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Evolution of a kink-antikink ensemble in a quantum vacuum
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We study the 1+ 1 flat spacetime dynamics of a classical field configuration corresponding to an
ensemble of sine-Gordon kinks and antikinks, semiclassically coupled to a quantum field. This coupling
breaks the integrability of the sine-Gordon model resulting in the background’s decay into quantum
radiation as kink-antikink pairs annihilate. We find evidence that, on average, the energy of the ensemble
scales as 1~* with @ < 1 and independent of the coupling strength or the mass of the quantum field. The
generalization of this result to domain wall networks in higher spacetime dimensions could be relevant to

particle production in the early universe.

DOI: 10.1103/5jpj-wl6l

I. INTRODUCTION

Domain wall networks have been thoroughly studied in
the context of primordial cosmology, since such configu-
rations generically form when a discrete symmetry is
spontaneously broken (leading to a nontrivial vacuum
manifold with potentially multiple degenerate vacua) and
their presence can have dramatic consequences on the
history of the early universe [1-3]. Numerous analytical
[4,5] and numerical [6-19] studies have pointed out that
domain wall networks reach a so-called scaling regime
where their decay is governed by a power law, i.e., where
the energy stored in the domain wall network scales as ~*
with a > 0. Indeed, assuming that the domain wall network
is seeded via random but unbiased initial conditions (where
every point in space has equal probability to pick either
vacuum), the correlation length dynamically increases
until reaching the maximum value allowed by causality,
iie., H!'~t in Friedmann-Lemaitre-Robertson-Walker
(FLRW) spacetime. This implies a domain wall area
density ~¢~!, where there is on average one domain wall
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per Hubble patch. The existence of this linear scaling
regime was established in several works for Minkowski
space, as well as for radiation-dominated and matter-
dominated FLRW models [4-10]. These conclusions were
solidified with more precise numerical computations where
previous claims of deviation from the linear scaling regime
were attributed to limited dynamical range (or size of the
physical box) [11-13]. It was also pointed out that the
presence of a bias in the initial conditions leads to an
additional exponential suppression [4,10] of the domain
wall area density. A similar, albeit not identical, suppres-
sion factor was also shown to arise in the pressure biased
case (with nondegenerate distinct vacua after symmetry
breaking) [14,15,17].

Since domain walls are usually treated as classical field
configurations, most of these studies have been conducted
in a fully classical setting, either by assuming effective
Nambu-Goto dynamics, or by describing the networks in a
classical field theoretic framework. It should be mentioned
that there exist regimes (the so-called spinodal instability,
or domain wall precursor, regime) where a full quantum
treatment is possible [20-28] but it is unclear to what extent
this is relevant to realistic cosmological scenarios.

In this work, we pursue a hybrid approach in which the
domain wall network is treated as a classical field con-
figuration (¢, x) whose main decay channel is via particle-
antiparticle pair production in a second field (7, x) treated
quantum mechanically. Similar studies investigating the
production of mesons in kink-antikink interactions were
performed in [29-31]. The coupling between the two fields

Published by the American Physical Society
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is understood to be semiclassical and we further assume
that the network’s annihilation due to its self-interactions
can be neglected. The aim is to investigate whether a
scaling regime exists in such a semiclassical setting and to
find the corresponding power law a.

For reasons of computational complexity we limit
ourselves to a 1 4+ 1 dimensional setting where the domain
wall network reduces to an ensemble of kinks and anti-
kinks. We further assume a sine-Gordon potential V(¢) o
1 — cos ¢ for the broken symmetry field ¢, along with a
V(¢)y? coupling to the quantum field y. The integrability
properties of the sine-Gordon model in 1 4+ 1 dimensions
ensure that the decay of the field configuration primarily
occurs via quantum radiation of y quanta. The model and
its evolution equations will be briefly described in Sec. II.
The setup is essentially the same as in Ref. [32] where the
scattering of one kink-antikink pair in the presence of
quantum radiation was studied in detail and the outcome of
the collision (annihilation or elastic scattering) was found
to depend finely on the relative velocity. Here we will rather
be interested in the time evolution of global properties such
as the total energy of a kink-antikink ensemble, its kink
number density or, the total radiated energy. For a suffi-
ciently large number of kink-antikink pairs we expect the
late time behavior of such quantities to lose memory of the
specific initial conditions and maybe even exhibit universal
properties. In Sec. III we put this hypothesis to the test by
simulating the dynamics of several ensembles of kink-
antikink pairs with randomly generated relative positions
and velocities. Averaging over these distinct simulations
yields a late time scaling law for the total energy in the
kink-antikink background that seems to slightly disagree
with the classical one, @ = 1, that is usually considered in
the literature (see, e.g., [4]). We conclude in Sec. IV with a
discussion of the limitations and possible improvements of
our results as well as their relevance to cosmology.

