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A crucial physical quantity in determining the 21-cm signal during cosmic dawn is the inhomogeneous
background of Lya photons originating from the first galaxies. As these photons travel through the
intergalactic medium (IGM), their scattering cross section is often approximated as a delta function at
resonance due to computational cost. That is, photons with emitted wavelengths between Lya and Ly/ are
assumed to travel in straight lines until they redshift into the Ly« resonance. However, due to the damping
wing in the Lya cross section, this approximation fails as the frequency of the photon approaches the
resonant frequency, resulting in multiple scatterings events that could be separated by non-negligible
distances. These multiple scattering events effectively modify the intrinsic Lya emissivity from galaxies.
Some previous works studied this effect of Ly multiple scattering by running computationally heavy
radiative-transfer simulations. However, robustly interpreting the cosmic 21 cm signal requires exploring a
large parameter space of astrophysical uncertainties, motivating more computationally efficient ap-
proaches. Here we incorporate Lya multiple scatterings in the public, seminumerical simulation 21¢cmFAST.
To do so, we employ Monte Carlo simulations to study the trajectories of Lya photons on different scales.
We find that the distance distributions of Lya photons with respect to the absorption point can be modeled
as analytical functions that are governed by a single parameter. Upon implementing the distance
distributions in 21cmFAST, we find that the multiple scattering effect is important (about 50% difference
in the 21-cm power spectrum) only at high redshifts before the spin temperature is fully coupled to the
kinetic temperature. Furthermore, we find that Lya multiple scattering does not enhance Lya heating, and

that the combined effect is negligible, especially under realistic x-ray heating scenarios.

DOI: 10.1103/5r5v-nk5j

I. INTRODUCTION

The cosmological 21-cm signal contains information that
could potentially deepen our understanding on the star
formation history [1-8], the epoch of reionization (EoR)
[9-16], the nature of dark matter [17-24], and other
cosmological quantities [25-33]. Motivated by this potential,
a worldwide effort is underway to detect the 21-cm signal.
Some collaborations, like EDGES [34], SARAS [35,36],
BIGHORNS [37], REACH [38], PRIzM [39], MIST [40]
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and RHINO [41] aim to measure the background evolution of
the global (sky-averaged) signal. Others, like HERA [42],
LOFAR [43,44], and NenuFAR [45], focus on measuring the
21-cm power spectrum. In the future, SKA [46,47] is
expected to be sensitive enough to map out the intergalactic
medium (IGM) in 3D throughout the EoR. All the afore-
mentioned experiments are poised to measure the signal at
the cosmic dawn and reionization epochs, but there are as
well several proposals to probe the signal at the preceding
dark ages epoch with lunar-based instruments [48-51].
During cosmic dawn, the 21-cm signal is expected to
have an absorption feature that arises due to strong
coupling between the spin temperature of the IGM and
the gas kinetic temperature via the Wouthuysen-Field effect
[52-54]. This coupling becomes possible as Lya radiation
from the first stars interacts with the hydrogen atoms in the
IGM. The Lya coupling is thus a partially nonlocal effect,
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in the sense that the strength of the coupling at a given point
in the IGM does not only depend on the luminosity of the
closest sources. For simplicity, many 21-cm simulators in
the literature, including 21cmFAST [55,56], SimFast21 [57],
and Zeus21 [58,59] have made the simplifying assumption
that the Lya cross section is a delta function at resonance.
This effectively means that photons originating between
Lyp and Lya travel in straight-lines from the source galaxy
to the point at which they interact with the IGM. In this
straight-line (SL) approximation, there is negligible dis-
tance between scattering events because scattering only
occurs at the resonant frequency of Lya. However, the
damping wing of the Lya cross section results in some
photons scattering before they redshift into resonance. As a
result, they can travel non-negligible distances between
successive scattering events. Accounting for such Lya
multiple scattering (MS) might be needed to accurately
model the anisotropies of the cosmic 21 cm signal.

Several works in the literature have previously studied
the Lya MS problem. Reference [60] found an analytical
solution to the spatial and spectral distribution of nearly
Lya photons in an homogeneous, expanding IGM with
zero temperature. Recently, Ref. [61] have managed to
generalize the distribution of Ref. [60] to account for an
IGM of finite temperature. In the context of the 21-cm
signal, Ref. [62] (hereafter RFB21) performed Monte Carlo
(MC) simulations to incorporate the effect of Lya MS in
their 21-cm simulator, 21cmSPACE [63,64]. The MC code of
RFB21, presented initially in Ref. [65] and later known in
the literature as SPINTER, was compared in Ref. [66] to the
LICORICE simulation [67], where it was concluded that
peculiar velocities are an important aspect in the study of
the effect that Lya MS has on the 21-cm signal. Similar
conclusions were also obtained by Ref. [68], which
incorporated in their simulations more advanced physical
effects, such as anisotropic scattering and atom recoil.
While the works of Refs. [66,68] present the current state-
of-the-art 21-cm simulations that account for Lya MS, they
were carried on radiative transfer simulations which are too
computationally expensive for parameter inference with
respect to future data from 21-cm observatories.

In this paper, we take a similar approach to RFB21, in
the sense that our analysis is based on performing first MC
simulations to deduce the radial distributions of Ly«
photons with respect to the absorption point, and then
use these distributions in a seminumerical 21-cm simu-
lator, in our case, 21cmFAST.! However, unlike SPINTER, our
publicly available MC simulator, named speedy Lya ray
tracing algorithm (SPaRTA?), contains many of the physi-
cal features that were studied in Ref. [68], including
peculiar velocities and finite IGM temperature. SPaRTA
works very fast, between seconds to minutes, since it does

lhttps ://github.com/21cmfast/21cmFAST.
2https:// github.com/jordanflitter/SPaRTA.

not work with a grid, but instead employs analytical
results from linear perturbation theory to emulate the
effect of peculiar velocity on the scattered photons. Thus,
SPaRTA was not designed to replicate precisely the results
of advanced radiative transfer simulations on shorter
timescales, but as a tool for approximately simulating
the physics of Lya MS. In addition, in contrast to RFB21
that have used a very complicated fitting function with six
free parameters, we develop an analytical formalism
that allows us to identify the important scales in the
problem, as well as to find the connecting limit to the SL
approximation. We use SPaRTA to find that the radial
distance distributions can be modeled very well with
analytical beta distributions that are controlled by a single
parameter. By using our analytical formalism to feed
appropriately the beta distributions into 21cmFAST, we find
that Lya MS does matter when considering the 21-cm
power spectrum, but only at high redshifts, when Lya
coupling is not too efficient. On top of that, contrary to
RFB21, we find that the combined effect of Lya MS and
Lya heating has a negligible effect on the 21-cm signal,
even when considering x-ray luminosity far below the
inferred value from HERA [69] and the James Webb space
telescope [JWST, [70]].

The remaining parts of this paper are organized as
follows. In Sec. II we describe our window function
formalism for incorporating the effect of Lya MS in the
evaluation of the 21-cm signal. In Sec. III we describe how
SPaRTA works. We then show in Sec. IV the results of
SPaRTA and how they can be used to model analytically
the window functions associated with Lya MS. These
window functions are then used in Sec. V to show how Lya
MS alters the fluctuations of the 21-cm signal. We con-
clude in Sec. VI. In addition, this paper contains several
Appendixes. In Appendix A we derive the finite shell
window function, given the infinitely thin shell window
function. In Appendix B we outline the basic equations of
conditional Gaussian random variables and in Appendix C
we show how the cosmological correlation functions are
computed in linear perturbation theory. In Appendix D
we go beyond linear perturbation theory to validate our
conclusions. Finally, in Appendix E we provide more
details on our implementation of the MS window function
in 21cmFAST.

Throughout this work, we adopt for the cosmological
parameters the Planck18 best-fit values [71]. All physical
scales in this paper correspond to comoving scales.

II. FORMALISM

The quantity of most interest in 21-cm signal studies is
the brightness temperature 7,;, defined as

T,—-T
Ty =——(1

— e "2 , 1
14z ) m
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where T, is the radiation temperature, often modeled as the
cosmic microwave background (CMB) temperature, 7', is
the spin temperature of the IGM, and 7,; is the 21-cm
optical depth. The spin temperature indicates the ratio
between hydrogen atoms at the hyperfine triplet level and
the singlet level. In thermal equilibrium, it reads

7-1 _ xemp Tyt + Xeon Tyt + XT3 2)
* XcMB T Xeoll T Xq ’

where T, is the gas kinetic temperature, 7, = T, is the Lya
color temperature, and xcyp, Xcon and x,, are the CMB [72],
collisional [11], and Lya [54] coupling coefficients,
respectively. The latter coefficient, x,, is of most importance
in this work. As the dark ages come to an end, x. is
negligible while xcyp = 1. Thus, the magnitude of x,
determines if T, follows more T, or T); when x, > 1,
Ts ~ Ta ~ Tk'

There are several physical fields that determine x, but the
most critical one is the flux of the absorbed Lya photons in
the IGM, J,,. In fact, we can write x, « J,/J,, where J ~
5.6 x 10712(1 4 z) em™2 s~ Hz ! sr~! [73], and the factor
of proportionality is of order unity. Thus, approximately,
when J, > J,, T, = T}, regardless of the exact value of J,,
nor its spatial fluctuations. This condition is expected to
hold at lower redshifts when the star formation rate density
(SFRD) is larger. However, the fluctuations pattern of J,, do
determine the fluctuations of 7,; at higher redshifts.

The evaluation of J, requires taking into account
contributions from three physical mechanisms. First, the
interaction of ionizing radiation with the IGM produces
free electrons that can excite hydrogen atoms to the n = 2
level, which consequently results in the production of Lya
photons as the excited hydrogen atoms return to ground
state [55]. This physical mechanism however yields the
smallest contribution to J,. The other two mechanisms are
continuum photons and injected photons [74]. Continuum
photons are photons with initial frequency between Lya
and Ly that redshift toward Lya as the Universe expands.
In contrast, injected photons are photons with initial
frequency higher than Lyf. As the frequency of the injected
photons redshifts toward Lyn and they are absorbed by the
IGM, Lya photons can be produced upon atomic cascades.
The combined contribution of continuum and injected
photons to J, can be expressed as

(1 + Z)Z Mmax
4 Z frecycle(n)

n=2

Zmax(”) C aj al
* / az H(Z) EPW)e (x. 7). (3)

Ja(Xv Z) =

where z is the absorption redshift in which J,, is evaluated,
7/ > z is a dummy integration variable that corresponds to
the retarded time of emission, H(z') is the Hubble param-
eterat 7/, 1 + zp(n) = (1 + 2)[1 = (n=1)72]/(1 = n7?)

is the highest redshift for which a photon of initial
frequency of Lyn (denoted as v,) will not be absorbed
in the IGM before redshift z, fiecyce(n) denotes that
probability that a Lyn photon will cause the emission
of a Lya photon via atomic cascades [54,75], we set
Npax = 23 for numerical considerations [55] and ¢ is the
speed of light. In Eq. (3), the emissivity field ¢, (x,z) is a
quantity that describes how many photons are emitted per
volume per unit of time at a point x, and it is weighted
by the spectral energy distribution (SED) 7, (v). Integrating
the product of both quantities along the comoving dis-
tance element dz’'c/H(7') therefore returns a quantity of
flux units.

While /, (v) and €, (x, z) are defined at the source frame,
these quantities need to be evaluated at the IGM’s target
frame. The photon frequency that the IGM “sees” is
different than the source frequency due to redshift and

Doppler shift, v/ = (1 4+ 2')(1 +z)(1 — ol /¢)'v,, where

rel
v‘rLl is the parallel component of the relative velocity
between the source and the absorbing atom. Thus, the
apparent SED is

PP () = / Al LV (0 ) f o (0l)

(s8]

147
RL\——F—Un ) 4
(155) #

where f1;(v‘r|€:l) is the distribution of v'rLl

mated f, (v]) ~ 8°(vl), with 6P the Dirac delta function.

rel rel
The last approximation effectively states that v‘r‘el /e k1.
As we shall see in Sec. IV, this approximation is justified

(especially for flat SEDs).

and we approxi-

A. Window function

Similarly to the apparent SED, the emissivity needs to be
evaluated at the target frame as well. Due to the finite speed
of light, it is not the local, instantaneous emissivity that
contributes to the Lya flux, but rather past and distant
values of the emissivity field. The apparent emissivity of
all contributing sources to the flux at point x at redshift z is
thus given by

P (x,7) = /d%’f(x’;x,z,z’)e*(x -x',7)
=f(x:z.7) xe(x.2), (5)

where * denotes convolution operation and f(x’; x, z, Z') is
the spatial distribution of photons that were emitted
at redshift 7/ from point x’ and were later absorbed at
redshift z and point x. Note that in the second equality of
Eq. (5) we assumed homogeneity in the distribution
function, f(x’;x,z,7) = f(x';z,7'), i.e., the spatial dis-
tribution does not depend on the absorption coordinate X.

