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Does Schwinger’s value for the current of created pairs
get modified for a long and strong enough pulse?
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We determine the parametric conditions (pulse strength and duration) under which Schwinger’s
prediction for the pair-creation current—and therefore the probability—is significantly altered.
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I. INTRODUCTION

As is well known, virtual particle-antiparticle pairs are
spontaneously and constantly created in a vacuum. However,
an external electric field can separate these pairs by imparting
sufficient energy, thereby converting the virtual particles
into real ones. This process generates an electric current [1]in
the presence of a constant, eternal electric field. These
considerations have been extended to other types of strong
background electric fields [2—-6]—see also [7-17] for an
incomplete list of related works and [3,18] for reviews.

Typically, in the scenarios discussed, pair creation from
the vacuum is considered under conditions of a weak (in
comparison with the Schwinger’s critical value) background
field and a low density of created particles. However, the
created pairs are subsequently accelerated by the external
field and emit photons, which can, in turn, decay into new
pairs. This process is not forbidden in the presence of an
external field because the conservation of energy does not
hold strictly when backreaction on the background field is
neglected. Rephrasing this, such a process happens at the
cost of work performed by the external electromotive force
that creates the background field.

There are, of course, also reverse processes, in which a
generated pair annihilates into a photon that is subsequently
absorbed by another generated particle. Such processes
should play an important role when the background field is
sufficiently strong and acts for a long enough duration. In
our previous work, we considered such processes for a
constant eternal electric field background [19,20] and
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extended these considerations to an electric pulse back-
ground [21,22].

Our eventual goal is to determine whether an avalanche
of particle creation is possible for a sufficiently strong and
long-lasting background electric field. More precisely, we
aim to establish the conditions on the strength and duration
of the background pulse required for such an avalanche to
occur. At present, with achievable values of strong electric
fields, this phenomenon is of purely academic interest.
However, in the very early Universe—unlike conditions
created at the LHC—there were certainly strong back-
ground gravitational fields and possibly other strong fields.
A potential avalanche of particle creation in such fields
could induce significant backreaction on the background
gravitational field [23], which may play a key role in matter
and structure formation.

At this stage we address a bit less ambitious problem: we
extend the considerations of [21,22] to the case of a weak
background field, using the semiclassical (WKB) approxi-
mation for the exact modes of charged fields in an electric
pulse background. Our goal at this stage is to check if the
Schwinger’s value for the current of created pairs gets
modified for long and strong enough background pulse.
We calculate the tree-level current and reproduce its
Schwinger’s value. Then, we estimate the first and sec-
ond-loop corrections to it. The reason we must proceed to
the second-loop correction to observe a modification of
Schwinger’s current for a sufficiently long pulse is
explained in [21,22] and has a clear physical meaning:
only at the second loop can we account for how radiated by
pairs photons also decay into pairs, a process that can
amplify the current.

For nonstationary situations involving a time-dependent
background field, one should employ the Schwinger-
Keldysh diagrammatic technique (for a review, see [24]).
In this approach, each field is associated with three
propagators: retarded, advanced, and Keldysh. The first
two characterize the spectrum of the theory, while the
Keldysh propagator describes the evolution of its quantum
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state. As shown in [19,20] and [21,22], under the con-
ditions relevant to our study, corrections to the retarded and
advanced propagators are subleading compared to those for
the Keldysh propagator. Thus, we are primarily interested
in loop corrections to the Keldysh propagator, which
describes the evolution of the quantum state and determines
the resulting current.

The paper is organized as follows. In Sec. II, we present
the setup of the problem and define the modes for the
charged scalar field in the Wentzel-Kramers-Brillouin
(WKB) approximation. In Sec. III, we calculate the
tree-level current (derived from the tree-level Keldysh
propagator) and correct the commonly accepted result.
Additionally, in this section, we compute subleading
oscillatory contributions to the tree-level current that do
not grow with the pulse length. In Sec. IV, we explain
which loop corrections to the current of created pairs
dominate for a long pulse. In Sec. V, we calculate the
one-loop contribution to the photon’s Keldysh propagator
that yields the leading correction to the current at two loops.
In Sec. VI, we compute the leading two-loop correction to
the current. In Sec. VII, we present our conclusions.
Technical details are provided in the Appendixes.

II. THE SETUP OF THE PROBLEM

In this paper, we consider scalar electrodynamics,

sig. gt = [ d4x[|a,,¢+ ied, B[ — m|pf?

1
~ —F, F" - ]C]A”:| (2.1)

and divide the vector potential A* into the classical and
quantum parts, A* = A% + a*, where Al solves the
classical equations of motion with an external source j;l.
The source is chosen such that the classical field is the
lengthy, eET > m,1 but weak, m > v/¢eE, homogeneous
electric pulse,

t
A= (0;A,(1):0;0), A(r)= ETtanhT. (2.2)

For the quantum gauge field a, we work in the Feynman
gauge and perform canonical quantization in the standard
way, with &(Tm, &g, denoting the creation and annihilation
operators, respectively. The external electric field Af} does
not affect the free-field quantization of photons. At the
same time, for the scalar field operator, we have the
following decomposition into the modes:

'A similar and even stronger condition in a somewhat similar
context was established, for example, in [25].

N dp .. . P
%) = [ Sy + By (0] @3
where the temporal part of the mode function f,(#) solves
the equation
(0 +[p+ AP +m)fp() =0, (24)

which follows from the classical equations of motion for
the action (2.1).

