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We study quantum electrodynamics (QED) corrections to operator matrix elements involving heavy
composite particles (e.g., heavy-mesons, nuclei, and atoms). We define a new notion of reducible and
irreducible graphs which is useful for systems with many discrete excited states. The equivalence of
the Lehman-Symanzik-Zimmerman (LSZ) reduction formula and old fashioned perturbation theory is
explicitly demonstrated. The self-energy and vertex corrections are defined (to all orders), and the
one-loop corrections are reduced to operator matrix elements which may be evaluated by hadronic,
nuclear, or atomic theorists. The gauge dependence of the various pieces are studied in detail at one
loop, and cancellation of spurious contributions are demonstrated in a class of covariant gauges;
Coulomb gauge is also discussed. The formalism is applied to superallowed beta decay where the
one-loop structure is connected to existing literature based on current algebra techniques. We further
identify the well known OðZ2α2Þ isospin breaking correction from the intranuclear Coulomb field as
arising from two-loop diagrams. We comment on future applications of our results to the radiative
corrections necessary in extractions of jVudj, in particular for corrections that required beyond one-
loop order.
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I. INTRODUCTION

There is a growing interest in high precision measure-
ments of processes involving atoms, nuclei, and heavy
hadrons [1–39]. For precision targets of ∼1% or better, an
understanding of quantum electrodynamic (QED) correc-
tions at least through one-loop order is required. Analysis
of these systems are complicated by the complexity of the
bound-state dynamics, despite their underlying constitu-
ents being relatively well understood.
As a concrete example, in leptonic reactions involving

nuclei, existing analyses sometimes restrict themselves
to leptonic corrections and so-called “box diagrams” in
which a photon is exchanged between a charged lepton
and the hadronic system. For neutral current reactions,
these topologies are separately gauge invariant, as are
the nuclear vertex corrections. Nevertheless a complete
analysis through OðαÞ (with α the fine structure con-
stant) demands the inclusion of the corrections to the
nuclear vertex, and it is desirable to have a formalism
that both properly defines this object, and facilitates

realistic calculations given nuclear wave functions for
the initial and final state.1

For charged current reactions, such as neutrino nucleus
scattering or beta decay, the problem of the nuclear vertex
correction is more pressing. Because the charge of the
initial and final nucleus differ, the leptonic, box, and
nuclear vertex corrections will all in general carry gauge
dependence. Therefore, in order to ensure gauge invariance
of the amplitude, the gauge dependencies of the various
pieces must be properly understood.
In this paper we study the construction of the Lehman-

Symanzik-Zimmerman (LSZ) reduction formula [43] for
bound states composed of electrically charged constituents.
The resulting perturbation theory can be expressed entirely
in terms of nuclear matrix elements taken between the
initial state jAi and the final state jBi defined in the absence
of electromagnetism. The results can also be derived using
time-independent perturbation theory. Next the gauge
dependence of the vertex correction is studied in covariant
gauges, and a comparison is made with a calculation in
Coulomb gauge. We then apply our results to the theory of
beta decay. We match onto existing results at one-loop, and
identify the Z2α2 isospin breaking correction from the
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1See Refs. [40–42] for a discussion of some of these issues in
the language of current algebra.
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overlap of nuclear wave functions as a subset of two-loop
contributions. We finally summarize our results and present
an outlook for future work.

II. STRUCTURE OF THE LSZ REDUCTION
FORMULA

Let us review the standard LSZ construction [43,44].
Consider the matrix element of an arbitrary operator, O,
between single particle states A and B. We denote exact
eigenstates of the full theory2 by jAÞ and jBÞ,

M ¼ ðBðp0ÞjOjAðpÞÞ: ð1Þ

Let us suppose we have interpolating operators ψ†
A and ψ†

B
which satisfy

ðAðpÞjψ†
AjΩÞ ¼

ffiffiffiffiffiffi
ZA

p
ξ†AðpÞ; ð2Þ

ðBðpÞjψ†
BjΩÞ ¼

ffiffiffiffiffiffi
ZB

p
ξ†BðpÞ; ð3Þ

where jΩÞ is the full interacting vacuum, ZA;B are real
numbers, and ξA;B are external wave functions which
transform appropriately under the Lorentz group (e.g.,
Dirac spinor wave functions for spin-1=2 particles).
Operators at a position x are defined by acting with the
generator of translations P, which gives, ψA;BðxÞ ¼
eiP·xψA;Be−iP·x.
The LSZ reduction formula then tells us that

M ¼ lim
p0
0
→EB

lim
p0→EA

Z
d4x

Z
d4y eip

0·xe−ip·y

× Z−1=2
B ξ†Bðp0ÞD⃗xðΩjTfψBðxÞψ†

AðyÞOð0ÞgjΩÞ
× D⃖yξAðpÞZ−1=2

A ; ð4Þ

where Dx is the appropriate differential operator for par-
ticle B (as dictated by its spin) and likewise for Dy and
particle A. Accounting for factors of ZA and ZB from the
residues on the external legs, this may be conveniently
summarized by

M ¼
ffiffiffiffiffiffi
ZA

p ffiffiffiffiffiffi
ZB

p
× ½ξ†Bðp0ÞGampðp0; pÞξAðpÞ�; ð5Þ

where Gampðp0; pÞ is the amputated Greens function
evaluated at on-shell kinematics for a particle A transition-
ing to another particle B as mediated by the operator O.

A. Perturbative expansion

For conceptual simplicity let us consider nuclei, which
are bound in the absence of electromagnetism. In the limit
that the electromagnetic coupling constant tends to zero,
e → 0, the system is described by the strong interactionHS.
Neglecting the target recoil kinetic energy (we will always
assume the bound state is heavy enough that this is a good
approximation) the full Hamiltonian is then

Hfull ¼ HS þHγ þHint; ð6Þ

where Hγ is the free photon Hamiltonian, andHint contains
all interactions between the constituent nucleons and
photons i.e., the current operators. Next, define a modified
interaction picture, where Hint is treated as the interaction
Hamiltonian, and HS is treated as the zeroth order
Hamiltonian. Let us illustrate how this picture works with
an example in the limit of e → 0. Consider the operator, ψ ,
that annihilates the vacuum, ψ j0i ¼ 0. The two point
function of this operator is given byZ

d4xeip·xh0jTfψðxÞψ†ð0Þgj0i

¼
Z

d3k
ð2πÞ3 h0jψp

i
p0 −HS þ i0

ψ†
kj0i; ð7Þ

where only one time ordering contributes because
ψ j0i ¼ 0. We define

ψ†
k ¼

Z
d3xeik·xψ†ðt ¼ 0;xÞ; ð8Þ

ψk ¼
Z

d3xe−ik·xψ†ðt ¼ 0;xÞ ð9Þ

such that ψ†
k creates, and ψk annihilates, states with

momentum k.
The wavefunction renormalization ZA;B, and the ampu-

tated Greens function can be computed order by order in
the electromagnetic coupling constant e using,

ðΩjTfψBðyÞψ†
AðxÞOð0ÞgjΩÞ

¼ h0jTfei
R

d4zLintψBðyÞψ†
AðxÞOð0Þgj0i

h0jTfei
R

d4zLintgj0i
: ð10Þ

The left-hand side involves the fully interacting vacuum
jΩÞ and operators in the Heisenberg picture (with respect to
Hfull), while the right-hand side involves operators in the
interaction picture defined above, and the corresponding
vacuum j0i defined by ðHS þHγÞj0i ¼ 0.
We always consider bound states with at least one

heavy constituent so that ψAj0i ¼ ψBj0i ¼ 0. This iden-
tity is related to the conservation of particle number for

2Our notation is taken from Refs. [45,46], but follows an
opposite convention where jAÞ is the fully interacting state. We
find this choice convenient since we work in perturbation theory
and mostly use jAi.
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nonrelativistic particles, and applies even when light
degrees of freedom (e.g., pions in a nucleus or light quarks
in a B̄ meson) are present.