103552-3
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At low redshifts, this assumption is in fact not accurate at
all; after reionization kicks in, absorption points surrounded
by ionized regions see different distributions than points
surrounded by neutral regions. In addition, temperature
fluctuations may change the apparent cross section that the
photons see during their trajectory to the absorption point.
We will see however in Sec. V that these details have little
importance when the brightness temperature is the physical
quantity to be considered, on the relevant scales for obser-
vation. Note also that in Eq. (3) we have separated for
simplicity any spectral effects from the apparent emissivity,
implying that the spatial distributions are the same for all Lyn
photons that are absorbed in the IGM. This assumption was
also taken by RFB21, and while it may not hold for all Lyn
photons in general, we adopted this assumption as well and
decided to leave its relaxation for future work.

The convolution in Eq. (5) can be efficiently computed
by multiplying the two fields in Fourier space. To this end,
we define the window function to be the Fourier transform
of the spatial distribution,

W(k;z, 7)) =FT[f(x:2.7)] = /d3xe‘“"‘f(x;z,z’). (6)

One can then easily compute the convolution in Eq. (5) by
multiplying the emissivity field in Fourier space with the
window function, and then transform the product back to
real space. It is important to note that the unfiltered
emissivity field that is considered in Eq. (5) is evaluated
at the retarded redshift z’ rather the absorption redshift z.

To simplify the problem further, we shall assume that the
spatial distribution is isotropic and purely radial, i.e.,
f(x52.2') « fgy (r:z), where r = |x — x| and Ry is the
comoving distance between z and 7/,

7 cd7”

. H(Z")

2c¢
~——— (1422 -1+, (7
a1+ =1+ )

Ry (z.2) =

where the second equality is an excellent approximation of
the integral for a flat Universe during matter domination (as
is the case for the redshift 5 < z < 35 of interest). For a
purely radial distribution function fg_ (7;z), the window
function becomes

fORSL drrszSL(r; Z) %
Jot drr fry (r:2)
<t k y
e A i50) gy
Jo dyy*f1(y:2)

W(kRSL; Z) =

(8)

where in the second equality we switched integration
variables and defined

r
RsL

y 9)

Note that Eq. (8) implicitly assumes that the radial
distribution vanishes for r > Rg; (or equivalently for
y > 1). This reflects the fact that, for a flat geometry,
the longest comoving distance that a photon can travel
between 7z’ and z is Rgy (z, 7).

For numerical purposes, Eq. (3) is evaluated by consid-
ering a finite amount of 7’ values. Then, if the window
function of Eq. (8) is used to filter the emissivity field,
numerical artifacts can appear when J,(x, z) is evaluated.
For that reason, shells of finite width have to be considered
in the integration of Eq. (3) and the cumulative radial
distribution needs to be taken into account,

fRSL(”QZ) - R

/RO dr'f.(r;z), (10)

O_Ri R;

where R; and R, are the inner and outer radii of a given

shell. Here, it is implicitly assumed that fgr_ (7;z) is

normalized such that f(f drfgg (r;z) = 1. One can con-

firm that the cumulative window function approaches
fry (riz) in the infinitely thin shell limit where R, —
R; = Rg;. In Appendix A we show that the window
function that corresponds to the cumulative radial distri-
bution can be expressed as

- RIM(kRy;z) — RPM(kR;; z
W(kR,, kR;; z) = ( R3)_R3 ( ),
o i

(11)
where

M(kR;z) =

kR
:_k3R3A dxx*W(x; 7). (12)

B. Example: Straight-line approximation

To relate our window function formalism with the
equations found in the literature, let us consider the
concrete example of the SL approximation. Here, given
zand 7/, it is assumed that all photons that were absorbed at
point x were emitted from sources of comoving distance
Rg; from x. Thus, the radial distribution that corresponds
to the SL scenario is fgy (r;z) = 6°(r — Rs). Plugging
this distribution in Eq. (8) then yields W(kRg ) =
sin kRg; /kRg; . Then, plugging this window function in
Eq. (12) results in the SL. window function,

3(sin kR — kR cos kR)

Mg (kR; z) = OR3

. (13)

which is the Fourier transform of a top-hat filter in real space.
Notice that this window function is redshift-independent,
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this will not be the case when we consider the multiple-
scattering scenario.

Up until now, Egs. (11) and (13) were implemented in
21ecmFAST and Zeus21 (see e.g. [58,76]), reflecting the implicit
assumption that photons in the simulation travel in straight-
lines. In the following two sections, we explain how the MS
window function is derived. Readers who are less interested
in these details can jump ahead to Sec. V, where we show
the effect of the MS window function on the 21-cm signal.

III. SPEEDY Lya RAY TRACING ALGORITHM

In this work, we incorporate the effect of Lya MS in
21-cm simulations by generalizing the SL window function
of Eq. (13). In order to find the MS window function, we
use the newly developed tool SPaRTA. This MC code works
by tracking the trajectories of many photons as they scatter
off hydrogen atoms in the simulation. Since SPaRTA does
not work with a grid, it is very efficient compared to other
ray tracing and radiative transfer codes—it takes seconds or
minutes to perform a single MC simulation, depending on
whether peculiar velocities are taken into account. SPaRTA
resembles somewhat the SPINTER code but we have
included in our MC simulation four physical effects that
were not taken into account in SPINTER and were mostly
inspired from the work of Ref. [68]. They are:

(1) Peculiar velocity: we account for random peculiar
velocities in the IGM by using linear perturbation
theory and conditional Gaussian random variables
(see more information at Appendixes B and C). In
our gridless approach, we draw the conditional
peculiar random velocity vector given only the past
sample of the peculiar velocity vector along the
photon trajectory. While a more precise simulation
would include information from more samples, or
larger scales, we find this scheme accurate enough
since the correlation function of the peculiar velocity
is very high on small scales, and it decreases with
larger scales.

(ii) Finite temperature: due to random thermal motions
of the hydrogen atoms, the temperature of the IGM
changes the effective cross section in the gas rest
frame from a simple Lorentzian shape to a Voigt
profile [77,78],

3X2a
Co(Vapps Tx) :2—\/7—1_TH(XT;aT)

10* K

12
~59x 1074 () H(x7;ar) cm?

Ty
(14)
where A, = c¢/v, is the wavelength of the Lya line

center, ay = A,/ (4nAvp), with A, ~6.25 x 108 57!
the Einstein coefficient for spontaneous Lya emission,

Avp = (2kgTy/myc®)?v,, kg is the Boltzmann
constant and my is the hydrogen atom mass. The
Voigt function is defined as

2

H(xp:ay) “T/“d e (15)
Xriar) =— -
rur T ) y<y—xT)2+“T

where X7 = (Vypp — y)/ Avp and vy, is the apparent
frequency of the photon, as seen by a hydrogen atom in
the gas rest frame.

In SPeRTA, we have a free parameter 7, that
characterizes the temperature of the entire IGM in
the simulation. Of course, a more realistic simulation
would account for the fluctuations in the temperature of
the IGM, and not just its global value. Yet, we will see
in Sec. IV B that this detail is less relevant for the scales
of our interest.

(iii) Anisotropic scattering: we also account for the
anisotropic scattering of the photons in the gas rest
frame; in this frame, photons are more likely to
scatter forward or backward rather than sideways.
This is manifest through the distribution [68,79]

(114 32) /24 if |vypp — V] < 0.2A01,

fulb) = {3(1 +12)/8

otherwise
(16)

where p is the cosine of the angle between the
outgoing and incoming direction of the photon.

(iv) Atom recoil: due to energy transfer between the

scattered photon and the hydrogen atom, the fre-
quency of the former is modified [see denominator
of Eq. (22)].

SPaRTA works backward in time, i.e., given the absorp-
tion redshift z,,, the simulation begins at the line center
when the photon has an apparent frequency v,,, = v, and
is absorbed by the IGM. This is done for two reasons. First,
the required distribution in Eq. (5) is with respect to the
absorption point, not with respect to the source of emission.
Second, we can treat each intermediate point in the MC
simulation as a potential source of emission, thereby
reducing considerably the required amount of simulated
photons for analyzing the radial distributions—we work
with only Nppoions = 103, whereas typical MC simulations
require Npyoons higher by at least two orders of magnitude
[80—83]. Another adjustable parameter in SPaRTA is the size
of the virtual grid’s cell, which for this work is set to be
L.y = 200 kpc. We have verified that our results are not
sensitive to our choices for Nypons and Ly, indicating
convergence.

Besides zupss Nphotonss Leell» Tk and the usual cosmologi-
cal parameters, SPaRTA has in addition two more free
parameters. The first parameter is a physical one and
represents the global ionization fraction of the IGM, xy.

103552-5
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While ignoring the patchiness of the IGM during reioniza-
tion is of course a crude approximation, we will see in
Sec. V that the exact fluctuations pattern of J,, is irrelevant
in determining the brightness temperature. The other
parameter in SPaRTA determines the redshift of the photon
in the first step of the simulation. In this work, we use
Az/(1 + zus) = 2 x 1074, This value was chosen in order
not to begin the simulation in the core of the Voigt profile
(for T, = 10* K), where the slope of the cross section
changes very rapidly and the trapezoidal integration
rule fails. But besides the numerical considerations
behind this choice, there is also a more physical reason.
One can confirm [e.g. by plugging into Eq. (7)] that
this redshift difference corresponds to scales of order

500(%) v (1) 1/2 kpc, which is smaller than the scales

that 21cmFAST resolves.

A. Algorithm description

SPaRTA does not work with a grid. Instead, it tracks
cosmological points along the photon’s trajectory. These
points, denoted by P, are characterized by four physical
quantities:

(1) The position vector of the photon x, as measured in a

comoving frame centered at the absorption point.

(2) The peculiar velocity of the gas in the IGM at x, v, as
measured in a rotated comoving frame that one of its
axes is aligned with the current photon’s trajectory.
This unusual choice of a frame is useful for the
evaluation of velocity correlation functions (see
more details at Appendix C).

(3) The redshift z that corresponds to the cosmological
time when the photon arrived to point X.

(4) The apparent frequency of the photon at point X,
Vypp» @S seen by a hydrogen atom in the gas rest
frame (this is in contrast with the cosmological
frequency of the photon, as measured in a comov-
ing frame).

We denote a scattering event with an index i (e.g. P;), while
intermediate points between successive scattering events
are denoted with a prime (e.g., 7).

Note that SPaRTA does not track the overdensity § of the
IGM. While in principle one could draw 6 from a Gaussian
distribution according to cosmological perturbation theory,
a difficulty arises when the correlation between & and the
peculiar velocity field is considered (we elaborate more on
that in Appendix C 1). We therefore adopt the conclusions
of Ref. [68] which have shown that inhomogeneities in the
IGM density have little effect in determining the Lya flux,
and we thus assume that the photon travels in a mean-
density IGM.

Below we outline how the algorithm of SPaRTA works.
N (u,0) denotes a Gaussian distribution of mean u and
root-mean-square (RMS) o, while U(a, b) denotes a uni-
form distribution on the interval [a, b]. The following steps

are performed for any of the Nypyons photons, each of
which has its own unique random seed.

(1) Setting the origin. The simulation begins at the
origin, x,, = 0, at redshift z,,, where the photon has
an apparent frequency of v,,, = v, A peculiar
velocity vector v, is drawn from N(0, o) dis-
tribution, where o,,, is computed from linear per-
turbation theory (see more details at Appendix C).

