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In the presence of a strong electric field, the vacuum is unstable to the production of pairs of charged
particles—the Schwinger effect. The created pairs extract energy from the electric field, resulting in nontrivial
backreaction. In this paper, we study 1þ 1D massive QED subject to strong external electric fields in a self-
consistent and fully quantum manner. We use the bosonized version of the theory, which attains a cosine
interaction term in the presence of nonzero fermion massm. However, the assumption of a strong electric field
justifies a perturbative treatment of the cosine interaction, i.e., an expansion in m. We calculate the vacuum
expectation value of the electric field to first order in m and show that—surprisingly—it satisfies a classical
nonlinear partial differential equation (related to the sine-Gordon equation). We show that the electric field
exhibits dissipation-free oscillations (analogous to ordinary plasma oscillations) and calculate the plasma
frequency analytically. We also compare to the semiclassical approximation commonly used to study
backreaction, showing that it fails to capture the OðmÞ shift in the plasma frequency.
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I. INTRODUCTION

The mere existence of sufficiently strong electric fields
leads to the production of electron-positron pairs due to the
Schwinger effect [1,2]. The critical field strength for pair
production is given in terms of the electron mass m and
elementary charge e > 0 by

Ec ¼
m2c3

eℏ
∼ 1018 V=m; ð1Þ

below which the effect is exponentially suppressed. Particle
creation leads to a natural question concerning the ener-
getics of the mechanism: Where does the energy of those
particles come from? Clearly, the electric field itself is the
source; thus, the created particles must extract energy from
the field and reduce its strength. In addition, the newly born
charged particles will both feel and modify the electric
field. Understanding these complex dynamics is the prob-
lem of Schwinger effect backreaction. Backreaction to
particle creation is also important in gravitational problems,
such as particle production by the expanding universe [3]
and Hawking radiation (e.g., [4,5]).
One may study the backreaction to the Schwinger effect

using the “semiclassical” approximation, in which the

electric field is treated as a classical field rather than as
an operator. Then, the classical field is demanded to be
sourced by the expectation value of the current [6–11]. The
semiclassical approximation is formally justified in a large-
N expansion, but may still provide insight in the context of
a single matter field.
Ultimately, the time evolution needs to be derived from

full QED. While the general case remains intractable, Chu
and Vachaspati [12] showed that backreaction can be treated
exactly for a massless fermion in 1þ 1D (the “Schwinger
model” [13]) using the method of bosonization [14,15].
They used the fact that 1þ 1D massless QED is “dual” to a
free scalar (boson) theory of mass M ¼ q=

ffiffiffi
π

p
(q is the

elementary charge in 1þ 1D) [16–18], and showed that, by
virtue of the linearity of the field equation, a fully quantum
description of the screening process can be obtained by
simply solving a classical Klein-Gordon equation.
In the massive Schwinger model (1þ 1 QED with

fermions of mass m), the bosonized theory is no longer
free. The interacting theory requires an explicit regulator to
define, and the associated scale Λ actually appears in the
boson field equations. If we include an external classical
field EC, then the field equations are

�
∂
2
t − ∂

2
x þ

q2

π

�
ϕþ Λm sin ð

ffiffiffiffiffiffi
4π

p
ϕÞ ¼ −

qffiffiffi
π

p EC; ð2Þ

with the precise meaning of sinð ffiffiffiffiffiffi
4π

p
ϕÞ depending on how

the theory is regulated. The value of Λ should not affect
observable predictions, but any attempt to treat (2)
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classically must somehow pick a value for Λ. Prior work
has fixed Λ in a derivative expansion [19,20], at a large
occupation number [21], or in a WKB approximation [22],
or simply left as a free parameter [23,24].
In this paper we will study the massive theory as a

perturbation of the massless theory and show that a version
of (2) indeed arises to first order inm. Our field operators are
defined in the Schrödinger picture, and regularization is done
with normal ordering [14]. We assume that at early times the
quantum state is the vacuum and the external classical
electric field is zero. Then, the external field turns on at
some time t ¼ t0 after which it varies arbitrarily. Under these
assumptions, we find that, to first order in m, the field
expectation value hϕi satisfies the following equation:

�
∂
2
t −∂

2
xþ

q2

π

�
hϕiþeγmq

π
sinð

ffiffiffiffiffiffi
4π

p
hϕiÞ¼−

qffiffiffi
π

p EC; ð3Þ

where γ ¼ 0.57721 � � � is the Euler-Mascheroni constant.
This is the sine-Gordon equation (2) with the particular
choice Λ ¼ eγq=π, and ϕ is now understood as describing
the expectation value of the field. We find it highly nontrivial
that this classical-looking result arises from a fully quantum
treatment. We emphasize in particular that no classical
ℏ → 0 limit has been taken. Instead, Eq. (3) describes a
truly quantum phenomenon.
The boson expectation value hϕi is related to the electric

field expectation value by

hEi ¼ EC þ qffiffiffi
π

p hϕi: ð4Þ

Thus, we see that the expectation value of the electric field
obeys a simple partial differential equation (3). Notice that
no “particles” or “pair creation” are explicitly visible in
Eq. (3), and these concepts likewise do not arise in its
derivation. We find this advantageous since the fundamen-
tal objects in QFT are the fields rather than particles.
Equation (3) simply shows the response of local observ-
ables (expectation value of E) to the external field. Its
solutions can be used to validate the heuristic idea of
created particles screening electric fields.
Indeed, this process was beautifully illustrated in the

massless case by Chu and Vachaspati [12] in the setting of
capacitor breakdown. We revisit this problem in the
(perturbatively) massive case and consider a slightly
modified setup. We ensure local charge conservation for
the external source by “assembling” the capacitor: its plates
begin at the same location and then move to their final
separation. For the boundary condition of the field, we
consider the two cases: (i) the field may freely pass through
the plates, and (ii) the field outside the capacitor is strictly
zero (as if the plates are mirrors). For the first case, we
found agreement with Refs. [12,21,22] that the electric field
is screened inside the capacitor. However, for the second

case where the dynamical part of the field cannot spread out
to infinity, the field never reaches a static state, but rather
continues to oscillate indefinitely.
The frequency of these oscillations is the effective

plasma frequency for the QED plasma created by the
strong external field. We may define a precise plasma
frequency by considering spatially homogeneous external
fields. By solving (3) perturbatively, we find that the QED
plasma frequency is given to OðmÞ by

ω ¼ qffiffiffi
π

p þmqeγ

πEC
cos

�
2πEC

q

�
J1

�
2πEC

q

�
: ð5Þ

We also study the problem semiclassically in order to
test the validity of the semiclassical approximation.
Semiclassical results are available for spatially homo-
geneous electric fields (at any value of m) [25] and can
be compared to our small-m results in full QED. We find
that the semiclassical approximation is exact at m ¼ 0, but
fails at OðmÞ, predicting that there is no correction at this
order, in disagreement with our full-QED result. We may
say that the semiclassical approximation is qualitatively
correct but quantitatively incorrect, in particular failing to
capture the OðmÞ shift in the plasma frequency (5).
As explained in Sec. III, our perturbative treatment of the

fermion mass is justified at strong electric field ðEC ≫ mÞ
and/or strong fermion coupling (q ≫ m). However, ver-
sions of Eq. (2) with the same valueΛ ¼ eγq=π also arise in
other physical regimes [20–22], suggesting a more funda-
mental significance within the massive Schwinger model.
Further research is required to clarify the scope of the
quasiclassical description in massive 1þ 1D QED.
This paper is organized as follows. In Sec. II, we review

the bosonization of the massive Schwinger model and
derive the QED Hamiltonian in terms of the boson field. In
Sec. III, we calculate ϕ̂ to first order in the fermion mass
and show that it satisfies Eq. (3). In Sec. IV, we revisit the
capacitor breakdown problem and demonstrate that the
screening effect is captured by solving Eq. (3). In Sec. V,
we consider a spatially homogeneous background field and
derive the plasma frequency (5). In Sec. VI, consider the
same problem in the semiclassical approximation and
compare the results. We conclude in Sec. VII with a brief
discussion of interesting future directions.
In this paper, we take c ¼ ℏ ¼ 1, and the signature of the

metric is ð−;þÞ.

