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We study quantum electrodynamics (QED) corrections to operator matrix elements involving heavy
composite particles (e.g., heavy-mesons, nuclei, and atoms). We define a new notion of reducible and
irreducible graphs which is useful for systems with many discrete excited states. The equivalence of
the Lehman-Symanzik-Zimmerman (LSZ) reduction formula and old fashioned perturbation theory is
explicitly demonstrated. The self-energy and vertex corrections are defined (to all orders), and the
one-loop corrections are reduced to operator matrix elements which may be evaluated by hadronic,
nuclear, or atomic theorists. The gauge dependence of the various pieces are studied in detail at one
loop, and cancellation of spurious contributions are demonstrated in a class of covariant gauges;
Coulomb gauge is also discussed. The formalism is applied to superallowed beta decay where the
one-loop structure is connected to existing literature based on current algebra techniques. We further
identify the well known O(Z%a?) isospin breaking correction from the intranuclear Coulomb field as
arising from two-loop diagrams. We comment on future applications of our results to the radiative
corrections necessary in extractions of |V,4|, in particular for corrections that required beyond one-

loop order.
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I. INTRODUCTION

There is a growing interest in high precision measure-
ments of processes involving atoms, nuclei, and heavy
hadrons [1-39]. For precision targets of ~1% or better, an
understanding of quantum electrodynamic (QED) correc-
tions at least through one-loop order is required. Analysis
of these systems are complicated by the complexity of the
bound-state dynamics, despite their underlying constitu-
ents being relatively well understood.

As a concrete example, in leptonic reactions involving
nuclei, existing analyses sometimes restrict themselves
to leptonic corrections and so-called “box diagrams” in
which a photon is exchanged between a charged lepton
and the hadronic system. For neutral current reactions,
these topologies are separately gauge invariant, as are
the nuclear vertex corrections. Nevertheless a complete
analysis through O(a) (with a the fine structure con-
stant) demands the inclusion of the corrections to the
nuclear vertex, and it is desirable to have a formalism
that both properly defines this object, and facilitates
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realistic calculations given nuclear wave functions for
the initial and final state.'

For charged current reactions, such as neutrino nucleus
scattering or beta decay, the problem of the nuclear vertex
correction is more pressing. Because the charge of the
initial and final nucleus differ, the leptonic, box, and
nuclear vertex corrections will all in general carry gauge
dependence. Therefore, in order to ensure gauge invariance
of the amplitude, the gauge dependencies of the various
pieces must be properly understood.

In this paper we study the construction of the Lehman-
Symanzik-Zimmerman (LSZ) reduction formula [43] for
bound states composed of electrically charged constituents.
The resulting perturbation theory can be expressed entirely
in terms of nuclear matrix elements taken between the
initial state |A) and the final state |B) defined in the absence
of electromagnetism. The results can also be derived using
time-independent perturbation theory. Next the gauge
dependence of the vertex correction is studied in covariant
gauges, and a comparison is made with a calculation in
Coulomb gauge. We then apply our results to the theory of
beta decay. We match onto existing results at one-loop, and
identify the Z’a? isospin breaking correction from the

ISee Refs. [40—-42] for a discussion of some of these issues in
the language of current algebra.
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overlap of nuclear wave functions as a subset of two-loop
contributions. We finally summarize our results and present
an outlook for future work.

II. STRUCTURE OF THE LSZ REDUCTION
FORMULA

Let us review the standard LSZ construction [43,44].
Consider the matrix element of an arbitrary operator, O,
between single particle states A and B. We denote exact
eigenstates of the full theory” by |A) and |B),

= (B(P")|OlA(p)). (1)

Let us suppose we have interpolating operators 1//j4 and z//};
which satisfy

(A P)|‘I/A|Q) \/Z_AfA (2)
(B(p)lwilQ) = \/Zs&}(p), (3)

where |Q) is the full interacting vacuum, Z, p are real
numbers, and &, p are external wave functions which
transform appropriately under the Lorentz group (e.g.,
Dirac spinor wave functions for spin-1/2 particles).
Operators at a position x are defined by acting with the
generator of translations P, which gives, y,p(x) =
eiP‘wa’Be—iP‘x.

The LSZ reduction formula then tells us that

. . 1 /. —1n-
M= lim lim [ d*x [ d*yel”*e 1P
Py—Ep Po—=Ey

x Z5 P& (0D (QUT{yp(x)y} () 0(0) }|©)
< Brtr ()77, 4)

where D, is the appropriate differential operator for par-
ticle B (as dictated by its spin) and likewise for D, and
particle A. Accounting for factors of Z, and Zp from the
residues on the external legs, this may be conveniently
summarized by

NN

where G,np(p', p) is the amputated Greens function
evaluated at on-shell kinematics for a particle A transition-
ing to another particle B as mediated by the operator O.

Gump(P's P)EA(P)],  (5)

2Our notation is taken from Refs. [45,46], but follows an
opposite convention where |A) is the fully interacting state. We
find this choice convenient since we work in perturbation theory
and mostly use |A).

A. Perturbative expansion

For conceptual simplicity let us consider nuclei, which
are bound in the absence of electromagnetism. In the limit
that the electromagnetic coupling constant tends to zero,
e — 0, the system is described by the strong interaction H g.
Neglecting the target recoil kinetic energy (we will always
assume the bound state is heavy enough that this is a good
approximation) the full Hamiltonian is then

Hyy = Hg + H, + Hiy, (6)

where H, is the free photon Hamiltonian, and Hj,, contains
all interactions between the constituent nucleons and
photons i.e., the current operators. Next, define a modified
interaction picture, where H;, is treated as the interaction
Hamiltonian, and Hg is treated as the zeroth order
Hamiltonian. Let us illustrate how this picture works with
an example in the limit of e — 0. Consider the operator, v,
that annihilates the vacuum, w|0) =0. The two point
function of this operator is given by

/ d*xe (0T {y (x)u" (0)}H0)

&k

2 5 (0 Il//p w1 |0), (7)

1
— Hg +1i0

where only one time ordering contributes because
y|0) = 0. We define

o= [ eyl =0.) (9)

such that wi’; creates, and yy annihilates, states with
momentum k.

The wavefunction renormalization Z, p, and the ampu-
tated Greens function can be computed order by order in
the electromagnetic coupling constant e using,

(QIT{ws(y)wi(0)0(0)}Q)

Oy () (1) 0(0) 0y
(O[T {e ] <} o)

(10)

The left-hand side involves the fully interacting vacuum
|2) and operators in the Heisenberg picture (with respect to
Hqy), while the right-hand side involves operators in the
interaction picture defined above, and the corresponding
vacuum |0) defined by (Hs + H,)|0) = 0.

We always consider bound states with at least one
heavy constituent so that y,|0) = w3|0) = 0. This iden-
tity is related to the conservation of particle number for
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nonrelativistic particles, and applies even when light
degrees of freedom (e.g., pions in a nucleus or light quarks
in a B meson) are present.