B. Construction of the interpolating field

When considering nonrelativistic bound-states (such as
nuclei) a natural interpolating operator is the solution of the
N-body Schrödinger equation in the e → 0 limit

ψ†
A ¼

Z
d3k
ð2πÞ3

Z �
d3p1

ð2πÞ3…
d3pN

ð2πÞ3
�
Ψðp1;…;pNÞa†p1

…a†pN

× ð2πÞ3δð3ÞðΣpi − kÞ; ð11Þ

where Ψðp1;…;pNÞ is the many-body wave function
and the center of mass momentum k has been made
explicit. We take our states to be normalized as
hAðp0ÞjAðpÞi ¼ ð2πÞ3δð3Þðp − p0Þ. This operator has the
property that hBðpÞjψ†

Aj0i ¼ δABξ
†
AðpÞ i.e., there is perfect

overlap with the state A and total orthogonality to all other
states B ≠ A.
In a more general setting (e.g., with dynamical pions) it

is unlikely that one can define such a “perfect” interpolating
operator constructively. Nevertheless, such an object exists
formally, as can be easily seen (up to a trivial rescaling) by
considering a general interpolating field and acting with the
projector,

R
dpjAðpÞihAðpÞj (with A only the ground state).

Therefore, in what follows we use an interpolating field that
satisfies hBðpÞjψ†

Aj0i ¼ δABξ
†
AðpÞ.

C. Irreducible graphs and Feynman rules

In standard treatments of the LSZ reduction formula the
notion of one-particle irreducible (1PI) graphs is very
important. Naively infinite results (i.e., higher order poles)
for the two-point function are resummed and known to be
related to mass and wavefunction renormalization which
are both expressed in terms of the 1PI self-energy.
In the present context, 1PI is hard to define. The

classification of single-particle states will, in general, not
be stable under electromagnetic perturbations; a bound
state near threshold may move into the continuum or vice-
versa. Moreover, the number of single-particle excited
states in the spectrum may be very large (or infinite for
atoms) rendering the dimensionality of a 1PI self-energy
matrix intractable; implementing the 1PI scheme would be
almost as hard as solving the full many-body problem. It is
therefore desirable to develop a modified notion of 1PI
graphs for applications to bound states.
Let us consider the two-point function, and assume a

nondegenerate spectrum; for simplicity take A and B to
have spin-0. Due to the nonrelativistic nature of (at least
one of) the constituents, and the orthogonality relation
hBðpÞjψ†

Aj0i ¼ δAB, all nonzero graphs begin and end with
the state A. Any graph with an A-propagator will yield a

higher order pole in the vicinity of p0 → Eð0Þ
A where

HSjAi ¼ Eð0Þ
A defines the unperturbed energy of A.

Iterating gives,

GðpÞ ¼ i

p0 − Eð0Þ
A

þ i

p0 − Eð0Þ
A

ð−iΣ2Þ
i

p0 − Eð0Þ
A

þ…;

ð12Þ

which (following the standard argument) can be resummed,

GðpÞ ¼ i
p0 −HS − Σ2ðp0Þ þ i0

: ð13Þ

By the above analysis, the self-energy, Σ2ðp0Þ, does not
contain any isolated ground state propagators (i.e., outside
of a photon loop). This motivates the introduction of the
projectors

PA ¼
Z

d3p
ð2πÞ3 jAðpÞihAðpÞj; ð14Þ

P=A ¼ 1 −
Z

d3p
ð2πÞ3 jAðpÞihAðpÞj; ð15Þ

which satisfy PA þ P=A ¼ 1.

Using this projector we can define the notion of external
particle irreducible (EPI) graphs. For a process with an
external single-particle state A, a graph is EPI if it cannot be
reduced into two separate pieces by cutting an A-propa-
gator in the graph. The self-energy is defined by all EPI
graphs, which differs from the conventional definition in
terms of 1PI graphs. Using different projectors in place of
P=A other irreducible graph schemes can be constructed (for

example 1PI corresponds to a projector that removes all
single-particle states) in direct analogy with degenerate
perturbation theory in nonrelativistic quantum mechanics
(see Sec. II D).
The notion of EPI naturally motivates the following

Feynman rules. There is a standard photon propagator
(which we write momentum q) and three hadronic propa-
gators3 (which we write with momentum p)

ð16Þ

ð17Þ

3The double line and dashed double line include both discrete
and continuum excited states. The latter may be thought of as
accounting for loops of strongly interacting particles.
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ð18Þ

ð19Þ

These propagators are redundant, since
, and in practice

only the dashed and solid double line propagators are
needed for EPI graphs.
Next, define interaction vertices for photons with

momentum qμ ¼ ðω;qÞ. These are operator valued func-
tions of q (but not ω). For example the current and seagull
operators for nonrelativistic minimally coupled particles
are drawn as,

ð20Þ

ð21Þ

More generally, interactions with photons can involve the
field strength Fμν coupled to some hadronic operator
defined at t ¼ 0 e.g., Tμνðq1;q2;q3Þ. If derivatives act
on the photon field the Feynman rule includes factors of qμ
(including dependence on ω) but all hadronic operators are
evaluated at fixed three-momenta.
External lines denote either the initial, jAi, or final, hBj,

state

ð22Þ

ð23Þ

where the hatched blob represents the rest of the graph.
External polarization spinors, ξA;BðpÞ, are not needed since
these are packaged into the states jAi and hBj.

D. Equivalence with time-independent
perturbation theory

The above discussion can be directly related to time-
independent perturbation theory. Consider the matrix
element ðBjOðkÞjAÞ. As above, exact eigenstates are
denoted by jAÞ and jBÞ and the unperturbed states by

jAi and jBi. Let us solve for jAÞ as a sum over states jAni,
jAnij1γi, jAnij2γi etc., and then compute ðBjOðkÞjAÞ.
Since wavefunction renormalization is naturally defined

around the exact energy eigenstates, it is convenient to use
Brillouin-Wigner [47] (rather than Rayleigh-Schrödinger)
perturbation theory. Let us write the Hamiltonian for the
system as H ¼ H0 þHint where

H0 ¼ HS þHγ; ð24Þ

such that HγjγðqÞi ¼ jqjjγðqÞi. The state jAÞ satisfies the
Lippmann-Schwinger-like equation [47],

jAÞ ¼
ffiffiffiffiffiffi
ZA

p
jAi þ 1

EA −H0

PðγÞ
=A HintjAÞ; ð25Þ

where PðγÞ
=A ¼ 1 −

R
dpjAðpÞ; 0γihAðpÞ; 0γj and EA is the

exact energy of jAÞ. The matrix element is then given by

ðBjOðkÞjAÞ
¼

ffiffiffiffiffiffi
ZA

p ffiffiffiffiffiffi
ZB

p
hBjOðkÞjAi

þ ðBjHint
1

EB −H0

PðγÞ
=B OðkÞPðγÞ

=A
1

EA −H0

HintjAÞ

þ
ffiffiffiffiffiffi
ZA

p
ðBjHint

1

EB −H0

PðγÞ
=B OðkÞjAi

þ
ffiffiffiffiffiffi
ZB

p
hBjOðkÞPðγÞ

=A
1

EA −H0

HintjAÞ: ð26Þ

The wavefunction renormalization is fixed by demanding
the state have unit norm ðAjAÞ ¼ 1,

ZA ¼ 1 −
�
AjHintP

ðγÞ
=A

1

EA −H0

1

EA −H0

PðγÞ
=A HintjA

�
:

ð27Þ

In this section it is important to recall that PðγÞ
=A jAijnγi ¼

jAijnγi for n ≥ 1. At first order in perturbation theory, since
Hint creates a single photon, we may replace EA −H0 →
−jqj − ðHS − EAÞ and EB −H0 → −jqj − ðHS − EBÞ in
the above expressions by acting with Hγ on the photon
states that appear after acting with Hint.
It can be readily checked, after performing the integral

over dω and picking up the pole from the photon propa-
gator, that these results agree with those derived using the
LSZ reduction formula and the EPI scheme defined above.
Other schemes, in which a set of discrete states are counted
as “external” are discussed in Appendix B. Moreover this
presents a direct and immediate connection to existing
formulations of isospin breaking in nuclear beta decays
where only the Coulomb interaction was retained [45,46].
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III. FIXED ORDER RESULTS

It proves convenient to introduce the notation,

hBjO1ðk1Þ…ONðkNÞjAi

≡ hBðpBÞjO1ðk1Þ…ONðkNÞjAðpAÞi
hBðpB þKÞjAðpAÞi

; ð28Þ

where K ¼ P
i ki such that hBj…jAi is always a smooth

function of k1…kN . Therefore, whenever matrix ele-
ments without explicit momenta appear below, the above
definition is implied. This corresponds to the h…i
notation in Ref. [48], but it is convenient to retain A
and B explicitly in the notation when considering

reactions involving the weak charged current where the
initial and final nuclei differ.