II. BOSONIZATION OF 1+ 1D QED

In this section, we derive the QED Hamiltonian in terms
of the boson field, closely following Coleman [26].1

The Lagrangian of 1þ 1D QED in the presence of an

1In [26], the signature of the metric is opposite to that in our
paper.
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external classical source JμC satisfying the conservation law
∂μ J

μ
C ¼ 0 is given by

L ¼
Z

dx

�
iψ̄γμ∂μψ −mψ̄ψ þ qAμψ̄γ

μψ

−
1

4
Fμν Fμν þ Aμ J

μ
C

�
: ð6Þ

The spatial integral is taken from −∞ to ∞, and γμ are
the gamma matrices, for which we take the following
representation:

γt ¼
�
0 1

1 0

�
; γx ¼

�
0 1

−1 0

�
: ð7Þ

In 1þ 1D, the electromagnetic field behaves quite differ-
ently compared to the 3þ 1D case. First of all, there is no
magnetic field, and there is only one component of the
electric field. Furthermore, there are no electromagnetic
waves since there are no transverse fields. This can be
understood in a physical sense by considering a uniformly
charged plate in 3þ 1D. The electric field created by the
plate is uniform everywhere, and it never decays, no matter
how far one goes away from the plate. In addition, the
motion of the plate does not affect the electric field at all;
i.e., no waves are generated. In the quantum theory,
this indicates the nonexistence of photons. This feature
of the electromagnetic field in 1þ 1D can be most
simply captured by taking the Coulomb gauge Aμðt; xÞ ¼
ðAðt; xÞ; 0Þ. We will use this gauge exclusively, and express
our final result in terms of the gauge-invariant electric field.
The electric field E is then given by

Eðt; xÞ ¼ −∂xAðt; xÞ: ð8Þ

Then, the Lagrangian (6) no longer depends on the time
derivative of Aðt; xÞ. Variation of Eq. (6) with respect to
Aðt; xÞ results in Gauss’ law:

∂
2
xAðt; xÞ ¼ −ðqψ†ψ þ JtCÞ: ð9Þ

We express the general solution as

Aðt; xÞ ¼ −
q
2

Z
jx − yjψ†ðt; yÞψðt; yÞdyþ ACðt; xÞ; ð10Þ

where AC is a potential for the classical source, i.e.,

JtCðt; xÞ ¼ ∂xECðt; xÞ ¼ −∂2xACðt; xÞ: ð11Þ

Equation (10) shows that Aðt; xÞ at time t is determined
only by the fermion field and the classical source at time t
without solving the evolution equation, showing the non-
dynamical nature of the gauge field.

The Hamiltonian is obtained by Legendre transforming
Eq. (6). Eliminating Aðt; xÞ using Eq. (10) and discarding
the surface integral terms as well as a nondynamical term
proportional to AC∂

2
xAC, one finds

HðtÞ ¼
Z

dx½−iψ̄γx∂xψ þmψ̄ψ þ qACψ
†ψ �

−
q2

4

ZZ
dxdyjx − yjψ†ðt; xÞψðt; xÞψ†ðt; yÞψðt; yÞ:

ð12Þ

At this point, everything is classical. The quantum theory
in the Schrödinger picture is obtained by promoting the
fermion field ψðt0; xÞ at some time t0 to a time-independent
operator ψ̂ðxÞ that satisfies the canonical anticommutation
relation,

fψ̂αðxÞ; ψ̂†
βðyÞg ¼ δαβδðx − yÞ: ð13Þ

We choose the time t0 at which the Schrödinger picture
operator is defined to be equal to the time at which the
external classical electric field is turned on. To avoid the
infinite zero-point energy we normal-order the Hamiltonian
as follows:

ĤðtÞ ¼
Z

dx∶½−i ¯̂ψγx∂xψ̂ þm ¯̂ψ ψ̂ þqACψ̂
†ψ̂ �∶

−
q2

4

ZZ
dxdy∶ψ̂†ðxÞψ̂ðxÞ∶jx − yj∶ψ̂†ðyÞψ̂ðyÞ∶:

ð14Þ

This particular normal ordering makes the Hamiltonian
(14) differ from the bare Hamiltonian [Eq. (12) with
ψðt0; xÞ → ψ̂ðxÞ] by

Ĥ ¼ Ĥbare þ C1 þ Q̂C2; ð15Þ

where C1 and C2 are infinite c-numbers and Q̂ is the charge
operator,

Q̂ ¼
Z

∶ψ̂†ðxÞψ̂ðxÞ∶dx: ð16Þ

Thus, the Hamiltonians describe the same physics provided
that we restrict to states of zero charge. This assumption is
consistent with time evolution since Q̂ commutes with the
Hamiltonian. We will assume zero total charge for the
remainder of the paper.
Keep in mind that we are in the Schrödinger picture even

though the Hamiltonian Ĥ depends on time. This is simply
due to the fact that the external classical field is time
dependent, and the energy of the system is not generally
conserved.
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Now, we are ready to bosonize this Hamiltonian. The
boson field ϕ̂ and its canonical momentum Π̂ satisfy the
canonical commutation relations,

½ϕ̂ðxÞ; Π̂ðyÞ� ¼ iδðx − yÞ; ð17Þ

½ϕ̂ðxÞ; ϕ̂ðyÞ� ¼ 0; ð18Þ

½Π̂ðxÞ; Π̂ðyÞ� ¼ 0; ð19Þ

and the bosonization identities are2 (e.g., [26,34,35])

∶−iψ̂γx∂xψ̂∶ ↔ Nμ

�
1

2
Π̂2 þ 1

2
ð∂xϕ̂Þ2

�
; ð20Þ

∶ ¯̂ψγtψ̂∶ ↔
1ffiffiffi
π

p ∂xϕ̂; ð21Þ

∶ ¯̂ψγxψ̂∶ ↔ −
1ffiffiffi
π

p Π̂; ð22Þ

∶ ¯̂ψ ψ̂ ∶ ↔ −
eγμ
2π

Nμ

n
cos

ffiffiffiffiffiffi
4π

p
ϕ̂
o
: ð23Þ

The symbol Nμ denotes normal ordering with respect to an
arbitrary mass scale μ. This procedure is defined by mode
expanding ϕ̂ðxÞ and Π̂ðxÞ as

ϕ̂ðxÞ ¼
Z

∞

−∞

dk

2π
ffiffiffiffiffiffiffiffiffiffiffi
2ωk;μ

p 	
âk;μeikx þ â†k;μe

−ikx


; ð24Þ

Π̂ðxÞ ¼ −i
Z

∞

−∞

dk
2π

ffiffiffiffiffiffiffiffi
ωk;μ

2

r 	
âk;μeikx − â†k;μe

−ikx


; ð25Þ

where

ωk;μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ μ2

q
: ð26Þ

Then, Nμf� � �gmeans to rearrange the order of operators by

placing all âk;μ to the right of all â†k;μ.
The choice of μ is fully arbitrary. A change in μ shifts the

kinetic terms (20) by an infinite c-number and leaves the
cosine term (23) invariant [26], so that the dynamics are
unmodified. At the level of the substitution rules, there is no
natural choice of μ. However, the original theory has mass
scales of m and q. Furthermore, the last term in (14)
bosonizes to

R
1
2π q

2ϕ̂2 (dropping boundary terms) indicat-
ing the presence of a mass

M ≡ qffiffiffi
π

p : ð27Þ

Since we will be treating the theory perturbatively in the
fermion mass m, this “meson mass” M is the most natural
scale for normal ordering. Adopting this choice, the
bosonized Hamilton becomes

ĤðtÞ ¼
Z

dxNM

�
1

2
Π̂ðxÞ2 þ 1

2
ð∂xϕ̂ðxÞÞ2 þ

1

2
M2ϕ̂ðxÞ2

þ qffiffiffi
π

p ECðt; xÞϕ̂ðxÞ −
eγmM
2π

cos
ffiffiffiffiffiffi
4π

p
ϕ̂ðxÞ

�
: ð28Þ

Notice that atm ¼ 0,M has a clear physical meaning as the
mass of the ϕ̂ðxÞ particle. This mass is also present in the
cosine self-interaction term. On the other hand, the coef-
ficient q=

ffiffiffi
π

p
in front of ECðt; xÞ functions as an electric

coupling, so we do not express it in terms of M, even
though it has the same numerical value.
It is worth emphasizing that the choice μ ¼ M of normal

ordering mass is purely for convenience. This choice allows
us to separate the Hamiltonian (28) into a free part, which
evolves as a free field of mass M, and an interaction part
that only contains the cosine term. If we had chosen a
different value for μ, we would need to evolve the free
part with mass μ, and the interaction Hamiltonian would
include terms quadratic in ϕ̂, unnecessarily complicating
the calculations.
The Schrödinger-picture field operator Âðt; xÞ is

obtained by replacing ψðt; xÞ with ψ̂ðxÞ in Eq. (10). The
electric field operator Êðt; xÞ is then given by

Êðt; xÞ ¼ −∂xÂðt; xÞ ¼
qffiffiffi
π

p ϕ̂ðxÞ þ ECðt; xÞ: ð29Þ

Although the operators Â and Ê are defined in the
Schrödinger picture, they inherit explicit time dependence
from the classical field. Equation (29) gives a nice physical
meaning to the boson field ϕ̂ðxÞ: it is the quantum part of
the electric field.
Before proceeding, it is worth noting the transformation

properties of Eq. (29). In 1þ 1 dimensions, the electric
field E ¼ F10 is invariant under Lorentz boosts but flips
sign under parity transformations, characterizing it as a
pseudoscalar. The bosonized field ϕ̂ðxÞ also transforms as a
pseudoscalar according to Eq. (21).

