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I. INTRODUCTION

As is well known, virtual particle-antiparticle pairs are
spontaneously and constantly created in a vacuum.However,
an external electric field can separate these pairs by imparting
sufficient energy, thereby converting the virtual particles
into real ones. This process generates an electric current [1] in
the presence of a constant, eternal electric field. These
considerations have been extended to other types of strong
background electric fields [2–6]—see also [7–17] for an
incomplete list of related works and [3,18] for reviews.
Typically, in the scenarios discussed, pair creation from

the vacuum is considered under conditions of a weak (in
comparisonwith the Schwinger’s critical value) background
field and a low density of created particles. However, the
created pairs are subsequently accelerated by the external
field and emit photons, which can, in turn, decay into new
pairs. This process is not forbidden in the presence of an
external field because the conservation of energy does not
hold strictly when backreaction on the background field is
neglected. Rephrasing this, such a process happens at the
cost of work performed by the external electromotive force
that creates the background field.
There are, of course, also reverse processes, in which a

generated pair annihilates into a photon that is subsequently
absorbed by another generated particle. Such processes
should play an important role when the background field is
sufficiently strong and acts for a long enough duration. In
our previous work, we considered such processes for a
constant eternal electric field background [19,20] and

extended these considerations to an electric pulse back-
ground [21,22].
Our eventual goal is to determine whether an avalanche

of particle creation is possible for a sufficiently strong and
long-lasting background electric field. More precisely, we
aim to establish the conditions on the strength and duration
of the background pulse required for such an avalanche to
occur. At present, with achievable values of strong electric
fields, this phenomenon is of purely academic interest.
However, in the very early Universe—unlike conditions
created at the LHC—there were certainly strong back-
ground gravitational fields and possibly other strong fields.
A potential avalanche of particle creation in such fields
could induce significant backreaction on the background
gravitational field [23], which may play a key role in matter
and structure formation.
At this stage we address a bit less ambitious problem: we

extend the considerations of [21,22] to the case of a weak
background field, using the semiclassical (WKB) approxi-
mation for the exact modes of charged fields in an electric
pulse background. Our goal at this stage is to check if the
Schwinger’s value for the current of created pairs gets
modified for long and strong enough background pulse.
We calculate the tree-level current and reproduce its
Schwinger’s value. Then, we estimate the first and sec-
ond-loop corrections to it. The reason we must proceed to
the second-loop correction to observe a modification of
Schwinger’s current for a sufficiently long pulse is
explained in [21,22] and has a clear physical meaning:
only at the second loop can we account for how radiated by
pairs photons also decay into pairs, a process that can
amplify the current.
For nonstationary situations involving a time-dependent

background field, one should employ the Schwinger-
Keldysh diagrammatic technique (for a review, see [24]).
In this approach, each field is associated with three
propagators: retarded, advanced, and Keldysh. The first
two characterize the spectrum of the theory, while the
Keldysh propagator describes the evolution of its quantum
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state. As shown in [19,20] and [21,22], under the con-
ditions relevant to our study, corrections to the retarded and
advanced propagators are subleading compared to those for
the Keldysh propagator. Thus, we are primarily interested
in loop corrections to the Keldysh propagator, which
describes the evolution of the quantum state and determines
the resulting current.
The paper is organized as follows. In Sec. II, we present

the setup of the problem and define the modes for the
charged scalar field in the Wentzel-Kramers-Brillouin
(WKB) approximation. In Sec. III, we calculate the
tree-level current (derived from the tree-level Keldysh
propagator) and correct the commonly accepted result.
Additionally, in this section, we compute subleading
oscillatory contributions to the tree-level current that do
not grow with the pulse length. In Sec. IV, we explain
which loop corrections to the current of created pairs
dominate for a long pulse. In Sec. V, we calculate the
one-loop contribution to the photon’s Keldysh propagator
that yields the leading correction to the current at two loops.
In Sec. VI, we compute the leading two-loop correction to
the current. In Sec. VII, we present our conclusions.
Technical details are provided in the Appendixes.

II. THE SETUP OF THE PROBLEM

In this paper, we consider scalar electrodynamics,

S½ϕ;ϕ†;Aμ� ¼
Z

d4x

�
j∂μϕþ ieAμϕj2 −m2jϕj2

−
1

4
FμνFμν − jclμAμ

�
; ð2:1Þ

and divide the vector potential Aμ into the classical and
quantum parts, Aμ ¼ Aμ

cl þ aμ, where Aμ
cl solves the

classical equations of motion with an external source jclμ .
The source is chosen such that the classical field is the
lengthy, eET ≫ m,1 but weak, m ≫

ffiffiffiffiffiffi
eE

p
, homogeneous

electric pulse,

Acl
μ ¼ð0;A1ðtÞ;0;0Þ; A1ðtÞ¼ET tanh

t
T
: ð2:2Þ

For the quantum gauge field aμ we work in the Feynman
gauge and perform canonical quantization in the standard
way, with α̂†qμ, α̂q0ν denoting the creation and annihilation
operators, respectively. The external electric field Acl

μ does
not affect the free-field quantization of photons. At the
same time, for the scalar field operator, we have the
following decomposition into the modes:

ϕ̂ðt;xÞ ¼
Z

d3p
ð2πÞ3 ½âpe

ipxfpðtÞ þ b̂†pe−ipxf�−pðtÞ�; ð2:3Þ

where the temporal part of the mode function fpðtÞ solves
the equation

ð∂2t þ ½pþ eAðtÞ�2 þm2ÞfpðtÞ ¼ 0; ð2:4Þ

which follows from the classical equations of motion for
the action (2.1).
We require the harmonic functions fpðtÞ to be the in-

modes, i.e., the single wave before the background electric
pulse was turned on2:

finp ðt=T → −∞Þ ≃ e−iω−tffiffiffiffiffiffiffiffiffi
2ω−

p ;

where ω�ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpþAð�∞ÞÞ2 þm2

q
: ð2:5Þ

The exact in-modes of the scalar field with such an
asymptotic form at past infinity are expressed through
hypergeometric functions [3]. At the same time, the
asymptotic form of the exact modes in the future infinity
can be derived from the properties of these hypergeometric
functions [3]:

finp ðt=T → þ∞Þ ≃ AþðpÞffiffiffiffiffiffiffiffiffi
2ωþ

p eiωþt þ A−ðpÞffiffiffiffiffiffiffiffiffi
2ωþ

p e−iωþt; ð2:6Þ

where

jA−ðkÞj2 ¼ 1þ jAþðkÞj2;

jAþðkÞj2 ¼
ωþðkÞ
ω−ðkÞ

·

����ΓðδÞΓðη − ξÞ
ΓðηÞΓðδ − ξÞ

����2; ð2:7Þ

and

ξ¼ θ− iT ·
ω−þωþ

2
; η¼ θ− iT ·

ω− −ωþ
2

;

δ¼ 1− iω−T; ð2:8Þ

θ ¼ 1

2
þ iβ; β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeET2Þ2 − 1

4

r
: ð2:9Þ

Unfortunately, the loop integrals that appear in the expres-
sions below cannot be calculated exactly, i.e., cannot be
expressed via known special functions [21,22]. Hence, to
estimate the loop integrals it is necessary to consider an
approximate form of the modes.

1A similar and even stronger condition in a somewhat similar
context was established, for example, in [25].

