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We study QCD with three degenerate flavors of dynamical quarks using first-principles lattice
simulations. For a specific choice of imaginary isospin chemical potential, this theory possesses an exact
center symmetry, just like pure gauge theory. This exact symmetry is expected to be intact at low
temperatures and spontaneously broken in the high-temperature regime. By analyzing the finite-size
scaling of the Polyakov loop distribution, obtained with a dedicated multihistogram approach, we
demonstrate that there is a first-order deconfinement phase transition in between. Our results are obtained
employing stout-smeared rooted staggered quarks at one lattice spacing. Using simulations at different
quark masses we sketch the behavior of QCD in the mass-isospin chemical potential plane, shedding new
light on this corner of the fundamental phase diagram of the strong interactions.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the theory of
the strong interactions, exhibiting at least two different
phases—a deconfined, chirally symmetric phase at high
energies and a confined phase with spontaneously broken
chiral symmetry in the low-energy regime. The nature of
the transition between these phases is relevant for the
cosmological evolution of the early Universe as well as for
high-energy heavy-ion collision phenomenology [1].
At high temperature but zero density, the QCD transi-

tion at the physical point is an analytical crossover [2,3].
It is known that the nature of the transition is sensitive
to the masses of the light and strange quarks, which is
described by the so-called Columbia plot [4]. Toward
large quark masses, the first-order phase transition of
pure gauge theory [5,6] is approached, where the Z(3)
center symmetry associated with (de)confinement becomes

exact; see Ref. [7] for the most recent result. This behavior
persists for sufficiently heavy quarks; see e.g. Refs. [8–10].
In the opposite limit of massless quarks, chiral symmetry

is the relevant issue. The chiral limit is significantly more
intricate, and there are several possible scenarios for
the order of the transition there, although recent studies
find indications for a second-order phase transition for
two and three massless quark flavors [11–13]. The structure
of the Columbia plot is in general expected to be relevant
for constraining the behavior of QCD at nonzero quark
density and the associated phase diagram in the plane
spanned by the temperature T and the baryon chemical
potential μB.
The QCD action at μB ≠ 0 is complex, hindering stan-

dard, importance-sampling-based simulation algorithms.
Currently, one of the most popular approaches to overcome
the complex action problem and to study dense QCD is by
means of an analytical continuation of results obtained for
imaginary chemical potentials, where the action is real and
direct simulations are amenable [14,15]. In addition, QCD
at imaginary chemical potentials exhibits a rich phase
structure at high temperatures that can be studied already
via leading-order perturbation theory [16–18]. In particular,
the T − iμB plane features first-order Roberge-Weiss phase
transitions at specific values of the imaginary baryon
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chemical potential, where a Z(2) subgroup of the center
symmetry of pure gauge theory is recovered.
The complete description of the dense three-flavor

theory involves three chemical potentials, and besides
the baryon chemical potential it is customary to use the
strangeness and isospin quantum numbers, conjugate to the
strangeness chemical potential μS and the isospin chemical
potential μI . The latter is special in the sense that QCD at
real values of μI is free of the complex action problem.
The associated phase diagram [19,20] and the equation of
state [21,22] have been determined by first-principles
lattice simulations. The equation of state of the theory at
nonzero isospin is also relevant because it may provide
nontrivial constraints for the baryonic equation of state,
necessary for neutron star physics [23,24].
Recently, the Roberge-Weiss transitions present at

iμB ≠ 0 have been generalized to the two-flavor theory,
and the leading perturbative behavior was explored in the
iμB − iμI plane [25,26]. Interestingly, at specific points on
this plane, the complete Z(3) center symmetry is recovered,
although the location of the associated phase transitions
was found to depend on the temperature. In contrast,
the three-flavor theory (with degenerate quark masses)
is known to be Z(3)-symmetric at the special value of
iμI=T ¼ 4π=3 and μB ¼ μS ¼ 0 for any temperature
[27,28]. This theory has been studied extensively in terms
of model calculations [27,29–33], perturbation theory
[34,35], as well as lattice simulations [36,37]. The exact
center symmetry naturally suggests that—just like in pure
gauge theory—the high-temperature QCD transition may
be first order in this setup—an expectation backed up by
the above approaches. However, a fully nonperturbative
study that explores the finite-size scaling behavior near the
transition is currently missing.
In this paper, we aim to fill this gap. First, using the one-

loop perturbative effective action of the Polyakov loop,
we determine the phase diagram of the three-flavor theory
in the iμB − iμI − iμS space at very high temperatures
and identify the center-symmetric points. Focusing on
the special choice of iμI=T ¼ 4π=3 and μB ¼ μS ¼ 0