B. Construction of the interpolating field

When considering nonrelativistic bound-states (such as
nuclei) a natural interpolating operator is the solution of the
N-body Schrodinger equation in the ¢ — 0 limit

. &k d*p dp
i 1 N 1 T
WA (271')3 /{(27[)% (271')3} (pl pN)ap| apN

x (27)360) (Zp; — k), (11)

where ¥W(py,...,py) is the many-body wave function
and the center of mass momentum k has been made
explicit. We take our states to be normalized as
(A(p)|A(p)) = (27)*6) (p — p’). This operator has the
property that (B(p)|y}|0) = 8,5&,(p) i.e., there is perfect
overlap with the state A and total orthogonality to all other
states B # A.

In a more general setting (e.g., with dynamical pions) it
is unlikely that one can define such a “perfect” interpolating
operator constructively. Nevertheless, such an object exists
formally, as can be easily seen (up to a trivial rescaling) by
considering a general interpolating field and acting with the
projector, [ dp|A(p))(A(p)| (with A only the ground state).
Therefore, in what follows we use an interpolating field that

satisfies (B(p)[w}|0) = 645 ().

C. Irreducible graphs and Feynman rules

In standard treatments of the LSZ reduction formula the
notion of one-particle irreducible (1PI) graphs is very
important. Naively infinite results (i.e., higher order poles)
for the two-point function are resummed and known to be
related to mass and wavefunction renormalization which
are both expressed in terms of the 1PI self-energy.

In the present context, 1PI is hard to define. The
classification of single-particle states will, in general, not
be stable under electromagnetic perturbations; a bound
state near threshold may move into the continuum or vice-
versa. Moreover, the number of single-particle excited
states in the spectrum may be very large (or infinite for
atoms) rendering the dimensionality of a 1PI self-energy
matrix intractable; implementing the 1PI scheme would be
almost as hard as solving the full many-body problem. It is
therefore desirable to develop a modified notion of 1PI
graphs for applications to bound states.

Let us consider the two-point function, and assume a
nondegenerate spectrum; for simplicity take A and B to
have spin-0. Due to the nonrelativistic nature of (at least
one of) the constituents, and the orthogonality relation
(B(p) |1//l; |0) = 8,4p, all nonzero graphs begin and end with
the state A. Any graph with an A-propagator will yield a

higher order pole in the vicinity of py — EX])

0
HylA) = EJ
Iterating gives,

where

defines the unperturbed energy of A.

i
G(p> - (0)
po—Ey

+ (—i%,) T

0 0
Po—Eﬁa) Po—Eix)

(12)
which (following the standard argument) can be resummed,

1
~ po—Hg—25(po) +1i0°

G(p) (13)

By the above analysis, the self-energy, X,(p,), does not
contain any isolated ground state propagators (i.e., outside
of a photon loop). This motivates the introduction of the
projectors

b= [ SR aEL 09
3
Py=1 _/((;TP;HA(P))(A(P)L (15)

which satisfy P, + P% =1

Using this projector we can define the notion of external
particle irreducible (EPI) graphs. For a process with an
external single-particle state A, a graph is EPI if it cannot be
reduced into two separate pieces by cutting an A-propa-
gator in the graph. The self-energy is defined by all EPI
graphs, which differs from the conventional definition in
terms of 1PI graphs. Using different projectors in place of
P A other irreducible graph schemes can be constructed (for

example 1PI corresponds to a projector that removes all
single-particle states) in direct analogy with degenerate
perturbation theory in nonrelativistic quantum mechanics
(see Sec. II D).

The notion of EPI naturally motivates the following
Feynman rules. There is a standard photon propagator
(which we write momentum ¢) and three hadronic propa-
gators® (which we write with momentum p)

AN = DMV(Q)‘/

(16)

_ i a7
 po—Hg+i0

3The double line and dashed double line include both discrete
and continuum excited states. The latter may be thought of as
accounting for loops of strongly interacting particles.
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===== = ]P) . 18
po — Hg +10 4 (18)
= i P (19)
Do - Hg +10
These propagators are redundant, since
+ ===== = , and in practice

only the dashed and sohd double line propagators are
needed for EPI graphs.

Next, define interaction vertices for photons with
momentum g, = (@, q). These are operator valued func-
tions of q (but not w). For example the current and seagull
operators for nonrelativistic minimally coupled particles

are drawn as,
é = (16)J;4(q) ’ (20)

H (e)Swlan@) . @)

More generally, interactions with photons can involve the
field strength F,, coupled to some hadronic operator
defined at =0 e.g., 7,,(q;,q2.q3). If derivatives act
on the photon field the Feynman rule includes factors of g,
(including dependence on w) but all hadronic operators are
evaluated at fixed three-momenta.

External lines denote either the initial, |A), or final, (B],
state

=AY, (22)

where the hatched blob represents the rest of the graph.
External polarization spinors, {4 g(p), are not needed since
these are packaged into the states |A) and (B].

D. Equivalence with time-independent
perturbation theory

The above discussion can be directly related to time-
independent perturbation theory. Consider the matrix
element (B|O(k)|A). As above, exact eigenstates are
denoted by |A) and |B) and the unperturbed states by

|A) and |B). Let us solve for |A) as a sum over states |A,),
|A,)|1y), |A,)|2y) etc., and then compute (B|O(k)|A).

Since wavefunction renormalization is naturally defined
around the exact energy eigenstates, it is convenient to use
Brillouin-Wigner [47] (rather than Rayleigh-Schrodinger)
perturbation theory. Let us write the Hamiltonian for the
system as H = Hy + H;,, where

H():HS—FH},, (24)

such that H,|y(q)) = |q||y(q)). The state |A) satisfies the
Lippmann-Schwinger-like equation [47],

= VZalA) +

Py
E H A HmtlA)7 (25)

where Pi}) — 1 — [dp|A(p):0y)(A(p): 0y| and E, is the
exact energy of |A). The matrix element is then given by
(BlO(k)|A)

— \/ ZA\/ ZB<B|O(k) A

() v 1
PYok)PY ——
B/ ()AEA—HO

O(k)[A)

1
+ (B|Himm HiylA)

1 ()
Z.B|H,  ——— PV
+ A( | lntEB_HO B/

Z5(BlOK)PY

A mHimM)- (26)

The wavefunction renormalization is fixed by demanding
the state have unit norm (A|A) =1,

Zy=1-(A|H,PY L _pogy Ja).
mCf EN—HyE,—H, £ ™
(27)
In this section it is important to recall that [P’ |A)|ny)

|A)|ny) for n > 1. At first order in perturbation theory, since
H;, creates a single photon, we may replace £, — Hy —
—la| - (Hs— E,) and Ep—Ho— —|q| — (Hs— Ep) in
the above expressions by acting with H, on the photon
states that appear after acting with H,,.

