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Laboratory searches determine the mass and kinetic mixing of dark-photon dark matter. Cosmic
microwave background isocurvature probes how its abundance depends on inflationary initial conditions.
We formulate this dependence through the logarithmic response qeff ¼ ∂ ln nA0=∂ ln ri of the final vector
number to the primordial dark-Higgs displacement. For a smooth local abundance map the separate-
universe relation connects qeff to cold dark matter isocurvature. The uncorrelated Planck limit applies when
the dark Higgs is a light and energetically subdominant spectator with weak inflaton mixing. In the
quadratic conserved-number branch displacement-independent transfer gives qeff ¼ 2. The all-dark-matter
bound then requires ri=H� > 3.5 × 104. We calculate the dynamical map by evolving the radial mode
and its tangent response through a smooth Abelian-Higgs crossover. The post-transition orbit gives the
comoving action. The map contains positive, negative, and near-zero responses at finite transferred action.
Tanh and error-function crossovers retain these branches. A thermal-mass profile and finite inflationary
quartics shift their locations continuously. Stochastic duration and radiative stability then determine
realization regions. Early symmetry breaking and momentum redshift add the remaining conditions.
Low-energy measurements and the CMB response can distinguish Higgsed-vector cosmologies with
identical present-day ðmA0 ; ϵÞ and relic abundance.
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I. INTRODUCTION

A future dark-photon signal could determine a mass
and kinetic mixing while leaving the relic origin open.
A Higgsed vector carries an additional cosmological coor-
dinate through the sensitivity of its final abundance to the
inflationary displacement of the field that generates its mass.
Cosmic microwave background (CMB) isocurvature probes

this differential dependence and thereby tests the dark-Higgs
transfer history [1].
Among the wide class of dark matter candidates,

dark photons have attracted considerable attention as
well-motivated extensions of the Standard Model. In the
conventional Stueckelberg realization, the dark photon is
characterized at low energies by two effective parameters,
namely its mass and kinetic mixing with the visible photon.
Such scenarios naturally accommodate several nonthermal
production mechanisms, including inflationary production
and vacuummisalignment, which can successfully generate
a relic population of vector dark matter [2–4].
A qualitatively different situation emerges when the

dark photon mass originates from a Higgs mechanism
associated with the spontaneous breaking of a hidden Uð1Þ
gauge symmetry. In this Higgsed framework, the physical
description necessarily involves additional scalar-sector
dynamics, including the structure of the symmetry-
breaking potential, the cosmological history of the hidden-
sector phase transition, and the radiative stability of the
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scalar potential itself [5–10]. As a consequence, the final
dark-photon abundance depends on low-energy portal
parameters together with the detailed cosmological history
governing the hidden scalar sector. Inflationary vector
production, axion-assisted amplification, resonant particle
generation, quenched energy transfer, cosmic-string pro-
duction, and coherent vector evolution therefore define
distinct cosmological histories capable of generating equal
relic abundance [11–17].
Cosmological isocurvature provides a probe of this

production history. It is well-known from the classical
axion misalignment mechanism that when a light scalar
field determines the final dark matter abundance, quantum
fluctuations generated during inflation induce entropy
perturbations that survive as observable isocurvature sig-
natures in the CMB [18–23]. Similar theoretical arguments
have subsequently been extended to a broad class of
spectator-field, freeze-in, and nonthermal hidden-sector
dark matter scenarios [24–29].
The physical mechanism follows from the separate

evolution of superhorizon patches. If the final dark matter
abundance depends on the amplitude of a light scalar field
displaced during inflation, then neighboring superhorizon
patches acquire slightly different dark matter densities due
to inflationary fluctuations of that scalar field. The relevant
observable is therefore the logarithmic derivative of the
final abundance with respect to the primordial displace-
ment. This derivative links the inflationary scalar fluc-
tuation to the subsequent transfer history [30–32].
Higgsed dark-photon models realize this mechanism.

Previous studies analyzed inflationary fluctuations and
abundance transfer in the dark-Higgs sector. They also
examined isocurvature, backreaction, symmetry restora-
tion, and defect formation [9,17,33–35]. We calculate the
abundance-response map from the primordial radial dis-
placement to the final vector number. Power-law limits
provide reference branches. The continuous crossover
determines the response between these limits.
We calculate this map for a perturbative Abelian-Higgs