2In fact, we consider the theory to be in the standard
Minkowski vacuum state before the turning on of the background
electric field.
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The approximation, which we will apply in this paper, is
given by the WKB approach, in which the modes take the
following form:

fkðtÞ ≃
CþðkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðtÞ

p exp

�
i
Z

t

t0

ωkðτÞdτ
�

þ C−ðkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðtÞ

p exp

�
−i

Z
t

t0

ωkðτÞdτ
�
; ð2:10Þ

where one can choose a convenient value for t0. Choosing a
specific value of t0 fixes the phases of the coefficients C�.
The form (2.10) is applicable everywhere, except for small
neighborhoods of the complex turning points defined by
the equation

ω2
kðtÞ≡

�
k1 þ eET tanh

t
T

�
2

þ k2⊥ þm2 ¼ 0: ð2:11Þ

The complex coefficients C�ðkÞ undergo jumps at
k1 þ eA1ðtÞ ¼ 0, where the WKB approximation can lose
its applicability. In general, such a jump occurs during
crossings of a Stokes line. We can restore the moduli of the
coefficients C� before and after the jump, since (2.10)
reproduces the asymptotics (2.5) and (2.6) at t=T → �∞,
with

jC−ðk; tÞj2 ¼ 1þ jCþðk; tÞj2;

jCþðk; tÞj2 ¼
coshð2πβÞ þ cosh ðπTðω− − ωþÞÞ

2 sinh ðπω−TÞ sinh ðπωþTÞ
× θðk1 þ eA1ðtÞÞ

≃ eπTð2eET−ωþ−ω−Þθðk1 þ eA1ðtÞÞ; ð2:12Þ

where θðxÞ is the theta function, which describes the jumps
at the Stokes lines. Below, to find the leading contributions
to correlation functions in the limit of the lengthy pulse, we
will frequently need the moduli of these coefficients.
To simplify expressions below we can Taylor expand ω�

from (2.5), depending on the value of the ratio of
jk1 � eETj=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

p
. As a result, jCþj is not exponen-

tially suppressed only for jk1j < eET − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

p
,

where it is given by

jCþðk;tÞj2≃exp

�
−
πðk2⊥þm2Þ

eE
·

1

1− ½ k1
eET�2

�
θðk1þeA1ðtÞÞ:

ð2:13Þ

For the weak field, m2 ≫ eE, this expression is not negli-

gible only in the region jk1j≲ eET
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eE
πðk2⊥þm2Þ

q
≪ eET,

where we can perform the expansion in k1=ðeETÞ:

jCþðk; tÞj2 ≃ exp

�
−
πðk2⊥ þm2Þ

eE
·

�
1þ

�
k1
eET

�
2
��

× θðk1 þ eA1ðtÞÞ: ð2:14Þ

The dependence of the coefficient jCþðk; tÞj2 on k1 is
necessary to know for further discussion.
In this paper, we calculate the current of created charged

particles and the flux of photons produced by a lengthy
electric pulse. We assume that the background field is
weak, m ≫

ffiffiffiffiffiffi
eE

p
, and apply the semiclassical (WKB)

approximation to the exact mode functions during the
pulse. The initial state of the system is taken to be the
standard Minkowski vacuum for both photons and charged
particles. In the weak-field approximation, m ≫

ffiffiffiffiffiffi
eE

p
, the

turning points (2.11) are far from the real axis in the
complex t-plane. Consequently, the WKB approximation
(2.10) is valid for all real times t.

III. REFINED EXPRESSION FOR THE
TREE-LEVEL CURRENT

The tree-level current is given by the following expres-
sion (see, e.g.,[16]):

j1ðtÞ ¼ ehinj∶ϕ̂þD
↔

1ϕ̂∶jini

¼ 2e
Z

d3p
ð2πÞ3 ðp1 þ eA1ðtÞÞ

�
jfpðtÞj2 −

1

2ωpðtÞ
�
;

ð3:1Þ

where âpjini ¼ 0. The tree-level expression for the
Schwinger’s current for T ≲ t, i.e., after the pulse, has
been estimated in many places both for the scalar and
standard (spinor) QED [3,7,10,12,17]:

j1ðtÞ ≃
E2e3T
2π3

· exp

�
−
πm2

eE

�
: ð3:2Þ

As we will demonstrate now, in the case of the weak field,
m ≫

ffiffiffiffiffiffi
eE

p
, the preexponential factor in the expression (3.2)

has to be modified. In fact, we can substitute the WKB
approximation (2.10) into (3.1) and obtain the following
expression:

j1ðtÞ ≃ 2e
Z

d3p
ð2πÞ3

p1 þ eA1ðtÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 þ eA1ðtÞÞ2 þ p2⊥ þm2

p
× ½jCþðpÞj2 þ jC−ðpÞj2 − 1�

≃ 2e
Z

d3p
ð2πÞ3

ðp1 þ eA1ðtÞÞθðp1 þ eA1ðtÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 þ eA1ðtÞÞ2 þ p2⊥ þm2

p
× exp

�
−
πðp2⊥ þm2Þ

eE
·

�
1þ

�
p1

eET

�
2
��

; ð3:3Þ

DOES SCHWINGER’S VALUE FOR THE CURRENT OF CREATED … PHYS. REV. D 113, 105012 (2026)

105012-3



where we have used (2.14). The WKB approximation for
modes allows one to estimate the tree-level current not only
after the end of the pulse t≳ T, but also just before the end,
t≲ T. Since for t ∼ T,

jp1j≲ eET

m=
ffiffiffiffiffiffi
eE

p ≪ jeA1ðtÞj ∼ eET; ð3:4Þ

we can assume that p1 þ eA1ðtÞ > 0 and jp1 þ eA1ðtÞj ≫ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þm2

p
. Therefore,

j1ðtÞ≃2e
Z

d2p⊥
ð2πÞ3

×
Z þ∞

−∞
dp1 exp

�
−
πðp2⊥þm2Þ

eE
·

�
1þ

�
p1

eET

�
2
��

:

ð3:5Þ

Evaluating the Gaussian integral over p1 and the integral
over p⊥, which receives its main contribution from the
region jp⊥j ∼

ffiffiffiffiffiffi
eE

p
≪ m, we obtain the final expression for

the tree-level current in the weak-field limit:

j1ðtÞ ≃
E2e3T
4π3μ

· exp ½−πμ2�; μ ¼ mffiffiffiffiffiffi
eE

p ≫ 1: ð3:6Þ

One can see that this result is additionally suppressed by the
large factor μ ≫ 1 in the denominator compared to (3.2).3

This fact has a clear physical explanation: since ∂tEðtÞ ∼
1=T and T

ffiffiffiffiffiffi
eE

p
≫ 1, we can treat EðtÞ as approximately

constant at each moment t. In this case, Schwinger’s
probability rate per unit four-volume is approximately

wðtÞ ∼ exp

�
−

πm2

eEðtÞ
�
: ð3:7Þ

Since m ≫
ffiffiffiffiffiffi
eE

p
, only wðtÞ in a small neighborhood of

t ¼ 0 [where EðtÞ reaches its maximum] contributes
significantly to the tree-level current. The width of this
neighborhood can be estimated from the following con-
dition,

πm2

eE
·
δEðtÞ
E

∼ 1: ð3:8Þ

Expanding EðtÞ around t ¼ 0 shows that only the region
jtj≲ T=μ contributes to the tree-level current. This explains
why the preexponential factor in Eq. (3.6) contains T=μ
instead of T: the current density j1ðtÞ along the pulse
direction is proportional to ew multiplied by the effective
pulse duration.

