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We present a general formalism for computing the Hodge dual of differential forms in arbitrary
dimensions subject to a spherical constraint. This problem arises naturally in Kaluza-Klein compactifi-
cations, where sphere reductions demand careful treatment of differential forms constrained to lie on
embedded submanifolds. We derive an explicit expression for the Hodge dual of a p form in the presence of
such constraints and validate our general Ansarz through illustrative examples in three dimensions,
including both flat and diagonal metric backgrounds. The resulting framework offers a systematic and
practical tool for handling constrained Hodge duals, with direct applications to consistent truncations in

supergravity and string theory compactifications.
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I. INTRODUCTION

Dimensional reduction, first introduced by Kaluza [1] and
Klein [2], has remained a cornerstone in connecting higher-
dimensional theories to the observed four-dimensional uni-
verse. In modern contexts, it provides a bridge between
string/M-theory and effective low-energy physics. The
simplest implementations—such as compactifications on
tori—Ilead to Abelian gauge symmetries and can be treated
using group-theoretic techniques. However, more physically
compelling reductions, particularly those involving spheres,
are far more intricate. Compactification on S” yields non-
Abelian gauge groups, with the isometry group SO(n + 1) of
the sphere inducing a gauged symmetry in the lower-dimen-
sional theory. This mechanism underlies many constructions
of gauged supergravities.

The revival of interest in sphere reductions during
the 1980s was largely driven by the development of
11-dimensional supergravity and its compactification
on S7 [3], leading to maximal SO(8) gauged supergravity
in four dimensions. Similarly, compactifications on S°
and S$* played pivotal roles in understanding AdSs;/CFT,
and AdS,;/CFTy correspondences, respectively [4,5].
Additionally, Salam and Sezgin made significant contri-
butions through their study of chiral compactifications of
N = 2 Einstein-Maxwell supergravity in six dimensions
on Minkowski spacetimes S? [6]. However, ensuring the
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consistency of such compactifications—i.e., that all sol-
utions of the lower-dimensional theory uplift to full
solutions of the higher-dimensional theory—remains a
subtle and often unsolved problem. Fully consistent sphere
reductions have been achieved only in certain highly
symmetric settings [7,8].

One persistent technical difficulty in this context is the
proper definition and computation of the Hodge dual of
differential forms under the constraint >, x'x’ = 1, arising
from the embedding of the compact manifold (typically
a round sphere) in a higher-dimensional ambient space.
This difficulty is especially relevant in the construction of
Freund-Rubin-type Ansdtze [9], in which fluxes threading
the compact space are related via Hodge duality to
spacetime components of field strengths. Understanding
the precise form of such duals is essential for both classical
solution building and quantum consistency.

Various works have addressed this problem in specific
examples. The series of papers by Cveti¢, Lii, and Pope
(see, e.g., [10—14]) employed ingenious parametrizations of
the internal manifold to compute Hodge duals and for-
mulate consistent truncations. Related efforts have pro-
vided partial results for the Hodge dual of differential forms
in five- and six-dimensional settings [15]. Yet, despite these
successes, a general expression for the Hodge dual of an
arbitrary p form in such constrained geometries has not
appeared in the literature.

In this work, we address this gap by analyzing the
problem in increasing generality. We first study the Hodge
dual of differential forms on the two-sphere embedded in
R3, using both intrinsic and extrinsic methods. This case
allows for a transparent comparison between coordinate-
based and orthonormal-frame approaches and reveals
how the constraint modifies the standard duality structure.
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We then proceed to arbitrary dimension and general
background metrics, introducing a normalized projection
vector field that projects ambient-space forms onto the
constrained hypersurface. This leads to a closed-form
expression for the Hodge dual that is consistent with the
fundamental double-dual identity and valid for all diagonal
and nondiagonal metrics.

The structure of this paper is as follows. In Sec. II, we
review standard results on Hodge duality and establish
our notational and convention choices. We also present
several auxiliary results that will be essential in subsequent
sections. In Sec. III, we examine specific examples in three
dimensions, which provide insight into the general struc-
ture. In Sec. IV, we formulate a general Ansatz for the
Hodge dual in the presence of constraints and express
the result in (4.28). Finally, we conclude in Sec. V with a
discussion of physical applications and directions for
future work.