mentioned above, we perform full lattice simulations using
three mass-degenerate stout-smeared rooted staggered
quarks on Nt ¼ 6 lattices. Through a finite-size scaling
analysis, facilitated by an optimized multihistogram
reweighting approach, we demonstrate that a first-order
phase transition indeed occurs as the temperature is
reduced. Our main results are obtained at the physical
strange quark mass, but we also explore different quark
mass values and argue that the main conclusion persists for
any massive theory. Finally, we sketch the generalized
phase diagram of QCD in the imaginary isospin chemical
potential-mass-temperature space. Our preliminary results
have been presented in Ref. [38].

II. CENTER SYMMETRY AND PERTURBATIVE
EFFECTIVE POTENTIAL

We consider QCD at nonzero temperature T and finite
volume V with three dynamical quark flavors sharing the
same mass m. To control the density of each quark species,
the chemical potentials μf are introduced, where f ¼ u, d, s
labels the flavors. The basis spanned by the baryon, isospin
and strangeness quantum numbers is given by

μu ¼
μB
3
þ μI

2
; μd ¼

μB
3
−
μI
2
; μs ¼

μB
3
− μS: ð1Þ

The partition function of the system is given by the
Euclidean path integral over the gluon field Aν,

Z ¼
Z

DAνe−Sg
Y

f¼u;d;s

det
�
=DðAν þ iμfδν4Þ þm

�
; ð2Þ

where Sg ¼ Sg½Aν� is the gauge action. The theory is
periodic in the imaginary quark chemical potentials iμf
with period 2πT.1

In the m → ∞ limit, quarks decouple and pure gauge
theory is recovered, which is invariant under center trans-
formations. The latter are large gauge transformations, i.e.
gauge transformations

AνðxÞ → ΩðxÞðAνðxÞ þ i∂νÞΩ†ðxÞ; ð3Þ

satisfying the twisted boundary condition

Ωðx4 ¼ 1=TÞ ¼ zΩðx4 ¼ 0Þ; ð4Þ

where z is a center element,

z∈Zð3Þ ¼ f1; ei2π=31; e−i2π=31g ⊂ SUð3Þ: ð5Þ

Center symmetry is intact at low temperature and sponta-
neously broken at high T. The associated order parameter is
the Polyakov loop,

P ¼ 1

3V

Z
d3 TrP exp

�
i
Z

1=T

0

dx4A4ðx; x4Þ
�
; ð6Þ

which transforms as P → zP under a center transformation
and assumes nonzero values in the deconfined phase.
In Eq. (6), P denotes the path-ordering operation. In the
presence of dynamical quarks, center symmetry is explic-
itly broken, since center transformations affect the timelike
boundary conditions of fermions, modifying the quark
determinants in Eq. (2). The Polyakov loop still acts as

1As discussed in the Appendix, the coordinates 0 ≤ iμB <
6πT, 0 ≤ iμI < 4πT, 0 ≤ iμS < 2πT cover this region twice.
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an approximate order parameter, assuming small values
at low and large values at high T. For a pedagogical
introduction on center symmetry and the Polyakov loop,
see e.g. Ref. [39].
At very high temperatures, asymptotic freedom ensures

that QCD is weakly coupled, enabling a perturbative
treatment of this theory. To determine the effective potential
VeffðPÞ for the Polyakov loop (6), one needs to consider
homogeneous timelike color background fields A4. To one-
loop order, this can be carried out in a closed (semi)analytic
form. As visible from Eq. (2), the imaginary chemical
potential merely amounts to a shift of the background color
field. This observation allows one to determine the phase
diagram of the theory as a function of the chemical poten-
tials, as was done first in the seminal papers by Roberge and
Weiss [16–18] for a single quark flavor. The minima of the
effective potential correspond to the so-called center sectors
with argP ¼ 2πk=3 with k∈ f0; 1; 2g and are separated by
first-order phase transitions as iμf are varied.
In the Appendix, we generalize the perturbative analysis

to three quark flavors, following the two-flavor study of

Ref. [26], and determine the effective potential as a function
of the imaginary chemical potentials, VeffðP; iμu; iμd; iμsÞ.
The resulting phase diagram for μs ¼ 0 is shown in Fig. 1
for massless quarks. Here one can observe the nontrivial
shape of the three center sectors and the first-order phase
transitions between them. Along the lines separating two
different sectors, the theory is Z(2)-symmetric, while at the
meeting point of three sectors, Z(3)-symmetry is realized.
One of the Z(3)-symmetric points is at iμI ¼ 4πT=3