A. Subleading oscillatory contributions
to the tree-level current

In this subsection we estimate subleading oscillatory
contributions to the tree-level current that will help to
understand the origin and physics of the leading loop
corrections that we consider in the sections below.
In the calculation of the current (3.1) above, we have

neglected the oscillatory contributions in jfpðtÞj2, which is
equal to

jfpðtÞj2 ≈
1

2ωpðtÞ
�
1þ 2jCþðpÞj2 þ CþðpÞC�

−ðpÞ

× exp

�
2i
Z

t

t0

ωpðτÞdτ
�
þ c:c:

�
; ð3:9Þ

where “c.c.” stands for the complex conjugate expressions
to those which are explicitly written. However, for
m2 ≫ eE, we have that jCþðpÞC�

−ðpÞj=jCþðpÞj2 ∼
exp ½πμ2=2� ≫ 1. Thus, for μ ≪ T

ffiffiffiffiffiffi
eE

p ≲ exp½μ2�, the
oscillatory contributions to the tree-level current can be
comparable to (3.6) even though they are suppressed for
large enough T that we consider here.
Since ωpðtÞ exponentially approaches ωþðpÞ as

t=T → þ∞, we can use for t≳ T the future infinity
asymptotics (2.6),�

CþðpÞC�
−ðpÞ

2ωpðtÞ
exp

�
2i
Z

t

t0

ωpðτÞdτ
�
þ c:c:

�

≈
�
AþðpÞA�

−ðpÞ
2ωþðpÞ

exp ½2iωþðpÞt� þ c:c:
�
: ð3:10Þ

To perform the calculation, we need the exact expressions
for A�ðpÞ:

AþðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþðpÞ
ω−ðpÞ

s
·
ΓðδÞΓðη − ξÞ
ΓðηÞΓðδ − ξÞ ;

A−ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþðpÞ
ω−ðpÞ

s
·
ΓðδÞΓðξ − ηÞ
ΓðξÞΓðδ − ηÞ : ð3:11Þ

For μ ≫ 1, we can use the asymptotic form for the large
argument for each gamma function in (3.11):

lnΓðxþ iyÞ ¼
�
xþ iy −

1

2

�
ln jyj þ sgnðyÞ iπ

2

�
x −

1

2

�

−
jyjπ
2

− iyþ lnð2πÞ
2

þO

�
1

jyj
�
;

1 ∼ jxj ≪ jyj: ð3:12Þ

After the substitution of (2.8) and (2.9) in (3.11), we
expand β and ω�ðpÞ in the same way as it was done during
the derivation of the expression (2.13). Then, since the

3A similar suppression for the particle creation probability in
the pulse background and other types of an external electric fields
was obtained in [26–28].
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modulus jCþðpÞj is exponentially suppressed for 1=μ≲ jp1j=ðeETÞ, we also expand the right-hand side of (3.10) in
p1=ðeETÞ to quadratic order. As a result, we obtain the following expression under the integral for the subleading
expression of the current:

2ðp1 þ eETÞ
2ωþðpÞ

AþðpÞA�
−ðpÞe2iωþðpÞt ≃ −i · 2−2ieET2

�
p2⊥ þm2

ðeETÞ2
�−ip2⊥þm2

2eE

e2iαeET
2

exp

�
p2⊥ þm2

eE

�
−
π

2
þ i
2
þ iα

��

× exp

�
ip1T

�
2αþ p2⊥ þm2

ðeETÞ2 · ð1 − αÞ
��

× exp

�
p2
1

eE

�
iþ p2⊥ þm2

ðeETÞ2
�
−
π

2
þ iα −

3i
2
−
i
2
ln
p2⊥ þm2

ðeETÞ2
��	

; ð3:13Þ

where α ¼ t=T. After the integration over p1, we obtain

Z þ∞

−∞
dp1ð3.13Þ ¼

ffiffiffiffiffiffiffiffiffi
πeE

p
e−

iπ
4 2−2ieET

2

×

�
p2⊥ þm2

ðeETÞ2
�−ið1þα2Þp

2⊥þm2

2eE

eið2α−α2ÞeET2

× exp

�
p2⊥ þm2

eE

�
−
πð1þ α2Þ

2

þ i
2
− iα2

�
1

2
− α

���
: ð3:14Þ

Finally, we integrate over p⊥ and obtain the following
expression for the oscillatory contribution to the tree-level
electric current:

jðtree;oscÞ1 ðt≳ TÞ

≃
e2E
8π2

ffiffiffiffiffiffiffiffiffi
πeE

p
e−

iπ
4 2−2ieET

2

�
m

eET

�
−ið1þα2Þm2

eE

eið2α−α2ÞeET2

×
exp ½m2

eE ½− πð1þα2Þ
2

þ i
2
− iα2½1

2
− α���

− πð1þα2Þ
2

þ i
2
− iα2½1

2
− α� − iðα2 þ 1Þ ln m

eET

þ c:c:

ð3:15Þ

Since α ¼ t=T ∼ 1 and eET ≫ m, we can represent this
expression as follows:

jðtree;oscÞ1 ðt≳ TÞ ≃ e2E
ffiffiffiffiffiffi
eE

p

4π
ffiffiffi
π

p ½ t2T2 þ 1� ln eET
m

· exp

�
−
πm2

2eE

�
1þ t2

T2

��
cos½ψE;m;TðtÞ�;

ð3:16Þ

where ψE;m;TðtÞ is some phase function, which depends on
t and E, m, T. One can see that, for t≳ T, the contribution
(3.16) is exponentially suppressed compared to (3.6).

Let us now consider the case t≲ T. In this situation, we
cannot use the future infinity asymptotics (2.6), which are
applicable after the end of the pulse. Instead, one needs the
exact expression for the coefficients C�ðpÞ after the jump
at the Stokes line:

C�ðpÞ ¼ A�ðpÞe�iωþðpÞt0 exp
�
�i

Z þ∞

t0

½ωþðpÞ

− ωpðτÞ�dτ
�
: ð3:17Þ

It follows straightforwardly from (3.17) that

C�ðpÞ exp
�
�i

Z
t

t0

ωpðτÞdτ
�

¼ A�ðpÞe�iωþðpÞt exp
�
�i

Z þ∞

t
½ωþðpÞ − ωpðτÞ�dτ

�
:

ð3:18Þ

After the expansion of this expression in ðp2 þm2Þ=
ðeETÞ2 and p1=ðeETÞ, we integrate over τ to find that

Z þ∞

t
½ωþðpÞ − ωpðτÞ�dτ

¼ eET2½lnð2 cosh αÞ − α� þ p2⊥ þm2

2
½lnð2 sinh αÞ − α�

þ p2⊥ þm2

2
·
p1

eET

�
1 −

1

tanh α

�

þ p2⊥ þm2

2

�
p1

eET

�
2
�
lnð2 sinh αÞ − αþ 1

2
−

1

2tanh2α

�

þO
� ffiffiffiffiffiffi

eE
p

m

�
; ð3:19Þ

where α ¼ t=T. Then we integrate over p1 and p⊥ and

obtain that, for t≲ T, the final expression for jðtree;oscÞ1 also
has the form (3.16).
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Finally let us stress that for such t that

eET
m

ln
eET
m

∼ exp

�
πm2

2eE

�
1−

t2

T2

��
< exp

�
πm2

2eE

�
; ð3:20Þ

oscillatory contributions (3.16) are comparable to (3.6).
Below we will calculate loop corrections to the current
during the pulse, t≲ T, and will see that oscillatory
contributions will play the key role.

