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Building on the earlier work by Araki and Tanii, Aschieri et al., and Buratti et al., we demonstrate that
every model for self-dual nonlinear electrodynamics in four dimensions has a Uð1Þ duality-invariant
extension to 4p > 4 dimensions, and construct new self-dual nonlinear theories for a gauge (2p − 1)-form.
We present a family of models for self-dual nonlinear (2p − 1)-form electrodynamics in which the trace of
the energy-momentum tensor determines the flow with respect to a duality-invariant deformation
parameter. Finally, we propose the interesting problem of computing the so-called induced action in
the case that self-dual (2p − 1)-form electrodynamics is coupled to dilaton and axion fields, and the
compact duality group Uð1Þ is enhanced to the noncompact group SLð2;RÞ.
DOI: 10.1103/5fnm-4v1n

I. INTRODUCTION

As an extension of the seminal work by Gaillard and
Zumino [1], the general formalism of duality-invariant
models for nonlinear electrodynamics in four dimensions
was developed in the mid-1990s [2–5] (see [6,7] for
comprehensive reviews). The Gaillard-Zumino-Gibbons-
Rasheed (GZGR) approach was generalized to off-shell
N ¼ 1 and N ¼ 2 globally [6,8] and locally [9,10] super-
symmetric theories. In particular, the first consistent per-
turbative scheme to construct the N ¼ 2 supersymmetric
Born-Infeld action was given in [6] (this approach was
further pursued in [11,12]). The GZGR formalism was also
extended to higher dimensions [2,13–15].
In Minkowski space of even dimension d ¼ 4p≡ 2n,

with p a positive integer, we consider a self-interacting
theory of a gauge (n − 1)-form Aa1…an−1 with the property
that its Lagrangian, LðFa1…anÞ, is a function of the field
strength Fa1…an ¼ n∂½a1Aa2…an� ≡ FaðnÞ.

1 We assume
that the theory possesses Uð1Þ duality invariance. This
means that the Lagrangian is a solution to the self-duality
equation [14]

G̃a1…anGa1…an þ F̃a1…anFa1…an ≡ G̃ ·Gþ F̃ · F ¼ 0;

ð1:1Þ

where we have introduced

G̃a1…anðFÞ ¼ n!
∂LðFÞ
∂Fa1…an

: ð1:2Þ

As usual, the notation F̃ is used for the Hodge dual of F,

F̃a1…an ¼ 1

n!
εa1…anb1…bnFb1…bn : ð1:3Þ

The simplest solution of (1.1) is the free model

LfreeðFÞ ¼ −
1

2n!
Fa1…anFa1…an ; ð1:4Þ

which is a conformal field theory in d ¼ 2n dimensions. It
should be pointed out that (1.1) is identically satisfied in
d ¼ 4pþ 2 dimensions.
In four dimensions (n ¼ 2), the self-duality equa-

tions (1.1) was derived by Gibbons and Rasheed in
1995 [2], and soon after, it was rederived by Gaillard
and Zumino [4,5] by applying their formalism developed in
1981 [1]. The latter authors also introduced the term “self-
duality equation” for (1.1). In 1983, Bialynicki-Birula [16]
proposed a necessary and sufficient condition for Uð1Þ
duality invariance of nonlinear electrodynamics with
Lagrangian LðFa1a2Þ. One can always recast LðFa1a2Þ as
a function of two (pseudo) scalar variables, LðS; PÞ, where
S and P denote the electromagnetic invariants defined in
(2.4) for n ¼ 2. The condition derived in [16] is given by
equation (2.5) below and is equivalent to (1.1) for all Uð1Þ
duality-invariant models of the form LðFa1a2Þ ¼ LðS; PÞ.
However, the equation (1.1) is more advantageous for
nontrivial generalizations, including: (i) self-dual theories
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in d ¼ 4p ¼ 2n dimensions [2,13–15]; (ii) duality-
invariant off-shell supersymmetric theories [6,8]; and
(iii) self-dual higher-derivative theories of the form

