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We determine the initial condition of the Balitsky-Kovchegov (BK) evolution equation at next-to-leading
order (NLO) accuracy using HERA deep inelastic scattering data. We use Bayesian inference to compare
model values, derived from NLO impact factors and the BK evolution equation with kinematical constraint
resumming most important higher order corrections, to precise data and to extract posterior distributions
characterizing the initial condition. The total cross section and charm quark production data from HERA
are found to provide stringent constraints on the posterior. These distributions quantify the uncertainty in
the initial condition and serve as necessary input for propagating uncertainties to all NLO calculations
within the color glass condensate framework.
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I. INTRODUCTION

The color glass condensate (CGC) [1] effective field
theory provides a natural framework for describing the
gluon-dense, high-energy structure of protons and nuclei.
As the collision energy increases or the Bjorken-x decreases
at fixed probe virtuality Q2, one unlocks the saturation
regime with emergent nonlinear quantum chromodynamics
(QCD) effects. This regime is characterized by the saturation
scale,Q2

s , which scales asQ2
s ∼ A1=3, where A is the nuclear

mass number. In this context, the upcoming Electron Ion
Collider (EIC) [2] (or other potential future nuclear-DIS
facilities [3,4]) will feature heavy nuclear targets and provide
access to the saturated state of gluonic matter.
In the leading order (LO) dipole picture of deep inelastic

scattering (DIS), the incoming virtual photon splits into
a quark-antiquark pair which interacts with the target
nucleus [5]. The necessary ingredients in calculations
of DIS structure functions in the CGC framework are
the DIS impact factor and the small-x Balitsky-Kovchegov
(BK) [6,7] evolution equation at the desired order in
perturbation theory.

First principle calculations of impact factors at NLO in
αs have been performed in the light cone perturbation
theory for light [8–13] and massive [14–16] quarks. These
impact factors, which describe the photon splitting into
partonic states, are coupled to the high-energy BK evolu-
tion equation that resums contributions enhanced by large
logarithms of energy ∼αs lnð1=xÞ (or α2s lnð1=xÞ at NLO).
The full NLO BK evolution equation is derived in Ref. [17]
with numerical solutions implemented in Refs. [18,19].
Prescriptions that resum dominant single and double
logarithmic contributions, that provide an accurate approxi-
mation to the NLOBK equation [19], have been obtained in
Refs. [20–23]. For this study, we adopt the BK evolution
equation that resums the large double logarithmic terms
to approximate the full NLO BK equation. Finite-Nc
corrections to the NLO BK equation, found to have a
small effect on dipole amplitudes [24], and other correc-
tions like the resummation of single logarithmic terms and
higher order terms not enhanced by transverse logarithms,
are omitted from the present analysis. Furthermore, we do
not include dependence on the impact parameter, as studied
in Ref. [25].
The BK equation describes the energy dependence of the

dipole-target scattering amplitude. This perturbative evo-
lution equation takes as a nonperturbative input the dipole-
target scattering amplitude at an initial energy scale, and
predicts its energy evolution toward higher energies.
Models like the McLerran-Venugopalan (MV) [26] model
or the Golec-Biernat-Wüsthoff (GBW) model [27] provide
reasonable parametrizations for this initial condition.
Substantial efforts have been made in extracting the initial
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condition from available data at LO [28–30], and at NLO
with light [31] and heavy [32] quarks. In particular,
Ref. [32] shows the feasibility of a global fit at NLO
accuracy by demonstrating that it is possible to simulta-
neously describe both the total cross section [33] and heavy
quark production [34] data from HERA at small x. These
previous NLO dipole fits, however, do not include the
heavy quark contribution in the actual fit procedure, and
neglect correlated experimental uncertainties. Furthermore,
they also lack a systematic quantification of the uncertainty
of the determined nonperturbative BK initial condition,
which has been obtained in a leading order analysis in
Ref. [35]. An accurate extraction of this nonperturbative
input, among with well-defined uncertainty estimates, is
essential in order to promote the precision in theoretical
calculations to the level that is comparable to current and
future high-precision measurement sensitive to saturation
effects at the EIC or at the LHC [36].
The main objective of this work is to extend our previous

analysis [35] to infer the initial condition for the BK
equation in NLO accuracy, combining NLO impact factors
with dipole amplitudes evolved using an evolution equation
of partial NLO accuracy to compute the DIS structure
functions. For the first time, we perform a global analysis
including both the HERA total cross section and the charm
production data as constraints. To extract the model para-
meters in the initial condition, we use Bayesian inference,
which not only identifies the best-fit values but also probes
its neighboring area in the parameter space. This approach
determines posterior distributions that provide a stream-
lined method to propagate the initial condition uncertainty
to calculations of other observables within the CGC
framework at NLO.
The paper is structured as follows. Section II provides a

brief summary of the DIS cross section calculation at the
next-to-leading order accuracy in the CGC approach. This
involves a two-part discussion of the NLO impact factors in
Sec. II A and the approximated NLO evolution equation in
Sec. II B. Details of the Bayesian inference setup used to
find the probability distribution describing the initial condi-
tion to the BK evolution equation are presented in Sec. III.
The obtained posterior distributions, best-fit values, and
other results are then shown in Sec. IV. Conclusions and
main findings are summarized in Sec. V.