(2) First step. At 7, = z4 + AzZ:

(a) The parallel component of the relative thermal

) I )
velocity, v, 7, is drawn from N(0, vy,), where

Vi = cAvp /U,

(b) The apparent frequency of the photon is deter-
mined from taking into account both redshift (or
more precisely, blueshift, since the simulation
works backward in time) and Doppler shift.

| -1

1+ 21 Vtel,7
g 1 —_ = 17
Y I+ Zabs < ¢ Uapp ( )

(c) Given v, each component of the position
vector of the photon x; is drawn from N(0, o)
where’ [60]

2\ 1/2 vy — U 3/2
= |- — R , (18
Ox <9) <AIJ* (Zabg)> *(Zabs) ( )

where Av,(zg,) and R,(zms) are given by
Egs. (23) and (24).

(d) Given the initial distance of the photon with
respect to the origin, r;,;, the peculiar velocity v,
is drawn from N (Ueonds Gcona)» Where piegng and
0.ona depend on vy, through conditional Gaus-
sian random variables theory (see more details at

Appendix B). Given v, the parallel component

of the relative peculiar velocity v‘r‘el = vlll - vgbs

is computed. This is then used to give a small
Doppler correction to v; (this Doppler correction
is smaller than vy — v, as v; and v, are very
correlated).
(3) Initialization (first scattering point). P; is initialized
to be P;.
(4) After each scattering event i:
(a) Initialization (optical depth integral). P’ is
initialized to be P;. In addition, we draw e~ md
from U(0, 1) and initialize 7; = 0.

*We note that Eq. (18) was derived analytically by Ref. [60]
while assuming zero temperature. Recently, Ref. [61] managed to
generalize this result while considering a finite temperature. Yet,
because it is not clear how to numerically draw from their
distribution, and since their distribution is not significantly
different for the initial frequency shift considered in this work,
we chose to work with the distribution of Ref. [60].
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(b) Computing the relative velocity. Given 7' and
L., the next redshift z” is found by inverting
Eq. (7). Given 7" and v/, v" is found via con-
ditional Gaussian random variables theory (see
more details at Appendixes B and C). The
relative velocity between the two intermediate
points is computed, v,y = V' — V.

(c) Computing the apparent frequency. The appar-
ent frequency of the photon (as seen in the gas
rest frame) is updated via blueshift and Doppler
shift,

-1
y =1t (1 - h) Voo (19)

1+ 7 ¢

(d) Computing the cross section. Given the apparent
frequency v/, the Voigt cross section o,(v"; Ty)
is computed according to Eq. (14).

(e) Updating the optical depth. The background
hydrogen density is computed, ny(z") =
xurmo(1427)°, where  nyg = (1 = Ye) X
PeritQp/my is the comoving hydrogen number-
density, Yy is the helium mass fraction and
pPeie 18 the cosmological critical density.
Then, the optical depth 7; is increased® by
At = ny(2")oo (V' Ti)Lean/ (1 +2"). If 7; <
Trng and " < vy, the code returns to step 4(b)
while updating P” — P’. Otherwise, the code
proceeds to step 5.

(5) Next scattering event. The next scattering event
is identified when 7,4 > 7;, where the code sets
zi+1 = 7. The displacement in the photon position
AX; = X;,; —X; is computed in spherical coordi-
nates given the comoving distance Rgy (z;,Zzit1)
[Eq. (7)] and the random scatter angles, p;,q and
Pmd- Mg 18 drawn from the distribution of Eq. (16)
while ¢,q is drawn from (0, 27).

(a) Outgoing frequency modification. In the gas rest
frame, the frequency of the incoming photon in
the i + 1 scattering event is uﬁ] =v;,,. The
outgoing frequency 19V is modified by two
effects. First, assuming a coherent scattering
in the hydrogen atom rest frame, the outgoing
frequency is Doppler shifted due to changing
frames from the atom rest frame to the gas rest
frame. This requires drawing the parallel and
perpendicular components of the thermal veloc-

ity of the hydrogen atom, vy and v7. While v7 is

drawn from N (0, v, /+/2), the distribution of Uu-
is more complicated since the photon has a

“In practice, we compute At; via the trapezoidal integration
rule (for brevity, the text shows Az; as computed via the right
rectangular rule).

preference to scatter from atoms with v! that
would reduce the apparent frequency shift of the
photon with respect to the line center. Given the
dimensionless frequency shift x7, the resulting

distribution for vg can be deduced from Bayes
theorem; it is the product of the unconditional

probability to draw a random 1# (a Gaussian)

and the conditional probability that a scattering

event occurred given vg, which is given by a

biased Lorentzian cross section. Requiring a
normalized conditional probability for vg
given x7 then yields the following distribution

[67,68,78,80],

1 ar e_“%
H(xrsar) n (up —x7)* + a3’

(20)

Sulurlxr) =

where u; = v! /v The second effect that modi-
fies the outgoing frequency is energy transfer
from the scattered photon to the atom due to recoil
of the latter. Taking into account both effects, the
outgoing frequency of the photon is [68]

l/Oll'[

i1
_ 1 + (/’trnd - 1)7}|7‘"/C + (1 —and)l/zv%/C I/in
1+ (1 = pna) Bpti, / (mpc?) s
(21)

(6) Termination. If v;, < vy the code returns to step 4
with P;, | — P;. Otherwise, the simulation is fin-
ished for this photon.

B. Case study: Five photon trajectories

To gain some intuition for the expected behavior of
the desired MS window function, we show in Fig. 1 the
trajectories of five photons, as simulated by SPaRTA. In all
panels, all photons are absorbed at the center at z,,, = 10.
Interestingly, on large scales (left panel), all photons appear
to travel in straight-lines, while on small scales, they appear
to perform a random-walk with a decreasing step-size as the
scale becomes smaller. This makes sense as on large scales
the apparent frequency of the photons is much higher than
v,, where the cross section and the optical depth are
sufficiently small. Evidently, on large scales the damping
wing is less visible, making the cross section to appear as a
delta function. In contrast, on small scales, as the apparent

In order to draw from the distribution of Eq. (20), we
implement the rejection method of Ref. [84] but with the
comparison function of the RASCAS code [80].
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Top row: trajectories of five photons, as was simulated by SPaRTA. All photons are absorbed at the center once their apparent

frequency reaches Lya at z,,, = 10. It is assumed that the photons travel in a homogeneous IGM with 7, = 10* K and x;;; = 1 (though
the gas is allowed to move with some peculiar velocity with respect to the comoving frame). For reference, we show by the black line the
trajectory of a photon propagating in a straight-line. In all panels the same trajectories are shown, albeit on different scales (from left to
right, each panel shows a progressively zoomed-in view of the subvolume highlighted in the panel to its left). Bottom row: Voigt cross
section, Eq. (14), as seen in different spectral resolutions (the spectral boundaries at the bottom row match the spatial boundaries at the
top row). Zooming-in to smaller scales (left to right panels), the approximation of the cross section as a delta function becomes less valid,

increasing the importance of multiple scatterings.

frequency of the photons approaches Lya, the mean-free-
path decreases significantly due to the large cross section.

The above features can also be seen in Fig. 2, where
we show in the left panel the radial distance between
the photons from Fig. 1 and the absorption point as a
function of redshift. For reference, the black curve in
that plot corresponds to a photon propagating in a
straight-line. Indeed, as expected, the radial distance in
all curves is shorter than the straight-line distance, r < Rg; .
Furthermore, on large scales, the radial distance of all the
photons from the origin approaches the straight-line limit,
r — Rg; . In contrast, on small scales, we can see that the
radial distance becomes shorter compared to Rg; , and that
trend continues as we go to smaller scales. Note that the
sharp cusps do not indicate a scattering event (unlike the
local maxima in that plot), but rather “closest passage”
points of the photons with respect to the origin.

On the right panel of Fig. 2 we present the apparent
frequency of the photons, v,,,, as a function of redshift.
Here, the black curve corresponds to a photon with an
apparent frequency that scales with redshift, v,,, o (1 + z).
We see that on small scales, the apparent frequency is

modified by small relative peculiar and thermal velocities
of order v,/ c ~ 107>. However, on large scales, the effect of
the relative velocities becomes negligible compared to
redshift.

IV. ANALYTICAL WINDOW FUNCTION

A. Diffusion scale

The scale that separates “small” scales from “large” scales
is the diffusion scale. In order to analytically estimate it, we
follow the steps done by Ref. [60], though we solve for the
comoving diffusion scale, not the proper one. We thus seek,
for a given absorption redshift z,,, the redshift z, for which a
photon that comes from infinity through a homogeneous
IGM will experience an optical depth of unity,

= /°° CnHI<Z//)O'a<V/;/Tk) dz’:!l.
.  H(E@)(1+7)

(22)

The logic behind this definition is that for z > z, the
optical depth is sufficiently small that it is unlikely
for a scattering event to occur, thereby above this redshift
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FIG. 2. Left panel: radial distance of the photons from the absorption point (at z,,, = 10) as a function of redshift. Right panel:
apparent frequency shift of the photons from Lya as a function of redshift. The colors of the curves here match the colors of the
trajectories in Fig. 1. Specifically, the black curve shown here corresponds to a photon that propagates in a straight-line with apparent
frequency that scales with redshift, v,,, & (1 + z). The horizontal and vertical dotted lines correspond to the diffusion scale (or
frequency), as given by Eqs. (23) and (24). The horizontal dashed black line corresponds to the end of the simulation, when the apparent

frequency of the photons reached Lyp.

photons travel approximately in straight-lines. To proceed
with the derivation, we shall assume matter-domination,
H(z) ~ Hy(1 +z)*/?, and assume that the apparent fre-
quency of the photon only redshifts (with no Doppler shift),
V = (142')/(1 4 zas)v,-. As for the cross section, we shall
take the wing approximation where H(ar;x7)~ar/
(7'/2x2), resulting in 6,(v/; T}) ~ 3A2A2/[327° (V — 1,)?).
The last approximation we shall do would be to ignore
all the redshift evolution in the integrand, substituting
7' = Z,ps, Desides the one in /. This may seem like a very
crude approximation, however it can be shown that the
largest contribution to the integral comes from z, & z,,, (as
we shall verify below), where the cross section is largest. This
leaves us with a simple integral that can be solved analyti-
cally, and to invert the result to solve for® Az, = 7, — Zabs
(OI' AI/* =V — Ua)a

Av, Az,
Vg 1+ Zabs 327T31/2H0Q

Q h2 Q h2 -1/2
~42 %1073 : i
S (0.0223) <0.143>

I - YHe 1 + Zabs 3/2
8 < 0.755 )( 10 ) ‘ (23)

®We note that Eq. (23) is the same as Eq. (8) in Ref. [60], when
assuming matter-domination in a flat Universe.

3C3A2nH0
- 1/2 xHI(l + Zabs)3/2
m

Notice that this result is in agreement with the wing

approximation we took (cf. right panel of Fig. 4).
Moreover, after plugging Eq. (23) in (the Taylor approxi-

mation of) Eq. (7), one finds the comoving diffusion scale,

442

- 3¢ AanHO

~ 3,412
RVLHEQ,,

Q12 \ (@, h7\ !
o 10.docgy | 2
I (0.0223) (0.143)
1 - YHe 1 + Zabs
*) Mp. 24
><(0.755)( 10 ) pe 24)

This result agrees with the trajectories we show in Figs. 1
and 2. Photons that come from Rg; 2 R, appear to travel in
straight-lines, while photons that come from Rg; < R, tend
to diffuse and scatter many times before they are absorbed
by the IGM. It is therefore convenient to define the
following dimensionless parameter,

R* (Zabs) = RSL(Zabsv Z*) xHI(l + Zabs)

2y = KoL (Zabs Zem) (25)
R* (Zabs)

When x.,, > 1, we can thus expect that photons will travel
mostly in straight-lines, before their apparent frequency
reaches Lya. If we consider the radial distribution fg_ (7;2)
from Sec. Il A, we may say that in the limit x,, — oo,
fry (r;2) > 8°(r—Rsy), or f1(y;z) = 8°(y—1). This must
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be true, because when photons traverse infinitely large
distances without being scattered, this straight-line segment
is the dominant component in the photons trajectory.