We require the harmonic functions f,(¢) to be the in-
modes, i.e., the single wave before the background electric
pulse was turned on*:

—iw_t

20_°

where @, (p) = \/(p + A(200))? + m2.

p (/T — —c0)

(2.5)

The exact in-modes of the scalar field with such an
asymptotic form at past infinity are expressed through
hypergeometric functions [3]. At the same time, the
asymptotic form of the exact modes in the future infinity
can be derived from the properties of these hypergeometric
functions [3]:

(/T = +o0) (p) eiost 4 2 P) (p ) St (26)

where

A-(K)]> =1+ A, (k)]

_ o, (k) [F@ETH-¢P

008 =55 rre =gl @7
and
5:9—17-&2“”, n:H—iT-%,
§=1—-iw_T; (2.8)
6 — % 4if, = 1/(cET?? - (2.9)

Unfortunately, the loop integrals that appear in the expres-
sions below cannot be calculated exactly, i.e., cannot be
expressed via known special functions [21,22]. Hence, to
estimate the loop integrals it is necessary to consider an
approximate form of the modes.

’In fact, we consider the theory to be in the standard
Minkowski vacuum state before the turning on of the background
electric field.
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The approximation, which we will apply in this paper, is
given by the WKB approach, in which the modes take the
following form:

%exp {i / "o (T)df}

N %exp {—i [ ’ wk(r)dr] C(2.10)

where one can choose a convenient value for ¢;,. Choosing a
specific value of 7, fixes the phases of the coefficients C..
The form (2.10) is applicable everywhere, except for small
neighborhoods of the complex turning points defined by
the equation

fi(t) =

112
oy (1) = [kl + eETtanh?] +k3 +m?*=0. (2.11)

The complex coefficients C.(k) undergo jumps at
ki + eA,(t) = 0, where the WKB approximation can lose
its applicability. In general, such a jump occurs during
crossings of a Stokes line. We can restore the moduli of the
coefficients C, before and after the jump, since (2.10)
reproduces the asymptotics (2.5) and (2.6) at /T — oo,
with

[C_(k.0)]> = 1+|Cy. (k. 1)];
, _ cosh(2zp) + cosh (2T (w_ — . ))
2sinh (zw_T) sinh (7w T)
x O(k; + eA; (1))
o o T2eET-0 =0 )g(k) + eA (1)),

|C. (K, )]

(2.12)

where 6(x) is the theta function, which describes the jumps
at the Stokes lines. Below, to find the leading contributions
to correlation functions in the limit of the lengthy pulse, we
will frequently need the moduli of these coefficients.

To simplify expressions below we can Taylor expand @
from (2.5), depending on the value of the ratio of

|k; & eET|/\/k3 + m?*. As aresult, |C. | is not exponen-

tially suppressed only for |k;| < eET —2/k3 + m?,
where it is given by

k2 2 1
1C ()P vexp | -ZELEm) L
eE 1_[8E_1T]

2} Ok, +eA, (7).
(2.13)

For the weak field, m? > ¢E, this expression is not negli-

gible only in the region |k|<eET, /- < eET,

eE
(k% +m?)
where we can perform the expansion in k;/(eET):

C (k. 1)]> = exp {_w_ [1 N LTE—ITTH

x O(ky + eAq(1)). (2.14)
The dependence of the coefficient |C(k,?)]> on k; is
necessary to know for further discussion.

In this paper, we calculate the current of created charged
particles and the flux of photons produced by a lengthy
electric pulse. We assume that the background field is
weak, m > \/eE, and apply the semiclassical (WKB)
approximation to the exact mode functions during the
pulse. The initial state of the system is taken to be the
standard Minkowski vacuum for both photons and charged
particles. In the weak-field approximation, m > \/eE, the
turning points (2.11) are far from the real axis in the
complex f-plane. Consequently, the WKB approximation
(2.10) is valid for all real times .

III. REFINED EXPRESSION FOR THE
TREE-LEVEL CURRENT

The tree-level current is given by the following expres-
sion (see, e.g.,[16]):

Ji(t) = elin|: 3+ Dy in)
1

3
= Ze/%(pl + €A (1)) [|fp(t)|2 _m}

(3.1)

where a,lin) = 0. The tree-level expression for the
Schwinger’s current for 7 <¢, i.e., after the pulse, has
been estimated in many places both for the scalar and
standard (spinor) QED [3,7,10,12,17]:

(3.2)

. E23T am?
Ji(t) =

0w eE

As we will demonstrate now, in the case of the weak field,
m > +/eE, the preexponential factor in the expression (3.2)
has to be modified. In fact, we can substitute the WKB
approximation (2.10) into (3.1) and obtain the following
expression:

(1) ~ e &’p p1+eA (1)
=2 /(277)32\/(191+6A1(f))2+pi+m2

x [|C.(p)* + [C_(p)]* = 1]
226/ dp (p1+ €A (1)0(p) + eA (1))
(271')3 \/(p1+€A1(t))2+pi+m2
e ]

eE eET
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where we have used (2.14). The WKB approximation for
modes allows one to estimate the tree-level current not only
after the end of the pulse ¢ 2 T, but also just before the end,
t <T. Since for t ~ T,

< |eA,(1)] ~ eET. (3.4)

eET
Pl S—F=
m/veE
we can assume that p; + eA(¢) > 0 and |p; + eA;(7)| >

\/p3 + m?. Therefore,

. d’p
Ji(f)=2e (2ﬂ)l3
o 2 2
[ 2 2

(3.5)

Evaluating the Gaussian integral over p; and the integral
over p,, which receives its main contribution from the
region |p | | ~ v/eE < m, we obtain the final expression for
the tree-level current in the weak-field limit:

E%e3T

(1)  ——— > 1.

~exp [~z (3.6)

_om
K veE
One can see that this result is additionally suppressed by the
large factor y > 1 in the denominator compared to (3.2).3
This fact has a clear physical explanation: since d,E(t) ~
1/T and TveE > 1, we can treat E(t) as approximately
constant at each moment 7. In this case, Schwinger’s
probability rate per unit four-volume is approximately

m? ]

eE—(t) . (3 .7)

w(t) ~ exp [—

Since m > v/eE, only w(t) in a small neighborhood of
t =0 [where E(r) reaches its maximum] contributes
significantly to the tree-level current. The width of this
neighborhood can be estimated from the following con-
dition,

mm? SE(t)

il SPAVS |

£ E (3.8)

Expanding E() around 7 = 0 shows that only the region
|t| < T/u contributes to the tree-level current. This explains
why the preexponential factor in Eq. (3.6) contains T/u
instead of T: the current density j,(7) along the pulse
direction is proportional to ew multiplied by the effective
pulse duration.

