
Rotating synchrotron radiation: Photon emission from magnetized
and rotating quark-gluon plasma

Matteo Buzzegoli ,1,* Sergiu Busuioc ,1,† Jonathan D. Kroth ,2

Nandagopal Vijayakumar ,2 and Kirill Tuchin 2

1Department of Physics, West University of Timişoara, Bulevardul Vasile Pârvan 4,
Timişoara 300223, Romania

2Department of Physics and Astronomy, Iowa State University, Ames, Iowa 50011, USA

(Received 23 February 2026; accepted 7 May 2026; published 8 June 2026)

This paper investigates the production of nonprompt photons originating from rotating synchrotron
radiation (RoSyRa), specifically the emission of photons by a rigidly rotating quark-gluon plasma in
thermal equilibrium, in the presence of an external magnetic field. We compute the nonprompt photon
spectrum and its elliptic flow (v2) at midrapidity. In particular, we investigate the finite-volume effects.
We find that at low transverse momentum, the magnetic field induces a significant v2, while the plasma
rotation boosts the synchrotron radiation of negatively charged quarks. These findings make RoSyRa a
viable candidate mechanism to resolve the “direct photon puzzle.”
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I. INTRODUCTION

The experimental program of relativistic heavy-ion
collisions at facilities such as the Relativistic Heavy Ion
Collider (RHIC) and the Large Hadron Collider (LHC) has
provided compelling evidence for the creation of a hot and
dense state of matter known as the quark-gluon plasma
(QGP) [1–5]. Understanding the properties and space-time
evolution of this deconfined medium is a central goal of
nuclear physics. Among the various probes available,
electromagnetic observables, namely photons and leptons,
hold a unique position [6–9]. Unlike strongly interacting
hadrons, photons and leptons experience minimal final-
state interactions as they traverse the medium, thus carrying
direct, undistorted information from their point and time of
emission to the detectors [6–14]. This makes them invalu-
able tools for tomographically probing the entire space-
time history of the collision, from initial hard scattering to
the final decoupling stage [6,8,9].
Direct photons, defined as photons not originating from

the decay of hadrons, are particularly sensitive to the thermal
properties and collective motion of the QGP [6,7]. They
provide insights into the effective temperature of the
medium and the dynamic development of collectivity

throughout the collision’s evolution [7,15]. Despite their
diagnostic potential, direct photon measurements pose a
persistent challenge to standard theoretical models, often
referred to as the direct photon puzzle [7–9]. A key aspect of
this puzzle is the unexpectedly large number of photons at
low transverse momentum (kT) and the surprisingly
large azimuthal anisotropy, quantified by the second
Fourier coefficient v2 (elliptic flow), observed for direct
photons [16–19], which significantly deviates from theo-
retical expectations. Measurements by the PHENIX
Collaboration at RHIC showed a pronounced positive v2
signal for direct photons at low kT, whichwas comparable in
magnitude to the flow of pions [18–20]. This magnitudewas
significantly underestimated by conventional hydrody-
namic and transport models, which typically predict a much
smaller anisotropy for thermal photons [21–27]. Although
ALICE Collaboration measurements at the LHC generally
supported this conclusion, their larger systematic uncertain-
ties prevented a definitive confirmation [27].
One promising avenue to resolve the direct photon

puzzle involves considering the role of the extremely
strong magnetic fields generated in noncentral heavy-ion
collisions [28–36]. These transient electromagnetic fields,
which can reach strengths of the order of eB ∼m2

π ∼
1018 G or even 1020 G at RHIC and LHC energies,
respectively [28,29,37,38], can induce a significant azimu-
thal anisotropy in photon emission [30–36,39,40].
Theoretical proposals suggest that these magnetic fields
could lead to a large direct photon v2, potentially explain-
ing the experimental observations [31,35,36]. However, the
abundance of photons produced via synchrotron radiation
is significantly lower than that observed experimentally,
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and the magnetic field alone cannot explain the observed
yield excess or the magnitude of v2. Recently, it has been
shown that the distortion of the quark distribution function
caused by a weak magnetic field can also significantly
affect the ellipticity of photon emission [41]. Other studies
have sought to investigate the effect of anomalous current
couplings on synchrotron radiation [42,43].
Furthermore, observations in heavy-ion collisions indicate

that the created QGP exhibits substantial vorticity [44–48],
with magnitudes comparable to the synchrotron frequency
and aligned with the magnetic field direction [49]. This
inherent rotation of the medium further necessitates a
reevaluation of photon production mechanisms.
In this context, synchrotron radiation, which is the

electromagnetic radiation emitted by charged particles
moving in a magnetic field, emerges as a crucial process
[49–51]. Our previous work has explored how the presence
of rotation in the plasma can profoundly influence this
radiation,1 leading to either enhancement or suppression of
the emission intensity depending on the relative orientation
of the angular velocity and the magnetic field [49,53–57].
At leading order in the strong coupling constant, photon
emission from a strongly magnetized quark-gluon plasma
occurs through processes such as quark and antiquark
splitting and annihilation, which are otherwise kinemati-
cally forbidden in the absence of a magnetic field [35,58].
These magnetic field-mediated mechanisms can contribute
significantly to the observed direct photon v2 [35,36].
Theoretical calculations suggest that the ellipticity coef-
ficient v2 resulting from these processes can reach a
moderately high positive value, approaching approximately
0.2 at large transverse momenta, which aligns qualitatively
with experimental findings [35].
This paper builds upon these advancements to compute

the nonprompt photon spectrum and its elliptic flow v2
originating from synchrotron radiation in a rigidly rotating
noninteracting plasma. We utilize the detailed theoretical
framework previously developed [49,53] to quantify this
particular contribution to the direct photon spectrum
and its azimuthal anisotropy. By focusing on this “exotic”
production mechanism in a highly vortical and magnetized
QGP, our work aims to provide further insights into
the long-standing direct photon puzzle and advance the
multimessenger (MM) approach to understanding relativ-
istic heavy-ion collisions. We employ the natural units
c ¼ ℏ ¼ kB ¼ 1.

II. NONPROMPT DIRECT PHOTONS
AND THEIR ANISOTROPY

In heavy-ion collisions, the measurements of direct
photons are reported in terms of the transverse momentum
spectra dNγ . Denoting with ω the photon energy, k its

momentum, kT the transverse momentum, ϕ the azimuthal
angle, y the rapidity, andΨRP the reaction plane, the photon
spectrum is decomposed via a Fourier expansion in the
azimuthal angle,

ω
d3Nγ

d3k
¼
�

d3Nγ

d2kTdy

��
1þ2

X∞
n¼1

vncos ½nðϕ−ΨRPÞ�
�
; ð1Þ

wherevn are the corresponding anisotropic flow coefficients;
the first two coefficients v1 and v2 characterize the directed
and elliptic flow, respectively. The experimental collabora-
tions report the integrated yields hd3Nγ=ðd2kTdyÞi, i.e.
photon spectra, and the flow coefficient v2 at midrapidity,
y ¼ 0, with respect to the photon transverse momentum kT .
We obtain these quantities from their definition by comput-
ing the differential yields at midrapidity and integrating over
the azimuthal angle as follows:

�
d3Nγ

d2kTdy

�
¼ 1

2π

Z
2π

0

d3Nγ

d2kTdy
dϕ; ð2Þ

v2 ¼
1

2πh d3Nγ

d2kTdy
i

Z
2π

0

d3Nγ

d2kTdy
cosð2ϕÞdϕ: ð3Þ

State-of-the-art predictions of the nonprompt direct
photon spectrum use a comprehensive multistage frame-
work, known as multimessenger model [8], that describes
the entire space-time evolution of relativistic heavy-ion
collisions, integrating, in addition to the thermal photons
[59], the initial state, preequilibrium dynamics, viscous
fluid evolution, and a hadronic afterburner, but neglect the
contribution from synchrotron radiation. In this work, we
obtain the photon spectrum resulting from synchrotron
radiation by quarks in a uniformly rotating QGP, in the
presence of a constant and homogeneous magnetic field B
perpendicular to the reaction plane. The plasma is modeled
as a cylindrical volume with radius R and height L, with
its symmetry axis parallel to the magnetic field. We assume
that the plasma’s temperature T is constant and the angular
velocity Ω is aligned with the magnetic field B. We call
the radiation resulting from the combined effect of mag-
netic field and rotation “rotating synchrotron radiation”
(RoSyRa).
The anisotropy of synchrotron radiation is generated

because quarks rotate in the plane perpendicular to the
magnetic field, which is the reaction plane, and photons are
preferentially emitted along the instantaneous velocity of
the parent quark. The enhancement of photon production
due to rotation can be interpreted through the following
classical analogy. The presence of rotation influences
synchrotron radiation by superimposing the particle’s
circular motion due to the Lorentz force qev × B, where
qe is the quark’s charge, with its rigid rotation [49],
resulting in an effective synchrotron frequency ωEff.

1Similarly, the dilepton production in a rotating medium was
recently studied in [52].
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If the angular velocity Ω and qeB point in opposite
directions, the two motions combine constructively,
increasing the effective synchrotron frequency, i.e.
ωEff ¼ jqeBj=EþΩ, leading to a strong enhancement in
radiation intensity [49,53]. In heavy-ion collisions, where
angular velocity and magnetic field vectors are collinear,
the radiation from negative-charge quarks is enhanced,
whereas the radiation from positive charges is suppressed.
The net effect is an increase in photon production.
This qualitative picture is borne out by the numerical

calculations which are summarized in Figs. 1 and 2.
Figure 1 compares the predictions of the multimessenger
model [8] and of the RoSyRa model with the experimental
data for the photon yields [16,17] and v2 [18,19] spectra
resulting from Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV and
for 20%–40% centrality class. The displayed results are
for the following parameters: eB ¼ 18000 MeV2 ≃m2

π ,
Ω ¼ 2 MeV, T ¼ 200 MeV, R ¼ 5 fm (the cylinder’s
radius), and L ¼ 10 fm (the cylinder’s height) and the
plasma’s lifetime is Δt ¼ 10 fm=c. The RoSyRa

contribution to the integrated photon yield is relatively
small. However, it yields a substantial increase in v2 at low
transverse momentum. Figure 2 shows the RoSyRa pho-
ton spectrum for a different set of parameters:
eB ¼ 18000 MeV2 ≃m2

π , Ω ¼ 3 MeV, T ¼ 300 MeV,
R ¼ 10 fm, and L ¼ cΔt ¼ 10 fm. In this case, we have
an excess of photon production compared to the exper-
imental data. We emphasize that the present RoSyRa results
are obtained within a stationary medium under idealized
conditions, specifically a constant and homogeneous mag-
netic field and rotation lasting 10 fm=c. In contrast,
realistic magnetic fields in heavy-ion collisions are
expected to decay rapidly, and rotation is typically highly
nonuniform. Consequently, the comparisons to experimen-
tal data in Figs. 1 and 2 remain qualitative and serve as an
estimate of the effect. Although a comprehensive time-
integrated calculation is reserved for future work, our
analysis validates RoSyRa as a viable candidate mechanism
for addressing the direct photon puzzle. This is supported
by the fact that the rotation values employed here are lower
than the late-time global averages required to explain spin
polarization [44], yet they still yield a substantial enhance-
ment in the photon emission rate (Fig. 2).

III. ELECTROMAGNETIC RADIATION BY A
ROTATING AND MAGNETIZED PLASMA

A. Photon radiation by a quark

In this section, we summarize the computation of the
probability amplitude for q → qþ γ in the presence of a
magnetic field and rotation as obtained in [49,53]. The
calculation is performed using the exact solutions to the

FIG. 1. Top: photon spectrum, bottom: elliptic flow v2, for
eB ¼ 18000 MeV2,Ω ¼ 2 MeV, T ¼ 200 MeV, R ¼ 5 fm, two
quark flavors, the cylinder height is L ¼ 10 fm and the QGP
lifetime cΔt ¼ 10 fm. The data are adapted from [16–19], the
multimessenger (MM) predictions are given in [8].

