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We study a five-leg scattering amplitude on the special Coulomb branch of planar A = 4 super Yang-
Mills theory. We reach this point of the moduli space of scalar vacuum expectation values by considering
six-dimensional V' = (1, 1) super Yang-Mills theory and reducing it down to four space-time dimensions
with extradimensional momenta being nonvanishing. This branch is characterized by massive external
W-bosons and massless internal gluons propagating in loops. We analyze the five W-boson amplitude in the
kinematics when their masses are much smaller than all Mandelstam-like invariants. This is what we dub
the near mass-shell limit. We perform calculations to two-loop order in 't Hooft coupling, making use of
recent advances in analytic calculations of required Feynman integrals. Our findings confirm exponentia-
tion of infrared logarithms and enable us to conjecture a concise all-order expression for the amplitude in
question. We further analyze its duality to the square root of a five-point correlation function of infinitely
heavy half-BPS (Bogomol'nyi—Prasad—Sommerfield) operators, known as the decagon. By considering the
near-null limit for inter-operators distances, we verify that the two objects coincide. This observation
corroborates the novel Coulomb amplitudes/heavy correlator duality previously observed for four W-boson

amplitudes and Sudakov form factors.

DOI: 10.1103/5sf8-fhmt

I. INTRODUCTION

The predictive power of quantum chromodynamics
(QCD) dwells on two foundational pillars: asymptotic free-
dom [1,2] and factorization theorems [3,4]. They do not hold
the same weight, though. The former is a fundamental
property of the underlying non-Abelian Yang-Mills theory
with unbroken SU(N,.) gauge symmetry. The second one is
process-dependent. Unequivocally, however, these are the
latter that allow one to reduce considerations of strongly
interacting dynamics to the underlying perturbative parton
scattering of quarks and gluons. This makes perturbative
QCD a computationally viable theory. In the majority of
applications, the partons are taken to be on their mass shell, as
these were propagating over finite distances as free particles.
This is counterintuitive since the quarks and gluons are not
observed at asymptotically large distances: they are confined
to the interior of protons/neutrons. But within their volumes,
they would be detected as free had we had a chance to fit a
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tiny detector inside hadrons. It is the role of the asymptotic
freedom to ensure the correctness of this description. How
does this change as the partons go off-shell? There is a large
class of physical observables where this is the case, especially
when transverse components of partons’ momenta become
relevant. These partons develop virtualities, and their short-
distance scattering occurs in the off-shell regime. How does
the mathematical description change as a function of these?
Traditional folklore instructed us that nothing spectacular
happens in this situation. The state of affairs is nowhere
near this.

How does one even ask this question in a robust manner?
Naively taking partons off their mass shell breaks gauge
invariance of underlying scattering processes, invalidating
respective considerations from the start. Putting QCD on
the back burner for now, let us address this issue within the
context of a simpler Yang-Mills theory, planar N =4
super-Yang-Mills (sYM), where one has far more control of
ab initio calculations. The model in question is quite
unassuming since it possesses neither asymptotic freedom
nor confinement. It depends only on a single parameter, the
’t Hooft coupling 4 = g3N, in the multicolor N, — oo
limit. However, perturbatively, it shares a lot of properties
with QCD. Historically, four-dimensional N' = 4 sYM was
discovered by means of dimensional reduction of ' =1
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sYM in ten dimensions by compactifying the extra six
dimensions on the torus T® [5,6]. Setting the momenta
reciprocal to these extra dimensions to vanish, one obtains a
theory with massless degrees of freedom. It is conformal
classically and even quantum mechanically [7]. This sYM
took center stage of theoretical studies over the past thirty
years, largely due to its nature of being a string theory in the
disguise of Maldacena’s dual pair [8]. Were we to keep
extradimensional momentum components nonvanishing,
we would uncover a model with massive degrees of
freedom from the four-dimensional point of view [9,10].
This is the so-called Coulomb branch' of the theory.
Without any reference to a higher-dimensional perspective,
it can be generated by spontaneous breaking of gauge
symmetry with the Higgs mechanism, i.e., giving vacuum
expectation values (vevs) to some of the colored scalars
populating the sYM Lagrangian [11-13]. Due to the special
structure of the scalar-field potential, nonzero vevs will not
break N = 4 supersymmetry. Though the R-symmetry of
the theory will be deformed [13] and the conformal
symmetry will be broken, but this will be done in a
somewhat harmless manner. The ultraviolet properties of
the theory remain unchanged, such that, for instance, the
beta-function of the theory will still vanish, thus inheriting
all simplifying properties of its conformal sibling residing
at the origin of the moduli space of scalar vevs. Of
particular interest to this work is the setup where only
external lines in perturbative scattering amplitudes are
massive, while the other ones, forming quantum loops,
are massless. The external mass can be interpreted as an
off-shellness, as we can freely take vevs to be complex.
This is the point of view we will adopt in this paper. We will
call these, nevertheless as W-boson amplitudes, referring to
their massive nature, rather than off-shell gluons.

The aforementioned ten-dimensional progenitor does
not enjoy an unconstrained spinor-helicity formalism,
and this hampers its immediate use for efficient calculation
of loops. However, we can do dimensional reduction in a
stepwise manner, first, to massless six-dimensional
N =(1,1) sYM with unbroken SU(N.) gauge group,
and then, to massive AN/ =4 sYM. The intermediate
N = (1,1) model does possess an unconstrained spinor-
helicity formalism [14-16], which can be employed in
tandem with the unitarity-cut sewing technique [17-19] to
build bases of integrals at each loop order for multileg
scattering amplitudes [16,20-22]. This is the most fruitful
route to analyze the off-shell scattering.