It can be readily checked, after performing the integral
over dw and picking up the pole from the photon propa-
gator, that these results agree with those derived using the
LSZ reduction formula and the EPI scheme defined above.
Other schemes, in which a set of discrete states are counted
as “external” are discussed in Appendix B. Moreover this
presents a direct and immediate connection to existing
formulations of isospin breaking in nuclear beta decays
where only the Coulomb interaction was retained [45,46].
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III. FIXED ORDER RESULTS

It proves convenient to introduce the notation,

(B|O;(Kky)...On(ky)|A)

(B(pg)|O)(k)...0yn(ky)|A(Pa))
(B(ps + K)|A(pa)) ’

(28)

where K = ), K; such that (B|...|A) is always a smooth
function of K;...ky. Therefore, whenever matrix ele-
ments without explicit momenta appear below, the above
definition is implied. This corresponds to the (...)
notation in Ref. [48], but it is convenient to retain A
and B explicitly in the notation when considering

o]

-5 (po)

reactions involving the weak charged current where the
initial and final nuclei differ.

A. Wavefunction renormalization

We are now in position to compute the wavefunction
renormalization. Analysis of the resummed propagator
gives,

1
S
1 _212 Po=Ey

which holds at all orders in perturbation theory. Let us
compute the one-loop approximation. Begin with the one-
loop self-energy,

(30)

(-i¢2) [ Gtz D] (AL (-0) = () 5 (AlSu(a-a)l )]

where we use w = g, throughout the rest of the paper. The factor of 1/2 for the seagull vertex is related to a symmetry
factor. Next, differentiate with respect to p, and set py = Ejy4,

dpo 2

[ d v

]po=EA

9 dw
= ()« [ Gy Do) Al (a)

(31)

2
_ A
— ) Sl |

where the black dot, * = (—1) x 1, is proportional to the identity operator. Next, consider the diagrammatic expansion at
second order. There are the familiar topologies from scalar-QED (shown in the first line) and then an additional interaction
of the lower-order self-energy with the dashed propagator (shown in the second line),

-inf =

0D+ TR0 -

(32)

with ellipses denoting other topologies. Notice the graphs involving iterations of —izgl)( po) are EPI but not 1PL
When considering gauge-dependence, it is useful to introduce the operators /ff)(q), defined by

SN a) =T 1,(q) £

+w + 10

1 (q-J)v,. (33)

where Uy is the four-velocity of the nuclear target (i.e., v, = (1,0,0,0) in the rest frame) and @ = v - ¢. These operators
satisfy g _# ;(f)(q) =0, and arise naturally from the identities [48],
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l ! (+)
— 7, (q)A) = S o "
) s S——) Y P S — )
o . |
o —Hy+10 POn 5T T o
where Hy = Hs = E{), with Hs|4, B) = E{(}|A. B). For

example, when evaluated on-shell, the one-loop self-energy
can be symmetrized under ¢ <> —¢ in which case it can be
written in precisely the same form as the Cottingham
formula [49],

- —62 d4
~iz3" (py = Ey) _ ! > )/(2734

Dﬂy(‘I)H/w(q’ _Q>’
(36)
where H,, is the doubly-virtual Compton tensor. A

manifestly gauge invariant decomposition of this object
using Egs. (34) and (35) is given in Ref. [48].

B. Vertex correction

Next, consider the amputated Greens function
Gamp(P'. P). At tree level, only the matrix element of
O(k) is required,

LG p)Ealp) = (BIO(K)|A) =

Next, at one-loop order there are five graphs,

&5(p)) G (P! p)ea(p) = AL + A ALY
+ AN 4 AD, (38)

which are given diagrammatically by

AL = A INEY

A B

A£1)+A£1) ) ({;}j\ N {;8\ |
A B A B

(40)

A((il) +A£1) _ / (Q . / f; \3 |
A B A B

(41)

Once again we encounter diagrams which are EPI but not

1PI. As discussed below, these are crucial for the cancel-
lation of gauge dependencies.

IV. GAUGE-DEPENDENCE
IN COVARIANT GAUGE

This section focuses on the study of gauge dependence
in covariant gauges. When O is a neutral-current operator,
the sum of the graphs discussed above are gauge invariant,
whereas if O is a charged operator, residual gauge
dependence appears in a simple factorized form that
guarantees cancellation with other gauge dependent parts
of the amplitude. Any ultraviolet or infrared divergences
that appear below are implicitly handled with standard field
theory techniques.

In covariant (sometimes called R;) gauges the photon
propagator is given by,

D) = 5555 (3w = 1-9

9.9y
. 42
q> + iO) (42)

Demonstrating that amplitudes are &-independent is then
equivalent to studying whether expressions with D, —
i(1 - ¢&)q,q,/q* vanish after summing over all graphs; this
is a necessary but not sufficient condition for gauge
invariance. An explicit connection to Coulomb gauge (a
noncovariant gauge) is deferred to Appendix A.

The &-dependent part of the one-loop wavefunction
renormalization is given by,

—ie? w &
%Z;{}f =—(1-9 /(i—ﬂ)%% {Alp(=a)p(a)[4),
(43)

where Eqs. (34) and (35) and the property that
¢" 7\ (q) = 0 have been used.
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Next, consider the vertex correction. First take diagram (a). Using the above identities we have,

(1) dw d3q 1
Al =i -8) [ 5 S Bl Ok)p(a)a). (44)
It is convenient to rewrite this as
1 ie? dow d°
A =—5(1-9) / o 1 L (BOM)p(~a)p(@)|4) + (Blo(~a)p(a) (k) |4)]
ie? do d3q 1
—70—5)/(2”)( g7 BlP(=a) @, O] 14). (43)

The commutator on the second line may be evaluated using properties of p. For operators without derivative interactions®
this gives [41,44],

p(=q). [p(q). O(k)] = Qolp(-q). Ok + q)] = 03 O(K). (46)

where Qp is the electric charge of the operator O(k). Another interesting example is a the nonrelativistic electromagnetic
current density J(k) whose commutator gives a Schwinger term [48,50,51], but whose double commutator vanishes. Notice
that for charged current operators, this is the same gauge dependence as would be obtained from the self-energy of charged
pointlike spectator particle of charge Q4 that is absorbed by the charged current.

Next let us consider diagram (b). Using Eqgs. (34) and (35) yields,

3
do d’¢q 1<B|(’)(k)ﬂ3’

(277:) (2 )3 q4 A —H, +i0 qﬂfﬂ(—q)p(qﬂA), (47)

AL = (+ie)(1 - &) /

Let us first note that ¢*J,(q) = wp — q - J, and the term proportional to e integrates to zero. Next, it is helpful to use the
identity,

1(-a)p(@) = 5 1(~a).p(a)] + 5 1i(~). )

1 1
= Eqﬂsui(_q’q) +§{Jl(—q),,0(q)}, (48)
where the second line follows after evaluating the commutator. One now sees that the gauge dependent piece related to the
seagull operator cancels between A;, - and A, ; (the same happens with A, - and A, ). This then leaves the anticommutator

contribution from A, ¢,

ie? do d3¢g 1
e =5 1-9 [ o BIOGOP

A 27) (27) ¢ {a-J(=q).p(q)}/A). (49)

/H+O

Using the continuity equation (—q) - J(—q) = [H4, p(—q)] and H4|A) = 0, then gives

ie? o &
Mo = =5 01-0 [ G5l BOKP @) (50)

The wavefunction renormalization for A is

S =12 1= [ S BOMP s @ -a)) 51)

Adding these together then cancels the Opp terms on the first line of Eq. (45). The same exercise can be done in the final
state with the ppO terms, AEQ}’ £ and the wavefunction renormalization for B. Notice that these cancellations occur for A and
B independently.