II. DEEP INELASTIC SCATTERING AT NLO
IN DIPOLE PICTURE

A. NLO cross section

The leading order dipole picture of DIS consists of a
photon fluctuating to a dipole and interacting instantane-
ously with the target hadron by exchanging low-x gluons.
The separation between the lifetime of the dipole and the
timescale of the interaction enables one to factorize the
leading order γ�A cross section, as a function of Bjorken-x

and photon virtuality, Q2, as [37]

σγ
�p
T;Lðx;Q2Þ ¼ 2

X
f

Z
d2bd2rdz

��ψγ�→qq̄
T;L ðr; Q2; zÞ��2

× NLOðr;b; xÞ: ð1Þ

The light-cone wave function, ψγ�→qq̄
T;L , describes the split-

ting of the virtual photon to the quark-antiquark pair with a
transverse separation r, where the quark carries a fraction,
z, of the large photon plus momentum. Here T and L refer
to the transverse and longitudinal photon polarization,
respectively. The dipole interacts with the target color field
eikonally, so that r does not change during the interaction.
In this work we further neglect the impact parameter
dependence from the dipole-target scattering amplitude
NLO and, following, e.g., Refs. [29,30], replace

R
d2b →

σ0=2 where σ0=2 is the proton transverse area and b is the
impact parameter in the dipole-target scattering.
The total DIS cross section data is typically reported as a

reduced cross section defined as

σrðy; x;Q2Þ ¼ F2ðx;Q2Þ − y2

1þ ð1 − yÞ2 FLðx;Q2Þ: ð2Þ

Here the inelasticity is defined as y ¼ Q2=ðsxÞ, where ffiffiffi
s

p
is the center-of-mass energy in the electron-proton scatter-
ing. The structure functions F2 and FL are related to the
virtual photon-proton cross section as

F2 ¼
Q2

4π2αem

�
σγ

�A
T þ σγ

�A
L

�
; ð3Þ

FL ¼ Q2

4π2αem
σγ

�A
L : ð4Þ

The NLO corrections to the σγ
�A
L;T cross section include the

tree-level contribution describing the photon fluctuating
to a qq̄g system, where the additional gluon also interacts
with the target. Furthermore, NLO corrections also include
virtual one-loop corrections to the light-cone wave function
describing the γ� → qq̄ splitting. The qq̄g and the one-loop
qq̄ contributions in the dipole factorization have been first
calculated in the massless limit in Refs. [10–12], and later
results with a finite quark mass enabling also calculations
of heavy quark production were published in Refs. [14–16].
At NLO accuracy, a rapidity divergence appears when

the gluon longitudinal momentum fraction z2 → 0. This
divergence needs to be absorbed into the Balitsky-
Kovchegov evolution of the dipole-target scattering ampli-
tude, and there are different scheme choices that can be
employed. In this work, we apply the “unsubtracted”
scheme following Refs. [11,38,39], which has been pre-
viously applied in small-x phenomenology, e.g., in
Refs. [31,32,40]. In the unsubtracted scheme the gluon
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longitudinal momentum fraction z2 is limited from below
by requiring that the invariant mass of the qq̄g system
cannot exceed the center-of-mass energy of the photon-
nucleon system W.
In the unsubtracted scheme, the NLO cross section for

the γ�-target scattering can be written as [31]

σNLOL;T ¼ σICL;T þ σdipL;T þ σqg;unsubL;T : ð5Þ

Here σICL;T is the lowest order contribution from the
qq̄-target scattering without including the BK evolution,
σqg;unsubL;T describes the contribution where the qq̄g system

interacts with the target, and the dipole contribution σdipL;T

contains loop corrections to the qq̄-target scattering. Note
that when the cross section is written in this form, UV
divergences have been canceled between σdipL;T and σqg;unsubL;T

and as such this division is not unique.
The lowest order contribution σICL;T can be evaluated

using Eq. (1) together with the dipole amplitude evaluated
at the initial condition of the BK evolution. This is different
from the leading order dipole picture result, as in the small-
x power counting αs ln 1=x ∼ 1, and terms of this form are
resummed by having an x-dependent dipole amplitude
satisfying the BK equation. In the unsubtracted scheme
applied here, the BK evolution dynamics is included in the
term σqg;unsubL;T .
The term describing the qq̄g-target interaction can be

written as

σqg;unsubL;T ¼ Kqq̄g ⊗ N012: ð6Þ

Similarly for the qq̄-target scattering at NLO we have

σdipL;T ¼ Kqq̄ ⊗ N01: ð7Þ

The convolutions in Eqs. (6) and (7) are over the transverse
coordinates xi and the parton longitudinal momentum
fractions zi. Explicit expressions for the hard factors
Kqq̄g and Kqq̄ with nonzero quark masses employed in
this work can be found from Refs. [14–16], for brevity we
do not repeat these expressions in this work.
Eikonal quark(gluon)-target interaction is described in

terms of Wilson lines in fundamental (adjoint) representa-
tion. The amplitude for the quark-antiquark dipole to
scatter off the dense CGC target is N01 ¼ 1 − S01, where