FIG. 2. Photon spectrum, for eB ¼ 18000 MeV2, Ω ¼ 3 MeV,
T ¼ 300 MeV, R ¼ 10 fm, L ¼ 10 fm, Δt ¼ 10 fm=c, and two
flavors. The data are adapted from [16,17]. The cyan line with
triangles, Ω ¼ 0. The dark violet line with circles, Ω ≠ 0
(RoSyRa).
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Dirac equation in the presence of both an external magnetic
field B and a constant angular velocity Ω along the same
direction, taken as the ẑ axis in this section. We consider a
quark with mass M and charge q < 0 embedded in a
uniformly rotating medium, assuming the regime of rela-
tively slow rotation, Ω ≪

ffiffiffiffiffiffiffiffiffiffiffijqeBjp
. In this context, the

characteristic radial extent of the fermion wave function is
significantly smaller than the light-cylinder radius 1=Ω,
simplifying the radial boundary conditions. The electro-
magnetic radiation by a positive quark q > 0 is obtained
from that by a negative quark by flipping the sign of the
angular velocity Ω → −Ω [49].
The dynamics is described by the Dirac equation,

ðiγ ·D −MÞψ ¼ 0; ð4Þ

where Dμ ¼ ∂μ þ Γμ þ iqAμ is the covariant derivative
and Γ is related to the Christoffel symbols. To include
the effect of a global rotation, the equation is solved in a
reference frame rotating with angular velocity −Ω about
the z axis. The rotation modifies the space-time metric,
introducing a nonvanishing component Γ0 ¼ −Ω½γx; γy�=4.
We use the symmetric gauge for the magnetic field,
Aμ ¼ ð0;−By=2; Bx=2; 0Þ. Casting the Dirac equation
into the Schrödinger form i∂tψ ¼ Ĥψ yields the
Hamiltonian Ĥ,

Ĥ ¼ γ0γ · ðp − qAÞ þ γ0M þΩ · Ĵ: ð5Þ

The term Ω · Ĵ explicitly incorporates the effect of the rigid
rotation on the quark, where Ĵz is the operator for the
total angular momentum along the rotation axis. The
Hamiltonian Ĥ commutes with the longitudinal momentum
operator P̂z ¼ −i∂z and the total angular momentum
operator Ĵz. Consequently, the stationary solutions ψ
are simultaneous eigenstates of energy E, longitudinal
momentum pz, and the magnetic quantum number m
(the eigenvalue of Ĵz).
The solution to the Dirac equation in cylindrical coor-

dinates ðt; r;ϕ0; zÞ is [49,50,53]

ψðt;r;ϕ0;zÞ¼ e−iEt
eipzzeimϕ0ffiffiffiffi
L

p ffiffiffiffiffiffi
2π

p

0
BBBBB@
C1In−1;aðρÞe−iϕ0=2

iC2In;aðρÞeiϕ0=2

C3In−1;aðρÞe−iϕ0=2

iC4In;aðρÞeiϕ0=2

1
CCCCCA; ð6Þ

where ρ ¼ jqeBjr2=2 is the dimensionless radial variable.
Given the principal quantum number n and the mag-
netic quantum number m, the radial number a is an
auxiliary quantum number defined by m ¼ n − a − 1

2
.

The I functions are defined in terms of the generalized

Laguerre polynomials LðαÞ
n as

In;aðxÞ ¼
ffiffiffiffiffi
a!
n!

r
e−x=2x

n−a
2 Lðn−aÞ

a ðxÞ

¼ ð−1Þnþa

ffiffiffiffiffi
n!
a!

r
e−x=2x

a−n
2 Lða−nÞ

n ðxÞ: ð7Þ

The solution (6) assumes that the space-time is unbounded,
and it is obtained by requiring that the radial functions are
exponentially suppressed at large distances (ρ → ∞).
Solutions in a finite volume and the resulting RoSyRa
have been analyzed in [55]. To satisfy the unbounded space
condition, the parameters a and n must be quantized as a
non-negative integer n; a ≔ 0; 1; 2… [49,53]. This quanti-
zation condition establishes the dispersion relation for the
quark embedded in a rotating system in the presence of a
magnetic field,

ðE −ΩmÞ2 ¼ 2jqeBjnþ p2
z þM2: ð8Þ

This relation reveals that rotation shifts the fermion energy
by −Ωm, thereby lifting the degeneracy of the standard
Landau levels. The coefficients Ci have been chosen so that
ψ is also an eigenstate with eigenvalue ζ ¼ �1 of the
magnetic moment μz, defined as

μ ¼ Σ −
iγ0γ5

2
Σ × ðp − qAÞ; ð9Þ

and such that they normalize the wave function (6),

Z
ψ† ψ d3x ¼ 1: ð10Þ

This fixes the coefficients Ci as

C1;3 ¼
1

2
ffiffiffi
2

p BþðAþ � ζA−Þ;

C2;4 ¼
1

2
ffiffiffi
2

p B−ðA− ∓ ζAþÞ; ð11Þ

where the upper signs refer to the indices 1, 2 and the lower
ones to 3, 4, and

A� ¼
�
1� pz

E

�
1=2

; ð12aÞ

B� ¼
�
1� ζMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − p2
z

p �
1=2

: ð12bÞ

The photon wave function AðxÞ is determined by solving
the wave equation in the radiation gauge A0 ¼ 0,
∇ · A ¼ 0. Solutions possessing a defined energy ω must
satisfy the vector Helmholtz equation,
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ð∇2 þ ω2ÞAðxÞ ¼ 0: ð13Þ

The general divergenceless solution AðxÞ is spanned by
the toroidal (T) field and the poloidal (P) field. These basis
states, often referred to as the Chandrasekhar-Kendall
states, are derived from the solution uðxÞ to the scalar
Helmholtz equation ð∇2 þ ω2ÞuðxÞ ¼ 0. In cylindrical
coordinates ðϕ0; r; zÞ, the scalar eigenfunction uðxÞ is
given by

uðxÞ ¼ Jlðk⊥rÞeiðkzzþlϕ0Þ; ð14Þ

where kz and k⊥ are the longitudinal and transverse
components of the photon momentum, and k2 ¼
k2z þ k2⊥ ¼ ω2 and J is the Bessel function. Choosing ẑ
as the quantization axis, the toroidal and poloidal fields are
explicitly defined as

Tl;k⊥;kzðxÞ¼
�
il
kr

Jlðk⊥rÞr̂−
k⊥
k
J0lðk⊥rÞϕ̂

�
eiðkzzþlϕ0Þ; ð15Þ

Pl;k⊥;kzðxÞ ¼
�
i
kzk⊥
k2

J0lðk⊥rÞr̂ −
lkz
k2r

Jlðk⊥rÞϕ̂

þ k2⊥
k2

Jlðk⊥rÞẑ
�
eiðkzzþlϕ0Þ; ð16Þ

where l is the integer eigenvalue of the total angular
momentum along the z axis. A specific linear combination
of these fields defines the circularly polarized photon states,

Φh;l;k⊥;kzðϕ0; r; zÞ≡ k
k⊥

1ffiffiffi
2

p ½hTl;k⊥;kzðϕ0; r; zÞ

þ Pl;k⊥;kzðϕ0; r; zÞ�; ð17Þ

where h ¼ �1 labels the right- or left-handed photon
helicity states. The final normalized photon wave function,
representing one particle per unit volume V, is then

Ah;l;k⊥;kzðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
2ωV

p Φh;l;k⊥;kzðϕ0; r; zÞe−iωt: ð18Þ

Moving now to the splitting process qi → qf þ γ, the
initial quark qi has momentum pz, energy E, quantum
numbers n and a, and polarization ζ, while the final state qf
has momentum p0

z, energy E0, quantum numbers n0 and a0,
and polarization ζ0; the photon has momentum k ¼ ðω; kÞ
and h ¼ �1 denotes its helicity and l its angular momen-
tum along z. The S matrix element of the process is

S ¼ ð2πÞδðE0 þ ω − EÞ −iqeffiffiffiffiffiffiffiffiffiffi
2ωV

p hj ·Φiδm0;m−l

×
2π

L
δðpz − p0

z − kzÞ; ð19Þ

where q is the electric charge of the particle in units of e and
we introduced the notation

hj ·Φiδm0;m−l
2π

L
δðpz − p0

z − kzÞ

¼
Z

ψ̄n0;a0;p0
z;ζ0 ðxÞΦ�

h;l;k⊥;kzðxÞ · γψn;a;pz;ζðxÞd3x: ð20Þ

The differential probability of the process is obtained by
multiplying jSj2 by the phase space and the quantum states
of the photon; the probability of the process is

w ¼
X
h;l

jSj2 Vd
3k

ð2πÞ3 : ð21Þ

Reminding that

½δðE0 þ ω − EÞ�2 ¼ T
2π

δðE0 þ ω − EÞ

with T the process duration, we obtain the rate of the
process per unit of time,

dẇn;a;n0;a0;ζ;ζ0

d3k
¼ q2e2

4π

1

2π

δðE − E0 − ωÞ
ω

×

				 2πL δðpz − p0
z − kzÞ

				2X
h

jhj ·Φij2: ð22Þ

The last quantity was obtained in [49,53] and is given by

jhj ·Φij2 ¼ 1

2
I2a;a0 ðxÞj sin θ½K4In−1;n0−1ðxÞ − K3In;n0 ðxÞ�

þ K1ðh − cos θÞIn;n0−1ðxÞ
− K2ðhþ cos θÞIn−1;n0 ðxÞj2; ð23Þ

where the argument x of the I function is

x ¼ k2⊥
2jqeBj ; ð24Þ

with k⊥ the photon momentum transverse to the magnetic
field. The coefficients Ki in Eq. (23) are defined in terms of
the Ci constants appearing in the wave function (6) of the
initial and final quarks as follows:

K1 ¼ C0
1C4 þ C0

3C2; K2 ¼ C0
4C1 þ C0

2C3;

K3 ¼ C0
4C2 þ C0

2C4; K4 ¼ C0
1C3 þ C0

3C1: ð25Þ

The explicit expressions for the Ki’s are given in
Appendix A, and the products of Ki pairs appearing upon
taking the square in Eq. (23) are given explicitly in
Eq. (A6). The sum over the spin polarizations ζ and ζ0
and over the photon helicity h ¼ �1 are done explicitly in
Appendix A, yielding
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dẇn;a;n0;a0

d3k
¼

X
ζ;ζ0

dẇn;a;n0;a0;ζ;ζ0

d3k

¼ q2e2

4π

1

2π

δðE − E0 − ωÞ
ω

2Γn;aðn0; a0; kÞ
				 2πL δðpz − p0

z − kzÞ
				2; ð26Þ

where we defined

Γn;aðn0; a0; kÞ ¼ I2a;a0 f2K2
1½I2n;n0−1 þ I2n−1;n0 � þ sin2θK2

4ðI2n−1;n0−1 þ I2n;n0 Þ − sin2θK2
1ðI2n−1;n0 þ I2n;n0−1Þ

− 2K1K2sin2θ½In−1;n0−1In;n0 þ In−1;n0In;n0−1� − 2 sin θ cos θ½K1K4In−1;n0−1In;n0−1

þ K1K4In;n0In−1;n0 þ K2K4ðIn−1;n0−1In−1;n0 þ In;n0In;n0−1Þ�g; ð27Þ

and

K2
1 ¼ K2

2 ¼
ðE −mΩÞðE0 −m0ΩÞ − pzp0

z −M2

4ðE −mΩÞðE0 −m0ΩÞ ; ð28aÞ

K2
3 ¼ K2

4 ¼
ðE −mΩÞðE0 −m0ΩÞ þ pzp0

z −M2

4ðE −mΩÞðE0 −m0ΩÞ ; ð28bÞ

K1K2 ¼ K3K4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n0jqeBjp
4ðE −mΩÞðE0 −m0ΩÞ ; ð28cÞ