S½F� ¼
Z

d2nxLðF; ∂F; ∂2F;…Þ; F≡ FaðnÞ: ð1:5Þ

In the presence of higher derivatives, the self-duality
equation (1.1) must be replaced with the following equation
on the action functional S½F�:
Z

d2nxfG̃a1…anGa1…an þ F̃a1…anFa1…ang ¼ 0;

G̃a1…anðFÞ ¼ n!
δ

δFa1…an

S½F�: ð1:6Þ

Here, it is assumed that S½F� is unambiguously defined as a
functional of an unconstrained n-form FaðnÞ. In the n ¼ 2

case, this equation was proposed for the first time in [6].
Only a few explicit solutions of the self-duality equa-

tion (1.1) are known beyond four dimensions. In particular,
Ref. [15] introduced Born-Infeld-like actions with N ≥ 1
complex field strengths (and also with N > 1 real field
strengths) as a generalization of the Roček-Tseytlin con-
struction [17] for the Maxwell-Goldstone multiplet model
[18] for partial N ¼ 2 → N ¼ 1 supersymmetry breaking
[19]. In this letter we will demonstrate, building on the
results of [14,15,20], that every model for self-dual non-
linear electrodynamics in four dimensions has a Uð1Þ
duality-invariant extension to 4p ¼ 2n > 4 dimensions
and construct new self-dual nonlinear theories for a gauge
(n − 1)-form. We also present a family of models for self-
dual (n − 1)-form electrodynamics in which the trace of the
energy-momentum tensor determines the flow with respect
to a duality-invariant deformation parameter. Finally, we
put forward an interesting open problem of computing a so-
called induced action in the case that self-dual (n − 1)-form
electrodynamics is coupled to dilaton and axion fields, and
the compact duality group Uð1Þ is enhanced to the non-
compact group SLð2;RÞ.

II. DIFFERENT FORMS
OF THE SELF-DUALITY EQUATION

It is useful to introduce (anti) self-dual components of F,

F�
a1…an ¼

1

2
ðFa1…an � iF̃a1…anÞ; F̃� ¼ ∓iF�; ð2:1Þ

such that

F ¼ Fþ þ F−; F̃ ¼ −iFþ þ iF−: ð2:2Þ

The same definition can be used to introduce the (anti) self-
dual components ofG. Then, the self-duality equation (1.1)
turns into

ImðGþ · Gþ þ Fþ · FþÞ ¼ 0: ð2:3Þ
We are going to look for a class of Uð1Þ duality-invariant

theories of the form2

LðFaðnÞÞ ¼ LðS; PÞ; S ¼ −
1

2n!
Fa1…anFa1…an ;

P ¼ −
1

2n!
F̃a1…anFa1…an : ð2:4Þ

In four dimensions, S and P are the only independent
invariants of the electromagnetic field. More general
invariants of the n-form FaðnÞ in d ¼ 2n ¼ 4p > 4 dimen-
sions exist (see, e.g., [21] for the technical details).
However, we restrict our attention to models of the form
(2.4). For the theories under consideration, the self-duality
equation (2.3) is equivalent to

PðL2
S − L2

P − 1Þ ¼ SLSLP; ð2:5Þ

whereLS andLP denote the derivatives ofLwith respect to
S and P, respectively. In the case of nonlinear electrody-
namics (n ¼ 2), Eq. (2.5) was derived for the first time by
Bialynicki-Birula [16]. As mentioned in Sec. I, (2.5) is
equivalent to the self-duality equation (1.1).
Duality-invariant models of the form (2.4) have a long

history. In 1999, Araki and Tanii [14] studiedUðNÞ duality-
invariant theories3 of N gauge (n − 1)-forms with the field
strengths FI

aðnÞ, I ¼ 1;…; N. They restricted their discus-
sion to Lagrangians

LðFI
aðnÞÞ ¼ LðSIJ; PIJÞ; SIJ ≔ −

1

2n!
FI · FJ;

PIJ ≔ −
1

2n!
FI · F̃J; ð2:6Þ

and they used perturbation theory to demonstrate the
existence of UðNÞ duality-invariant theories possessing
the weak-field limit

L ¼ SII þOðF4Þ: ð2:7Þ

No closed-form solution was given in [14]. Born-Infeld-
like actions with N field strengths FI

aðnÞ in d ¼ 2n
dimensions were studied in Zumino and collaborators in
[15]. In the N ¼ 1 case, their Born-Infeld (n − 1)-form

2In the d ¼ 2n ¼ 4pþ 2 case, the invariant P is identically
equal to zero.