Having established the proper framework to address these
amplitudes, we would like to uncover properties, if any, that
they share with their massless counterparts. The latter possess
(1) universal all-order infrared properties [23-27], (ii) an

"It is known as such rather than the Higgs branch since the
adjoint scalars of the gauge multiplet rather than hypermultiplet
are endowed with vacuum expectation values.

intriguing iterative perturbative structure [28,29], (iii) a
hidden relation to null polygonal Wilson loops [30-32], (iv) a
connection to the light-cone limit of correlators of light half-
BPS (Bogomol'nyi-Prasad—Sommerfield) operators [33],
and last but not least, (v) they are amenable to an integrability
framework in the multicollinear limits [34]. Do the off-shell
amplitudes echo any of these? In this paper, we elaborate on
counterparts of (i) and (iv).

Off-shell amplitudes in planar N' =4 sYM are finite
quantities: they are free both from ultraviolet and infrared
divergences alike. Recent years have taught us that as they
are brought infinitesimally close to their mass shells, the
transition to the origin of the moduli space is nonanalytic in
the off-shellness parameter, and their singularity structure
differs from their massless siblings at the strict origin.
While the Sudakov double logarithms of the latter are
governed by the ubiquitous cusp anomalous dimension,
those of the former are driven by a completely different
function of ’t Hooft coupling: the so-called octagon anoma-
lous dimension. This was confirmed in a number of studies of
amplitudes [35,36] and form factors [37—40] as well. But
what about infrared-safe finite parts? These are the only
remainders that contribute to physical cross sections after
cancellations due to the Kinoshita-Lee-Nauenberg theorem.
This question is addressed in this paper for the five-leg
amplitude, building on recent advances in multiloop calcu-
lations of off-shell Feynman integrals near their mass shell
[41,42]. We unravel a beautiful all-order form of this
amplitude. At the same time, we also uncover its dual
description in terms of a correlation function of infinitely
heavy half-BPS operators [43]. This generalizes an earlier
observation tied to four-point amplitudes.

Our subsequent presentation is organized as follows. In
the next section, we recall the dually conformal covariant
form of tree scattering amplitudes of N' = (1, 1) sYM, their
use for the construction of the two-loop integrand of the
five-gluon amplitude, and their further dimensional reduc-
tion to four space-time dimensions, landing us on the
Coulomb branch in question. In Sec. III, we review infrared
properties of amplitudes on the conformal branch. Then, in
Sec. 1V, we present our main result for the five W-boson
amplitude in the near mass-shell limit: the two-loop results
and a conjecture for its all-order form. Finally, in Sec. V, we
explore its relation to the so-called decagon, i.e., the square-
root of a five-point correlator of half-BPS operators.
Closing this paper, we conclude and point out future
directions of research. An Appendix collects concise,
explicit results for all Feynman integrals we encountered
in our calculation.

II. COULOMB BRANCH FROM GENERALIZED
DIMENSIONAL REDUCTION

The main infrared-sensitive observable addressed in this
work is the amplitude of five massive W-bosons. As we
pointed out in the Introduction, it will be obtained from
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massless six-dimensional N = (1, 1) sYM with the unbro-
ken gauge group. The construction proceeds as follows.
All of the theory’s on-shell states are classified according to
the little group SU(2) x SU(2) of its Lorentz group
SO(5,1) = SU*(4) [14,15]. The R-symmetry of the model
is SUR(2) x SUg(2), however, one sacrifices it in favor of
the little group such that only its Ug(1) x Ug(1) subgroup
is left manifest. This truncation allows one to accommodate
all propagating degrees of freedom

gluons: ¢,
scalars: ¢, ¢, ¢", ¢",
gluinos: y*, 7., w*, W4,

in a single CPT self-conjugate nonchiral superfield [15]

D =+ xn, + 7l + P + it

+ g%l +wn i+ wan'n + ", (2.1)
as a terminating expansion in the independent Grassmann
variables 7, and 7], that carry only the little group indices

and possess positive and negative chirality, respectively.
Scattering amplitudes in the theory are generated from
the amputated vacuum expectation value of a product of
these superfields, schematically
An - <(I) 1.

D). (2.2)

such that their expansion in 7/7 generates all component
amplitudes. They depend on n bosonic momenta P; and
n + n of (anti)chiral charges Q; and Q;, cumulatively called
supermomenta. The theory benefits from a spinor-helicity
formalism [14], which allows one to recast the super-
Poincaré quantum numbers in terms of unconstrained Weyl

spinors [14] AN = [i%) = (i%] and A 44 = |ig] = [ials

Pi=1i*) (i

s pi:|ia”ia

o 0i=(i"ia, Qi=lialnt

(2.3)

Imposing super-momentum conservation, we can extract it
in terms of bosonic and fermionic delta functions [15]

«%—MﬁW%iFJW(inW(i?J&’
i=1 i=1 i=1
(2.4)

and define reduced amplitudes ./Zl,, which are homogeneous
polynomials of order n — 4 in the Grassmann variables. The
nonchiral nature of the theory imposes a more stringent
constraint on these: they can be chosen to be polynomials
of equal degrees [1n/2] — 2 both in the chiral and antichiral
charges [11], yielding natural reduction properties to four
dimensions. It is straightforward to extract the amplitude of

six-dimensional gauge bosons by integrating A, over the
Grassmann variables of individual legs with a proper
weight that saturates all #’s,

n
[AH}Z:Z;:::Zz _/Hdznidzﬁini,aiﬁ?iAn' (25)
i=1

Throughout this work, we will tacitly assume that the little
group indices are chosen in a manner corresponding to the
four-dimensional MHV amplitudes A, (- —+---+), i.e.,
a=a,=1,a,=da,=1and all therest a; =2, @; = 1
(i > 3). From now on, we do not display these explicitly.

A. Trees

The four- and five-leg color-ordered reduced tree ampli-
tudes are particularly compact when written in proper
variables, the so-called dual variables. They admit the
form [11,14,15]

A 1
AITCC — , 2.6
b SnSs 20
./szree _ _912345 (27)

B S12S23S34S4SSSI .