K1K3 ¼ −K2K4 ¼
−pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0jqeBjp

4ðE −mΩÞðE0 −m0ΩÞ ; ð28dÞ

K1K4 ¼ −K2K3 ¼
p0
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp

4ðE −mΩÞðE0 −m0ΩÞ : ð28eÞ

The argument of all I functions is x.
Before deriving the photon emission rate in a plasma, it

is convenient to change the coordinate system from the
cylindrical coordinates ðt; r;ϕ0; zÞ with the angular veloc-
ity and the magnetic field along ẑ to the rapidity-azimuthal
ðy − ϕÞ coordinate system used in experiments, see Fig. 3.
In the latter reference system, the ẑ points along the beam
direction, and the magnetic field and rotation are directed
along the ŷ axis, not to be confused with the rapidity y. The
four-momentum of the photon kμ ¼ ðω; kÞ in the exper-
imental reference system is

kx ¼ kT cosϕ ¼ ω sin θ sinϕ0 ¼ k⊥ sinϕ0; ð29aÞ

ky ¼ kk ¼ kT sinϕ ¼ ω cos θ; ð29bÞ

kz ¼ kT sinh y ¼ ω sin θ cosϕ0 ¼ k⊥ cosϕ0; ð29cÞ

ω ¼ kT cosh y; ð29dÞ

where kT is the transverse momentum to the beam axis,
ky ¼ kk is the momentum parallel to magnetic field, θ is the
angle between the magnetic field and k. To obtain the

conversions between ðω; θÞ and ðkT;ϕÞ, we use the above
identities for ky and ω to conclude that

cos θ ¼ sinϕ
cosh y

; ð30Þ

and from the momentum transverse to magnetic field

k2⊥ ¼ k2x þ k2z ¼ ω2sin2θ ¼ k2Tcosh
2ysin2θ

¼ k2Tðcos2ϕþ sinh2yÞ ¼ k2Tð1þ sinh2y − sin2ϕÞ
¼ k2Tðcosh2y − sin2ϕÞ; ð31Þ

we obtain

FIG. 3. The rapidity-azimuthal ðy − ϕÞ hyperbolic coordinate
system compared with the cylindrical coordinates. A generic
vector k, e.g. the photon momentum, is decomposed into a
transverse (to the beam) kT and longitudinal component kz; its
component along the magnetic field B is ky, and k⊥ is its
component perpendicular to B.
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sin θ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

sin2ϕ
cosh2y

s
: ð32Þ

The indeterminate form of sin θ comes from needing to
cover the entire space with the spherical polar coordinate.
This can be implemented by putting j sin θj wherever sin θ
appears. These equations also give the differential volume
element as

d3k ¼ ðk2T cosh yÞdkTdydϕ ¼ ðkT cosh yÞd2kTdy: ð33Þ

The experimental data for the direct photons are plotted at
midrapidity (y ¼ 0), where k lies in the plane normal to the
beam axis. In this case, the transformation between the
coordinates has the simpler form

ω ¼ kT; ð34Þ

cos θ ¼ sinϕ; j sin θj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2ϕ

q
¼ j cosϕj: ð35Þ

B. Photon rate per unit volume by a plasma

Given the photon production rate by a single quark
dẇn;a;n0;a0 , as expressed by (26), we can determine the
photon spectrum emitted by a rotating plasma at thermal
equilibrium in a magnetic field. The differential photon
emission rate of a unit volume is derived from Eq. (22) by
summing and averaging over the initial and final states of
the quark [60],

dR ¼ dNγ

dVdt
¼ Nc

X
f

XZ d3p
ð2πÞ3 V

0XZ d3p0

ð2πÞ3

×
dẇn;a;n0;a0

d3k
nFðEÞð1 − nFðE0ÞÞd3k; ð36Þ

whereNc is the number of colors, f runs over the quark and
antiquark flavors, and V 0 is the spatial volume associated
with the final quarks, as explained below in detail. The
thermal distribution functions of the quarks in the plasma
are given by the Fermi-Dirac distribution function

nFðEÞ ¼
1

eE=T þ 1
; ð37Þ

where T is the temperature of the plasma. Unlike the free
quarks whose motion is quasiclassical and hence their
momentum is continuous, in the presence of a magnetic
field, the quark’s transverse momentum is quantized as
reflected in the Landau levels. Furthermore, the normal
modes depend on the radial quantum number. As the
quarks are confined inside the plasma, which is a cylinder
in our case, the radial quantum number a is constrained by
the radial size of the cylinder, specifically a ≤ jqeBjR2=2,

implying that modes with large negative m are excluded.
Accordingly, the phase space integration in (36) becomes a
sum over the quantum numbers n, a, and an integral in the
longitudinal momentum, giving [61]

XZ d3p
ð2πÞ3 →

X∞
n¼0

1

S

XjqeBjR2=2

a¼0

Z
dpy

2π
; ð38Þ

where S ¼ πR2 is the area of the cylinder’s base (in the
plane transverse to the magnetic field and rotation axis).
Similarly, we generally allow the final quark states to have a
different finite volume V 0 ¼ S0L, with S0 ¼ πR02.
Experimental measurements report the photon spectrum

as dNγ=d2kTdy at midrapidity (y ¼ 0) with Nγ the number
of photons observed in this differential region of k-space.
From Eq. (33) it follows that the photon spectrum in the
rapidity-azimuthal coordinate system at midrapidity is

dẇn;a;n0;a0

d2kTdy

				
y¼0

¼
�
ðkT cosh yÞ

dẇn;a;n0;a0

d3k

�
y¼0

¼ kT
dẇn;a;n0;a0

d3k

				
y¼0

: ð39Þ

We define the differential rate of photon production as the
photon spectrum produced in a unit time, per unit volume,
at midrapidity,

dR
d2kTdy

				
y¼0

¼ dNγ

dVdtd2kTdy

				
y¼0

¼
X
f

Rf

¼
X
f

X∞
n¼0

Nc

S

XjqeBjR2=2

a¼0

Z
dpy

2π

X∞
n0¼0

XjqeBjR02=2

a0¼0

Z
dp0

yL

2π

×kT
dẇn;a;n0;a0

d3k

				
y¼0

nFðEÞð1−nFðE0ÞÞ: ð40Þ

Consider the contributions Rf of a single flavor of quark
with qf < 0. Replacing the differential rate in Eq. (26) and
recalling the coordinate change, we then perform the
integral over p0

y with

Z 				 2πL δðpy − p0
y − kyÞ

				2 dp0
yL

2π
¼ 1; ð41Þ

that sets p0
y ¼ py − ky and gives

Rf ¼ Nc

q2fe
2

4π

2

2π

X∞
n¼0

1

S

XjqfeBjR2=2

a¼0

Z
dpy

2π

X∞
n0¼0

XjqfeBjR02=2

a0¼0

× δðE − E0 − ωÞΓn;aðn0; a0; kÞnFðEÞð1 − nFðE0ÞÞ:
ð42Þ

The integral over py can be done by taking advantage
of the Dirac δ. First, we need to rewrite the Dirac δ in
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terms of py,

δðE − E0 − ωÞ ¼
X
p0
y

δðpy − p0
yÞ

j ∂

∂py
ðE − E0 − ωÞj ; ð43Þ

where p0
y are the roots of the energy conservation

E − E0 − ω. The derivative in py is

∂ðE − E0 − ωÞ
∂py

¼ pyðω − ðm −m0ÞΩÞ
ðE −mΩÞðE0 −m0ΩÞ

−
ω cos θðE −mΩÞ

ðE −mΩÞðE0 −m0ΩÞ ; ð44Þ

yielding the Dirac δ

δðE−E0−ωÞ

¼
X
p0
y

δðpy−p0
yÞ

ðE−mΩÞðE0−m0ΩÞ
jpyðω− ðm−m0ÞΩÞ−ωcosθðE−mΩÞj :

ð45Þ

Recalling Eq. (8), the energy conservation inside the
Dirac δ can be cast in the form

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

y

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ ðpy − cÞ2

q
¼ −Δ; ð46Þ

where, with Mf the quark mass, we defined

a2 ¼ 2jqfeBjnþM2
f; ð47aÞ

b2 ¼ 2jqfeBjn0 þM2
f; ð47bÞ

c ¼ ω cos θ; ð47cÞ

Δ ¼ ðn − a − n0 − a0ÞΩ − ω: ð47dÞ

A careful examination of these equations reveals the
conditions to have zero, one, or two solutions,

−sΔ > s̄P;−s̄Δ < −jcj No roots

jcj < −s̄Δ < s̄P 2 rootsp0∓
y

−jcj < −Δ < jcj 1 rootp0−
y

ð48Þ

where we defined s̄ ¼ signða − bÞ, and P is the extremum

of the py function
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

y

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ ðpy − cÞ2

q
given by

P ¼ ða − bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2

ða − bÞ2

s
: ð49Þ

The two roots are given by

p0∓
y ¼ cðb2 − a2 þ c2 − Δ2Þ ∓ sgnðcΔÞ

ffiffiffiffiffiffiffiffi
Δ2α

p

2ðc2 − Δ2Þ ; ð50Þ

with

α ¼ a4 þ ðb2 þ c2 − Δ2Þ2 − 2a2ðb2 − c2 þ Δ2Þ: ð51Þ

When a ¼ b, which corresponds to n0 ¼ n, there cannot
be two roots, and the only root p0−

y is obtained when
Δ2 − c2 ≤ 0 and it simplifies into

p0
y ¼

cðc2 − Δ2Þ − sgnðcÞΔ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2 − Δ2Þð4a2 þ c2 − Δ2Þ

p
2ðc2 − Δ2Þ :

ð52Þ

Then, using the representation (45) in Eq. (42), we can
easily integrate over py to obtain

Rf ¼ q2fe
2

4π

2Nc

ð2πÞ2
X∞
n¼0

1

S

XjqfeBjR2=2

a¼0

X∞
n0¼0

XjqfeBjR02=2

a0¼0

X
p0
y

ðE −mΩÞðE0 −m0ΩÞΓn;aðn0; a0; kÞ
jp0

yðω − ðm −m0ÞΩÞ − ω cos θðE −mΩÞj nFðEÞð1 − nFðE0ÞÞ; ð53Þ

where the Γ function is evaluated at py ¼ p0
y. Note that the

conditions (48) limit the phase space of the parameters
n; n0; a, and a0 to the region where one or two roots of the
energy conservation are possible. The corresponding values
of the parameters can be obtained analytically and are
given in Appendix B. Avoiding regions of the parameter
space that are prohibited by the kinematics is essential
for minimizing computation time. The following formu-
las are assumed to be subject to these constraints,

although we do not explicitly indicate them to avoid bulky
expressions.
Since in Eqs. (28a)–(28e), each coefficient has a

common denominator, we define

Γ̃n;aðn0; a0; kÞ ¼ 4ðE −mΩÞðE0 −m0ΩÞΓn;aðn0; a0; kÞ ð54Þ

and obtain
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Rf ¼
q2fe

2

4π

Nc

ð2πÞ2S
X∞
n¼0

XjqfeBjR2=2

a¼0

X∞
n0¼0

XjqfeBjR02=2

a0¼0

X
p0
y

1

2

Γ̃n;aðn0; a0; kÞnFðEÞð1 − nFðE0ÞÞ
jp0

yðω − ðm −m0ÞΩÞ − ω cos θðE −mΩÞj : ð55Þ

This is the photon rate produced by negatively charged
quarks in QGP. As mentioned earlier, the contribution of
positive quarks q > 0 can be obtained by flipping the sign
of the angular velocity, Ω → −Ω, as shown in [49]. [As the
solution of the Dirac equation for a positive charge differs
from Eq. (6), it is more convenient to flip Ω than derive the
expression for the rate for the positive charge anew.] We
note that photon radiation by positive charges is strongly
suppressed, and its contribution to the total photon rate is
negligible, as confirmed numerically in Sec. V.
The total rate is obtained by summing over the flavors

dR
d2kTdy

				
y¼0

¼
X
f

Rf ¼
X
f;q<0

Rq<0
f ðΩÞ þ

X
f;q>0

Rq>0
f ðΩÞ

¼
X
f;q<0

Rq<0
f ðΩÞ þ

X
f;q>0

Rq<0
f ð−ΩÞ; ð56Þ

where the expression for Rq<0
f ðΩÞ is given by Eq. (55). In

Eq. (55) the quantum numbers n, n0, a, and a0 run over all
values allowed by energy and momentum conservation.
The quantum numbers that do not preserve energy and
momentum do not have solutions for p0

y and their con-
tribution is set to zero, see Appendix B for details.
Equation (B7) represents the explicit formula for the
photon rate.
To obtain the total photon spectrum produced in a heavy-

ion collision, the rate spectrum in (56) is integrated over
time and space,

dNγ

d2kTdy

				
y¼0

¼
Z

dt
Z
V
d3x

dRγ

d2kTdy

				
y¼0

: ð57Þ

In our simplified case, with a constant magnetic field in a
homogeneous system, we obtain

dNγ

d2kTdy

				
y¼0

¼ ΔtLπR2
dRγ

d2kTdy

				
y¼0

: ð58Þ

The rate averaged over the azimuthal angle is obtained
by integration over ϕ as follows:

�
dRγ

d2kTdy

				
y¼0

�
¼ 1

2π

Z
2π

0

dϕ
dRγ

d2kTdy

				
y¼0

; ð59Þ

or, equivalently, we can integrate over θ,

�
dRγ

d2kTdy

				
y¼0

�
¼ 1

2π

Z
2π

0

dθ
dRγ

d2kTdy

				
y¼0

: ð60Þ

Using the reflection symmetries of the rate, discussed in
Appendix C, (60) reduces to�

dRγ

d2kTdy

				
y¼0

�
¼ 4

2π

Z
π=2

0

dθ
dRγ

d2kTdy

				
y¼0

: ð61Þ

This is the equation used, together with Eqs. (58), (56), and
(55), to obtain Figs. 1 and 2. Similarly, the elliptic flow
coefficient vγ2 at midrapidity is obtained as

vγ2jy¼0 ¼
1

h dRγ

d2kTdy
jy¼0i

1

2π

Z
2π

0

dϕ
dRγ

d2kTdy

				
y¼0

cosð2ϕÞ

¼ ð−1Þ
h dRγ

d2kTdy
jy¼0i

4

2π

Z
π=2

0

dθ
dRγ

d2kTdy

				
y¼0

cosð2θÞ: ð62Þ

C. Constrained and unconstrained emission
and the thermodynamic limit

The RoSyRa assumes that plasma performs rigid rotation
with constant angular velocity Ω. In such a system,
causality restricts the radial extent of the space-time to
the light-cylinder radius, RΩ ¼ 1=Ω. While the wave
functions (6) formally extend to spatial infinity, they must
be confined to the region r ≤ RΩ to remain physi-
cally valid.
Strictly speaking, a well-posed quantum theory in a

rotating frame requires the imposition of boundary con-
ditions (BCs) at R ≤ RΩ to ensure the self-adjointness of
the Hamiltonian and the vanishing of conserved fluxes at
the surface [55]. However, the relevance of these BCs
depends on the ratio between the magnetic length and the
light-cylinder radius,

ρΩ ¼ jqfeBj
2Ω2

: ð63Þ

In the slow rotation regime (ρΩ ≫ 1), which is the focus of
this analysis, BCs are considered negligible [49,55]. In this
limit, the causality requirement is instead satisfied by
constraining the quantum numbers of the fermion states.
Specifically, the average square radius of an unpolarized
state, given by [49]

hr2i ¼ 2

jqfeBj
�
nþ aþ 1

2

�
; ð64Þ
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must satisfy hr2iΩ2 ≪ 1. This implies a cutoff for the
principal (n) and radial (a) quantum numbers: n; a ≪ ρΩ. If
these values are exceeded, the states would occupy the
causality-violating region r > 1=Ω.
When evaluating the radiation rate from Eq. (55), we

consider a plasma of radius R < 1=Ω. This means that the
quantum numbers of the initial quark satisfy the condition

2

jqfeBj
�
nþ aþ 1

2

�
≤ R2: ð65Þ

While the initial state is confined by (65), the final quark
may escape the initial volume unless it is confined by a
condition similar to (65),

2

jqfeBj
�
n0 þ a0 þ 1

2

�
≤ R02: ð66Þ

A priori, the two parameters R and R0 do not have to
coincide. To account for this, we consider two scenarios
involving different implementations of the cutoff in the sum
over a0:

(i) Unconstrained emission ðR < R0 ¼ RΩÞ: The final
quark is not confined to the initial volume and can
occupy the entire causally connected phase space.
The rate is obtained by setting the effective emission
radius to R0 ¼ 1=Ω.

(ii) Constrained emission ðR ¼ R0 < RΩÞ: The final
quark is forced to remain within the initial plasma
volume. The rate is obtained by setting R0 ¼ R.

The constraints (65) and (66) significantly simplify the
process of setting the boundary conditions. However,
caution is necessary when taking the thermodynamic limit.
For a rigidly rotating system, it is impossible to take the
large-volume limit (R → ∞) at a fixed Ω without violating
causality. At most, the initial volume can encompass the
entire light cylinder (R ¼ 1=Ω), in which case the two
scenarios coincide.
As we will show in Sec. IV, the unconstrained emission

recovers the standard synchrotron radiation results and a
well-defined thermodynamic limit as Ω → 0. Conversely,
the constrained emission scenario is used to investigate
finite-volume effects and the validity of the thermodynamic
hypothesis. In this context, the system reaches the thermo-
dynamic limit if the total radiation spectrum dNγ=d2kTdy
scales linearly with the plasma volume V ¼ LπR2.
Equivalently, the system can be considered in the thermo-
dynamic limit if the spectrum rate (55) converges to finite
values at large enough radii R.

IV. SYNCHROTRON RADIATION: THE
NONROTATING PLASMA

As discussed in the previous sections, the RoSyRa
framework incorporates the effects of both the external

magnetic field and the bulk rotation of the plasma. Before
addressing the full complexity of the rotating medium, we
first investigate the photon emission in the limit of a
nonrotating plasma (Ω → 0).

A. The nonrotating limit

We start by performing the nonrotating limit of the
photon production rate (55). With the only exception of the
I2a;a0 ðxÞ function factorized in the quantity Γn;aðn0; a0; kÞ
defined in Eq. (27), the rate Rf depends on a and a0 only
through terms coupled to the angular velocity in the form
mΩ and m0Ω. With this observation, the limit of vanishing
rotation is trivial: the sums over a and a0 are factorized.
Furthermore, the sums can be performed analytically in the
large-volume limit. To this end, we introduce the degen-
eracy factor nB coming from the summation of the radial
quantum number. In the constrained scenario, where
R0 ¼ R, it is obtained as follows:

nConB ðx;RÞ ¼
XjqfeBjR22

a;a0¼0

I2a;a0 ðxÞ
S

¼
XjqfeBjR22

a¼0

XjqfeBjR22

a0¼0

I2a;a0 ðxÞ
πR2

; ð67Þ

where x ¼ ω2 sin2 θ=ð2jqeBjÞ. Using the known property
of the I function [50,53]

X∞
a0¼0

I2a;a0 ðxÞ ¼ 1; ð68Þ

the degeneracy factor in the unconstrained emission
becomes

nUncB ðRÞ ¼ lim
R0→∞

XjqfeBjR2=2

a¼0

XjqfeBjR02=2

a0¼0

I2a;a0 ðxÞ
πR2

¼
XjqfeBjR2=2

a¼0

1

πR2
¼ 2þ jqfeBjR2

2πR2
: ð69Þ

In the nonrotating case, the thermodynamic limit (R → ∞)
is well defined and the degeneracy factor reduces to the
usual Landau one,

nR¼∞
B ¼ lim

R→∞
nUncB ðRÞ ¼ jqfeBj

2π
: ð70Þ

It thus emerges that the system can be considered in the
thermodynamic limit when jqfeBjR2 ≫ 1. From Eqs. (55)
and (67), the photon production rate in magnetic field
without rotation is
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RfðΩ ¼ 0Þ ¼ q2fe
2

4π

Nc

4π2
nBðx;R;R0Þ

×
X∞
n¼0

X∞
n0¼0

X
p0
y

1

2

Γ̃n;n0 ðkÞnFðEÞð1 − nFðE0ÞÞ
jp0

yω − ω cos θEj ;

ð71Þ

where the energy E and E0 of the initial and final states of
the quarks at vanishing rotation are given by

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqfeBj þ p2

y þM2
f

q
; ð72Þ

E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0jqfeBj þ ðpy − ω cos θÞ2 þM2

f

q
; ð73Þ

with Mf the mass of the quark, and

Γ̃n;n0 ðkÞ ¼ 4EE0Γn;n0 ðkÞ; ð74Þ

Γn;n0 ðkÞ ¼
Γn;aðn0; a0; kÞ

I2a;a0 ðxÞ
; ð75Þ

where Γn;aðn0; a0; kÞ is given in Eq. (27) and where,
denoting p0

y ¼ py − ω cos θ, the coefficients KiKj in
Eq. (28) at Ω ¼ 0 reduce to

K2
1 ¼

EE0 − pyp0
y −M2

f

4EE0 ; ð76aÞ

K2
4 ¼

EE0 þ pyp0
y −M2

f

4EE0 ; ð76bÞ

K1K2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqfeBj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0jqfeBj

p
4EE0 ; ð76cÞ

K2K4 ¼
py

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0jqfeBj

p
4EE0 ; ð76dÞ

K1K4 ¼
p0
y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqfeBj

p
4EE0 : ð76eÞ

We also note that the energy conservation equation
E − E0 − ω ¼ 0 at vanishing rotation Ω ¼ 0 admits sol-
utions p0

y only for n > n0. The sums of n and n0 can be
reduced to the region where energy conservation admits
solutions, as shown in Eq. (B20). For the different scenarios
of constrained, unconstrained, and thermodynamic limit,
the rate is obtained from Eq. (71), substituting the degen-
eracy factor nB from Eq. (67), (69), and (70), respectively.
The observable quantities are obtained from the nonrotating
rate (71) in the same fashion as the rotating one, following
Eqs. (57)–(62). The numerical code used for the compu-
tation is similar to the one used for the RoSyRa and is
described in Sec. V.