II. THE NOTATIONS AND PRELIMINARIES

We follow the conventions and notation of [16]. For
completeness, we summarize the main definitions here.
Consider a general p-form w(, on a D-dimensional
spacetime with ¢ timelike directions:

1
W(p) = pwmuzmﬂp

dxtv Ndxtr N ANdtr. (2.1)

The Hodge dual of a basis p form is defined by
1
#(dt A Adatr) = — e, PR dX A A dx
q !
(2.2)

where g =D — p. The Levi-Civita tensor ¢ is

defined as

HiHp

ds® = dx* + dy* + dz?,

Our goal is to compute *dx under this constraint.
To proceed, we adopt the standard spherical coordinate
parametrization:

x = sinfcos ¢, y = sin@sin ¢, z=cos6. (3.2)

Using the orthonormal frame (vielbein) formalism, the
induced metric on the unit sphere becomes

ds? = d6® + sin20dg? = (¢')2 + (2)2,  (3.3)

with the corresponding vielbeins

with the constraint x> + y> +z> = 1.

€urnn = V1910110 (2.3)
where ¢, .., 1s the Levi-Civita symbol, or tensor density,
which takes values +1 or O depending on whether the set of
indices (uq, ..., up) is an even permutation, odd permuta-
tion, or not a permutation of (0, 1, ..., D — 1), respectively.

The fully contravariant version of the Levi-Civita symbol
satisfies

gﬂl “HD — (—l)tgﬂlmﬂn N

(2.4)

where ¢ is the number of timelike components in the metric.
Note that g, ..., is not a true tensor, so its indices cannot be
raised or lowered with the metric. However, the Levi-Civita
tensor €, ..,,, is a proper tensor, and its indices may be
raised and lowered. Hence, the contravariant form of the
Levi-Civita tensor is given by

et Hp — el Hp |

2.5
N (2.5)

From this point forward, we adopt a convention in which
the inverse metric is explicitly denoted by ¢!, rather
than by raising indices. For example, instead of writing
Al = ¢A;, we write g;'A; to indicate the corresponding
contravariant vector. Unless stated otherwise, Einstein
summation over repeated indices is always assumed.

III1. SIMPLE EXAMPLES OF THE HODGE DUAL
WITH A CONSTRAINT

A. Euclidean metric in three dimensions

We begin by studying the Hodge dual of differential
forms subject to a constraint, focusing on the simplest
nontrivial example: the unit two-sphere embedded in R3.
Consider the Euclidean metric in three dimensions:

el = do, e? = sindg. (3.4)
In this orthonormal frame, the Hodge dual acts as
*el = 62162 = €21€2 = —62,
xe? = ¢%e! = epe! = e, (3.5)
with the convention €, = —e,; = 1. Therefore, the duals
of the coordinate one-forms are
xel = xdf = —e? = —sinOdep,
xe? = x(sin 0dgp) = e' = db, (3.6)
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which immediately implies

do

xdgp = nd’ (3.7)
Then we have
*xdx = cos@cos ¢ x df —sinGsin ¢ x d¢p
=2 (xyzdx — x*zdy + ydz). (3.8)
Furthermore,
xdy = cos@sin ¢ * df + sin@ cos ¢ * d¢p
=2 j_ 7 (y*zdx — xyzdy — xdz). (3.9)

Finally, the Hodge dual of dz follows from

xdz = —sin0 x df = —sin @(—sin Od¢p) = xdy — ydx.
(3.10)

To express the result just in terms of dx and dy, one may
eliminate dz via xdx + ydy + zdz = 0. Then one finds

1
*dx = —5—— <xyzdx—x2zdy—zxdx—zydy>
x“+y Z z
Xy +y
—_ —d
(x* + %)z Y
*dy = — < 2zdx — xyzdy+ xdx—|— ydy>
.x
_ P2+ +x) + 2 ay. (3.11)
Pz

Note that the expressions in (3.10) and (3.11) are not
manifestly symmetric. To obtain a more symmetric form,
we eliminate dx using the identity xdx + ydy + zdz =0
and substitute this into *dx. Then xdx and *dy become

*dx = ——— (—=yz(ydy + zdz) — x*zdy + ydz)
X"ty
= ydz — zdy,
1

*dy = e (y*zdx + xz(xdx + zdz) — xdz)

= zdx — xdz. (3.12)
One may write (3.12) in terms of

*dx,- = gijkxjdxkv (313)

where x| = x, X, =y, x3 = z, and €153 = €331 = €31 = L.