JA similar suppression for the particle creation probability in
the pulse background and other types of an external electric fields
was obtained in [26-28].

A. Subleading oscillatory contributions
to the tree-level current

In this subsection we estimate subleading oscillatory
contributions to the tree-level current that will help to
understand the origin and physics of the leading loop
corrections that we consider in the sections below.

In the calculation of the current (3.1) above, we have
neglected the oscillatory contributions in |f,()|?, which is
equal to

1
20 (1)

t
X exp [Zi/ wp(r)dr] + c.c},
Ty

where “c.c.” stands for the complex conjugate expressions
to those which are explicitly written. However, for
m*> > eE, we have that |C,(p)Ci(p)|/|C.(p)]*~
exp [zu?/2] > 1. Thus, for u < T+v/eE <explu?], the
oscillatory contributions to the tree-level current can be
comparable to (3.6) even though they are suppressed for
large enough T that we consider here.

Since () exponentially approaches w,(p) as
t/T - +oo, we can use for > T the future infinity
asymptotics (2.6),

{%CXP {2" /{: wp(T)dT:| +c.c.]

[0
20, (p)

fp()f ~

{1 L 21C, () + C. (p)CE(p)

(3.9)

exp [2iw, (p)1] + c.c.] . (3.10)

To perform the calculation, we need the exact expressions
for AL (p):

o) rre-2
A= o) TG -8
o) rerE-m
A= o) @G- 1y

For u > 1, we can use the asymptotic form for the large
argument for each gamma function in (3.11):

1

1 j 1
InT(x + iy) = [x + iy — 5} In|y| + sgn(y) = [ _ 5]

2
In(2 1
_W_iy+¥+0[_}

2 M

1~ x| < |yl (3.12)
After the substitution of (2.8) and (2.9) in (3.11), we
expand f and w, (p) in the same way as it was done during
the derivation of the expression (2.13). Then, since the
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modulus |C, (p)| is exponentially suppressed for 1/u < |p,|/(eET), we also expand the right-hand side of (3.10) in
p1/(eET) to quadratic order. As a result, we obtain the following expression under the integral for the subleading

expression of the current:

'pz +m?

2(py, + €ET) , . P A mA e p? +m? T o0,
A A* 2iw (P ~ _j . 2—2ieET L 2iaeET L At
20 () +(p)AZ(p)e i (cET)? e exp | = > + > +ia
2 2
. P +m
X exp {lplT<2a+(éET)2' (1- a))}

2 2 2 : : 2 2
py|. pPL+m T . 3i i p|+m
Z1 Lo S (i T pEL
XexP{e {’Jr (eET)? ( 2T T B )|

E

where @ = t/T. After the integration over p;, we obtain

+o0 . .
/ dp,(3.13) = VmeEe 27 2ieET”

[Se]

2 27 —i(14a) s
-l a
|:pL +m :| 2k ei(Zot—otz)eET2

(eET)?
X exp p3 +m? _ﬂ(l +a?)
eE 2

(3.14)

ol

Finally, we integrate over p; and obtain the following
expression for the oscillatory contribution to the tree-level
electric current:

j(ltree,osc) (l > T)

2

2E in . —i(l+a)gg
o VaeEerter | L] e
m? 1+a’ 1 1
explp - il
) i o2l —a] —i(a? + 1) In
(3.15)

Since a = t/T ~ 1 and ¢ET > m, we can represent this
expression as follows:

) o e*E\/eE
dny/all + 1] In<EL

cexp | -2 (1413 sty ()

j(trecosc) (t >

1 ~

2eE 72
(3.16)
where y ¢, 7(¢) is some phase function, which depends on

tand E, m, T. One can see that, for ¢ > T, the contribution
(3.16) is exponentially suppressed compared to (3.6).

(3.13)

Let us now consider the case ¢ < 7. In this situation, we
cannot use the future infinity asymptotics (2.6), which are
applicable after the end of the pulse. Instead, one needs the
exact expression for the coefficients C(p) after the jump
at the Stokes line:

. +o0
Ci(p) = As(p)e™™ Mo exp [ﬂ/ .. (p)
)

- w, (T)]d’[:| . (3.17)

It follows straightforwardly from (3.17) that

C.(p) exp {j:i [ "o, (T)df]

+o0

— sl Wresp |21 [, () - oy (0]

t

(3.18)

After the expansion of this expression in (p? + m?)/
(eET)? and p,/(eET), we integrate over 7 to find that

/ 0 (p) — wp(2))de

2 2
— ¢ET2[In(2cosha) — a] + ¥ (In(2 sinh ) — d]
+P2L+m2. pf, 1
2 eET tanh

2 2 2

pJ_+m D1 . 1 1

PLEM ) P 2sinha) —ad = — ———
T [eET] [n( sinh.a) * 3 Yanhla

E

+o<vnj ) (3.19)

where @ = ¢/T. Then we integrate over p; and p, and

obtain that, for ¢ < T, the final expression for jgtree’osc) also

has the form (3.16).
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Finally let us stress that for such ¢ that

eET eET m? 2 m>
—In—~ — | 1=-= — 2
m o om P |:2€E ( T2>] =P [ZeE}’ (320)

oscillatory contributions (3.16) are comparable to (3.6).
Below we will calculate loop corrections to the current
during the pulse, r <7, and will see that oscillatory
contributions will play the key role.