What about the other limit, when x,, — 0? From Fig. 2
we can see that as the scale becomes smaller and frequency
of the photon approaches Lya, its effective distance from
the origin becomes shorther, compared to Rg;. In fact,
when T, = 0, it can be shown analytically that this limit
corresponds to a radial distribution of f,(y;z) — 6°(y). To
see that, consider the analytical distribution of Ref. [60]
in the diffusion limit. For the radial coordinate r, this
distribution is a Maxwellian with a sigma parameter
given by Eq. (18). Now, use (Vem — Vy)/AV,(Zaps) &
Rs1 (Zabs> Zem)/ Ry (Zaps) = Xem (this approximation works
well as long as the correlated velocities on the smallest
scales do not change the apparent frequency of the photon)
to arrive at 6y/Rsi (Zapss Zem) = (2%em/9)"/? = 0. This
means that the (normalized) distribution of y = r/Rg
has zero mean and RMS, implying that y distributes as
8P (). For a finite T; however, it can be shown, using the
distribution of Ref. [61], that when x; — 0, the mean and
RMS of the radial coordinate r are proportional to
v/ H (zZas)- In other words, there is a sphere of radius
v/ H (Zans) ~ 100(T;/10* K)!'/2 kpc around the point of
absorption, where Lya photons can be found. This con-
clusion can be physically understood, as the random
thermal velocities of the hydrogen atoms shift constantly
the apparent frequency of the scattered photon blueward
and redward with respect to the line center. Hence, it is
meaningless to consider the distribution of the dimension-
less variable y when x.,, — O for a finite 7. Still, since we
are not interested in sub-Mpc scales in our 21cmFAST
simulation, we can expect that for the relevant scales,
the distribution of y will favor lower values when x,,, < 1.

Since the distribution of y for x,, > 1 is expected to
approach 6°(y — 1), while for x., < 1 it is expected to
approach 8°(y), we can guess that for x., ~ 1 the dis-
tribution of y will be symmetrical around y = 1/2 (or
equivalently, the distribution of r will be symmetric around
r = Rg;./2). In other words, based on Eq. (24), we can
already predict that for z,~ 10, most of the photons
that are emitted at a redshift that corresponds to
Rt (Zabss Zem) ~ Ry (Zaps) = 10 Mpc, will only cover a
radial distance of 5 Mpc before they are absorbed.

It is quite remarkable that the simple analytic approach of
Ref. [60] manages to capture the characteristic scale that
separates “large” scales from “small” scales, even though in
our analysis we have considered more advance physical
features, including peculiar velocity and finite temperature.
We will see next why it is the case.

B. Beta distributions

We look for an analytical distribution that would
describe the various radial distributions. This distribution
has a finite support, between [0, 1] (for the dimensionless

Az 0.010.03 0.04 0.05 0.11 0.27 0.44 0.55 1.79

Lem 02 05 08 1 2 5 8 10 30

D

Radial distribution

FIG. 3. Radial distributions fys(y;Zas) Of the normalized
distance variable, y =r/Rg, for different values of x., =
Rt (Zabs> Zem)/ Ry (zaps) (for better interpretation of that quantity,
we report also the corresponding Az = z.,, — Zaps)- All curves
shown here were obtained by fitting the numerical distributions
from SPaRTA to a beta function. Solid (dashed) curves corres-
pond to having turned on (off) all the physical features listed in
Sec. III. All distributions correspond to z,,s = 10, T, = 10* K
and Xy = 1.

variable y = r/Rg; ), and should have a single peak that can
be found anywhere in that range. The beta distribution is an
analytical distribution that satisfies all of these properties. It
is given by

=y

Blap) (26)

fus(y) =

where B(a, ) is the beta function, and @, > 0 are the
parameters of the distribution. The mean y and the variance
o of the beta distribution are

a

a+p’

= @tpiariry P

U

If a>p (a<xp), the mean of the distribution goes
toward 4 — 1 (u — 0). Interestingly, in the limit a/f —
o (a/f — 0), the beta distribution goes to fys(y) =
P(y—=1) [fus(y) = 8°(y)], namely this is the SL (dif-
fusion) limit. This can be understood from the fact that the
only normalized distribution with a vanishing variance is a
Dirac delta distribution, centered at the mean value. Based
on the discussion above, we can therefore predict that
for our application, the radial distribution for x., > 1
(Xem < 1) corresponds to a beta distribution with a > f
(a < ), while a ~ f for x., ~ 1.
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We thus choose to model the MS radial distribution as a
beta distribution. To find a and 3, we apply the following
procedure. After running an MC simulation with SPaRTA,
we are left with a 2D dataset, whose one axis corresponds
to the normalized radial distance y = r/Rg;, whereas the
second axis corresponds to the redshift of the emitter z.,,
which, given the absorption redshift z,,, of the simulation,
is equivalent to having Xxqn = Rsp (Zabs» Zem )/ R (Zaps) (We
remind the reader that each intermediate point in the
SPaRTA simulation can be considered as a possible source
of emission). We then split the data along the second axis
into bins of width Ax.,, = 0.1. Then, for a given x,, value,
we select only the data points that fall into the correspond-
ing bin. Once the selected data points (that contain only the
y values) are at hand, we compute their sample mean and
variance, and upon inverting the relations in Eq. (27), the
parameters  and f are inferred. This is the most straight-
forward method to fit the 1D data to a beta distribution,
without assessing the goodness of the fit. We have con-
firmed however, by binning the y axis of the 2D data and
fitting directly the resulting histogram, that the distribution
of the data is indeed similar to a beta distribution, given an
Xem Vvalue.

We present in Fig. 3 the radial distributions fys(; Zaps)
for z,,, = 10. As expected, distributions with high (low)
values of x,,, prefer high (low) values of y. We can also see
how the beta distribution approaches (slowly) 6°(y — 1)
when x,,, — oo. In addition, we see that the distribution is
more symmetrical around y = 1/2 for x., = 0.8 rather
than x.,, = 1, implying that 0.8 R, (z,) is more appropriate

Az 0.010.030.050.16 0.27 0.55 1.15 1.79
40001
3500{%em 0.2 05 1 3 5 10 20 30
30001

25001

2000 1

1500 1

Velocity distribution

1000 1

—0.0010  —0.0005  0.0000 0.0005 0.0010

to be the scale that separates “large” scales from ‘“small”
scales.

The solid (dashed) curves in Fig. 3 correspond to having
turned on (off) all the physical features listed in Sec. III:
peculiar velocity, finite temperature, anisotropic scattering
and atom recoil. Interestingly, we see that these physical
features do not affect considerably the radial distributions,
and these distributions are mostly determined by the x,,
value. To our surprise, we find that peculiar velocities and
finite temperature have negligible effects on the radial
distributions. In fact, we find that the physical feature that
has the most significant effect in determining the shape of
the radial distribution is anisotropic scattering [Eq. (16)].
Nevertheless, it is important to stress that while the radial
distributions are not sensitive to the effect of peculiar
velocity nor finite temperature, the realizations of the
photon trajectories are sensitive to these effects—only
when gathering enough statistics the differences caused
by these effects become small.

From the right panel of Fig. 4 itis easy to see why the radial
distributions of SPaRTA do not depend on the temperature of
the IGM (at least for T, < 10* K). Comparison between the
cross section at 7, = 0 (black curve) and the cross section at
T, = 10* K (green curve) shows that the difference between
them begins at the core, at Av/v, < 2 x 107+ However, this
value corresponds to the mean initial frequency in the SPaRTA
simulation (c.f. right panel of Fig. 2). Of course, had we
studied the radial distributions on much smaller scales, where
the analytical formula of Ref. [60] fails, then the thermal
motions of the hydrogen atoms would alter significantly the
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FIG. 4. Left panel: distribution of the relative peculiar velocity between the absorber at z,,, = 10 and the emitter (whose redshift is
implied by the x.,, value), as extracted from the SPaRTA simulation. All curves are cut at the highest and lowest values obtained in the
simulation. We also show, by the dashed black curve, the Gaussian distribution that corresponds to |v|/c at z =0 (computed in
Newtonian gauge), smoothed on a scale of 10 Mpc. Right panel: the apparent Voigt cross section o,(v, Ty) [Eq. (14)] as modified by
relative peculiar velocities due to Doppler shift. In all curves (except the black curve) T, = 10* K. The black curve corresponds to
T, = 0 and zero relative peculiar velocity. The vertical dotted line corresponds to the mean initial frequency in the SPaRTA simulation

(cf. right panel of Fig. 2).
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apparent frequency of the photons when it is close to the line
center, thereby possibly changing the radial distributions on
these scales.

To understand why the peculiar velocities do not alter
much the radial distributions, the left panel of Fig. 4 shows
that the parallel component of the relative peculiar velocity
distributes as a Gaussian with mean zero and variance that
becomes wider with higher values of x.,. This is not
surprising, since we have assumed in SPaRTA that the
peculiar velocity field distributes as a Gaussian according
to linear perturbation theory. If we denote by 6%(z) =
((vl(2))?) the variance of the parallel component of
the peculiar velocity at some redshift z, then the vari-

ance of the parallel component of the relative velocity

. . 2
is given by (0] (Zabs Zem))?) = 62 (2abs) + *(zem) —

2/7H<Zabs’ Zem)o-(zabs)o-(zem>$ where pH(Zabs7 Zem) is the
Pearson correlation coefficient (see exact definition at
Appendix B). If Zey = Zups + Az, then pll(zupg, zem) =
1 — O(Az), and for small Az the variance of the relative
velocity becomes proportional to Az. For example, at

Xem = 0.2 the RMS of v!l, /¢ is of order O(107%). From
the right panel of Fig. 4 we see that relative velocities of this
size barely change the effective cross section for the
frequency shifts considered in this work. On the other
hand, while relative velocities of order O(10~*) do have a
more dramatic effect on the effective cross section, such
relative velocities correspond to scales of x.,, = 1, where
the difference in the cross section becomes small and there
are far fewer scattering events. This conclusion is also
supported by Fig. 5, where the fractional change in the
cross section is displayed, as a function of the relative
velocity and x,; as indicated by the gray regions, it is
very unlikely to have a relative velocity large enough to
significantly alter the apparent cross section that the photon
sees, even on scales as small as x., = 0.2.

Our conclusion that peculiar velocities have little effect
on the radial distributions (and hence on J, maps as well
when the effect of Lya MS is studied) is in contrast with the
findings of Refs. [66,68]. Unlike this work, these works
considered nonlinear corrections to the peculiar velocity
field. It is possible that the absolute value of the relative
peculiar velocity could be enhanced on small scales due to
nonlinear effects. While the study of nonlinear effects on
the radial distributions is beyond the scope of this work,’
we show the importance of the peculiar velocity correla-
tions (in linear theory) in Fig. 6. In that figure, the dashed
curves correspond to setting p(Zaps, Zem) = 0, thus the
randomly drawn velocity vector in our simulation is
completely uncorrelated with past samples. Indeed, the
velocity correlation is very important on small scales, while
the radial distributions on large scales are unaffected by the

"But see Appendix D where we validate our results against a
2LPT simulation.
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Fractional change in o,

FIG. 5. Fractional change in the Lya cross section [Eq. (14)],
due to relative velocities. The cross section is computed at 7, =
10* K at an apparent frequency vy, = g(1 + Zem)/ (1 + Zans)/
(1- v‘r‘el /c), with zgs = 10 and z.,, is determined from z,,, and
Xem [see Eq. (25)]. Note that the cross section diverges when
the relative velocity counters the Hubble flow, i.e., when
vl /¢ % =(Zem — Zaps)/ (1 + Zaps)- but for better visibility we clip
the maximal fractional change at 3. Gray shaded regions mark the
lo and 20 of the relative velocity distribution (cf. Fig. 4).

correlations in the velocity field. We leave a more thorough
study of nonlinear effects on our semianalytic formalism to
future work.

C. Analytical fit

Naively, under the assumption that the fluctuations in xy;
and T, are small, one would assume that the radial distri-
butions depend on four parameters: the absorption redshift
Zabs» the emission redshift z..,, the IGM ionization fraction
xyr, and the IGM temperature 7',. We previously discussed
why T’ does not affect the radial distributions for the scales of
our interest. That leaves us with three parameters, Z,ps, Zem
and xpy;. Note that all these three numbers are encoded in the
Xem parameter, which we have shown to have a major
significance in determining the radial distributions, so in
theory one of the three parameters can be replaced with x,,.
However, we have confirmed that for a given x.,,, the radial
distributions do not depend significantly on xyj, i.e. the xyy
information is well characterized by x.,, given z,,s and Zp,.
That leaves us with only two parameters, X, and Zu.
Yet, given x.,, it appears that the radial distributions
do not depend strongly on z,,, as we show in Fig. 7.
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FIG. 6. Similarly as Fig. 3, but here solid curves correspond to
accounting for correlations in the peculiar velocity field, while the
dashed curves correspond to zeroing the Pearson correlation
coefficient p (see exact definition at Appendix B), meaning that all
velocity samples in the simulation are completely uncorrelated.