B. Hodge dual via elimination of z

An alternative and more direct approach to compute
the Hodge dual of differential forms on the unit sphere
is to eliminate the coordinate z using the constraint

—de%dy. This allows

us to express the induced metric solely in terms of x and y:

ds? = (1

1—y? Xy 1
= Z—zdx2 +2Z—2dxdy—|—

x? 4+ y? +72 =1, and hence dz =

2 2
+ x—2> dx + 2 dxdy + (1 + y—2> dy?
Z Z Z
2
— X
. (3.14)

Thus, the induced 2D metric can be written as

ds®> = h,,dx®dx”, with a,b=1,2,
xt=x, X =y, (3.15)

where the metric components are

1—y Xy 1 —x?
, hi, = hy ==, hy, = .
Zz 12 21 Z2 22 Z2

(3.16)

hll =

Using the definition (2.2), the Hodge dual of a one-form
can be written as

xdx' = e, dx + €,'dy, *dx® = e 2dx + e dy.

(3.17)

To compute the components of the Levi-Civita tensor €,”,

we use the relation €,? = h,.e’ and e = L% where
e'? = —¢?! = 1. This gives
h h
U= he! 4+ hyre2! = hpoe?! :_12821 :__12’
11 12 12 \/E \/E
h h
2= hyye'2 4 hppe? = hye'? = 212 = 1
1 12 1
\/" \/—’
621 = h22€21 + l’l21€11 = h22€21 = @Eﬂ = —@
Vvh Vh
2 12 2 _ hy 12 hy)
€~ = h21€ + h22€ = 1’121 — (318)

VRS

Substituting the expressions from (3.17) and (3.18), we
obtain the Hodge duals of dx and dy as

_h
vVh o Vh

hyy h

*dx =
(3.19)

The determinant of the induced metric is straightforward to
compute:
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1 1 1

det(h) = hllh22_h12 :Z—4[] —x2 _yZ] :;:} \/E:E
(3.20)

Substituting these results back into (3.19), we find

1 =142

xdx = xdy = Y dx + ﬂaVy,
Z
(3.21)

which matches the result obtained earlier by the more
explicit computation in (3.11), using the identity
K224 y? = (% 4 y7)(1 - ).

C. A diagonal metric in three dimensions
We now generalize the previous discussion by consid-
ering a diagonal (but non-Euclidean) metric in three
dimensions:

2 _ l 5 . . . .
ds® = g;;dx'dx’, with g;; =0 fori# ],

> (=1

i

(3.22)

Substituting into the metric, after eliminating dz yields

xdx + ydy\?
ds* = g11dx* + gpndy* + g33 (f

= hydx? 4 2hyydxdy + hy,dy?, (3.23)
where the induced 2D metric components are
x? xy y?
hi=gn +?9337 h12:?g337 hyy = g2 +?933-
(3.24)

The determinant of this induced metric is

deth = hy hy —hi, = 2(x 922933+ Y 911935 + 22 91922)-
(3.25)

Let us compute *dz, which turns out to be the most sym-
metric, since it is purely written in terms of dx and dy.
From the previously established relation (3.19), we have

1
xdz = —— (x x dx + y x dy)
Z

e

1
= ﬁ [(xh1s

o))

— yhyy)dx + (xhy, — yhyy)dy].  (3.26)

Substituting the explicit forms of 4, yields

1 Xy x?
*d7 = —— |X 5 g33 — + = dx
\/§z { 2 933 =)y <g11 2 933)]

e ot 3o
+—|x += -y 5 d
\/52{ <922 2 933 y 2 g3z |ay

1
= U (—=ygndx + xgndy). (3.27)
Thus, the Hodge dual of dz becomes
—ygnd. d
dz — Yg11ax + xgyrdy (3.28)

\/x2922933 + ¥ 911933 + 229192

Analogous expressions for xdx and *dy can be derived
similarly. As a consistency check, setting g;; = J;; in (3.28)
recovers the result of (3.13).