crossover. The radial background and tangent system
evolve together. The post-transition orbit defines a con-
served comoving action and the final vector number after
field-independent perturbative decay. The two-dimensional
response surface contains positive, negative, and near-zero
qeff at finite transferred action. Tanh and error-function
crossovers retain all three branches. A thermal mass
proportional to a−2 and finite inflationary quartics shift
their locations continuously. The value qeff ¼ 2 is recov-
ered in the quadratic conserved-inheritance limit.
Combining the calculated response with CMB isocurvature
tests cosmological histories that share ðmA0 ; ϵÞ and the
present abundance. The response definition also applies to
nonequilibrium resonance maps [36].
The separate-universe relation follows from a smooth

single-valued abundance map on a uniform-radiation

hypersurface. Its uncorrelated CMB spectrum additionally
requires a light and subdominant spectator with weak
inflaton–dark-Higgs mixing. The inequality qeff ≥ 2
applies to quadratic oscillations with conserved comoving
scalar number and a nondecreasing transfer factor. The
crossover profile determines the transfer derivative.
Inflationary priors and particle-cosmology conditions then
specify a realization of the calculated response.
Section II derives the separate-universe relation and

states the inflationary spectator conditions. Section III
defines the quadratic conserved-inheritance branch and
its transfer criterion. Section IV calculates the response
generated by the Abelian-Higgs crossover. Section V
applies the stochastic prior and scalar-sector conditions.
It then examines daughter momentum, early symmetry
breaking, and portal constraints.

II. RESPONSE FRAMEWORK

A. Inflationary Higgs phase

During the inflationary epoch, the scalar dynamics
governing the hidden sector can differ from the late-time
symmetry-breaking structure responsible for generating the
dark-photon mass. In particular, the stochastic evolution
of the dark Higgs field can be controlled by an effective
inflationary potential that differs substantially from the
conventional Mexican-hat potential realized after reheating.
To describe this framework, we consider the minimal
Higgsed dark-photon sector governed by the Lagrangian,

L ⊃ −
1

4
F0
μνF0μν −

1

4
BμνBμν þ ϵY

2
F0
μνBμν þ jDμΦj2

− V infðjΦjÞ − VbrðjΦjÞ; ð1Þ

where A0
μ denotes the dark gauge boson associated with

the hidden Uð1Þ symmetry and Bμν is the Standard Model
hypercharge field strength. Above electroweak symmetry
breaking the interaction F0

μνBμν is the gauge-invariant
renormalizable portal between the two Abelian factors.
After electroweak symmetry breaking Bμν ¼ cWFμν −
sWZμν and

ϵY
2
F0
μνBμν¼ ϵYcW

2
F0
μνFμν−

ϵYsW
2

F0
μνZμν; ϵ≡ϵYcW: ð2Þ

For jϵY j ≪ 1 and mA0 ≪ mZ the coefficient ϵ is the photon-
mixing parameter used in low-energy constraints.
Canonical normalization gives relative corrections of order
ϵ2Y . The induced neutral-current coupling is suppressed
by m2

A0=m2
Z [5,8]. The homogeneous cosmological back-

ground has vanishing Standard Model gauge field
strengths. The radial background and tangent equations
therefore retain their form at this order. The gauge-
covariant derivative is Dμ ¼ ∂μ þ igDA0

μ. The complex
scalar responsible for spontaneous symmetry breaking is
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parametrized as Φ ¼ ðh1 þ ih2Þ=
ffiffiffi
2

p
with h ¼ ðh1; h2Þ and

r ¼ jhj. The hidden-sector gauge coupling is gD ≡ qHeH.
During inflation, the radial scalar degree of freedom

evolves under an effective local potential which, in the
vicinity of the relevant field configuration, can be written as

V infðrÞ¼V0þ
1

2
m2þr2þ

1

4
λþr4þ��� ; m2þ≥0; ð3Þ

where the effective mass parameter m2þ generally receives
contributions from curvature effects, Hubble-induced
corrections, or other ultraviolet-scale interactions present
during inflation. At later cosmological times, the hidden
symmetry undergoes spontaneous breaking through a low-
energy potential of the form,

VbrðrÞ¼
λh
4
ðr2−v2hÞ2þ��� ; mA0 ¼gDvh: ð4Þ

The Uð1Þ-invariant abundance depends on the radial
magnitude. Decomposing the inflationary perturbation into
radial and tangential components gives δr ¼ n̂ · δh at linear
order, while the angular component rotates the background
direction and first enters δr at quadratic order. The radial
projection therefore contains the linear abundance isocur-
vature source. In the Higgs phase the angular degree of
freedom becomes the longitudinal vector polarization.
The response formalism uses a smooth single-valued

map from the primordial radial displacement to the final
vector abundance. This map permits a local separate-
universe comparison between neighboring Hubble patches.
It can include adiabatic crossover, thermal release, entropy
evolution, and nonequilibrium transfer through the corre-
sponding ρA0 ðrÞ map. The central numerical surface uses
the quadratic limit of Eq. (3). Appendix B treats finite λþ
and a thermal-mass transition.