Therefore, we conclude that all the radial distributions are
approximately controlled by a single number, x.,.

Instead of fitting directly the a and f parameters of the
beta distribution, we fit to the mean of the distribution u
[given in Eq. (27)] and 5 =a/(a+ B*). Given these
variables, o and f are found via

(e}

Radial distribution

FIG. 7. Similarly as Fig. 3, but here solid, dashed and dotted
curves correspond to Z,,s = 10, z,,s = 20 and z,,s = 30, respec-
tively. Some high x.,, values are not presented for some of the
curves, as these x., values correspond to scales where the
apparent frequency of the photon is higher than Lyf [since x ., =
Rs1./R, (Zaps) and R, (Zaps) & 1 + zups» Rgr, ought to be increased
if z. 1S increased while x.; is fixed, and this consequently
increases the frequency of the photon at zy].

To find the fit for u(x.,) and 7(x.y), we have collected all
the a(x.n) and f(x.,) samples at the x., bins described in
Sec. IV B, which were later converted to y(xp) and 7(Xey, )
data samples. This process was done for z, = 10,

() = M Bloxy) = 1 Cem) = 1 15,20,25 and 30. We then found the following fit, which
(1" (Xem) = 1) p (Xem) — 1 matches the data points at all these redshifts within 10%
(28) residuals,
|
0.3982x0:1592 Xem < 0.2
{-0.0285¢3,, + 0.087¢4, — 0.120583,,
) = —0.045602, + 0.3787C e + 0.5285} 0.2 < xg < 3 29)
o {=0.10423,, + 0.4867¢%, — 0.8217¢3,
+0.4889¢2, + 0.2648,, +0.518} 3 < Xem < 30
1 — 1.0478x;27266 30 < Xep
0.4453x.29 Xem < 0.2
{0.352¢3, — 005162, — 0.29383,,
n(ten) = +0.3428%, + 0.5828 . +0.266} 0.2 < xgp <3 (30)
o {21783, — 8.832¢%4, + 13.57983 '
—10.04¢2, + 4.166( ¢, — 0.17} 3 < Xy <20
1 —2.804x;1242 20 < Xem

where (., = logo Xem-
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A few remarks on the fit of Egs. (29) and (30). First, the
fit for u(xy) is much more accurate compared to 7(Xep ),
and matches the data points from the simulation within
subpercent residuals for most x., values and for all z,,
values we examined. In contrast, the fit to 7(x.y) is less
accurate as ' —1 is a much less numerically stable
compared to u~' —1, especially for large x., values.
Still, the fit of Egs. (29) and (30) yields a good agreement
with the data points at low x., values (that are above
Xem = 0.2), which is the important regime for our 21cmFAST
simulations, as we will see in Sec. V. Second, while the fit
below x.,, < 0.2 is a power-law extrapolation, the fit at the
very high x.,, value is not; this fit works well also for x,
values as high as x.,, = 300 (we managed to get these x.,
values by simulating an unrealistic IGM with xy; = 0.1 at
Zabs = 10). According to this fit, when x,, = oo,y — 1 (or
equivalently a/f — o), implying that the radial distribu-
tion approaches 8P (r — Rg; ) in this limit. This confirms our
statement from Sec. IVA, that the MS window function
approaches the SL. window function when the scales under
consideration are much larger than the diffusion scale.
Lastly, we comment that u(x.,,) = 1/2 when x, ~0.85,
this is when @ = f and the radial distribution becomes
symmetrical around r = Rg; /2.

Given our fit, we are finally ready to compute the MS
window function. By plugging fs(y) from Eq. (26) into the
expression of the window function, Eq. (8), one find that

Wus (kRsi; 2)
(2+a 3+a324+a+p3+a+p 1 )
— ,F, 2 ) ‘

_ 2R2
2’2’2’2’2’4"SL
(31)

where ,F7; is a hypergeometric function with 2 + 3 param-
eters, and a(x.,) and B(x.,) are given by our fit, Egs. (28)
and (30). It can be shown that in the limit x., — oo,
this window function is nothing more than the simple
expression of the SL window function, Wg; (kRg ) =
sin kRg; /kRg; . This window function however corresponds
to an infinitely thin shell of radius Rg; which is inappropriate
for usage in codes that solve numerically the integral of
Eq. (3). Therefore, we ought to find the window function that
corresponds to a shell with a finite thickness. According to
Eq. (11), this window function is expressed in terms of
M (kR; z), where M (kR; z) can be found by integrating over
the infinitely thin window function. Plugging Wys(kRg; ; 2)
from Eq. (31) into the expression of M (kR; z), Eq. (12), yields

Mys(kR; z)
24a3+a52+a+p 3+at+p 1, ,
:2F3 B YA ’ ’_7kR :
2 2 2 2 2 4
(32)

0 5 10 15 20 2 30
kR

FIG. 8. The MS window function, as given by Eq. (32) and the
fit of Egs. (28) and (30), for different x.,, values. For comparison,
we show the SL window function, Eq. (13), by the black dashed
curve. For better visualization, the inset shows how the window
functions behave at high kR values.

Again, it is possible to analytically show that when x,,,, — oo,
Mys(kR;z) = Mg (kR), where Mg (kR) is given by
Eq. (13). We show this mathematical property at Fig. 8.
We can see that in general the MS window function has more
power at low kR values compared to the SL window function,
while the opposite is true at high kR values; the MS window
function decays faster to zero when x,,, is smaller.

Notice that the redshift-dependence in the right-hand
side (rhs) of Eq. (32) is encoded within the implicit
dependence of a and B on xem = Rsi(2, Zem)/R.(2)-
The physical reason behind this redshift-dependence is
that at higher redshifts the IGM is denser, and the
expansion rate of the Universe, via the Hubble parameter,
is greater. These two physical effects are combined
together to form a diffusion scale which scales as R, (z) «
1 4+ z [cf. Eq. (24)]. This means that for a given Rg,
photons travel a shorter radial distance (with respect to
the absorption point) when the absorption redshift z is
higher. This redshift-dependence is a necessary feature
that is absent from the expression of the SL window
function, Eq. (13).

V. THE IMPACT OF Lya MULTIPLE
SCATTERING ON THE 21-CM SIGNAL

Now that we have an analytical expression for the MS
window function, Eq. (32), we can finally study how Ly«
MS affects the 21-cm signal, compared to the SL approxi-
mation. We use for that purpose 21cmFASTv4 [76], the
newest version of 21emFAST that incorporates in the sim-
ulation the stochastic nature of the halo field and scatter
around astrophysical scaling relations [85]. Unlike its
predecessors, 21cmFASTv4 is suitable for implementing
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our MS window function formalism. In the default settings8
of previous versions of 21cmFAST, the emissivity field e, was
not computed on the grid coordinates, thereby preventing
us from filtering it with the MS window function in order to
compute J, [see Eq. (3)]. This was changed in 21cmFASTv4,
where the SFRD p, (x, z) is computed on the grid coor-
dinates, while the emissivity field in the code is propor-
tional to p,(x,z). In addition, 21cmFASTv4 interpolates
coeval boxes of the SFRD at different redshifts in order
to evaluate the emissivity field at the retarded redshift z/, as
required by Egs. (3) and (5). In the astrophysical model that
was introduced in 21cmFASTv4, above a user-defined mass
threshold, the SFRD field receives contributions from
discrete halos, each of which has a random star formation
rate that is drawn from a log-normal distribution. The
integrated contribution to the SFRD field from smaller
halos is also taken into account, although it is deterministic
given the scaling relations and astrophysical parameters
under consideration. Both atomically and molecularly
cooling galaxies contribute to the SFRD, with an average
stellar to halo mass relation (SHMR) that is parametrized as
a double power-law [c.f. Eq. (10) in [76] ], and a log-normal
scatter around this relation. For a given stellar mass, an
individual galaxy’s SFR is then determined by sampling
from a log-normal conditional probability with a mass and
redshift dependent mean and scatter, which characterizes
the star forming main sequence (SFMS) of galaxies. We
refer the reader to Ref. [76] for a detailed discussion of
the galaxy model. For simplicity, here we focus on the
parameters f, o and f, 7, corresponding to the normali-
zation of the mean SHMR at halo masses of 10!°M and
10’ M, for atomic and molecular cooling galaxies, respec-
tively. This is because the emissivities at all wavelengths
scale with these SHMR normalizations. For simplicity of
notation, below we refer to the fiducial choices of these two
parameters as fil’lgd and fggzi, indicating with the super-
scripts the assumption that Popll and Poplll stars are
expected to dominate the stellar populations of atomic
and molecular cooling galaxies, respectively.

For our fiducial settings we adopt the EOS2026 astro-
physical parameters [70], which were derived by matching
the output of 21cmFAST with the UV luminosity function and
galaxy angular cross-correlations (as inferred from JWST),
as well with reionization history (as inferred from Lya
forest and CMB measurements). All the simulations dis-
cussed in this section were performed with standard boxes
of size 300 Mpc and a cell size of 1.5 Mpc.

To study the effect of Lya MS, we have replaced the SL.
window function in 21ecmFASTv4, Eq. (13), with the MS
window function, Eq. (32) (we elaborate more on our
implementation in Appendix E). This change however is

8Although the DEXM halo finder of Ref. [86] was available
since the beginning, its relatively heavy memory requirements
made it unsuitable for large parameter studies.

applied only for Lya photons in the simulation, as x-rays
and Lyman Werner photons are still assumed to propagate
in straight-lines (namely the fluxes that correspond to these
photons are still computed with the SL. window function).
In order to examine more thoroughly the effect of Lya MS
on the IGM, we have also turned on Lya heating in the
simulation. This heating mechanism, caused by the energy
transfer from Lya photons to the IGM gas, was already
incorporated in 21cmFAST by Ref. [87], while the imple-
mentation followed the same equilibrium equations that can
be found in RFB21 and Ref. [74] (though see [88] for a
recent analysis of Lya heating beyond equilibrium). Since
the EOS2026 parameters include log;, (Lx/SFR) = 40.5,
where Ly denotes the x-ray luminosity of soft x-ray
photons with energy below 2 keV (in erg/s) and SFR
denotes the star formation rate (in M /yr), the Lya heating
in our fiducial model is subdominant to x-ray heating, but it
will become more relevant later when we ignore x-ray
heating in Sec. VA. For these astrophysical settings, the
resulting global 21-cm signal has a minimum at z ~ 14 and
a maximum at z ~ 7, implying that Lya coupling between
the spin temperature 7 and the gas kinetic temperature 7'
has become efficient already prior to z >~ 14.

Power spectra in our analysis are computed with the
TUESDAY’ package. For a given field X, we consider the
dimensionless power spectrum,

Py (k

- E20 o
where Py (k) is the angle-averaged Fourier transform of the
two-point correlation function, (Sx(x)dx(x)), while 5y is
the local contrast in the field X, 6x(x) = X(x)/X — 1. For
the brightness temperature, to align with the quantity that is
often referred in the literature, we consider the dimension-
ful 21-cm power spectrum A3, which is achieved by
multiplying the rhs of Eq. (33) with the square of the mean
of the coeval box.

To understand how the Lya MS affects the fields in the
21emFAST simulation, we explore first how the MS window
function of Eq. (32) [in contrast with the SL. window function
of Eq. (13)] affects the filtered SFRD field p% (x, z), as shown
in Fig. 9. First, notice that the unfiltered SFRD field p, (x, z)
is spatially intermittent, as star formation activity is signifi-
cantly increased in rare massive halos, resulting in more
power in fluctuations on small scales (high k) compared to
fluctuations on large scales (low k). We can then see in
the second row of Fig. 9 how the SL and MS window
functions shape the filtered SFRD field on small distances
(small kR;, kR;). On very large scales the power spectra
of the filtered SFRD field remains almost the same as the
power spectrum of the unfiltered SFRD field because the
window function approaches unity when k is very small.

*https://github.com/2 1 cmfast/tuesday.
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FIG. 9. Comparison between SL filtering and MS filtering. Top row shows (from left to right) the front side of the unfiltered SFRD
coeval box at z = 20 and the power spectrum of the box. Middle row shows (from left to right) the filtered SFRD box with the SL (MS)
window function, Eqgs. (11) and (13) [Eq. (32)], and a comparison of the power spectra of the two filtered boxes, for R; = 0.93 Mpc,
R, = 1.09 Mpc. Bottom row is similar to middle row, but for filter radii R; = 195 Mpc, R, = 228 Mpc. All SFRD coeval boxes are

measured in units of Mg Mpc= Myr—'.