The denominators exhibit the fact that these develop
only two-particle poles in the Mandelstam-like variable
S;; = (P; + P;)* as their momenta coalesce. The numerator

1

Qjjkim = 2 (B ji|Bi km) + cc. (2.8)

is determined by the SU*(4)-invariant inner product of bras
and chiral—conjugate2 (cc) kets,

(B k| = (01X 3 X1+ (Oul X1 X i |Bij]=—cc((Bijil)-

(2.9)
Here, for the dual variables X, ®, and 0,
Pi - Xi.l'+1’ Qi - ®i,i+lv Qi - éi.iJrl? (210)
we use the convention
Under the conformal inversion,3
X X _ AB

AB _AB A B“XBA -

X =5z I0°=0 S 70, = 5 Op, (2.12)

*The cc-operation is defined by changing all unbarred symbols
to barred ones and vice versa.

*In these equations, we temporarily restored explicit SU*(4)
Lorentz indices.
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the amplitude transforms covariantly [11,44,45]

TAY = x2.. . x2 AV (2.13)
This property is very important as it will be inherited by loop
integrals to be discussed next.

B. Loops and dimensional uplift

The above spinor-helicity formalism allows one to build
loop integrands by means of the unitarity-cut sewing
procedure [17—19]. This is by far the most efficient modern
way to construct gauge-invariant expressions for ampli-
tudes in terms of scalar Feynman integrals, bypassing
explicit use of heavily redundant, gauge-dependent
Feynman rules. Normalizing the all-order amplitude A,
to its tree,

A, =AM, (2.14)

the ratio function M, of Mandelstam-like invariants S;;
develops the perturbative expansion

M, =1+ MY +2MP + ... (2.15)

in terms of the dimensionful six-dimensional ’t Hooft
coupling

A6 = gg,YMNC'

To date, the four-leg amplitude has received by far
the most attention. It was found to the staggering four-
loop order [16] from its cuts into gauge-invariant trees

(2.6)—(2.7). For instance, at one loop, it is given by the sum
of two o,-cyclic permutations of the box integral

$12823

Z/ 27)% K281k S1akS123k

It has the very same form as in four dimensions, except that
now all Lorentz-invariant products

(2.17)

Sij k=(P;+Pj...+K)* (2.18)
are six-dimensional. The most profound lesson that we
learn from this consideration is that planar loop integrands
can be deduced from their four-dimensional counterparts

sij. & = (pi + pj... + k)* by a dimensional uplift,

sij“.k i SUK (219)
Another important conclusion is that integrands inherit
the six-dimensional dual conformal covariance of tree
amplitudes.

With a little ingenuity [22], the five-leg amplitude can
also be easily found in a fully covariant six-dimensional
form to the lowest two perturbative orders. The one-loop
integrand is again determined by (now, five cyclic permu-
tations of) the above box

2.16
( ) Z d°K S1282 (2.20)
My T2 (27)® K281k S12xS '
1kS12kS123k
while the two-loop ratio function
|
Z/ d6K1 d°K, { S1252354554 -k,
5 "2 )® (27)° K%K%SKIKZSN(, Sa3k,S123k,Sak, Sask,
S245is Ss15%s (2.21)

+

is given in terms of the sum of a pentabox (first line) and
two double box (second line) integrals. Here, the integrands
are written in terms of the Lorentz invariant products
introduced in Eq. (2.18), e.g., Sk,x, = (K| + K3)?%, etc
The pentabox possesses a loop-momentum-dependent
irreducible numerator to ensure its proper transformation
properties under the dual conformal inversion (2.12) to
match the ones of the double boxes. Again, as for the four-
leg case, this set of integrals is exactly the same as in four
dimensions. It agrees with a ten-dimensional analysis of the
five-point integrands in Refs. [46,47].

The found simple pattern of dimensional uplift will
undoubtedly persist for higher-leg amplitudes, provided

+
K%K%SKIKZ S3k, S123x, 84k, 545K,

2 k2 )
K1K3Sk k, 523K, 5123K, Sak, 545K,

|
one is able to extract loop integrands from the unitarity cuts
in a six-dimensional Lorentz-covariant manner. They will
also inherit corresponding dual-conformal covariant prop-
erties of the tree building blocks. Then their generalized
dimensional reduction to the special Coulomb branch in
four dimensions will be insensitive to the so-called ;4-terms4
[48,49], which do break good dual inversion properties of
integrands.

“The above statement of preserving six-dimensional covari-
ance is instrumental for this as the u-terms arise from the
extradimensional 6-4 momentum components, see, e.g., Ref. [16].
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C. Generalized dimensional reduction

Now, we are in a position to demonstrate how we pass to
the special Coulomb branch of the theory, where only
external legs are kept off-shell. We will begin, however,
with quite a general setup where there are as many masses
as there are external/internal lines. To remain comprehen-
sive, we illustrate this with a simple example of the one-
loop four-leg ratio function M, 5‘1). The best way to introduce
masses in a manner consistent with dual conformal sym-
metry is to transform it first to the dual variables introduced
in Eq. (2.10). It is important to realize that this is possible
only in the planar limit. The on-shell condition P? = 0 for

external momenta in these dual coordinates will be trans-
lated to the null condition P? = X7, , = 0 for the interval
X;ir1- Let us split the six-dimensional coordinates
X; = (x;,y;) into the four-/extra-dimensional components
x;/y;. Then we compactify the extra dimensions on the
equal Ry-radii 7>-torus. Sending R, — 0, we can imple-
ment this limit as the following constraint on the integration
measure

d°Xy — (27Ry)2d°X o6 (yy). (2.22)
This will give us consecutively
|
Z / Xy X33X5,
27)° X30X30X30X %0
(%73 = ¥13) (434 = ¥3) (2.23)

- = R(Z)Z/dxo 2

10

We observe that squares of out-of-four-dimensional com-
ponents y? can be interpreted from the D = 4 point of view
as masses M? of virtual states propagating in loops, while
¥?;,, as the squared masses m? of external particles.’