IV. GENERAL DISCUSSION OF LOOP
INTEGRALS AND INTERRELATION OF THE
LEADING SECULAR CONTRIBUTIONS TO THEM

We consider quantization in a spatially homogeneous state
and perform the Fourier transformation along the spatial
directions. We begin by examining the one-loop correction to
the photon’s Keldysh propagator, G, (q; 7y, 7,), focusing on
times |7y, <7, ie., on the behavior of the correlation
functions during the pulse.

The reason for that is as follows. First, before the pulse is
turned on, the electric current, level populations, and
anomalous quantum averages are identical to those in an
empty state. In fact, we take the initial state of the theory to
be the in-ground Fock state |in), which coincides with the
Poincare invariant state, i.e., the standard Minkowski
vacuum.

Second, after the background field is switched off, the
theory reduces to ordinary scalar QED (without external
fields), but with a nontrivial initial state. As we will see,
nontrivial level populations and anomalous averages for
both photons and charged particles can be generated during
the pulse. The subsequent evolution of such a state in QED
without background fields constitutes a distinct physical
scenario, with its own specific features and academic
interest—related to thermalization processes [29], but not
to particle creation by the background electric field.
Therefore, in the present work, we focus on the kinetics
during the electric pulse, which is why all external time
arguments of the correlation functions considered below
are taken to be less than 7.

In [21], we estimated the one-loop correction to the
photon’s Keldysh propagator, GX,(q;7,7,), shown in
Fig. 1. In the limit*

o) —n| <|T| ST, where T = (7, +1,)/2, (4.1)

the correction takes the form

*We consider such a limit to single out the destiny of the state
of the theory by the end of the pulse, which will become clear
from the discussion below.

FIG. 1. One-loop correction to the photon’s propagator. In the
Schwinger-Keldysh technique one has a sum of diagrams of such
a form with vertexes attributed to different sides of the Keldysh’s
“closed” time contour.

AGE (@5 71,7) =y (4, T) o
2|q
e=ildl(zi=7)
+ n;ﬂ(q, T) W s (42)
where
(277)31’1;1,((])5((1 - q/) = <&(T1/4&q’u>’
(275, (q)5(q — @) = (6 gub_g,). (4.3)

and éy, &g, are the photon’s creation and annihilation
operators, respectively. The quantum expectation values in
these expressions are taken with respect to the evolved
initial state. Due to the presence of the background field
these expectation values are nonzero, in contrast to the
Poincare invariant state and evolution without strong
external fields.

Meanwhile, the tree-level photon’s Keldysh propagator
is

cos(|q|(z1 — )]

g Y

GK (q;71,73) =

arising purely form zero-point vacuum fluctuations. Hence,
nz,(q) are photon level populations, which, being zero at
the initial Cauchy surface, are generated by the background
electric pulse, as we will see in a moment. Thus, photons
are generated on top of the apparent creation of charged
particles [20,19,21].

For n;,(q,7) we obtain the following integral

expression [21]:

) T T g—i|Q|(Ts—T4>
n;{y(q,']—) ~ e /_T dT3 /_T dT4W
k

<>

d3
X /Wfk(%)l)ufk—q(ﬁ)
- fi @)D, fig(e). (4.5)

where
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<>

fx(73)Dyufr—q(73) = D, fx(73) - fr—q(73)

— fi(73) D} fy—q(73). (4.6)

<
and similarly for D,. The expression for n,,(q.7) can

<~ <t
be obtained from (4.5) by replacing D, — D, and

D, +— D,. Equivalently, we can perform the change
k’ = k — q in the integral over k in (4.5) to obtain that

n;u(q’ T) = n;b(_q’ T)?

which agrees with (4.3). Since in the presence of the
external electric field photons can be emitted by created
charged particles, which, in turn, are accelerated along the
direction of the field, one can expect that n,;,(q, 7') actually
depends not only on the absolute value of q, but also on its
direction. In our previous works [21], we did not emphasize
this point, as we were primarily concerned with whether the
expression (4.5) exhibits secular growth in 7', rather than
with the explicit density of the created photons. In this note,
however, since we aim to directly calculate the contribution
of these expressions to the second-loop correction to the
current, we have to account for such dependence.

Another useful symmetry is n;,(q.7) = n'(q.7),
from which it follows that

(4.7)

[AGE (q:71.72)]" = AGK,(—q;71,72) = AGE, (q:72. 7).
(4.8)

In [21] we showed that (4.5) grows linearly with T in the
limit (4.1), while the anomalous quantum expectation
value® K, (q.7) does not grow with 7. In fact, the
anomalous quantum expectation value is also generated,
but the generated value is suppressed by fine-structure
constant e? and is not enhanced by the large factor 7. For
this reason, we neglect the anomalous expectation values in
(4.2). Physically, this means that the initial vacuum state for
photons that we consider here remains to be the vacuum in
the future.

Then, in [22] it was demonstrated that the secular growth
of nz,(q) leads to the growth with T of the second-loop
correction to the current of created pairs of charged
particles. The physical explanation is straightforward: as
mentioned above, created charged particles accelerate and
radiate photons. These radiated photons can then decay into
pairs in the background electric field, which in turn
enhances the current of the created charged pairs.
Essentially, the integrals considered in this paper are
components of collision integrals for particle kinetics in
a background field. They are nontrivial and differ

>The anomalous quantum expectation value is defined as
(27)°, (@)5(q + @) = (g irq)-

FIG.2. Two-loop diagrams of such a form contain an additional
power of growth with 7. In the Schwinger-Keldysh technique one
has a sum of diagrams of such a form with vertexes attributed to
different sides of the Keldysh’s “closed” time contour.

significantly from the standard Boltzmann-type collision
integrals because we consider exact modes in the back-
ground fields rather than plane waves.