and μB ¼ μS ¼ 0, corresponding to the quark chemical
potentials

iμu ¼ −iμd ¼ 2πT=3; iμs ¼ 0: ð7Þ

Even if each fermion determinant in Eq. (2) is modified
by the center transformation (3) to (5), in this case the
product of fermion determinants remains invariant, as the
transformation merely corresponds to a permutation of
the flavors. This invariance is therefore sometimes called
color-flavor-center symmetry [27]. The other center-sym-
metric points can be found from this one via charge
conjugation symmetry; see also Ref. [26]. Further details
of the effective potential and the three-dimensional phase
diagram are discussed in the Appendix. We note that the
general conditions for exact center symmetry for Nc colors
and Nf flavors were discussed in Ref. [28].

III. LATTICE SETUP AND METHODS

Next, we specialize to the choice (7) of the imaginary
chemical potentials. To simulate the path integral (2), we
consider the link variables Uν ¼ eiAν ∈SUð3Þ and use the
rooted staggered formalism. Specifically, Sg is discretized
using the tree-level improved Symanzik action and =D using
the staggered Dirac operator with twofold stout-smeared
[40] links ŨνðnÞ obtained from the unsmeared links UνðnÞ
with smearing parameter ρ ¼ 0.15.
We employ lattices with geometry N3

s × Nt, and the sites
will be labeled below by the four integers fn1; n2; n3; n4g≡
fn; n4g. The temperature and the spatial volume are given
by T ¼ 1=ðNtaÞ and V ¼ ðNsaÞ3, where a is the lattice
spacing. Accordingly, the temperature is changed by tuning
the inverse bare coupling β, and the lattice scale aðβÞ is set
at the physical point, corresponding to a mass-independent
renormalization scheme. The masses of all three quarks are
set to the physical strange quark mass and run as a function
of β along the line of constant physics, which is again
determined at the physical point [41]. The three Dirac
operators only differ in the imaginary chemical potentials
iμf. These enter the temporal hoppings in an exponential
form, Ũ4ðnÞ · eiaμf .
On the level of the gluon links, the center transformation

(3) to (5) is realized by

∀n∶ U4ðn; n4Þ → zU4ðn; n4Þ; ð8Þ

FIG. 1. Phase diagram of QCD with three massless quark
flavors in the iμu − iμd plane at μs ¼ 0. The colors indicate the
three center sectors, where the Polyakov loop phase is real (black)
positive imaginary (yellow/light) or negative imaginary (blue/
medium). The red dots indicate Z(3)-symmetric points. Opposite
edges of the diagram are identified due to the periodicity in the
imaginary chemical potentials. The case of a pure isospin
chemical potential is described by points along the diagonal
from the top-left to the bottom-right corner. One of the two triple
points matches the triple point identified in Eq. (7) after shifting
the negative-valued chemical potential up by 2πT, and the second
one is a result of exchanging the up and down values.
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at a given time slice n4. The above transformation implies
the same replacement for the smeared links Ũ4, too. Using
Eq. (8) and the fact that the links multiply eiaμf in the Dirac
operators, the center symmetry of the theory is transparent:
a transformation with for example z ¼ ei2π=31 merely
interchanges the quarks as u → d, d → s and s → u.
Since all three flavors share the same mass, this is indeed
an invariance of the theory.
Using the gluon links, the Polyakov loop (6) takes the

form

P ¼ 1

3V

X
n

Tr
YNt−1

n4¼0

Ũ4ðn; n4Þ; ð9Þ

transforming as P → zP under (8). Note that we use the
twice stout-smeared links Ũ4 to construct this operator. This
type of smearing helps suppress noise without affecting the
infrared behavior associated with the phase transition.
The symmetry, being exact, forces the expectation value
of the Polyakov loop to vanish at any temperature—just
like in pure gauge theory. To characterize the transition via
expectation values involving the Polyakov loop operator, one
therefore needs an alternative observable.
One possibility is to consider the “rotated” Polyakov

loop P̄ [42], constructed as follows. For any gauge field
configuration U, the phase argP of the Polyakov loop is
calculated. Next, the Polyakov loop is rotated to the real
sector via the center transformation zU ∈Zð3Þ chosen such
that zUP is in the real sector. The rotated Polyakov loop is
the real part of this complex number,