A. Wavefunction renormalization

We are now in position to compute the wavefunction
renormalization. Analysis of the resummed propagator
gives,

ZA ¼
�

1

1 − Σ0
2

�
p0¼EA

; ð29Þ

which holds at all orders in perturbation theory. Let us
compute the one-loop approximation. Begin with the one-
loop self-energy,

ð30Þ

where we use ω ¼ q0 throughout the rest of the paper. The factor of 1=2 for the seagull vertex is related to a symmetry
factor. Next, differentiate with respect to p0 and set p0 ¼ EA,

ð31Þ

where the black dot, • ¼ ð−1Þ × 1, is proportional to the identity operator. Next, consider the diagrammatic expansion at
second order. There are the familiar topologies from scalar-QED (shown in the first line) and then an additional interaction
of the lower-order self-energy with the dashed propagator (shown in the second line),

ð32Þ

with ellipses denoting other topologies. Notice the graphs involving iterations of −iΣð1Þ
2 ðp0Þ are EPI but not 1PI.

When considering gauge-dependence, it is useful to introduce the operators J ð�Þ
μ ðqÞ, defined by

J ð�Þ
μ ðqÞ ¼ J⊥μðqÞ �

1

�ωþ i0
ðq · JÞvμ: ð33Þ

where vμ is the four-velocity of the nuclear target (i.e., vμ ¼ ð1; 0; 0; 0Þ in the rest frame) and ω ¼ v · q. These operators
satisfy qμJ ð�Þ

μ ðqÞ ¼ 0, and arise naturally from the identities [48],
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1

ω −HA þ i0
JμðqÞjAi ¼

�
1

ωþ i0
ρðqÞvμ þ

1

ω −HA þ i0
J

ðþÞ
⊥μ ðqÞ

�
jAi; ð34Þ

hBjJμðqÞ
1

−ω −HB þ i0
¼ hBj

�
ρðqÞvμ

1

−ωþ i0
þJ ð−Þ

μ ðqÞ 1

−ω −HB þ i0

�
; ð35Þ

where HA;B ¼ HS − Eð0Þ
A;B with HSjA; Bi ¼ Eð0Þ

A;BjA;Bi. For
example, when evaluated on-shell, the one-loop self-energy
can be symmetrized under q ↔ −q in which case it can be
written in precisely the same form as the Cottingham
formula [49],

−iΣð1Þ
2 ðp0 ¼ EAÞ ¼

ð−e2Þ
2

Z
d4q
ð2πÞ4DμνðqÞHμνðq;−qÞ;

ð36Þ

where Hμν is the doubly-virtual Compton tensor. A
manifestly gauge invariant decomposition of this object
using Eqs. (34) and (35) is given in Ref. [48].

B. Vertex correction

Next, consider the amputated Greens function
Gampðp0; pÞ. At tree level, only the matrix element of
OðkÞ is required,

ð37Þ

Next, at one-loop order there are five graphs,

ξ†Bðp0ÞGð1Þ
ampðp0; pÞξAðpÞ ¼ Að1Þ

a þAð1Þ
b þAð1Þ

c

þAð1Þ
d þAð1Þ

e ; ð38Þ

which are given diagrammatically by

ð39Þ

ð40Þ

ð41Þ

Once again we encounter diagrams which are EPI but not
1PI. As discussed below, these are crucial for the cancel-
lation of gauge dependencies.

IV. GAUGE-DEPENDENCE
IN COVARIANT GAUGE

This section focuses on the study of gauge dependence
in covariant gauges. When O is a neutral-current operator,
the sum of the graphs discussed above are gauge invariant,
whereas if O is a charged operator, residual gauge
dependence appears in a simple factorized form that
guarantees cancellation with other gauge dependent parts
of the amplitude. Any ultraviolet or infrared divergences
that appear below are implicitly handled with standard field
theory techniques.
In covariant (sometimes called Rξ) gauges the photon

propagator is given by,

DμνðqÞ ¼
−i

q2 þ i0

�
gμν − ð1 − ξÞ qμqν

q2 þ i0

�
: ð42Þ

Demonstrating that amplitudes are ξ-independent is then
equivalent to studying whether expressions with Dμν →
ið1 − ξÞqμqν=q4 vanish after summing over all graphs; this
is a necessary but not sufficient condition for gauge
invariance. An explicit connection to Coulomb gauge (a
noncovariant gauge) is deferred to Appendix A.
The ξ-dependent part of the one-loop wavefunction

renormalization is given by,

1

2
Zð1Þ
A;ξ ¼

−ie2

2
ð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
hAjρð−qÞρðqÞjAi;

ð43Þ

where Eqs. (34) and (35) and the property that
qμJ ð�Þ

μ ðqÞ ¼ 0 have been used.
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Next, consider the vertex correction. First take diagram (a). Using the above identities we have,

Að1Þ
a;ξ ¼ ie2ð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
hBjρð−qÞOðkÞρðqÞjAi; ð44Þ

It is convenient to rewrite this as

Að1Þ
a;ξ ¼

ie2

2
ð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
½hBjOðkÞρð−qÞρðqÞjAi þ hBjρð−qÞρðqÞOðkÞjAi�

−
ie2

2
ð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
hBj½ρð−qÞ; ½ρðqÞ;OðkÞ�jAi: ð45Þ

The commutator on the second line may be evaluated using properties of ρ. For operators without derivative interactions4

this gives [41,44],

½ρð−qÞ; ½ρðqÞ;OðkÞ� ¼ QO½ρð−qÞ;Oðkþ qÞ� ¼ Q2
OOðkÞ; ð46Þ

where QO is the electric charge of the operator OðkÞ. Another interesting example is a the nonrelativistic electromagnetic
current density JðkÞwhose commutator gives a Schwinger term [48,50,51], but whose double commutator vanishes. Notice
that for charged current operators, this is the same gauge dependence as would be obtained from the self-energy of charged
pointlike spectator particle of charge QO that is absorbed by the charged current.
Next let us consider diagram (b). Using Eqs. (34) and (35) yields,

Að1Þ
b;ξ ¼ ðþie2Þð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
hBjOðkÞP=A

1

−HA þ i0
qμJμð−qÞρðqÞjAi: ð47Þ

Let us first note that qμJμðqÞ ¼ ωρ − q · J, and the term proportional to ω integrates to zero. Next, it is helpful to use the
identity,

Jið−qÞρðqÞ ¼
1

2
½Jið−qÞ; ρðqÞ� þ

1

2
fJið−qÞ; ρðqÞg

¼ 1

2
qμSμið−q;qÞ þ

1

2
fJið−qÞ; ρðqÞg; ð48Þ

where the second line follows after evaluating the commutator. One now sees that the gauge dependent piece related to the
seagull operator cancels between Ab;ξ and Ac;ξ (the same happens with Ad;ξ and Ae;ξ). This then leaves the anticommutator
contribution from Ab;ξ,

Að1Þ
fbg;ξ ¼

ie2

2
ð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
hBjOðkÞP=A

1

−HA þ i0
fq · Jð−qÞ; ρðqÞgjAi: ð49Þ

Using the continuity equation ð−qÞ · Jð−qÞ ¼ ½HA; ρð−qÞ� and HAjAi ¼ 0, then gives

Að1Þ
fbg;ξ ¼ −

ie2

2
ð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
hBjOðkÞP=AρðqÞρð−qÞjAi: ð50Þ

The wavefunction renormalization for A is

1

2
Zð1Þ
A;ξA

ð0Þ ¼ −
ie2

2
ð1 − ξÞ

Z
dω
ð2πÞ

d3q
ð2πÞ3

1

q4
hBjOðkÞPAρðqÞρð−qÞjAi: ð51Þ

Adding these together then cancels the Oρρ terms on the first line of Eq. (45). The same exercise can be done in the final

state with the ρρO terms,Að1Þ
fdg;ξ and the wavefunction renormalization for B. Notice that these cancellations occur for A and

B independently.