II. SETUP

The action describing the full dynamics of our 1+ 1
dimensional system is'

1. 1 1
S:/dtdx|:§¢2_§¢/2_m2(1_COSQI))_I_EV-/Z__W/Z

1

2
— 2= (1 - 2 1
SHw =5 (1=cosd)y |, (1)

where we use the standard dot and prime notations for
temporal and spatial derivatives respectively. The two fields
¢ and y have potentially different masses m, u and their
coupling is denoted by A.

We will begin by setting up the field profile correspond-
ing to the initial configuration of kink-antikink pairs, ¢ (x).

'We work in units where # = ¢ = 1.

One sine-Gordon kink (or antikink) has the well-known
form

¢(t,x) = +4 arctan[emV(X—xo—”t)], (2)

where x, represents its position at # = 0 and y is the Lorentz
contraction factor associated with its velocity ». The overall
sign distinguishes between a kink and an antikink. We can
use this class of exact solutions of the ¢ field equations for
A = 0 to build the desired ensemble of n kink-antikink pairs
by simply pasting together (at time ¢ = 0 say) 2n alternat-
ing kink and antikink profiles centered at positions x;
(separated by distances larger than the typical kink width,
|xi11 — x;| > 1/m), and with randomly generated veloc-
ities v;. This defines the initial field profile

2n

do(x) =4 (=1)"*" arctan[e"ri(=x)], (3)

i=1
along with the associated time derivative profile

2n

dolx) =2m > (~Viawisechlmyi(x - x)). ()

i=1

We choose such an alternating kink-antikink configuration
(instead of more general ones with multiple adjacent kinks
or antikinks) to ensure our results also apply to situations
with only two degenerate vacua such as the double well
potential. This has the added advantage of making it easy to
satisfy periodic boundary conditions.

In the absence of interactions with the quantum radiation
field y (4 =0) the subsequent dynamics of the kink-
antikink ensemble is given by the 1 4 1-dimensional
sine-Gordon equation

¢—¢" +m’sing =0, (5)

whose integrability properties ensure that the system’s
evolution reproduces a stable multiple-kink-antikink sol-
ution.” This system thus verifies the assumption of negli-
gible self-annihilation: the kinks and antikinks simply pass
through each other without decaying, either forming bound
states or scattering to infinity. In fact the ensemble does not
annihilate at all.

The situation changes radically when the interaction
with the quantum radiation field is turned on (4 # 0). Now
the integrability of the sine-Gordon equation is broken
and the kink-antikink ensemble can decay into y quanta.
Intuitively, non-negligible particle production in this chan-
nel will occur when the kink-antikink ensemble, acting as a

“This holds as long as the initial separations are large enough.
For arbitrary separations, one should use the corresponding
analytical solution of the sine-Gordon equation, obtained by
using the Bécklund transform [33].
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dynamical background for the quantum field y, ceases
to be adiabatic, i.e., whenever a kink-antikink collision
occurs. The energy of the emitted y quanta can only come
from the background which then decays. Such a situation is
a simple example of backreaction of quantum radiation on a
classical background.

To study how this happens we shall work within a
semiclassical approximation, where the backreaction of the
produced y quanta on the background dynamics is given by
a modification of Eq. (5):

d—¢" + [mz + % <l//2>:| sing = 0. (6)

This can be obtained by varying action (1) with respect to ¢
and replacing any operator depending on the quantum field
y in the resulting field equation by a quantum expect-
ation value.