P̄ ¼ ReðzUPÞ; −π=3 < arg ðzUPÞ ≤ π=3: ð10Þ

For the so-defined observable, hP̄i ≠ 0. It is expected to
give a clear signal of the transition [42].
In addition, we also discuss higher central moments κn ≡

hðP̄ − hP̄iÞni of the distribution of the rotated Polyakov
loop. The second, third and fourth moments define the
susceptibility, the skewness and the kurtosis of P̄,

χP̄ ¼ Vκ2; sP̄ ¼ κ3

κ3=22

; BP̄ ¼ κ4
κ22

; ð11Þ

which are constructed to be intensive observables.
Finally, to assess the breaking and restoration of chiral

symmetry, we consider the sum of quark condensates,

ψ̄ψ ¼ 1

4

T
V

X
f¼u;d;s

Tr
1

=DðμfÞ þm
; ð12Þ

which is also invariant under center transformations [28].
On our Nt ¼ 6 ensembles, we consider inverse gauge

couplings 3.79 ≤ β ≤ 3.85, corresponding to temperatures
232 MeV ≤ T ≤ 333 MeV. To investigate the finite

volume scaling of our observables, we simulate lattices
with Ns ∈ f16; 20; 24; 28; 32g. To explore the impact of
changing the quark masses, we perform further runs on
163 × 6 lattices in a broader range of β values. Moreover,
for scale setting purposes we also simulated 244 ensembles,
which are at approximately zero temperature. Finally, we
note that the above observables in principle require ultra-
violet renormalization. This, however, does not affect the
finite size scaling near the phase transition, which is our
main focus. Therefore we work with bare observables in
this study.

A. Multihistogram method

In order to locate the critical temperature and find the
scaling of the above observables with the volume, an
efficient interpolation method in β is necessary. To this
end we employ the multihistogram method [43,44], which
allows for an effective weighted averaging of reweightings
from each of our simulation points. For this work, v0.3 of
our publicly available “Monte Carlo C++ analysis tools”
[45] has been used.
Furthermore, the different simulation points—to be

combined using the multihistogram method—differ not
only in β but also in m due to the tuning along our line of
constant physics mðβÞ. This necessitates the reweighting in
β to be accompanied with a reweighting in m. A complete
reweighting in the quark mass would require the calculation
of the fermion determinant and is therefore no option.
Instead, we expand the corresponding reweighting factor in
the quark mass. Specifically, a leading-order expansion of
the logarithm of the reweighting factor is done. Therefore,
the complete reweighting factor involved in a reweighting
from β to β0 takes the form

Wðβ → β0Þ ≈ exp

�
−ðβ0 − βÞ

�
Sg −

∂m
∂β

V
T
ψ̄ψ

��
; ð13Þ

where Sg is the gauge action and ψ̄ψ the quark condensate
(12). The scale function ∂m=∂β is known from the line of
constant physics determination [41]. The leading-order
expansion is expected to be a good approximation to the
reweighting factor as long as jβ0 − βj is small. Since our
primary objective is the investigation of observables in a
narrow interval around the critical point, this approach is
justified.
The reweighting factor (13) suffices to determine the

expectation values of operators that do not depend explic-
itly on β or m, like the (rotated) Polyakov loop,

hP̄iβ0 ¼
hP̄Wðβ → β0Þiβ
hWðβ → β0Þiβ

: ð14Þ

For the quark condensate (12), an explicit dependence onm
is present, requiring the evaluation of the operator at the
shifted quark mass mðβ0Þ. In particular, the leading-order
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reweighting involves the leading-order expansion of this
dependence,

ψ̄ψðβ0Þ ≈ ψ̄ψðβÞ þ ðβ0 − βÞ · ∂m
∂β

χψ̄ψ ðβÞ; ð15Þ

involving the connected susceptibility,

χψ̄ψ ¼ ∂ψ̄ψ

∂m
¼ −

1

4

T
V

X
f¼u;d;s

Tr
1

½ =DðμfÞ þm�2 : ð16Þ

Thus, the reweighting of the condensate altogether takes
the form

hψ̄ψðβ0Þiβ0 ¼
hWðβ → β0Þψ̄ψðβÞiβ

hWðβ → β0Þiβ
þ ðβ0 − βÞ · ∂m

∂β

hWðβ → β0Þχψ̄ψ ðβÞiβ
hWðβ → β0Þiβ

: ð17Þ

IV. RESULTS

A. Polyakov loop

To set the stage, we first analyze the Monte Carlo
history of the unrotated Polyakov loop (9). Figure 2
shows the results for our 163 × 6 ensemble at β ¼ 3.85,
which lies deep in the high-temperature region. Along the
Monte Carlo trajectory, frequent jumps occur between the
three center sectors, indicating the realization of the Z(3)
symmetry and the ergodicity of our algorithm. The sym-
metry of the distribution of P in the complex plane is
visualized in Fig. 3. By comparing different values of β, the
sharp change in the distribution is revealed as the sponta-
neous breaking of the Z(3) symmetry as high T unfolds.