3If the dimension of spacetime is even, d ¼ 2n, the maximal
duality group for a system of N gauge (n − 1)-forms depends on
the dimension of spacetime. The duality group isUðNÞ if n ¼ 2p,
and OðNÞ ×OðNÞ if n ¼ 2pþ 1 [14] (see, e.g., Sec. 8 of [6] for
a review). In the presence of scalars, the maximal duality group is
Spð2N;RÞ if d ¼ 4p and SOðN;NÞ if d ¼ 4pþ 2. The fact that
the maximal duality group depends on the dimension of space-
time was discussed in the mid-1980s [22,23] and also in the late
1990s [24,25].
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electrodynamics agreed with the one sketched by Gibbons
and Rasheed [2].4 The same model was also derived in [26]
using Hamiltonian techniques and later in [20]. In fact,
Buratti, Lechner and Melotti [20] also arrived at the
equation (2.5) and the conclusion that every model for
self-dual nonlinear electrodynamics admits an extension to
higher dimensions.5

III. EXAMPLES OF SELF-DUAL THEORIES
IN 4p DIMENSIONS

Our discussion implies that every model for self-dual
nonlinear electrodynamics in four dimensions admits an
extension to self-dual (n − 1)-form nonlinear electrody-
namics in 2n ¼ 4p > 4 dimensions. In particular,
associated with the Born-Infeld Lagrangian [28] is the
Born-Infeld (n − 1)-form electrodynamics

LBIðFaðnÞÞ ¼ T −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TS − P2

p
; ð3:1Þ

with T a duality-invariant parameter. This theory was
introduced by several groups [2,15,20,26].
Next, associated with the ModMax theory, which was

discoved by Bandos, Lechner, Sorokin and Townsend [29]
(and soon rederived, in a simpler setting, by Kosyakov
[30]), is the Uð1Þ duality-invariant (n − 1)-form electrody-
namics [31]

LMMðFaðnÞÞ ¼ S cosh γ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
sinh γ; ð3:2Þ

which is conformal in d ¼ 2n ¼ 4p dimensions. The
original ModMax theory is a unique conformal and
Uð1Þ duality-invariant theory in four dimensions. Its
higher-dimensional extension (3.2) is not unique. There
exist more general self-dual and conformal models for
(n − 1)-form electrodynamics. This can be readily seen by
making use of the auxiliary-field formulation of [32] which
is a generalization of the d ¼ 4 approach developed by
Ivanov and Zupnik [33–35]. In this formulation for Uð1Þ
duality-invariant nonlinear (n − 1)-form electrodynamics,
the Lagrangian LðF; VÞ depends on an unconstrained rank-
n antisymmetric tensor Va1…an and has the form

LðF;VÞ ¼ 1

n!

�
1

2
F · F þ V · V − 2V · F

�
þ LintðVÞ;

ð3:3Þ

with V · F ≔ Va1…anFa1…an . The self-duality equation (1.1)
is equivalent to the manifest Uð1Þ invariance of the

self-interaction LintðVÞ ¼ LintðVþ; V−Þ,
LintðeiφVþ; e−iφV−Þ ¼ LintðVþ; V−Þ; φ∈R: ð3:4Þ
The theory with Lagrangian (3.3) is conformal if the self-
interaction is a homogeneous function of V of degree þ2,