S01 ¼
1

Nc
hTrfVðx0ÞV†ðx1Þgi: ð8Þ

The average h·i refers to an average over the target color
field configurations. Here x0 and x1 are the quark and
antiquark transverse coordinates, and N01 ¼ Nðjx01jÞ with
xij ¼ xi − xj. As mentioned above, the impact parameter
dependence of the dipole amplitude N01 is neglected in this

work (see also Refs. [25,41,42] for recent discussions of
the impact parameter dependence in the BK evolution).
Similarly, the scattering amplitude for the qq̄g system
N012 ¼ 1 − S012 is [10]

S012 ¼
Nc

2CF

�
S02S21 −

1

N2
c
S01

�
: ð9Þ

In the unsubtracted scheme, as already mentioned above,
one introduces a lower limit for the gluon longitudinal
momentum fraction z2 when evaluating Eq. (6). Following
Ref. [31], this limit is

z2 > z2;min ¼
Q2

0

W2
: ð10Þ

Again following [31] we set the nonperturbative target
momentum scale Q2

0 ¼ 1 GeV2.
When the gluon loop corrections to the qq̄-target

scattering, Eq. (7), are calculated in Refs. [12,14–16],
the integral over z2 has been calculated analytically,
integrating down to z2 ¼ 0. This is possible as, unlike
when evaluating σqg;unsubL;T , the z2 integral in σdipL;T is not log-
arithmically divergent and the contribution from z2 < z2;min

can be expected to be small.

B. Approximative BK evolution
at next-to-leading order

The dipole-target scattering amplitude depends on the
energy (or Bjorken-x), and in the large-Nc limit this
evolution is described in terms of the BK equation. The
BK equation at next-to-leading order has been derived in
Ref. [17], and the most important higher-order contribu-
tions enhanced by large transverse logarithms have been
resummed to all orders using different prescriptions in
Refs. [20–23].
In this work, we approximate the next-to-leading order

BK equation by the “kinematically constrained BK equa-
tion” (KCBK) from Ref. [23] (following the terminology of
Ref. [31]). The KCBK equation resums the most important
contributions enhanced by double transverse logarithms,
which in practice is obtained by imposing the required time
ordering between the consecutive gluon emissions in the
evolution. It has been shown in Ref. [19] that when such
higher order contributions are resummed to the leading
order equation, a good approximation for the NLO BK
equation is obtained. We have also explored a setup that
additionally resums contributions enhanced by single trans-
verse logarithms [22], but such setup did not result in good
fits as we will discuss in more detail in Sec. IV. The
inclusion of numerically more demanding NLO corrections
not enhanced by transverse logarithms to the evolution is
left for future work. In that case the resummation of single
transverse logarithms will also be crucial [22]).
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The KCBK evolution equation reads

∂YS01ðYÞ ¼
Z

d2x2KBKðx0;x1;x2ÞθðY − Δ012Þ

×
�
S02ðY − Δ012ÞS21ðY − Δ012Þ − S01ðYÞ

	
:

ð11Þ

Here the evolution rapidity Y is defined using the gluon
plus momentum kþ ¼ z2qþ where qþ is the large photon
plus momentum

Y ¼ ln
kþ

Pþ : ð12Þ

Here Pþ ¼ Q2
0=ð2P−Þ is the target plus momentum.

In this work we apply two different running coupling
prescriptions. First, the coordinate space strong coupling
constant in the BK evolution and in the impact factor can be
evaluated at the distance scale set by the parent dipole jx01j.
In this case the BK kernel, which describes the probability
density to emit a gluon to the transverse position x2, reads

KBKðx0;x1;x2Þ ¼
Ncαsðx01

2Þ
2π2

x01
2

x12
2x02

2
ð13Þ

We refer to this as the parent dipole prescription. The other
option, referred to as the Balitskyþ smallest dipole pre-
scription [43], corresponds to the BK kernel

KBKðx0;x1;x2Þ ¼
Ncαsðx2

01Þ
2π2



x2
01

x2
12x

2
02

þ 1

x2
02

�
αsðx2

02Þ
αsðx2

12Þ
− 1

�

þ 1

x2
12

�
αsðx2

12Þ
αsðx2

02Þ
− 1

��
: ð14Þ

In the limit where one of the daughter dipoles x02, x12 is
very small, the running coupling scale is set by the smallest
dipole, and the Balitsky prescription typically results in
slower evolution compared to the parent dipole one. As
such, in this prescription we evaluate the running coupling
in the impact factor at the scale set by the smallest dipole
size: αs ¼ αsðminfx2

01;x
2
02;x

2
21gÞ.