III. VACUUM EXPECTATION VALUE

We consider the case where the electric field is zero at an
early time and turned on at t ¼ t0.

3 Before the external field
2The correspondence between the Fermi and boson theories

has been extensively studied, and an overwhelming amount of
evidence suggests that the two theories are equivalent when these
substitutions are made in the Hamiltonian (e.g., [14,15,27–33]).

3In QED2, a constant EC is sometimes referred to as a “θ term”
(e.g., [26]). Here, setting EC ¼ 0 before t ¼ t0 indicates that we
consider the case of external fields where θ ¼ 0.
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is turned on, we assume that the state is in the vacuum
state jΩi defined to be the lowest energy eigenvector of
the Hamiltonian (28) at t < t0. Since the bosonized
Hamiltonian (28) is considered to be equivalent to the
original fermion Hamiltonian (14), the vacuum state jΩi
defined on the boson side should also be the vacuum state
on the fermion side. After turning on the field (t > t0), jΩi
evolves to a state jt;Ωi according to the Schrödinger
equation:

i
d
dt

jt;Ωi ¼ ĤðtÞjt;Ωi: ð30Þ

Since the ϕ̂ðxÞ is the scaled electric field due to Eq. (29), the
expectation value of ϕ̂ðxÞ evaluated on jt;Ωi can capture
the time evolution of the vacuum as a response to the
external field; thus, our goal is to compute

hϕiðt; xÞ≡ ht;Ωjϕ̂ðxÞjt;Ωi: ð31Þ

A. Interaction picture

We now split the Hamiltonian (28) into a free part (which
includes the classical source) and an interaction part (the
cosine term). To explicitly write down the vacuum jΩi, we
introduce an adiabatic switching function that turns off the
interaction at early times.
We define the total Hamiltonian ĤTðtÞ by

ĤTðtÞ ¼ Ĥ0ðtÞ þ ĤintðtÞ; ð32Þ

where

Ĥ0ðtÞ ¼ Ĥff þ ĤEðtÞ ð33Þ

and each piece is given by

Ĥff ¼
Z

dxNM

�
1

2
Π̂ðxÞ2 þ 1

2
ð∂xϕ̂ðxÞÞ2 þ

1

2
M2ϕ̂ðxÞ2

�
;

ð34Þ

ĤEðtÞ ¼
Z

dx
qffiffiffi
π

p ECðt; xÞϕ̂ðxÞ; ð35Þ

ĤintðtÞ ¼
Z

dxNM

�
−
eγmfðtÞM

2π
cos

ffiffiffiffiffiffi
4π

p
ϕ̂ðxÞ

�
: ð36Þ

Ĥff represents the “free-free” part of the Hamiltonian in the
sense that this Hamiltonian describes a free massive particle
with mass M with no interaction or electric field. The
function fðtÞ in ĤintðtÞ is chosen to vanish at an early time
and to reach f ¼ 1 before t ¼ t0 (the time at which the
external classical field is turned on). In addition, we
demand that the transition of fðtÞ from 0 to 1 is

infinitesimally slow. This procedure allows us to write
down the expression of jΩi in terms of operators and states
defined in the interaction picture as explained below.
In the infinite past, there is no external electric field and

the interaction term is turned off due to the fðtÞ; thus, the
total Hamiltonian is given by

ĤTð−∞Þ ¼ Ĥff : ð37Þ

The free-free Hamiltonian Ĥff defines a vacuum state
j0;Mi in the usual way, i.e., by

âk;Mj0;Mi ¼ 0 ð38Þ

for all k with âk;M defined in (24) and (25). This provides
the initial value for the true vacuum state according to (37).
Since fðtÞ turns on very slowly, we may evolve the vacuum
using the adiabatic approximation. In particular, the true
vacuum jΩi can be approximated by evolving j0;Mi from
the infinite past to time t0 using the Hamiltonian (28),

jΩi ≃ ÛTðt0;−∞Þj0;Mi: ð39Þ

Here, ≃ means that two expressions differ only by a phase,
and ÛTðt; t0Þ is the evolution operator for ĤT, defined
by Eq. (A1).
The interaction picture is obtained by evolving the

operators with the free time evolution operator Û0ðt; t0Þ
and evolving the state with the interaction evolution
operator Ûintðt; t0Þ. Since our Hamiltonian depends on
time, the theory is slightly modified from the most familiar
form, and for the reader’s convenience, we review the
relevant equations in Appendix A.
The interaction picture operators ϕ̂Iðt; xÞ and Π̂Iðt; xÞ are

defined by [see Eq. (A4)]

ϕ̂Iðt; xÞ ¼ Û†
0ðt; t0Þϕ̂ðxÞÛ0ðt; t0Þ; ð40Þ

Π̂Iðt; xÞ ¼ Û†
0ðt; t0ÞΠ̂ðxÞÛ0ðt; t0Þ: ð41Þ

The above definition ensures the following conditions:

ϕ̂Iðt0; xÞ ¼ ϕ̂ðxÞ; ð42Þ

Π̂Iðt0; xÞ ¼ Π̂ðxÞ: ð43Þ

Using Eqs. (17)–(19), one can show that these operators
satisfy the equal-time commutation relation

½ϕ̂Iðt; xÞ; Π̂Iðt; yÞ� ¼ iδðx − yÞ; ð44Þ

½ϕ̂Iðt; xÞ; ϕ̂Iðt; yÞ� ¼ 0; ð45Þ

½Π̂Iðt; xÞ; Π̂Iðt; yÞ� ¼ 0: ð46Þ
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Then, from Eq. (A5) and using Eqs. (44)–(46), we have the following operator equations for ϕ̂Iðt; xÞ and Π̂Iðt; xÞ:
∂

∂t
ϕ̂Iðt; xÞ ¼ −i½ϕ̂Iðt; xÞ; ĤI

0ðtÞ� ¼ Π̂Iðt; xÞ; ð47Þ

∂

∂t
Π̂Iðt; xÞ ¼ −i½Π̂Iðt; xÞ; ĤI

0ðtÞ�

¼ ∂
2
xϕ̂

Iðt; xÞ − μ2ϕ̂Iðt; xÞ − qffiffiffi
π

p ECðt; xÞ: ð48Þ

The explicit solutions to these equations are given by

ϕ̂Iðt; xÞ ¼
Z

∞

−∞

dk

2π
ffiffiffiffiffiffiffiffiffiffiffiffi
2ωk;M

p ðâk;Me−iωk;Mðt−t0Þþikx þ â†k;Me
iωk;Mðt−t0Þ−ikxÞ þ ϕclðt; xÞ; ð49Þ

Π̂Iðt; xÞ ¼ −i
Z

∞

−∞

dk
2π

ffiffiffiffiffiffiffiffiffiffi
ωk;M

2

r
ðâk;Me−iωk;Mðt−t0Þþikx − â†k;Me

iωk;Mðt−t0Þ−ikxÞ þ ∂tϕclðt; xÞ; ð50Þ

where ωk;M is defined by Eq. (26). The classical part
ϕclðt; xÞ satisfies the Klein-Gordon equation

