORS

Up to this point, we have obtained two novel on-shell
recursive factorization relations, Eq. (40) for BAS and
Eq. (79) for pure YM theory. As a by-product, the on-shell
YM formula can be extended to generate BCJ numerators.

To understand how this BCJ factorization arises, we
begin with the four-point example. As seen from Eqgs. (73)
and (79), it is straightforward to observe that

A4<1, 2’ 3’ 4)

2rNaaeNeras) _
_ 2, N /T s

S12 S14 |:Z (L >
s 12 12
B % (e1-€3)(e - 64)TEK.3,2])TEK’~4~,1§N(1’4'K/)N(K’2’3)}
_ _N(1,2.4,3) _ Naaas) ) (81)
S12 S14

Therefore, we can identify the BCJ master numerators,

ZNWT

= (”(124) “€3),
Nia23) = O[N 14wy Nir23)]

(€1-€3)(er - €4)(ky - ky), (82)

N(1243) (7 43)

= (”(142) “€3) =

where O is the operator,

N <> <>
0= XT: - %4 (€1 - €3)(e - €4)TE}13’%)TE’1’74.21§. (83)

This section illustrates, in a simple and explicit manner,
how the four-point BCJ numerators emerge from on-shell
three-point building blocks.

In the next section, we provide a detailed derivation of
the five-point BCJ numerators. A more general formulation
will be presented in [14].

VIII. FIVE-POINT BCJ NUMERATORS

In the previous section, we derived the BCJ master
numerators N(j 5 43) and N(j 4, 3). By relabeling the exter-
nal legs, the corresponding four-point BCJ numerators
N(1234) and N1 3,4 can be expressed as

(n(123) “€4),
€4) — (€1 - €4)(er - €3)(ky - k3).  (84)

Using these master numerators, the four-point amplitude
A4(1,2,3,4) can be written as

Napza) =

Nizoa) = (n(132) :

N
A4(1,2,3,4) = 1228 TORIA - gs)

S12 S14

where we have employed the standard bracket notation,

N(l,[2,3],4) = N(1,2.3.4) - N(1,3.2,4)- (86)

In this section, we make use of the two representations of
the four-point amplitude presented in Eqs. (81) and (85).

Before proceeding with the computation, we note that,
since all contributions in Eq. (79) are on shell (amplitudes),
gauge invariance ensures that the longitudinal components
vanish. Therefore, it suffices to employ the transverse
completeness relation as

St =, @)
T

where 1 € {¢,x;}, J€{{ ¥}, k; + k; =0, and k? = 0.

We now proceed with a detailed evaluation of the
contributions obtained in Eq. (76). Throughout this compu-
tation, we use the full common set Ks = {s,3, 514, $24, 534 }
together with the identities

—S14 — So4 — S34 = S45 = 2ky - ks,
s]3+S14+S34:.S'25:2k2'k5. (88)

This leads to:
(i) Contribution

D As(1,2,8M)A,(¢7,5,4.3) ,
T

_ 2 N2 )Ners.a3) N 2NN e (5.4).3)

$34 845

(89)

with numerators

ZN(l,z.gT)N@’T,SA,z) = (n(1254) - €3),

ZNUC’ (7 .[5.4),3)

Si4+ S

= (ajsa) - €3) + =5 (1) - €3) (€3 - s).

(90)
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(i) Contribution

N K/[ NKT N K/T NKT )
S AL(1L5 4K T) A (kF 2.3) |k, = 2rNusaspNidag | DrNusawpNug2s 1)
T $24 + 8§34 S45

with numerators

ZN(1,5,4,K’§)N(K§.2,3) = (n(1542) - €3),
T

A
ZN(l.[5,4],K/§)N(K§,2.3) = (”(1[54]2) “e3) + %(”(12) “€3) (€4 - €5). (92)
T

(ii1)) Contribution

N N N seryNur 40
—1)ZA3(1,5,K’Z)A4(K4,2 3,4) . = dor (157N (T 2,4.3) " dor 15TV (1 4,23>’ (93)
= 5 534 —824 — 34