IV. FINDING THE HODGE DUAL WITH A
CONSTRAINT

We now aim to derive the Hodge dual of a p form using
an explicit notation that emphasizes the inverse metric
components, a convention that proves especially conven-
ient in the presence of constraints. In this section, we adopt
a convention in which the inverse metric is explicitly
denoted by ¢!, rather than by raising indices. For example,
instead of writing A’ = g"/A;, we write g;;' A; to indicate the
corresponding contravariant vector.

To emphasize the use of the inverse metric gi‘j'
and eliminate index-raising ambiguity, we rewrite the
expression in a manifestly noncovariant form:

g,»‘p]kp VN91Es, - e, A7

(4.1)

explicitly

) . 1
#(dx't A -+ A dxtr) :ag;}q

A A dxda,

This formulation treats all indices with equal weight
and avoids the ambiguity of index position (upstairs vs
downstairs), which is especially helpful when working in
constrained coordinate systems or when interpreting the
differential forms geometrically.

Our objective is to compute the Hodge dual of the
following p form:

#(dxt A - A dxir), (4.2)

in the presence of a constraint and a general (not necessarily
flat) background metric

ds* = g;;dx'dx/, (4.3)

subject to the condition
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(4.4)

xixl = 1.
The constraint implies

xldx' =0, (4.5)
which means that among the D coordinate one-forms
dx', only D — 1 are linearly independent. Consequently,
the exterior algebra is effectively restricted to a
(D — 1)-dimensional hypersurface embedded in R”, and
the Hodge dual of a p form on this hypersurface becomes a
(¢ — 1) form, with
D=p+gq. (4.6)
Furthermore, the usual identity for the double Hodge
dual operation still applies in this restricted setting:
* %k a)(p) = (—I)F(D_l_m“a)(p), (47)
where ¢ denotes the number of timelike directions in the
ambient metric.
With these two observations in place, we proceed to

construct an explicit Ansatz for the Hodge dual on the
constrained hypersurface.

. , 1
*(dx"' A - AN dx'r) =

(g

We now propose the following Ansatz for the Hodge dual
of a p form in the presence of the constraint x'x’ = 1:

#(dxt A - A dxin) =

1
m \/mejjl..‘jq_]kl..‘kp

o | J
X V,gik gi,,k,,dx !

Ao A dxdat, (4.8)

Here, |g| = (—1)"detg accounts for the signature of the
metric, and Vj is a vector field introduced to contract the
extra free index from the Levi-Civita symbol, reflecting
the fact that we are working in a (D — 1)-dimensional
constrained subspace. The Ansatz above satisfies two
essential properties:

(1) Itis totally antisymmetric in the indices (i; - - - i,), as
guaranteed by the structure of the Levi-Civita
symbol.

(2) It yields a (¢ — 1) form, as appropriate for Hodge
duality on the constrained (D — 1)-dimensional
manifold.

To determine the explicit form of V;, we apply the

Hodge dual operation twice. Starting from our Ansatz, we
compute

m AV |g|€jjl"'jq—lk1"‘kpng;}(l e 'g;lkp * (dle VANREEIVAN dxj’l_')

1 1
o —1 —1 / —1 —1 r r
- Ty \% |g|€jj1---jq_1k]-~-kp ngi]k] o 'gipkp F |g|£rr1~-~rps1---sq_1 Vrgj]s] o 'gjq,]sq,]dx PA e Adxr.

(4.9)

This sets the stage for determining the precise form of V; by demanding consistency with the known identity for the double
Hodge dual on a (D — 1)-dimensional manifold. We will now analyze this expression further to constrain V.
Note that we now have two sets of indices: (i, j, k) and (j, r, s). Thus, the expression in (4.9) becomes

1

) . 1
k% (dx'' Ao Adxr) = —
p

-1 7] L r] -
X gjlsl g]qilsqilgklll gkplpdx A A dx'r.