The strong coupling in the coordinate space is eva-
luated as

αsðx2
ijÞ ¼

4π

β0 ln


�
μ2
0

Λ2
QCD

�
1=c

þ
�

4C2

x2ijΛ
2
QCD

�
1=c

�
c : ð15Þ

Here ΛQCD ¼ 0.241 GeV, β ¼ ð11Nc − 2NfÞ=3, and we
use Nf ¼ 3 in this work. Based on [44,45], the expected
value for C2 is C2 ¼ e−2γE ≈ 0.32. This work, however,
takes C2 as a fit parameter to describe the uncertainty
related to the running coupling prescriptions and to account

for higher order corrections. Note that although we also
include the charm quark contribution, we use Nf ¼ 3 at all
transverse distance scales for simplicity (as in Ref. [32]) as
it is not obvious how Nf should depend on this coordinate
space scale.1

The KCBK equation (11) is nonlocal in rapidity, with the
rapidity shift

Δ012 ¼ max

�
0; ln

minfx2
02;x

2
21g

x2
01



: ð16Þ

Following again Refs. [31,32], we initialize the BK
evolution at the kinematical limit Y ¼ 0 (corresponding
to the “Y0;BK ¼ 0” setup of [31]), and solve the equation
numerically using the Euler method.
The initial dipole is parametrized using a McLerran-

Venugopalan (MV) model [26] inspired parametrization,
similarly as in Refs. [29–31]

S01ðY ¼ 0Þ ¼ exp



−
ðx2

ijQ
2
s;0Þγ

4
ln

�
1

jxijjΛQCD
þ ec · e

��
:

ð17Þ

Here the free parameters are the anomalous dimension,
γ, infrared regulator, ec, and Q2

s;0 controlling the initial
saturation scale.
In principle it would be preferable to take γ ¼ 1 as in the

MV model, as that forces the momentum space dipole
amplitude (unintegrated gluon distribution) to be positive
definite [46], and enables a more natural generalization
for the dipole-nucleus scattering in the optical Glauber
model [30]. However, with such a parametrization for the
initial condition we did not find any good fit. As such, we
use the so-called MVγ parametrization from now on, fixing
ec ¼ 1 and considering γ as a free parameter.
The dipole amplitudes N01 and N012 in convolutions (6)

and (7) satisfy the BK equation. Following the previous
NLO fit of Ref. [31], when calculating the dipole term
σdipL;T the dipole amplitude is evaluated at Y ¼ lnð1=xÞ.
In the case of qq̄g-target interaction in σqg;unsubL;T , stability
of the factorization scheme requires the evolution rapidity
to depend also on the gluon momentum fraction z2
[23,38,39,47,48], and it becomes

Y ≡ ln
kþ

Pþ ¼ ln
W2z2
Q2

0

: ð18Þ

Here kþ ¼ z2qþ is the gluon plus momentum, qþ the large
photon plus momentum and Pþ ¼ Q2

0=ð2P−Þ. Note that as
already discussed above, when the σdipL;T term is derived, an
integral over z2 from z2 ¼ 0 to z2 ¼ 1 is already performed

1One potential prescription has been suggested in Ref. [29].
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analytically, and as such it is not possible to use the same z2
dependent evolution rapidity in that term.2

III. BAYESIAN INFERENCE SETUP

The inverse problem is a common challenge in high-
energy particle physics phenomenology, where the under-
lying cause is extracted from observed effects, instead of
the usual forward mindset of using theory to predict obser-
vations. Given the nonperturbative nature of the initial
dipole-proton amplitude, it can only be constrained using
available experimental data. The experimental datasets
used in this work are the combined reduced total cross
section [33] and the reduced charm production cross section
[34] measured in deep inelastic ep scattering at HERA. In
this analysis, we include data from the kinematical domain
2.0 GeV2 ≤Q2 < 50.0 GeV2 and x ≤ 0.01 which gives us a
total of 404 data points for the total reduced cross section and
34 data points for the charm contribution. The lower limit in
Q2 ensures the validity of the perturbative calculation, and
the upper limit excludes the part of the phase space where
Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP)
dynamics would dominate.
Bayesian inference is a statistical approach that addresses

the inverse problem in a probabilistic manner. The inference
setup used in this work is equivalent to what we used in
Ref. [35] and is summarized here for completeness.
The posterior function PðyðθÞjyexpÞ is the probability

that a model yðθÞ, at parameter point θ, is true in light of
experimental data yexp. Bayes’ theorem inverts the like-
lihood function, PðyexpjyðθÞÞ, to find the posterior