4When derivative interactions are present inOðkÞ additional seagull-like terms appear in both the commutator and the primary vertex
itself (i.e., involving a photon “coming out of the current”).
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In summary, after adding all diagrams together the
only residual gauge dependence is proportional to
1
2
Q2

OhBjOðkÞjAi. This residual gauge dependence for
charged operators then cancels when combined with graphs
involving the other charged states (e.g., an electron)
produced in the reaction associated with OðkÞ. The
cancellations take place independently for states before
and after the operator insertion OðkÞ. The necessary
ingredients are the cancellation of Schwinger terms
(the commutator of J and ρ) against terms from the
seagull vertex, and current conservation such that
q · JðqÞ ¼ ½H; ρðqÞ�.

V. ISOSPIN BREAKING AND SUPERALLOWED
BETA DECAYS

As an application of the above Feynman rules, let us
consider a superallowed beta decay (0þ → 0þ) mediated by
the weak interaction Hamiltonian HW . For example, con-
sider

10Cð0Þ → 10BðkÞeþðpeÞνeðpνÞ; ð52Þ

where k ¼ −pe − pν. At low momentum transfers, beta
decays are dominantly mediated by the zeroth component
of the weak charged current (the spatial component is
suppressed by the mass of carbon/boron ∼10 GeV). We
therefore focus on the operator (keeping Q as a free
variable since we evaluate at k and k − q below)

OðQÞ ¼
Z

d3p
ð2πÞ3 b

†
pþQap; ð53Þ

where ap and b†p annihilate protons and create neutrons
respectively. When Q → 0 the operator reduces to the
isospin lowering operator Oð0Þ ¼ τ−.

Let us approximate OðkÞ by Oð0Þ ¼ τ−. For isovector
(T ¼ 1) states, isospin then dictates that as Q → 0,

ð54Þ

and

ð55Þ

These relations simplify some of the following analysis.
For example the diagrams ðbÞ − ðeÞ from Eqs. (39) and
(40) do not contribute to the amplitude because of the
vanishing Feynman rule given above. Although we have
k ¼ 0 in mind, we retain OðkÞ in much of the discussion
below, which makes generalization to larger momentum
transfers straightforward.
Radiative corrections to beta decay can be broken apart

into: the wavefunction renormalization of the electron, Ze,
the nuclear vertex correction, V, and everything else which
we will refer to as “box graphs” B. Next, define the
radiative corrections multiplicatively,

ð56Þ

The vertex correction may be defined as ðBjOðkÞjAÞ ¼
ð1þ VÞ × hBjOðkÞjAi and is the object discussed exten-
sively in the preceding sections (see also Refs. [40–42]).
With superscripts denoting orders in α, through one-loop
order this formula reads,

ð57Þ

Diagrammatically the one-loop expressions are given by (using • ¼ ð−1Þ again),

ð58Þ

ð59Þ
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ð60Þ

Each three of these terms is gauge dependent, and so it proves convenient to add and subtract the following term:

ð1
2
Zð1Þ
p þ Bð1Þ

p Þ × hBeþνejHW jAi, where Zð1Þ
p is the wavefunction renormalization of a heavy pointlike particle of charge one

(i.e., a proton),

ð61Þ

with • ¼ ð−1Þ, and Bð1Þ
p is related to the box diagram for a heavy pointlike proton,

Bð1Þ
p ¼ 1

ūðpνÞΓvðpeÞ
× e2

Z
d4q
ð2πÞ4D

μνðqÞvμ
�

1

ωþ i0

�
ūðpνÞΓ

1

−=pe − =q −m
γνvðpeÞ; ð62Þ

with Γ ¼ ð1 − γ5Þv the weak vertex for the vector current. Diagrammatically this can be written as

ð63Þ

where the empty square denotes the pointlike weak interaction vertex.
Defining the subtracted vertex correction and box diagrams,

Ṽð1Þ ¼ Vð1Þ −
1

2
Zð1Þ
p ; ð64Þ

B̃ð1Þ ¼ Bð1Þ − Bð1Þ
p ; ð65Þ

and the virtual part of the “outer terms” (to match onto historical nomenclature [2,52])

ð66Þ

we then rewrite Eq. (57) as

ð67Þ
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The quantities in the above expression are closely related to existing conventions in the literature for the nuclear structure
dependent correction5 δNS or “the γW box”, and the virtual part of the outer radiative corrections δ0R (i.e., without real photon
emission). Our focus is on the vertex correction Ṽð1Þ.
The decomposition in Eq. (67) has a number of advantages as compared to Eq. (57). First, notice that Oð1Þ

virt is gauge
invariant, being the complete set of diagrams for the crossed reaction of ν̄epþ → eþn (inverse beta decay). Therefore the
sum B̃ð1Þ þ Ṽð1Þ is also gauge invariant. Second, using the results presented above, it is easy to show that Ṽð1Þ is independent
of the gauge parameter ξ in covariant gauges. Similarly, using the results from Ref. [48] one can show that

B̃ð1Þ ¼ 1

ūðpνÞΓvðpeÞhBjOðkÞjAi × e2
Z

d4q
ð2πÞ4D

μνðqÞūðpνÞΓ
1

−=pe − =q −m
γνvðpeÞ

�
−ð2πiÞvμδðωÞhBjρðqÞOðk − qÞjAi

þ hBjJ ð−Þ
μ ðqÞ 1

−ω −HB
Oðk − qÞjAi þ hBjOðk − qÞ 1

ω −HA
J ðþÞ

μ ðqÞjAi
�
; ð68Þ

and since the term in square brackets, Hμ, satisfies qμHμ ¼ 0 one can again explicitly show that B̃ð1Þ is ξ-independent in
covariant gauge. Nevertheless, as is discussed in detail in Appendix A, B̃ð1Þ and Ṽð1Þ are both gauge dependent (as can be

seen explicitly by comparing noncovariant gauges). For example the difference between Ṽð1Þ
F computed in Feynman gauge,

and Ṽð1Þ
C computed in Coulomb gauge is

½Ṽð1Þ
F − Ṽð1Þ

C � ¼ −ie2
Z

d4q
ð2πÞ4

1

q2
1

ωþ i0
hBjOðk;q;ωÞjAi

hBjOðkÞjAi ; ð69Þ

where (note that ω → −jqj after closing the energy contour in the upper half plane),

Oðk;q;ωÞ ¼ Oðk − qÞ 1

ω −HA þ i0
ρðqÞ − ρðqÞ 1

ω −HB þ i0
Oðk − qÞ − 1

ωþ i0
OðkÞ: ð70Þ

We estimate that ½Ṽð1Þ
F − Ṽð1Þ

C � < ðα=πÞ. This difference may be added to Ṽð1Þ
C (computed in Coulomb gauge) to obtain the

answer in Feynman gauge (and thereby the whole class of covariant gauges),

Ṽð1Þ
C ¼ e2

hBjOðkÞjAi
Z

d3q
ð2πÞ3

1

2jqj hBjJið−qÞ
1

jqj þHB
OðkÞ 1

jqj þHA
JjðqÞjAiPijðqÞ

−
1

2
e2

Z
d3q
ð2πÞ3

1

2jqj hAjJið−qÞ
�

1

jqj þHA

�
2

JjðqÞjAiPijðqÞ

−
1

2
e2

Z
d3q
ð2πÞ3

1

2jqj hBjJið−qÞ
�

1

jqj þHB

�
2

JjðqÞjBiPijðqÞ; ð71Þ

where the infinitesimal in 1=ðjqj þHA;B − i0Þ has been left implicit and PijðqÞ ¼ δij − qiqj=q2 is a transverse projector.
When k ¼ 0 (and when isospin is a good symmetry of the strong interaction) this can be further simplified to a two-point
function between Ji and the charged weak-current J −

i ðqÞ ¼ ½τ−; JiðqÞ� [41] which is analogous to Eq. (69) (see also
discussion in Refs. [40–42]). This is most easily seen by noting that τ− commutes with HA;B and using τ−jAi ¼ ffiffiffi

2
p jBi

Ṽð1Þ
C ¼ −

e2

2

Z
d3q
ð2πÞ3

1

2jqj hBjJ
−
i ð−qÞ

�
1

jqj þHB

�
2

JjðqÞjAiPijðqÞ

þ e2

2

Z
d3q
ð2πÞ3

1

2jqj hBjJið−qÞ
�

1

jqj þHB

�
2

J −
j ðqÞjAiPijðqÞ: ð72Þ

We estimate that Ṽð1Þ
C ∼ ðα=πÞv2p ∼ 1 × 10−4 with vp a typical proton velocity, [there are Z-enhancements term-by-term in

Eq. (71), but they cancel as can be seen in Eq. (72)].