M;=yi,  p;=m=y;,. (2.24)
The latter stem from the six dimensional on-shell condition
P2 X121+1 = 121+1 yl i+1 pz m - 0, with Pi

being the D =4 momenta of extemal legs. From the
four-dimensional point of view, these masses can be
produced by a choice of vevs for the model’s scalars
[13,35]. For generic values of M; and m;, the integral (2.23)
is finite and can be evaluated directly in D = 4 without an
additional regularization. This consideration immediately
generalizes to any number of loops and legs, provided we
have a basis set of scalar Feynman integrals to work with.

The focus of the current consideration is on a small
vicinity of the moduli space near its origin,

M? =0, m? =m? — 0

(2.25)

for all i. This corresponds to the regime when all propa-
gators in loop integrals are massless, while the single mass
parameter of all external legs is nonzero but infinitesimally
small® compared to generically valued Mandelstam-like

°In principle, the masses m; (not their squares) of external
particles obey additional linear constraints due to the 6-dimen-
sional momentum conservation [13], but this will be irrelevant for
our discussion.

The opposite regime where all m} = O and all M} = M*> < 1
was considered in a series of papers and is 1ntere§tmg in its own
right [50-52]. See discussion and comparison between these two
regimes in [35,36].

y])(xzo

)’2)(95%0 Y%)(x40 )’4)

|
invariants s;; . We will think about external square masses
as being negative m?> <0 so that they are viewed as
external legs’ virtualities. We will dub this kinematical
situation as the near mass-shell regime. The limit of small
m — 0 is obviously singular, and corresponding infrared
divergences will now manifest themselves as powers of the
logarithm log m.

From now on, we will absorb the power of the radius R,
together with 1/(4x)? from the loop integral measure into
the definition of the four-dimensional 't Hooft coupling

2
2 ’16R0

_ _g%[MNc
g 7( =

4r)?  (4nm)*

(2.26)

with 4¢ from Eq. (2.16). With this normalization, the per-
loop integration measure becomes

/ ./d4k
=i [ —.
k n’

Using these conventions, the perturbative series for the ratio
functions reads

(2.27)

(24}

(2.28)

where, for instance, for four legs at one loop, passing back
to the momentum space, we have

$12523

z [ o)
K S1kS12k5123k

(2.29)
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This four-dimensional integral with massless propagators
and external virtual legs is the well-known Davydychev-
Usyukina box function [53].

III. ITERATIVE STRUCTURE OF CONFORMAL
BRANCH AMPLITUDES

Before diving into perturbative properties of amplitudes
in the near mass-shell regime of the Coulomb branch of
N =4 sYM, it is instructive to recall the situation at the
strict origin, i.e., purely massless on-shell setup. At this
conformal point, there are no intrinsic scales and thus
momentum integrals are divergent. While they do not
possess ultraviolet singularities since the model is finite,
infrared singularities do arise whenever loop momenta
are soft or become collinear to external lightlike
momenta. These infrared divergences require a regulator.
Dimensional regularization with D = 4 — 2¢, or rather its
version in the form of dimensional reduction that preserves
supersymmetry, is chosen for this purpose such that
singularities arise as poles in e. Studies of infrared poles
in massless amplitudes in gauge theories go back to the
early eighties of the last century and stretch into the modern
day [24,29,54,55]. They established the following picture.
In the planar limit, infrared divergences are accompanied
by dependence on Mandelstam invariants involving only
adjacent legs, s;;,4. This is an immediate reflection
of the fact that as their momenta become collinear, i.e.,
pi =~ 2(pi+ pix1) and piy — (1=2)(p; + piy1), this
dependence is entirely encoded in the on-shell two-particle
Sudakov form factor F5",

1 n 2
log M, :Eglog}“g“< a ;9,8) +7u(s,9) + O(e),

Sii+1

(3.1)

while the remainder function r, is infrared-safe as € — 0
and depends on the 't Hooft coupling as well as two- and
more-particle Mandelstam invariants, here, cumulatively
called by s. The on-shell Sudakov form factor, per se, was
found to exponentiate infrared poles order-by-order of the
perturbative series. It admits the following form [24,54,55]

2 1 F(i) G(f’)
10g.7-“8“<%;9,8) =) ¢ {C—s"z+—+c(’/’)

2227 {2y " (2e)
y (J‘;) “ L o). (3.2)

The right-hand side is determined in terms of two infinite
sets of transcendental numbers rﬁiip and G, known as
coefficients of the cusp I'y,,(¢) and collinear G(g) anoma-
lous dimensions. They read in the first two orders of

perturbation theory [28,29,56,57]

TYULg =4 —8L,g" + ...,

The finite remainders, as they appear in Eq. (3.1), are
constrained neither by arguments related to the existence
of infrared singularities nor by the breaking of the scaling
and special conformal boosts due to the emergence of the
dimensionful scale y from the regularization procedure.
However, the violation of dual symmetries, in particular
of the dual inversion, is highly consequential. Its well-
understood pattern of breaking was formulated in terms of
anomalous Ward identities which unambiguously predicted
the functional dependence of r, and rs on Mandelstam-like
variables to all orders in "t Hooft coupling. The solution to
these was found to be determined by the cusp anomalous
dimension [58,59]

Feusp(9), 58
ra(s.g) = +%logzi + cu(9),

Fcusp(g) 5 Silit1 Si-1,i
rs(s,g) = ———= ) log—"—1log — + ¢5(9).
> 8 ; Sittit2 S

(3.4)

Here c¢45(g) are kinematically independent functions of
’t Hooft coupling, which are obviously unconstrained by
the Ward identities.

Why are the latter nevertheless so powerful? The reason
is that they take the form of inhomogeneous linear differ-
ential equations in dual variables x;. For the four- and five-
leg case, one cannot form conformal cross-ratios which are
invariant under conformal boosts and, thus, would be
oblivious to the inhomogeneity in these equations [58].
Thus, once the inhomogeneity is fixed by the cusp anomaly
Leusp(9), the corresponding equations completely define
unique solutions in Mandelstam invariants. For six or more
legs, these Ward identities do not suffice, as there are
nontrivial cross ratios in these observables. But it is a
different story.