PðyðθÞjyexpÞ ∝ PðyexpjyðθÞÞPðθÞ: ð19Þ

The likelihood function, PðyexpjyðθÞÞ, is the degree that the
model describes the observed data at a given parameter
point. The log likelihood function can be written as

logPðyexpjyðθÞÞ

¼ −
1

2

�
ΔyðθÞTΣ−1ðθÞΔyðθÞ þ logð2π detðΣÞÞ	; ð20Þ

where ΔyðθÞ ¼ yðθÞ − yexp, while Σ ¼ Σexp þ ΣmodelðθÞ.
This work accounts for both uncorrelated and correlated
systematic uncertainties present in the experimental data,
where Σexp is the full experimental covariance matrix. The
theoretical covariance matrix provided by the Gaussian
process emulator described below is represented by Σmodel.
The prior PðθÞ encodes knowledge, like bounds of the

parameter space, about the model without the bias intro-
duced by the experiment. In this work we consider a

uniform prior, i.e., PðθÞ ¼ 1 in the allowed region of the
parameter space and 0 outside.
Sampling algorithms belonging to the Markov chain

Monte Carlo (MCMC) class estimate the posterior and find
the target distribution once the Markov chain has reached
equilibrium. An example of such is the Metropolis-Hastings
(MH) algorithm. Starting from an initial position θ0, a
random point in the vicinity of the original point within
the parameter space is selected as the proposed next step θ1.
The probability that the proposal is accepted is based on the
ratio Pðyðθiþ1ÞjyexpÞ=PðyðθiÞjyexpÞ. Eventually, the chain
will converge to areas of high posterior and samples from
this chain will make up the target posterior distribution.
The MCMC algorithm, in this study, evaluates the

posterior at around ∼106 points or more in the parameter
space. Hence, a Gaussian process emulator (GPE) is used in
place of the model (the NLO cross section calculation) as a
more efficient substitute. An estimate from the GPE is a
function drawn from a Gaussian process that is charac-
terized by a covariance kernel. We use a combination of the
radial basis function and the Matérn kernels to form a more
flexible covariance kernel. The hyperparameters describing
the kernel are then optimized by training the emulator.
The training data comprises of model calculations for
parameter vectors chosen through a latin hypercube algo-
rithm, ensuring an even spread throughout the parameter
space. Principal component analysis further reduces the
dimensionality of the training data and enables independent
training of a GPE for each principal component. The
covariance matrix of the GPE Σemulator, which describes
the GPE’s estimated uncertainty, will represent the theo-
retical uncertainty of the model, Σmodel ¼ Σemulator.
This work employs the EMCEE package [50] that imple-

ments an affine-invariant ensemble sampler of MHwalkers,
whose positions are updated based on the posterior evalu-
ated by the other walkers. The GPEs are implemented using
the SKLEARN package [51]. We train separate emulators for
the reduced cross section and for the charm production
using training data at 500 parameter points, and 6 principal
components that capture more than 99% of the model
variance. The GPE and MCMC sampler work hand in
hand to explore the parameter space and extract the target
posterior distribution.
To validate the emulators, we quantify the emulator

accuracies and determine if the uncertainty estimates are
realistic. First, comparisons between the emulator and the
model when calculating the total reduced cross section σr
and the charm production cross section σr;c are shown for
the Balitskyþ smallest dipole and the parent dipole setups
in Figs. 1 and 2, respectively. Overall we find an excellent
agreement, and the average relative uncertainty δrel shown
in the figures in all cases is clearly smaller than the typical
uncertainty in the HERA data.
The uncertainty estimate provided by the emulator is

validated by computing the z score, which is a distribution
of the difference between the emulator prediction and the

2The z2 dependence to the σdipL;T has been restored in the
massless limit in Ref. [49].

INITIAL CONDITION FOR THE BALITSKY-KOVCHEGOV … PHYS. REV. D 112, 034003 (2025)

034003-5



actual model output, normalized by the emulator uncer-
tainty estimate. The z-score distribution for both running
coupling schemes is shown in Fig. 3. For a perfect emulator
this distribution has a zero mean and unit width. In our case,
we observe that our GPEs slightly overestimate the

emulator uncertainty, as reflected by the standard devia-
tions indicated by dashed vertical lines being typically less
than 1. Overall we conclude that the emulators are very
accurate, and the emulator uncertainties are also realistic
and can be used in the MCMC sampling phase.
Finally we validate the MCMC sampler and the overall

Bayesian inference framework by performing a closure test.
This test constrains the model to an artificially generated data
constructed from known input parameters, here considered
as the true values. Each data point is then assigned an
uncertainty such that the relative uncertainty matches the
HERA data. The established GPE and MCMC sampler
should then be able to recover a posterior distribution that is
aligned with the true values. We do such a test for 4 distinct
parameter points chosen, and subsequently removed, from
the emulator training set. Figure 4 demonstrates a close

FIG. 1. Comparison between the emulator prediction and the
model calculation for the setup using the Balitskyþ smallest
dipole running coupling prescription.