5The subtracted box B̃ð1Þ contains the Fermi function, shape factor, and δNS.
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Let us now discuss the mapping of our Ṽð1Þ and B̃ð1Þ onto
conventions in the literature (namely for δC, δNS, and δ0R).
These quantities are typically defined via [2,9]

Γ ¼ ½Γ�leading
inZ α

× ð1 − δC þ δNSÞð1þ δ0RÞ; ð73Þ
where we omit the short-distance “inner correction” ΔR
assuming it has already been subsumed into the tree-level
matrix element. The leading-in-Zα piece includes all terms
which can be obtained by solving for the Dirac wave
function of the positron.
The virtual part of the outer correction, δ0R, is entirely

contained within Oð1Þ
virt and we do not discuss it further.

Historically the isospin correction ð1 − δC=2Þ is defined
as the wave function overlap between the initial and final
state with the Coulomb force included ð1 − δC=2Þ≡ ðBjAÞ.
We are able to identify this effect as at two-loops in our
formalism, and comment on this contribution below.
The sum Ṽð1Þ þ B̃ð1Þ includes δNS as well as some of the

leading-in-Zα effects. For example, the product of the
Fermi function, FðZ; EÞ, and shape factor CðZ; EÞ, are also
contained within this quantity (see Appendix C for more
details).
At higher loop order we can make contact with existing

studies of the isospin breaking [45,46] correction δC, even
in the absence of a detailed understanding of gauge
dependencies at two-loop order. The largest source of
isospin breaking stems from the intranuclear Coulomb
interaction, which be identified by keeping all terms at
any order in perturbation theory and replacing Jμ → vμρ.
These contributions must be gauge invariant, since they
are maximally Z-enhanced and unsuppressed by proton-
velocities in the nonrelativistic limit.
Keeping only these “Coulomb terms” we find that the

maximally Z-enhanced parts from V match onto the
existing definition of δC in the literature. For example at
OðZ2α2Þ, taking the following diagrams (vertex correction
and wavefunction renormalization),

ð74Þ

and replacing Jμ → vμρ then reproduces the OðZ2α2Þ
expressions for isospin breaking derived in Refs. [45,46]
using time-independent perturbation theory. More explic-
itly, the vertex diagram corresponds to the second term in
Eq. (19) of Ref. [45], and the two wavefunction renorm-
alization diagrams map onto the factor of

ffiffiffiffiffi
Zi

p ffiffiffiffiffiffi
Zf

p
in the

same equation of that reference.
The results presented here for the nuclear vertex cor-

rection Vð1Þ, and its subtracted counterpart Ṽð1Þ, generalize
the analysis of isospin breaking to include transverse
photons and to account for a subtle gauge dependence.
This gauge dependence is properly handled in existing

dispersive treatments. Our discussion of Oð1Þ
virt provides a

novel derivation of the (well known) factorization of outer
radiative corrections δ0R from the tree level matrix element
hBjOðkÞjAi at OðαÞ [52].
We have therefore reproduced well known results at one-

loop order derived using Brown’s on-shell perturbation
formula (as opposed to the LSZ construction described
herein). Moreover we have also identified δC (as well as the
outer corrections, Fermi function, and shape factor) in the
same formalism. We therefore believe that the LSZ con-
struction presented here contains all electromagnetically
induced corrections and can be systematically extended to
higher orders in perturbation theory. Such higher order
corrections will bear on the ongoing efforts to extract jVudj
and to search for new physics.

A. Comparison to other approaches

Before concluding, let us sketch how the above derived
results may be useful for precision applications. A com-
plete formalism for QED corrections to strongly interacting
systems was developed using current algebra in the 1960s
[41]. The formalism uses a an “on-shell perturbation for-
mula” (see Eq. (3.7) of [41]) which was, to the best of our
knowledge, never extended beyondOðαÞ. Furthermore, the
resulting current algebra expressions are difficult to evalu-
ate using modern nuclear many-body methods.
The formalismpresented in this papermakes direct contact

with the familiar LSZ reduction formula, and therefore is
suitable for calculations at arbitrary order in α. We have
shown explicitly how isospin breaking (induced by the
intranuclear Coulomb field) arises in the LSZ formalism
atOðα2Þ. Demonstrating that all higher order effects arise in a
unified formalism ensures that no double-counting takes
place, which is critical for the ongoing precision beta decay
program (for instance at OðZα2Þ [53,54]).
The LSZ construction derived above is complimentary to

many approaches in the nonrelativistic effective field theory
literature. We use the following properties: (i) there exists a
Hamiltonian that has a bound-state spectrum at leading
order, (ii) there is a current operator that satisfies the
continuity equation (at an operator level), and (iii) that
target recoil is negligible. If one specializes to a non-
relativistic effective theory (NREFT) all of the above
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assumptions are indeed satisfied. The LSZ formalism in
terms of explicitly time-ordered operators enables practical
calculations of hadronic/nuclear matrix elements at any
order in α. Thus, we provide a practical tool to compute
low-energy matrix elements that appear in NREFT fac-
torization formulas, for complicated bound states that arise
in nuclear physics (in contrast to the Coulomb-like bound
states of quarkonium or hydrogen).

VI. CONCLUSIONS

In this paper we have studied QED corrections to the
matrix elements of external operators between composite
states. The formalism can be applied at arbitrary loop order
using a standard diagrammatic expansion. These correc-
tions are important for any processes involving atoms,
nuclei, or heavy hadrons in which percent-level control of
the theory is required. Relevant examples include neutrino
nucleus scattering, radiative and nonradiative B-decays,
and superallowed beta decay.
Our LSZ construction is somewhat unconventional since

we have allowed ourselves the freedom to separate the
Hilbert space of states into two arbitrary disjoint sectors
rather than 1PI and 1PR graphs. The simplest choice is to
omit only the external particle in the irreducible graphs
(EPI). We have also provided an explicit discussion of how
the LSZ reduction relates to time-independent perturbation
theory.
The perturbative expansion can be summarized with

operator valued Feynman rules including projectors that are
used to define EPI graphs. The graphical structure of the
vertex correction, and wavefunction renormalization are
similar, but not identical to scalar-QED. The differences
stem from the fact that the strong-interaction propagator
includes both single particle states that are not EPI, and also
continuum contributions that would correspond to loop
diagrams (e.g., from an emitted and reabsorbed neutron) if
the strong interaction were treated perturbatively. Using the
Feynman rules defined above, it is a simple matter of
drawing graphs, and transcribing the result in terms of on-
shell matrix elements hBj…jAi.
Motivated by our recent work [48], one of our goals has

been to understand how gauge dependence appears and
ultimately cancels in physical observables. For neutral
operators we have shown6 that the wavefunction renorm-
alization and vertex corrections combined together are
gauge invariant. For charged current operators, the com-
mutator ½ρ;O� does not vanish, and one picks up additional
gauge dependence. In covariant, or Rξ, gauges the ξ-
dependence appears from a double-commutator. In non-
covariant gauges, such as Coulomb gauge, the result is
more subtle.

We have applied our analysis to nuclear beta decays,
with a specific eye toward the high precision goals
necessary to test first-row CKM-unitarity. We have the
following results:

(i) All QED effects (the Fermi function, isospin break-
ing, nuclear structure corrections, and the factoriza-
tion of outer corrections) are described in a single
formalism.

(ii) The LSZ formalism reproduces all known one-loop
effects, and the isospin breaking correction δC at
two-loop order. Furthermore it can be readily ex-
tended to higher orders in perturbation theory e.g.,
two-loop Zα2 corrections.

(iii) A detailed understanding of gauge dependencies in
formalism. These details are useful when construct-
ing approximation schemes [48].