with numerators

ZN(l,s.K’Z)N(K§,2,4,3) = (n(1524) " €3),
T

Sp4 + 8534

ZN(LS,K/{)N(K{A,zs) = (n(sa2) - €3) + T (n(1s) - €3)(€2 - €a). (94)
T
(iv) Contribution
1 (1o2) [Nasax)  Najsax)
—=H3|A5(2,3,Kk3)A4(1,5,4, == T, = =1, (95
He[ 3(2,3,K3) Ay ( k3)] Ik, 2, ; (e1-€3)(e2 fa€5)T | sy 521 534 + 5 (95)
where
o (1+2) +~(1+2)
Hs = z G 63)(52 “Sa- €5)T[K3_3,2]T[K/3_5,a71], (96)
ac{@.{4}}
and with T A3(2 3,k3) = —1. The numerators are given by
N 1
5 Z (e1-€3)(er fa 65)Tf,i;,sii,l]N(l,SA,K;) 25(62'65)(61‘63)(64‘k13),
{(2.{4}}
1 (1<2) 1
2 61 e3)(€2 far€5)T g 5anN s = =5 (€1 €)(ngs) - €). 97)
{2.{

(v) Contribution

1 1 102) [N, 243 Nk, 423
S HalAik 23,0415k, =5 D (e es)enfor e TRy |~ —B220 (98)
se{@.{4}} 34 24 34
where
12 <2
Hy= Z (e2-es)(er - f5- 63)7—&4,3‘;),2]7;,(2,5,1)], (99)
se{@.{4}}
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and with T A3(1 5,k}) = —1. The numerators are given by
1 (12) 1
5 (e2-€s5)(er - f5- €3)T[K 3,;2]N (ks.243) = §<€2'€5)(”<34) “€1),
se{@.{4}}
1 (12 1
5 (62 65)(61 fs- 53)7[,: 35)2]N(K4,4,2,3) = 5(62 : 55)(51 '53)(54 : k13)- (100)
e{@.{4}}
Finally, by assembling all these on-shell contributions in Eq. (76), we arrive at the expected result,
n -€3) + (€7 -€5)(npza - €1)(ky - k n c€3) + (nio) - e3)(€4-€5)(ky - k
A5(1,2,3,4,5) :( (1254) 3) + (€2 - €5)( (34) 1) (ky 2)_|_( (1[54)2) 3) + ( (12) 3)(e4 - €5)(ky - ky)
$128534 $23545
(n1osq)) - €3) + (€4 - €5)(n12) - €3) (k1o - k) — (€1 - €3) (s - €2)(ky ko) (n(isoa) - €3)
+ +
S12545 §234534
+——d sy )| = |~ (s e)(er - e (ko - ko)
— . € € . € .
SpaSmn (1542) - ::) {1 Z§> n(15) - €3)(€2 - €4) (K2 - K3
N N N N N
_ (1,2,5,4.3)+ (1,2,[5.4],3)+ (1,[5,4],2.3)+ (1,5,4,2,3)+ (1.5,2,4,3), (101)
$12834 $12845 $23845 §238234 $234834

from which the BCJ numerators can be directly read off,

N12543) = (n1254) - €3) + (€2 - €5)(n3a) - €1) (k1 - k2),
Naosa3) = (”(12[54]) “e3) + (€ - 65)(71(12) €3) (k12 - ks)
— (€1 €3)(n(say - €2)(ky - ky),

N1 54123 = (Nsap) - €3) + (12) - €3) (€4 - €5) (k1 - k),
Nis423) = (nsa) - €3) = (nais) - €3) (€2 - €4) (ka - k3),

) €3)
1524) ° €3). (102)

(
Nisp43) = (1

The above BCJ numerators are in complete agreement
with those obtained from the construction of Ref. [15],

evaluated with reference ordering RO = {1,5,2,4,3}.

IX. CONCLUSIONS

We introduced a new method, to the best of our knowl-
edge, for deriving on-shell recursive relations for scattering
amplitudes, using three-point amplitudes as fundamental
building blocks.