ð∂2t − ∂
2
x þM2Þϕclðt; xÞ ¼ −

qffiffiffi
π

p ECðt; xÞ; ð51Þ

with the condition

ϕclðt; xÞ ¼ 0 ¼ ∂tϕclðt; xÞ for t ≤ t0: ð52Þ

This condition is a consequence of the fact that ϕ̂Iðt; xÞ and
Π̂Iðt; xÞ need to satisfy the conditions (42) and (43) as well
as the fact that ECðt; xÞ vanishes at t ≤ t0. Equivalently, ϕcl
is the retarded solution to Eq. (51).
The free evolution operator before the electric field turns

on only changes j0;Mi by a phase, i.e.,

Û0ðt0;−∞Þj0;Mi ≃ j0;Mi: ð53Þ

The expression of the state jt;Ωi is then

jt;Ωi ¼ ÛTðt; t0ÞjΩi
≃ Û0ðt; t0ÞÛintðt;−∞Þj0;Mi; ð54Þ

using (39) and (A7). Then, the expression of hϕi ¼
ht;Ωjϕ̂ðxÞjt;Ωi can be written in the interaction picture by

hϕi ¼ h0;MjÛ†
intðt;−∞Þϕ̂Iðt; xÞÛintðt;−∞Þj0;Mi; ð55Þ

with Ûintðt; t0Þ given by Eq. (57).
To proceed further, an important observation is that the

normal ordering NMf� � �g and the operation to obtain the
interaction picture operators commute; i.e., for a function
Fðϕ̂Þ of polynomials of ϕ̂ (not necessarily evaluated at the
same spatial points), we have

Û†
0ðt; t0ÞNMfFðϕ̂ÞgÛ0ðt; t0Þ ¼ NMfFðϕ̂IÞg: ð56Þ

This allows us to write Ûintðt; t0Þ fully in terms of ϕ̂Iðt; xÞ
while keeping the structure of normal ordering intact. In
particular, from (A9) and (36) the Dyson series solution is

Ûintðt;t0Þ

¼T exp

�
i
Z

t

t0
ds
Z

dxNM

�
eγmMfðsÞ

2π
cos

ffiffiffiffiffiffi
4π

p
ϕ̂Iðs;xÞ

��
;

ð57Þ

where T denotes time ordering. Note that Eq. (57) is a
shorthand notation for a Taylor series in m and will
provide an asymptotic approximation asm → 0 as long as
each term gives a finite expression. We carry out the
expansion to the first order in m and find a finite result
for hϕi.

B. Calculation of hϕi
It is helpful to review a few facts before computing the

field expectation value. First, we have the normal-ordering
identity

½eÂ; B̂� ¼ ½Â; B̂�eÂ; ð58Þ

which holds for any operators Â and B̂ whose commutator
is a c-number. This in particular implies thath
NM

n
cos

ffiffiffiffiffiffi
4π

p
ϕ̂Iðt1; y1Þ

o
; ϕ̂Iðt2; x2Þ

i
¼ −

ffiffiffiffiffiffi
4π

p h
ϕ̂Iðt1; y1Þ; ϕ̂Iðt2; y2Þ

i
NM

n
sin

ffiffiffiffiffiffi
4π

p
ϕ̂Iðt1; y1Þ

o
:

ð59Þ
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Another useful fact is that for any composite operators
Fðϕ̂Iðt; xÞ; Π̂Iðt; xÞÞ formed from polynomials of ϕ̂Iðt; xÞ
and Π̂Iðt; xÞ, we have

h0;MjNMfFðϕ̂Iðt; xÞ; Π̂Iðt; xÞÞgj0;Mi
¼ Fðϕclðt; xÞ; ∂tϕclðt; xÞÞ: ð60Þ

To check, notice that the states on both sides annihilate all
the operator parts of ϕ̂Iðt; xÞ and Π̂Iðt; xÞ, leaving only the
classical parts.
Finally, we note that the retarded Green function for the

Klein-Gordon equation may be expressed in terms of the
interaction-picture fields as (e.g., [36])

GretðΔt;ΔxÞ ¼ iθðΔtÞ½ϕ̂Iðt; xÞ; ϕ̂Iðt0; yÞ�; ð61Þ

where Δt ¼ t − t0, Δx ¼ x − y, and θðtÞ is the step func-
tion. The retarded green function satisfies

ð∂2t − ∂
2
x þM2ÞGretðt; xÞ ¼ δðtÞδðxÞ ð62Þ

and is explicitly expressed as (e.g., [37,38])

GretðΔt;ΔxÞ ¼
θðΔtÞ
π

Z
∞

−∞

dk
2πωk;M

sin ðωk;MΔtÞeikΔx

¼ 1

2
θðΔtÞθðΔt2 − Δx2ÞJ0

	
M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δt2 − Δx2

p 

:

ð63Þ

With the ingredients assembled, the calculation of hϕi is
straightforward,

hϕi ¼ h0;Mjϕ̂Iðt; xÞj0;Mi þ
Z

t

−∞
dt0
Z

dy

�
−i

eγmMfðt0Þ
2π

ffiffiffi
π

p
�
h0;Mj½NM

n
cos

ffiffiffiffiffiffi
4π

p
ϕ̂Iðt0; yÞ

o
; ϕ̂Iðt; xÞ�j0;Mi

¼ ϕclðt; xÞ þ
Z

t

−∞
dt0
Z

dy

�
i
eγmMfðt0Þ
2π

ffiffiffi
π

p
� ffiffiffiffiffiffi

4π
p

½ϕ̂Iðt0; yÞ; ϕ̂Iðt; xÞ�h0;MjNM

n
sin

ffiffiffiffiffiffi
4π

p
ϕ̂Iðt0; yÞ

o
j0;Mi

¼ ϕclðt; xÞ þ
Z

∞

−∞
dt0
Z

dy

�
−
eγmq
π

�
sin
h ffiffiffiffiffiffi

4π
p

ϕclðt0; yÞ
i
Gretðt − t0; x − yÞ: ð64Þ

The first line follows from (55) and (57), while the second
and third lines use (59) and (61), respectively. In the third
line we are able to set fðt0Þ ¼ 1 since ϕclðt; xÞ ¼ 0 at
t < t0. Equation (64) is the causal perturbative solution to
Eq. (3), justifying the claim that hϕi obeys this equation
to OðmÞ.

C. Validity of the m expansion

The perturbative expression (64) for hϕi is likely to
provide a good approximation as long as the perturbation is
numerically small compared to the background term ϕcl.
The comparison may be made more easily at the level of the
differential equation (3). For this purpose we will also
restore factors of ℏ, noting that ϕ is dimensionless, while q
and EC have the same units and qEC has units of force.
Equation (3) then becomes

�
∂
2
t − ∂

2
x þ

q2

ℏπ

�
hϕi þ eγmq

ℏ3=2π
sin
	 ffiffiffiffiffiffi

4π
p

hϕi


¼ −

q
ℏ
ffiffiffi
π

p EC:

ð65Þ

The nonanalyticity in ℏ indicates that effects predicted by
Eq. (65) cannot be captured in the limit of ℏ → 0.
For the mass expansion to be valid, we require that

the sine term of Eq. (65) is much smaller than at least

one other term. There are two cases where this assumption
is justified.
The first case is the strong-field limit. If the field has

typical strength EC ∼ E , then the condition E ≫ m=ℏ1=2

guarantees that the sine term in Eq. (65) is small compared
to the electric field. However, since EC is “turned on” from
zero starting at time t ¼ t0, there may be times when it is
not small compared to the sine term. We expect that if the
transition is sufficiently rapid, then the approximation will
remain valid, and we may see this in the equations as
follows. If T denotes the timescale for EC to reach E ,
then we expect T to set the timescale of variation for hϕi
during this period. Using ∂

2
t hϕi ∼ hϕi=T 2, we find the

condition eγmq=ℏ3=2 ≪ π=T 2 for the sine term to be small
compared to ∂

2
t hϕi. Thus, a regime of validity for our

approximation is

E ≫
m

ℏ1=2 ; T ≪

ffiffiffiffiffiffiffiffiffi
ℏ3=2

mq

s
: ð66Þ

The second case where small m treatment is justified is the
fermion strong coupling limit. We see directly in Eq. (3)
that the sine term is small compared to the mass term
q2hϕi=ðℏπÞ provided

q ≫
m

ℏ1=2 : ð67Þ
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This regime brings out the strong-weak nature of the
duality; the strong coupling q ≫ m=ℏ1=2 on the fermion
side translates to weak coupling on the boson side, enabling
perturbative calculations like ours.
Notice that the conditions of validity (66) and (67)

cannot be satisfied if one takes ℏ → 0. This is the sense in
which our result may be considered “fully quantum.”