LintðσVÞ ¼ σ2LintðVÞ: ð3:5Þ
We point out that the Uð1Þ duality-invariant theories of
the form (2.4) correspond to those auxiliary-field models
(3.3) in which the self-interaction LintðVÞ is given by
LintðVþ; V−Þ ¼ fðVþ · VþV− · V−Þ, with fðxÞ being a
real function of one variable. The self-coupling correspond-
ing to the (n − 1)-form Mod-Max theory (3.2) proves to
be LintðVÞ ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vþ · VþV− · V−

p
(see [36] for the four-

dimensional analysis). It is clear that in d¼2n¼4p>4
dimensions there exists more general solutions of the
equations (3.4) and (3.5).
Finally, we introduce a higher-dimensional generaliza-

tion of the algorithm proposed in [37] to generate Uð1Þ
duality-invariant models. Specifically, if the Lagrangian
(2.4) is a solution of (2.5), then the following model

LγðFaðnÞÞ ≔ LðΩ; PÞ; Ω ≔ S cosh γ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
sinh γ

ð3:6Þ
is also a a solution of the self-duality equation (2.5). This
construction leads to new self-dual models for (n − 1)-form
electrodynamics. Applying this recipe to (3.1) leads to a
higher-dimensional analog of the ModMax-Born theory
introduced in [31].

IV. ENERGY-MOMENTUM FLOWS

In this paper we have demonstrated that every model for
self-dual nonlinear electrodynamics in four dimensions has
a Uð1Þ duality-invariant extension to 4p > 4 dimensions.6

Beyond four dimensions, there exist more general self-dual
theories, as follows from the known generating formula-
tions for such theories [20,32,38]. The important point is
that in 4p≡ 2n > 4 dimensions there exist more general
invariants of FaðnÞ (see [21] for the technical details) than
the invariants S and P given in (2.4).
A few years ago, a remarkable result was established

[39] for self-dual nonlinear electrodynamics (n ¼ 2). Given
a one-parameter family of Uð1Þ duality-invariant theories,
LðF; gÞ, with g a duality-invariant parameter, the
Lagrangian obeysthe TT̄-like flow equation

∂

∂g
L ¼ FðTabÞ; ð4:1Þ

4In the N ¼ 1 case, the self-duality equations used in [15]
reduce to (2.5).

5We derived this result as a by-product of similar observa-
tions for U(1) duality-invariant higher-spin models in four
dimensions [27].

6Many years ago it was shown [6,8] that every model for self-
dual nonlinear electrodynamics possesses an N ¼ 1 supersym-
metric duality-invariant extension.

NONLINEAR SELF-DUALITY IN 4p DIMENSIONS PHYS. REV. D 114, 065007 (2026)

065007-3



for some function F of the energy-momentum tensor Tab.
This theorem extends several explicit examples considered
earlier in the literature in the context of TT̄ deformations
[40–42]. The quoted result of [39] has been extended to
nonlinear chiral theories in six dimensions [43]. In ten
dimensions, however, there is a flow in a chiral nonlinear
theory which is not generated by the energy-momentum
tensor [44], and a similar conclusion is expected in 4p
dimensions. It is natural to wonder whether the relation
(4.1) holds for the family of self-dual theories considered in
this paper. The answer appears to be negative in general.
However, below we present a family of models for self-dual
(n − 1)-form electrodynamics in which the trace of the
energy-momentum tensor determines the flow with respect
to a duality-invariant deformation parameter.
The energy-momentum tensor corresponding to LðS; PÞ,

Eq. (2.4), is

Tab ¼ LST
ðfreeÞ
ab þ ηabðL − SLS − PLPÞ; ð4:2Þ

where

TðfreeÞ
ab ¼ 1

ðn − 1Þ!
�
Fa · Fb −

1

d
ηabF · F

�
;

Fa · Fb ≔ Fac1…cn−1Fb
c1…cn−1 ð4:3Þ

is the energy-momentum tensor of the free model (1.4) (see,
e.g., [45]). Since (1.4) is conformal, the corresponding
energy-momentum tensor is traceless,