To find the second-loop correction® to the current, we
have to estimate the above one-loop correction to the
photon’s Keldysh propagator using the approximate WKB
form of the modes of the charged field. Specifically, we
single out such contributions to (4.5), which provide the
leading corrections to the current in the second-loop
correction. The latter are those which have the highest
power of growth with 7" and do not oscillate with q. Below
we will demonstrate that only the photons in the limit of
soft momenta, |q| = O(1/T), but with all possible values
of the time arguments of the photon’s Keldysh propagator,
71 5, (not restricted to the region |z, — 7,| < |7; + 15|), give
the leading contribution to the second-loop correction to the
current. For this reason, in the present paper, we calculate
the one-loop integral only for such soft photons. Since we
go beyond the limit (4.1), n,, and «, individually lose their
direct physical interpretation. Therefore, we should con-
sider their combined contribution to the entire correction to
the Keldysh propagator, AGX,. This is the subject of the
next section.

In our previous paper [22], we have obtained the integral
expression for the two-loop correction to the electric current,
shown in Fig. 2: The correction can be represented as

3
AJI(T) = 2 / (‘2’7';@1 - eAV(T))[If (T) Py (T)

+ (Fp(1))?p (T) + (£3(T)) x5 (T)] (4.9)

where the charged particle’s level population and anomalous
quantum average are equal to

(4.10)

and

®In [21], we have shown that one-loop corrections (including
so-called tadpole diagrams) do not bring any additional growth
(with the pulse duration) to the electric current.
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(27)°k,8(p — P') = (aph_p). (4.11)

The integral expressions for the quantum expectation values
are as follows:

ng (T) =2 dTl d7.'2 K (q;71,72)
Xfp(fl)Dﬂfp_q(ﬁ)-f;(fz)Dyf.*,-q(fz) (4.12)
and
) —e? drl d’L'2 1 (Q71.72)
< f(e)Dyfp-a(e) - F3(®)Duf-(z2)
/drl/ d’[z/ SAGE (—qi71.7)
X fo(e)Dufpmg(71) - F3(2) Dy fpg(m). (413)

The expression for n, () can be obtained from (4.12) by
changing
< < < <
DM > Dﬂ, D,—D,,

AGE (q;71.72) = AGK (—q;71.75). (4.14)

Since the integrations over |} , | are performed within the
duration of the pulse, in the leading order in 7 we can use the
WKB approximation for the modes as if the background
field is eternal, i.e., A|(z;) =~ Ez;. Then, the modes can be
approximately represented as fy(7;) =~ g (k, + eE7;),

where

Qk(K)ﬁ%exp [éAKka(y)dy}
%e"p {‘é/fﬂ)kl (y)dy], (4.15)

and

wy, (K)=\/K*+Kk3 +m?, K=k +eEr; (4.16)

we will refer to these harmonic functions as g-modes as
opposed to the f-modes from (2.10). Here, the moduli of the
coefficients C, (k, K) are defined in (2.14) and (2.12), while
the phases are fixed by setting ¢, = —k;/(e¢E) in (2.10). The
integral over y in the exponents in (4.15) can be calculated
exactly,

1 K J
oE A a’kL()’) y
: k2 2d
T eE )y y2+k3 +m*dy
K
K*+Kk?
ZeE +
k3 +m? K? K|
+sen(K)—= In 1+ + ,
(k)= K rm’ i

(4.17)
and then conveniently approximated for different values of

K. Namely, for |K| < \/k3 + m?, we can expand (4.17) in
the neighborhood of K = 0 to obtain

Kk +m? K?
=——— 1+ 0|5——||.
eE ki +m

(4.18)

1 [k

— d
¢E J, wkl()’) y

At the same time, for |K|> \/k? +m? we find the
following asymptotic form of the modes:

‘mz+k2 | .
, <K):cggn wk.K)| K zTﬁ—zeXp iK?
k \/2+/eE vVeE 2¢E
K2
n C_ggn —ippt 2eE _% iK?
€X -] .
P 2¢E

(4.19)

For all loop integrals, which we consider in this paper, we
will estimate only the contribution to them that comes from
the integrations over the regions, where the asymptotic form
(4.19) is applicable for each g-mode in the expression. In
Appendix B, we show that the contribution from the narrow
complementary region of integration is suppressed com-
pared to the leading contributions that we find here.

V. ONE-LOOP CORRECTIONS TO THE
PHOTON’S PROPAGATOR IN THE
LIMIT OF SOFT MOMENTA

In this subsection, we estimate the one-loop correction to
the matrix propagator of photons, AG%(q;7,7;).a.b ==,
for |q| = O(1/T) and |z, ,| < T, where 7, , do not have to
obey the condition (4.1). It is convenient at this point to
rewrite the loop correction AG,, in terms of advanced,
retarded, and Keldysh propagators:

GR=G"-G*, G'=G"-G',

1
Gk ==[G"+G*].

: (5.1)
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Then in the Schwinger-Keldysh technique, the self-energy %,

<2z’< sk ) _33 ( 2D Di_g +3[DEDy g
0 e DEDy_, + DD, 0

where DfF4 = DKRA(K;73,7,) are the tree-level

Keldysh, retarded and advanced propagators of the scalar
field. Thus, we have the following general expressions for
the components of the self-energy:

<>

Il o fi (73) D, fx—q(73) - fi (14)BZfT(—q (74)

— [i Dy (1) - G fig(z). (53)
and
X (K, q; 73, 74)
= 0(, — 13)0(1, — 72)
X [ (1) Dy fiq(53) - fi(2)Dy fiy (72)
+ Fie) Doy (@) fue)Dy frg(@)] (5.4)