D. Conservation of energy

Before proceeding, we note that Eq. (3) admits a
conserved energy when the external field EC is time
independent. We express this quantity as

E ¼ Eparticle þ Efield; ð68Þ

where

Eparticle ¼
Z �

1

2
ð∂thϕiÞ2 þ

1

2
ð∂xhϕiÞ2

−
eγmM
2π

cos
ffiffiffiffiffiffi
4π

p
hϕi
�
dx ð69Þ

and

Efield ¼
Z

1

2
hEi2dx ¼

Z
1

2

�
EC þ qffiffiffi

π
p hϕi

�
2

dx; ð70Þ

noting Eq. (4). Notice that Efield is just the “classical” field
energy associated with the expected value hEi of the
electric field; likewise, we may think of Eparticle as a
fictitious classical matter field energy. The conservation
of E represents an exchange between field and particle
degrees of freedom.
In Appendix B we show that after adding back in the

nondynamical term 1
2
E2
C to (28), the expectation value of

the Hamiltonian is equal to E to first order in m, i.e.,

hĤi ¼ E: ð71Þ

This establishes the fact that E is truly the energy of the
system. However, this simplicity does not extend to
the division into particle and field: the “energies” Eparticle

and Efield are not equal to the expectation values of their
quantum counterparts.

IV. CAPACITOR BREAKDOWN REVISITED

As shown in [12,21,22], bosonized 1þ 1D QED can be
used to study the breakdown of a capacitor when its electric
field is strong. For the massless case, Ref. [12] considered
this problem by placing two oppositely charged plates at a
separate distance and letting the field evolve according to
Eq. (3) with zero fermion mass. The massive case was
considered in Ref. [21] by solving Eq. (3) assuming a large
boson occupation to justify the classical treatment.

Reference [22] developed a method to accurately track
the long-term evolution of the field for both massless and
massive cases.
Our fully quantum calculation requires the external

electric field to vanish in the asymptotic past. To “turn
on” the electric field in a manner compatible with local
conservation of charge, we take our capacitor plates to
begin at the same spatial location and then separate. In
particular, the plates start at x ¼ 0 and move in the opposite
direction with velocity v < 1 until they reach a final
separation of 2L. This can be modeled by setting the
background field to be

EC ¼
8<
:

0; t < 0;

E0θðvt − xÞθðvtþ xÞ; 0 < t < L=v;

E0θðLþ xÞθðL − xÞ; t > L=v:

ð72Þ

(We set the time that the electric field turns on to be t0 ¼ 0.)
The charge density associated with this electric field is

ρC ¼ ∂xEC

¼
8<
:

0; t < 0;

−E0δðvt − xÞ þ E0δðvtþ xÞ; 0 < t < L=v;

−E0δðL − xÞ þ E0δðLþ xÞ; t > L=v:

ð73Þ

Thus, the background profile (72) corresponds to a pos-
itively charged plate moving to the left until it reaches
x ¼ −L, together with a negatively charged plate moving to
the right until it reaches x ¼ þL.
The previous work [12,21,22] did not impose any

boundary conditions at the capacitor plates. The field
can then become nonzero outside, which may be inter-
preted as allowing the created particles passing through the
plates. Another option we consider is to impose hϕi ¼ 0 at
the plates, which can be thought of as causing fields and
particles to reflect off the plates, as if they are impenetrable
mirrors. In each case, we solved Eq. (3) numerically. Since
q has the dimension of mass as we can see in Eq. (27), we
use it as a reference and set other parameters asm=q ¼ 0.1;
E0=q ¼ 1; v ¼ 0.8; qL ¼ 20. We use a standard fourth-
order Runge-Kutta method to solve the PDE (3).
Figure 1 shows the case of the penetrable plates. In this

case, the time dependence eventually ceases as the
dynamical part of the field spreads out to infinity. The
final static state of the electric field can be found by
solving Eq. (3) assuming no time dependence, taking the
external electric field to be in its final state, with the
capacitor fully assembled. By expanding hϕi perturba-
tively in m as

hϕi ≈ ϕ0 þ ϕ1; ð74Þ
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and plugging this into Eq. (3), we find

ϕ0ðxÞ ¼
8<
:

E0

M ðe−ML cosh ðMxÞ − 1Þ; jxj ≤ L;

− E0

M sinh ðMLÞe−Mjxj; jxj > L;
ð75Þ

and

ϕ1ðxÞ ¼ −
eγm
2
ffiffiffi
π

p
Z

∞

−∞
e−Mjx−yj sin

ffiffiffiffiffiffi
4π

p
ϕ0ðyÞdy: ð76Þ

The black line in Fig. 1 shows this analytic solution. For
the final static state, we can see from Eq. (75) that the
field decays exponentially away from the plates with a
characteristic length scale of 1=M. One may say that a
“cloud of particles” surrounds each plate, screening its
electric field. This reproduces the results of [12] and
derives the first correction in fermion mass.
Figure 2 shows the alternative case of the impenetrable

plates, where particles “bounce off.” In this case, the field
keeps oscillating and never settles down to a static state.
This may be attributed to conservation of energylike
quantity (68). As one can see in Fig. 2, the field is
dynamical even after the plates reach the final separation.
This is the same behavior as a classical plasma confined to a
box with no dissipation, and the oscillations are known as
plasma oscillations.

V. PLASMA FREQUENCY FOR QED

A classical plasma consists of point charges of both signs
of charge interacting with the self-consistent electromag-
netic field. In this context, local separation between
oppositely charged particles results in an electrostatic

restoring force that produces oscillations. The electric field
reacts to the motion and also oscillates at the same
frequency. The QED plasma produced by capacitor break-
down also displays these electric field oscillations, although
the underlying mechanism may be quite different. In this
section, we derive the frequency of the oscillations and also
exhibit an effective potential formulation.
For this purpose, we consider a spatially homogeneous

external electric field that turns on at t ¼ t0 to the constant
value EC:

ECðtÞ ¼ ECθðtÞ: ð77Þ

We also assume that hϕi is spatially homogeneous, so that
Eq. (3) becomes an ordinary differential equation,

d2

dt2
hϕi þM2hϕi ¼ −

eγmq
π

sin
	 ffiffiffiffiffiffi

4π
p

hϕi


−

qffiffiffi
π

p EC; ð78Þ

holding for t > 0. Since there is no external field for t < 0,
we set hϕi ¼ 0 ¼ ∂thϕi for t < 0.
At zeroth order in m, Eq. (78) is a simple harmonic

oscillator. The constant external field EC just shifts the
equilibrium position, and the plasma frequency is just
ω ¼ M. To find the first correction, we use a standard
perturbative approach to a nonlinear ODE known as the
Lindstedt-Poincaré method (see [39,40] for details). We
expand the frequency as

ω ≈M þ ω1; ð79Þ

where ω1 is order m. We introduce a new time parameter
τ ¼ ωt and expand hϕi as

hϕiðtÞ ≈ ϕ0ðτÞ þ ϕ1ðτÞ; ð80Þ

FIG. 2. Same as Fig. 1, except for impenetrable places (hϕi is
forced to vanish outside the plates). In this case, the electric field
inside the capacitor never reaches a static state; the dynamical
part of the field bounces back and forth inside the capacitor.