By selecting an appropriate set of independent kine-
matic variables (common set), we showed that each off-
shell factorization contribution is independent of the
Mandelstam variable associated with the effective mass of
the off-shell leg, e.g., 9,,, .(J; X Jpi2-;) = 0. Exploiting
this translational symmetry in kinematic space, we gauge fix
this Mandelstam variable to zero, i.e., s,..; = 0, thereby
projecting each contribution onto its on-shell counterpart
(amplitude). While this work focused on Tr(¢?) and pure
Yang-Mills theories, we are currently extending the method

to a wider class of theories, including those with fermionic
degrees of freedom, nonlinear ¢ model, higher-derivative
theories [such as (DF)? and F?], and exploring the role
of amputated currents in universal splitting processes
[7,9,14,19-24].

Several key properties, such as gauge invariance, soft
behavior, factorization, and cyclic symmetry, can be readily
confirmed from Egs. (40) and (79). These checks provide
an important consistency check for the correctness of our
final results.

Through a detailed analytic study of the Tr(¢?) theory,
we showed that the spurious poles appearing in the
recursive expression of Eq. (40) cancel out, following a
mechanism analogous to that of BCFW recursion with
shifted momenta k(z) = k; +zq and k,(z) = k, — zq,
where ¢ -k, = g -k, = ¢*> = 0. Moreover, our approach
provides a simple and systematic way to understand and
compute the boundary contributions associated with this
type of deformation.

Remarkably, the same cancellation mechanism also
appears in pure Yang-Mills amplitudes, as shown in
Eq. (101). However, establishing relations analogous to
those in Egs. (46), (47), and (53) is considerably more
involved, since in pure Yang-Mills theory the polarization
vectors must also be consistently deformed. A detailed
investigation of these aspects will be presented in future
work [14].

One of the central ingredients of our construction is the
ability to rewrite longitudinal contributions in a purely on-
shell form. As shown by the authors in [6], contact terms in
pure Yang-Mills theory can be expressed as longitudinal
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contributions arising from the product of two smaller
amputated currents [see Eq. (54)]. This observation suggests
that, in order to obtain an on-shell prescription, one must
factorize the effective mass associated with the longitudinal
leg from these contributions. Schematically, this takes the
form

‘-7111

e~k — kl% ZAm (103)

Since the polarization vector of the longitudinal leg is
removed from the amputated current 7,,, the right-hand
side of Eq. (103) must involve scalar degrees of freedom.
This naturally leads to

YM®¢?
Tnler, = ke An®",

where the amplitudes now include both gluons and scalar
particles.

Finally, in order to express the result entirely in terms
of pure gluon amplitudes, it is convenient to introduce the
well-known transmutation operators [18], which map
gluonic states into scalar ones. Schematically, this relation
can be written as

(104)

AMOF _ T AYM, (105)

where 7 is a transmutation operator. This constitutes a
highly nontrivial analysis, in which we make use of the
identity given in Eq. (67), as proposed in [16,17].

As a natural consequence, this new recursive structure
facilitates the reconstruction of BCJ numerators in a simple
factorized form (several examples will be presented in

Ref. [14]). This framework not only provides new insights
into the structure of gauge theory amplitudes but may also
open avenues for future developments in gravitational
theories via the double-copy construction or in cosmologi-
cal scattering equations [25-28].

Finally, while our analysis was carried out within the
DC formalism using the specific gauge fixing (pgr|m) =
(n12|3), the construction can be straightforwardly extended
to an arbitrary gauge choice. In such a case, the matrix
given by the Mandelstam invariants s, can be arranged
according to the structure

sa,,:(q rom QUQ; p), (106)
where Q; U Q) = {1,2,....,n}\{p, g, r, m}. Therefore, the
full common set K, keeps the same polygonal form as
in Eq. (33).

ACKNOWLEDGMENTS

Numerous discussions with N. Emil J. Bjerrum-Bohr are
gratefully acknowledged. We also thank to C. Lopez-
Arcos, R. Lipinski Jusinskas and J. Raeymaekers for useful
comments. We thank partial support from FAPESP under
Grant 2026/00820-8. This work is supported by the GACR
Grant 25-16244S from the Czech Science Foundation.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

[1] R. Britto, F. Cachazo, and B. Feng, New recursion relations
for tree amplitudes of gluons, Nucl. Phys. B715, 499 (2005);
R. Britto, F. Cachazo, B. Feng, and E. Witten, Direct proof
of tree-level recursion relation in Yang-Mills theory, Phys.
Rev. Lett. 94, 181602 (2005).