There are a variety of phenomenological applications
that should be pursued. Radiative corrections to neutrino
nucleus scattering in the 0.5–2.5 GeV regime are important
for the long-baseline neutrino oscillation program. Since
we have retained momentum dependence in OðkÞ above,
many of our results can be applied to this problem. Another
interesting application is neutral current scattering (such as
electron scattering, coherent neutrino nucleus scattering,
and parity violating electron scattering), where the hadronic
vertex corrections derived in this paper become gauge
invariant. Finally, it would be interesting to study structure
dependent radiative corrections that appear in the theory of
B decays.
In summary, we have derived operator-valued

Feynman rules for computing perturbative QED correc-
tions to processes involving composite bound states.
Notable developments include the notion of EPI vs 1PI,
and connections to Brillouin-Wigner perturbation theory.
We have developed a set of simple Feynman rules that
allow for systematically improvable QED calculations
that are relevant for extractions of the CKM matrix
element jVudj. There are many opportunities for the
phenomenological application of these results that bear
on important questions in high energy and nuclear
physics.
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APPENDIX A: RELATION BETWEEN FEYNMAN
AND COULOMB GAUGE

In the main text we have demonstrated the equivalence of
all Rξ gauges, however we find that results are simplest in
Coulomb gauge (which is not an Rξ or covariant gauge). In
this Appendix we begin with the result in Feynman gauge
and demonstrate equivalence with Coulomb gauge explic-
itly. A more general discussion of noncovariant gauges
should be pursued in future work.
Consider the propagator in Coulomb gauge,

DC;μνðqÞ ¼
i
q2

vμvν þ
i
q2

Pμν; ðA1Þ

where Pμν ¼ −g⊥μν þ q⊥μq⊥ν=q2⊥. We may compare this to
Feynman gauge where one has instead

DF;μνðqÞ ¼ ð−1Þ × i
q2

gμν

¼ ð−1Þ × i
q2

vμvν −
i
q2

g⊥μν: ðA2Þ

One can clearly focus on the terms proportional to vμvν in
Feynman gauge which must (i) produce the q⊥μq⊥ν=q2⊥
terms in the projector Pμν and (ii) reproduce the longi-
tudinal terms proportional to vμvν in Coulomb gauge.
For problem (ii) we first discuss the computation of the

longitudinal modes in Coulomb gauge. One may readily

check that the longitudinal contributions to diagram Að1Þ
a

vanishes by contour integration (diagramsAð1Þ
c andAð1Þ

e are
trivially zero), because the longitudinal photon propagator

has no poles in the complex-ω plane. The diagrams Að1Þ
b

and Að1Þ
d , by way of contrast, receive a contribution from

the “arc at infinity” because there is only one double-line
propagator leading to a 1=ω fall-off asω → ∞. The result is

Að1Þ
b;CL

¼ ie2
Z

d4q
ð2πÞ4

�
1

ωþ i0
hBjOðkÞ 1

−HA þ i0
P=Aρð−qÞρðqÞjAi

�
1

q2
: ðA3Þ

A similar result holds for Að1Þ
d;CL

.

To relate the Feynman and Coulomb gauge propagators it is convenient to make use of the identity

vμ ¼
qμ − q⊥μ

ωþ i0
; ðA4Þ

where the sign of the infinitesimal imaginary part is necessary to avoid pinches in the complex plane. Using gμν ¼
vμvν þ g⊥μν we may then write

gμν ¼ −
qμqν

ðωþ i0Þ2 þ
vμqν þ vνqμ
ðωþ i0Þ þ

�
g⊥μν þ

q⊥μq⊥ν

ðωþ i0Þ2
�
: ðA5Þ

This representation is convenient because the term in curly braces reproduces the Coulomb-gauge result for transverse
photons after performing the contour integral over dω, which amounts to the replacement ðωþ i0Þ2 → −q2⊥. This then
solves problem (i) from above.
Let us turn our attention to problem (ii). We have already studied the propagator qμqν=q4 when discussing Rξ gauge. The

case of qμqν=ðq2 × ðωþ i0Þ2Þ is slightly different because of the double-pole at ω ¼ 0. In particular beneath Eq. (47) we

dropped a term linear in ω from Að1Þ
b noting that it would integrate to zero. This term now gives instead, ω=ðωþ i0Þ2 ¼

1=ðωþ i0Þ ¼ PVð1=ωÞ þ ð−iπÞδðωÞ which does not integrate to zero when integrated against an even function. The result
is that the terms involving ðiÞ × qμqν=½q2ðωþ i0Þ2� give

ð−1Þ × ie2
Z

d4q
ð2πÞ4

�
1

ωþ i0
hBjOðkÞ 1

−HA þ i0
P=Aρð−qÞρðqÞjAi

�
1

q2
¼ ð−1Þ ×Að1Þ

b;CL
; ðA6Þ

which is related to the longitudinal (Coulomb mode) contribution Að1Þ
b;CL

. Again, a similar result holds for Að1Þ
d;CL

.

In order to study the terms involving ðvμqν þ vνqμÞ let us define the “mixed propagator”

DM;μν ¼ ð−1Þ × i
q2

1

ωþ i0
ðvμqν þ vνqμÞ: ðA7Þ
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Consider first the contribution to Að1Þ
a using DM;μν in place of Dμν which we denote by Að1Þ

a;M,

Að1Þ
a;M ¼ −ie2

Z
d4q
ð2πÞ4

�
1

ωþ i0
hBjρð−qÞ 1

ω −HB þ i0
OðkÞρðqÞjAi þ 1

ωþ i0
hBjρð−qÞOðkÞ 1

ω −HA þ i0
ρðqÞjAi

�
:

ðA8Þ

It is useful to rewrite this as,

Að1Þ
a;M ¼ −ie2

Z
d4q
ð2πÞ4

1

q2

�
1

ωþ i0
hBjOðkÞρð−qÞ 1

ω −HA þ i0
ρðqÞjAi þ 1

ωþ i0
hBjρð−qÞ 1

ω −HB þ i0
ρðqÞOðkÞjAi

�

− ie2
Z

d4q
ð2πÞ4

1

q2

�
1

ωþ i0
hBj½ρð−qÞ;OðkÞ� 1

ω −HA þ i0
ρðqÞjAi

þ 1

ωþ i0
hBjρð−qÞ 1

ω −HB þ i0
½OðkÞ; ρðqÞ�jAi

�
; ðA9Þ

where all commutator dependence is between the curly braces. The terms in square brackets are organized such that the first
line contains EM currents that act before the operator and the second line EM currents that act after the operator. Let us

focus on the first line which combines withAð1Þ
b;M and Zð1Þ

A . The seagull terms inAð1Þ
c;M give zero when contracted with vμ and

so we have for the rest of the terms (focusing on those involving interactions with A before the external operator)

Að1Þ
b;M þ 1

2
Zð1Þ
A;MA

ð0Þ ¼ −ie2
Z

d4q
ð2πÞ4

1

q2

�
2

ωþ i0
hBjOðkÞ 1

−HA þ i0
P=Aρð−qÞρðqÞjAi

−
1

ωþ i0
hBjOðkÞρð−qÞ 1

ω −HA þ i0
ρðqÞjAi

�
: ðA10Þ

Notice that when combined with the first line in the square brackets of Eq. (A9) this gives 2 ×Að1Þ
b;CL

. Finally, adding this to

ð−1Þ ×Að1Þ
b;CL

from Eq. (A6) we find the same result as would be obtained in Coulomb gauge for diagram (b). Performing

the same analysis with the second line in the square brackets of Eq. (A9) and Að1Þ
d;M þ 1

2
Zð1Þ
B;MA

ð0Þ leads to (in the case
where ½ρ;O� ¼ 0),

Að1Þ
a;M þAð1Þ

b;M þ 1

2
Zð1Þ
A;MA

ð0Þ þAð1Þ
d;M þ 1

2
Zð1Þ
B;MA

ð0Þ ¼ Að1Þ
b;CL

þAð1Þ
d;CL

: ðA11Þ

This solves problem (ii) from above because Að1Þ
c;C ¼

Að1Þ
e;C ¼ 0 and Að1Þ

a;C ¼ Að1Þ
a;CT

only involves transverse pho-

tons such thatMð1Þ
C ¼ Mð1Þ

F when summing over all of the
Feynman diagrams.
So far in our discussion we have neglected the commu-

tators ½ρðqÞ;OðkÞ� in Eq. (A9). These terms are nonzero for
charged operators7 and are relevant for weak interaction
phenomenology. Since charged currents mix the gauge
properties of the hadronic and leptonic sectors, we must
also study diagrams involving photon exchange with the
charged lepton (or other charged hadron) i.e., the box
diagrams discussed above. Doing so one finds that the
contribution from DM;μν where vμ contracts with the

hadronic part of the diagram and qν with the leptonic part
of the diagram subtracts off the commutator terms in
Eq. (A9). To see this one requires the result that
½ρðqÞ;OðkÞ� ¼ QOOðqþ kÞ and to use the on-shell
identity −=qvðpeÞ ¼ ð−=pe − =q −mÞvðpeÞ for the leptonic
part of the diagram which is related to diagrammatic proofs
of the Ward identity.