However, for sufficiently large &, the differences in the
window functions yield differences in the power spectra of
the filtered SFRD fields. As can be seen in Fig. 8, the MS
window function preserves more power at small k£ values
compared to the SL window function, thereby resulting in the
power spectrum of the filtered SFRD with the SL. window
function to be suppressed, compared to the case when the
MS window function is applied instead. Consequently, the
filtered SFRD field appears to be smoother in the SL
scenario. When considering the differences between the
SL and MS scenarios on large distances, the conclusions are
the opposite; Fig. 8 shows that the on the large kR limit, the
MS window function decays to zero more quickly compared
to the SL window function. As a result, in the large distance

limit, the power spectrum of the filtered SFRD in the MS
scenario is suppressed by several orders of magnitude
compared to the SL scenario, which leads to a much
smoother filtered SFRD in the MS scenario.

Ultimately, when the Lya flux J, is computed, the
contributions of the small filter radii dominates the
contributions from the large filter radii. This is simply
because the emissivity (or SFRD) field increases in
magnitude at early stages of cosmic dawn and therefore
filtered emissivities that are evaluated at short retarded
times (correspond to small filter radii) contribute more
to J,, cf. Eq. (3). Following the above discussion, the
enhancement in power in the filtered SFRD field due to
multiple scattering (on small filter radii) is therefore also
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evident in the power spectrum of J,, though on all scales,
as shown in the top row of Fig. 10. This leads to a larger
contrast in the J, image in the MS scenario compared to
the SL scenario; regions with more (less) intensity
become more (less) intense due to the effect of Lya
multiple-scattering.

We also show in Fig. 10 how the differences in J, due to
relaxation of the SL approximation are propagated to other
cosmological fields at the early stages of cosmic dawn. At
z = 20, x-ray and Lya heating have yet to become efficient,
and so the fluctuations in the gas kinetic temperature 7', at
this stage follow the underlying density fluctuations due to
adiabatic cooling/heating; over (under) dense regions imply
hotter (colder) regions. Yet, the magnitude of these temper-
ature fluctuations, at z = 20 is subdominant to the fluctua-
tions in J,. Therefore, the fluctuations pattern of the spin
temperature 7, at z = 20 greatly follows the fluctuations
pattern of J,; based on Fig. 10, it could be argued that the
fluctuations pattern in 7 is (to first order) the negative
image of the fluctuations pattern in J,. This is physically
reasonable as the spin temperature is coupled more (less)
strongly to T in regions with more (less) Lya radiation,
thereby pushing more (less) 7', to lower values. The strong
anticorrelations between 7, and J, cause the higher
contrast feature in the latter, due to Lya MS, to appear
in the former as well. The same feature can also be seen
when comparing the coeval boxes of the brightness temper-
ature with and without the effect of Lya MS. Relaxing the
SL approximation appears to increase the 21-cm power
spectrum by O(50%), at all scales, at high redshifts such as
7z =20, when x, ~ J,/J, is less than unity.

How does Lya MS affect the brightness temperature at
lower redshifts? We show in Fig. 11 a similar plot of the
fields with and without the SL approximation, but at
z = 11. Here, unlike Fig. 10, J,/J, is of order 10. This
means that T, ~ T;. Since for our fiducial astrophysics,
Lya heating is negligible compared to x-ray heating, the
fluctuations in 7 are dominated by x-ray heating, with
almost no dependence on the fluctuations in J,. Therefore,
Lya MS has no effect on T, nor on T, at lower redshifts.
As a consequence, the brightness temperature field and the
21-cm power spectrum at z = 11 are not modified as well
by LyaMS. At even lower redshifts (z < 10), the 21-cm
power spectrum is still insensitive to the effect of Lya MS,
but due to another reason. At sufficiently low redshifts,
Ty>T,as T~ T and the gas is further heated by x-rays
above the CMB temperature. This is the saturation limit in
which T, « 1 — T, /T, becomes independent on T';. Since
the brightness temperature does not depend on 7' in this
redshift regime, it does not depend on J,, neither, nor on the
modifications of Lya MS to J,.

A. Lya heating with Lya multiple scattering

The interaction between Lya photons and the hydrogen
atoms in the IGM does not only couple between T and the

Lya color temperature 7', via the Wouthuysen-Field effect
[52,53], but also couples between T, and T through
energy exchange between the two heat reservoirs (though
spin exchange in hydrogen atoms yields order of Kelvin
differences between the two temperatures). The overall
energy exchange rate has contributions from both con-
tinuum and injected photons, where the net effect of the
former (latter) is to lose (gain) energy to (from) the IGM. In
equilibrium, a detailed analysis can show that the heating
effect of the continuum photons is more dominant than the
cooling effect of the injected photons, thereby the IGM is
heated in this process [62,73,74]. This heating mechanism
is known as Lya heating.

The two heating and cooling rates described above are
proportional to the number density of continuum and
injected photons, respectively. Therefore, the Lya heating
rate can be written as being proportional to AE.J. + AE,J;,
where J. and J; are the continuum and injected photons
J,=J.+J)), and AE_, AE; are functions of T}, T, and
the Gunn-Peterson optical depth. Thus, roughly speaking,
Lya heating rate is proportional to J,, meaning that it
becomes efficient at low redshifts, as J, increases. Since we
have seen that MS enhances the contrast in the spatial
fluctuations in J,, it should therefore cause a similar effect
when Lya heating is considered; over (under) dense regions
are more (less) heated due to Lya MS. Yet, this combined
effect can become relevant only if Lya heating is efficient
enough to overcome any other heating and cooling mech-
anisms. In our fiducial model, log;, (Ly/SFR) = 40.5,
hence x-ray heating is much more dominant than Lya
heating, and the effect of Lya heating on T is barely
visible in Fig. 11.

To see more clearly the combined effect of Lya MS
and Lya heating, in the left panel of Fig. 12 we show the
evolution of the global T, while turning off the effect of
x-ray heating. Interestingly, even for this extreme sce-
nario which has been ruled out by HERA [69], we see
that Lya heating is not very efficient in heating the gas,
and that Lya MS has very little effect in changing the
global evolution or RMS of 7. This conclusion remains
the same even if we increase the normalization of the star
formation efficiency f, (in both popll and poplll stars in
the simulation) to be four times greater than in our
fiducial model. These findings are also supported by the
right panel of Fig. 12, where the various heating and
cooling rates are displayed.

If on the one hand f, is low, Lya heating is very
inefficient and the effect of Lya MS is less visible on 7.
On the other hand, if f, is high, x-ray heating increases 7T’
(and T, which is strongly more coupled to 7, in that
scenario) above the CMB temperature such that the
saturation limit holds and 7,; does not depend on T
and J,. Either way, the effect that Lya MS has on the
brightness temperature at low redshifts is negligible, even
for inefficient x-ray heating. This conclusion is in tension
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FIG. 10. Comparison between SL filtering and MS filtering on the relevant physical fields at z = 20. Top row shows (from left to right)
the front side of the coeval box of J,(z)/Jy(z) at z = 20 when the SL filter is applied on the SFRD field (see Fig. 8), followed by a
similar plot but when the MS filtered is considered instead, and a comparison of the power spectra of the two boxes. The redshift-
dependent normalization for J, is Jo(z) = 5.6 x 107'2(1 + z) em™2s~! Hz ! sr!, this normalization was chosen since J,(z)/J(z) is
the Lya coupling coefficient x, in Eq. (2), up to a correction of order unity. Lower rows are similar to the top row, but display instead, in
a descending order, the coeval boxes and power spectra for the gas kinetic temperature T, the spin temperature T'; and the brightness
temperature 7.

103552-18



SEMIANALYTICAL APPROACH TO Ly« ... PHYS. REV. D 113, 103552 (2026)

Hik X e S LAY K WA .Y 3% 100 . T
100 200 300 0 100 200 300 1071 10°
x-axis [Mpc] x-axis [Mpc] k[Mpc™!]

FIG. 11. Similarly as Fig. 10, but all panels here correspond to z = 11, where J,,/J ~ O(10), thus Ty ~ T and T, is insensitive to
the fluctuation pattern in J,,.
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FIG. 12. Left panel: evolution of the mean T, as a function of redshift, for two different star formation efficiencies [in our fiducial

model, f Sgd =1%, f 923 = 0.03%], while assuming no x-ray heating. The black curve corresponds to a scenario with no Ly« heating,

while the blue (orange) curves account for Lya heating, with SL (MS) filtering. Shaded regions around the mean value have width of the
RMS of the T, field. In this panel, the blue SL curve overlaps with the orange MS curve. Right panel: mean value of heating and cooling
rates as a function of redshift, while Lya MS is turned on. We present the adiabatic cooling rate with blue, heating rate by continuum Ly«
photons with green, and cooling rate by injected Lya photons with pink. Compton and CMB heating rates [89] are not shown in this
panel as they are negligible compared to the other rates. In both panels, solid (dotted) lines correspond to setting f. = f. g

(f« = 4f.5q), for both popll and popllI stars.

with the results shown in RFB21,' as their global T can
reach 100 K at z =6 with only Lya heating, while
disabling x-ray heating completely. A clear resolution to
this discrepancy will become available only after a
thorough comparison between the two codes.

VI. CONCLUSIONS

In this work, we presented a semianalytic formalism to
account for Lya MS in 21-cm calculations. Our formalism is
founded on extending the SL window function, Eq. (13), to
any form of a normalized radial distribution that describes the
probability that a photon emitted at redshift z.,,, and absorbed
atredshift z,,, will traverse an effective comoving distance r.
To find the radial distributions, we developed a publicly
available package, SPaRTA, that simulates the trajectories of
Lya photons that are absorbed by the IGM.

We found that for any z,,, the radial distributions can
be modeled well with analytical beta distributions that
are governed by a single parameter, X., = Rsi.(Zabss Zem)/
R, (Zaps)» Where Rgp (Zaps Zem) 1S the comoving distance
between z,,, and z., [Eq. (7)] and R, (z,p) is the comoving
diffusion scale of Lya photons [Eq. (24)]. We showed that
in the large x.,, limit, our MS window function, Eq. (32),
approaches the SL. window function, as can be predicted
from physical reasoning (this can be nicely seen in Fig. 8).
We have not varied the cosmological parameters in our

Despite such models being ruled out by UV luminosity
functions (e.g. [5]), we have also made simulations assuming a
mass-independent star-formation efficiency as is done in RFB21.
Even so, we were unable to reproduce their qualitative trends.

analysis as this is beyond the scope of this paper.
Nevertheless, because of the explicit appearance of the
cosmological parameters in Eq. (24), and the analytical
insights we have gathered on the Lya MS problem in this
work, we can cautiously predict that our results hold for
other cosmologies as well, possibly even to extensions
beyond ACDM. We leave however the exploration of how
different cosmologies affect our formalism to future work.

By replacing the SL window function in 21cmFASTv4 with
the MS window function, we could study the effect that
Lya MS has on the 21-cm signal. We found that the MS
window function tends to increase the spatial contrast in the
Lya flux J,. This feature however only propagates to the
brightness temperature at high redshifts, before J, has
increased to a sufficiently large value and the spin temper-
ature follows the gas kinetic temperature. In addition, we
have also explored the combined effect of Ly heating and
Lya MS by removing x-ray heating from the simulation.
Our results highlight that Lya heating is still not very
efficient in this configuration, and that Lya MS does not
affect this conclusion.