For n =4,5, there is an equivalent way to present
scattering amplitudes by means of the so-called BDS
ansatz [28,29,60],

log MBDS = Zgﬂ [Fﬁigp +£eGY) +£2C) + . } MY (¢e).
/=1

(3.5)

It displays a profound iterative structure of the perturbative
series on the conformal branch of N =4 sYM and
provides a prediction for higher orders in terms of the
lowest-loop amplitude and a set of transcendental numbers.
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Do Coulomb branch amplitudes, in particular, the four- and
five-leg ones, share any of these properties? This is what we
turn to next.

IV. SPECIAL COULOMB BRANCH AMPLITUDES

Let us now turn back to the main character of our play:
the amplitudes of W-bosons in the near-mass-shell kin-
ematical regime. On general grounds of universality of
infrared divergences, one anticipates that these scattering
amplitudes should obey a factorization akin to their
conformal counterparts [36—38]

1< m?
— off .
logM,, = ;:1 log F3 (—,g> + ful(s.9)

Sii+1

+3D(g) + O(nr?), (4.1)

where, however, we replaced the on-shell Sudakov form
factor F5" with a potentially different off-shell version
FST Tt is determined by the same matrix element as its on-
shell version, but evaluated in the near mass-shell kin-
ematics. This factorization is structurally identical to the
conformal case (3.1), except for a marginal variation in
defining the finite remainder, but there is an unexpected
twist in the plot. Based on explicit three-loop calculations,
one can conjecture the following all-order formula
for FST [37],

”12 IOC g ”12
logFSff< s_;g> = ——t( )logz_s —D(g) + O(mz),
( * )

with both functions of ’t Hooft coupling known exactly [61]

2
Fai(9) = —5log cosh (219) = 4¢> = 165" + ...

1., sinh(4ng)

D(g) = —log

=40, —328,% + ...
1 4rg {hg {ag” +

(4.3)

We observe from this that, while the infrared physics is
indeed captured by the Sudakov form factors, its perturba-
tive structure is different. It cannot be, for instance, repro-
duced by a naive replacement of infrared poles in the
parameter of dimensional regularization with logarithms
of the off-shellness, i.e., 1/¢ — log m?. In addition to the
difference between the functions of the coupling, I'cyg, Vs
[y, for the leading logarithms, there is no trace of the
collinear anomalous dimension in F5 for subleading ones.
These conclusions shake the foundation of the common
belief that I'..g, controls infrared behavior of scattering
amplitudes at all points of the moduli space in planar N = 4
sYM. Italso reaffirms earlier results pointing to supersession

of the former lead actor I, by the understudy I', in other
off-shell observables as reported in Refs. [35-40].

Before we proceed with explicit calculations of the
remainder functions f,, let us make a comment. While
the representation (4.1) is very natural from the point of
view of emphasizing infrared physics, it is not the most
optimal one for manifesting explicit and hidden symmetries
that these amplitudes possess. Indeed, away from the origin
of the moduli space, all loop ratio functions M, are finite
and, thus, enjoy dual conformal symmetry, not just covari-
ance. This implies that they can be recast in terms of
conformal cross-ratios since p7 = m* = x7,,, # 0 in con-
trast to the conformal point. This is the case even for
n=4,5. The limit m — 0, although singular, can be
discussed in terms of corresponding cross-ratios without
any issues. Depending on their precise definition, they will
merely possess certain scaling with m. Conditions stem-
ming from this will be restrictive regarding the functional
dependence of ratio functions.

A. Four W-bosons

As a first case of study, let us recall the form of the
amplitude M, for four W-bosons introduced in Ref. [35]. It
is a function of two conformal cross ratios

2 .2 2 2

_ X12X5 _ X3y 4.4

Wi=35 5> =2 2> (4.4)
X13X24 X13X24

both of which are zero at the origin of the moduli space.
However, in our regime of x7,, | = p? = m? < 515 ~ 523,
they are small, but nonvanishing, and are equal to each other

(4.5)

The dual conformal invariance and the expected exponen-
tiation of the double-logarithmic behavior (4.1) of M, as
m — 0, immediately yields the prediction

r D
logM, = —%@logzw - % +0(m?), (4.6

up to an additive function of the coupling D(g). The latter
can be found from explicit multiloop analyses. Currently, at
least up to three-loop order, everything points out that this
D(g) is given by the exact function of 't Hooft coupling in
Eq. (4.3). From the above result, the remainder function for
four W-bosons reads

fa= Coct(9) logzsﬁ _ D(g)

4.7
4 $23 2 ( )
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B. Five W-bosons

In this section, we present the main result of this work.
Applying the generalized dimensional reduction, reviewed
in Sec. II C to the six-dimensional five-leg amplitude, given
by Egs. (2.20)—(2.21) to two-loop order, we find

Ms=1+g¢MY + ¢#M? 4 . (4.8)
with one- and two-loop ratio functions
M —1lpgp
5 = x5 0X,
2
1
MY = 5 Ps[DBox, + DBox, + PBox].  (4.9)
being defined in terms of the off-shell box.’
D1 ki Ds
< P4
Box = s12893 ,
b2 b3
(4.10)
the off-shell double box
\d P1 Ds
P2
DBox; = 8348?15 )
p3 < P4
k1 ko
(4.11)

"The graph assigns a scalar propagator for each internal line.
Numerators in terms of Mandelstam-like invariants and irreduc-
ible scalar products are written explicitly.

P1 D5
DBOX2 = 851835 y
P2
ps3 kl kz Pa
(4.12)

and the off-shell pentabox

P \ ps

PBox = 51252354554,k p, ;

P3 / by by P4
(4.13)

integrals, respectively, with the per-loop integration mea-
sure defined in Eq. (2.27). These expressions confirm
earlier considerations which relied on a naive dimensional
uplift of massless scalar integrals defining M5 on the
conformal branch by merely endowing external legs with
a mass [36]. The five cyclic permutations are enabled with
the help of a shift operator Ps. It is given by

4
Ps=>» P'=1+P+P2+P 4P,
n=0

(4.14)

where individual terms are powers of the operators P,
which shifts leg’s labels of external W-bosons by +1,
mod(5). Explicitly, its action reads P"f; = fi.,.