FIG. 2. Comparison between the emulator prediction and the
model calculation for the setup using the parent dipole running
coupling.

FIG. 4. Results from the closure test, comparison between extracted posterior distributions (solid lines) and corresponding true
parameter values (dashed lines). (a) Balitskyþ smallest dipole coupling. (b) Parent dipole coupling.

FIG. 3. The z-score distribution over 100 validation points
sampled from the prior. The vertical lines indicate the one-
standard-deviation interval. (a) Balitskyþ smallest dipole.
(b) Parent dipole.
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alignment between the peaks of the posterior distributions
and the known true values (vertical dashed lines). Such
agreement allows us to be confident on the robustness and
reliability of our own Bayesian setup in extracting target
model parameters.

IV. RESULTS

The model parameters Q2
s;0, γ, C

2, σ0=2, and mc are
simultaneously constrained through Bayesian inference

using HERA combined data for the total DIS cross section
and for the charm production. The charm mass, mc, in the
pole mass scheme used in the calculation of Ref. [16], is
also considered to be a fit parameter as in Ref. [32].
The posterior distribution of the model parameters

obtained in the setup using the Balitskyþ smallest dipole
running coupling prescription is shown in Fig. 5, and
similar results obtained using the parent dipole coupling
are presented in Fig. 6. Here the diagonal panels show the
marginal distribution, and off-diagonal panels illustrate

FIG. 5. 1- and 2-dimensional projections of the posterior probability distribution for the Balitskyþ smallest dipole running coupling
setup.
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correlations between the two model parameters. In both
setups all model parameters are tightly constrained by the
HERA data.
The maximum a posteriori (MAP) parametrizations

resulting in the highest likelihoods are shown in Table I,
along with the χ2=d:o:f: values of Oð1Þ demonstrating that
the description of the precise HERA data obtained with
only five parameters is overall excellent. We also report the
posterior median with uncertainty values covering the 95%
credible interval. Reported also are the corresponding
values for the model-independent proton saturation scale,

Q2
s , at Y ¼ lnð1=0.01Þ obtained by solving Nðr2¼2=Q2

sÞ¼
1−e−1=2. Samples from the posterior distribution are avai-
lable in Ref. [52] These model parameter vectors can be
used to define the initial condition for the BK evolution
which is a necessary input for all NLO calculations within
the CGC framework, enabling one to propagate the initial
condition uncertainty to the cross section level. For all the
posterior samples, data files containing the corresponding
evolved dipole amplitudes are provided as well.
Similarly as in Ref. [32], a better simultaneous descrip-

tion of both the total and charm production datasets is

FIG. 6. 1- and 2-dimensional projections of the posterior probability distribution for the parent dipole running coupling setup.
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obtained if the parent dipole running coupling scheme is
used. The total cross section is described approximatively
equally well with both setups. When the theoretically better
motivated Balitsky running coupling scheme [43] is used,
we have χ2=d:o:f: ∼ 4 when the best-fit values are com-
pared with the charm production data. However, also in that
case the agreement with the very precise world data can be
considered to be good as illustrated by the combined
χ2=d:o:f: ∼ 1.4 values (averaged over 100 samples).
The different running coupling schemes result in some-

what different parametrizations. In particular, the proton
transverse area σ0=2 depends heavily on this scheme
choice. The value obtained for σ0=2 with the parent dipole
prescription is more than twice the value obtained when the
Balitskyþ smallest dipole prescription is used. Similar
systematics has been previously observed in Ref. [31]
when fitting the light quark contribution only.
While both setups give similar results for γ�-proton

scattering, the differing proton transverse areas can sig-
nificantly affect predictions for nuclear targets. In the
optical Glauber model, the nuclear saturation scale as a
function of the impact parameter b behaves as Q2

s;AðbÞ ∼
σ0
2
ATAðbÞQ2γ

s;0 [30]. As such the magnitude of the nonlinear
effects in dipole-nucleus scattering depends rather heavily
on the extracted proton size, see, e.g., Ref. [53] in the case
of inclusive hadron production in proton-lead collisions.
Here A is the nuclear mass number and TAðbÞ is the trans-
verse thickness profile normalized as