One then still needs to solve for the dynamics of (y?).
This is most readily accomplished in the Heisenberg picture
where the quantum operator y obeys the (linear) field
equation

g =" + [+ A(1 = cos )y = 0, (7)

where ¢(f,x) is treated as a given classical background.
This equation is also straightforwardly obtained from
varying action given by Eq. (1) with respect to .
Specifying the quantum state of the field y to be the
zeroth order adiabatic vacuum, |0), given by the back-
ground field configuration at ¢t = 0, ¢(0, x) = ¢o(x), one
can solve for the dynamics of (y(t,x)?) = (0y(t, x)?|0)

+2/a* + p* + A(1 — cos ¢;)

[Qﬂij = —1/612

0

Following Refs. [27,28,32,34-36] we know that we can
solve for the quantum dynamics of the field operator y by
solving for a complex N x N matrix, Z, verifying

ZI+Q7Z=0, (12)

with initial conditions

Z(t=0) = —\/—z_aﬂi(t =0)""2 and
za:mziim@:mm, (13)

for our specific choice of vacuum |0). Indeed all two-point
functions can be computed from Z as

using any of the tried and tested methods developed for
computing particle production in time dependent back-
grounds. Then, plugging this solution back in Eq. (6), we
obtain the desired backreacted dynamics for the classical
kink-antikink ensemble background ¢(z, x).

We shall make these statements more precise by using
the methods introduced and described in detail in
Refs. [27,28,32,34-36]. The first step is to discretize the
problem on a regular N point lattice of size L with periodic
boundary conditions. The lattice spacing is then given by
a = L/N and, using a three point stencil to discretize the
spatial second derivative operator, Egs. (6) and (7) become

1 A
i — o) (is1 = 2¢0i + i) + [mz + 5 <’l/,2>} sing; = 0,

(8)

L1
Vi= 3 Wic1 = 2w +wisy) + [ 4 A(1 —cos ¢;)]yw; = 0,
)

where the ¢; and y; are the (time-dependent) values of the
classical field ¢ and quantum operator y at the ith lattice
point —L/2 + ia. Assembling the y; field values into a
length N column vector y we can rewrite Eq. (9) in the
more compact way

W+ Qy =0, (10)

where the N x N matrix Q7 is defined by

fori=j
for i = j 4+ 1(mod N) (11)
otherwise.
I
wy')=27", (yy") =217,
') =217, ') =227". (14)

The middle two equations can be shown [35] to be con-
sistent with the canonical commutation relations verified by
y and yr. Since y has no self-interactions, knowledge of the
two-point functions determines the full quantum dynamics.

There remains, however, a subtlety. While the above
analysis is exact in the discrete case, the two-point function
of interest, (y?), involves field values at the same point and
this is known to suffer from divergences in the continuum
limit (N — o0, a — 0 with L kept fixed). We therefore
work with renormalized two-point functions obtained by
subtracting from Ref. (14) the trivial vacuum contribution,
i.e., the value of the corresponding two-point functions
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obtained from the solution,
7= _\/%951/2 exp iQy, (15)

of Eq. (12) for A =0 (or, equivalently, ¢, =0). The
renormalized two point functions yy and yryr will, for
instance, read

- 1

- 7 7 _ 7 7 . !
") =22'~22' =2.2" - Q. (17)

with analogous definitions for the yis and yry cases (that
we will not be needing in the following). One can check
that this definition of the two-point functions is stable
against changes in the coarseness of the lattice provided a is
small enough [32]. In particular this procedure provides a
Z-dependent expression for the two-point function (y?)
appearing in Eq. (8), that is UV stable, namely,

<W12>R = Z (lZij|2 - |Zij|2)7 (18)

=

where we have introduced the components of Z
complex matrices Z and A

In summary, we can find the semiclassically backreacted
dynamics of the discretized system by numerically solving
the N? ordinary differential equations for the quantum field
y already given in Eq. (12) with initial conditions (13),
along with the N ordinary differential equations for the
classical background field ¢,

ijo Zl] of the

1
i — p) (i1 =260 + i)
Rl 5
w4 5D (122 =125 | singi = 0. (19)
=1

with initial conditions given by (3) and (4). In the next
section we will use this method to investigate numerically
how the quantum decay of a generic kink-antikink ensem-
ble occurs.