“When derivative interactions are present in O(k) additional seagull-like terms appear in both the commutator and the primary vertex
itself (i.e., involving a photon “coming out of the current”).
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In summary, after adding all diagrams together the
only residual gauge dependence is proportional to
10%(B|O(k)|A). This residual gauge dependence for
charged operators then cancels when combined with graphs
involving the other charged states (e.g., an electron)
produced in the reaction associated with O(k). The
cancellations take place independently for states before
and after the operator insertion O(k). The necessary
ingredients are the cancellation of Schwinger terms
(the commutator of J and p) against terms from the
seagull vertex, and current conservation such that

q-J(q) = [H,p(q)].

V. ISOSPIN BREAKING AND SUPERALLOWED
BETA DECAYS

As an application of the above Feynman rules, let us
consider a superallowed beta decay (0t — 0T) mediated by
the weak interaction Hamiltonian Hy,. For example, con-
sider

19C(0) = B(k)e* (p)v.(p.). (52)
where kK = —p, — p,. At low momentum transfers, beta
decays are dominantly mediated by the zeroth component
of the weak charged current (the spatial component is
suppressed by the mass of carbon/boron ~10 GeV). We
therefore focus on the operator (keeping Q as a free
variable since we evaluate at k and k — q below)

d*p

0Q) = / Wb;map, (53)

where a, and bf, annihilate protons and create neutrons
respectively. When Q — O the operator reduces to the
isospin lowering operator O(0) = 7.

Let us approximate O(k) by O(0) = z~. For isovector
(T = 1) states, isospin then dictates that as Q — 0,

N
A B

(54)

and

S

These relations simplify some of the following analysis.
For example the diagrams (b) — (e) from Egs. (39) and
(40) do not contribute to the amplitude because of the
vanishing Feynman rule given above. Although we have
k = 0 in mind, we retain O(k) in much of the discussion
below, which makes generalization to larger momentum
transfers straightforward.

Radiative corrections to beta decay can be broken apart
into: the wavefunction renormalization of the electron, Z,,
the nuclear vertex correction, V, and everything else which
we will refer to as “box graphs” B. Next, define the

radiative corrections multiplicatively,

A B
(56)

(55)

v

(Beve/Hw|A) = [1 +V+B+(/Z.- 1)] x (

The vertex correction may be defined as (B|O(k)|A) =
(1 +V)x (B|O(k)|A) and is the object discussed exten-
sively in the preceding sections (see also Refs. [40—42]).
With superscripts denoting orders in a, through one-loop
order this formula reads,

v €
1
(Be*ve|Hw|A) = [1 +VW + BW 4 526(1)] X X (57)
A B
Diagrammatically the one-loop expressions are given by (using * = (—1) again),
Ze = e e G8)
-1
v e v e
1
1) - 59
14 x X ) A—ég:;b—A + 3—6:-;8—3 (59)
A B A B
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-1
(&

v € v € v
-
A B A B A B

Each three of these terms is gauge dependent, and so it proves convenient to add and subtract the following term:

¢ ZE,I) + BE,I)) X (Betv,|Hy|A), where Zﬁ,l) is the wavefunction renormalization of a heavy pointlike particle of charge one

(i.e., a proton),
diq 1 )2
Z(l) - _ 2/ — 1 pmw ( ) ,
T ) (@) @l 555) v

with e = (=1), and B(pl) is related to the box diagram for a heavy pointlike proton,

BY) = W x 2 / (3734 D" (q)v, <a)i10> ﬁ(pp)l“_%e_lﬁ_}nyw(pe)y (62)

with I' = (1 — y5)# the weak vertex for the vector current. Diagrammatically this can be written as

(61)

-1
14 (& 14 €

el SR | g

where the empty square denotes the pointlike weak interaction vertex.
Defining the subtracted vertex correction and box diagrams,

1
v =y —zzﬁﬁ, (64)

O(l) _

virt.

66)

%
X
&
:

we then rewrite Eq. (57) as

(Be've|Hw|A) = [1 R CORY -TC I O\(Illr)t]
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The quantities in the above expression are closely related to existing conventions in the literature for the nuclear structure
dependent correction’ s or “the yW box”, and the virtual part of the outer radiative corrections & (i.e., without real photon
emission). Our focus is on the vertex correction V().

The decomposition in Eq. (67) has a number of advantages as compared to Eq. (57). First, notice that Oi}r)t is gauge
invariant, being the complete set of diagrams for the crossed reaction of 7, p™ — e*n (inverse beta decay). Therefore the
sum B 4 V(1) s also gauge invariant. Second, using the results presented above, it is easy to show that V(1) is independent
of the gauge parameter £ in covariant gauges. Similarly, using the results from Ref. [48] one can show that

~<1) — 1 X €2 d4—q HY u ; )] — ﬂ] v @ —
817 0) = L O = )+ (BIO =) A )l (68)
B A

and since the term in square brackets, H,, satisfies ¢*H, = 0 one can again explicitly show that B is &-independent in
covariant gauge. Nevertheless, as is discussed in detail in Appendix A, B(") and V(1) are both gauge dependent (as can be
seen explicitly by comparing noncovariant gauges). For example the difference between V(Fl) computed in Feynman gauge,

and \78) computed in Coulomb gauge is

) sy ., [ d'¢ 1 1 (BlO(k,q,0)|A)
7 -V = e [ a) fwri0 (BOK)A) (69)

where (note that @ — —|q| after closing the energy contour in the upper half plane),

1 1

0(k.q.0) = O(k - q) o, 10k -9 -5

prnyrpeenTaC UnliC) O(k). (70)

We estimate that [\71(51> - V(Cl)] < (a/x). This difference may be added to V(Cl> (computed in Coulomb gauge) to obtain the
answer in Feynman gauge (and thereby the whole class of covariant gauges),

R L R S Y. L
v ‘<B|o<k>|A>/ 2ny 2q] PO g, O g, S OAIP(9)

1, [ dq 1 Ly
_262/(2ﬂ)32|q|<A|1i(_q) <|(I|+HA> Ji(@)A)Pi;(q)

L, [ &g 1 ol — 1V -
37 [ G O (i) H@e) o

where the infinitesimal in 1/(|q| 4 H, 5 —i0) has been left implicit and P;;(q) = 6;; — ¢;q,/q? is a transverse projector.
When k = 0 (and when isospin is a good symmetry of the strong interaction) this can be further simplified to a two-point
function between J; and the charged weak-current J; (q) = [z, J;(q)] [41] which is analogous to Eq. (69) (see also

discussion in Refs. [40-42]). This is most easily seen by noting that 7~ commutes with H, 5 and using 7~ |A) = v/2|B)

Ly ISP (S Y
Vo' = 2/(27T)32|Q|<le< q)(|Q|+HB> J](q)|A>|]:DU(q)

e? [ dq 1 1 2
) / 2ry 2l B9 (m) J5(@)A)P;(q). (72)

We estimate that \78) ~ (a/m)v} ~ 1 x 10~* with v, a typical proton velocity, [there are Z-enhancements term-by-term in
Eq. (71), but they cancel as can be seen in Eq. (72)].