R
d2bTAðbÞ ¼ 1. As

such, future nuclear DIS data, or other scattering processes

measured, e.g., at the LHC, can be expected to provide
complementary constraints for the nonperturbative initial
condition.
Complementary constraints for the proton size can

also be obtained from exclusive processes that directly
probe the target shape [54], or from diffractive structure
function measurements [55]. Depending on the form
assumed for the proton geometry, exclusive J=ψ produc-
tion data from HERA [56,57] prefers σ0=2 ∼ 10…20 mb,
with the lower value obtained with a Gaussian shape
and the upper limit when a step function profile (which
is not fully compatible with the measured spectra [58]) is
used. As such, we conclude (as in Ref. [31]) that both
setups are compatible with the vector meson production
data, although those measurements prefer the value
obtained with the (more realistic) Balitskyþ smallest
dipole prescription.
The other main difference between the two running

coupling schemes is on the value obtained for the running
coupling scale, parametrized by C2. As discussed in
Sec. II B, the Balitsky prescription generically results in
slower evolution speed. For this reason, the fit with the
parent dipole scheme features larger values of C2 ∼ 700, as
a larger C2 slows down the evolution, see Eq. (15). When
the Balitsky prescription is used, one obtains C2 ∼ 1.5
(note that dependence on C2 is logarithmic). It is still
significantly larger than the C2 ¼ e−2γE estimate discussed
in Sec. II B. However, we also note that the full NLO BK
equation is known to result in even slower evolution than

TABLE I. MAP and median values for the BK initial condition parametrization obtained using the Balitskyþ
smallest dipole (labeled as Balþ SD) and parent dipole running coupling schemes. The uncertainty estimates within
the 95% credible intervals are also shown, as well as χ2=d:o:f: values when compared different datasets and when
including all HERA data, and saturation scales at Y ¼ ln 1

0.01 defined as Nðr2 ¼ 2=Q2
sÞ ¼ 1 − e−1=2.

KCBK + Bal+SD KCBK + parent dipole

Parameter description Median� 2σ MAP Median� 2σ MAP

Initial scale, Q2
s;0 [GeV2] 0.130þ0.008

−0.012 0.124 0.096þ0.016
−0.014 0.090

Anomalous dimension, γ 3.08þ0.38
−0.64 3.23 1.67þ0.15

−0.11 1.60

Running coupling scale, C2 1.70þ0.41
−0.25 1.74 705þ289

−209 663

Proton transverse area, σ0=2 [mb] 8.75þ0.72
−0.53 9.08 20.7þ2.1

−2.0 20.7

Charm mass, mc [GeV] 1.25þ0.02
−0.03 1.24 1.45þ0.06

−0.05 1.40

Saturation scale, Q2
s , at Y ¼ lnð1=0.01Þ [GeV2] 0.203 0.196 0.208 0.199

χ2=d:o:f: values

σr data only 1.18 1.18 1.12 1.09
σr;c data only 3.96 4.37 2.84 3.12
All data 1.35 1.38 1.22 1.21

Average χ2=d:o:f: over 100 samples

σr data only 1.19 1.17
σr;c data only 3.80 2.68
All data 1.38 1.25
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the resummation-only approximation employed here [19],
which should reduce the optimal value for C2 further.
The charm mass is weakly correlated with other model

parameters. This is expected, as it is most directly con-
strained by the charm production data. The values for
the charm quark mass mc obtained using both running
coupling schemes are similar to what has been reported
in Ref. [32].
The proton transverse area σ0=2 (that acts as a normali-

zation factor) is correlated with C2 and anticorrelated
with Q2

s;0. These are the same correlations observed in
the leading order posterior distribution in Ref. [35]. The

anticorrelation between Q2
s;0 and σ0=2 is because nonlinear

effects are weak in dipole-proton scattering, and as such the

cross section scales as ∼ σ0
2
Q2γ

s;0.
The quality of our fit is demonstrated in Figs. 7 and 8

where the reduced cross section and charm production are
calculated using samples from both posterior distributions,
and compared to the HERA data. In addition to central
(average) values, the 2σ uncertainty estimates are shown as
well. As seen from the good χ2=d:o:f: values shown in the
figure and quoted in Table I, as well, an excellent
description of the total cross section data is obtained.

FIG. 7. Reduced total cross section and charm production as a function of x, in selected Q2 bins at
ffiffiffi
s

p ¼ 318 GeV, calculated for
posterior samples from fit using Balitskyþ smallest dipole running coupling scheme compared to HERA data. (a) Total cross section.
(b) Charm production.

FIG. 8. Reduced total cross section and charm production as a function of x, in selected Q2 bins at
ffiffiffi
s

p ¼ 318 GeV, calculated for
posterior samples from fit using parent dipole running coupling scheme compared to HERA data. (a) Total cross section. (b) Charm
production.
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The description of the charm production data is some-
what worse, with the cross section typically underestimated
at small-x and large Q2. This tension between the two
datasets is observed using both running coupling schemes,
as the charm production data would prefer a faster Q2

dependence. That would be obtained by having a smaller γ,
which would then result in a worse description of the Q2

dependence in the total cross section data. This tension
is especially clear when the Balitskyþ smallest dipole
running coupling prescription is used. However, in both
setups the global χ2=d:o:f: (calculated including all data)
remains good, see Table I. We also note that inclusion of
the correlated experimental uncertainties allows for some
model deviation and the agreement with the data may not
look as good as the χ2=d:o:f: value would suggest.
The dipole amplitudes at the initial condition and after