B. Comparison with previous results

The photon emission from a magnetized plasma in the
absence of rotation has been studied in [32,33,37] within
the quasiclassical approach and in [35,58,62,63] within
a full quantum regime using a different approach compared
to this work. In [35] the photon production rate is
obtained with the inclusion, in addition to the splitting
processes studied here, of the annihilation processes where
qþ q → γ. To validate and check the results for the rate in
Eqs. (55) and (71) and our numerical code, we computed
the integrated rates (61) and the elliptic flow (62) spectra
for the same parameters as the spectra reported in [35]. We
used Eq. (71) in the thermodynamic limit with nB given by
(70) and we set eB ¼ m2

π ¼ 18225 MeV2 and temperatures
T ¼ 100, 200, and 350 MeV and we considered two quark
flavors: u, ū, d, and d̄withMu ¼ 2.16 andMd ¼ 4.7 MeV.
Figure 4 shows agreement of our numerical results with

those of [35].2 Note that discrepancies at higher kT are
expected because annihilation processes start to provide a
noticeable contribution [35]. As we are interested in the low
kT region, in this work we neglected the contributions of
annihilation processes, which can be computed following
the same procedure described in the previous sections.
Figure 4 also shows the high kT behavior expected for a
quasiclassical (QC) emission as computed analytically
in [33] and given as dotted lines. The quantum calculations
yield, as expected, a lower intensity as it includes the recoil
of the photon.
As mentioned, in [35] and in Fig. 4 the masses of the

quarks are set to their current massesM0f, which are much
smaller than the magnetic field, that is jqfeBj ≫ M2

f.
However, inside the QGP plasma quarks acquire a thermal
mass that can be estimated as MT ¼

ffiffiffiffiffiffiffiffiffi
g2s=3

p
T, where T is

the temperature of the plasma and gs is the strong coupling
constant, which is about 2. Lattice calculations estimate the
thermal mass to be between 0.7 T and 0.9 T, depending on
the temperature. Henceforth in this work, we simply set the
mass of the quarks to

Mf ¼ M0f þ T: ð77Þ

This describes a more realistic scenario and drastically
changes the scaling between the magnetic field and mass,
being now jqfeBj < M2

f. Even though most of the proc-
esses are dominated by temperature and thermal fluctua-
tions, there might be qualitative differences between the
two regimes, for example the appearance of strong anisot-
ropies characterized by a difference between transverse
and longitudinal pressure when jqfeBj ≫ M2

f. For this
reason, before moving to the rotating case, we analyze the

2After a reanalysis done with the authors, we concluded that
the integrated rates reported in [35] missed a factor 2; Fig. 4
shows the corrected values.
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nonrotating case when quarks acquire a thermal mass as
in Eq. (77).

C. Results including the thermal mass

This section focuses on the nonrotating limit with
thermal mass of quarks, analyzing the photon emission
rates (71) to establish a baseline for the RoSyRa effects.
The photon spectrum was calculated for various values of T
and eB in both the constrained and the thermodynamic
(R → ∞) limits. These scenarios are abbreviated as “Con”
and “R ¼ ∞” throughout the text and figures.
Figure 5 illustrates the differential photon production

rate as a function of angle θ for three values of the photon
transverse momenta kT . For each value of kT , the maximum
rate is obtained close to θ ≈ π=2. Figure 6(a) explores the
temperature and Fig. 6(b) the magnetic field dependence of
the differential photon production rate as a function of the
photon transverse momentum kT for a nonrotating plasma
(Ω ¼ 0). The photon production rate increases with temper-
ature as well as with magnetic field intensity for the whole
range of photon momenta. The results show the comparison
between the unconstrained emission scenario in the

thermodynamic limit (R ¼ ∞) (full symbols) and the
constrained scenario (Con) (empty symbols), with a finite
radius R ¼ 10 fm. As expected, we observe a significant
divergence between the two scenarios. The constrained

FIG. 4. The numerical results for the integrated rates (61) and
the elliptic flow (62) in comparison with [35] and with the high
kT quasiclassical (QT) analytical value [33].

FIG. 5. Nonrotating plasma: thermodynamic limitR ¼ ∞ of rates
as a function of θ for various values of photon transversemomentakT .

FIG. 6. Nonrotating plasma: integrated rates with respect to kT
for various values of (a) temperature and (b) magnetic field for
Con emission at R ¼ 10 fm (empty symbols) and for R ¼ ∞ (full
symbols).
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emission yields are noticeably suppressed compared to the
unconstrained case by many orders of magnitude. In the
nonrotating case, the only difference between the con-
strained andunconstrained scenarios is the degeneracy factor
nB given respectively by Eqs. (67) and (70). The observation
of a large discrepancy between the two scenarios raises the
question whether the QGP can be considered in the thermo-
dynamic limit; for eB ¼ m2

π, q ¼ 2=3, and R ¼ 15 fm, we
obtain jqeBjR2 ≃ 35, which is not very large.
In Fig. 7(a), we present the elliptic flow coefficient v2 for

three different plasma temperatures (T ¼ 200, 300,
400 MeV) while maintaining a constant magnetic field
eB ¼ 18000MeV2 ≈ m2

π , in both constrained and infinite-
volume scenarios. A substantial positive v2 is observed in
the R ¼ ∞ case for the whole range of kT ; this is slightly
larger than the one obtained in [35] and in the previous
section without thermal mass (notice that Fig. 7 starts from
kT ¼ 0.5 GeV when v2 in Fig. 4 is positive). This large v2
is the reason why the magnetic field is considered as a
candidate explanation for the direct photon puzzle. The
obtained results for v2 are in agreement with the quasi-
classical limit v2 ¼ 4=7 ≃ 0.57 obtained for large kT in [33]

and shown in the figure as a black dashed horizontal line.
Quantum effects reduce the quasiclassical limit and intro-
duce a mild temperature and magnetic field dependence.
The unconstrained rate at finiteR differs from the infinite-

volume one by a constant factor, namely the Landau
degeneracy (70) is replaced by (69). As this is a constant
factor and v2 is a normalized quantity, the resulting v2 is
independent of R and the unconstrained v2 at finite radius
equals the infinite radius one. Instead, the finite radius rate is
suppressed compared to the infinite radius and, as men-
tioned, approaches the latter at large jqeBjR2.
On the other hand, the constrained case results in a

positive v2 for low values of kT and a rapid transition to
negative values as kT increases. This behavior is understood
by analyzing the degeneracy factor nBðx;RÞ in Eq. (67).
Note that nB depends on θ and kT through x, which at
midrapidity reads x ¼ k2Tsin

2θ=ð2jqeBjÞ. Clearly, the value
of x increases with kT . As shown above, the degeneracy nB
becomes the Landau level and yields the unconstrained
results when the sum (68) is close to 1 and jqeBj ≫ 1. In
the constrained case, the sum on a0 on (68) stops at
a0 ¼ jqeBjR2=2. It can be shown that the sum (68) is
close to one when jqeBjR2=2 ≫ x. For this reason, at fixed
R the constrained results are close to the unconstrained
ones at small kT . Instead, as kT is increased, the value x is
also increasing and the degeneracy factor nB becomes
smaller, yielding a lower rate. Similarly, at sufficiently large
kT , due to the sin2 θ dependence on x, the photon rate at
small angles becomes larger than that at large angles,
yielding the opposite trend of those shown in Fig. 5 and
hence a negative v2. In physical terms, the constrained
emission forbids quarks with large angular momentum and
prevents photon emission; in particular, it suppresses
emission for large kT and favors θ ≃ 0 over θ ≃ π=2.
In Fig. 7(b), where we present the elliptic flow coef-

ficient v2 for three different magnetic field intensities
(eB ¼ 9000, 18000, 27000 MeV2) while maintaining a
constant temperature T ¼ 300 MeV, we observe the same
behavior in terms of constrained and unconstrained emis-
sion. In the constrained case, v2 decays rapidly with kT ,
while in the unconstrained case, it increases toward the high
kT asymptotic limit, represented by a dashed line. We
conclude the discussion of the nonrotating case by noticing
that the total photon yields resulting from the synchrotron
radiation, obtained from the averaged rate hdR=d2kTdyi
using Eq. (58) with cΔt ¼ L ¼ 10 fm, is too small to
explain the photon excess in the measurements and to
provide a large enough v2, see Figs. 1 and 2.

V. ROSYRA: ROTATING
SYNCHROTRON RADIATION

The calculation of the averaged RoSyRa photon emis-
sion rates (61) and the elliptic flow coefficient v2 (62) is
performed using a custom-developed C numerical code.

FIG. 7. Nonrotating plasma: v2 with respect to kT for various
values of (a) temperature and (b) magnetic field for Con emission
at R ¼ 10 fm (empty symbols) and for R ¼ ∞ (full symbols).
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The framework is designed to handle the summation over
the discrete Landau levels and radial quantum numbers
characterizing the quark states in a rotating, magnetized
plasma given in Eq. (55). To ensure computational effi-
ciency and numerical stability, the code incorporates high-
precision arithmetic and parallel processing techniques.
A critical challenge in evaluating the synchrotron radi-

ation rates involves the computation of the overlap integrals
between the initial and final quark states, see Eq. (20).
These integrals depend on generalized Laguerre polyno-

mials, LðkÞ
n ðxÞ, see Eqs. (23) and (7), which are known

to exhibit numerical instability due to large oscillatory
behavior and cancellation errors at high quantum numbers.
To mitigate this, we employ the MPFR library [64].
Specifically, the functions utilize 128-bit precision varia-
bles to compute the generalized Laguerre polynomials and
the associated functions IðxÞ defined in Eq. (7). This
ensures that the orthogonality and recurrence relations of
the wave functions are preserved to a high degree of
accuracy, preventing the accumulation of rounding errors
that would otherwise corrupt the summation over thou-
sands of Landau levels.
The total photon yield is obtained by summing over the

initial and final principal quantum numbers (n, n0) and
radial quantum numbers (a, a0). The summation over the
initial Landau level n constitutes the primary loop for
convergence. Rather than a simple threshold cutoff, the
code implements a dynamic weighted convergence cri-
terion. The summation continues until the relative contri-
bution of the last added term, weighted by the current
iteration index n, falls below a specified goal precision
(typically 10−3),

n ·
RfðnÞ −Rfðn − 1Þ

RfðnÞ
< ϵgoal; ð78Þ

where RfðnÞ is Eq. (55) with the sum up to n. This
conservative condition ensures that the tail of the distri-
bution, which decays slowly for high-energy photons, is
adequately sampled. Furthermore, to respect the causal
structure of the rotating system, the summation is bounded
by the causal limit n ≤ ρΩ ≡ jqeBj=ð2Ω2Þ, preventing the
inclusion of states that would violate causality at the
cylinder boundary. For a typical run of Ω ¼ 3 MeV,
T ¼ 300 MeV, and eB ¼ 18000 MeV2, the convergence
of the sum at kT ¼ 0.5 GeV ranges from n ∼ 0.025ρΩ for
R ¼ 5 fm and low θ, to n ∼ 0.84ρΩ for R ¼ 65 fm and
θ ¼ π=2, the value being proportional to both R and θ. The
causal limit is usually reached for θ ¼ π=2 and large kT
and R.
Energy conservation imposes strict kinematic constraints

on the longitudinal momentum py. For every set of
quantum numbers (n, n0) and photon angle θ, the code
uses the analytical solutions of the energy conservation
equation E − E0 − ω ¼ 0 given in Eq. (50) to determine the

allowed values of py; if no real solution exists, the
transition is kinematically forbidden and is not included
in the sum, see Appendix B for details. Finite-volume
effects are incorporated by restricting the radial quan-
tum numbers a and a0 as discussed in Sec. III C. The
code distinguishes between two emission scenarios:
“Constrained” (Con, shown with empty symbols in
the plots), with both the initial and final quarks con-
fined within the plasma cylinder radius R, requiring
fa; a0g ≤ R2jqfeBj=2, and “Unconstrained” (Unc, shown
with full symbols in the plots), with only the initial quark
confined to a cylinder with radius R, while the final state is
allowed to extend beyond the boundary (up to the causal
limit), mimicking radiation into an infinite medium.
The code leverages OPENMP for parallel execution,

distributing independent calculations for different quantum
numbers across multiple processor cores to accelerate the
computation.
We explored the RoSyRa photon emission for a range of

parameters relevant to heavy-ion collisions while keeping
Ω <

ffiffiffiffiffiffiffiffiffiffiffiffiffijqfeBj
p

, which is the relatively slow rotation regime
and the validity condition for Eq. (55), specifically,