III. NUMERICAL RESULTS

The main aim of this work is to investigate the late time
dynamics of a large kink-antikink ensemble prepared at
time ¢ = 0 in a random fashion, i.e., with random relative
positions and velocities. More precisely the positions x; and

3This definition tacitly implies that the parameter m appearing
in Eq. (6) is the physical mass of ¢. The subtraction is the result of
the ¢ field mass renormalization.

velocities v; are sampled from uniform distributions over
the intervals [—L/2,L/2], [=Vmax» Umax] respectively. The
maximum velocity v,,,, 1S chosen so as to not introduce too
much nonadiabaticity at the initial time, and in practice we
shall choose v, = 0.4. Using the discretized formalism
introduced in the previous section, we would therefore have
to choose a lattice of size L large enough to accommodate
a large number n of well-separated kink-antikink pairs at
t =0 (L > 2n/m). We would also need to choose a large
enough number N of lattice points to be able to resolve the
individual kinks and antikinks (¢ < 1/m or N > mL). We
then would build an initial kink-antikink ensemble con-
figuration ¢ (x) as in (3), and finally evolve it by solving
the coupled equations (12) and (19) with initial conditions
given by (13) and (3), (4), respectively.

However we immediately get faced with the computa-
tional limitations of our setup since the algorithmic com-
plexity scales with N2, i.e., proportionally to the number of
components of the matrix Z. This places an upper bound
on the number of kinks and antikinks we can include in
our ensemble. In practice this means we will be limited to
n < O(10) and we can expect our results to depend
strongly on the particular initial configuration ¢, of the
kink-antikink ensemble. Despite this caveat, we still hope
to obtain universal results by repeating the simulation for
different choices of ¢, and taking an average of the
corresponding numerical solutions for ¢(z, x).

A. A typical example simulation

One simulation will involve setting up a particular
initial kink-antikink ensemble profile ¢(x) as illustrated,
e.g., in Fig. 1. This will constitute the initial conditions for
the classical field ¢(z,x) (and its discretized version ¢;).
The corresponding initial conditions for the Z variable
are harder to visualize but they fix the initial value of the
discretized (renormalized) average energy density in the
quantum field v,

YT

5

WA VAR

FIG. 1. One possible initial configuration for the kink-antikink
ensemble background, ¢y(x) = ¢(7 = 0, x). The units are such
that m = 1.
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FIG. 2. Initial profile of the renormalized average energy

density in the quantum field w, py(x) = p(t = 0,x), of which
p; is the discretized version. The classical background ¢, is
shown in dashed lines for reference. The kinks and antikinks are
dressed by clouds of virtual y particles that appear to have
negative energy density. Here 4 = 0.3, u = 0.1, and the units are
such that m = 1.

1
17 1Zi1j = Zij? +1Zij = Zio jI7]

pi:i( 2P+

j=1
1
+ {0 + 2L = cos g}, |2>

— (same quantity withZ — Z). (20)

Notice that, for numerical accuracy reasons, the discretized
gradient term was computed as an average of forward and
backward differences. We plot this initial energy density for
the choice of parameters 1 = 0.3m?, u = 0.1m in Fig. 2.

With this initial setup, we are ready to numerically
evolve the differential equations (12) and (19). We work in
units where m = 1 and choose a lattice of size L = 200
with N = 500 points. We use a position Verlet method [27]
with a time step dr = a/5, which leads to total energy
conservation with ~0.1% accuracy for the duration of our
time evolution. As discussed at length in Ref. [32], the
implementation of the renormalization scheme makes our
numerical results largely UV and IR independent, i.e.,
insensitive to the choices of N and L.