APPENDIX B: DEGENERATE PERTURBATION
THEORY

It is a common occurrence when considering bound state
spectra that closely spaced levels spoil the convergence of
perturbation theory. The “EPI scheme” discussed in the
main text corresponds to standard nondegenerate pertur-
bation theory, however it is straightforwardly generalized to
include a manifold of closely spaced energy levels using
degenerate perturbation theory. The “1PI scheme” is then a

7For operators involving derivatives there are further seagull
terms at the weak vertex we have not included.
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particular choice in which all single particle states (includ-
ing the entire bound-state spectrum) are included in the
quasidegenerate manifold. Here we briefly outline how to
extend the EPI scheme when the initial or final nucleus is
part of an almost degenerate subspace, S, of states. First we

extend the definition of EPI to this whole space so that the

full two point function GðSÞ
ij between any two states i and j

in this subspace is. Removing some of the factors of i
we write

GðSÞ
ji ¼ Dji þDjk0 ½Σk0k�Dki þ � � � ¼

�
1

1 −DΣ

�
jk
Dki ¼ Djk

�
1

1 − ΣD

�
kj
¼

�
1

D−1 − Σ

�
ij
; ðB1Þ

where repeated indices are summed over states in the
almost degenerate subspace and

Djiðp0Þ ¼ δji
p0 − Ei

; ðB2Þ

is the free propagator. Of course G and Σ also depend on
p0. Σ has a perturbative expansion in the electromagnetic
fine structure constant α that begins at OðαÞ. For conven-
ience we have removed a factor of i from the conventional
definitions (e.g.D is −i times the usual free propagator, Σ is
i times the usual definition, and similarly for G). In the
above Σ is the subspace EPI self-energy matrix that takes
into account electromagnetic corrections. It has a pertur-
bative series in the electromagnetic fine structure constant
and the first term is linear in α.
Taking these electromagnetic corrections into account

the corrected energy eigenvalues for states Ephys
i in

this subspace occur at values of p0 that satisfy,
det½Dðp0Þ−1 − Σðp0Þ� ¼ 0.
In general the initial and final states (A and B) will have

their own degenerate subspaces SA and SB. For a transition
between the states Aphys in SA and Bphys in SB we need to
find the physical states Aphys and Bphys and which include
electromagnetic corrections. Let us first focus first on the
initial states and expand the denominator of GðSAÞ about
p0 ¼ Ephys

A .

D−1 − Σ ¼ ðp0 − Ephys
A þ Ephys

A − EAÞ − ΣðEphys
A Þ

− ðp0 − Ephys
A ÞΣ0ðEphys

A Þ þ � � � ðB3Þ

The matrix

M ¼ ðEphys
A − EAÞ − ΣðSAÞðEphys

A Þ ðB4Þ

has one zero eigenvalue corresponding the physical initial
state. Clearly we want to work with a basis of states for the
subspace SwhereM is diagonal. So henceforth let us do so.
For LSZ we will need.

limp0→Ephys
A

h
GðSAÞ

kl ðp0 − Ephys
A Þ

i

¼ limp0→Ephys
A

"
1

1þM=ðp0 − Ephys
A Þ − Σ0ðEphys

A Þ

#
kl

ðB5Þ

Taking the limit it can be seen that this matrix is diagonal
and the only nonzero entry in the diagonal is the one
corresponding to the physical state A. Explicitly

limp0→EA
½GðSAÞ

kl ðp0 − Ephys
A Þ� ¼ δkjAiδjjAi

ð1 − Σ0ðEphys
A ÞjAijAiÞ

ðB6Þ

An identical set of equations holds for the final state and its
almost degenerate subspace. Since Σ is order α if we work
to that order we can replace Ephys

A by EA in the argument
of Σ0.
So the upshot is that the LSZ prescription is to rotate to

the basis where the matrices M for the initial and final
almost degenerate subspaces are diagonal with a zero in the
slot corresponding to the initial and final states and then
the usual formulas apply with (at leading order in the
electromagnetic coupling),

ffiffiffiffiffiffi
ZA

p
≃ 1þ Σ0ðEAÞjAijAi=2 andffiffiffiffiffiffi

ZB
p

≃ 1þ Σ0ðEBÞjBijBi=2. Note that in general the matri-
ces Σ0 are different for the initial and final almost
degenerate subspaces.
A similar situation occurs in degenerate perturbation

theory however one must take into account that the energy
shift vanishes at OðeÞ in QED because if we write jAÞ ¼
jAi þ ejAÞð1Þ þ e2jAÞð2Þ þ � � � then hAjAÞð1Þ ¼ 0 because
jAi has the photonic vacuum whereas jAÞð1Þ contains a j1γi
state. As a result we must work to second order to
determine the appropriate energy shift for the states jAÞ
and jBÞ. Doing so, one finds that to avoid small denom-
inators in perturbation theory, an energy-dependent (and
therefore state-dependent) matrix must be diagonalized,
just like Σðp0 ¼ EA;iÞ described above.

APPENDIX C: NUCLEAR STRUCTURE
CORRECTION

In this section we make contact with existing literature
on the nuclear structure dependent correction, δNS, the
Fermi function FðZ; EÞ, and the shape function CðZ;EÞ.
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These quantities, which appear in the theory of super-
allowed beta decays are important for a consistent analysis
of radiative corrections.
Let us begin with the mapping to the notation of Ref. [42].

It is easiest to make connection prior to any subtractions i.e.,
in terms of Vð1Þ and Bð1Þ. Since we have included only the
vector part of the current, the mapping is given by,

Vð1Þ → δM3 þ δM2 ðC1Þ
Bð1Þ → δMa

γW: ðC2Þ
The term δM3 ¼ 0 in the isospin conserving limit (in the
infinite target-mass limit). We have used “→” instead

of “¼” due to some technical differences. For example,
the corrections in Ref. [42] are defined with a propagating
W-boson, whereas we have worked in an effective theory at
the level of nucleons. Another difference is that the outer
corrections in Ref. [42] are following the classic Sirlin

conventions, whereas our Õð1Þ
virt is defined in terms of a heavy

particle effective field theory amplitude as in Refs. [8,15,30].
Finally, note that we have studied the renormalization of
OðkÞ ¼ J −

0 , whereas Refs. [41,42] considerJ
−
μ which also

includes the spatial component of the weak current.
Let us further identify the Fermi function and shape

factor in our result. Consider B̃ð1Þ, which we repeat here for
convenience,

B̃ð1Þ ¼ 1

ūðpνÞΓvðpeÞhBjOðkÞjAi × e2
Z

d4q
ð2πÞ4D

μνðqÞūðpνÞΓ
1

−=pe − =q −m
γνvðpeÞ½−ð2πiÞvμδðωÞhBjρðqÞOðk − qÞjAi

þ hBjJ ð−Þ
μ ðqÞ 1

−ω −HB
Oðk − qÞjAi þ hBjOðk − qÞ 1

ω −HA
J ðþÞ

μ ðqÞjAi�: ðC3Þ

The first term with δðωÞ is separately gauge invariant (in arbitrary noncovariant gauge), and remains gauge invariant for an
arbitrary state inserted between ρðqÞ and Oðk − qÞ. More precisely [55],