eB ¼ f9000; 18000; 27000g MeV2

¼ f0.45; 0.9; 1.35gm2
π; ð79aÞ

Ω ¼ f0; 1; 2; 3; 4; 5; 6g MeV; ð79bÞ

T ¼ f200; 300; 440g MeV; ð79cÞ

R ¼ f5; 10; 20; 30; 40; 50; 65g fm: ð79dÞ

For a fixed quark flavor the quark mass in Eq. (55) is
given by the sum of the current mass of the quark Mf0 and
the thermal mass set to the temperature of the plasma
MT ¼ T. We considered different quark flavors, namely u,
d, s, and c, to study the effect of the current mass Mf0,
which is set respectively to: 2.16, 4.7, 93.5, and 1273 MeV.
When it is not specifically stated, the results are obtained by
summing the contributions of all these flavors, even though
ū and d quarks are the only relevant ones. To represent
heavy-ion collisions, the angular velocity vector and the
magnetic field vector point in the same direction, implying
that the radiation from negative charges is enhanced and the
radiation from positive charges is suppressed. We verified
numerically that the suppression is large enough that the
radiation from positive charges can be neglected. As
explained in Sec. III B, see Eq. (56), the radiation from
positive charges is actually calculated flipping the sign of
Ω, yielding the same result.
The angular average rate hdR=d2kTdyi and the v2

coefficient at midrapidity are obtained using Eqs. (61)
and (62) with numerical integration, specifically the trap-
ezoidal rule, with ten points for θ∈ ½0; π=2�. We verified for
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a few cases that the results are not significantly affected if
the number of points is increased up to 1000.
Figure 8 illustrates the differential photon emission rates,

hdR=d2kTdyi, for a rotating quark-gluon plasma
(Ω ¼ 3MeV, R ¼ 10 fm), specifically analyzing the sensi-
tivity of the spectra to thermodynamic and magnetic param-
eters. The upper panel illustrates the evolution of the
emission spectrum as the temperature increases from T ¼
200 to 400 MeV, while the magnetic field is held constant at
eB ¼ 18000 MeV2. A pronounced enhancement in the
production rate is observed with an increase in temperature,
consistent with the expected thermal scaling of the synchro-
tron radiation. The spectral slope hardens at higher temper-
atures, reflecting the increased thermal occupation numbers
and phase space availability for high kT photon emission. In
the bottom panel, we examine the impact of varying the
magnetic field strength (eB∈ f9000; 18000; 27000g MeV2)
at a fixed temperature of T ¼ 300 MeV. The results indicate
a positive correlation between the magnetic field intensity
and the overall yield. The enhancement is particularly
notable in the low-to-intermediate kT region, suggesting

that the stronger magnetic confinement of the quarks
amplifies the synchrotron emission intensity. The Con
scenario consistently exhibits a suppressed yield compared
to the Unc approximation, with the deviation becoming
increasingly significant at larger transverse momenta
(kT > 2 GeV). This suppression implies that imposing
kinematic constraints or finite-size effects on the Landau
level transitions effectively truncates the high-energy tail of
the spectrum.
Figure 9 illustrates the elliptic flow coefficient, v2ðkTÞ,

for photons emitted from a rotating (Ω ¼ 3MeV,
R ¼ 10 fm) andmagnetized quark-gluon plasma, presenting
the dependence of the anisotropy on thermodynamic and
magnetic parameters. The first panel (varying temperature
T ∈ f200; 300; 400g MeV with fixed eB ¼ 18000 MeV2)
shows negligible variation of v2 with temperature; the con-
strained scenario exhibits qualitative agreement with the
nonrotating case, with positive values at low kT and decreas-
ing into negative values as kT increases. In the bottom panel
(varying magnetic field eB∈ f9000; 18000; 27000g MeV2

with fixed T ¼ 300 MeV), a strong sensitivity to the

FIG. 8. Rotating plasma: rates with respect to kT for various
values of (a) temperature and (b) magnetic field.

FIG. 9. Rotating plasma: v2 with respect to kT for various
values of (a) temperature and (b) magnetic field.
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magnetic field intensity for both Con and Unc scenarios is
revealed, increasing the magnetic field leading to an increase
in v2. Overall, the behavior with respect to kT is preserved, in
the Con casewe have decreases at different rates, while in the
Unc case only the eB ¼ 9000 MeV2 case reaches negative
values ofv2 for largekT . Similar towhatwas discussed for the
nonrotating case, the fall to negative values of v2 in the Con
case is to be attributed to the excluded phase space, which is
more relevant for highkT and for sin θ ∼ 1, changing the slope
of the angle dependence of the photon emission. For the same
reason, in Fig. 9(b) we see that, as eB increases, also jqeBjR2

increases, widening the phase space and moving v2 toward
the value it has for synchrotron radiation in the large-volume
limit and in the absence of rotation.
The rates and elliptic flows from single quark flavors are

shown in Fig. 10. The only differences between the flavors
are the charge qf and the current mass M0f. The only
positive-charge quark shown is u, as all the positive quark
rates are significantly suppressed compared to their neg-
ative counterpart. The main effect of rotation is to enhance
the radiation intensity from negative charges, while also
suppressing that of positive charges. The suppression

results largely from the kinematic constraints on photon
emission, resulting in a very narrow phase space, see also
Appendix B. The allowed transitions are so narrow that the
Con emission already contains the relevant transitions and
equals the results of the Unc case, as can be seen from the
figure. As expected, the radiation of heavier quarks is much
weaker than that of the light quarks. We observe that v2
remains higher for a wider range of kT for lighter quarks.
To illustrate the difference between the Con and Unc

emission and how they converge once the system radius
reaches the causal radius RΩ ¼ 1=Ω, Fig. 11 shows the rate
and v2 at a fixed transverse momentum kT ¼ 1.5 GeV for
both scenarios as a function of the radius and for different
temperatures. The total number of photons emitted is
increasing with the radius. However, the rates being the
total photons divided by R2, we see in Fig. 11(a) that for the
Unc case the intensity of emission increases more than R2

for small radii and then grows less than R2 until it reaches
the Con value, which grows faster with R. A well-defined
thermodynamic limit requires that the rates become con-
stant past some value of R, like in the nonrotating case.

FIG. 10. Flavor dependence. (a) Rates and (b) v2 with respect to
kT for various quark flavors, for both constrained (empty
symbols) and unconstrained (full symbols) emission.

FIG. 11. Radial dependence. (a) Rates and (b) v2 with respect to
radius R for various values of temperature, for both constrained
and unconstrained emission.
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In this case we reach the causal limit before an asymptotic
value of the rates is reached. Changing R also changes the
angular distribution of the photon emission. In Fig. 11(b)
we see that as R approaches RΩ the angular distribution
becomes more homogeneous with small v2, suggesting that
rotation can reduce the angular anisotropy of synchrotron
radiation and that a more rigorous treatment is needed to
assess the impact of rotation on v2 for large volumes. As per
their definition, the Unc and Con emissions are the same for

R ¼ RΩ. From now on, the analysis of the results will only
focus on the unconstrained emission. The unconstrained
photon emission rates at a fixed low transverse momentum
kT ¼ 0.5 GeV are depicted in Fig. 12 as a function of
temperature for different values of [Fig. 12(a)] magnetic
field, [Fig. 12(b)] rotation, and [Fig. 12(c)] radius. The rates
increase nonlinearly with temperature, magnetic field
intensity, rotation, and radius. Not shown in the figure,
v2 is mostly insensitive to temperature.

FIG. 12. Temperature dependence. Rates with respect to the
temperature T for various values of the (a) magnetic field eB,
(b) rotation Ω, and (c) radius R.

FIG. 13. Radius dependence. Rates with respect to the radius R
for various values of the (a) magnetic field eB, (b) rotation Ω, and
(c) temperature T.
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In Fig. 13 the radial dependence of unconstrained photon
emission rates at a fixed low transverse momentum kT ¼
0.5 GeV is compared for different values of [Fig. 13(a)]
magnetic field, [Fig. 13(b)] rotation, and [Fig. 13(c)]
temperature. The rates increase nonlinearly with temper-
ature, rotation, and radius. At varying magnetic field and
radius, a peculiar effect is observed. At large radius, as
expected, stronger magnetic fields result in a greater
radiation intensity. Instead, in small systems, we notice
an “inverse field effect”, where weaker magnetic fields
result in a greater rate. We investigate this effect in more
detail below. We also notice that the weak magnetic field
seems to have reached convergence at R ¼ 50 fm.
From the elliptic flow at fixed kT ¼ 0.5 GeV depicted

in Fig. 14, we conclude that the effect of an increasing
rotation is to reduce the angular anisotropies, resulting in a
lower v2. Moreover, we see from Fig. 14(b) that the
relevance of rotation on v2 is proportional to the ratio
between rotation and magnetic field. It is possible that
including the stages of heavy-ion collisions where rotation
is dominant compared to the rapidly decaying magnetic
field reduces the v2 obtained in Fig. 1. As noted earlier, the
effect of increasing the system radius is to reduce v2, once

again suggesting that the inclusion of a proper boundary
condition to have a well-defined large-volume limit can
help to explain the experimental measurements of the
photon elliptic flow.
The impact of rotation on the unconstrained rates is

studied in Fig. 15 at fixed kT ¼ 0.5 GeV with different
values of [Fig. 15(a)] magnetic field, [Fig. 15(b)] radius,
and [Fig. 15(c)] temperature. We generally observe a

FIG. 14. Radius (a) and rotation (b) dependence of v2 for
various values of, respectively, rotation Ω and magnetic field eB.

FIG. 15. Rotation dependence. Rates with respect to the
rotation Ω for various values of the (a) magnetic field eB,
(b) radius R, (c) temperature T.
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nonlinear growth with rotation, with a steeper slope for
larger radii. While some curves appear to reach an
asymptotic value, the weak field line in Fig. 15(a) dem-
onstrates that the enhancement effect diminishes as rotation
increases; this aligns with findings for synchrotron emis-
sion in fast rotation [55].

A. Magnetic field dependence: Inverse field effect

It is worth analyzing the impact of the magnetic field
strength and in particular the inverse field effect (IFE)
observed in Fig. 13 for a small system. Fixing the angular
velocity to Ω ¼ 3 MeV, and taking a small radius
R¼5 fm and small transverse momentum kT ¼ 0.5 GeV,
Fig. 16(a) shows an unexpected IFE, where rates at a given
temperature are larger for weaker magnetic field intensities.
As the radius is increased, for instance R ¼ 40 fm in
Fig. 16(b), the IFE disappears and the rates grow with
the magnetic field. The IFE disappears for large transverse
momentum as well, see Fig. 16(c) showing R ¼ 5 fm and
kT ¼ 4.25 GeV. Similarly, at large transverse momentum
and radius, the rates grow more than linearly with the
magnetic field.
Figure 17 studies how the IFE changes for different

values of rotation [Fig. 17(a)] and radius [Fig. 17(b)]. It is
known that there is no IFE for Ω ¼ 0. Instead, we observe
that the IFE is present for Ω ¼ 1 MeV and the IFE tends to
disappear for larger angular velocities. Figure 17(b) clearly
shows how the IFE disappears for sufficiently large
systems. For R ¼ 5 and 10 fm, the slope of the lines is

FIG. 16. Rates at fixed Ω ¼ 3 MeV with respect to the
magnetic field eB. (a) Small radius R ¼ 5 fm and small mo-
mentum kT ¼ 0.5 GeV shows the IFE. (b) A large radius
R ¼ 40 fm and small momentum does not show the IFE.
Similarly, (c) shows that, for large momentum kT ¼ 4.25 GeV,
there is no IFE even at small radius R ¼ 5 fm.