IV. GENERAL DISCUSSION OF LOOP
INTEGRALS AND INTERRELATION OF THE

LEADING SECULAR CONTRIBUTIONS TO THEM

Weconsider quantization in a spatially homogeneous state
and perform the Fourier transformation along the spatial
directions.We begin by examining the one-loop correction to
the photon’s Keldysh propagator,Gμνðq; τ1; τ2Þ, focusing on
times jτ1;2j≲ T, i.e., on the behavior of the correlation
functions during the pulse.
The reason for that is as follows. First, before the pulse is

turned on, the electric current, level populations, and
anomalous quantum averages are identical to those in an
empty state. In fact, we take the initial state of the theory to
be the in-ground Fock state jini, which coincides with the
Poincare invariant state, i.e., the standard Minkowski
vacuum.
Second, after the background field is switched off, the

theory reduces to ordinary scalar QED (without external
fields), but with a nontrivial initial state. As we will see,
nontrivial level populations and anomalous averages for
both photons and charged particles can be generated during
the pulse. The subsequent evolution of such a state in QED
without background fields constitutes a distinct physical
scenario, with its own specific features and academic
interest—related to thermalization processes [29], but not
to particle creation by the background electric field.
Therefore, in the present work, we focus on the kinetics
during the electric pulse, which is why all external time
arguments of the correlation functions considered below
are taken to be less than T.
In [21], we estimated the one-loop correction to the

photon’s Keldysh propagator, GK
μνðq; τ1; τ2Þ, shown in

Fig. 1. In the limit4

jτ1 − τ2j ≪ jT j≲ T; where T ¼ ðτ1 þ τ2Þ=2; ð4:1Þ

the correction takes the form

ΔGK
μνðq; τ1; τ2Þ ≃ nþμνðq; T Þ e

ijqjðτ1−τ2Þ

2jqj

þ n−νμðq; T Þ e
−ijqjðτ1−τ2Þ

2jqj ; ð4:2Þ

where

ð2πÞ3n−μνðqÞδðq − q0Þ ¼ hα̂†qμα̂q0νi;
ð2πÞ3nþμνðqÞδðq − q0Þ ¼ hα̂†−qμα̂−q0νi; ð4:3Þ

and α̂†qμ, α̂q0ν are the photon’s creation and annihilation
operators, respectively. The quantum expectation values in
these expressions are taken with respect to the evolved
initial state. Due to the presence of the background field
these expectation values are nonzero, in contrast to the
Poincare invariant state and evolution without strong
external fields.
Meanwhile, the tree-level photon’s Keldysh propagator

is

GK
μνðq; τ1; τ2Þ ¼

cos½jqjðτ1 − τ2Þ�
2jqj ; ð4:4Þ

arising purely form zero-point vacuum fluctuations. Hence,
n�μνðqÞ are photon level populations, which, being zero at
the initial Cauchy surface, are generated by the background
electric pulse, as we will see in a moment. Thus, photons
are generated on top of the apparent creation of charged
particles [20,19,21].
For nþμνðq; T Þ we obtain the following integral

expression [21]:

nþμνðq; T Þ ≃ e2
Z

T

−T
dτ3

Z
T

−T
dτ4

e−ijqjðτ3−τ4Þ

2jqj

×
Z

d3k
ð2πÞ3 fkðτ3ÞD

↔

μfk−qðτ3Þ

· f�kðτ4ÞD
↔†

νf�k−qðτ4Þ; ð4:5Þ

where

FIG. 1. One-loop correction to the photon’s propagator. In the
Schwinger-Keldysh technique one has a sum of diagrams of such
a form with vertexes attributed to different sides of the Keldysh’s
“closed” time contour.

4We consider such a limit to single out the destiny of the state
of the theory by the end of the pulse, which will become clear
from the discussion below.
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fkðτ3ÞD
↔

μfk−qðτ3Þ ¼ Dμfkðτ3Þ · fk−qðτ3Þ
− fkðτ3ÞD†

μfk−qðτ3Þ; ð4:6Þ

and similarly for D
↔†

ν. The expression for n−μνðq;T Þ can

be obtained from (4.5) by replacing D
↔

μ ↦ D
↔†

μ and

D
↔†

ν ↦ D
↔

ν. Equivalently, we can perform the change
k0 ¼ k − q in the integral over k in (4.5) to obtain that

n−μνðq; T Þ ¼ nþμνð−q; T Þ; ð4:7Þ

which agrees with (4.3). Since in the presence of the
external electric field photons can be emitted by created
charged particles, which, in turn, are accelerated along the
direction of the field, one can expect that nþμνðq; T Þ actually
depends not only on the absolute value of q, but also on its
direction. In our previous works [21], we did not emphasize
this point, as we were primarily concerned with whether the
expression (4.5) exhibits secular growth in T, rather than
with the explicit density of the created photons. In this note,
however, since we aim to directly calculate the contribution
of these expressions to the second-loop correction to the
current, we have to account for such dependence.
Another useful symmetry is n�νμðq;T Þ ¼ n��

μν ðq; T Þ,
from which it follows that

½ΔGK
μνðq; τ1; τ2Þ�� ¼ ΔGK

μνð−q; τ1; τ2Þ ¼ ΔGK
νμðq; τ2; τ1Þ:

ð4:8Þ

In [21] we showed that (4.5) grows linearly with T in the
limit (4.1), while the anomalous quantum expectation
value5 κμνðq; T Þ does not grow with T. In fact, the
anomalous quantum expectation value is also generated,
but the generated value is suppressed by fine-structure
constant e2 and is not enhanced by the large factor T. For
this reason, we neglect the anomalous expectation values in
(4.2). Physically, this means that the initial vacuum state for
photons that we consider here remains to be the vacuum in
the future.
Then, in [22] it was demonstrated that the secular growth

of n�μνðqÞ leads to the growth with T of the second-loop
correction to the current of created pairs of charged
particles. The physical explanation is straightforward: as
mentioned above, created charged particles accelerate and
radiate photons. These radiated photons can then decay into
pairs in the background electric field, which in turn
enhances the current of the created charged pairs.
Essentially, the integrals considered in this paper are
components of collision integrals for particle kinetics in
a background field. They are nontrivial and differ

significantly from the standard Boltzmann-type collision
integrals because we consider exact modes in the back-
ground fields rather than plane waves.
To find the second-loop correction6 to the current, we

have to estimate the above one-loop correction to the
photon’s Keldysh propagator using the approximate WKB
form of the modes of the charged field. Specifically, we
single out such contributions to (4.5), which provide the
leading corrections to the current in the second-loop
correction. The latter are those which have the highest
power of growth with T and do not oscillate with q. Below
we will demonstrate that only the photons in the limit of
soft momenta, jqj ¼ Oð1=TÞ, but with all possible values
of the time arguments of the photon’s Keldysh propagator,
τ1;2, (not restricted to the region jτ1 − τ2j ≪ jτ1 þ τ2j), give
the leading contribution to the second-loop correction to the
current. For this reason, in the present paper, we calculate
the one-loop integral only for such soft photons. Since we
go beyond the limit (4.1), nμν and κμν individually lose their
direct physical interpretation. Therefore, we should con-
sider their combined contribution to the entire correction to
the Keldysh propagator, ΔGK

μν. This is the subject of the
next section.
In our previous paper [22], we have obtained the integral

expression for the two-loop correction to the electric current,
shown in Fig. 2: The correction can be represented as

Δj1ðTÞ ¼ 2e
Z

d3p
ð2πÞ3 ðp1 þ eA1ðTÞÞ½jfpðTÞj2npðTÞ

þ ðfpðTÞÞ2κpðTÞ þ ðf�pðTÞÞ2κ�pðTÞ�; ð4:9Þ

where the charged particle’s level population and anomalous
quantum average are equal to

npðTÞ¼ nþp ðTÞþn−p ðTÞ;
ð2πÞ3nþp δðp−p0Þ ¼ hb̂†−pb̂−p0 i;
ð2πÞ3n−pδðp−p0Þ ¼ hâ†pâp0 i ð4:10Þ

and

FIG. 2. Two-loop diagrams of such a form contain an additional
power of growth with T. In the Schwinger-Keldysh technique one
has a sum of diagrams of such a form with vertexes attributed to
different sides of the Keldysh’s “closed” time contour.