The subtracted box B(") contains the Fermi function, shape factor, and Sys.
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Let us now discuss the mapping of our V(1) and B!") onto
conventions in the literature (namely for &¢, g, and &).
These quantities are typically defined via [2,9]

I'= [F]l?::g?lg X (1 =8¢ + 6ns) (1 + 8R). (73)
where we omit the short-distance “inner correction” Ay
assuming it has already been subsumed into the tree-level
matrix element. The leading-in-Za piece includes all terms
which can be obtained by solving for the Dirac wave
function of the positron.

The virtual part of the outer correction, &y, is entirely

contained within 05}1)1 and we do not discuss it further.
Historically the isospin correction (1 —8¢/2) is defined
as the wave function overlap between the initial and final
state with the Coulomb force included (1 — 6-/2) = (BJ|A).
We are able to identify this effect as at two-loops in our
formalism, and comment on this contribution below.

The sum V() + B() includes dys as well as some of the

|
/”-\\
P s
A B

and replacing J, — v,p then reproduces the O(Z%a?)
expressions for isospin breaking derived in Refs. [45,46]
using time-independent perturbation theory. More explic-
itly, the vertex diagram corresponds to the second term in
Eq. (19) of Ref. [45], and the two wavefunction renorm-
alization diagrams map onto the factor of \/Z; \/Z in the
same equation of that reference.

The results presented here for the nuclear vertex cor-
rection V1), and its subtracted counterpart V(1) generalize
the analysis of isospin breaking to include transverse
photons and to account for a subtle gauge dependence.
This gauge dependence is properly handled in existing

dispersive treatments. Our discussion of Oiir)t provides a
novel derivation of the (well known) factorization of outer
radiative corrections 8y from the tree level matrix element
(B|O(k)|A) at O(«) [52].

We have therefore reproduced well known results at one-
loop order derived using Brown’s on-shell perturbation
formula (as opposed to the LSZ construction described
herein). Moreover we have also identified 6 (as well as the
outer corrections, Fermi function, and shape factor) in the
same formalism. We therefore believe that the LSZ con-
struction presented here contains all electromagnetically
induced corrections and can be systematically extended to
higher orders in perturbation theory. Such higher order
corrections will bear on the ongoing efforts to extract |V,
and to search for new physics.

5O

leading-in-Za effects. For example, the product of the
Fermi function, F(Z, E), and shape factor C(Z, E), are also
contained within this quantity (see Appendix C for more
details).

At higher loop order we can make contact with existing
studies of the isospin breaking [45,46] correction ¢, even
in the absence of a detailed understanding of gauge
dependencies at two-loop order. The largest source of
isospin breaking stems from the intranuclear Coulomb
interaction, which be identified by keeping all terms at
any order in perturbation theory and replacing J, — v,p.
These contributions must be gauge invariant, since they
are maximally Z-enhanced and unsuppressed by proton-
velocities in the nonrelativistic limit.

Keeping only these “Coulomb terms” we find that the
maximally Z-enhanced parts from V match onto the
existing definition of ¢ in the literature. For example at
O(Z?a?), taking the following diagrams (vertex correction
and wavefunction renormalization),

LD

A )

A. Comparison to other approaches

Before concluding, let us sketch how the above derived
results may be useful for precision applications. A com-
plete formalism for QED corrections to strongly interacting
systems was developed using current algebra in the 1960s
[41]. The formalism uses a an “on-shell perturbation for-
mula” (see Eq. (3.7) of [41]) which was, to the best of our
knowledge, never extended beyond O(«). Furthermore, the
resulting current algebra expressions are difficult to evalu-
ate using modern nuclear many-body methods.

The formalism presented in this paper makes direct contact
with the familiar LSZ reduction formula, and therefore is
suitable for calculations at arbitrary order in a. We have
shown explicitly how isospin breaking (induced by the
intranuclear Coulomb field) arises in the LSZ formalism
at O(a?). Demonstrating that all higher order effects arise ina
unified formalism ensures that no double-counting takes
place, which is critical for the ongoing precision beta decay
program (for instance at O(Za?) [53,54]).

The LSZ construction derived above is complimentary to
many approaches in the nonrelativistic effective field theory
literature. We use the following properties: (i) there exists a
Hamiltonian that has a bound-state spectrum at leading
order, (ii) there is a current operator that satisfies the
continuity equation (at an operator level), and (iii) that
target recoil is negligible. If one specializes to a non-
relativistic effective theory (NREFT) all of the above
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assumptions are indeed satisfied. The LSZ formalism in
terms of explicitly time-ordered operators enables practical
calculations of hadronic/nuclear matrix elements at any
order in a. Thus, we provide a practical tool to compute
low-energy matrix elements that appear in NREFT fac-
torization formulas, for complicated bound states that arise
in nuclear physics (in contrast to the Coulomb-like bound
states of quarkonium or hydrogen).

VI. CONCLUSIONS

In this paper we have studied QED corrections to the
matrix elements of external operators between composite
states. The formalism can be applied at arbitrary loop order
using a standard diagrammatic expansion. These correc-
tions are important for any processes involving atoms,
nuclei, or heavy hadrons in which percent-level control of
the theory is required. Relevant examples include neutrino
nucleus scattering, radiative and nonradiative B-decays,
and superallowed beta decay.

Our LSZ construction is somewhat unconventional since
we have allowed ourselves the freedom to separate the
Hilbert space of states into two arbitrary disjoint sectors
rather than 1PI and 1PR graphs. The simplest choice is to
omit only the external particle in the irreducible graphs
(EPI). We have also provided an explicit discussion of how
the LSZ reduction relates to time-independent perturbation
theory.

The perturbative expansion can be summarized with
operator valued Feynman rules including projectors that are
used to define EPI graphs. The graphical structure of the
vertex correction, and wavefunction renormalization are
similar, but not identical to scalar-QED. The differences
stem from the fact that the strong-interaction propagator
includes both single particle states that are not EPI, and also
continuum contributions that would correspond to loop
diagrams (e.g., from an emitted and reabsorbed neutron) if
the strong interaction were treated perturbatively. Using the
Feynman rules defined above, it is a simple matter of
drawing graphs, and transcribing the result in terms of on-
shell matrix elements (B|...|A).