Y ¼ lnð1=10−3Þ and Y ¼ lnð1=10−6Þ units of BK evolution
are shown in Fig. 9 with uncertainty estimates. The
anomalous dimension γ controls the slope of the dipole
amplitude at small r where N ∼ ðr2Q2

s;0Þγ , and due to the
large γ values obtained here (similarly as in previous
analyses [28–30]), the dipole amplitude is steeply falling
at r≲ 1=Qs. Although the resummed evolution does not
significantly alter the shape of the dipole at small r [19],
there is a clear transition toward a traveling-wave like
solution at intermediate r. Especially with the Balitskyþ
smallest dipole prescription where the initial γ is larger, this
transition effect is still visible in the LHC kinematics
corresponding to Y ¼ lnð1=10−6Þ.
In the MV-model based parametrizations, γ > 1 results

in negative unintegrated gluon distribution [46]. This is
demonstrated in Fig. 10 for the 2-dimensional Fourier
transform (2DFT) of the dipole amplitude

S̃pðkÞ ¼
Z

d2r eik·r½1 − NðrÞ�; ð21Þ

which is directly proportional to the unintegrated gluon
distribution and to the leading order quark-target cross
section. After the BK evolution, the 2D Fourier transform
remains positive up to larger values of transverse momenta.
However, given the rather steep initial dipole amplitude
(large γ), especially in the Balitskyþ smallest dipole setup,
a very long evolution is necessary to render the Fourier
transform positive definite in the phenomenologically
relevant transverse momentum range.
We have also considered the “ResumBK” equation

(following the terminology of Ref. [31]), which resums
single transverse logarithms [22] on top of the double logs
[21] included also in the KCBK equation. Using the same
MVγ parametrization, the setup produced fits that were not
able to describe the HERA data, the best-fit parametrization
resulting in global χ2=d:o:f: ∼ 1.9 (and χ2=d:o:f: ∼ 5.5
when comparing to the charm data only). This setup also
required an anomalous dimensions γ ≳ 4 at the initial
condition, which would also result in negative dipole
amplitudes at small-r as a result of the evolution.3 We
also considered the MVe initial condition parametrization
from Ref. [30] with the ResumBK evolution, which
corresponds to Eq. (17) with fixed γ ¼ 1, but it did not
result in better fit quality as well (total χ2=d:o:f:≳ 2.5). For
these reasons, in this work we only report results obtained
with the KCBK evolution. In the future, we plan to couple
these single and double log resummations included in the
ResumBK equation, and the full next-to-leading order BK

FIG. 9. The dipole amplitude at initial condition, Y ¼ 0 and evolved toward x ¼ 10−3 and x ¼ 10−6 calculated for posterior samples
from fit using Balitsky þ smallest dipole or parent dipole schemes. The band describes the 2σ uncertainty. (a) Balitskyþ smallest dipole
running coupling scheme. (b) Parent dipole running coupling scheme.

3In Ref. [31] this problem was avoided by enforcing NðrÞ ≥ 0.
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equation [59], into the global analysis setup developed in
this work.

V. CONCLUSIONS AND OUTLOOK

We have constrained the model parameters describing
the nonperturbative initial condition of the small-x BK
equation at next-to-leading order accuracy through a global
analysis including the total cross section and charm
production data from HERA. These datasets are found
to provide tight constraints for the model parameters, as
demonstrated in the posterior distributions extracted using
Bayesian inference and shown in Figs. 5 and 6. Compared
to the previous NLO fits [31,32] in the dipole picture,
this work corresponds to the first global analysis with
heavy quark contribution included, provides uncertainty
estimates for the nonperturbative parameters and accounts
for the correlated systematic uncertainties in the HERA
data. The resulting posterior distributions can be used
to propagate uncertainties in the initial condition of the
BK equation to all CGC calculations at next-to-leading
order accuracy, including also heavy quark contributions.
Parametrization vectors sampled from the posterior distri-
butions, as well as BK evolved dipole amplitudes, are
available at [52].
In this work we combined the NLO impact factors to the

approximated version of the NLO BK evolution equation.
Results with two different running coupling prescriptions,
parent dipole and Balitskyþ smallest dipole, are reported.
The Balitskyþ smallest dipole prescription is physically
better motivated and it results in model parameters that
are also favored by exclusive vector meson production data.
On the other hand, using both running coupling setups
there is some tension between the total cross section and the

charm production data, and this tension is stronger when
the Balitskyþ smallest dipole running coupling scheme
is used.
An analysis using the full NLO BK equation is the

natural next step for this work. This will include, in the BK
equation, contributions not enhanced by large transverse
logarithms captured by resummation prescriptions, and
additionally a resummation of single transverse logarithms
not included in the KCBK equation used in this work. This
can be achieved following the setup developed in Ref. [19].
Furthermore, it will also be important to repeat the analysis
using the recently derived BK equation formulated in terms
of the target rapidity evolution [20], and to include other
observables such as diffractive cross section [60] to the
global analysis.
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