ηabTðfreeÞ
ab ¼ 0: ð4:4Þ

Making use of this property, for the energy-momentum
tensor (4.2) we get

Θ ≔ ηabTab ¼ dðL − SLS − PLPÞ: ð4:5Þ

Conformal theories are characterized by the condition
Θ ¼ 0.
Now, we should make two observations. First, if

LðFaðnÞÞ is a solution of the self-duality Eq. (1.1), then
the following combination

L −
1

2n!
F · G̃ ð4:6Þ

is a duality-invariant observable [14].7 This means that
it is invariant under the infinitesimal SOð2Þ duality
transformation

δF ¼ λG; δG ¼ −λF: ð4:7Þ

In case LðFaðnÞÞ is of the form (2.4), one finds

L −
1

2n!
F · G̃ ¼ L − SLS − PLP ¼ 1

d
Θ: ð4:8Þ

Second, we recall the observation given in [6], which is if
LðFaðnÞÞ is a solution of the self-duality equation (1.1), then

LðgÞðFaðnÞÞ ≔
1

g2
LðgFaðnÞÞ; g∈Rþ; ð4:9Þ

is also a solution of the self-duality equation (1.1), with g
being a duality-invariant parameter.8 According to [4,5,14],
the operator ∂LðgÞ=∂g is duality invariant. We now restrict
our attention to the case of LðFaðnÞÞ of the form (2.4). Then,
a direct calculation gives

∂LðgÞ

∂g
¼ −

2

g

�
LðgÞ −

1

2n!
F · G̃ðgÞ

�
: ð4:10Þ

The relations (4.5) and (4.10) lead to the flow equation

∂LðgÞ

∂g
¼ −

2

gd
ΘðgÞ; ð4:11Þ

which is a generalization of the d ¼ 4 result derived in [39].
In the case of the Born-Infeld (n − 1)-form electrodynam-
ics, Eq. (3.1) was obtained in [46].

V. SELF-DUALITY AND QUANTUM THEORY

Models for (n − 1)-form electrodynamics in d ¼ 4p ¼
2n > 4, including the self-dual theories studied above, are
of some interest from the quantum mechanical point of
view. First, irrespective of duality invariance, any model of
the form LðFnÞ, with Fn ¼ dAn−1, is a reducible gauge
theory, following the terminology of [47].9 Covariant
quantization of such theories cannot be carried out using
the famous Faddeev-Popov approach [48], which is used
for Yang-Mills theories. One should instead make use of
alternative approaches [49–54], which are applicable when
quantizing reducible Abelian gauge theories, such as gauge
p-forms, or the more powerful Batalin-Vilkovisy quanti-
zation [47].
In the case of self-dual (n − 1)-form electrodynamics in

2n ¼ 4p > 4 dimensions, the quantisation aspects get
entangled with dynamical ones. As a natural generalisa-
tion of the dilaton-axion coupling to self-dual nonlinear

7In the four-dimensional case (n ¼ 2), this result was derived
by Gaillard and Zumino [1,4,5].

8The Born-Infeld (n − 1)-form electrodynamics (3.1) is an
example of such a theory with T ¼ g−2.

9Its stage of reducibility is n − 2. The field strength Fn ¼
dAn−1 is invariant under the gauge transformation δAn−1 ¼ dζn−2.
Here, the variation δAn−1 remains unchanged if the gauge
parameter is changed as ζn−2 → ζn−2 þ dζn−3 and so on. As a
result, there emerge n − 2 stages of reducibility.
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electrodynamics [3,4], the Uð1Þ duality group can be
enhanced to the non-compact group SLð2;RÞ by coupling
the gauge field An−1 to the dilaton φ and axion a [13,14]. In
particular, associated withe the free (n − 1)-form electro-
dynamics (1.4) is the interacting model10

LðF; τ; τ̄Þ ¼ −
1

2n!
e−φFa1…anFa1…an þ

1

2n!
aF̃a1…anFa1…an ;

τ ¼ aþ ie−φ: ð5:1Þ
The complex field τ ¼ aþ ie−φ is dimensionless and para-
metrizes the Hermitian symmetric space SLð2;RÞ=SOð2Þ
realized as the Poincaré upper half-plane. The duality group
SLð2;RÞ acts on τ by fractional linear transformations