Next, we turn to the rotated Polyakov loop (10) and
present its histogram in Fig. 4 for the same lattice ensemble.
The three curves correspond to β ¼ 3.788, β ¼ 3.812, and
β ¼ 3.837, using the same color coding as in Fig. 3. In this
representation, the nature of the confinement-deconfine-
ment transition becomes more apparent: a double-peak
structure is forming near the critical temperature (green),
connecting the confined (yellow) and deconfined (red)
distributions. To be more quantitative, we will study higher
moments of this distribution. To achieve that, our data for
the Polyakov loop are interpolated using the multihisto-
gram method [43,44] discussed in Sec. III A. An example

FIG. 2. Monte Carlo history of the real (gold) and imaginary
(blue) part of the Polyakov loop on a 163 × 6 ensemble at high
temperature. Frequent jumps between the center sectors are
observed.

FIG. 3. Scatter plot of the Polyakov loop in the complex plane
on 163 × 6 ensembles at different temperatures.

FIG. 4. Histogram of the rotated Polyakov loop on our 163 × 6
ensembles, with the same color coding for the temperatures
as in Fig. 3.
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for the Polyakov loop expectation value is shown in Fig. 5,
showcasing the effective interpolation taking into account
all simulation points.
Using the multihistogram method, the interpolation of

the higher moments (11) is also straightforward. In Fig. 6,
we display the β-dependence of the first four moments: the
mean, the variance, the skewness and the kurtosis of the
distribution of the rotated Polyakov loop. Here we include
all five volumes, ranging between 163 × 6 and 323 × 6.
The expectation value hP̄i shows that, in the confined

regime, the observable rapidly converges toward zero,
while the change across the transition becomes increasingly
abrupt as the spatial volume grows, providing a strong hint
that the transition is not a crossover like at zero chemical
potential. The variance κ2 likewise demonstrates behavior
characteristic of a first-order phase transition: its peak
becomes progressively narrower with increasing V. Notice
that the Polyakov loop susceptibility is related to κ2 through

FIG. 5. Temperature dependence of the rotated Polyakov loop
expectation value, together with an interpolation obtained using
the multihistogram method for our 203 × 6 ensemble.

FIG. 6. Moments of the distribution of the rotated Polyakov loop as a function of β for different volumes. The panels show hP̄i
(top left), κ2 (bottom left), sP̄ (top right) and BP̄ (bottom right).
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Eq. (11). Thus, the approximate volume independence of
the peak height of κ2 implies that the susceptibility satisfies
χP̄ ∝ V at its maximum. This is the expected behavior for a
first-order transition.
The skewness of the P̄ distribution also exhibits

an increasingly sharp dependence, crossing zero at
βc ¼ 3.835ð2Þ. This is our definition for the critical
coupling.2 Regarding the kurtosis, we observe sizeable
statistical uncertainties and therefore cannot draw firm con-
clusions about its behavior, except that its value BP̄ðβcÞ in
the thermodynamic limit is compatible with unity, the value
expected for a first-order phase transition. Altogether, these
results give compelling evidence that the deconfinement
transition in this system is indeed of first order.

B. Quark condensate

We proceed with the analysis of the quark condensate.
Figure 7 displays hψ̄ψi, interpolated in β via the multi-
histogram procedure for several lattice volumes. Here we
do not carry out the renormalization of this observable, yet
we clearly observe the imprints of the abrupt change of the
Polyakov loop background around the critical β, where a
discontinuity of the condensate forms as V → ∞.
At a first order transition one expects all derivatives of

the free energy, including hψ̄ψi, to exhibit discontinuities
in the thermodynamic limit. The results of Fig. 7 clearly
indicate such a discontinuity. But is this associated with the
restoration of chiral symmetry? To determine this, we
would have to know whether, in the chiral limit, the value
of hψ̄ψi jumps between a nonzero value and zero at Tc.
This raises a broader question: how does the transition we
have observed depend on the quark masses? Up to this
point, our study has been performed using the physical

strange quark mass,m ¼ mphys
s . However, the emergence of

a first-order transition in this setup is expected to persist for
any value of m, provided that all three flavors share the
same mass and the imaginary chemical potentials follow
the prescription of Eq. (7). To examine the quantitative
mass dependence, we conducted an additional scan on the
163 × 6 lattice at two further mass values: the physical
light-quark mass, m ¼ mphys

ud ¼ mphys
s =28.15 [41], and a

heavier mass,m ¼ 3 ·mphys
s . The resulting β-dependence of

the rotated Polyakov loop is shown in Fig. 8. While the
qualitative features of the transition are similar across all
mass values, a clear dependence of the critical coupling on
the quark mass, βcðmÞ, becomes evident. In particular, the
critical β values are read off by requiring that hP̄i take the
same value as at the critical temperature in our finite size
scaling analysis above.
Recall that to convert the β values to lattice spacings, i.e.