B. General separate-universe response

To quantify the cosmological imprint of inflationary
dark-Higgs fluctuations, we consider the scalar field
decomposition Φ ¼ ðh1 þ ih2Þ=

ffiffiffi
2

p
, with field-space vec-

tor h ¼ ðh1; h2Þ and radial amplitude r ¼ jhj. For a generic
production history, the final dark-photon energy density
evaluated on a uniform-radiation hypersurface is assumed
to depend on the inflationary scalar displacement through
the functional relation ρA0 ðrÞ. We therefore define the
logarithmic abundance-response parameter as

qeffðrÞ≡ ∂ ln ρA0

∂ ln r
: ð5Þ

This quantity measures the retained primordial informa-
tion in the final dark-photon abundance. Once the stable
vector population is nonrelativistic, ρA0 ¼ mA0nA0 and this
response equals ∂ lnða3nA0 Þ=∂ ln r for constant mA0 . For a

local Hubble patch satisfying h̄ ≠ 0, the separate-universe
formalism implies that the resulting cold-dark-matter
entropy perturbation can be expressed as

Sc ¼ 3ðζc − ζγÞ ¼ fA0qeff
n̂ · δh

jh̄j þO
�
δh2

jh̄j2
�
; n̂ ¼ h̄

jh̄j ;

ð6Þ

assuming that all remaining dark matter components evolve
adiabatically. Here ζc and ζγ denote the curvature pertur-
bations associated with cold dark matter and radiation,
respectively, δh represents the inflationary fluctuation of
the dark Higgs field, and fA0 ≡ΩA0=Ωc gives the fractional
contribution of dark photons to the total cold dark matter
abundance.
The numerical analysis adopts the separable inflationary

limit δV ¼ 0 in V totðφ; rÞ ¼ VφðφÞ þ V infðrÞ þ δVðφ; rÞ.
A weakly coupled inflationary completion remains in the
spectator regime when

jm2
r;eff j
H2�

≪ 1; Ωinf
D ≡ ρh þ ρA0

3M2
PlH

2�
≪ 1;

j∂φδVj
jV 0

φj
≪ 1;

jV;φrj
H2�

≪ 1;
ω⊥
H�

≪ 1: ð7Þ

Here m2
r;eff ≡ V tot;rr and ω⊥ ≡ jDtσ̂j is the bending rate of

the background field trajectory. In the separable limit
m2

r;eff ¼ m2þ þ 3λþjh̄j2. At leading slow-roll order the
light-mass condition gives Pδrðk�Þ ¼ ðH�=2πÞ2. The
hidden-sector energy fraction controls the correction to
the Friedmann equation. The inflaton-force ratio controls
the correction to the inflaton equation. The mixed Hessian
and bending rate suppress mode mixing at horizon crossing
and conversion outside the horizon. Any inflaton–dark-
Higgs interaction is contained in δV.
Under these conditions Pζδr ≃ 0 [25,26]. Equation (6)

then gives

PScðk�Þ ¼ f2A0q2eff

�
H�
2πjh̄j

�
2

: ð8Þ

For finite inflaton–dark-Higgs mixing,

PζSc ¼
fA0qeff
jh̄j Pζδr; ð9Þ

cosΔ≡ PζScffiffiffiffiffiffiffiffiffiffiffiffiffi
PζPSc

p : ð10Þ

The numerical bound in Eq. (11) uses cosΔ ¼ 0. A finite
value of cosΔ is tested with the correlated cold dark matter
(CDM)-isocurvature likelihood. The abundance derivative
in Eq. (5) remains defined by the background abundance
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map. The CMB likelihood then carries the correlation
dependence [37].
This structure parallels axion misalignment, where

ρa ∝ θ2i gives a logarithmic response of two. For a
Higgsed vector, the fluctuating radial displacement also
governs the symmetry-breaking and transfer history. A
quartic condensate entering a quadratic oscillatory phase
gives the analytic inheritance value qeff ¼ 3. The numerical
transition map below evaluates the quadratic central branch
and its finite-quartic deformations.
Using the standard isocurvature fraction parameter

defined as βiso ¼ PSc=ðAs þ PScÞ, together with the mea-
sured scalar amplitude As ¼ 2.10 × 10−9 and the Planck
2018 upper bound on uncorrelated CDM isocurvature
βiso < 0.038 at 95% confidence [37,38], one obtains the
constraint

jh̄j
H�

> 1.75× 104jqeff jfA0 ; jqeff jfA0

ffiffiffiffiffiffi
Ph

p

jh̄j < 9.11× 10−6:

ð11Þ

The resulting response parameter space is illustrated
in the left panel of Fig. 3. For the benchmark case in
which dark photons constitute the full dark matter abun-
dance and quadratic conserved inheritance gives
jqeff jfA0 ¼ 2, the uncorrelated Planck limit requires a
minimum local scalar displacement jh̄j=H� > 3.5 × 104.
Representative future sensitivities βiso ¼ 10−2 and 3 × 10−3

correspond to displacement scales 6.9 × 104 and 1.27 × 105,
respectively [39–41].
The CMB constraint probes the relative inflationary

fluctuation of the abundance-generating scalar through
qeffH�=jh̄j. The matched photon-mixing parameter ϵ enters
laboratory observables separately. The measured scalar
amplitude and the abundance derivative set the local
consistency condition. A statistical prior enters only when
a distribution for the local displacement is specified.

III. CONSERVED PERTURBATIVE INHERITANCE

The quadratic conserved-number branch defines the
analytic reference for the full response calculation. At
the onset of oscillations,

ρh ¼
1

2
m2

hr
2
i ; Nh ≡ a3nh ¼

a3ρh
mh

∝ r2i : ð12Þ

For a subdominant condensate quadratic evolution con-
serves Nh until the decay epoch. On a uniform-radiation
hypersurface the entropy density and the final vector mass
are common to neighboring patches. The logarithmic
response can therefore be evaluated from the vector yield.
After decay the yield has the form

YA0 ðriÞ ¼ Cr2iF ðriÞ; qeff ¼ 2þ ∂ lnF
∂ ln ri

: ð13Þ

The coefficient C is independent of ri. The factor F
contains vector multiplicity, branching fractions, trans-
ferred fraction, and entropy dilution. In the reference
branch these factors are independent of ri and give
qeff ¼ 2. A nondecreasing transfer factor gives qeff ≥ 2
when ∂ lnF=∂ ln ri ≥ 0. A decreasing transfer factor gives
qeff < 2. Saturation, dilution, and thermalization provide
examples. Equation (13) defines the domain of the quad-
ratic conserved-inheritance criterion.
As a normalization check we evolve

dρR
dN

¼ −4ρR;

dρh
dN

¼ −3ρh −
Γh

H
ρh;

dρA0

dN
¼ −3ρA0 þ Γh

H
ρh; ð14Þ

withH2 ¼ ðρR þ ρh þ ρA0 Þ=ð3M2
PlÞ and ρhðNiÞ ¼ m2

hr
2
i =2.

A symmetric finite difference in ri returns qeff ¼ 2.00 for
the conserved-number reference branch.

IV. DYNAMICAL ABUNDANCE-RESPONSE MAP

The crossover calculation evaluates the transfer-function
derivative beyond the monotone conserved-inheritance
branch while retaining the separate-universe relation in
Eq. (6). Let x ¼ r=vh, measure energies in units of m2

hv
2
h,

and center the symmetry-breaking transition at N ¼ 0. The
reference crossover is

Uðx; NÞ ¼ ½1 − sðNÞ�
�
μ2þx2

2
þ Λþx4

4

�
þ sðNÞ ðx

2 − 1Þ2
8

;

sðNÞ ¼ 1

2

�
1þ tanh

�
N
ΔN

��
; ð15Þ

where μþ ¼ mþ=mh and Λþ ¼ λþv2h=m
2
h. The central map

uses Λþ ¼ 0, while Appendix B evaluates finite quartics,
an error-function crossover, and a radiation-era thermal
mass m2

T ∝ T2 ∝ a−2 [42]. During radiation domination,
define HðNÞ ¼ HðNÞ=mh, with H0=H ¼ −2. The back-
ground and tangent systems are

x00 þ x0 þU;x

H2
¼ 0; ð16Þ

u0x ¼ uz; u0z ¼ −uz −
U;xx

H2
ux; ð17Þ

where ux ¼ ∂x=∂ ln ri and uz ¼ ∂x0=∂ ln ri.
After the crossover, a controlled orbit in one broken-

phase well has action
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JðEÞ¼ 1