Motivated by our recent work [48], one of our goals has
been to understand how gauge dependence appears and
ultimately cancels in physical observables. For neutral
operators we have shown® that the wavefunction renorm-
alization and vertex corrections combined together are
gauge invariant. For charged current operators, the com-
mutator [p, O] does not vanish, and one picks up additional
gauge dependence. In covariant, or R, gauges the ¢-
dependence appears from a double-commutator. In non-
covariant gauges, such as Coulomb gauge, the result is
more subtle.

®We have not explicitly analyzed derivative-operators, but an
extension to this case is straightforward.

We have applied our analysis to nuclear beta decays,
with a specific eye toward the high precision goals
necessary to test first-row CKM-unitarity. We have the
following results:

(1) All QED effects (the Fermi function, isospin break-
ing, nuclear structure corrections, and the factoriza-
tion of outer corrections) are described in a single
formalism.

(i) The LSZ formalism reproduces all known one-loop
effects, and the isospin breaking correction d- at
two-loop order. Furthermore it can be readily ex-
tended to higher orders in perturbation theory e.g.,
two-loop Za? corrections.

(iii) A detailed understanding of gauge dependencies in
formalism. These details are useful when construct-
ing approximation schemes [48].

There are a variety of phenomenological applications
that should be pursued. Radiative corrections to neutrino
nucleus scattering in the 0.5-2.5 GeV regime are important
for the long-baseline neutrino oscillation program. Since
we have retained momentum dependence in O(k) above,
many of our results can be applied to this problem. Another
interesting application is neutral current scattering (such as
electron scattering, coherent neutrino nucleus scattering,
and parity violating electron scattering), where the hadronic
vertex corrections derived in this paper become gauge
invariant. Finally, it would be interesting to study structure
dependent radiative corrections that appear in the theory of
B decays.

In summary, we have derived operator-valued
Feynman rules for computing perturbative QED correc-
tions to processes involving composite bound states.
Notable developments include the notion of EPI vs 1PI,
and connections to Brillouin-Wigner perturbation theory.
We have developed a set of simple Feynman rules that
allow for systematically improvable QED calculations
that are relevant for extractions of the CKM matrix
element |V,,|. There are many opportunities for the
phenomenological application of these results that bear
on important questions in high energy and nuclear
physics.
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APPENDIX A: RELATION BETWEEN FEYNMAN
AND COULOMB GAUGE

In the main text we have demonstrated the equivalence of
all R; gauges, however we find that results are simplest in
Coulomb gauge (which is not an R; or covariant gauge). In
this Appendix we begin with the result in Feynman gauge
and demonstrate equivalence with Coulomb gauge explic-
itly. A more general discussion of noncovariant gauges
should be pursued in future work.

Consider the propagator in Coulomb gauge,

i i
DC./M/(Q) = ?Uﬂvv + ?PMU’ (Al)

where P, = =g, + ¢1,4.1,/4% . We may compare this to
Feynman gauge where one has instead

i
DF,/W(‘I) = <_l) X?g/w

1 1
=(-1) x?vﬂvy—?gﬁ. (A2)

One can clearly focus on the terms proportional to v,v, in
Feynman gauge which must (i) produce the ¢,,q,,/ el
terms in the projector P,, and (ii) reproduce the longi-
tudinal terms proportional to v,v, in Coulomb gauge.
For problem (ii) we first discuss the computation of the
longitudinal modes in Coulomb gauge. One may readily
check that the longitudinal contributions to diagram Agl)

vanishes by contour integration (diagrams AE‘) and AS) are
trivially zero), because the longitudinal photon propagator
has no poles in the complex-w plane. The diagrams AZU
and A((jl), by way of contrast, receive a contribution from

the “arc at infinity” because there is only one double-line
propagator leading to a 1 /w fall-off as w — 0. The result is

d*q 1 1 1
Al —'2/——BOk7[P’ — A) | —. A3
b, = 1€ (27[)4 ot i0< 1O( )_HA 10 AP( qQ)p(q)|A) 7 (A3)
A similar result holds for AEJI)CL
To relate the Feynman and Coulomb gauge propagators it is convenient to make use of the identity
9y —dip
=, A4
Un o + 10 (A4)

where the sign of the infinitesimal imaginary part is necessary to avoid pinches in the complex plane. Using g,, =
v,v, + g We may then write

quqv
(w +10)?

v +v v
D D%+%ﬁ+fwﬂ }

(w +10)  +i0)? (A3)

9w = —
This representation is convenient because the term in curly braces reproduces the Coulomb-gauge result for transverse
photons after performing the contour integral over dew, which amounts to the replacement (@ + i0)? — —g?% . This then
solves problem (i) from above.

Let us turn our attention to problem (ii). We have already studied the propagator g,,q, / g* when discussing R: gauge. The
case of q,q,/ (¢* x (w +10)?) is slightly different because of the double-pole at @ = 0. In particular beneath Eq. (47) we
dropped a term linear in @ from Aél) noting that it would integrate to zero. This term now gives instead, w/(w + i0)? =
1/(w+1i0) = PV(1/w) + (—ir)8(w) which does not integrate to zero when integrated against an even function. The result
is that the terms involving (i) X ¢,4,/[¢*(w +i0)?] give

d*q 1 1 1 1
~1) xie? | —= B|O(K) ———P p(- A= =(=1)x AL, A6
D) xier [ 5 | O Pl o = (1) < AL, (A6)
which is related to the longitudinal (Coulomb mode) contribution AEPCL. Again, a similar result holds for AEJI)CL
In order to study the terms involving (v,q, + v,4,) let us define the “mixed propagator”
i
Dy = (=1) ¥ ?m(%% +v,q,). (A7)
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Consider first the contribution to AE,I) using Dy, in place of D,, which we denote by AE:[)M,

4
Al = i€ [ 5| Blol=a) O + g (B0 ol
(A8)
It is useful to rewrite this as,
Al = i€ [ i | O (-a) @A) + s (Bl (@O
4
- [t o Bl 0 ot
tor0 <B|P(—€l)m[o(k)’P(Q)]A>}v (A9)

where all commutator dependence is between the curly braces. The terms in square brackets are organized such that the first
line contains EM currents that act before the operator and the second line EM currents that act after the operator. Let us

focus on the first line which combines with .A,(]l’,)w and Zgl). The seagull terms in AEIZ)V, give zero when contracted with v, and
so we have for the rest of the terms (focusing on those involving interactions with A before the external operator)

L, Lo (0):_-2/ dlg 17 2 1 _
A+ 5 DA = =ie? [ S | (BIO) g Pypl-a)p(a)a)
1 1
- B0 ) (@A) (A10)

Notice that when combined with the first line in the square brackets of Eq. (A9) this gives 2 x AE,%L. Finally, adding this to
(=1) x Ag,l,)CL from Eq. (A6) we find the same result as would be obtained in Coulomb gauge for diagram (b). Performing

the same analysis with the second line in the square brackets of Eq. (A9) and AE,IZ)W + %Zg},,A(O) leads to (in the case

where [p, O] = 0),

1
AN+ A 220, A0 4 AL

2

This solves problem (ii) from above because AS)C =
Ail)c =0and A(al)c = .A((ll,)cr only involves transverse pho-

tons such that M(Cl) = /\/ll(pl) when summing over all of the
Feynman diagrams.