The ratio Ms is a function of five independent
Mandelstam-like variables s;;,; = (p; + p;;1)> where
i=1,...,5, and the off-shellness m?> = p? (for any i).
The functional space of the above integrals as m — 0 is
expected to be spanned by Goncharov polylogarithms of
weight 4 — p accompanying powers of infrared logarithms
log? m* with p < 4. While the double box integrals are
particular cases of the well-known Davydychev-Usyukina
ladders [53,62], the near mass-shell pentabox was not
known until a couple of months ago. Recent advances in
multiloop calculations allowed us to find it in an analytic
form [41,42]. We defer very concise solutions for all of the
required integrals to the Appendix.

Keeping track of only of infrared-sensitive logarithms
at first, we observe that they exponentiate, as expected,
and confirm the off-shell Sudakov form factor (4.2) as the
correct quantity to absorb them,
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m? 5

+:D

log Ms| 4, =
0og 5|d1v 2

1
—Ps log ]-""ff(
2 K

)

2

(9)
12
Foct(g)[p lo g ,m

. (4.15)

Si2
This agrees with an earlier study [36] at a single point in the
parameter space with identical values of Mandelstam-like
variables s; ;. = Q* forany i = 1,...,5.

The structure of the finite part f5 of the amplitude is,
however, more interesting. Defining the perturbative expan-
sion of f5 as

fs=a 1 + gt g + (4.16)
we find the following one-loop expression
= —luw5 log Rlog 2 — 5, (4.17)
> 2 845 524
and a very concise result in two loops
135
72 =P 260 g 2log 2= Gylog Plog 2| + =50,
534 $34
(4.18)

Both of these are represented solely in terms of logarithms.
This functional dependence echoes the conformal case (3.4),
but anaked eye inspection clearly shows numerical differences
in the coefficients accompanying corresponding functions.
Itis instructive to recast our result for the ratio function M5
in terms of conformal cross-ratios since the dual conformal
invariance is exact. To this end, one can introduce two
equivalent sets of variables. They differ only in their scaling
with respect to the off-shellness m. We define these as

2 2 2 2
Xit1ie2Xio1,i-2 Xir1i—1%i2,i-2

They are related to each other as follows

Uiy = 01041,

(4.20)

with all labels defined mod(5). All u’s and v’s are of order m*
and m?, respectively, as can be seen from their explicit
expressions in our special kinematics

4

m mzsi_l,i

u; = V; =

(4.21)

Sit1,i+25i42,i+3 Sip1,i425i42,i43

We will refer to them, correspondingly, as the u- and
v-bases. Assembling our findings together, we find in the
v-basis

logMs = —(92 - 45294)[@5 log v; log v,
- ¢*6,Ps 104‘5210552 - 564
Uy U3

135

+—C4g +0(¢°), (4.22)
and, equivalently, in the u-basis
L, 4 2
log M5 = _Z(g —44,4")Ps log”u,

2 4 u

=5 (9" = 2624")Ps logu, log-=

us

135

- 559 + 75494 + 0(¢%). (4.23)

Mi:xz _x2 s Ul':xz . s fori:1,...,5.

it L This two-loop result motivates us to suggest the following
(4.19) all-loop conjecture for M
|
I | g
log M5 = —Ps {%@logzul + == Sé)( )log u, log } +ds(g), (4.24)
I | -I

logMs = —IPS{ Ocjl( )log vy log v, + — Sp(g)g catl9 )1 g—log } +ds(g), (4.25)

in the above two bases. Here, d5 is a function of the "t Hooft
coupling, with its first two terms in the perturbative series
being

135
~50,0% + 74494 +-

ds(g) (4.26)

Notice that the second representation above allows for a
more natural breakup of the amplitude in terms of the
infrared-sensitive first term and a finite remainder.
Intriguingly, this form resembles the structure observed
for the remainder function of the six-leg amplitude in the
origin-limit [63] of its cross-ratios, though the functions of
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the coupling accompanying logarithmic terms are different.
Namely, in our proposal, [, (9) = 49* — 854" + O(¢°)
matches the lowest two perturbative orders of the ubiqui-
tous cusp anomalous dimension. However, we lack suffi-
cient information to confirm or refute their coincidence
exactly in ’t Hooft coupling. The main dilemma that we
face is that, up to now, we have not found a single
observable on the special Coulomb branch where coeffi-
cients accompanying log-dependent functions are ex-
pressed in terms of odd values of the Riemann zeta
function. This was made evident in the absence of a
counterpart for the collinear anomalous dimension in all
two-loop calculations. Studies at three loops would not be
sufficient to (dis)prove our conundrum, unfortunately. It
would, however, be definitely conclusive regarding the
rigidity of the kinematic structure in Eq. (4.24) against
perturbative effects in g, especially the second term there.
The four loops are the first order where I'¢,,(g) develops
dependence on odd zetas. Currently, however, this goal is
beyond our reach.

V. DUALITY TO HEAVY CORRELATION
FUNCTIONS

Scattering amplitudes M, on the conformal branch of
N =4 sYM obey a very intriguing hidden relation to
Wilson loops W —on null polygonal contours C,, in the
fundamental representation [30-32]. The contour’s seg-
ments are determined by the gluons’ momenta p; begin-
ning/ending at cusps located at dual coordinates x;, such
that p; = x; ;1. Its quantum field-theoretical origin is still
obscure, but it naturally arises from the string-theoretical
perspective as a T-duality transformation of the world sheet
of Maldacena’s dual type IIB theory on AdSs x S° back-
ground [64]. In fact, one can further generalize this
amplitude/Wilson loop duality to a triality [33], with the
third ingredient being the planar correlation function

G, = (rZ?(x))rZ?(x,)...trZ%(x,)), (5.1)
of lightest half-BPS operators8 in the pair-wise light-cone
limit [33],

lim G, /Gl = M2

X110

(5.2)

Its origin is more transparent since in the null limit
x?j 41 — 0, the propagator stretching between any two
adjacent operators is dominated by long-wavelength gluon
emissions, which factorize in the leading twist approxima-
tion into an adjoint Wilson line on the segment [i,i + 1]

®Here, Z and Z are the complex scalar and its complex
conjugate of N' =4 sYM. Below, we will also encounter the
other two, X and Y.