-1
| (q — l)' (—1)’detg(—1)1’(‘1 )gjjl"'jqflkl"'kpgrsl"'54717‘1""”,;Ver

(4.10)

On the other hand, the standard identity for the double Hodge dual on a (D — 1)-dimensional manifold with ¢ timelike

directions is

% (dxt A - A dir) = (=1)PaDF I A A dxe

(@=D+1§ P X A - A dXTr

(=1)”

(4.11)

iy

Comparing (4.10) and (4.11), we require that the prefactors multiplying dx™ A --- A dx"» match. This yields the identity

1 1

- o V.ol ... g7]
detgejjl"'/q-lkl"'kpgrfl'“sq—lf’l"'fpV/V’gjm g]q—

pl(g—1)!

ryery

191:,11‘, “ee g]:pli’) = 61'1---1',, . (412)

15—

i

To further constrain the structure, we contract both sides of (4.12) with 5r|'.'.'.i,”p , yielding
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—1 -1 —1 —1 D-1
)' detgejjl"'jq*lkl"'kpe”l”""qflil"'ip Vjvrgjlsl e gjqflsq*lgklil o .gkp"/) = .

r
plig-1

There is an important caveat to observe here. If there is no
restriction on the set {, ..., ,}, then we have the identity

s

D
iy = P P

as one would be choosing p indices out of D total
possibilities. However, due to the presence of the vector
index r in the Ansatz, the indices {i,...,i,} are con-
strained to lie within the subspace orthogonal to the
constraint direction. That is, the index r already occupies
one of the D slots, effectively reducing the available
directions to D — 1. Consequently, the correct counting
becomes

(4.14)

iy

D-1
5= :
P p

The first line of (4.13) can now be simplified using the
following identity:

(4.15)

1
= —detg_l (D — 1)!gjj]---jqf]kl--~k,,€rxl~-sq,]i]--~i,,

—1 —1
X gjlsl o .gjq—ls

Gijr

q—lgzllil o g;plip' (4.16)

Inserting the result from (4.16) into (4.13), we arrive at the
identity:

Lol Getgdetg ' (D—1g, vy, = (P71
?W etgdetg™ (D —1)lg;,V;V, = » .

(4.17)

This leads to a remarkably simple constraint on the
vector V;:

This result provides the necessary condition that ensures
the consistency of our Ansatz for the Hodge dual in the
presence of a constraint such as x'x’ = 1.

A. Finding an Ansatz for V;

A natural first Ansatz is to take
Vi = Ax', (4.19)

where the normalization factor A is determined by the
constraint

(4.13)
p

G;iViVi = ANg.xix) =1 = A= 4.20
j j

",
gijx'x!

At first glance, this choice appears reasonable and con-
sistent with the normalization condition (4.18). However,
there is a crucial subtlety to consider.

Throughout this section, we have not explicitly used the
constraint x’x’ = 1, except in determining the form degree
of the Hodge dual, which becomes a (D — 1 — p) form
rather than a (D — p) form. Nevertheless, the constraint has
further implications.

A direct consequence of the identity x'x’ =1 is the
differential relation x’dx’ = 0. Namely,

x4 % (dxh A - A dxir) =0, (4.21)
whenever # € {i, ..., i,}, say £ = i;. Let us check whether
this condition is satisfied by our Ansarz (4.8) with the
choice of VI = Ax'. Substituting into the expression yields

Xl (dxt A - A dxe)

x x'e

L gl oot A A Jg-1
Jivgrksk, Vidik, gipkpdx A Adxlat,

(4.22)
Now, if we take V/ = Ax/, then the expression becomes

L isyigml ... g7L JUA . Jg-1
X &k, XX G g gipkpdx A A dxlet,

(4.23)

This clearly does not vanish automatically, due to lack of
any antisymmetry between x’s and x/. Thus, the Ansatz
Vi = Ax' fails to satisfy this important orthogonality
condition imposed by the constraint x'x’ = 1.

This failure indicates that a more refined choice for V' is
required—one that not only satisfies the normalization
condition g;; ViVJ = 1, but also ensures that the contraction
of x* with the Hodge dual vanishes when ¢ appears among
the original form indices.

However, the resolution is straightforward. Let us
assume

Vi = kg x/. (4.24)
It is now easy to see that the right-hand side of (4.22)
vanishes, as it becomes proportional to

026026-6
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L —lykyig=l o471 L gL J1 Jg-1
Ejjyojyrkyk, Tk X X Gk, ik, gipkpdx A A dx’a

e —1yk 1 ‘s -1 “e . -1 j e Jg-1 —
= Ejjrjikiok, Gk X G i XY Gk, Gik, A A A dX)et =0, (4.25)
~——
symmetric under j<> kg
since the expression inside the contraction is symmetric under the exchange j <> k,, while the Levi-Civita symbol is
antisymmetric, hence the full term vanishes.
Finding « is straightforward from the normalization condition g;;V'V/ = 1.