FIG. 1. The expectation value of the electric field
hEi ¼ EC þ qhϕi= ffiffiffi

π
p

. Two charged plates start at x ¼ 0 and
move in opposite directions with velocity v ¼ 0.8. The plates are
stopped when they reach qx ¼ �20. The electric field eventually
reaches a static state as all the dynamical part spreads out to
infinity. The static solution (black line) shows exponential
screening of the plates from both sides. We set m=q ¼ 0.1;
E0=q ¼ 1.0.
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where ϕ1ðτÞ is the order m term. Note that τ in Eq. (80) is
not expanded in m. By changing the variable from t to τ,
Eq. (78) becomes

ω2hϕi00 þM2hϕi¼−
eγmq
π

sin
	 ffiffiffiffiffiffi

4π
p

hϕi


−

qffiffiffi
π

p EC; ð81Þ

where 0 denotes the τ derivative. Plugging Eqs. (79) and
(80) into Eq. (81) and extracting the zeroth-order terms
in m, we find

M2ϕ00
0 þM2ϕ0 ¼ −

qECffiffiffi
π

p : ð82Þ

The solution to this equation satisfying ϕ0ð0Þ ¼ 0 ¼
∂tϕ0ð0Þ is given by

ϕ0 ¼
ffiffiffi
π

p
EC

q
ðcos τ − 1Þ: ð83Þ

The first-order equation from Eq. (81) is

ϕ00
1 þ ϕ1 ¼ −

eγm
q

sin
	 ffiffiffiffiffiffi

4π
p

ϕ0



−
2
ffiffiffi
π

p
ω1

q
ϕ00
0: ð84Þ

Using Eq. (83) and Jacobi-Anger expansion

cos ðz cos θÞ ¼ J0ðzÞ þ 2
X∞
k¼1

ð−1ÞkJ2kðzÞ cos ð2kθÞ; ð85Þ

sin ðz cos θÞ ¼ 2
X∞
k¼0

ð−1ÞkJ2kþ1ðzÞ cos ðð2kþ 1ÞθÞ; ð86Þ

where JkðxÞ is the kth Bessel function of the first kind,
Eq. (84) becomes

ϕ00
1 þ ϕ1

¼
�
−
2eγm
q

cos

�
2πEC

q

�
J1

�
2πEC

q

�
þ 2πω1EC

q2

�
cos τ

−
eγm
q

X∞
k¼1

ð−1ÞkJ2kþ1

�
2πEC

q

�
cos ½ð2kþ 1Þτ�

þ eγm
q

�
J0

�
2πEC

q

�

þ
X∞
k¼1

ð−1ÞkJ2k
�
2πEC

q

�
cos ½2kτ�

�
: ð87Þ

For ϕ1ðτÞ to remain periodic instead of growing indefi-
nitely, the first term of the right-hand side (rhs) of Eq. (87)
needs to vanish. This condition leads to the determination
of the correction to the frequency as

ω1 ¼
mqeγ

πEC
cos

�
2πEC

q

�
J1

�
2πEC

q

�
: ð88Þ

Combining Eq. (88) with Eq. (79), we obtain Eq. (5).
The leading-order plasma frequency ω ¼ M ¼ q=

ffiffiffi
π

p
depends only on the coupling q. The first-correction (88)
displays dependence on the strength of the electric field,
both through the small parameter m=EC and via the finite
ratio EC=q. Notice that there are special values of EC=q
where the correction ω1 vanishes entirely. It is notable that
ω1 is purely real: there is no dissipation at this order. This
fact can be attributed to the conserved quantity discussed in
Sec. III D and was already observed in our numerical study
of capacitor breakdown in Sec. IV.
The effect of a nonzero mass m can be nicely visualized

by considering a potential VðϕÞ. First, let us write hϕi → ϕ
to simplify the notation. Then, Eq. (78) can be put in the
following form:

∂
2
tϕ ¼ −

∂VðϕÞ
∂ϕ

; ð89Þ

where the potential VðϕÞ is given by

VðϕÞ ¼ 1

2
M2ϕ2 þ qffiffiffi

π
p ECϕ −

eγmM
2π

cos
ffiffiffiffiffiffi
4π

p
ϕ: ð90Þ

Figure 3 shows the potential VðϕÞ for both massless and
massive cases. The overall parabolic shape of the potential
comes from the first term of Eq. (90), and the shift of the
minimum of VðϕÞ is due to the electric field EC. The main
difference between the massless and massive is the cosine
term in Eq. (90), which can be seen as adding a slight
wiggle to the parabolic line in Fig. 3. The oscillating

FIG. 3. The potential VðϕÞ given in Eq. (90) in the case of
constant EC. The massless and massive cases are shown by the
red and black lines. Under this potential, ϕ oscillates back and
forth around its minimum. For the massless case, the frequency is
given by ω ¼ M. For the massive case, the potential is modified
due to the third term in Eq. (90), and the frequency is corrected to
be Eq. (5). We set m=q ¼ 0.5, and EC=q ¼ 1 for this plot.
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behavior of ϕ is analogous to the one-dimensional (1D)
mechanics problem. From this perspective, Eq. (89) effec-
tively describes a particle trapped in a potential (90). Since
any bounded motion in 1D is periodic [41], ϕ oscillates
back and forth in this potential and the dynamics of hϕi are
perfectly periodic.

VI. SEMICLASSICAL APPROXIMATION

In this section, we discuss the validity of the semi-
classical approximation (e.g., [8,9,42,43]). We first derive
the prediction of the semiclassical approximation for the
problem under consideration and then compare to the full
QED result.
In the semiclassical approximation, the electric field is

no longer treated as an operator but just a classical field.
This classical field creates a nonzero current hJiren through
the Schwinger mechanism. If the current can be expressed
as a functional of the classical field, i.e., hJiren½E�, then the
natural Maxwell equation is

−∂tE ¼ hJiren½E� þ Jext; ð91Þ

where Jext is the current associated with any external
electric field −∂tEext ¼ Jext.

4 Equation (91) is the semi-
classical approximation. Since the renormalized current in
general depends on the whole past history of E, the
semiclassical equation is an integro-differential equation
(or worse).
We can obtain a definite equation in the case of spatially

homogeneous electric fields, where the current expectation
value may be derived from the adiabatic regularization
method (e.g., [25,44–46]). Following [25], the renormal-
ized current density is given by

hJiren ¼ −
q2

π
AðtÞ þ q

2π

Z
∞

−∞
dk

�
jhIkj2 − jhIIk j2 þ

k
ω

�
; ð92Þ

where hIkðtÞ and hIIk ðtÞ are mode functions satisfying the
following ODE:

d
dt

 
hIkðtÞ
hIIk ðtÞ

!
¼ i

�
k − qAðtÞ −m

−m −kþ qAðtÞ

� 
hIkðtÞ
hIIk ðtÞ

!
:

ð93Þ

Here, the gauge is taken to be AμðtÞ ¼ ð0; AðtÞÞ.
Equation (93) ensures that the following normalization
condition is constant in time:

jhIkj2 þ jhIIk j2 ¼ 1: ð94Þ

To compare the semiclassical approximation with our
QED result at linear order in m, we need the expression of
the current Eq. (92) to this order. We consider an identical
setup to our full QED calculation, where the electric field is
turned on at t ¼ t0. Prior to t ¼ t0, the mode functions are
those of the free theory,

hIkðt < t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωk;m − k
2ωk;m

s
e−iωk;mðt−t0Þ; ð95Þ

hIIk ðt < t0Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωk;m þ k
2ωk;m

s
e−iωk;mðt−t0Þ; ð96Þ

where ωk;m is given by Eq. (26). Expanding in m gives

hIkðt < t0Þ ≈ θð−kÞeikðt−t0Þ þ θðkÞ m
2k

e−ikðt−t0Þ; ð97Þ

hIIk ðt < t0Þ ≈ θðkÞe−ikðt−t0Þ þ θð−kÞ m
2k

eikðt−t0Þ; ð98Þ

where θðkÞ is a step function. We expand hIkðtÞ and hIIk ðtÞ in
m as

hIkðtÞ ¼ xð0ÞðtÞ þ xð1ÞðtÞ þ � � � ; ð99Þ

hIIk ðtÞ ¼ yð0ÞðtÞ þ yð1ÞðtÞ þ � � � ; ð100Þ

where xðnÞ and yðnÞ are order mn. At t < t0, Eqs. (99)
and (100) have to reduce to Eqs. (97) and (98); thus, we
have the following conditions at t < t0:

xð0ÞðtÞ ¼ θð−kÞeikðt−t0Þ; ð101Þ

yð0ÞðtÞ ¼ −θðkÞe−ikðt−t0Þ; ð102Þ

xð1ÞðtÞ ¼ θðkÞ m
2k

e−ikðt−t0Þ; ð103Þ

yð1ÞðtÞ ¼ θð−kÞ m
2k

eikðt−t0Þ: ð104Þ

By plugging Eqs. (99) and (100) into Eq. (93) and
collecting terms order by order, we obtain the hierarchy
of equations. From the zeroth order, we have

ẋð0Þ ¼ iðk − qAðtÞÞxð0Þ; ð105Þ

ẏð0Þ ¼ iðk − qAðtÞÞyð0Þ: ð106Þ

For the first order,

ẋð1Þ ¼ iðk − qAðtÞÞxð1Þ þ imyð0Þ; ð107Þ

ẏð1Þ ¼ iðk − qAðtÞÞyð1Þ þ imxð0Þ: ð108Þ
4Previously in the paper, the external field current was denoted

EC for “classical”; here we use the label “ext” since all electric
fields are classical in the semiclassical approximation.