So far in our discussion we have neglected the commu-
tators [p(q), (’)(k)]7in Eq. (A9). These terms are nonzero for
charged operators’ and are relevant for weak interaction
phenomenology. Since charged currents mix the gauge
properties of the hadronic and leptonic sectors, we must
also study diagrams involving photon exchange with the
charged lepton (or other charged hadron) i.e., the box
diagrams discussed above. Doing so one finds that the

contribution from D, ,, where v, contracts with the

"For operators involving derivatives there are further seagull
terms at the weak vertex we have not included.

(A11)

|
hadronic part of the diagram and ¢, with the leptonic part
of the diagram subtracts off the commutator terms in
Eq. (A9). To see this one requires the result that
[P(q),O(k)] = QpO(q+k) and to use the on-shell
identity —¢v(p,) = (-§, — f — m)v(p,) for the leptonic
part of the diagram which is related to diagrammatic proofs
of the Ward identity.

APPENDIX B: DEGENERATE PERTURBATION
THEORY

It is a common occurrence when considering bound state
spectra that closely spaced levels spoil the convergence of
perturbation theory. The “EPI scheme” discussed in the
main text corresponds to standard nondegenerate pertur-
bation theory, however it is straightforwardly generalized to
include a manifold of closely spaced energy levels using
degenerate perturbation theory. The “1PI scheme” is then a
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particular choice in which all single particle states (includ-
ing the entire bound-state spectrum) are included in the
quasidegenerate manifold. Here we briefly outline how to
extend the EPI scheme when the initial or final nucleus is
part of an almost degenerate subspace, S, of states. First we
|

1
S
G§l> = DJl + Djk/ {Zk/k]Dki + = [m

where repeated indices are summed over states in the
almost degenerate subspace and

(B2)

is the free propagator. Of course G and X also depend on
p%. T has a perturbative expansion in the electromagnetic
fine structure constant a that begins at O(a). For conven-
ience we have removed a factor of i from the conventional
definitions (e.g. D is —i times the usual free propagator, X is
i times the usual definition, and similarly for G). In the
above X is the subspace EPI self-energy matrix that takes
into account electromagnetic corrections. It has a pertur-
bative series in the electromagnetic fine structure constant
and the first term is linear in a.

Taking these electromagnetic corrections into account
the corrected energy eigenvalues for states EP™ in
this subspace occur at values of p° that satisfy,
det[D(p°)~' = Z(p°)] = 0.

In general the initial and final states (A and B) will have
their own degenerate subspaces S, and Sp. For a transition
between the states AP™S in S, and BP™* in S; we need to
find the physical states AP"Y$ and BP"* and which include
electromagnetic corrections. Let us first focus first on the

initial states and expand the denominator of G(54) about
0= EPhys
W

D' -3 = (p° — EB™ + BB — E,) — S(ER™)

— (p° = ER™) S (ER™) + - (B3)
The matrix
M = (ER™ — E,) — 262 (ER™) (B4)

has one zero eigenvalue corresponding the physical initial
state. Clearly we want to work with a basis of states for the
subspace S where M is diagonal. So henceforth let us do so.
For LSZ we will need.

extend the definition of EPI to this whole space so that the

full two point function G,(»f) between any two states i and j

in this subspace is. Removing some of the factors of i
we write

1 1
O S A
jk kj —dij
[
. Sy hys
lllllpo_,E/r;hyS [Gl({[ )(pO - Ef& yS)}
1
- hm 0_, phys S S (BS)
PR My (p° - Ethy )= 2’(Ei1hy M

Taking the limit it can be seen that this matrix is diagonal
and the only nonzero entry in the diagonal is the one
corresponding to the physical state A. Explicitly

Ox1a)01)

(Sa)(,0 _ EPhys
n
(1 =2 (ER)jayja))

limp0—>EA [sz (p A )] =

(B6)

An identical set of equations holds for the final state and its
almost degenerate subspace. Since X is order « if we work

to that order we can replace E}™* by E, in the argument
of ¥,

So the upshot is that the LSZ prescription is to rotate to
the basis where the matrices M for the initial and final
almost degenerate subspaces are diagonal with a zero in the
slot corresponding to the initial and final states and then
the usual formulas apply with (at leading order in the
electromagnetic coupling), /Z, = 1 + X'(E4 ) 4)4)/2 and
VZp = 1+ X/(Eg) pp) /2. Note that in general the matri-
ces Y are different for the initial and final almost
degenerate subspaces.

A similar situation occurs in degenerate perturbation
theory however one must take into account that the energy
shift vanishes at O(e) in QED because if we write |A) =
|A) + e|A) D) + e2|A)?) + ... then (A|A)) =0 because
|A) has the photonic vacuum whereas |A)(") contains a |1y)
state. As a result we must work to second order to
determine the appropriate energy shift for the states |A)
and |B). Doing so, one finds that to avoid small denom-
inators in perturbation theory, an energy-dependent (and
therefore state-dependent) matrix must be diagonalized,
just like X(py = E,4 ;) described above.

APPENDIX C: NUCLEAR STRUCTURE
CORRECTION

In this section we make contact with existing literature
on the nuclear structure dependent correction, dyg, the
Fermi function F(Z, E), and the shape function C(Z, E).
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These quantities, which appear in the theory of super-
allowed beta decays are important for a consistent analysis
of radiative corrections.

Let us begin with the mapping to the notation of Ref. [42].
It is easiest to make connection prior to any subtractions i.e.,
in terms of V(1) and B("). Since we have included only the
vector part of the current, the mapping is given by,

v = 8My + 6M, (C1)

B — sMy,. (C2)

The term 693 = O in the isospin conserving limit (in the

infinite target-mass limit). We have used “—” instead
|
- 1 d*q
B = _ xez/ D*(q)i(p,)T
W o) BOMA " | Gay 0P
B| #9)(q) —————O(k — q)|A) + (B|O(k —
(B () = Ok —a)l4) + (BlO(k ~a)

O)—HA

of “=" due to some technical differences. For example,
the corrections in Ref. [42] are defined with a propagating
W-boson, whereas we have worked in an effective theory at
the level of nucleons. Another difference is that the outer
corrections in Ref. [42] are following the classic Sirlin

conventions, whereas our Os}r)t is defined in terms of a heavy
particle effective field theory amplitude as in Refs. [8,15,30].
Finally, note that we have studied the renormalization of
O(k) = J, whereas Refs. [41,42] consider 7, which also
includes the spatial component of the weak current.