τ0 ¼ aτ þ b
cτ þ d

;

�
a b

c d

�
∈SLð2;RÞ: ð5:2Þ

At the classical level, the theory (5.1) is conformal and
possesses SLð2;RÞ duality invariance. Both symmetries
prove to be anomalous in the quantum theory. However, if
one integrates out the potential An−1 in the path integral, it is
known that the logarithmically divergent part of the one-loop
effective action (the so-called induced action) should be a
local functional of τ and τ̄ that is conformal and SLð2;RÞ
invariant. This induced action has not yet been computed for
n > 2, and its derivation is an interesting open problem. In
addition, to the best of our knowledge, covariant quantisation
of the gauge theory (5.1) has not been carried out for n > 2.
In four dimensions (n ¼ 2), the induced action was

computed by Osborn [55] and rederived later in [56] in the
framework of induced N ¼ 4 conformal supergravity. In
curved space, its general form is

Lðn¼2Þ
induced ¼

1

2ðImτÞ2
�
D2τD2τ̄− 2

�
Rab −

1

3
ηabR

�
∇aτ∇bτ̄

�

þ 1

12ðImτÞ4
× ½α∇aτ∇aτ∇bτ̄∇bτ̄þ β∇aτ∇aτ̄∇bτ∇bτ̄�; ð5:3Þ

where ∇a is the torsion-free Lorentz-covariant derivative,
11

D2τ ≔ ∇̂a∇aτ; ∇̂avτ ¼
�
∇a þ

i
Im τ

∇a

�
vτ;

∇̂avτ̄ ¼
�
∇a −

i
Im τ

∇a

�
vτ̄; ð5:4Þ

and α and β are numerical parameters. Here, ∇̂a is the
standard σ-model covariant derivative corresponding to the
Kähler metric on the Poincaré upper half-plane

ds2 ¼ 1

ðIm τÞ2 dτdτ̄ ¼ 2gττ̄dτdτ̄; ð5:5Þ

with the Christoffel symbols being Γτ
ττ ¼ iðIm τÞ−1 and

Γτ̄
τ̄ τ̄ ¼ −iðIm τÞ−1. The functional

R
d4xeLðn¼2Þ

induced is man-
ifestly SLð2;RÞ invariant and also proves to be Weyl
invariant. The Weyl invariance follows from the fact that
the Fradkin-Tseytlin (FT) operator [57],

Δ4 ¼ ð∇a∇aÞ2 þ 2∇a

�
Rab∇b −

1

3
R∇a

�
; ð5:6Þ

is conformal.12

In the d ¼ 4 case, the simple model (5.1) may be
generalized to a system of n Abelian vector fields coupled
to 1

2
nðnþ 1Þ complex scalars parametrizing the Hermitian

symmetric space Spð2n;RÞ=UðnÞ. Such a theory is con-
formal invariant and possesses the maximal noncompact
duality group Spð2n;RÞ. The corresponding induced
action, obtained by integrating out the vector fields, was
computed in [60]. The induced action, which determines
the logarithmically divergent part of the one-loop effective
action, is conformal and Spð2n;RÞ invariant.
Beyond four dimensions, n > 2, the induced action

corresponding to (5.1) should also be SLð2;RÞ and
Weyl invariant. This means that the effective Lagrangian

Lðn>2Þ
induced describes a higher-derivative nonlinear σ-model

with leading part

Lðn>2Þ
induced ¼

1

2ðIm τÞ2 ½ð∇̂
2Þn=2−1D2τ�ð∇̂2Þn=2−1D2τ̄ þ…:

ð5:7Þ

The existence of such a Lagrangian is guaranteed by the
existence of a conformal differential operator in d ¼ 2n
dimensions of the form [61] (see also [62–64] and
references therein),

Δd ¼ ð∇a∇aÞd=2 þ…; ð5:8Þ

where the ellipsis denotes terms of lower order in the
covariant derivatives.13
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