SCHWINGER EFFECT WITH BACKREACTION IN 1þ 1D … PHYS. REV. D 113, 085007 (2026)

085007-11



We can solve Eqs. (105) and (106) immediately and find

xð0ÞðtÞ ¼ θð−kÞeiχðt;t0Þ; ð109Þ

yð0ÞðtÞ ¼ −θðkÞe−iχðt;t0Þ; ð110Þ

where χðt; t0Þ is defined as

χðt; t0Þ ¼
Z

t

t0

ðk − qAðt0ÞÞdt0: ð111Þ

It is easy to check that Eqs. (109) and (110) indeed satisfy
Eqs. (101) and (102) at t < t0, respectively. The calculation
for the first-order term is the same, and the solutions to
Eqs. (107) and (108) satisfying Eqs. (103) and (104) are
given by

xð1ÞðtÞ ¼ −imθðkÞeiχðt;t0Þ
�Z

t

t0

e−2iχðs;t0Þds −
1

2ik

�
; ð112Þ

yð1ÞðtÞ ¼ imθð−kÞe−iχðt;t0Þ
�Z

t

t0

e2iχðs;t0Þdsþ 1

2ik

�
: ð113Þ

Expanding the integrand of (92) to order m gives

jhIkj2 − jhIIk j2 þ
k
ω
≈ jxð0Þj2 − jyð0Þj2 þ k

jkj
þ 2Reðxð0Þ�xð1Þ − yð0Þ�yð1ÞÞ: ð114Þ

However, the rhs actually vanishes. The first line vanishes
after using the explicit expressions (109) and (110), while
the second line vanishes because xð0Þ (109) has support
only for positive k, while xð1Þ (112) has support only for
negative k (and similarly for y). Thus, accurate to OðmÞ,
we find

hJiren ¼ −
q2

π
AðtÞ; ð115Þ

This is just the massless result, so the semiclassical
approximation predicts no correction to order m. Taking
a time derivative of (91) and using (115) as well as
E ¼ −∂tA and Jext ¼ −∂tEext, we find

�
∂
2
t þ

q2

π

�
E ¼ ∂

2
t Eext: ð116Þ

This is the semiclassical prediction, consistent to order m,
in the case of spatially homogeneous electric fields. By
contrast, the fully quantum result (3) and (4) in this case
predicts5

�
∂
2
t þ

q2

π

�
hÊiþeγmq2

π3=2
sin

2πðhÊi−EextÞ
q

¼∂
2
t Eext: ð117Þ

Comparing (116) and (117), we see that the semiclassical
approximation agrees exactly with the fully quantum
expectation value at m ¼ 0, but misses the sine term at
OðmÞ. In particular, it fails to capture the shift in plasma
frequency discussed in Sec. V. The exactness of the
semiclassical approximation for a massless fermion in a
spatially homogeneous electric field was noticed previously
in [43,47]. Here we demonstrate the precise manner in
which it fails at the first order in m.

VII. OUTLOOK

We conclude by mentioning some open questions and
interesting future directions.
Our main result is that the expectation value of the

electric field obeys a partial differential equation through
OðmÞ. An obvious question is whether such a simple
description continues to hold at higher order—will hEi still
obey a PDE, or will there be nonlocal effects? If the
perturbation series is smooth inm, then one can answer this
question by evaluating higher-order terms in the Dyson
series (55) and (57). On the other hand, in the semiclassical
approximation there are m2 logm corrections that require
an alternative approach [48], and similar difficulties may
present in full QED. If a PDE still appears at the next order,
it raises the intriguing possibility that hEi actually obeys
local dynamics in the exact theory.
Another feature of our OðmÞ result is the lack of

dissipation, in the sense that oscillations do not damp
out (they can only decay due to spreading out).
Mathematically, this feature stems from the conserved
energy E (68) associated with the PDE. Physically, we
may say that energy is exchanged between the electric field
and the matter, oscillating back and forth indefinitely.
However, the semiclassical approximation for finite fer-
mion mass does show a secular decrease in the strength of
the electric field [7–11,42], which can be regarded as a
permanent transfer of energy from the field to the matter. It
is not clear at present whether this electric field dissipation
is an artifact of the semiclassical approach, or whether the
lack of dissipation in our result is an artifact of the first-
order expansion in m.
It is difficult to predict the answer in advance, since we

lack a clear physical picture of the origin of the oscillations.
In particular, it would be desirable to have more clarity
about the extent to which “collective particle behavior” is a
useful physical picture. Can the dynamics of 1þ 1D
strong-field QED be profitably understood in terms of a
large number of point particles interacting with a field that
can create and move them, or do these results demand
abandonment of this cherished idea? Further research is
required to clarify the issue.

5We let E → Ê and EC → Eext to match the notation of this
section and emphasize that the electric field is an operator in the
fully quantum treatment.
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Another interesting future direction is comparison with
lattice simulations of the theory. In particular, Ref. [49]
observed field oscillations attributed to pair production.
A larger parameter study with longer-time evolution
would allow a direct comparison with the perturbative
results we report.
It is also interesting to ask about the evolution of the field

when the initial state is not the vacuum. In the massless case
studied in [12], the field equation is linear, and the
expectation value of the field in any state always satisfies
the classical Klein-Gordon equation. By contrast, our
perturbative result for the massive case applies only to
evolution from the vacuum state. A particularly interesting
case is when the initial state is mixed. By choosing a
thermal state as the initial condition, one may be able to
capture familiar plasma effects, such as Landau damping,
in the setting of 1þ 1D massive QED.
Finally, 1þ 1D massive QED might give some insight

into astrophysical phenomena around pulsars and black
holes surrounded by a strong magnetic field. Since the
ultrastrong magnetic field forces charged particles to move
along the direction of the magnetic field, treating the matter
field as 1þ 1D becomes justifiable [24,50–52]. Moreover,
the modification of the Coulomb law in the presence of a
strong magnetic field [53] suggests that some kind of
dimensional reduction may also occur in the electromag-
netic sector. If an effective 1þ 1D theory indeed arises in
strong magnetic fields, then the bosonization approach
offers the attractive possibility of capturing complicated
plasma dynamics with a simple PDE. Indeed, the polar cap
discharge for pulsars [54–57] and analogous gap formation
and screening in black hole magnetospheres [58–60] are
astrophysical examples of electric field breakdown due
to pair creation. It would be fascinating to study these
important astrophysical processes as 1þ 1D QED
phenomena.
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APPENDIX A: INTERACTION PICTURE
FOR A SYSTEM WITH A TIME-VARYING

HAMILTONIAN

In this appendix, we briefly review time-dependent
perturbation theory using the interaction picture.

Although this perturbation method is almost identical to
the standard one [36,61,62], the explicit time dependence
of the Hamiltonian slightly modifies the definitions of some
operators.
We consider a Schrödinger-picture Hamiltonian ĤTðtÞ

that may have explicit time dependence, as in Eq. (32). The
physical state jψðtÞi in the Schrödinger picture evolves
with time, and its time evolution can be written as a linear
transformation of jψðtÞi by the unitary time evolution
operator ÛTðt; t0Þ through jψðtÞi ¼ ÛTðt; t0Þjψðt0Þi.
ÛTðt; t0Þ satisfies the Schrödinger equation

i
∂

∂t
ÛTðt; t0Þ ¼ ĤTðtÞÛTðt; t0Þ ðA1Þ

with the condition ÛTðt; tÞ ¼ 1̂. ĤTðtÞ can be split into the
“free” part and the interaction part:

ĤTðtÞ ¼ Ĥ0ðtÞ þ ĤintðtÞ: ðA2Þ

Using Ĥ0ðtÞ, the “free” evolution operator Û0ðt; t0Þ is
defined as the solution to

i
∂

∂t
Û0ðt; t0Þ ¼ Ĥ0ðtÞÛ0ðt; t0Þ; ðA3Þ

with Û0ðt; tÞ ¼ 1̂. Given a Schrödinger-picture operator
ÔSðtÞ (possibly with explicit time dependence), the inter-
action-picture version ÔIðtÞ is defined as

ÔIðtÞ ¼ Û†
0ðt; t0ÞÔSðtÞÛ0ðt; t0Þ; ðA4Þ

where t0 is an arbitrary reference time. The time evolution
of ÔIðtÞ is then given by the Heisenberg equation that only
involves the “free” part of the theory,

∂

∂t
ÔIðtÞ ¼ 1

i
½ÔIðtÞ; ĤI

0ðtÞ� þ
�
∂ÔðtÞ
∂t

�I

; ðA5Þ

where

�
∂ÔðtÞ
∂t

�I

≡ Û†
0ðt; t0Þ

∂ÔSðtÞ
∂t

Û0ðt; t0Þ: ðA6Þ

The “interaction” time evolution operator Ûintðt; t0Þ is
defined by

Ûintðt; t0Þ ¼ Û†
0ðt; t0ÞÛTðt; t0ÞÛ0ðt0; t0Þ ðA7Þ

and satisfies Ûintðt; tÞ ¼ 1̂. By taking the time derivative of
Eq. (A7) and using Eqs. (A3) and (A5), the time evolution
of Ûintðt; t0Þ is obtained as
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i
∂

∂t
Ûintðt; t0Þ ¼ ĤI

intðtÞÛintðt; t0Þ: ðA8Þ

The formal solution to Eq. (A8) can be expressed as the
Dyson series,

Ûintðt; t0Þ ¼ T exp

�
−i
Z

t

t0
ĤI

intðsÞds
�
; ðA9Þ

where T is the time-ordering operator.