5The anomalous quantum expectation value is defined as
ð2πÞ3κμνðqÞδðqþ q0Þ ¼ hα̂qμα̂q0νi.

6In [21], we have shown that one-loop corrections (including
so-called tadpole diagrams) do not bring any additional growth
(with the pulse duration) to the electric current.
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ð2πÞ3κpδðp − p0Þ ¼ hâpb̂−p0 i: ð4:11Þ

The integral expressions for the quantum expectation values
are as follows:

nþp ðTÞ≃e2
Z

T

−T
dτ1

Z
T

−T
dτ2

Z
d3q
ð2πÞ3ΔG

K
μνðq;τ1;τ2Þ

×fpðτ1ÞD
↔†

μfp−qðτ1Þ ·f�pðτ2ÞD
↔

νf�p−qðτ2Þ ð4:12Þ

and

κpðTÞ≃−e2
Z

T

−T
dτ1

Z
τ1

−T
dτ2

Z
d3q
ð2πÞ3ΔG

K
μνðq;τ1;τ2Þ

×f�pðτ1ÞD
↔†

μfp−qðτ1Þ ·f�pðτ2ÞD
↔

νf�p−qðτ2Þ

−e2
Z

T

−T
dτ1

Z
τ1

−T
dτ2

Z
d3q
ð2πÞ3ΔG

K
μνð−q;τ1;τ2Þ

×f�pðτ1ÞD
↔

μfp−qðτ1Þ ·f�pðτ2ÞD
↔†

νf�p−qðτ2Þ: ð4:13Þ

The expression for n−p ðTÞ can be obtained from (4.12) by
changing

D
↔†

μ ↦D
↔

μ; D
↔

ν↦D
↔†

ν;

ΔGK
μνðq;τ1;τ2Þ↦ΔGK

μνð−q;τ1;τ2Þ: ð4:14Þ

Since the integrations over jτ1;2j are performed within the
duration of the pulse, in the leading order in T we can use the
WKB approximation for the modes as if the background
field is eternal, i.e., A1ðτiÞ ≃ Eτi. Then, the modes can be
approximately represented as fkðτiÞ ≃ gkðk1 þ eEτiÞ,
where

gkðKÞ≃ Cþðk;KÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωk⊥ðKÞp exp

�
i
eE

Z
K

0

ωk⊥ðyÞdy
�

þ C−ðk;KÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωk⊥ðKÞ

p exp

�
−

i
eE

Z
K

0

ωk⊥ðyÞdy
�
; ð4:15Þ

and

ωk⊥ðKÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2þk2⊥þm2

q
; K¼ k1þeEτ; ð4:16Þ

we will refer to these harmonic functions as g-modes as
opposed to the f-modes from (2.10). Here, the moduli of the
coefficientsC�ðk; KÞ are defined in (2.14) and (2.12), while
the phases are fixed by setting t0 ¼ −k1=ðeEÞ in (2.10). The
integral over y in the exponents in (4.15) can be calculated
exactly,

1

eE

Z
K

0

ωk⊥ðyÞdy

¼ 1

eE

Z
K

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2þk2⊥þm2

q
dy

¼ K
2eE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2þk2⊥þm2

q

þ sgnðKÞk
2⊥þm2

2eE
ln

2
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ K2

k2⊥þm2

s
þ jKjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2⊥þm2
p

3
5;
ð4:17Þ

and then conveniently approximated for different values of
K. Namely, for jKj <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

p
, we can expand (4.17) in

the neighborhood of K ¼ 0 to obtain

1

eE

Z
K

0

ωk⊥ðyÞdy ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

p
eE

�
1þO

�
K2

k2⊥ þm2

��
:

ð4:18Þ

At the same time, for jKj >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

p
we find the

following asymptotic form of the modes:

gkðKÞ ≃ CsgnðKÞðk; KÞffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffiffiffiffi
eE

pp ���� Kffiffiffiffiffiffi
eE

p
����i

m2þk2⊥
2eE −1

2

exp

�
iK2

2eE

�

þ C−sgnðKÞðk; KÞffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffiffiffiffi
eE

pp ���� Kffiffiffiffiffiffi
eE

p
����−i

m2þk2⊥
2eE −1

2

exp

�
−
iK2

2eE

�
:

ð4:19Þ

For all loop integrals, which we consider in this paper, we
will estimate only the contribution to them that comes from
the integrations over the regions, where the asymptotic form
(4.19) is applicable for each g-mode in the expression. In
Appendix B, we show that the contribution from the narrow
complementary region of integration is suppressed com-
pared to the leading contributions that we find here.

V. ONE-LOOP CORRECTIONS TO THE
PHOTON’S PROPAGATOR IN THE

LIMIT OF SOFT MOMENTA

In this subsection, we estimate the one-loop correction to
the matrix propagator of photons, ΔGab

μνðq;τ1;τ2Þ;a;b¼�,
for jqj ¼ Oð1=TÞ and jτ1;2j ≲ T, where τ1;2 do not have to
obey the condition (4.1). It is convenient at this point to
rewrite the loop correction ΔGμν in terms of advanced,
retarded, and Keldysh propagators:

GR ¼G−− −G−þ; GA¼G−− −Gþ−;

GK ¼ 1

2
½G−þþGþ−�: ð5:1Þ
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Then in the Schwinger-Keldysh technique, the self-energy Σμν is the matrix of the form

�
2ΣK ΣR

ΣA 0

�
¼ D

↔

μD
↔†

ν

�
2DK

kD
K
k−q þ 1

2
½DA

kD
A
k−q þDR

kD
R
k−q� DK

kD
R
k−q þDR

kD
K
k−q

DK
kD

A
k−q þDA

kD
K
k−q 0

�
; ð5:2Þ

where DK;R;A
k ¼ DK;R;Aðk; τ3; τ4Þ are the tree-level

Keldysh, retarded and advanced propagators of the scalar
field. Thus, we have the following general expressions for
the components of the self-energy:

ΣA;R
μν ∝ fkðτ3ÞD

↔

μfk−qðτ3Þ · f�kðτ4ÞD
↔†

νf�k−qðτ4Þ
− f�kðτ3ÞD

↔

μf�k−qðτ3Þ · fkðτ4ÞD
↔†

νfk−qðτ4Þ; ð5:3Þ

and

ΣK
μνðk;q; τ3; τ4Þ
¼ θðτ1 − τ3Þθðτ2 − τ4Þ
× ½fkðτ3ÞD

↔

μfk−qðτ3Þ · f�kðτ4ÞD
↔†

νf�k−qðτ4Þ
þ f�kðτ3ÞD

↔

μf�k−qðτ3Þ · fkðτ4ÞD
↔†

νfk−qðτ4Þ�: ð5:4Þ

Since τ3;4 lie within the duration of the pulse, we use the
expression for the g-modes (the WKB approximation of the
modes in the constant eternal background field with the
appropriate initial conditions at the beginning of the pulse)
from (4.15) rather than the f-modes (the WKB approxi-
mation for the modes in the pulse background). Using the
asymptotic form (4.19) for each mode in ΣA;R;K