FIG. 17. Magnetic field dependence. Rates with respect to
the rotation eB for various values of the (a) rotation Ω and
(b) radius R.
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negative, for R ¼ 20 fm is almost flat and for larger radius
the slope is positive. The Con emission, not shown in the
figures, does not have the IFE; this is understood because
the Con case reduces the phase space, allowing only for the
less relevant transitions, therefore placing the different
magnetic fields on the same footing. Instead, in the Unc
case, weaker magnetic fields have access to the most
relevant transitions while stronger magnetic fields cannot
access their most relevant transitions that require larger
angular momenta.
The reason for the appearance of the IFE is to be found in

the complex interplay between the extent of the allowed
phase space, constrained both by kinematics and by
causality, and what are the most probable and most
energetic transitions. These quantities all depend on the
magnetic field intensity, the photon transverse momentum,
and the radius, constraining the phase space of the initial
state of the quark. As we are using a simpler solution
without a boundary condition but with a causal cutoff, it is
not clear from this analysis whether this IFE is a physical
effect or an artifact of the approximation used.

VI. CONCLUSIONS AND OUTLOOK

In summary, we studied the photon emission from a
rigidly rotating hot plasma in a constant homogeneous
magnetic field, which we called the RoSyRa. We solved the
Dirac equation for free fermions in the presence of
magnetic field and we accounted for the rotation of the
medium using a rotating coordinate system. We derived
solutions of the Dirac equation without boundary condi-
tions and limited the physical volume of the system to a
cylinder of radius R ¼ 1=Ω to preserve causality. From
these solutions we computed the transition amplitude of the
photon radiation process q → qþ γ and the resulting
differential photon yield as given by (55). In particular,
using numerical methods in the slow rotation regime where
Ω <

ffiffiffiffiffiffiffiffiffiffiffijqeBjp
, we studied the angular average of the photon

emission rate hdR=d2kTdyi and the angular anisotropy
characterized by elliptic flow v2. We considered two
scenarios, one in which the initial quarks are constrained
in the plasma volume and can escape it after the emission of
a photon, and one in which the final quark is also
constrained to remain in the initial volume.
We showed that the plasma rotation greatly enhances the

yields of synchrotron radiation while maintaining a large
v2. These two features are needed to explain the direct
photon puzzle in heavy-ion collisions [7–9]. Figures 1 and
2 show the main results comparing the predictions from
RoSyRa with the experimental data [16–19]. While this
comparison remains qualitative due to the simplified
system evolution, the results suggest that RoSyRa, com-
bined with a realistic plasma evolution, could resolve the
tension between photon emission theories and experimental
observations.

The main limitations of the model studied here are the
use of unbounded solutions of the Dirac equation and the
use of static and homogeneous thermodynamic variables
(temperature, rotation, and magnetic field). Proper boun-
dary conditions can be included by extending the work
of [55] for photons emitted by a single fermion to the
emission by a plasma of fermions in the same way as done
in this work. In this way, modes with all angular momen-
tum can be included, extending the validity of the model to
all possible values of rotation, in particular the case where it
is larger than the magnetic field. This is important for
applications to heavy-ion collisions, as the magnetic field is
believed to decay quickly, while rotation is sustained
throughout the evolution. As a consequence, only in the
earlier stages is the magnetic field the dominant quantity,
while at later stages rotation exceeds it. Instead, to extend
this model to nonhomogeneous plasmas one can adopt the
adiabatic approximation and promote the thermodynamic
constant variables to fields. This requires a numerical
integration over the volume of the plasma and over the
time evolution. As usual, the evolution and the space
dependence of the thermodynamic variables can be
obtained with a hydrodynamic model or code.
The numerical evaluation of the photon emission given

by (55) requires more computational time than the conven-
tional models for direct photon production [8,59].
However, the results seem to be close to what can be
obtained using a quasiclassical description of the phenom-
ena, see for instance Figs. 4 and 9. The quasiclassical
methods developed in [56] could be an efficient way to
estimate the effect, especially if a full time and space
dependence is considered.
We conclude by mentioning other possible experimental

signatures of RoSyRa. As the effect is driven by the
magnetic field, we expect a different impact if the back-
ground magnetic field is different. This is precisely the
objective of the 2018 RHIC isobar run [65,66], with Ru-Ru
and Zr-Zr at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. According to RoSyRa, we
expect larger photon excess and larger v2 for stronger
magnetic fields, which is a simple qualitative behavior.
Moreover, photons emitted by synchrotron radiation at
midrapidity are linearly polarized. We expect that rotation
will not wash this polarization. A linear polarization,
including the one in the (virtual) photons emitted by
RoSyRa, can be revealed in specific azimuthal anisotropies
in the dielectron spectrum [67]. For this end, a dedicated
calculation of photon polarization from RoSyRa and the
resulting anisotropy in the dilepton spectra must be
developed and performed.
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APPENDIX A: DIFFERENTIAL RATE OF THE
QUARK SPLITTING PROCESS

In this appendix, we write the explicit expressions for the
differential rate of the quark splitting process qi → qf þ γ
and its sum over quark spin polarizations. In Sec. III A we
obtained the differential rate

dẇn;a;n0;a0;ζ;ζ0

d3k
¼ q2e2

4π

1

2π

δðE−E0−ωÞ
ω

×

				2πL δðpz−p0
z−kzÞ

				2X
h

jhj ·Φij2; ðA1Þ

with

jhj ·Φij2 ¼ 1

2
I2a;a0 ðxÞj sin θ½K4In−1;n0−1ðxÞ − K3In;n0 ðxÞ�

þ K1ðh − cos θÞIn;n0−1ðxÞ
−K2ðhþ cos θÞIn−1;n0 ðxÞj2; ðA2Þ

where the Ki coefficients are given in terms of the Ci
coefficients of the quark wave function in Eq. (6) as
follows:

K1 ¼ C0
1C4 þ C0

3C2; K2 ¼ C0
4C1 þ C0

2C3;

K3 ¼ C0
4C2 þ C0

2C4; K4 ¼ C0
1C3 þ C0

3C1: ðA3Þ

Writing these out in A’s and B’s defined in Eq. (12), we
obtain

K1 ¼
1

4
B0þB−ðA0þA− þ ζζ0A0

−AþÞ; ðA4aÞ

K2 ¼
1

4
B0
−Bþζζ0ðA0þA− þ ζζ0A0

−AþÞ; ðA4bÞ

K3 ¼
1

4
B0
−B−ðA0

−A− − ζζ0A0þAþÞ; ðA4cÞ

K4 ¼
1

4
B0þBþð−ζζ0ÞðA0

−A− − ζζ0A0þAþÞ; ðA4dÞ

where ζ and ζ0 are the polarization states of the initial and
final state of the quark, respectively. We are interested in the
products of two Ki coefficients generated by the square
modulus in Eq. (A2). There are only three combinations of
A� needed in multiplying these together,

ðA0þA− þ ζζ0A0
−AþÞ2

¼ 2

�
1 −

pzp0
z

EE0 þ ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p
EE0

�
;

ðA0
−A− − ζζ0A0þAþÞ2

¼ 2

�
1þ pzp0

z

EE0 − ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p
EE0

�
;

ðA0þA− þ ζζ0A0
−AþÞðA0

−A− − ζζ0A0þAþÞ

¼ −2
�
pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p
þ ζζ0p0

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p
EE0

�
:

The B�’s multiply trivially or as

BþB− ¼
�
1 −

M2

E2 − p2
z

�
1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p : ðA5Þ

Assembling the Ki products, one obtains

K2
1 ¼

1

8EE0

�
1þ ζ0Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E02 − p02
z

p ��
1 −

ζMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p �

EE0 − pzp0

z þ ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q �
; ðA6aÞ

K2
2 ¼

1

8EE0

�
1 −

ζ0Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p ��
1þ ζMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − p2
z

p �

EE0 − pzp0

z þ ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q �
; ðA6bÞ

K2
3 ¼

1

8EE0

�
1 −

ζ0Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p ��
1 −

ζMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p �

EE0 þ pzp0

z − ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q �
; ðA6cÞ

K2
4 ¼

1

8EE0

�
1þ ζ0Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E02 − p02
z

p ��
1þ ζMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − p2
z

p �

EE0 þ pzp0

z − ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q �
; ðA6dÞ
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K1K2 ¼
1

8EE0 ζζ
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n0jqeBjp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p 

EE0 − pzp0

z þ ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q �
; ðA6eÞ

K3K4 ¼
−1
8EE0 ζζ

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n0jqeBjp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p 

EE0 þ pzp0

z − ζζ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q �
; ðA6fÞ

K1K3 ¼
−1
8EE0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0jqeBjp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p �
1 −

ζMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p �

pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q
þ ζζ0p0

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q �
; ðA6gÞ

K1K4 ¼
1

8EE0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p �
1þ ζ0Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E02 − p02
z

p �

ζζ0pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q
þ p0

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q �
; ðA6hÞ

K2K3 ¼
−1
8EE0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

p �
1 −

ζ0Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p �

ζζ0pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q
þ p0

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q �
; ðA6iÞ

K2K4 ¼
1

8EE0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0jqeBjp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

p �
1þ ζMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − p2
z

p �

pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E02 − p02

z

q
þ ζζ0p0

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

z

q �
: ðA6jÞ

In computing the photon emission in a plasma, one needs
to sum these products over the spin polarizations ζ and ζ0.
Given two coefficients Ki, we define

KiKj ¼
1

2

X
ζ;ζ0

KiKj; ðA7Þ

and we obtain

K2
1 ¼ K2

2 ¼
ðE −mΩÞðE0 −m0ΩÞ − pzp0

z −M2

4ðE −mΩÞðE0 −m0ΩÞ ; ðA8aÞ

K2
3 ¼ K2

4 ¼
ðE −mΩÞðE0 −m0ΩÞ þ pzp0

z −M2

4ðE −mΩÞðE0 −m0ΩÞ ; ðA8bÞ

K1K2 ¼ K3K4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n0jqeBjp
4ðE −mΩÞðE0 −m0ΩÞ ; ðA8cÞ

K1K3 ¼ −K2K4 ¼
−pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0jqeBjp

4ðE −mΩÞðE0 −m0ΩÞ ; ðA8dÞ

K1K4 ¼ −K2K3 ¼
p0
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njqeBjp

4ðE −mΩÞðE0 −m0ΩÞ : ðA8eÞ

Putting all together, the polarization sums of the differ-
ential rate are

dẇn;a;n0;a0

d3k
¼ q2e2

4π

1

2π

δðE−E0−ωÞ
ω

×

				2πL δðpz−p0
z−kzÞ

				2X
h

X
ζ;ζ0

jhj ·Φij2; ðA9Þ

with

X
ζ;ζ0

jhj ·Φij2 ¼ I2a;a0f2K2
1½I2n;n0−1 þ I2n−1;n0 � þ sin2θ½K2

4ðI2n−1;n0−1 þ I2n;n0 Þ − K2
1ðI2n−1;n0 þ I2n;n0−1Þ�

− 2K1K2sin2θ½In−1;n0−1In;n0 þ In−1;n0In;n0−1� − 2 sin θ cos θ½K1K4ðIn−1;n0−1In;n0−1 þ In;n0In−1;n0 Þ
þ K2K4ðIn−1;n0−1In−1;n0 þ In;n0In;n0−1Þ�
þ h½2K2