to temperature values, we have been using the lattice scale
determined at the physical point. In order to compare the
critical temperatures for theories that differ by such large
quark mass differences, it is instructive to consider dimen-
sionless combinations. To that end, we consider the w0

scale [50] determined from the Wilson flow [51]. We
calculated w0=a on 244 lattices at zero chemical potential
and at the critical inverse gauge couplings determined from
Fig. 8. We list the values for Tcw0 in Table I. The results we

FIG. 7. Expectation value of the quark condensate as a function
of β for different volumes.

FIG. 8. The β-dependence of the rotated Polyakov loop on the
163 × 6 ensemble for three different quark masses.

TABLE I. Measurements of the w0 scale on 244 lattices at μf ¼
0 at the critical couplings inferred from finite temperature 163 × 6
ensembles.

mu;d;s mphys
ud mphys

s 3 ·mphys
s

Tcw0 0.239(1) 0.248(1) 0.2505(5)
2We note that an alternative definition for the critical coupling

may also be given directly in terms of the histogram of P [46–49].
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find are remarkably close to the value Tcw0 ¼ 0.2507ð2Þ in
pure gauge theory [52] but deviate substantially from the
approximate value Tcw0 ≈ 0.14 that this combination takes
at the crossover transition in physical (2þ 1)-flavor QCD
[50]. This suggests that the transition we observe may not
be associated with chiral symmetry restoration. To address
this question quantitatively would require a more thorough
study of the behavior of hψ̄ψi in the large-volume and
small-m limits near the transition, which is beyond the
scope of our current investigation.
Putting together the above findings, we are able to sketch

the phase diagram of the theory. This is shown in Fig. 9 in
the three-dimensional space spanned by the temperature,
the isospin chemical potential and the quark mass. The
system exhibits the exact center symmetry on both back
planes of this phase diagram: the one at μI=T ¼ i4π=3 as
well as the one at m ¼ ∞. The first-order deconfinement
phase transition that we simulated above at μI=T ¼ i4π=3
and m ¼ mphys

s —and expect to persist for practically any
nonzero quark mass—is therefore continuously connected
to the first-order region at μI ¼ 0 and high quark masses.
The latter is customarily depicted as the section of the
diagonal in the upper right corner of the standard Columbia
plot; see e.g. Ref. [1]. This first-order transition terminates

in a Z(2) second-order point, from which a Z(2) line
emanates in Fig. 9. For even lower quark masses, the
transition is an analytic crossover. Following Table I and
the above quoted values, we have also indicated the
qualitative behavior of the transition temperature (in units
of 1=w0) in the figure.
Figure 9 exhibits yet another region of first-order phase

transitions, corresponding to the upper part of the μI=T ¼
i4π=3 back plane, marked yellow. That is, at high temper-
atures above deconfinement, there is a transition as μI
passes from below to above 4πiT=3. For μI < 4πiT=3 the
real sector dominates, and for μI > 4πiT=3 the two com-
plex sectors dominate and are equivalent, and the Z2

symmetry between these sectors is spontaneously broken.
Turning back to the perturbative phase diagram in Fig. 1,
this transition corresponds to the change from the black
region to the blue/yellow boundary region along the upper-
left to lower-right diagonal. We note finally that the
analytical continuation of this phase diagram to real values
of μI is known to exhibit further phases involving the Bose-
Einstein condensation of charged pions, encoded in the
chiral behavior of the theory. This region of the phase
diagram has been studied for physical [19,20] as well as for
lighter-than-physical quark masses [53,54].