O,

O Os

O,

Oy O3 O

FIG. 1. World sheet representation of correlation functions of
four- (left) and five-point correlation functions.

accompanying a free-particle propagator. Assembling these
together for all pairs in G,, and taking the planar limit,
allows one to split the adjoint loop into the square of the
fundamental ones. This establishes then the three-fold way
symmetry between M,, W¢ , and /G,,.

Is there a similar triality for Coulomb branch ampli-
tudes? Yes, there is, at least, a duality. The pair in question
involves correlation functions of infinitely heavy half-BPS
operators, instead.

A. Octagon

The four-point correlator of half-BPS operators with a
very large R-charge K [43,65]

G4,K = <tr)_(2K (xl) trXKZK ()Cz) trZzK(x3) trXKZK (X4)>,
(5.3)

was dubbed the simplest correlation function [43] for a
reason. For finite values of K, but in the planar limit, gauge
interactions fill out a genus-zero world sheet in the color
space with four punctures where the single-trace operators
are inserted. It is demonstrated in the left panel of Fig. 1.
For virtual gluons to cross the bridges formed by the free
propagators stretched between nearest-neighbor operator
pairs (shown by red dashed curves in Fig. 1), one has to go
to the K-th perturbative order in g>. Therefore, for suffi-
ciently large values of K, gluons cannot pass from one side
of the world sheet to another. The front and back com-
pletely decouple such that [43,65]

lim Gy /Gy = 0% (wy, w3 9).

the correlation function is given by the square of the so-
called octagon O (formed by connecting red and green
dashed lines in Fig. 1). Its all-order perturbative form was
bootstrapped in terms of ladder integrals with accompany-
ing coefficients constrained by means of Steinmann rela-
tions [65]. O simplifies even further, in the near-null limit
as we tend inter-operator squared distances to zero at the
same rate x7,,; = m?* — 0,
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Jim lim Guk/GiE = Of(wi,wasg).  (5.4)

i1 ™

Here wy, are the two conformal cross ratios introduced
before in Eq. (4.4). The near-null limit of the octagon can
be found in a closed form. This was largely possible thanks
to its relation to Fredholm determinants [61,66] uncovered
via the nonperturbative hexagonalization framework of
Refs. [67,68]. It reads [61]

Toui(9 g w
log @0 = —%Ulogz(W]W2> - Zlogz (W—;>
D
—¥+ O(m?). (5.5)

Substituting w; and w, as in Eq. (4.5), one can see that

log Oy = log M,. (5.6)
This observation was first made in Ref. [35], where it was
verified to four loops by comparing the sets of integrals
arising in the decomposition of the octagon and the ratio
function of the four W-boson amplitude.

B. Decagon

Going to five points, the heavy correlation function of
interest is

Gsx = (X (x;) uXXYK (x,) rYX ZK (x3)

X trZ%K (xy) rZK XK (x5)). (5.7)
We are again interested in the limit when the frame of the
correlator becomes impassable to gluons as K — o0, as
well as when all operators become nearly null pair-wise. As
in the four-point case, one can now introduce an observable
known as the decagon [69,70]

Jim lim Gs /G = Df(ur. ... us: ).

A
ii+1

(5.8)

X

shown in the right panel of Fig. 1 as an illustration. Here,
D, is a function of "t Hooft coupling and depends on the
five conformal cross ratios introduced in Eq. (4.19).

Unfortunately, contrary to the four-point case, the func-
tional space for the decagon in generic kinematics is not
known; thus, it is currently impossible to bootstrap it in the
same fashion as O [43,65]. The hexagonalization frame-
work is also highly inefficient for this observable, even at
weak coupling, due to the extremely elaborate structure
of the interaction dynamics of fundamental excitations.
However, since we are interested only in the near-null
kinematics, when all conformal cross-ratios are small and
scale at the same rate, there is a shortcut to the sought-after
analytic expressions, at least at lowest orders of perturba-
tive series. All we need are the lowest two.

Let us introduce the so-called double-scaling (DS) limit
[61] arising in the situation where ’t Hooft coupling is sent
to zero while all pair-wise distances become near null, such
that the scaling variables

2 = ¢* log v;_; log v;, (5.9)

are kept fixed. These are known as the cusp times [71,72].
Under these conditions, the octagon [61] and all higher
polygons without internal bridges [71,72] become
Gaussian. The near-null decagon in question scales as [72]

Dolps = exp <— 25: t%) (5.10)

i=1

This furnishes a powerful consistency condition on its form
away from the DS-limit.

As we stated above, although integrals spanning the
function-space of D, are generally not known, we do know
the set of loop integrals that can arise in its perturbative
decomposition at one and two loops [70]. Thus, we can
write

Dy = ¢*D{" + ¢*DY + - - -, (5.11)
with generic Ansdtze for IDél'z) being
DY = a,PsBox,
DY = Ps[b, DBox + b, TBox + by PBox].  (5.12)

with some unknown numerical coefficients. All emerging
integrals, with the exception of the furtle double box TBox,
we have already encountered before. They are identical to
Egs. (4.10)—(4.13) as we pass from momenta to dual
variables x; via p; = x; ;.. The TBox is defined as

p1 Ps
TBox = $12851545
P2
kq D3 ko P4
(5.13)

With results reported in the Appendix, we immediately
deduce their asymptotic behavior in the double-scaling
limit to be
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1
g* Box|ps = —E(t% +13),

g*DBox|ps = — (1] + 13)?