In this work, we are, in particular, interested in the time
variation of the energy in the classical kink-antikink
ensemble,

(I —cosg;)|.
(21)

¢1+1 ¢i)2 + m2

oS i

i=1

Our result is shown in Fig. 3 (for the previous choice of
parameters, 4 = 0.3, ¢ = 0.1) along with the (renormal-
ized) energy in the quantum field v,

o .
0 500 1000 1500 2000
t
FIG. 3. Time evolution of the energy in the background (solid

line), the renormalized energy in the quantum field (dashed line),
as well as their sum (dot-dashed dark blue line). Here 1 = 0.3,
u = 0.1, and the units are such that m = 1.

a .. L oza = 7
E, :ETr[Z.ZT -27' +Q.(22"-27"]. (22)

These expressions are somewhat ambiguous because in the
presence of interactions there is no good way of defining
the energy of a subsystem. However it is clear that both E,
and E, reduce to the energy in ¢ and to the quantum
average of the energy in y (up to an additive constant),
respectively, when A = 0. Moreover, by using the field
equations, we can readily check that the total energy, E =
E, + E, is a conserved quantity (even when 4 # 0). We
therefore expect these definitions to correspond to the
intuitive notions of “energy of the classical background”
and “energy in the quantum radiation” at least for weak
coupling and as long as the background stays classical. It is
worth to pause for a moment here to discuss what exactly it
means to “stay classical.” In fact our whole analysis is
predicated upon the field ¢ being classical but this cannot
possibly be true for all time. Much has been said about this
topic in the literature [37—41] but in this work we will adopt
anaive criterion for classicality of ¢»: we will assume that as
long as the energy in the y excitations (i.e., the renormal-
ized energy) is less than the energy in ¢, E, < E,, the
background can be treated classically and the semiclassical
approximation holds.

Since our numerical setup trades the full field theory for
a system with finite degree of freedom system, we also
would expect the radiated energy in y to eventually return
to the classical background. However for large enough N
(and in particular for the values considered in this work)
this is expected, and can be verified, to happen for a
Poincaré recurrence time far beyond the time duration of
our evolution.

In Fig. 3 we can see how the classical kink-antikink
ensemble background decays into quantum particles .
After a short initial phase during which E; is approximately

116027-5
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constant (before kink-antikink collisions start occurring),
and during which E,, is negative (a sign that no real y
quanta are present), the decay of the classical background
occurs approximately stepwise: for each kink-antikink
collision, a real y wave packet is produced and emitted
[32], which leads to a sudden decrease in E, (and a
corresponding increase in E, ). This discrete decay is
however smoothed out to some extent by virtue of multiple
collisions happening in close succession. Had we been able
to run the simulation with a larger kink-antikink ensemble,
the discrete nature of the decay would presumably be
completely lost. We notice that, as expected, the total
energy of the system is conserved to a good approximation,
which increases our confidence in the stability of our
numerical calculations (see the Appendix for other con-
sistency tests of our numerical methods).

B. Average over many simulations

As mentioned before, our main limitation resides in the
fact that we cannot evolve a large enough kink-antikink
ensemble. Indeed this does not allow us to identify a
potential late-time scaling regime where the number density
of kinks and antikinks would follow a smooth power law.
To try to get around this, we evolve multiple small kink-
antikink ensembles such as the one described in Sec. Il A
for different, randomized, choices of the initial kink and
antikink relative positions and velocities. The idea is to
then plot the average energy in the classical kink-antikink
ensemble background, Ej, over all these realizations. This
should provide us with a smoothed out measure of the
average decay dynamics of the kink-antikink ensemble.

We choose the same parameters as above (4 = 0.3,
1 = 0.1) and consider a sample of Ny = 20 different initial
configurations of a kink-antikink ensemble with n =8
kink-antikink pairs. Each of these field configurations is
generated by choosing the positions x; of the kinks and
antikinks [see Eq. (3)] to be uniformly sampled from the set
{=L/2 +ia|l <i < N} with the additional constraint that
they should not lie closer than 4 /m to one another (or to the
edges of the lattice, to automatically ensure compatibility
with periodic boundary conditions).* This constraint is
meant to ensure that ¢(x) obeys periodic boundary
conditions and that the kink-antikink ensemble is initially
noninteracting. Similarly, up to a randomly chosen =+ sign,
the velocities v; [see Eq. (4)] are chosen to be uniformly
sampled from the real interval [0.05, 0.4]. The lower bound
is meant to prevent our ensemble from taking too long to
decay while the upper bound is meant to ensure that our
choice of state for the quantum field y [see Eq. (13)] does
not introduce large nonadiabaticity at = 0 [32]. The time
evolution of E,, averaged over these realizations, is shown

*Because of the spacing constraint, the x; values are sampled
from a distribution which is not strictly uniform.