APPENDIX B: ENERGY EXPECTATION VALUE

In this appendix, we show that the conserved quantity
(68) is equal to the expectation value of the Hamiltonian
operator (28), after the nondynamical part 1

2
E2
C is added

back in. Using Eq. (56) to commute Û0ðt; t0Þ and the
normal ordering NMf� � �g, the Hamiltonian operator in the
interaction picture becomes

ĤIðtÞ ¼
Z

dxNM

�
1

2
ðΠ̂IÞ2 þ 1

2
ð∂xϕ̂IÞ2 þ 1

2
M2ðϕ̂IÞ2

þ qffiffiffi
π

p ECϕ̂
I þ 1

2
E2
C −

eγmM
2π

cos
ffiffiffiffiffiffi
4π

p
ϕ̂I

�
; ðB1Þ

with 1
2
E2
C added back in. After using Eqs. (49) and (50) for

the first three terms of Eq. (B1), one may split Eq. (B1) into
the following:

ĤIðtÞ ¼ ĤI
1 þ ĤI

2 þ ĤI
3 þ ĤI

4; ðB2Þ

where each piece is defined by

ĤI
1 ¼

Z
dk
2π

ωk;Mâ
†
k;Mâk;M; ðB3Þ

ĤI
2 ¼

Z
dx½∂tϕ̂I

∂tϕcl þ ∂xϕ̂
I
∂xϕcl þM2ϕ̂Iϕcl�

−
Z

dx

�
1

2
ð∂tϕclÞ2 þ

1

2
ð∂xϕclÞ2 þ

1

2
M2ϕ2

cl

�
; ðB4Þ

ĤI
3 ¼

Z
dx

�
qffiffiffi
π

p ϕ̂IEC þ 1

2
E2
C

�
; ðB5Þ

ĤI
4 ¼

Z
NM

�
−
eγmM
2π

cos
ffiffiffiffiffiffi
4π

p
ϕ̂I

�
dx: ðB6Þ

Now, we evaluate the expectation value of Eqs. (B3)–(B6)
piece by piece. To see the expectation value of Eq. (B3),
consider the expectation value of â†k;Mâk;M. Using Eqs. (54),
(56), (59), and (60) and keeping to first order, we find

hâ†k;Mâk;Mi
¼ h0;MjÛ†

intðt;−∞Þâ†k;Mâk;MÛintðt;−∞Þj0;Mi
≈ h0;Mjâ†k;Mâk;Mj0;Mi

þ
Z

t

−∞
dt0
Z

dy
�
−i

eγmMfðt0Þ
2π

ffiffiffi
π

p
�

× h0;Mj½NMfcos
ffiffiffiffiffiffi
4π

p
ϕ̂Iðt0; yÞg; â†k;Mâk;M�j0;Mi ¼ 0;

ðB7Þ

since both zeroth and first-order terms vanish due to
âk;Mj0;Mi ¼ 0 (equivalently h0;Mjâ†k;M ¼ 0). This leads to

hH1i ¼ 0: ðB8Þ

For the computation of hH2i, notice that operator
Ûintðt;−∞Þ does not depend on the spatial coordinate.
Thus, using Eq. (55), we find

∂xhϕi ¼ h∂xϕ̂Ii: ðB9Þ

For the time derivative of hϕi, one may use Eqs. (55)
and (A8), and then

∂thϕi ¼ h∂tϕ̂Ii þ ih½ĤI
intðtÞ; ϕ̂Iðt; xÞ�i

¼ h∂tϕ̂Ii; ðB10Þ

where the commutator of ĤI
int and ϕIðt; xÞ vanishes due to

the equal time commutation relation (45). Using these
results and the fact that hϕi ¼ ϕcl þOðmÞ, the expectation
value of Eq. (B3) to first order in m becomes

hĤ2i ¼
Z

dx

�
1

2
ð∂thϕiÞ2 þ

1

2
ð∂xhϕiÞ2 þ

1

2
M2hϕi2

�
:

ðB11Þ

Furthermore, the expectation value of Eq. (B5) is simply

hĤ3i ¼
Z

dx

�
qffiffiffi
π

p hϕiEC þ 1

2
E2
C

�
; ðB12Þ

since ĤI
3 is only linear in ϕ̂I . For Eq. (B6), notice that this

term is already at order m; thus, we obtain

hĤ4i ¼
Z �

−
eγmM
2π

cos
ffiffiffiffiffiffi
4π

p
hϕi
�
dx: ðB13Þ

Combining Eqs. (B8) and (B11)–(B13) and comparing
the result to the energy E defined in Eq. (68), one may
conclude hĤi ¼ E to first order in m, as presented in
Eq. (71) in the main text. In other words, the conserved
quantity derived in Sec. III D is genuinely the energy
expectation value of the system.
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Even though the total energy E can be identified as the total energy expectation, the particle part (69) and field part (70)
are not the expectation value of their quantum counterparts. Similar to Eq. (68), which was split into Eqs. (69) and (70), one
may split

Ĥ ¼ Ĥparticle þ Ĥfield; ðB14Þ

where

Ĥparticle ¼
Z

NM

�
1

2
Π̂2 þ 1

2
ð∂xϕ̂Þ2 −

eγmM
2π

cos
ffiffiffiffiffiffi
4π

p
ϕ̂

�
dx ðB15Þ

and

Ĥfield ¼
Z

1

2
Ê2dx ¼

Z
1

2
NM

��
EC þ qffiffiffi

π
p ϕ̂

�
2
�
dx: ðB16Þ

However, the direct calculation to order m using Eqs. (54), (56), (59), (60), (64) shows

hNMfϕ̂2gi ¼ h0;MjÛ†
intðt;−∞ÞNMfðϕ̂IÞ2gÛintðt;−∞Þj0;Mi

¼ ϕclðt; xÞ2 þ
Z

t

−∞
dt0
Z

dy

�
−i

eγmMfðt0Þ
2π

ffiffiffi
π

p
�
2ϕclðt; xÞh0;Mj

h
NM

n
cos

ffiffiffiffiffiffi
4π

p
ϕ̂Iðt0; yÞ

o
; ϕ̂I

ffðt; xÞ
i
j0;Mi þ Δ

¼ hϕi2 þ Δ; ðB17Þ

where ϕI
ffðt; xÞ is defined by

ϕI
ffðt; xÞ ¼ ϕIðt; xÞ − ϕcl ðB18Þ

and Δ is

Δ ¼
Z

t

−∞
dt0
Z

dy

�
−i

eγmMfðt0Þ
2π

ffiffiffi
π

p
�
h0;Mj½NMfcos

ffiffiffiffiffiffi
4π

p
ϕ̂Iðt0; yÞg; NMfϕ̂I

ffðt; xÞ2g�j0;Mi: ðB19Þ

However, Δ is in general nonzero, since there is no obvious
annihilation of h0;Mj or j0;Mi by â†k;M and âk;M in
Eq. (B19). In other words, Eq. (B17) leads to

hNMfϕ̂2gi ≠ hϕi2: ðB20Þ

An immediate consequence of this result is

hĤfieldi ≠ Efield; ðB21Þ

which can be quickly verified by taking the expectation
value of Eq. (B16) and comparing it to Eq. (70) using
Eq. (B20). Since hĤi ¼ E, Eq. (B21) also implies

hĤparticlei ≠ Eparticle: ðB22Þ
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