Since 734 lie within the duration of the pulse, we use the
expression for the g-modes (the WKB approximation of the
modes in the constant eternal background field with the
appropriate initial conditions at the beginning of the pulse)
from (4.15) rather than the f-modes (the WKB approxi-
mation for the modes in the pulse background). Using the
asymptotic form (4.19) for each mode in Zﬁ,;R’K and
extracting the leading terms (one can see details of the
calculation in Appendix A 1), one finds straightforwardly
that =;;* are suppressed by |q| ~ 1/T compared to K. As
aresult, we can neglect the corrections to the advanced and
retarded propagators compared to the correction to the
Keldysh one, which is a typical situation [24]. The
expression for the one-loop correction to the Keldysh
propagator AGF,(q;71,7,) is as follows:

AG q,Tl,Tz ~e /dT3/dT4/

X Zﬂy(k,q;ﬁ,u)G (q;T4,Tz)7

q’ 71, 73)

(5.5)

where we use that the tree-level propagators G,IfD‘A are
proportional to the metric tensor g,,, i.e., G4 = g,, G

Applying the asymptotic form (4.19) to each g-mode in
E,Ify(k, q; 73, 74) and singling out such contributions, which
have the highest powers of T and do not oscillate with q,
we obtain (see Appendix A1) such expression for
AGﬁ,(q;r],Tz), which gives the leading contribution to

is the matrix of the form

+ DEDR_ ] D{Dg_, + DD, )

the two-loop correction to the current:
AG K (q, 71,7

)

k
~3 e /d/ drs
aay=— ki/(eE)

x / " dr|C (k. +o0)2|C. (k. +o0)
1/(€E)

X[eziaq,m—m(l “)
a 1 w
)
—a 1 v

Components of the photon’s Keldysh propagator with
u,v = 2,3 receive suppressed contributions compared to
the components with u, v = 0, I, which are present in this
expression.

It should be emphasized that the obtained one-loop
correction to the propagator does not contain UV diver-
gences, because we consider a propagator for which only a
partial Fourier transformation over the spatial coordinates
has been performed. In this case, there are insufficient
integrations to produce UV divergences. To reveal UV
divergences, we would need either to perform an inverse
Fourier transformation to x-space or a full Fourier trans-
formation over all space-time directions, if possible.

iao|q|[(71—72)—(73—74)]

4|q

+ e2iaq (2k1/(eE)+13+14) (

(5.6)

VI. TWO-LOOP CORRECTION TO THE
ELECTRIC CURRENT

In this subsection, we estimate the leading two-loop
correction to the current by the end of the pulse, t < T.
According to (4.9) to do that we should calculate ng (T),
kp(T), and x,(T), where

~ 2 d‘rl drz q,Tl,Tz)
X gp(p1 + eETl)Dygp—q(pl —q, + eEty)
<~
“9p(p1 + €Ety)Dygy_o(p1 — q1 + eExy), (6.1)

while AGX (q;7,.7;) has been calculated above. For the
anomalous expectation value, Kp (T), there is an expression,

105012-9



E. T. AKHMEDOV and P.S. ZAVGORODNY

PHYS. REV. D 113, 105012 (2026)

which is similar to (6.1), the only difference being that
integration over 7, is performed here along the interval
-T <17, <711, and we should make the substitution
9p(P1 + eEry) > —gy(py + eEty).

After the substitution of the asymptotic form (4.19) into
the integral (6.1), we find that n, (T) ~ ny (T) = ny(T) and
the integral is saturated around |q| = O(1/T). As a result
(see Appendix A 2 for more details), we obtain the leading
in T expression for n,(7):

44 + T T
np(T) ~ i Z / dTl / de
T == J-pi/eE —pi/eE

Pk [T
X / _3/ dT34
(27)" JH4el

x |C (k. +00) |C_(K, +00) 2| Cy(p. +00)[?
X |C_y(p, +00) P, (6.2)
where
S i) _T1+T2 T3+ 174
- y T= 5 T34 = > (63)

To calculate «,(7') we should keep in mind that, as follows
from (4.19), in the asymptotic region g, (p; + eEt) differs
from g, (p; + eEt;) only by the coefficients C. . This leads
to the following change in (6.2):

|Co(p, +00)[* > —C2,(p. +0)Ci(p, +o0).  (6.4)

Then, we obtain the following expression:
|

464 + T 7
kp(T) 2 —— / d’rl/ dr,
b d aZ:; —pi/eE —pi/eE

&Pk [T
X / —3/ dT34
(27)° JHt1n

x |Cy (k, +00)P|C_(k, +00)?

X Ct o (p, +00)Ci(p. +00)|C_y(p, +o0) 2. (6.5)

Within the correction for the current (4.9), the level-pop-
ulation n,,(T) is multiplied by | f}, (T')|?, while the anomalous
expectation value «,(7) is multiplied by (f,(7))% where

1+2[C. (p.+o)?
2w, (T)

£ Cy(p.+00)C" y(p.+00)
Z 2w, (T ﬁ)

ol o],

2C,(p,+0)C_(p.+o0)
20, (T)

+ C2 4o ,
+;%-exp {21'/3 / a)p(r)dr]. (6.6)

There is also the contribution from «j,(7') in (4.9), which is
complex conjugate to k,(7) and should be taken into
account. Substituting (6.2)—(6.6) in (4.9), we obtain the
leading two-loop contribution to the electric current:

| fp(T)? =

(fp(T))? =~

> A(T) 4e* [T T
Ajl(T)z—ze/ p3p1+e i ).i/ drl/ dr,
(27) 2wp(T> T J-pi/eE —pi1/eE

&k [T 5 5
% | G Ly THIC (e )P IC- (K o)
€]E+T

(2r)? Ju

2

Since [ky|/(eE), [p1]/(eE) ~
correspondingly, to obtain that

x1 {C}(P, +00)C%:(p, +0) - exp {Zi/t: a)p(r)dr] + c.c.].