40

20f

t

50 100 500 1000
FIG. 4. Time-evolution of the energy in the background E for
an ensemble of n = 8 kink-antikink pairs averaged over a sample
of Ng = 20 different realizations, corresponding to 20 different,
randomly chosen, initial conditions. Here 4 = 0.3, 4 = 0.1, and
the units are such that m = 1. The shaded band shows the statis-
tical uncertainty given by +(¢/+/N;), where ¢ is the standard
deviation of the N, samples.

on a log-log scale in Fig. 4. It is clear that for times
t>300 m~', in an average sense, the energy in the kink-
antikink ensemble decays following a power law,

E(/) X t_a, (23)

We can indeed do a fit through the asymptotic tail of Fig. 4
to determine the exponent a. Since we can only trust our
classical background approximation for the field ¢ as long
as E; 2 E,,, the time range, [£start» fena]» OF our fit needs to be
such that t.,q verifies Ej(fena) 2 Ey(fena) ~ E(0)/2. Due
to the limited size of our statistical sample (N, = 20), the
computed value of the exponent o has an associated
uncertainty which can be estimated using the following
equation

0 = 510g Estart + 510g Eend _ 5Estart/Estan + 5Eend/Eend
IOg fend — IOg Lstart IOg Tend — log Tstart

(24)

where E, and E.,q are the values of E,, at times £y, and
t.nd» Tespectively. The symbol & denotes the absolute
uncertainty. Moreover E, is obtained by averaging over
the N, realizations, so we can estimate 0E,, and 0E.,q4 by
the corresponding sample standard deviations divided by
/Ng. We find

a = 0.63 + 0.08, (25)
for this specific parameter set. Notice that since Ey + E, is

constant the scaling parameter « also controls the average
rate of quantum particle production in the field y at late
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Ey
100 )
50t 4, Ns=20
— Nn= 8, NS=20
..... n =4, Ns=10 (Sample 1) X
o0k -+ =4, Ns=10 (Sample 2) TR
..... n =8, Ng=10 (Sample 1)
...... n =8, Ns=10 (Sample 2)
10
50 100 500 1000 t
FIG. 5. Time evolution of the energy in the background E for

n = 4 (orange) and n = 8§ (dark blue) for three different samples
of kink-antikink ensembles each: two independent samples of
Ng = 10 realizations, and one sample with Ng = 20 realizations.
Here 4 = 0.3, u = 0.1, and the units are such that m = 1.

times. We also show a statistical uncertainty band for the
curve in Fig. 4. This is estimated by considering a deviation
of +6/+/N around the original curve, where ¢ is the
standard deviation of the N, samples. The presence of the
/Ny in the denominator is due to the fact that the random
variable under consideration (Ej) is itself an average over
N, random variables corresponding to each sample.

However we should keep in mind that the above result
was obtained for a particular choice of initial number of
kink-antikink pairs n as well as for one particular sample of
different realizations of the ensemble evolution. In Fig. 5
we check that the above power law behavior is independent
of the particular sample and its size (up to statistical
fluctuations), as well as of the initial number of kink-
antikink pairs in the ensemble. The fact that the late time
decay dynamics does not depend on the initial pair density
was to be expected on physical grounds since, if one starts
with a higher number of kinks and antikinks, the initial
annihilation rate increases, eventually erasing any memory
of the starting configuration. The net effect is simply to
advance the onset of the power law phase of the decay
without changing the exponent.

It is also interesting to investigate the dependence of the
exponent a on the physical parameters of the model. To do
this we consider samples of size Ng = 20 with n = 4 initial
kink-antikink pairs, and vary the parameters 4 and u. As we
show in Figs. 6 and 7, to the level of accuracy permitted by
our simulations, the late time decay of the kink-antikink
ensemble is consistent with a universal value of the exponent
a(~0.6-0.9) that is strictly smaller than 1. Indeed, similarly
to the analysis of Fig. 4 we can fit a power law to the
asymptotic tails of the plots. We sum up our results in
Table I, where we gather the different exponents a and their
uncertainties oo for different values of 1 and u.