V. CONCLUSIONS

In this paper, we discussed QCD with three mass-
degenerate quarks at imaginary chemical potentials. Using
the one-loop perturbative effective potential for the
Polyakov loop, we mapped out the Roberge-Weiss phase
transitions and the associated phase diagram of the theory
in the high temperature limit. We determined the mani-
fold, where the system exhibits an exact center symmetry
and specialized to one point on it: μB ¼ μS ¼ 0 and
μI ¼ i4πT=3. Using lattice simulations with dynamical
stout-improved staggered quarks at one lattice spacing and
a dedicated multihistogram analysis, we demonstrated that
the deconfinement phase transition in this setting is first
order. The corresponding discontinuity in the Polyakov
loop was shown to leave its imprint in the quark condensate
as well. Finally, we sketched the qualitative behavior of
the QCD phase diagram in the mass-chemical potential-
temperature space. Our results constitute a nontrivial
example, beyond pure gauge theory, for a center-symmetric
quantum field theory with a real phase transition. While
we expect that the observed prominent features continue
to persist in the continuum limit, for the complete picture
simulations on finer lattices and a continuum extrapo-
lation are necessary, which go beyond the scope of our
study.
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APPENDIX: PERTURBATIVE PHASE
STRUCTURE AT HIGH TEMPERATURES

Expanding around a homogeneous gluon field back-
ground in the gauge where A4 is time independent, the one-
loop effective potential of QCD with Nf massless flavors
depends on the three eigenvalues Ci of the temporal
component A4 of the gauge bosons, as well as the angles
θf ¼ iμf=T (the imaginary chemical potential values are
effectively angles which shift the boundary conditions for
each quark species f∈ f1…Nfg [16–18]). Specifically,

V tot
effðCi;θfÞ¼Vglue

eff ðCiÞþ
XNf

f¼1

V1-fermion
eff ðCiþθfTÞ: ðA1Þ

Notice that V tot
eff depends on all of the Ci and θf, while each

one-fermion potential depends on all Ci, which are uni-
formly shifted by a specific θfT.
In the one-loop approximation, we can give a closed-

form expression for the two pieces of the effective
potential:

Vglue
eff ðCiÞ

¼ π2T4

24

XN
j;k¼1

�
1 −

��
Cj

πT
−
Ck

πT

�
mod 2

− 1

�
2
�

2

ðA2Þ

V1-fermion
eff ðCiÞ

¼ −
π2T4

12

XN
i¼1

�
1 −

��
Ci

πT
þ 1

�
mod 2

− 1

�
2
�

2

; ðA3Þ

omitting terms that do not depend on the background field
value Ci. Here ½…� mod 2 indicates that the quantity is to be
shifted by an even integer to fall into the range [0, 2).
Obtaining the expectation value of the background

field Ci is equivalent to determining the minimum of the

effective potential. At high temperatures, the one-loop
effective potential is approximately equal to the full effec-
tive potential. The fact that we are analyzing the high
temperature regime also justifies considering massless
quarks.
The minima candidates sit at discrete points

ðC1;…; CN−1; CNÞ ¼ ðϕ;…;ϕ;−ðN − 1ÞϕÞ, where ϕ ¼
an ¼ 2πTn=N for a general number N of colors. Those
are the exact minima of the pure Yang-Mills effective
potential Vglue

eff ðCiÞ, indexed by n∈ f0;…; N − 1g. Note
that the last entry is fixed via the tracelessness condition of
the Lie algebra. Setting these points as the minimum
candidates of the total effective potential is an assumption
which should hold true as long as the number of fermion
flavors is not too large compared to the rank of the gauge
group.3 Not only does this reduce the minimization
procedure from an (N − 1)-dimensional problem to a
one-dimensional one, but one can see that the remaining
parameter ϕ ends up being the angle of the Polyakov loop.
Specifying to the case Nf ¼ 3 and N ¼ 3 at a fixed

temperature T, we will find a three-dimensional phase
diagram, where each phase corresponds to a different value
an of the Polyakov loop angle ϕ. We can consider this
phase diagram in the θu, θd, θs basis, or, equivalently, in the
θB, θI , θS basis, as defined in Eq. (1) for the chemical
potentials. As we pointed out already in footnote 1, the
latter parametrization is a double cover of the former one.
To see this, we write down the transformation between the
two coordinate systems via

0
B@

θu

θd

θs

1
CA ¼ U

0
B@

θI

θB

θS

1
CA with U ¼

0
B@

1=2 1=3 0

−1=2 1=3 0

0 1=3 −1

1
CA:

ðA4Þ

Computing the determinant of the transformation matrix,
we find det½U� ¼ 1=3. However, comparing the volumes of
the two parameter spaces, we find 6π · 4π · 2π ¼ 6 · ð2πÞ3,
i.e. the parameter space of the ðθI; θB; θSÞ-basis is six
times as large as the that of the ðθu; θd; θsÞ-basis; hence
we cover twice the volume in chemical potential space.
Thus, for instance ðθB; θI; θSÞ ¼ ð3π; 2π; πÞ is equivalent to
ðθB; θI; θSÞ ¼ ð0; 0; 0Þ.
We first consider the θB, θI , θS basis and numerically

compute two-dimensional slices of the full phase diagram
where θS is constant; see Fig. 10. As one can observe in the
definition, the three-flavor case differs from the two-flavor