= 5| -

1
20 | 00 20 00
tot; + t5t5) + - (17t + 1713),

*PB =
g 0X|ps 4

(5.14)

such that we can reproduce the DS-limit of the decagon
(5.10) even without the knowledge of the TBox, though it
can be found in Eq. (AS). The perturbative expansions
at small #,’s can then be matched with the following
simple choice’
1 1
= by =—. 5.15
=5 (515)
Comparing these to the integral expansion of the five
W-boson amplitude, we conclude that the two coincide
with each other in the near mass-shell regime,
log Dy = log M5 + O(m?). (5.16)
This identification provides another piece of evidence for
the duality relation between Coulomb branch amplitudes
and heavy correlation functions.

VI. CONCLUSIONS

In this work, we analyzed the near mass-shell limit of the
Coulomb branch amplitude of five W-bosons to two-loop
order in 't Hooft coupling. This was made possible by
recent calculational advances, which made the previously
unknown near mass-shell limit of the pentabox integral
available in an analytic form. The starting point of our
consideration was a higher-dimensional perspective that
related scattering amplitudes in higher dimensions in
theories with unbroken gauge symmetry groups to the
four-dimensional ones, but with a Higgs mechanism that
endows certain particles with masses. We interpreted the
latter as virtualities, or off-shellness. In this manner, we
found a very concise form for the five-leg amplitude. While
its generic infrared structure follows that of the conformal
branch of the theory, details differ significantly. First and
foremost, the infrared logarithms, while being captured by
a Sudakov form factor, possess unrecognizably different
dependence on ’t Hooft coupling compared to the massless

°Notice that this consideration follows word-for-word the
stampede analysis in Ref. [70], however, our expressions differ.
While we do agree with DS-asymptotics of the integrals in
Eq. (5.14), we disagree both with the overall normalization and
relative coefficients in their representation of the near-null
decagon. The main problem is that paper does not seem to have
uniform conventions either for the 't Hooft coupling g or for the
perturbative expansions of the cusp and octagon anomalous
dimensions. We failed to reproduce our expressions using theirs
with a unique rescaling of ’t Hooft coupling.

case. While the latter is governed by the cusp, the oft-shell
case is driven by the octagon anomalous dimension.
Second, the finite remainders vary as well. While the
conformal case possesses a unique kinematical dependence
on Mandelstam-like invariants accompanied by the cusp
anomaly to all orders in coupling, the near mass-shell
amplitude displays a less constrained form. It appears to
have just rwo but nevertheless independent functions of the
’t Hooft coupling accompanying kinematical logarithms.
While one of them is unarguably given by the octagon
anomaly, the other one resembles (to the currently consid-
ered order in ¢?) the cusp anomalous dimension. It is a
question for future studies to verify this finding.

The amplitude of four W-bosons was found in earlier
studies [35] to be equivalent in the near mass-shell limit to
the square root of a four-point correlation function of
infinitely heavy half-BPS operators, the octagon. We
generalized that statement to the five-point case, finding
duality of the amplitude of five W-bosons to the near-null
decagon. This provides another evidence for a new duality
between amplitudes and correlators, paralleling similar
results in the purely massless case.

There are a number of further studies that need to be
conducted to put our conjectures on a firmer foundation.
The five-leg amplitude begs for consideration at three-loop
order. By combining techniques rooted in tropical geom-
etry of Feynman integrals [41,73] and dual-conformally
invariant approach to the method of regions [42], it is likely
to be possible. The six-leg W-boson amplitude will
undoubtedly be a challenge for the currently available
techniques. While the set of two-loop scalar Feynman
integrals defining it is now available [74], their calculation
will undoubtedly require new ideas. The reason being, in
addition to conformal cross ratios, which are vanishing as
the off-shellness goes to zero, there are three that remain
oblivious to the limit in question. They stay fixed. Will this
complicate the analytic evaluation of Feynman integrals?
Or can they be tackled with the very same techniques as the
five-leg case? It remains to be seen.
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APPENDIX: PENTABOX AND OTHER
TWO-LOOP INTEGRALS

In this appendix, we present for completeness the results
for all two-loop integrals used in our computation, see
Refs. [41,42].
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For the pentabox integral (4.13) we have

1 1
PBox = §L5(L2L% + L3L3 +2L,L3L ) +2L,L3L4) + 3 (4L\Ls +4L4Ls + 4L,L5 + 2L,Ls

+2L3Ls = 2L3Ly = 2LyLy = L = L3)55 + (Ly + Ly = 2Ls){3 4 584 + O(m?),

(A1)

where now L; = log v;. As a crosscheck, for the symmetric point, s;;,; = Q°, we find, in agreement with Ref. [36],

PBox|, g2 = 3L* +50,L% + 5(4 4 O(m?),

with L = log(m?/Q?).
For the double box integrals (4.12) we have [42,76]

DBox = DBox; = DBox,

v <v3

(A2)

1 1 21
vy = ZL%(L3 +L)?+ E(L§ + L3 +2L Ly + L3 +4L,Ls +4L,L1)5 + 744 + 0(m?)

(A3)

in perfect agreement with the original Davydychev-Usyukina result. Note that this formula is symmetric with respect
to 1<« 3,4 < 5. Therefore, we observe the “magic identity” [77] DBox; = DBox,|,,;_;, which implies that
PsDBox; = PsDBox,. Also, as a cross-check for the symmetric point, s; = Q%, we find

DBox|,  _g» =L*+

Finally, for the TBox integral (5.13) we find

%Lz + =+ 0(m?).

2184
. (a4

1 31
TBox = ZL4L3(2L5 + L3)(2Ly + Ly) + (2L4Ls + 2L3Ly + 2L4L3 + LyLs)Er — (Ly + Ls)Cs + 7ot O(m?), (AS)

which is also in agreement with symmetric point computation of [36]

9 31
TBox|,,, . —g» = 7 L +7LL? = 2GL + -8y + O(m?).

(A6)

Note that it is not possible to obtain (A3) from (AS) by taking the p; — 0 limit, since it will violate the assumption under
which (A3) and (AS) were derived. Namely, (A3) was derived assuming that all v; (or ;) are small. Meanwhile, in the

p3 — 0 limit, two of »; will be equal to 1.
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