Since Lya MS is only important at high redshifts, its
inclusion in the analysis of data from current 21-cm
interferometers is less relevant, as they are increasingly
more sensitive toward lower redshifts. However, next
generation 21-cm observatories, such as SKA, are expected
to reach a sensitivity where the effect of Lya MS can no
longer be ignored. This work thus presents the necessary
tools for more accurately analyzing the 21-cm signal at the
onset of cosmic dawn, and thus to unearth the Lyman-alpha
signature of the very first stars in the Universe.
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APPENDIX A: DERIVATION OF THE FINITE
SHELL WINDOW FUNCTION

In this section we write our derivation for the finite shell
window function. We begin by plugging the cumulative
radial distribution, Eq. (10), in the expression for the
window function, Eq. (8). This gives (we omit the temporal
dependence of the window function to reduce clutter)

fO drr2§mkrfR dr/fr I’)

W(kRq, kR,) =
fo drr? fRi dr'f.(r)
_ G(k,R,) = G(k,R;)
= G(0.R,) ~G(O.R,)’ (A1)

where we defined

G(k,R) = /m drr? 28 kr/R dr'f.(r). (A2)
0 krJo

There are two ways to proceed from here. We can either

perform the #’ integral first and then the r integral, or vice

versa. We begin with the first approach. Here, we shall plug

our MS beta distribution of Eq. (26) (with the proper

normalization)

) 1 R
Gus (k. R) = / drr? SKT / dar
0 k 0

r

ra—l (r/ _ r)/J—IH(r/ _ r)
, A3
x B (a’ ﬂ) r/aJr/)’—l ( )

where H(-) is the Heaviside function. It is straightforward
to show that the 7’ integral in Eq. (A3) can be expressed as

/R TN = )Y H(P =)
dr
0 B(a, p)r/etF-!

_ bdgg!(1- gy
ne=n |
-1
SHR=1) g 1= Lynla= 1)) (A4)

where & = r/r and I,(a, ) is the regularized incomplete
beta function (it is the cumulative distribution function of
the beta distribution). Note the approximation made in the
last line of Eq. (A3); there is an implicit assumption that a
and f are constants. This is however not precise as a and f
depend on x,,, and the latter depends on the maximum SL
distance (given by 7’ for the cumulative radial distribution).
Yet, we shall continue with the derivation and address
that nuance later in this appendix. Plugging Eq. (A4) in
Eq. (A3) then yields

a—1 ! sin kRy
— R3 d 2
atp—1 A Y T kRy
x[1=1I,(a=1,p)]

which means that the MS window function can be
expressed as

Gus(k, R)

(AS)

Wars (KRy, kR.) = RMMS(kRR?? ;:;MMS<kRi)’ (A6)
where
M8 = 220
RN et
Jo dyy*[1 = 1,(a~1.p)]

One can verify that indeed lim,/s_o Mys(kR) =
Mgy (kR), where Mg (kR) is given by Eq. (13), as
limg /4,0 I, (. f) = O for every y€|0,1]. This confirms
our understanding that a > f corresponds to the SL
scenario.

Since Eq. (A7) is not an analytical function, we take now
the second approach of performing first the r integral in
Eq. (A3) and then the 7 integral. This gives

G(k,R)) / dr/ erSmkrf,()

:/ er’W(kr’)/ drr’f,(r),
R 0
R, 1
= [Farewr) [ degrs e,
R; 0
(A8)

G(k.R,)

where in the second equality we used the definition of the
window function [Eq. (8)] and switched again variables,
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E=r/r. In order to proceed with the derivation, we
now approximate ' f.(&r') ~ f1(&). This approximation
works as long as the shape of f.(&r) does not change
considerably for R; < ' < R,,. In other words, we assume
that in the MS scenario o and # do not change much
for R; < Rg;, £ R,. This condition is met in our 21cmFAST
simulations as the radii of the shells satisfy R, — R; ~
0.17R;. With this approximation, the £ integral in Eq. (A8)
becomes a constant that is canceled out in Eq. (A1). Upon
changing variables, x = k7, we arrive at

k=3 ,fg" dxx*W(x)

W(kRO? le) =

Jie dr' 2w (0)
R3M(kR,) — R?M (KR,
=
where we used the fact that W(0) = 1 and defined
3 RO
M(kR) =5 A W), (A10)

As was discussed at Sec. IV C, the resulting window
function for the MS scenario is

Myis(kR)
(2+a 3+a 5 24+a+p 3+a+p 1 )
= ,F; 2 . ‘

——k*R?
2 72 72 2 2 74
(A11)

Interestingly, Eqgs. (A7) and (All) form a nontrivial
mathematical identity. However, the hypergeometric func-
tion in Eq. (All) is an analytical function, making its
implementation in 21emFAST much less computationally
expensive.

APPENDIX B: CONDITIONAL GAUSSIAN
RANDOM VARIABLES

In linear perturbation theory with Gaussian initial con-
ditions, all cosmological fields have Gaussian probability
density functions (PDFs), namely if we consider the
distribution of some field A at point x and redshift z, then
A(x,z) distributes normally with mean pu,(z) =0 and
variance 65(z) that can be computed analytically (see
some examples at Appendix C). Consider now a group
of fields that are evaluated at different points in space-
time, Y = [A(X},21),B(X1,21), C(X1,21), .-, A(Xpr1, 2011
B(Xp2,2m2), C(Xpr3, 2as3)» - -] The joint distribution of
all the elements of the vector Y is a multivariate Gaussian,

1
(27)N detX

cewp (<50 -w= =) ). (B)

fy(Y=y)=

where g =0 is a vector containing the zero mean
values of the random vector Y, N is the dimension of
Y, and X is the covariance matrix. It is well known that
in order for fy to be properly normalized, the covariance
matrix X has to be positive-definite, namely z'Xz > 0 for
any z€RN.

Let us suppose that the random vector Y can be
decomposed to two subvectors Y = [Y;, Y,]T, with mean

1 = [p1,1>] and covariance matrix X = [g;: 37]. Then the

conditional PDF for Y; given Y, =y, is also a multivariate
Gaussian with a conditional mean

Heond = M1 + 21225, (Y2 —#2) = Z1oZ55y2.  (B2)
and a conditional covariance matrix
Xond = Zip — 2:1225212:21- (B3)

As a concrete example, let us suppose that Y contains
only two Gaussian random variables, Y = [A, B]T. In the
context of this work, A and B can be the realizations of one
of the components of the peculiar velocity field in neigh-
boring samples (thus py = up =0). The 2 x2 joint
covariance matrix in this case is

T= (B4)

2
PABOCAOCB Op

2
04 PABOAOCB ]

where p,p is the Pearson correlation coefficient, formally
defined as

_cov(A,B) (AB) — papig
PAE = s [(A%) — pal P2[(B2) — g2
(AB)

" )
The determinant of the covariance matrix in Eq. (B4) is
(1 = pi)o50%, implying that X is positive-definite if and
only if —1 < p,p < 1. In this work, since we focus on
correlations at small distances, we have p,z ~ 1, meaning
that we deal with highly correlated variables.

The conditional distribution of A given B = b can be
shown to be

fap(A=alB=Db)
:fAB(A =a,B=0)
fB(B = b)
1

2”‘7%(1 - PfxB)

< oxp (_ [[a — pa = pan 2 (b —uB)F] ) (B6)

20%(1 —PiB)
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This explicitly shows that, given B = b, A distributes as
N (/"cond’ o-cond) with

c c
Heond = Ha + pap— (b — ug) = pag—b  (B7)
o o
and
172
Ocond = Zcénd = o4(1 _p,%B)l/z- (B8)

The last two equations are a special case of Eqs. (B2)
and (B3).

APPENDIX C: COSMOLOGICAL CORRELATION
FUNCTIONS

Suppose we have two cosmological random fields, A and
B, whose two-point cross-correlation function is of interest.
Let us also suppose that the field A is evaluated at point x
and redshift z;, while field B is evaluated at redshift z,
at a point that is located a comoving distance r along
the unit vector n|; with respect to x. We would therefore
like to compute (A(X, zy)B(x + rny, z5)). Given the trans-
fer functions 7 4 (k, z;) = A(k,z;)/R(k) and T (k. z,) =
B(k, z;)/R(k), where R(k) is the Fourier transform of the
primordial curvature field, this two-point function can be
computed analytically with linear perturbation theory.

(A(X.z)B(x + |, 25))

&k :
- e
&K "
% /WB(k/,ZZ)e—zk~(x+rn)>

— /]d3kd3k, e—i(k+k’)-x—ik’~rnH
(2m)°

X Ta(k,21)T (K, 22) (R(K)R(K))
1 [dk

= E/?eikrnTA(k,zl)TB(k, 25) A% (k)

1 [edk 1
=— [ =A%) [ 4
A 0 k R( >/_1 K

2 .
X / dpT (k. z1)T p(k, zp)e™ ",
0

(C1)

where  we used (R(k)R(k')) = (2x)? Zk—’fA%(k) X
83 (k + k'), with A% (k) = A,(k/k,)"~" the dimension-
less primordial curvature power spectrum, parametrized
with amplitude A; at the pivot wave number k, =
0.05 Mpc~! and a tilt n,. In the last line of Eq. (C1) we
decomposed the volume integral in Fourier space into a
radial integral and two additional angular integrals and
defined the dummy variable y = (k - n||)/k.

For the propagation of Lya photons in the IGM, there are
four cosmological fields of interest, the baryon overdensity

0, and the three components of the baryon peculiar velocity
v, (we now remove the subscript b to reduce clutter). If
A = B = §, then the transfer function does not depend on
either y or ¢. This is not the case however when either A or
B are the ith component of v, v'. To see that, let us write
first the transfer function for v'.

n-vk,z) n'-kok,z) n'-kok,z)

R(k)  k Rk) ik* R(k)
' kTy(k,z)
Tk ik

Tvi(k’ Z) =

(C2)

where we used zero vorticity, k x v(k, z) = 0, and we used
the definition for the velocity divergence in Fourier space,
0(k,z) = ik - v(k, z) = ikv(k, z). The result of (n’ - k)/k
depends on which component of the velocity vector we
consider. If we consider the parallel component of the
velocity vector, that is the component that is parallel to
n, then (nl' - k)/k = . Otherwise, if we consider the two

other perpendicular components, we get (nt-Kk)/k =
/1 =% cos ¢ (or /1 — u?sin ¢). From here, it is easy to
see that the cross-correlation of any perpendicular compo-
nent with any other field vanishes [due to the ¢ integral in
Eq. (C1)]. However, it is interesting to note that the cross-
correlation between & and v/l does not vanish, unless r = 0.
In fact, for » > 0 this cross-correlation is negative, as can be
seen in Fig. 13. This is not surprising as overdense regions
attract more matter toward them, thereby reducing the value
of the parallel velocity of particles away from them.

1.00 1
=
=075
.U
E=|
Q) ~
S 0.501
=
O
2 0.25
<
g2
'é 0.00 -
o — 4,0
% ol ol
< —0.05 1 N
) ’ ]
& v,
8, vl
—0.10 " , - -
0 2 4 6 8 10
r [Mpc]
FIG. 13. The Pearson correlation coefficient p as a function of

distance r, as computed by Eq. (C5). In all cases shown, the fields
are smoothed with a top-hat filter of radius 200 kpc, z; = 10, and
2, is found by solving r = Rg; (z1, z2). It is worth noting that the
displayed curves are insensitive to the chosen value of z;, thus p
can be approximated as a function of r only.
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TABLEI. Window functions W, g (kr) for the computation of the two-point cross-correlation functions, Eq. (C3).
We also provide the Taylor expansion of these window functions for kr < 1. It should be emphasized that the
window function of two different v components is zero.

o ol vt
o sin kr ~1 - K2rt \/§[sin (kr)=krcos (kr)] ., kr 0
kr 6 T T
UH M o~ kr 3(k?r?=2) sin (kr)+6kr cos (kr) ~l— P2 0
Kr ~ V3 er’ 0
s 0 0 3[sin (kr)—krcos (kr)] 2
v &8s = ~1 - W

All in all, the various correlation functions can be
computed according to

(A(x.z1)B(x + |, 25))

- /) %A2 (k)T 4 (k,21)T (k. 20) Wy g(kr),  (C3)
where 'j—a(k, z) =Ts(k,z) while ’f’v,(k’ 2) =Tyk.2)/

(v/3k), and the window functions W, z(kr) are listed in
Table I. From that table we can see that two perpendicular
components of the peculiar velocity, v{ and vy, are
completely uncorrelated with any other field, and thus
they depend only on their own past samples. However, as

discussed above, since W, (kr) # O unless r = 0, there is

a nonvanishing anticorrelation between & and oll.

In SPaRTA, we obtain the transfer functions for § and 6
from cLASS'! [91]. Since we work with a finite step-size of
size L. between samples, we in fact consider a smoothed
version of the cosmological fields. Therefore, in practice,
we modify the transfer functions we consider in Eq. (C3)
according to T 4(k.z) = Wyop(kLcen)7 4 (k. z), where
Wiop(kLcen) is the Fourier transform of a top-hat filter in
real space with radius L [it has the same mathematical
expression as Mg (kR) in Eq. (13)].