1
g,»ngl-—,jx’”Kg]Tnlx” = Kzél-mg;nlxmx” = KGN =1 = Kk = ———. (4.26)
. / =1 mn
gmnx X
Therefore,
Vi= ;g?lxj. (4.27)
G
Finally, the Hodge dual becomes
. , 1 (=1)'detg ko _ ; -
*(dxll /\ U /\ dxlp) = (q — 1)! g—l xmxl’l gjjl"'jq—]kl"'kpgjkl'xkgh}ﬂ U gipll(17dle /\ e /\ dqu_l’ (428)
* mn
B. Some special results
Let us consider the special case of p = 1. We obtain
. 1 (=1)'detg _, _ 4 ,
*dx' = D=1\ g giklgj,}xfejjl,_,ijzkdxfl A Adx/r2, (4.29)
° mn
Now, let us specialize to the case D = 3:
. (=1)'detg _, _ .
*dx! = g_]x—mﬂgiklgﬂ]xfgjrkdx . (4.30)
mn
In the further special case where the metric is diagonal, i.e., g;; = 0 for i # j, we have
-1 ! -1 ! -1 !
an = o 9 = . 933 = g detg = 91192933+ (4.31)
and
detg 911922933 430
—1 myn - > 5 5 . ( : )
Ymn V29005 + Y2 91195 + 2291192
Assuming a Euclidean signature (¢t = 0), the explicit expressions for the Hodge duals become
wdx — sdx! — Y933dz — 2gx0dy
VX005 + ¥ 9195 + 29192
sdy = dx® = 291 dx — xg33dz
VX905 + ¥ 9195 + 229192
dy — d
sdz = *dx? = 19nd) Yo ex (4.33)

\/x2922933 + 291193 + 229192

These expressions exactly match those derived previously in Eq. (3.28).
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C. Finding the volume form

Consider the special case of p = 0, for which the Hodge
dual of a scalar (zero form) is the volume form. From our
general Ansatz, we obtain

1 (=1)"detg

1 = (D _ 1)1 CJjrJp-1

—Lyk Jxi
— g xNdx:
gmLxmxn jk

A e AdxIo-, (4.34)

Multiplying both sides by x,x, = 1 allows us to exploit the
identity

D—-1
Eijrmina 56 = D ety X, F €y Xy (435)
r=1

which follows from the Schouten identity:

D
EluyppAu) = 0 = €Ay = E :8#1~~-m_1ﬂm+1~-~ﬂpAm'

r=1

(4.36)

Hence, we have

1 (1) det g

=

—1 ,m.,n
ImnX™ X

D-1

X Zg.f"'f‘”jn—lxjy +8fj]...jD_]X-
r=1

X g xhxpdxlt A - A da-r,

Because x/rdx/r =0 due to the constraint x'dx’ =0,
all terms involving x; dx/- vanish, leaving only the last
term in the parentheses above. Therefore, the volume form
becomes

1 (~1)'detg
(D-1)!

x’x/ g]Tkl xkdx/

>|<|] = Eo: .
—1 ymn SCivip-1
mn X" X

Ao A dxdot, (4.37)

Hence, the volume form on the unit sphere embedded in a
D-dimensional space becomes

1 A
*I] = m \/(_l)t detgg,_nilxmx"é',-,-],,,,»Dilx’dx”
Ao A dxio-r, (4.38)

Alternatively, in a fully covariant language using the
Levi-Civita tensor and explicit metric notation, we can
write

1
m VI OXXEy gy XA N - N dXFP

(4.39)

x] =

This gives a compact and manifestly covariant expression
for the induced volume form on the constrained hypersur-
face x'x’ = 1.

V. CONCLUSION

In this work, we have derived a general expression for
the Hodge dual of an arbitrary p form in a D-dimensional
manifold, subject to the constraint x’x’ = 1, as naturally
arises in spherical compactifications. Starting from a
systematic review of conventional Hodge duality, we built
the necessary machinery to extend the formalism to settings
in which the differential forms are not fully independent
due to the presence of embedding constraints.