[2] N. Arkani-Hamed and J. Kaplan, On tree amplitudes in
gauge theory and gravity, J. High Energy Phys. 04 (2008)
076.

[3] F. Cachazo, S. He, and E. Y. Yuan, Scattering equations and
Kawai-Lewellen-Tye orthogonality, Phys. Rev. D 90,
065001 (2014); Scattering of massless particles in arbitrary
dimensions, Phys. Rev. Lett. 113, 171601 (2014); Scattering
of massless particles: Scalars, gluons and gravitons, J. High
Energy Phys. 07 (2014) 033; Scattering equations and
matrices: From Einstein To Yang-Mills, DBI and NLSM,
J. High Energy Phys. 07 (2015) 149.

[4] L. Mason and D. Skinner, Ambitwistor strings and the
scattering equations, J. High Energy Phys. 07 (2014) 048;

N. Berkovits, Infinite tension limit of the pure spinor
superstring, J. High Energy Phys. 03 (2014) 017; H.
Gomez and E.Y. Yuan, N-point tree-level scattering am-
plitude in the new Berkovits® string, J. High Energy Phys.
04 (2014) 046; N. E.J. Bjerrum-Bohr, P. H. Damgaard, P.
Tourkine, and P. Vanhove, Scattering equations and string
theory amplitudes, Phys. Rev. D 90, 106002 (2014).

[5] H. Gomez, A scattering equations, J. High Energy Phys. 06
(2016) 101.

[6] N.E.J. Bjerrum-Bohr, P. H. Damgaard, and H. Gomez,
New factorization relations for Yang Mills amplitudes,
Phys. Rev. D 99, 025014 (2019); H. Gomez, Scattering
equations and a new factorization for amplitudes. Part L.
Gauge theories, J. High Energy Phys. 05 (2019) 128;
N.E.J. Bjerrum-Bohr, A. Cristofoli, P. H. Damgaard, and
H. Gomez, Scalar-graviton amplitudes, J. High Energy
Phys. 11 (2019) 148; N. E.J. Bjerrum-Bohr, T. V. Brown,
and H. Gomez, Scattering of gravitons and spinning massive

026019-15


https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1088/1126-6708/2008/04/076
https://doi.org/10.1088/1126-6708/2008/04/076
https://doi.org/10.1103/PhysRevD.90.065001
https://doi.org/10.1103/PhysRevD.90.065001
https://doi.org/10.1103/PhysRevLett.113.171601
https://doi.org/10.1007/JHEP07(2014)033
https://doi.org/10.1007/JHEP07(2014)033
https://doi.org/10.1007/JHEP07(2015)149
https://doi.org/10.1007/JHEP07(2014)048
https://doi.org/10.1007/JHEP03(2014)017
https://doi.org/10.1007/JHEP04(2014)046
https://doi.org/10.1007/JHEP04(2014)046
https://doi.org/10.1103/PhysRevD.90.106002
https://doi.org/10.1007/JHEP06(2016)101
https://doi.org/10.1007/JHEP06(2016)101
https://doi.org/10.1103/PhysRevD.99.025014
https://doi.org/10.1007/JHEP05(2019)128
https://doi.org/10.1007/JHEP11(2019)148
https://doi.org/10.1007/JHEP11(2019)148

HUMBERTO GOMEZ

PHYS. REV. D 114, 026019 (2026)

states from compact numerators, J. High Energy Phys. 04
(2021) 234.

[7] E. Cachazo, N. Early, and B. Giménez Umbert, Smoothly
splitting amplitudes and semi-locality, J. High Energy Phys.
08 (2022) 252.

[8] S.G. Naculich, CHY representations for gauge theory and
gravity amplitudes with up to three massive particles, J.
High Energy Phys. 05 (2015) 050.

[9] N. Arkani-Hamed, S. He, and T. Lam, Stringy canonical
forms, J. High Energy Phys. 02 (2021) 069; N. Arkani-
Hamed and C. Figueiredo, All-order splits and multi-soft
limits for particle and string amplitudes, arXiv:2405.09608;
N. Arkani-Hamed, Q. Cao, J. Dong, C. Figueiredo, and S.
He, Hidden zeros for particle/string amplitudes and the unity
of colored scalars, pions and gluons, J. High Energy Phys.
10 (2024) 231.