The variance of a field A at some redshift z can be
obtained by setting B=A, z; =z, =z and r=0 in
Eq. (C3). Using the fact that the auto window functions
were normalized such that W, ,(0) = 1, we get

dk

W)= [TE8RWTkD. ()

Then, from Eq. (B5) the Pearson correlation coefficient is

foodkA (
o %A% ()T (k.2

Ta(k,21)T p(k,22)Wa g (kr)
1/2 f(;’°dkA2 )T%( ,Zz)]l/z'

PAB =

Note that by construction, the Pearson correlation coef-
ficient satisfies —1 < p,p < 1. Specifically, for A = B,

! lhttps://github.com/lesgourg/class_public.

23— 21 = Az <z, and r = Rg; (21, 22), it is easy to see
that py 4 & 1 — O(Az). For sufficiently large redshift differ-
ence (or comoving distance r), |p4 4| is expected in general
to decay toward zero (though there could be some small
exceptions, e.g. baryon acoustic oscillations).

1. Consistency check

As was described in Sec. III, SPaRTA does not work with
a grid in order to make it more computationally efficient.
The idea behind this design is that there is no need to know
the value of 6 and v across an entire grid in order to simulate
the trajectory of a single photon, but rather only at the
points along its path. In theory, under the assumption that
the cosmological fields begin with Gaussian initial con-
ditions and are evolved according to linear perturbation
theory, the realizations of the fields along the photon’s
trajectory can be drawn from the formalism presented in
this and the previous appendixes.

We would like to understand however what are the
limitations of our analytic formalism. For that purpose, let
us consider three Gaussian random variables, A = §(X,, z,),
B=45(x;,z,) and C=ll(xy,z,). Given B and C, we
would like to draw A. Is this possible in our formalism? To
answer that question, recall that the three variables form a
multivariate distribution of rank 3, and the covariance
matrix of this distribution is given by

2
Oy PABOAOB  PACOACC
_ 2
X = | pap0ACE Op PBCcOBOC (Co)
2
PAcOAOC  PBCOBOC oc

The determinant of this matrix is

— Phc + 2PaBPacPBC)-
(C7)

detZ = 0303061 = pip — Pac

Now, based on the above discussion, we can expect that
ppc = 0and pup = 1if 2, = 7;. This gives us a determinant
of detX ~ —ci06%02p5- <0, namely X is not positive-
definite and we cannot draw all three fields from a joint
normalized multivariate Gaussian distribution.
Furthermore, let us consider the following four
Gaussian random variables, A = §(x,,z,), B = v”(xz, ),
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C=46(x,,z;) and D =ll(x;,z,). We would like to
draw now A and B given C and D. Based on the pre-
vious discussion, we now expect that p,p = pcp =0
while psc =~ ppp = 1. Using Eq. (B3), the determinant
of the conditional covariance matrix is detX 4~
—6%63((Pap + Pec)? — PipPEc)s which is negative as long
as pap and ppc have the same sign.

These nonpositive-definite covariance matrices indicate
that we are unable to consistently draw a pair of 6 and vl
given only the previous sample of the pair. This happens
because on the one hand §(x,,z,) and vll(x,,7,) are
completely uncorrelated, so we have no information about
one of them given the other. However, on the other hand,
5(xX,, 25 is very correlated with (X1, z; ), while 5(x1, z;) is
weakly anticorrelated with UH(XZ,Z2), so we have some-
what information on »/l(x,,7,) given 8(x5,z,). The only
way to solve this contradiction is to simultaneously con-
sider enough samples such that the information that comes
from all of them is canceled out when trying to infer
8(X,, 2,) from !l/(x,, z,) (or vice versa). In other words, at
every step in the simulation, the size of the joint covariance
matrix needs to be increased until it is positive-definite.
While this is technically possible, we defer the implemen-
tation of this solution to future work.

In the meantime, in order to overcome this mathematical
obstacle, in this work we have completely ignored the
inhomogeneities in the density field in order to determine
the radial distributions, setting effectively 6 = 0 in SPaRTA.
Our justification to this approximation relies on the work of
Ref. [68], which have shown that the inhomogeneities in
the density field have little effect on J, when Lya MS is
taken into account.

Since in SPaRTA we draw the current velocity vector
based on only the previous velocity vector, our realization
of the velocity follows the statistics of a Gauss-Markov
process. In this process, if p(n,m) denotes the Pearson
correlation coefficient between the n and m samples, then it
satisfies the following property, p(n, m) = p(n, )p(l, m),
where n <[ < m. While this Markovian approximation
works well on the smallest scales, where p = 1, it tends to
overestimate p on larger scales, resulting in smaller relative
velocities compared to what linear perturbation theory
predicts. To remedy this bias toward lower relative veloc-
ities, while keeping the speedy analytical calculations of
SPaRTA, we multiply in the code the predicted RMS from
linear perturbation theory by a factor of 3. While this is an
ad hoc solution, it yields the correct relative velocity
distributions on all scales (cf., Figs. 4 and 14).

APPENDIX D: BEYOND LINEAR
PERTURBATION THEORY

Throughout this work, we have been working within the
formalism of linear perturbation theory in order to make the
analytical calculations in SPaRTA. In this appendix, we go

beyond linear perturbation theory, and explore the validity
of our approximations. Specifically, we test if the statistics
of the relative velocity field change significantly when
going beyond linear perturbation theory.

For that purpose, we employ a second order Lagrangian
perturbation theory (2LPT) simulation from 21cmFAST. In
2LPT, parcels are shifted from their initial Lagrangian
coordinates to their final Eulerian coordinates according to
the displacement vector field, which is expanded to second
order corrections [92,93]. The collapse of parcels (i.e.
matter) under the influence of gravitational forces then
yields the nonlinear density field, from which the nonlinear
peculiar velocity field is derived via the continuity equa-
tion. We make our 2LPT simulation on a box of size
150 Mpc with a cell size of L.y = 0.75 Mpc. The final
redshift of the simulation, which is considered as the
absorption redshift, is z,,; = 10.

To gather enough statistics for the numerical relative
velocity distributions, we postprocess the three output
velocity boxes v of the 2LPT simulation (one box for
each velocity component) as follows. For each x.,, value,
we select n,,, = 5000 absorption points and compute the
straight line-distance between the emitter and absorber via
Rsi. = R, (Zaps)Xem- Given this Rg; value, for each absorp-
tion point ry,, we find n., = 1000 potential emission
points that their separation r = |ry, — I, from the
absorption point satisfies |Rg; — r| < 1.5L.y. This gives
us 5 x 10° independent samples of the peculiar velocity
vector at absorption and emission points, v,,, and v, and
their relative velocity vector V. = Vg, — Vg, The parallel

component of the velocity vector is found via projection

along the separation vector, v‘r‘el = Vyer * (Femn — Taps) /7

Then, for each x., value we construct a histogram that

collects all of our sampled iv‘rlcl values.'> We note that in

order to compare apples to apples, it is crucial to divide the
velocity output of 21emFAST by 1 + z,,, since that output
represents the comoving velocity field, while in SPaRTA we
work with proper velocities.

We show in Fig. 14 the 2LPT histograms together with
the predicted relative velocity distributions from linear
perturbation theory. There is a striking good match between
the two for 0.2 < x,,, < 10, which corresponds to scales of
2 < Rg <100 Mpc at z,,, = 10. On higher scales, e.g.
Xem = 10, differences can be seen, but this is purely due to
lack of sufficient number of independent samples in a
periodic box (we have checked that the same differences on
large scales occur when running 21ecmFAST in linear pertur-
bations configuration). At higher redshifts, the agreement is
expected to be better, since the peculiar velocity is smaller

"*We take both positive and negative values of the sampled v‘rlel

because of the expected symmetry of the distributions around
zero, and also to avoid biasing the distributions due to partial
double counting of absorption and emission pairs.
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FIG. 14. Comparison of the relative velocity distribution
between linear perturbation theory and 2LPT, at z,, = 10,
for different separation scales, as indicated by the x., value.
solid lines correspond to linear perturbation theory, while
dashed histograms were obtained from 21cmFAST, as detailed
in Appendix D.

at earlier times and there is a better match with linear
perturbation theory.

We thus conclude that our qualitative and quantitative
conclusions in this paper would have not been significantly
changed if we had simulated the photon trajectories on a
erid with nonlinear peculiar velocity field, at least for scales
above 2 Mpc, which is comparable to our 21cmFAST cell size
in Sec. V. A more through investigation of the effect of
nonlinearities on smaller scales is beyond the scope of this
paper and we defer it to future work.

|

_a+p+ 1 Fila+Lia+p+1ix)— Fi(a+ Lia+p+ 1, —ix)

APPENDIX E: IMPLEMENTATION
OF Mg IN 21cmFAST

The MS window function in 21ecmFAST, My5(kR), is
modeled via Eq. (32). According to this equation,
Mys(kR) can be expressed as an analytic function, ,Fj,
a hypergeometric function with 2 + 3 parameters. While
the popular GsL library [94] supports the evaluation of
several basic hypergeometric functions, it does not support
,F3. The purpose of this appendix is thus to describe how
,F3 was implemented in 21cmFAST. To reduce clutter, we
define below x = kR.

1. Small x limit

While all hypergeometric functions, including ,F3, can
be represented as a Taylor expansion, the coefficients of
Mys(x) can be simplified by considering the infinitely thin
shell window function, Eq. (31).

Wis (%)
_ 2+a3+a32+a+tp3+a+p 1,
— 243 7 2 2 ) s 3 5 4x .

(E1)

The special structure of the parameters of this hyper-
geometric function allows us to use the following identity,

13 1
2F3<a,a+—'—,d,d+—;z>

2°2 2
2a —1
= AT [ F(2a-1:2d-1;2
4d—T1)z e - 12d =12V

— Fi(2a—1;2d - 1;-2/7)]. (E2)

where | F; is the confluent hypergeometric function. Thus,
we may write

Ws(x) = a+ 1

This expression for Wyg(x) can be seen as a generali-
zation to Wgp (x) = sinx/x = (e —e™™)/2ix, namely
1+p/(a+1)],Fi(a+1l;a+p+1,z) can be viewed
as the MS generalization to e*.

We can now use the definition of | F,

where (a), is the Pochhammer symbol, which can be
expressed with gamma functions. By combining Eqgs. (E3)
and (E4), it is then straightforward to show that

2ix =

[
S T(a+p+2) D(a+2n+2) (1)
WMS(X):;F(a+ﬂ+2n+2) C(a+2) (2n+1)1
(85)

The desired finite-shell window function can then be
achieved using Eq. (12). As integrating the rhs of
Eq. (ES) is trivial, we find that

. Dla+p+2)

Myis () = ;F(a Yp+2m+2)

Cla+2n+2) 3 (=1)"x*
IFla+2) 2n+3Q2n+1)!"

(E6)
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For numerical purposes,

in order to avoid the evaluation of the gamma functions,

it is best to express

32

(E7)

Mys(x) => % (A, with Ag =1 and the following recursion relation,
Ay
At (4 )+

+ Ly 2n(2n+3)

2. Large x limit

While Eq. (E6) is exact for all x > 0, it is numerically unstable when x > 1. In this limit, we can use the asymptotic

approximation to ,F3, which in our case reads

l"((l+2)(

)—a—3

MMS( ) 4 F(OH.Q)F(O,T.;_?,)

In 21cmFAST, we use x = 30 as the threshold value to
determine if we use Eq. (E6) or Eq. (E8). However, if
a/f > 1, the asymptotic approximation is not adequate at
30 < x <100 and the asymptotic formula diverges at this
range. Yet, @ > [ corresponds to the SL limit. Since, as arule
of thumb, |[My5(x)| < |Mg(x)| at high x values (c.f. 8), we

3TEA )
P

ﬂ_ms(x_ﬁ)
2

D 2are)G
O TN

5

thus apply the following logic; if |Mys(x)| > |Ms(x)],
when M ys(x) is evaluated with the asymptotic approxima-
tion of Eq. (E8), then we set Mys(x) = Mg (x). We have
compared this scheme to evaluate ,F; with a more precise
evaluation by the MPMATH package [95] and found an
excellent agreement between the two methods.

(E8)
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