μν and
extracting the leading terms (one can see details of the
calculation in Appendix A 1), one finds straightforwardly
that ΣA;R

μν are suppressed by jqj ∼ 1=T compared to ΣK
μν. As

a result, we can neglect the corrections to the advanced and
retarded propagators compared to the correction to the
Keldysh one, which is a typical situation [24]. The
expression for the one-loop correction to the Keldysh
propagator ΔGK

μνðq; τ1; τ2Þ is as follows:

ΔGK
μνðq; τ1; τ2Þ ≃ e2

Z
dτ3

Z
dτ4

Z
d3k
ð2πÞ3 G

Rðq; τ1; τ3Þ

× ΣK
μνðk;q; τ3; τ4ÞGAðq; τ4; τ2Þ; ð5:5Þ

where we use that the tree-level propagators GR;A
μν are

proportional to the metric tensor gμν, i.e., G
R;A
μν ¼ gμνGR;A.

Applying the asymptotic form (4.19) to each g-mode in
ΣK
μνðk;q; τ3; τ4Þ and singling out such contributions, which

have the highest powers of T and do not oscillate with q,
we obtain (see Appendix A 1) such expression for
ΔGK

μνðq; τ1; τ2Þ, which gives the leading contribution to

the two-loop correction to the current:

ΔGK
μνðq;τ1;τ2Þ

≃
Xþ

α;α0¼−
e2
Z

d3k
ð2πÞ3

Z
τ1

−k1=ðeEÞ
dτ3

×
Z

τ2

−k1=ðeEÞ
dτ4jC−ðk;þ∞Þj2jCþðk;þ∞Þj2

×

�
e2iαq1ðτ3−τ4Þ

�
1 α

α 1

�
μν

þe2iαq1ð2k1=ðeEÞþτ3þτ4Þ
�−1 α

−α 1

�
μν

�
·
eiα0jqj½ðτ1−τ2Þ−ðτ3−τ4Þ�

4jqj2 :

ð5:6Þ

Components of the photon’s Keldysh propagator with
μ; ν ¼ 2; 3 receive suppressed contributions compared to
the components with μ; ν ¼ 0; 1, which are present in this
expression.
It should be emphasized that the obtained one-loop

correction to the propagator does not contain UV diver-
gences, because we consider a propagator for which only a
partial Fourier transformation over the spatial coordinates
has been performed. In this case, there are insufficient
integrations to produce UV divergences. To reveal UV
divergences, we would need either to perform an inverse
Fourier transformation to x-space or a full Fourier trans-
formation over all space-time directions, if possible.

VI. TWO-LOOP CORRECTION TO THE
ELECTRIC CURRENT

In this subsection, we estimate the leading two-loop
correction to the current by the end of the pulse, t≲ T.
According to (4.9) to do that we should calculate n�p ðTÞ,
κpðTÞ, and κ�pðTÞ, where

nþp ðTÞ ≃ e2
Z

T

−T
dτ1

Z
T

−T
dτ2

Z
d3q
ð2πÞ3 ΔG

K
μνðq; τ1; τ2Þ

× gpðp1 þ eEτ1ÞD
↔†

μgp−qðp1 − q1 þ eEτ1Þ
· g�pðp1 þ eEτ2ÞD

↔

νg�p−qðp1 − q1 þ eEτ2Þ; ð6:1Þ

while ΔGK
μνðq; τ1:τ2Þ has been calculated above. For the

anomalous expectation value, κpðTÞ, there is an expression,
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which is similar to (6.1), the only difference being that
integration over τ2 is performed here along the interval
−T < τ2 < τ1, and we should make the substitution
gpðp1 þ eEτ1Þ ↦ −g�pðp1 þ eEτ1Þ.
After the substitution of the asymptotic form (4.19) into

the integral (6.1), we find that n−pðTÞ ≃ nþp ðTÞ ¼ npðTÞ and
the integral is saturated around jqj ¼ Oð1=TÞ. As a result
(see Appendix A 2 for more details), we obtain the leading
in T expression for npðTÞ:

npðTÞ ≃
4e4

π

Xþ
α¼−

Z
T

−p1=eE
dτ1

Z
T

−p1=eE
dτ2

×
Z

d3k
ð2πÞ3

Z
T

−k1
eEþjτj

dT 34

× jCþðk;þ∞Þj2jC−ðk;þ∞Þj2jCαðp;þ∞Þj2
× jC−αðp;þ∞Þj2; ð6:2Þ

where

τ¼ τ1− τ2
2

; T ¼ τ1þ τ2
2

; T 34¼
τ3þ τ4

2
: ð6:3Þ

To calculate κpðTÞ we should keep in mind that, as follows
from (4.19), in the asymptotic region g�pðp1 þ eEτ1Þ differs
from gpðp1 þ eEτ1Þ only by the coefficients C�. This leads
to the following change in (6.2):

jCαðp;þ∞Þj2 ↦ −C�
−αðp;þ∞ÞC�

αðp;þ∞Þ: ð6:4Þ

Then, we obtain the following expression:

κpðTÞ ≃ −
4e4

π

Xþ
α¼−

Z
T

−p1=eE
dτ1

Z
τ1

−p1=eE
dτ2

×
Z

d3k
ð2πÞ3

Z
T

−k1
eEþjτj

dT 34

× jCþðk;þ∞Þj2jC−ðk;þ∞Þj2
× C�

−αðp;þ∞ÞC�
αðp;þ∞ÞjC−αðp;þ∞Þj2: ð6:5Þ

Within the correction for the current (4.9), the level-pop-
ulation npðTÞ is multiplied by jfpðTÞj2, while the anomalous
expectation value κpðTÞ is multiplied by ðfpðTÞÞ2, where

jfpðTÞj2≃
1þ2jCþðp;þ∞Þj2

2ωpðTÞ

þ
Xþ
β¼−

Cβðp;þ∞ÞC�
−βðp;þ∞Þ

2ωpðTÞ

· exp

�
2iβ

Z
T

t0

ωpðτÞdτ
�
;

ðfpðTÞÞ2≃
2Cþðp;þ∞ÞC−ðp;þ∞Þ

2ωpðTÞ

þ
Xþ
β¼−

C2
βðp;þ∞Þ
2ωpðTÞ

· exp

�
2iβ

Z
T

t0

ωpðτÞdτ
�
: ð6:6Þ

There is also the contribution from κ�pðTÞ in (4.9), which is
complex conjugate to κpðTÞ and should be taken into
account. Substituting (6.2)–(6.6) in (4.9), we obtain the
leading two-loop contribution to the electric current:

Δj1ðTÞ ≃ −2e
Z

d3p
ð2πÞ3

p1 þ eA1ðTÞ
2ωpðTÞ

·
4e4

π

Z
T

−p1=eE
dτ1

Z
T

−p1=eE
dτ2

×
Z

d3k
ð2πÞ3

Z
T

−k1
eEþjτj

dT 34jCþðk;þ∞Þj2jC−ðk;þ∞Þj2

×
1

2

�
Cþðp;þ∞ÞC�

−ðp;þ∞Þ · exp
�
2i
Z

T

t0

ωpðτÞdτ
�
þ c:c:

�
: ð6:7Þ

Since jk1j=ðeEÞ; jp1j=ðeEÞ ∼ T=μ ≪ T, we can neglect p1 and k1 in the limits of the integrals over τ1;2 and T 34,
correspondingly, to obtain that

Δj1ðTÞ ≃ −2e
Z

d3p
ð2πÞ3

p1 þ eA1ðTÞ
2ωpðTÞ

·
2e4

π

Z
T

0

dτ1

Z
T

0

dτ2

Z
d3k
ð2πÞ3

Z
T

jτj
dT 34jCþðk;þ∞Þj2

×

�
Cþðp;þ∞ÞC�

−ðp;þ∞Þ · exp
�
2i
Z

T

t0

ωpðτÞdτ
�
þ c:c:

�

¼ −jðtree;oscÞ1 ðTÞ 2e
4

π

Z
T

0

dτ1

Z
T

0

dτ2

Z
T

jτj
dT 34

Z
d3k
ð2πÞ3 jCþðk;þ∞Þj2; ð6:8Þ

where jðtree;oscÞ1 is given by (3.16) with t ≃ T. After the integration over τ1, τ2, T 34 andk, we obtain the final expression for the
leading two-loop correction to the electric current,
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Δj1ðTÞ ¼ −jðtree;oscÞ1 ðTÞ 2e
4

π
·
T3

3
·
e2E2T
8π3μ

exp

�
−
πm2

eE

�
:

ð6:9Þ

Wecan see that nonoscillating contributions from (6.6) cancel
each other7 within Δj1ðTÞ. Consequently, the leading result
(6.9) for the two-loop correction, in contrast to the tree-level
expression, consists solely of oscillating terms. However, as
the function of the pulse duration T this correction grows
much faster than the tree-level current,T4 versusT, so that for
sufficiently large T, the correction becomes dominant.
InAppendixB,we show that all subleading contributions to

the second-loop correction to the current, which we neglected
during our calculations, are of the order OðT3Þ or lower.

VII. CONCLUSIONS

Thus, for a very long pulse with eET ≫ m, the leading
contribution to the tree-level current is given by Eq. (3.6).
Meanwhile, the relevant correction for the long pulse is given
by Eq. (6.9). For t≲ T, this correction contains the second
power of the Schwinger exponent exp ½−πm2=eE�, i.e., one
extra power compared to the tree-level current. However, it
grows asT4, which ismuch faster than the growth of the tree-
level current, T1. Hence, for a sufficiently long pulse, the
correction can dominate over the leading contribution.
Of course, for currently achievable electric field

strengths, the Schwinger exponent is very small, and the
effects considered here are negligible. However, for fields
on the order of the Schwinger critical value, there is no
suppression by the exponent, and the effects discussed here
may play an essential role. In that case, one must perform a
resummation of the leading corrections from all loops,
which remains a subject for future study.
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APPENDIX A: DETAILS OF THE LOOP
INTEGRALS CALCULATION

1. Calculation of one-loop correction to the photon’s
propagator in the limit of soft momenta

In this subsection, we provide detailed calculations that
lead to the expression (5.6). In previous sections, we
already noticed that we should use the expression (4.15)
for the g-modes rather than the exact modes f, since τ3;4 are
within the duration of the pulse. Then, we apply the
asymptotic form (4.19) for each g-mode and obtain the
following expression for ΔGK

μνðq; τ1; τ2Þ:

ΔGK
μνðq;τ1;τ2Þ≃e2

Z
dτ3

Z
dτ4

Z
d3k
ð2πÞ3Σ

K
μνðk;q;τ3;τ4Þ

×
Xþ
α0¼−

�
eiα0jqjððτ1−τ2Þ−ðτ3−τ4ÞÞ

4jqj2

−
eiα0jqjððτ1þτ2Þ−ðτ3þτ4ÞÞ

4jqj2
�
; ðA1Þ

where

ΣK
μνðk;q; τ3; τ4Þ ≃

Xþ
α;β;γ;δ¼−

θðτ1 − τ3Þθðτ2 − τ4Þ
4eE

·D
↔

μ ·D
↔†

ν

×

���� k1 þ eEτ3ffiffiffiffiffiffi
eE

p
����iðαþβÞm

2þk2⊥
2eE −1

���� k1 þ eEτ4ffiffiffiffiffiffi
eE

p
����−iðγþδÞm

2þk2⊥
2eE −1

× exp

�
iαðk1 þ eEτ3Þ2

2eE
þ iβðk1 − q1 þ eEτ3Þ2

2eE
−
iγðk1 þ eEτ4Þ2

2eE
−
iδðk1 − q1 þ eEτ4Þ2

2eE

�
× ½Cα sgnðk1þeEτ3Þðk; k1 þ eEτ3ÞCβ sgnðk1þeEτ3Þðk; k1 þ eEτ3Þ
× C�

γ sgnðk1þeEτ4Þðk; k1 þ eEτ4ÞC�
δ sgnðk1þeEτ4Þðk; k1 þ eEτ4Þ

þ C�
−α sgnðk1þeEτ3Þðk; k1 þ eEτ3ÞC�

−β sgnðk1þeEτ3Þðk; k1 þ eEτ3Þ
× C−γ sgnðk1þeEτ4Þðk; k1 þ eEτ4ÞC−δ sgnðk1þeEτ4Þðk; k1 þ eEτ4Þ� ðA2Þ

7A somewhat similar situation is encountered in the calculation of loop corrections for light fields in de Sitter spacetime [30,31].
There, leading powerlike corrections (in conformal time) to level populations and anomalous expectation values cancel each other within
the Keldysh propagator, leaving only logarithmic corrections.
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and

D
↔

μ≠0¼ ið2kμþ2eEτ3δ1μÞ;
D
↔†

ν≠0¼−ið2kνþ2eEτ4δ1νÞ;
D
↔

μ¼0¼ iðα−βÞðk1þeEτ3Þ;
D
↔†

ν¼0¼−iðγ−δÞðk1þeEτ4Þ: ðA3Þ

Since jqj ¼ Oð1=TÞ, we neglected q in the preexponent
of (A2). For the same reason we can neglect q21 in the
exponent. During the calculation of the second-loop cor-
rection to the current, we integrate over jqj. Thus, in the
corresponding integrand we should keep only those
terms that do not rapidly oscillate with jqj; otherwise,
the integral will be suppressed. From (A2), we see that
τ1 þ τ2 > τ3 − τ4, which implies that the second exponent
in the last line in Eq. (A1) does not oscillate only in
a small neighborhood of the point ðτ3 ¼ τ1; τ4 ¼ τ2Þ,
while the first exponent does not oscillate on the line
fτ3 − τ4 ¼ τ1 − τ2g. Thus, the contribution of the exponent
expðiα0jqj½ðτ1 þ τ2Þ − ðτ3 þ τ4Þ�Þ can be neglected.8

On the other hand, (A2) contains rapidly oscillating
exponents of k21 or τ

2
1;2 for generic values of α; β; γ; δ ¼ �.