50 100 500 1000 t
FIG. 6. Time evolution of the energy in the background E for
an ensemble of n = 4 kink-antikink pairs averaged over a sample
of Ny = 20 different realizations, for different values of the coup-
ling A. Here gy = 0.1 and units are such that m = 1. The shaded
bands show the statistical uncertainty given by +(s/+/N,), where
o is the standard deviation of the N, samples.

TR

20

50 100 500
FIG. 7. Time evolution of the energy in the background E,
for an ensemble of n = 4 kink-antikink pairs averaged over a
sample of Ny = 20 different realizations, for different values of
the quantum field mass p. Here 4 = 0.3 and units are such that
m = 1. The shaded bands show the statistical uncertainty given
by +(6/+/N;), where o is the standard deviation of the N,
samples. Note that the statistical uncertainty band for x = 0.1

(solid dark blue) is the same as in Fig. 6, so we do
not show it here.

Unfortunately our results are not sufficiently accurate to
draw stronger conclusions. In particular, we notice from
Fig. 6, for small values of coupling, 4 < 0.1, the energy
lost by the background is negligible for the duration
of our runs (¢t =2000m™"). Also, and perhaps more
importantly, for higher values of coupling 12 0.7, the
decay is rapid and hence |fyu — fonq| i small, leading to
large relative errors.
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TABLE I. Late time power law fit parameters corresponding to
the different curves shown in Figs. 6 and 7.

A Lstart Tend o oa
0.3 560 920 0.73 0.22
0.5 340 540 0.65 0.24
0.7 320 380 0.80 0.71
H Tytart Tend o oa
0.05 760 980 0.93 0.42
0.1 560 920 0.73 0.22
0.3 620 1080 0.71 0.18
0.5 780 1380 0.85 0.20

IV. DISCUSSION

In this work, we studied the dynamics of classical
multiple kink-antikink configurations of a field ¢ in 1 4 1
dimensions coupled to a quantum field y. The nonadia-
baticity resulting from the collision of kink-antikink pairs
result in the excitation of the quantum field and thus
produce quantum radiation. This in turn backreacts on the
kink-antikink background ensemble and leads to its decay.
Our main goal was to quantify the rate of quantum decay
of the background at late times and investigate whether a
scaling regime sets in.

The full quantum problem including the effects of back-
reaction of the quantum field y on the classical background
¢ was tackled by discretizing the field theory model and
using the semiclassical approximation. This boiled down to
solving the coupled system of differential equations (19)
and (12) with initial conditions given by (3), (4), and (13).
A representative example of an initial configuration of the
background kink-antikink ensemble ¢,(x) along with the
initial (renormalized) energy density in y are shown in
Figs. 1 and 2. In Fig. 3 we show the time evolution of the
energies in the background (E,) and the quantum field (E,,)
starting from this initial configuration. Of course the energy
lost by the background is equal to the energy gained by the
quantum field.

As can be seen in the figure, the decay does not occur in a
smooth way since there are only 4 kink-antikink pairs and
every time a pair annihilates there is a noticeable jump in
the energy. In order to be able to identify a scaling regime
for the late time quantum decay of the kink-antikink
ensemble, one would need to consider configurations with
a large number of pairs and be able to evolve them for a
long enough time. Given the computational complexity,
this is problematic and we therefore opt for an alternative
route. We evolve samples of many (Ng = 20) small-
number-of-pairs (n =4 or n = 8) configurations (with
random initial relative positions and velocities) and average
over the background energies to obtain a smoothed out
behavior of E;. Our main result (for n = 8 pairs) is shown

in Fig. 4, where we see that at late times (z > 300 m™"),
E; o =% with a strictly smaller than 1. The error on the
exponent a is estimated from the variance in the values of
E, between different realizations [see Eq. (24)]. We also
check that the above late time behavior does not depend on
the number of pairs or the particular choice of sample of
realizations (see Fig. 5).

It is important to mention here that we cannot strictly
trust the simulations after the background has lost more
than half its initial energy because by that time the
assumption that the background is classical presumably
ceases to be true, and the semiclassical approximation
breaks down. In other words, in that regime the separation
between classical and quantum degrees of freedom
becomes ambiguous. At the same time, we are interested
in identifying the late time scaling of E,. Together, these
create a tension and constitute a serious limitation to our
current work, leading to large sources of uncertainty on the
scaling exponent a.