(6.7)

T/u< T, we can neglect p; and k; in the limits of the integrals over 7;, and 7 34,

. & +6A d’k
AJI(T)z—Ze/@”l)) = / Tl/ 72/ / dT 3|C (k, +o0)[?

y {C+(p,+oo)c* (B, +00) - exp [2:/{0 ()df] —i—cc}

4o T L d’k
.(tree,0sc) 2e 2
= - T)— d d d7 ——|C.(k, +0)l|,
71 (T) - /0 11/0 75 /TI 34/ (27)° |C4( )l

is given by (3.16) with ¢ ~ T. After the integration over 7, 7,, 7 34 and k, we obtain the final expression for the

where j gtree ,OSC) -

leading two-loop correction to the electric current,

(6.8)
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2¢4 T3 &E’T m?
—————exp |[———|.
T 3 8ru P eE

(6.9)

8ji(T) = =" (T

We can see that nonoscillating contributions from (6.6) cancel
each other” within Aj, (T). Consequently, the leading result
(6.9) for the two-loop correction, in contrast to the tree-level
expression, consists solely of oscillating terms. However, as
the function of the pulse duration 7 this correction grows
much faster than the tree-level current, 7* versus 7', so that for
sufficiently large 7', the correction becomes dominant.

In Appendix B, we show that all subleading contributions to
the second-loop correction to the current, which we neglected
during our calculations, are of the order O(T?) or lower.

VII. CONCLUSIONS

Thus, for a very long pulse with eET > m, the leading
contribution to the tree-level current is given by Eq. (3.6).
Meanwhile, the relevant correction for the long pulse is given
by Eq. (6.9). For t < T, this correction contains the second
power of the Schwinger exponent exp [—-zm?/eE], i.e., one
extra power compared to the tree-level current. However, it
grows as T, which is much faster than the growth of the tree-
level current, T'. Hence, for a sufficiently long pulse, the
correction can dominate over the leading contribution.

Of course, for currently achievable electric field
strengths, the Schwinger exponent is very small, and the
effects considered here are negligible. However, for fields
on the order of the Schwinger critical value, there is no
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APPENDIX A: DETAILS OF THE LOOP
INTEGRALS CALCULATION

1. Calculation of one-loop correction to the photon’s
propagator in the limit of soft momenta

In this subsection, we provide detailed calculations that
lead to the expression (5.6). In previous sections, we
already noticed that we should use the expression (4.15)
for the g-modes rather than the exact modes f, since 73 4 are
within the duration of the pulse. Then, we apply the
asymptotic form (4.19) for each g-mode and obtain the
following expression for AGX,(q:7),7,):

4Pk
AG{fv(‘l;T]st):ez/dﬁ/474/(27032511(1(,(1;73174)
+

|:ei110|‘I|((Tl —72)—(73-74))
X
ay=—

4|qf?

. ; eiaolal((zi+72)=(r3+1))
suppression by the exponent, and the effects discussed here 5 ] , (A1)
may play an essential role. In that case, one must perform a 4lq|
resummation of the leading corrections from all loops,
which remains a subject for future study. where

|
+ .
Ot —13)0(ra —74) 5 %
Z’ﬁ(k,q;73,74)z Z 4eE ‘D” 'Dl/
a,fy,6=—
m? k2 m2 k2
‘kl + eEr; |t =z 1| ky 4 eEr,|~i(r+0) =71
X e — e
veE veE
Ye ia(kl + eET3)2 lﬂ(kl —q1 + eET3)2 l]/(kl + 6ET4)2 l6(k1 — 41 + eET4)2
X — —
P 2¢eE 2¢eE 2eE 2¢eE
X [Casgn(k1+eEr3)(k7 kl + eET3)Cﬂsgn(k1+eET3)(k’ kl + EET3)
X C:sgn(k1+eEr4)(k’ ky + €ET4)C2sgn(k1+eEr4)(k’ ki + EET“)
+ Ciasgn(k]JreET})(k’ kl + eET3)Ciﬂsgn(k,+eEf3) (k’ k1 + €E1'3)
X C_yson(iy+ebry) (Ko ki + €ET4)C_sgon(ky+ekey) (K, ki + eE74)] (A2)

A somewhat similar situation is encountered in the calculation of loop corrections for light fields in de Sitter spacetime [30,31].
There, leading powerlike corrections (in conformal time) to level populations and anomalous expectation values cancel each other within

the Keldysh propagator, leaving only logarithmic corrections.
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and
Do = i(2k, +2¢Ez35,,).
D, o= —i(2k, +2¢Ez,5,,):
Bﬂ o=1i(a—p)(k;+eEr3),
Dyo=—iy=08)(ky +eExy). (A3)
Since |q| = O(1/T), we neglected q in the preexponent

of (A2). For the same reason we can neglect g7 in the
exponent. During the calculation of the second-loop cor-
rection to the current, we integrate over |q|. Thus, in the
corresponding integrand we should keep only those
terms that do not rapidly oscillate with |q|; otherwise,
the integral will be suppressed. From (A2), we see that
71 4+ 7, > 73 — 74, Which implies that the second exponent
in the last line in Eq. (Al) does not oscillate only in
a small neighborhood of the point (73 =17y,74 = 75),
while the first exponent does not oscillate on the line
{r3 — 74 = 71 — 1, }. Thus, the contribution of the exponent
exp(iag|q|[(z; + 72) — (3 + 74)]) can be neglected.”

On the other hand (A2) contains rapidly osc111ating
exponents of k} or 73, for generic values of a, f.7,6 =
These oscillations suppress the integrals over kl,rl,z.
Since we are interested only in the contributions in
(A1) which provide the leading (in 7) corrections to
the current in the second loop, we should consider only
those values of «a, f, v, o, for which there are no such
oscillating exponents. As a result, we can keep only two
terms, @ = —ff = +y = F 6.