[10] Z. Bern, J. J. M. Carrasco, and H. Johansson, New relations
for gauge-theory amplitudes, Phys. Rev. D 78, 085011
(2008); Z. Bern, J.J.M. Carrasco, and H. Johansson,
Perturbative quantum gravity as a double copy of gauge
theory, Phys. Rev. Lett. 105, 061602 (2010).

[11] E A. Berends and W.T. Giele, Recursive calculations for
processes with n gluons, Nucl. Phys. B306, 759 (1988).

[12] C.R. Mafra, Berends-Giele recursion for double-color-
ordered amplitudes, J. High Energy Phys. 07 (2016) 080.

[13] H. Gomez, Computer support material. The Mathematica
notebook can be downloaded from the website, https://github
.com/humgomzu-dev/Support-Material-A-novel-on-shell. git.

[14] N. E.J. Bjerrum-Bohr and H. Gomez (to be published).

[15] C.H. Fu, Y.J. Du, R. Huang, and B. Feng, Expansion of
Einstein-Yang-Mills amplitude, J. High Energy Phys. 09
(2017) 021.Y.J. Du and F. Teng, BCJ numerators from
reduced Pfaffian, J. High Energy Phys. 04 (2017) 033.

[16] J. Dong, S. He, and L. Hou, Universal expansions of
scattering amplitudes for gravitons, gluons, and Goldstone
particles, Phys. Rev. D 105, 105007 (2022).

[17] K. Zhou, Tree level amplitudes from soft theorems, J. High
Energy Phys. 03 (2023) 021; C. Hu and K. Zhou, Recursive
construction for expansions of tree Yang-Mills amplitudes
from soft theorem, Eur. Phys. J. C 84, 221 (2024).

[18] C. Cheung, C.H. Shen, and C. Wen, Unifying relations
for scattering amplitudes, J. High Energy Phys. 02 (2018)
095.

[19] Q. Cao, J. Dong, S. He, and C. Shi, A universal splitting of
tree-level string and particle scattering amplitudes, Phys.
Lett. B 856, 138934 (2024); Q. Cao, J. Dong, S. He, C. Shi,
and F. Zhu, On universal splittings of tree-level particle and
string scattering amplitudes, J. High Energy Phys. 09 (2024)
049; 01 (2025) 126(E).

[20] Y. Zhang, New factorizations of Yang-Mills amplitudes,
Phys. Rev. D 111, 085004 (2025).

[21] K. Zhou, Understanding zeros and splittings of ordered tree
amplitudes via Feynman diagrams, J. High Energy Phys. 03
(2025) 154.

[22] B. Feng, L. Zhang, and K. Zhou, Hidden zeros and 2-split
via BCFW recursion relation, J. High Energy Phys. 08
(2025) 205.

[23] T. Azevedo, H. Gomez, and R. Lipinski Jusinskas, On-shell
representation and further instances of the 2-split behavior
of amplitudes, J. High Energy Phys. 06 (2026) 001.

[24] L. Zhang and K. Zhou, Generalized 2-split for higher-
derivative YM and GR amplitudes at tree-level, J. High
Energy Phys. 06 (2026) 105.

[25] L. Eberhardt, S. Komatsu, and S. Mizera, Scattering
equations in AdS: Scalar correlators in arbitrary dimensions,
J. High Energy Phys. 11 (2020) 158.

[26] K. Roehrig and D. Skinner, Ambitwistor strings and the
scattering equations on AdS; x S?, J. High Energy Phys. 02
(2022) 073.

[27] P. Diwakar, A. Herderschee, R. Roiban, and F. Teng, BCJ
amplitude relations for anti-de Sitter boundary correlators
in embedding space, J. High Energy Phys. 10 (2021) 141;
A. Herderschee, R. Roiban, and F. Teng, On the differ-
ential representation and color-kinematics duality of AdS
boundary correlators, J. High Energy Phys. 05 (2022)
026.