The above limitation becomes particularly clear when
investigating how the scaling exponent @ depends on the
coupling or the mass of the quantum field. The time
evolution of E, (with n = 4 pairs) for different values of
A and p is shown in Figs. 6 and 7, while the corresponding
values of a and da are assembled in Table I. We find that the
value of « is consistent with a value strictly smaller than 1
and independent of the physical parameters. However, we
note that, because of our numerical and statistical limi-
tations, we cannot yet conclude as to the universality of the
scaling exponent.

Given the O(N?) complexity of the problem, we are
limited by both resolution and statistics. We attempt to
navigate the former by ensuring our results are independent
of the lattice parameters N and L at least for the relevant
time durations (see Fig. 8), while we mitigate the latter by
using a sample size of Ny = 20. The current results are
exploratory in nature and future work will involve achiev-
ing better resolutions and using larger samples with more
kink-antikink pairs (n = 16,32, ...). Note that since the
initial kink and antikinks need to be non-interacting this
would require a larger lattice size L. To maintain sufficient
resolution a larger L would also entail a larger N, signi-
ficantly adding to the computational cost. A lattice of size
L ~ 2000 with sufficiently high resolution (N ~ 5000)
containing n ~ 100, well-separated kink-antikink pairs
would be ideal to verify the preliminary results presented
in this work. Of course a much more interesting setting
would be to study the quantum annihilation of domain wall
networks in higher dimensions (2 4+ 1 or 3 + 1), but this
would be even more computationally intensive and would
require parallelization.

One of the interesting physical applications of the current
work is the production of dark matter, in particular, super-
heavy dark matter (SHDM) in the early universe as a result
of the collision of domain wall networks [42,43] (or bubble
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walls [44]). SHDM involves dark matter particles with
masses 10* GeV < m, < 10" GeV, which are out of reach
in current particle colliders. But in some theories of physics
beyond the standard model, the electroweak phase tran-
sition in the early universe could produce bubble walls
which expand rapidly and collide. These bubble walls in the
absence of hydrodynamic obstacles in the plasma can
become ultrarelativsitic [45] before colliding. With bubble
walls colliding, the energy stored in the walls is transferred
to the surrounding plasma. For typical runaway bubble
walls (Lorentz factor y < 10'3) this energy can be large and
in the presence of a sufficiently large coupling with dark
matter can produce SHDM with the correct relic abun-
dance. Analogously to the current work, the classical kink-
antikink ensemble background could be extended to an
ultrarelativistic domain wall or bubble wall network, and
the quantum y particles would correspond to the SHDM
candidate. Although further investigations are necessary,
the toy model discussed here could thus be interpreted as a
proof of concept for the full physically relevant simulation
where generically classical decay due to self-annihilation
will compete with the quantum decay mode studied in
this work.
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FIG. 8. Time evolution of the energy in the background E for

N = 500 (solid dark orange), 1000 (dashed dark magenta), and
2000 (dot-dashed dark yellow) for one realization. Here 4 = 0.3,
1 = 0.1, and the units are such that m = 1.
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APPENDIX: SPATIAL RESOLUTION

In this appendix we discuss the sensitivity of our results
to the spatial resolution. While we need to choose a small
enough lattice spacing a = L/N to resolve individual kinks
and antikinks, at fixed L this requires a large enough
number of lattice points . This number is however limited
by the O(N?) computational complexity. We therefore need
to make sure that our fiducial choice of N = 500 is accurate
enough. In Fig. 8, we plot the energy in the background E,
one of the main observables we are interested in, for
different values of N (500, 1000, and 2000) keeping L =
200 fixed (and with numerical integration time step’
dt = a/5). We note that the three curves start deviating
for t > 500 m™", but the relative error stays within ~10%
by the time E, reaches half its initial value and the
semiclassical approximation ceases to be valid. While this
clearly shows N = 500 is not the ideal choice, it offers a
fair trade-off between numerical accuracy and computa-
tional complexity.

>We have also checked that the total energy is conserved to
within 1% for the chosen fiducial value of dt = a/5.
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