One can see that for a = —ff = +y = F §, the terms in
the bracket in (A2) are the same and equal to
O(k, + eEt3)0(k; + eEt,)|C_(k, +0)[*|C. (k, +o0)>.
For 2;‘5 , we can provide similar calculations and obtain an
expression of the type (A2) but with the difference inside
the bracket, rather than the sum. Fora = —ff = &y = F 4,
this difference is suppressed in || = O(1/T). As a result,
both Zﬁ,;R are suppressed compared to the leading con-
tribution of Zf,.

Finally, after the substitution a = —ff = +y = F ¢ into
(A2), we find that the contributions with u,v€{0,1}
appear to be the leading ones, and obtain the expres-
sion (5.6).

2. Calculation of the two-loop correction to n,(7)

Similarly to the derivation of the expression (A2), we can
substitute the asymptotics (4.19) into the integral (6.1) and

8Rf:phrasing this, we keep only those contributions to (A1) that
do not oscillate with respect to q, since the expression for the
photon propagator will be used to calculate the two-loop
correction to the electric current, which contains the integral
over q.

obtain a sum of 16 terms over o, #', ¥, § = +. Substituting
(A1) and (A2) in (6.1), we obtain a sum of 256 terms over
a,p,y,8,a,p,y,8 = +. After eliminating the terms that
oscillate in p{, k7, and 77,5,, we obtain the following
conditions:

a=—-f=ty=%F6 and o =—f ==+y = F5.

(A4)

As a result, the integrand of ny (T) (which is a sum
over a = + and an integral over q, 7,34 etc.) is propor-
tional to’

P — p2iaglql(z—734) |: 2iaqlf34( 1 _a>lw
—a 1
2 -1
+e iag, (ki /(eE)+T s4)
-
1

[04
% |: 21(fq11< )
-1 -
, 1” (AS)
v

+e 2ia'q,(p1/(eE)+T) (

where T34 = (773 - 74)/2.
We see that the contraction over g, v is not suppressed
only for @’ = a. We can also do the same for n‘( ) which

>t

differs from nj(7) by changing D,D, |—>D D and

D* D¥' +— DF' D for the phonon loop. However, it follows
straightforwardly from (A3) that such a change does not
affect the contraction over u, v. For this reason,

ny (T) = ny (T). As a result, we have that

Y = e2i(lo\Q|(T—T34) [€2i(l(11(7+734) + eZialh((P1+k|)/(€E)+T+T34)]_

(A6)

It is convenient to represent the integral over q as
d*q = |q|d|q|dq,de. In this case, we find that the integral
over |q| is saturated around 7 ~73,. Since (7 —734) and
(7 + 734) are linearly independent, we can integrate over
(7 — 734) separately and obtain (|q|) in the leading order in
T. This is the reason why we considered soft photons with
lq| = O(1/T) in the previous subsection.

*We extract the matrix structure and exponents, which depend
on |q| and/or 734, from the integrand.
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Now, we can restore the leading contribution in n,(T):

+ T T dq
n, (T) ~2e? / dr / dr / e
»(7) ao,za;_ get epger o) (2n)

7| 75 eZiao lal(z—734)
X / dT3 / d'l'4 2
ki/(eB)  J-ki/(eB) 4lq|

X |C. (. +00)[2|C_(p, +00)|? - 4[e%aa () 4 oRiaq:(pr-+ki)/ (E)+T+T )]

After the integration over (7 — 734) and ¢, we obtain (6.2).

APPENDIX B: ANALYSIS OF SUBLEADING
CONTRIBUTIONS

In the main text we estimate contributions to loop
integrals coming from the region of parameters, where
(4.19) is applicable. In this appendix we verify that
contributions to these integrals from the regions where
the modes have the asymptotic form (4.18) do not signifi-
cantly modify the result that we obtain in (6.9).

When, in the previous section, we substituted the
asymptotics (4.19) into the integral (6.1), we obtained a
sum of 256 terms over a,f,y.6,d.p.,y.,8 ==+ and
identified the leading terms. However, if one considers
narrow regions, where

|pl +€ET1,2| S m, |P1 — {1 + EET]’2| S m;

ki + eEts 4| Sm. [k — g + eEts4| Sm, (B1)
we have to use the asymptotics (4.18) for the corresponding
mode functions, rather than (4.19).

For the leading two-loop integral (A7), we found that it is
proportional 5(|q|). This fact does not change if we replace
some limits of the integration over 7,34 in accordance
with (B1). The structure of C, -coefficients also does not
change, from which it follows that nonoscillating contri-
butions to the current still cancel, as in (6.8). However, any
replacement of the integration limits eliminates one power

, [ 4k
(27)°

| (k. +00)P|C_(k. +00)

(A7)

of T. This leads to the fact that considering the regions (B1)
gives corrections of the order O(T?) or lower.

Then, we have to consider subleading terms in the sum of
256 terms, which we obtained after the substitution of the
asymptotics (4.19) in (6.1). First, one can demonstrate,
similarly to the derivation of the expression (A7), that only
such terms that accumulate around |q| = O(1/T) survive.
Further consideration is similar to Appendix A 2 and here is
a brief summary:

) d=p=y =8 and o =p =—-y = -5 the in-
tegrand oscillates with X%’z, where X; = p; + ¢Er;,
thus the integrals over X , do not grow with 7. The
contribution to the current is of the order of O(T?)
or lower.

(11) _a/:ﬂ/:}//:(sl’a/:_ﬁ/:y/:(s/’a/:ﬁ/:_y/:
§,and o = =y = —§': the integrand oscillates
only with X? (or only with X3), thus only the integral
over X, (or X;) grows with 7. The integrand also
oscillates over p; (this fact follows from the struc-
ture of C. coefficients). Thus, the integral over p;
does not grow with 7. In this case, the contribution
to the current is also of the order of O(T?) or lower.

Similar results can be obtained for the one-loop correction
to the Keldysh propagator of the photons. As a result, all
subleading contributions to (6.9) are of the order of O(T?)
or lower.
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