Let us further identify the Fermi function and shape
factor in our result. Consider B (1), which we repeat here for
convenience,

L 0(po)l-(270)8,6(0) Bl (@) Ok — q)|A)

1

S (@A) (C3)

The first term with 5(w) is separately gauge invariant (in arbitrary noncovariant gauge), and remains gauge invariant for an
arbitrary state inserted between p(q) and O(k — q). More precisely [55],

D" (q)v,6(w) = %v"é(w).

Let us insert the ground state, and focus only on this term

dq _ 1 (Blp(q)|B)
e | Er SRR ——

(C4)

3
rou(p.)(BIO(K — q)]4) — / (‘217")3a<py>rvm<q><3|0<k —q)A).  (C5)

where we have identified the object on the first line as the O(e?) contribution to the outgoing positron wave function,
V,.(q), computed with in the field of nucleus-B, convolved with the tree-level weak nuclear matrix element
(B|O(k — q)|A). This matches the conventional definition of F(Z, E) x C(Z, E).

We may then identify B") 4 V(1) with the O(a) contributions to F(Z, E) x C(Z, E) x (1 + 8ys). This quantity includes
isospin breaking, however following the conventions of the literature, this one-loop isospin breaking correction is folded
into dyg which is then a gauge-invariant correction. Let us define,

p(1) _ 1 x e? d'q
By = u(p,)Tv(p,)(B|O(k)|A) /(277)4

+(B|.7,7(q)

—w—Hp

then V(1) 4 Eﬁ;} can be mapped onto dys.-

APPENDIX D: ULTRAVIOLET SENSITIVITY
AND DYNAMIC RANGE

In the main text we have developed a formulation for
computing objects like X/, of a bound-state. The expressions
we encounter contain integrals which formally span from
|q] = O up to |q| ~ 0. Even in renormalizable theories, like

O(k —q)|A) + (B|O(k —q) ——

1

D@ () |~ (2a0),00) Bl ()P Ok )4

TR (c6)

|

the example we discuss below, these integrals can receive
large contributions from regions of integration outside the
domain of validity of the effective description used to model
the bound state; one may say that a numerical calculation of
the matrix elements would require large “dynamic range.”
Since a large dynamic range is numerically challenging, it is
desirable to remove the sensitivity to regions of large
momentum transfer in the integral, and we outline a strategy
to achieve this goal below.
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For concreteness in what follows, we will discuss the case of nonrelativistic bound states relevant for atoms, nuclei, and
heavy-heavy mesons such as the YT or J/w. In order for a nonrelativistic bound state to form it is crucial that the kinetic
energy operator —V?/2M is included in the zeroth order Hamiltonian. For definiteness let us write the Lagrangian of a
nucleus as

£5(x) = (0 (1D, = 3 Yo + 3 [ rlptx V(= y)otr.0) (D1)
where i € {n, p} the covariant derivatives are defined by
D, =0, +ieQ;Ay, (D2)
D=V +ieQA, (D3)

with Q; = 0 for a neutron, and Q; = 1 for a proton. This leads to the density and current operators,9 with aj, the annihilation
operator for a proton with momentum p,

d3
p(a) :/(2753 Oy qp. (D4)
&p 2p+q
J(q):/(zﬂ.)3 M Ap+q9p> (DS)

and a Hamiltonian,

s = [ @[3l 43 [ @iV - ool (De)

where all quantities are evaluated at ¢ = 0.
Let us consider X, of nucleus A working in Coulomb gauge. In this gauge only transverse photons contribute and we
encounter the integral (after performing the @ integral by closing the contour in the upper half plane),

5= [ S () ke o7
=e€ o il— _— ; iis
’ (27)*2|q| Ya+a-i0) 79 J
where P;; = 6;; — qiqj/qQ. Using the explicit form for J(q) and the fact that ¢,P;; = 0, we arrive at,
&g &p Pk 1 1 2, pik;
%, = é? —(Ala] ——— ) al,ap AP D8
2 /(2::)3 (227" (22)7 2]q] Al K-ak (Iql +H—i0> aprap APy (D8)

As |q| — oo this integral is dominated by intermediate states in which a single nucleon (since J(q) is a one-body operator) is
knocked out and carries momentum p + q i.e., by the quasielastic peak. Neglecting the small excitation energy of the
residual nuclear system we have H|N(p +q);A — 1) ~ (2M)~'(p + q)?|N(p + q); A — 1). The integral in Eq. (D8) is
therefore convergent in the ultraviolet, but is sensitive to scales of |q| ~2M which are much higher than the cutoff (or
regime of validity) of the nonrelativistic description which underlies Eq. (D6).

This is a well-known property of nonrelativistic field theories (such as NRQCD or NRQED) [56,57]. Since we only
expect approximations to nuclear matrix element to be reliable for |q| < 500 MeV it is desirable to remove the sensitivity to
|q| ~ M. This can be achieved by subtracting the contribution from one-nucleon knockout,

dq &#p Pk 1 pik;
> =¢? —(A|Og(k,p,q)|A)P;, = D9
[ 2]subtr e /(277)3 (277:)3 (272_)3 2|q|< | S( P q)' > ij M2 ( )

®In principle one could include radiation modes in addition to potential modes [that generate V(x —y)], but we view this as an
unnecessary complication.

We define our operators with momentum flowing into the bound state, which differs from a conventional definition in terms of the
Fourier transform of p(x) or J(x).
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where the subtracted operator is

1 2
i0> Ap+q9p

O5(K.p.q) = ajay,q <|q|+H—

1 2
- ai( 2 : )
la| + (g +p)*/2M —i0

x a,(27)36%) (p — k). (D10)

We must add back what we have subtracted, how-

ever this piece factorizes into an analytically cal-

culable piece, and simple matrix element inside the
nucleus,

2 d*q 1
% = Sl + 3090 | g
x ! ’ + 0(v4) (D11)
la| + q*/2M —i0 P
where we have kept only the leading-in-v,, contribution,

and where (v3) = (3", v7) where the sum runs over all

protons in the nucleus. Now [Z] ., is sensitive only to
nuclear scales, and the extra integral can be calculated
analytically. Since |p|/M is always small, one can expand
the integral around |p| = 0.

Not all of these “high momentum” contributions start at
order p?. For example performing a similar analysis for

\7}1) - V(C]) gives

~(1 ~(1
[VI(V) - V(C)]subtr =

o (an)
2M | (27)*2|q] \|q| + q*/2M +i0
+ O(v}) (D12)

More generally one may study nonrelativistic effective
theories that yield divergent integrals and demand renorm-
alization. These ultraviolet divergences are qualitatively
similar to the issues discussed above. It is clear that one
may perform appropriate subtractions yielding many-body
matrix elements that are convergent in the ultraviolet. All
renormalization (such as mass renormalization of the proton)
can then be handled analytically, e.g. in dimensional regu-
larization. It is important to emphasize that any and all
renormalization can be performed in the single-body sector'®
atthe level of the constituent particles, and that all other shifts
to bound-state masses will be finite and calculable predic-
tions of the theory.

1Orf considering multibody operators that contribute to the
current then the single-body sector generalizes to the few body-
sector.
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