DμνðqÞvνδðωÞ ¼
i
q2

vμδðωÞ: ðC4Þ

Let us insert the ground state, and focus only on this term

e2
Z

d3q
ð2πÞ3 ūðpνÞΓ

1

−=pe − =q −m
hBjρðqÞjBi

q2
γ0vðpeÞhBjOðk − qÞjAi →

Z
d3q
ð2πÞ3 ūðpνÞΓVpe

ðqÞhBjOðk − qÞjAi: ðC5Þ

where we have identified the object on the first line as the Oðe2Þ contribution to the outgoing positron wave function,
Vpe

ðqÞ, computed with in the field of nucleus-B, convolved with the tree-level weak nuclear matrix element
hBjOðk − qÞjAi. This matches the conventional definition of FðZ; EÞ × CðZ; EÞ.
We may then identify B̃ð1Þ þ Ṽð1Þ with the OðαÞ contributions to FðZ; EÞ × CðZ; EÞ × ð1þ δNSÞ. This quantity includes

isospin breaking, however following the conventions of the literature, this one-loop isospin breaking correction is folded
into δNS which is then a gauge-invariant correction. Let us define,

B̃ð1Þ
=B ¼ 1

ūðpνÞΓvðpeÞhBjOðkÞjAi× e2
Z

d4q
ð2πÞ4D

μνðqÞūðpνÞΓ
1

−=pe − =q−m
γνvðpeÞ

�
−ð2πiÞvμδðωÞhBjρðqÞP=BOðk− qÞjAi

þ hBjJ ð−Þ
μ ðqÞ 1

−ω−HB
Oðk− qÞjAi þ hBjOðk− qÞ 1

ω−HA
J ðþÞ

μ ðqÞjAi
�
; ðC6Þ

then Ṽð1Þ þ B̃ð1Þ
=B can be mapped onto δNS.

APPENDIX D: ULTRAVIOLET SENSITIVITY
AND DYNAMIC RANGE

In the main text we have developed a formulation for
computing objects like Σ0

2 of a bound-state. The expressions
we encounter contain integrals which formally span from
jqj ¼ 0 up to jqj ∼∞. Even in renormalizable theories, like

the example we discuss below, these integrals can receive
large contributions from regions of integration outside the
domain of validity of the effective description used to model
the bound state; one may say that a numerical calculation of
the matrix elements would require large “dynamic range.”
Since a large dynamic range is numerically challenging, it is
desirable to remove the sensitivity to regions of large
momentum transfer in the integral, and we outline a strategy
to achieve this goal below.
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For concreteness in what follows, we will discuss the case of nonrelativistic bound states relevant for atoms, nuclei, and
heavy-heavy mesons such as the ϒ or J=ψ. In order for a nonrelativistic bound state to form it is crucial that the kinetic
energy operator −∇2=2M is included in the zeroth order Hamiltonian. For definiteness let us write the Lagrangian of a
nucleus as8

LSðxÞ ¼ ψ†ðxÞ
�
iDt −

D2

2M

�
ψðxÞ þ 1

2

Z
d3y½ρðx; tÞVðjx − yjÞρðy; tÞ� ðD1Þ

where i∈ fn; pg the covariant derivatives are defined by

Dt ¼ ∂t þ ieQiA0; ðD2Þ

D ¼ ∇þ ieQiA; ðD3Þ

withQi ¼ 0 for a neutron, andQi ¼ 1 for a proton. This leads to the density and current operators,9 with ap the annihilation
operator for a proton with momentum p,

ρðqÞ ¼
Z

d3p
ð2πÞ3 a

†
pþqap; ðD4Þ

JðqÞ ¼
Z

d3p
ð2πÞ3

2pþ q
2M

a†pþqap; ðD5Þ

and a Hamiltonian,

HS ¼
Z

d3xψ†ðxÞ
�
−

∇2

2M

�
ψðxÞ þ 1

2

Z
d3y½ρðxÞVðjx − yjÞρðyÞ�; ðD6Þ

where all quantities are evaluated at t ¼ 0.
Let us consider Σ0

2 of nucleus A working in Coulomb gauge. In this gauge only transverse photons contribute and we
encounter the integral (after performing the ω integral by closing the contour in the upper half plane),

Σ2 ¼ e2
Z

d3q
ð2πÞ3

1

2jqj hAjJið−qÞ
�

1

jqj þ Ĥ − i0

�
2

JjðqÞjAiPij; ðD7Þ

where Pij ¼ δij − qiqj=q2. Using the explicit form for JðqÞ and the fact that qiPij ¼ 0, we arrive at,

Σ2 ¼ e2
Z

d3q
ð2πÞ3

d3p
ð2πÞ3

d3k
ð2πÞ3

1

2jqj hAja
†
k−qak

�
1

jqj þ Ĥ − i0

�
2

a†pþqapjAiPij
pikj
M2

; ðD8Þ

As jqj → ∞ this integral is dominated by intermediate states in which a single nucleon (since JðqÞ is a one-body operator) is
knocked out and carries momentum pþ q i.e., by the quasielastic peak. Neglecting the small excitation energy of the
residual nuclear system we have HjNðpþ qÞ;A − 1i ≃ ð2MÞ−1ðpþ qÞ2jNðpþ qÞ;A − 1i. The integral in Eq. (D8) is
therefore convergent in the ultraviolet, but is sensitive to scales of jqj ∼ 2M which are much higher than the cutoff (or
regime of validity) of the nonrelativistic description which underlies Eq. (D6).
This is a well-known property of nonrelativistic field theories (such as NRQCD or NRQED) [56,57]. Since we only

expect approximations to nuclear matrix element to be reliable for jqj≲ 500 MeV it is desirable to remove the sensitivity to
jqj ∼M. This can be achieved by subtracting the contribution from one-nucleon knockout,

½Σ0
2�subtr ¼ e2

Z
d3q
ð2πÞ3

d3p
ð2πÞ3

d3k
ð2πÞ3

1

2jqj hAjOSðk;p;qÞjAiPij
pikj
M2

ðD9Þ

8In principle one could include radiation modes in addition to potential modes [that generate Vðx − yÞ], but we view this as an
unnecessary complication.

9We define our operators with momentum flowing into the bound state, which differs from a conventional definition in terms of the
Fourier transform of ρðxÞ or JðxÞ.
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where the subtracted operator is

OSðk;p;qÞ ¼ a†kakþq

�
1

jqj þ Ĥ − i0

�
2

a†pþqap

− a†k

�
1

jqj þ ðqþ pÞ2=2M − i0

�
2

× apð2πÞ3δð3Þðp − kÞ: ðD10Þ

We must add back what we have subtracted, how-
ever this piece factorizes into an analytically cal-
culable piece, and simple matrix element inside the
nucleus,

Σ0
2 ¼ ½Σ0

2�subtr þ
2

3
e2hv2piA

Z
d3q
ð2πÞ3

1

2jqj

×

�
1

jqj þ q2=2M − i0

�
2

þOðv4pÞ; ðD11Þ

where we have kept only the leading-in-vp contribution,
and where hv2pi ¼ hPi v

2
i i where the sum runs over all

protons in the nucleus. Now ½Σ0
2�subtr is sensitive only to

nuclear scales, and the extra integral can be calculated
analytically. Since jpj=M is always small, one can expand
the integral around jpj ¼ 0.

Not all of these “high momentum” contributions start at
order p2. For example performing a similar analysis for

Ṽð1Þ
F − Ṽð1Þ

C gives

½Ṽð1Þ
F − Ṽð1Þ

C �subtr ¼
e2

2M

Z
d3q
ð2πÞ3

1

2jqj
�

1

jqj þ q2=2M þ i0

�
þOðv2pÞ: ðD12Þ

More generally one may study nonrelativistic effective
theories that yield divergent integrals and demand renorm-
alization. These ultraviolet divergences are qualitatively
similar to the issues discussed above. It is clear that one
may perform appropriate subtractions yielding many-body
matrix elements that are convergent in the ultraviolet. All
renormalization (such asmass renormalization of the proton)
can then be handled analytically, e.g. in dimensional regu-
larization. It is important to emphasize that any and all
renormalization can be performed in the single-body sector10

at the level of the constituent particles, and that all other shifts
to bound-state masses will be finite and calculable predic-
tions of the theory.
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