These oscillations suppress the integrals over k1; τ1;2.
Since we are interested only in the contributions in
(A1) which provide the leading (in T) corrections to
the current in the second loop, we should consider only
those values of α, β, γ, δ, for which there are no such
oscillating exponents. As a result, we can keep only two
terms, α ¼ −β ¼ �γ ¼ ∓ δ.
One can see that for α ¼ −β ¼ �γ ¼ ∓ δ, the terms in

the bracket in (A2) are the same and equal to
θðk1 þ eEτ3Þθðk1 þ eEτ4ÞjC−ðk; þ∞Þj2jCþðk; þ∞Þj2.
For ΣAR

μν , we can provide similar calculations and obtain an
expression of the type (A2) but with the difference inside
the bracket, rather than the sum. For α ¼ −β ¼ �γ ¼ ∓ δ,
this difference is suppressed in jqj ¼ Oð1=TÞ. As a result,
both ΣA;R

μν are suppressed compared to the leading con-
tribution of ΣK

μν.
Finally, after the substitution α ¼ −β ¼ �γ ¼ ∓ δ into

(A2), we find that the contributions with μ; ν∈ f0; 1g
appear to be the leading ones, and obtain the expres-
sion (5.6).

2. Calculation of the two-loop correction to npðTÞ
Similarly to the derivation of the expression (A2), we can

substitute the asymptotics (4.19) into the integral (6.1) and

obtain a sum of 16 terms over α0; β0; γ0; δ0 ¼ �. Substituting
(A1) and (A2) in (6.1), we obtain a sum of 256 terms over
α; β; γ; δ; α0; β0; γ0; δ0 ¼ �. After eliminating the terms that
oscillate in p2

1, k
2
1, and τ21;2;3;4, we obtain the following

conditions:

α ¼ −β ¼ �γ ¼ ∓ δ and α0 ¼ −β0 ¼ �γ0 ¼ ∓ δ0:

ðA4Þ

As a result, the integrand of nþp ðTÞ (which is a sum
over α ¼ � and an integral over q; τ1;2;3;4 etc.) is propor-
tional to9

Ψ ¼ e2iα0jqjðτ−τ34Þ
�
e2iαq1τ34

�
1 −α
−α 1

�
μν

þ e2iαq1ðk1=ðeEÞþT 34Þ
�−1 −α

α 1

�
μν
�

×

�
e2iα

0q1τ
�

1 −α0

−α0 1

�
μν

þ e2iα
0q1ðp1=ðeEÞþT Þ

�−1 −α0

α0 1

�
μν

�
; ðA5Þ

where τ34 ¼ ðτ3 − τ4Þ=2.
We see that the contraction over μ, ν is not suppressed

only for α0 ¼ α. We can also do the same for n−p ðTÞ, which
differs from nþp ðTÞ by changing D

↔†
μD
↔

ν ↦ D
↔

μD
↔†

ν and

Dμ
↔

Dν†
↔

↦ Dμ†
↔

Dν
↔

for the phonon loop. However, it follows
straightforwardly from (A3) that such a change does not
affect the contraction over μ, ν. For this reason,
n−pðTÞ ¼ nþp ðTÞ. As a result, we have that

Ψ ¼ e2iα0jqjðτ−τ34Þ½e2iαq1ðτþτ34Þ þ e2iαq1ððp1þk1Þ=ðeEÞþT þT 34Þ�:
ðA6Þ

It is convenient to represent the integral over q as
d3q ¼ jqjdjqjdq1dφ. In this case, we find that the integral
over jqj is saturated around τ ≃ τ34. Since ðτ − τ34Þ and
ðτ þ τ34Þ are linearly independent, we can integrate over
ðτ − τ34Þ separately and obtain δðjqjÞ in the leading order in
T. This is the reason why we considered soft photons with
jqj ¼ Oð1=TÞ in the previous subsection.

8Rephrasing this, we keep only those contributions to (A1) that
do not oscillate with respect to q, since the expression for the
photon propagator will be used to calculate the two-loop
correction to the electric current, which contains the integral
over q.

9We extract the matrix structure and exponents, which depend
on jqj and/or τ1;2;3;4, from the integrand.
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Now, we can restore the leading contribution in npðTÞ:

npðTÞ ≃ 2e2
Xþ

α0;α¼−

Z
T

−p1=eE
dτ1

Z
T

−p1=eE
dτ2

Z
d3q
ð2πÞ3 · e

2

Z
d3k
ð2πÞ3

×
Z

τ1

−k1=ðeEÞ
dτ3

Z
τ2

−k1=ðeEÞ
dτ4

e2iα0jqjðτ−τ34Þ

4jqj2 jCþðk;þ∞Þj2jC−ðk;þ∞Þj2

× jCþðp;þ∞Þj2jC−ðp;þ∞Þj2 · 4½e2iαq1ðτþτ34Þ þ e2iαq1ððp1þk1Þ=ðeEÞþT þT 34Þ�: ðA7Þ

After the integration over ðτ − τ34Þ and q, we obtain (6.2).

APPENDIX B: ANALYSIS OF SUBLEADING
CONTRIBUTIONS

In the main text we estimate contributions to loop
integrals coming from the region of parameters, where
(4.19) is applicable. In this appendix we verify that
contributions to these integrals from the regions where
the modes have the asymptotic form (4.18) do not signifi-
cantly modify the result that we obtain in (6.9).
When, in the previous section, we substituted the

asymptotics (4.19) into the integral (6.1), we obtained a
sum of 256 terms over α; β; γ; δ; α0; β0; γ0; δ0 ¼ � and
identified the leading terms. However, if one considers
narrow regions, where

jp1 þ eEτ1;2j ≲m; jp1 − q1 þ eEτ1;2j ≲m;

jk1 þ eEτ3;4j ≲m; jk1 − q1 þ eEτ3;4j ≲m; ðB1Þ

we have to use the asymptotics (4.18) for the corresponding
mode functions, rather than (4.19).
For the leading two-loop integral (A7), we found that it is

proportional δðjqjÞ. This fact does not change if we replace
some limits of the integration over τ1;2;3;4 in accordance
with (B1). The structure of C�-coefficients also does not
change, from which it follows that nonoscillating contri-
butions to the current still cancel, as in (6.8). However, any
replacement of the integration limits eliminates one power

of T. This leads to the fact that considering the regions (B1)
gives corrections of the order OðT3Þ or lower.
Then, we have to consider subleading terms in the sum of

256 terms, which we obtained after the substitution of the
asymptotics (4.19) in (6.1). First, one can demonstrate,
similarly to the derivation of the expression (A7), that only
such terms that accumulate around jqj ¼ Oð1=TÞ survive.
Further consideration is similar to Appendix A 2 and here is
a brief summary:

(i) α0 ¼ β0 ¼ γ0 ¼ δ0 and α0 ¼ β0 ¼ −γ0 ¼ −δ0: the in-
tegrand oscillates with X2

1;2, where Xi ¼ p1 þ eEτi,
thus the integrals over X1;2 do not grow with T. The
contribution to the current is of the order of OðT3Þ
or lower.

(ii) −α0 ¼ β0 ¼ γ0 ¼ δ0;α0 ¼−β0 ¼ γ0 ¼ δ0;α0 ¼ β0 ¼−γ0 ¼
δ0, and α0 ¼ β0 ¼ γ0 ¼ −δ0: the integrand oscillates
only with X2

1 (or only with X
2
2), thus only the integral

over X2 (or X1) grows with T. The integrand also
oscillates over p1 (this fact follows from the struc-
ture of C� coefficients). Thus, the integral over p1

does not grow with T. In this case, the contribution
to the current is also of the order of OðT3Þ or lower.

Similar results can be obtained for the one-loop correction
to the Keldysh propagator of the photons. As a result, all
subleading contributions to (6.9) are of the order of OðT3Þ
or lower.
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