By constructing a consistent Ansatz for the constrained
Hodge dual and demanding compatibility with the funda-
mental identity ** = £1 on p forms, we identified a
normalized radial vector field V' that governs the projection
from the ambient space to the constrained submanifold.
This geometric insight allowed us to reinterpret the Hodge
dual operation in the presence of a constraint as a projection
of the ambient dual onto the tangential directions of the
sphere.

Our formalism correctly reproduces known results in low-
dimensional cases, such as three-dimensional Euclidean
space, and generalizes naturally to arbitrary diagonal or
nondiagonal metrics. The final expression in Eq. (4.28)
provides a compact and universal formula that captures the
essential features of constrained Hodge duality and can be
applied in a wide range of contexts.

Beyond its mathematical utility, this result has significant
implications for compactified theories in high-energy
physics, particularly in supergravity, string theory, and
M theory. The ability to explicitly compute Hodge duals
in constrained geometries facilitates the construction of
consistent truncations, the formulation of flux quanti-
zation conditions, and the derivation of effective lower-
dimensional actions. It may also shed light on the structure
of topological terms, duality relations, and Chern-Simons
couplings in reduced theories.

Moreover, our derivation clarifies longstanding technical
issues encountered in consistent Kaluza-Klein reductions
on spheres and offers a general formalism that comple-
ments and extends the results found in prior literature such
as [10-13,15,17]. The connection between the radial vector
Vi and the constrained Hodge dual provides a geometric
mechanism that may prove beneficial in applications
involving constrained brane embeddings, flux stabilization,
and the study of effective potential landscapes.

Several directions for future research are worth pursuing.
These include generalizing the construction to more
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intricate embedding constraints, such as those found in
squashed spheres or nonspherical coset spaces, as well as to
curved internal manifolds with torsion or warping. Another
promising direction is the extension to generalized geom-
etry and double field theory, where analogous constraints
appear in the context of dual coordinates. Finally, appli-
cations of this formalism to nontrivial compactifications
involving fluxes, topological couplings, and moduli stabi-
lization merit detailed investigation.
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APPENDIX: SOME USEFUL THEOREMS
1. Generalized Kronecker delta

The generalized Kronecker delta is an extension of the
usual Kronecker delta 51’ and is defined by

5]1 Jp _ — 5[/1

iyip iy

giol — sl g7l

" (A1)

where square brackets denote antisymmetrization with unit
weight, i.e.,

Ajj

1
il :E(Aij_Aji)' (A2)

Lemma. Let A;
tensor. Then,

= Ay

i,ip) D€ a totally antisymmetric

irip

511 JDA'] ip — AJiip,

iy-ip

(A3)

This identity follows directly from the definition of the
generalized Kronecker delta and the antisymmetry of A.
Theorem Al.

i D
5. :( )
p

Proof. The key observation is that for a fixed set of
indices,

(A4)

st —

(A3)
where no summation is implied. The number of distinct
antisymmetric combinations of p indices from a set of D is
simply the number of p-element subsets of a D-element set,

which is (?). This identity generalizes the well-known
result 6;; = D. In particular, when p = D, one finds

S = 1. (A6)
| |

Theorem A2.
Eiyeaip iy = DI (A7)

Proof. Both sides are totally antisymmetric under per-
mutations of the indices i, ...,ip and ji, ..., jp, so they
must be proportional. To determine the proportionality

constant, contract both sides with 5;‘]’;; :

; D
ths = &7 g0 = gl = =1,
Jijpiip iyip D
— . ll lD — i1ip — NI
lhs = &; ..;,€},..;,6, ;) = € ..ip€ = D!,

where we used the identity 81‘,--4[,8"‘"'{” = D!. Thus, the

proportionality constant is D!, which completes the

proof. L]
Theorem A3.

iipkyk, p!q!6k1-~~kq
iy DI iy

(A8)