[28] H. Gomez, R. L. Jusinskas, and A. Lipstein, Cosmological
scattering equations, Phys. Rev. Lett. 127, 251604 (2021);
H. Gomez, R. Lipinski Jusinskas, and A. Lipstein, Cosmo-
logical scattering equations at tree-level and one-loop, J.
High Energy Phys. 07 (2022) 004; C. Armstrong, H.
Gomez, R. Lipinski Jusinskas, A. Lipstein, and J. Mei,
Effective field theories and cosmological scattering equa-
tions, J. High Energy Phys. 08 (2022) 054.

026019-16


https://doi.org/10.1007/JHEP04(2021)234
https://doi.org/10.1007/JHEP04(2021)234
https://doi.org/10.1007/JHEP08(2022)252
https://doi.org/10.1007/JHEP08(2022)252
https://doi.org/10.1007/JHEP05(2015)050
https://doi.org/10.1007/JHEP05(2015)050
https://doi.org/10.1007/JHEP02(2021)069
https://arXiv.org/abs/2405.09608
https://doi.org/10.1007/JHEP10(2024)231
https://doi.org/10.1007/JHEP10(2024)231
https://doi.org/10.1103/PhysRevD.78.085011
https://doi.org/10.1103/PhysRevD.78.085011
https://doi.org/10.1103/PhysRevLett.105.061602
https://doi.org/10.1016/0550-3213(88)90442-7
https://doi.org/10.1007/JHEP07(2016)080
https://github.com/humgomzu-dev/Support-Material-A-novel-on-shell.git
https://github.com/humgomzu-dev/Support-Material-A-novel-on-shell.git
https://github.com/humgomzu-dev/Support-Material-A-novel-on-shell.git
https://doi.org/10.1007/JHEP09(2017)021
https://doi.org/10.1007/JHEP09(2017)021
https://doi.org/10.1007/JHEP04(2017)033
https://doi.org/10.1103/PhysRevD.105.105007
https://doi.org/10.1007/JHEP03(2023)021
https://doi.org/10.1007/JHEP03(2023)021
https://doi.org/10.1140/epjc/s10052-024-12517-y
https://doi.org/10.1007/JHEP02(2018)095
https://doi.org/10.1007/JHEP02(2018)095
https://doi.org/10.1016/j.physletb.2024.138934
https://doi.org/10.1016/j.physletb.2024.138934
https://doi.org/10.1007/JHEP09(2024)049
https://doi.org/10.1007/JHEP09(2024)049
https://doi.org/10.1007/JHEP01(2025)126
https://doi.org/10.1103/PhysRevD.111.085004
https://doi.org/10.1007/JHEP03(2025)154
https://doi.org/10.1007/JHEP03(2025)154
https://doi.org/10.1007/JHEP08(2025)205
https://doi.org/10.1007/JHEP08(2025)205
https://doi.org/10.1007/JHEP06(2026)001
https://doi.org/10.1007/JHEP06(2026)105
https://doi.org/10.1007/JHEP06(2026)105
https://doi.org/10.1007/JHEP11(2020)158
https://doi.org/10.1007/JHEP02(2022)073
https://doi.org/10.1007/JHEP02(2022)073
https://doi.org/10.1007/JHEP10(2021)141
https://doi.org/10.1007/JHEP05(2022)026
https://doi.org/10.1007/JHEP05(2022)026
https://doi.org/10.1103/PhysRevLett.127.251604
https://doi.org/10.1007/JHEP07(2022)004
https://doi.org/10.1007/JHEP07(2022)004
https://doi.org/10.1007/JHEP08(2022)054

	Novel on-shell recursive relation
	I. INTRODUCTION
	II. RECURSION FOR BAS FROM THE DC FORMULATION
	A. Comparison with Berends-Giele recursion

	III. NEW ON-SHELL RECURSION FOR BAS
	A. Connection to BCFW on-shell recursion

	IV. PURE GLUONS
	V. ON-SHELL RELATION AT LOWER POINTS
	VI. NEW ON-SHELL RECURSIVE RELATION
	VII. FACTORIZING BCJ NUMERATORS
	VIII. FIVE-POINT BCJ NUMERATORS
	IX. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