1 cos θðI2n−1;n0 − I2n;n0−1Þ þ 2 sin θðK1K4½In−1;n0−1In;n0−1 − In;n0In−1;n0 �
þ K2K4½In;n0In;n0−1 − In−1;n0−1In−1;n0 �Þ�g; ðA10Þ
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where the argument of the I functions is always
x ¼ k2⊥=ð2jqeBjÞ. Notice that the only dependence on
the photon helicity h is a linear term that does not
contribute when summed over h. Therefore, after defining
two auxiliary functions Γ and Γð1Þ asX
ζ;ζ0

jhj ·Φij2 ≡ Γn;aðn0; a0; kÞ þ hΓð1Þ
n;aðn0; a0; kÞ

¼ Γh
n;aðn0; a0; kÞ; ðA11Þ

the sum over h can be done explicitly,

dẇn;a;n0;a0

d3k
¼ q2e2

4π

1

2π

δðE−E0−ωÞ
ω

×

				2πL δðpz−p0
z−kzÞ

				22Γn;aðn0;a0;kÞ: ðA12Þ

APPENDIX B: EVALUATION OF PHASE SPACE

In this appendix we show how the conservation laws
constrain the parameter space related to the photon emis-
sion. The conservation of the space components of
momentum has been included by integrating the corre-
sponding δ functions and by writing the momentum and
angular momentum of the photon in terms of the momen-
tum and angular momentum of the quarks. The nontrivial
part is translating the conditions for the conservation of
energy as inequalities for the quantum numbers of the
splitting process: n, a, n0, and a0.
As mentioned in the main text, the energy conservation

E − E0 − ω ¼ 0 can be written asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

y

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ ðpy − cÞ2

q
¼ −Δ; ðB1Þ

where we defined

a2 ¼ 2jqeBjnþM2; b2 ¼ 2jqeBjn0 þM2; ðB2aÞ

c ¼ ω cos θ; Δ ¼ ðn − a − n0 − a0ÞΩ − ω: ðB2bÞ

Equation (B1) admits solutions for py in the following
cases:

−sΔ > s̄P;−s̄Δ < −jcj No roots

jcj < −s̄Δ < s̄P 2 rootsp0∓
y

−jcj < −Δ < jcj 1 rootp0−
y

ðB3Þ

where we defined s̄ ¼ signða − bÞ, and P is the maximum

or minimum value of fðpyÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þp2

y

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2þðpy−cÞ2

q
depending on s̄ and it is given by

P ¼ ða − bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2

ða − bÞ2

s
: ðB4Þ

Clearly the conditions in (B3) are inequalities between the
quantum numbers of the splitting process qi → qf þ γ.
With straightforward but lengthy calculations, we can use
the inequalities in (B3) to split the sums in the rate (55) into
the regions of the parameters where the energy conserva-
tion can be satisfied.
First of all, we use the following shorthand notation for

Eq. (55):

Rf ¼
Z

∞

−∞
dpy

X
n;n0

X
a;a0

δðE − E0 − ωÞWðpyÞ

¼
X
n;n0

X
a;a0

X
p0
y

Wðp0
yÞ: ðB5Þ

Then, we split between three cases: a > b, a ¼ b, and
a < b, which correspond respectively to n0 < n, n0 ¼ n,
and n0 > n. In the summation this separation becomes

Rf ¼
X
n

�X
n0<n

þ
X
n0¼n

þ
X
n0>n

�X
a;a0

X
p0
y

Wðp0
yÞ: ðB6Þ

At this point it is easy to translate the inequalities (B3) into
intervals for the quantum number a0 whose boundary
depends on the fixed parameters ω, Ω, and θ and on the
other quantum numbers that are being summed: n, n0, and a.
We call R1 the interval of a0 for which the energy con-
servation has exactly one solution. We call Rþ

2 and R−
2 the

intervals of a0 for which the energy conservation has exactly
two solutions, respectively, for n0 < n and for n0 > n.
Furthermore, we notice that, in the case n0 ≤ n, the obtained
inequalities for a0 can only be satisfied for a ≥ aþmin, whereas
in the case n0 > n are satisfied only for a ≥ a−min.
In conclusion, for Ω > 0 to include only the kinemat-

ically allowed regions, we can split the summation in the
following regions:

Rf ¼
X∞
n¼0

�X
n0<n

XρR
a¼aþmin

� X0≤a0≤ρΩ

a0∈Rþ
2

þ
X0≤a0≤ρΩ

a0∈R1

�
þ
X
n0¼n

XρR
a¼aþmin

X0≤a0≤ρΩ

a0∈R1

þ
X
n0>n

XρR
a¼a−min

� X0≤a0≤ρΩ

a0∈R1

þ
X0≤a0≤ρΩ

a0∈R−
2

��X
p0
y

Wðp0
yÞ ðB7Þ

where

a−min ¼ Max

�
0; n − n0 −

ω − P
Ω



; ðB8Þ

aþmin ¼ Max

�
0; n − n0 − ð1þ j cos θjÞω

Ω



; ðB9Þ

and
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R1∶ ð1 − j cos θjÞω
Ω

< a0 − n0 þ n − a < ð1þ j cos θjÞω
Ω
;

ðB10Þ

Rþ
2 ∶

ω − P
Ω

< a0 − n0 þ n − a < ð1 − j cos θjÞω
Ω
; ðB11Þ

R−
2 ∶ ð1þ j cos θjÞω

Ω
< a0 − n0 þ n − a <

ω − P
Ω

: ðB12Þ

The sums over p0
y include the two terms p0

y ¼ p0−
y and

p0
y ¼ p0þ

y in the regions Rþ
2 and R−

2 and only p0
y ¼ p0−

y for
R1, where p0�

y are given in Eq. (50). Notice that in the
absence of rotation solutions with n0 ≥ n are not allowed.
In the case of small rotation considered in this work,
transitions to higher Landau level numbers are allowed
even though their contribution is usually negligible. The
equations given above are valid for finite positive rotation
only, for Ω < 0 the regions become

R1∶ ð1þ j cos θjÞω
Ω

< a0 − n0 þ n − a < ð1 − j cos θjÞω
Ω
;

ðB13Þ

Rþ
2 ∶ ð1 − j cos θjÞω

Ω
< a0 − n0 þ n − a <

ω − P
Ω

; ðB14Þ

R−
2 ∶

ω − P
Ω

< a0 − n0 þ n − a < ð1þ j cos θjÞω
Ω
; ðB15Þ

and

a−min ¼ Max

�
0; n − n0 − ð1 − j cos θjÞω

Ω



; ðB16Þ

aþmin ¼ Max

�
0; n − n0 −

ω − P
Ω



: ðB17Þ

Note that Ω being negative, the upper limits of the intervals
R1, R�

2 are reduced by rotation, which can also become
negative, meaning that no solutions are allowed for those
values of n, n0, a, ω, and θ. As a result, the allowed phase
space is overall greatly reduced, which is one of the ways
the radiation is suppressed by rotation.
The case of a nonrotating plasma is discussed in Sec. IV.

For vanishing rotation Ω ¼ 0, the sums over a and a0 are
factorized and can be done separately. As mentioned, the
energy is conserved only if n > n0. In the special case
θ ¼ 0, the energy conservation admits only one finite
solution given by

p0
yðθ ¼ 0Þ ¼ 2a2b2 − a4 − b4 þ 4a2c2

4ða2 − b2Þc : ðB18Þ

Otherwise, the energy conservation admits solutions only
when ω ≤ ða − bÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2=ða − bÞ2

p
, which translates into

an upper limit for n0, that is n0 < n0max, where

n0max ¼ nþ ω

2jqfeBj
�
ωð1 − cos2θÞ

− 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

f þ 2njqfeBjÞð1 − cos2θÞ
q �

: ðB19Þ

Only when ω ¼ P ¼ ða − bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2=ða − bÞ2

p
the energy

conservation admits the two solutions p0�
y in Eq. (50),

otherwise it only has the solution p0−
y . In conclusion, the

sums in the rateRf in Eq. (71) for vanishing rotation can be
decomposed into

RfðΩ ¼ 0Þ ¼
X∞
n¼0

Xn0max

n0¼0
n0<n

½Wðp0−
y Þ þWðp0þ

y Þδω−P;0�: ðB20Þ

APPENDIX C: REFLECTION SYMMETRY

In this appendix, we discuss the angular symmetries
possessed by the rotating synchrotron radiation. In par-
ticular, we show that these symmetries allow us to restrict
the angular integral in the average yields (60) and in the
flow coefficient (62) from θ between 0 and 2π to θ between
0 and π=2.
We consider two reflection transformations: the reflec-

tion symmetry in the yz plane (the reaction plane) and a
reflection in the xz plane, to which B andΩ are orthogonal.
We want to study how these reflections change the photon
spectrum in Eq. (55), see also the Γ function in Eq. (27).
Notice that those quantities depend on θ only by simple
trigonometric functions: sin θ and cos θ, and the reflections
under consideration only change cos θ and sin θ up to a
sign. Furthermore, notice that to properly convert coor-
dinates between the original cylindrical coordinates in
Eq. (27) and the laboratory hyperbolic coordinates used
in Eq. (55), every appearance of the function sin θ in
Eq. (27) must be replaced by j sin θj, that in turn ensures the
invariance under the reflections.
Consider first the reflection symmetry in the yz plane.

Performing this reflection sends cos θ to cos θ, leaving all
the quantities in Eq. (55) unaffected. For this reason, we can
restrict the angular integration in θ from 0 to π.
The second reflection symmetry is in the xz plane, and

sends cos θ to − cos θ. Showing the invariance for this case
requires a more careful analysis of Eq. (55). Consider first
how p0

y changes under reflection. When the energy con-
servation admits two roots, they take the following two
values:

p0∓
y ¼ cðb2 − a2 þ c2 − Δ2Þ ∓ sgnðcΔÞ

ffiffiffiffiffiffiffiffi
Δ2α

p

2ðc2 − Δ2Þ ; ðC1Þ
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with

α ¼ a4 þ ðb2 þ c2 − Δ2Þ2 − 2a2ðb2 − c2 þ Δ2Þ; ðC2Þ

and where a2 ¼ 2njqeBj þM2, b2 ¼ 2n0jqeBj þM2,
c ¼ ω cos θ, and Δ ¼ ðn − a − n0 − a0ÞΩ − ω. It is clear
that under reflection c → −c and that p0∓

y → −p0∓
y .

Similarly, when the energy conservation admits only the
rootp0−

y , under reflection the root transforms asp0
y→−p0

y. In
the last kinematic condition, when a ¼ b the root is given by

p0
y ¼

cðc2 − Δ2Þ − sgnðcÞΔ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2 − Δ2Þð4a2 þ c2 − Δ2Þ

p
2ðc2 − Δ2Þ

→ −p0
y: ðC3Þ

In conclusion, in all cases, the reflection acts on the root
as p0

y → −p0
y. From this result, it immediately follows that

p0
y ¼ py − ω cos θ → −p0

y. Similarly, we obtain E → E and
E0 → E0. The denominator of Eq. (55) also contains a cos θ
but it remains unaffected by the reflection,

D¼jðE−mΩÞωcosθ−p0
yðω−ðm−m0ÞΩÞj

→ j−ðE−mΩÞωcosθþp0
yðω−ðm−m0ÞΩÞj¼D; ðC4Þ

because of the modulus. Finally, we reflect the function Γn;a

given in Eq. (27) after changing coordinates. Notice that, in
addition to replacing sin θ with j sin θj, the momenta pz and
p0
z in Eq. (28) become py and p0

y in the lab frame. The only
K-coefficients linear in py or p0

y are K2K4 andK1K4; under
reflection these acquire minus signs. From Eqs. (27) and
(A11), one sees that, inΓn;a, the only termsmultiplying cos θ
are K2K4 and K1K4; these are thus unchanged. On the

contrary, in Γð1Þ
n;a, these are the terms which are not multiplied

by cos θ. So Γð1Þ
n;a acquires a minus sign. Overall, under this

transformation, the reflection is equivalent to a flip on the
photon helicity,

Γh
n;a → Γ−h

n;a: ðC5Þ

In conclusion, thanks to these reflection symmetries, in the
angular integralwe only need to evaluate θ from0 to π

2
, up to a

change in helicity. As Eq. (55) contains the sum over the

helicities, and theΓð1Þ
n;a is not contributing, we showed that the

angular integral in the average yields (60) and in the flow
coefficient (62) can be restricted from θ between 0 to 2π to θ
between 0 to π=2.
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