Proof. The left-hand side is totally antisymmetric in the
sets (ji, ..., j,) and (kl, ..., k4), so the right-hand side must

be proportional to &; . b " . To determine the proportionality

constant, contract both 51des with 511111(2
Left-hand side:

il“'ipkl"'kq Jl./q _ il"'ipjl“'jq _ D _
61'[...,‘1)]‘]...1'(1 6k1---kq = 5,‘1...1'1)1'1...]‘4 - D =1L (Ag)

Right-hand side:

Pla\\ kg civ-ig (PN giiy  (P'GY (D
()it = (5 o= () ()

(A10)

Using the identity 3 = pl!);!, the right-hand side simplifies
to 1, matching the left-hand side. This confirms that the

proportionality constant is indeed ”Dq,, completing the

proof. n
Theorem A4. Let D = p + q. Then,

ik
Epijij €7

o = plgls) gy (A1)
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Proof. We observe that

iy kg ok,

. elripkiky — DY P
€ D'ﬁll”'lp]l'"]q ’

81‘] iy

(A12)

where it follows from Theorem A 3. Applying Theorem A
4 to the generalized Kronecker delta gives

il"‘ipkl“‘kq o p'q' kl“‘kq

iy D! i (A13)

Substituting this into the previous expression yields

5]?1...1{11

eliipkiky — p!q! e (A14)

Eipipjii,

which completes the proof. Note that Theorem A3 is a
special case of Theorem A5 with p=0and g=D. =
Theorem AS. Let D = p + g. Then,

8i1~'-ipj1"-j,,gml"‘mp’ll"-ninlml . 'Aipm,,Aj]k] . .qukq

ky--kg

= plq!detAdy,...". AlS
p-q 1

gil"‘ipjl"‘quml"'mpkl'“k,,Ailml .. 'Ai

A

= &n, MmNy ---nq€r|~--rl,s, esgimyry

Equating both sides,

D D!
D!detA:K( ) =k—— =k = plqgldetA. (A19)
q

plq!

This completes the proof. u
Theorem A6.Let D = p + g, and let t denote the number
of timelike directions in the metric. Then, for a p form
|

Proof. The left-hand side must be proportional to 5’,{,'1'.'.'.2,
since both expressions are antisymmetric in the indices
{ky,....k,} and {n;,....n,}.

To see this, assume for contradiction that a term
survives where k,€{m,,....,m,}—i.e., some k, = m.
Then the combination A;, A;, becomes symmetric
under the exchange i; <> j,, while the Levi-Civita symbol
€, j,-j, 1S antisymmetric under that same exchange.
Hence, the term must vanish, and only terms where
{ky.....k,} matches {n,,...,n,} survive, up to antisym-
metric reshuffling. Therefore, the structure must be

A A, A

8i|“'ipjl'"quml"‘mp”|""1(,Ai|m1 tpimp Jiki jqkq

Ky
= K5n]...,{fl.

(A16)

To determine the proportionality constant k, contract both
sides with 62:2" The right-hand side yields
q

pml) J1

KOy Oyl = Kot = K<q>. (A17)
Now consider the left-hand side:
nyeen,
Aj i, "'qukq5k:...kj
. ~Amp,pA,,]S1 . ~Anqsq = D!detA. (A18)

[
expressed in local coordinates,

% (dxt A - Adxiv) = (=1)PIT Xt A A dxir.
(A20)
Proof. We revisit this well-known identity using a

noncovariant representation. Begin by applying the
Hodge star once:

. . L T . .
*(dxll AYREIRAN d_xlp) = ? (_l)tdetggz}il o .gi—plkpgjl"'jqkl"'kpdle ZARRRNA d'qu' (A21)
Applying the Hodge star again gives
: . 1 _ B _ B

% (dxt A - A dxin) = W (=1) detggilllcl .. 'gi,,lk,,ejl---jqk1~-~kpgj1151 .. 'gqusqerl---r/,slmsqurl Ao Adxr. (A22)

Now, applying Theorem A6 [Eq. (A15)] to contract the epsilon symbols, we obtain

0k (dxt A A dxr) = (‘U”“’Wdetg ~detg™' - plgls) ik dx" Ao A dx'y

= (=1)Padx A -+ A dxir, (A23)
where we used det g - det g~! = 1 and the identity 5?1'.'.‘.1‘,”,, dx"" A -+ Adx"» =dx" A --- A dx'». This completes the proof. m
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