3For example, setting Nf ¼ 10 and N ¼ 2, we find that if five
quarks have θ ¼ 0 and five quarks have θ ¼ π, then the choice
ðC1; C2Þ ¼ ðπT=2; 3πT=2Þ is preferred over either conventional
center-symmetric minimum. A similar counterexample forN ¼ 3
is Nf ¼ 24 with 12 flavors at θ ¼ 13π=27 and 12 flavors at
θ ¼ π=3, albeit out of the range of asymptotic freedom.
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case by one additional fermionic contribution to the
effective potential at the fixed value θs, which needs to
be accounted for in the minimization procedure. More
explicitly,

V tot
effðCi; θfÞ ¼ V tot

eff;2-flavorðCi; θu; θdÞ
þ V1-fermion

eff ðCi þ θsTÞ: ðA5Þ

Interestingly, this additional term drastically changes
the qualitative structure of the overall phase diagrams.
While the two-flavor diagram has straight phase boundaries
forming a “honeycomb” shape, as observed both in pertur-
bative and nonperturbative studies [26], the three-flavor
diagrams have curved phase boundaries, with measure zero
exceptions.
An interesting observation is that the two vertical lines in

the θS ¼ 0-slice and θS=ð2πÞ ¼ 1=2-slice in Fig. 10 are not
simple phase transition lines between two phases but, in
fact, lines of triple points. This fact gets somewhat obscured
in this coordinate system, since the third phase “hides” in a
slice with a slightly different value of θS. Changing the
basis to the up-, down-, strange-quark chemical potentials
ðθu; θd; θsÞ∈ ½0; 2πÞ3 makes the triple points immediately
visible. Keeping θs fixed, a collection of slices is displayed
in Fig. 11. These three slices exemplify the typical structure
of these phase diagrams.

We can see that in this basis, each fixed-θs slice
has exactly two triple points. These triple points move
linearly with θs, drawing a trajectory which can be
plotted in the full, three-dimensional phase diagram; see
Fig. 12. The trajectories of the triple points can be para-
metrized as

θs ¼
�
θu ∓ 2π

3

�
mod 2π

¼
�
θd �

2π

3

�
mod 2π

: ðA6Þ

FIG. 10. Phase diagrams for three flavors evaluated at a
constant value of the strangeness chemical potential θS in the
parameterization Eq. (1). At θS ¼ 0, we can observe that the
θI ¼ 0-line reproduces the one-flavor case.

FIG. 11. Phase diagrams for three flavors evaluated at various
(constant) values of the strange quark chemical potential θs,
representing the typical structure of these diagrams. The red dots
indicate triple points. The arrows in the top right panel visualize
the meaning of the three colors as Polyakov loop angles.

FIG. 12. Triple points in the high-temperature phase diagram of
three-flavor QCD, generated numerically.
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Plugging this trajectory into the effective potential we can
verify that

V tot
effðϕ ¼ a0; θTf Þ ¼ V tot

effðϕ ¼ a1; θTf Þ
¼ V tot

effðϕ ¼ a2; θTf Þ; ðA7Þ

which is the definition of a triple point. The triple points
realize the exact Z(3) symmetry that we pointed out before
Eq. (7) of the main text. Performing a coordinate transform,
one can verify that these two linear trajectories coincide
with two of the four linear triple-point lines in the θB, θI , θS
coordinate system, visible in Fig. 10. The other two triple-
point lines are a consequence of the double-cover feature
discussed earlier.
Keeping in mind that the third fermion flavor acts

as an additional fermionic term in the effective potential,
it is intuitive that something interesting might happen
when we set θs to one of the values where the one-flavor
theory would have its phase transition, i.e. θs=ð2πÞ∈
f1=6; 1=2; 5=6g. As one can observe in Fig. 13, we
now find both straight and curved phase transition lines.
This can be traced back to the symmetry properties
of the mod function. The points right between two of
these phase transition values also satisfy this sym-
metry property, causing the phase diagrams at these points

to also have an atypical structure. The θs ¼ 0 slice of
this figure was shown already in Fig. 1 of the main text.
Further details of the effective potential have been studied
in Ref. [56].
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