π

Z
xþ

x−

dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½E−UbrðxÞ�

p
; Ih¼a3JðEÞ: ð18Þ

Once H=ω ≪ 1, Ih is the conserved comoving adiabatic
invariant. Field-independent perturbative decay gives
a3nA0 ∝ Ih, and hence

qeff ¼
J;E
J

½H2x0uz þUbr;xux�: ð19Þ

This quantity is the logarithmic Jacobian of the transfer
map. Positive values describe local stretching of nearby
initial conditions. The line qeff ¼ 0 marks local focusing
toward equal final comoving action. Negative values
reverse the abundance ordering. Each branch occurs at
finite transferred action.
The calculation includes smooth single-basin trajectories

with E < 0.96Eb. The action handoff is performed at
H=ω < 0.1. This domain has ri=vh ¼ Oð1Þ and gives
the CMB-implied symmetry-breaking scale point by point.
Light vector masses remain compatible with this scale
through gD ¼ mA0=vh. Mode-resolved transfer maps use

this logarithmic observable for separatrix-crossing and
resonance histories [9,34,36,43,44].
For fA0 ¼ 1, the local CMB condition becomes

�
vh
H�

�
min

¼ 1.7475 × 104jqeff j
ri=vh

: ð20Þ

Figure 1 displays the calculated qeff and the corresponding
CMB lower bound for μþ ¼ 0.2 and ΔN ¼ 0.15. The
response surface contains preserved, amplified, sign-
reversed, and response-reduced regions. The normalized-
action contours show finite abundance transfer along
the near-zero corridor. The markers correspond to an
amplified trajectory ðqeff ¼ 12.486Þ, a sign-reversed tra-
jectory (−2.583), and a response-reduced trajectory
(−0.096). Numerical convergence and tangent-response
comparisons are given in Appendix C.

V. COSMOLOGICAL REALIZATION
CONDITIONS

A cosmological realization specifies the inflationary prior
and radial potential. It also specifies the symmetry-breaking

(a) (b)

FIG. 1. Dynamical abundance response through the dark-Higgs crossover. Panel (a) gives the signed logarithmic response from the
tangent system and post-transition action map. The central contour marks qeff ¼ 0. Panel (b) gives the minimum vh=H� required by the
Planck isocurvature limit for fA0 ¼ 1. White contours give the comoving action relative to the sudden-transition action. The black
contour marks jqeff j ¼ 0.1. Markers identify the amplified (A), sign-reversed (B), and response-reduced (C) trajectories.

TABLE I. Representative dynamical transition histories. The normalized action is the final comoving action divided by the sudden-
transition action at equal ri=vh with atr ¼ 1. The final column follows from Eq. (20) for fA0 ¼ 1.

Branch ri=vh mh=Htr qeff Normalized action H=ω ðvh=H�Þmin

A amplified 1.20 1 12.486 2.108 3.00 × 10−2 1.82 × 105

B sign reversed 0.60 5 −2.583 1.346 1.82 × 10−2 7.52 × 104

C response reduced 1.32 16 −0.096 0.248 5.67 × 10−3 1.27 × 103
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epoch, decay kinematics, and visible portal. These inputs
determine which region of the response map is realized. The
local relation between Sc and qeff retains the form derived
above. The numerical regions below use the stated bench-
mark assumptions.

A. Perturbative benchmark and daughter momentum

The daughter momentum gives an additional cosmo-
logical coordinate. For rh ¼ mh=mA0 ≫ 1, two-body decay
produces pd ≃mh=2, followed by

pðTÞ
mA0

≃
rh
2

T
Td

�
g�sðTÞ
g�sðTdÞ

�
1=3

: ð21Þ

Abundance normalization, CMB response, and the non-
relativistic transition provide three consistency coordinates
for a Higgs-origin relic [45–48].
Figure 2 shows the model-space projection for the

minimal all-dark-matter benchmark rh ¼ 108. The blue
window satisfies decay before 5 MeV and nonrelativistic
evolution by equality. It also satisfies early hidden-Uð1Þ
breaking, radiative stability of the minimal quartic, and the
narrow-width condition Γh=mh < 0.1. The hatched strip
marks the momentum boundary between timely decay and
cold behavior. Varying rh moves this strip with the decay
boundary. The calculated qeff determines the corresponding
CMB scalar-sector boundary.
Figure 1 calculates qeff from the crossover dynamics.

Figure 2 projects the quadratic value qeff ¼ 2 onto the

FIG. 2. Minimal perturbative Higgs-origin vector dark matter for rh ¼ mh=mA0 ¼ 108. The colored regions identify decay below
5 MeV and relativistic evolution at equality. They also identify delayed dark-Uð1Þ breaking, radiatively sensitive quartics, and broad-
width decay. The blue region is the joint consistency window. The gold star is the coherent benchmark of Table II. The white diamond is
a saturated-yield branch where the scalar response is reduced before freeze-out.

TABLE II. Three representative outcomes. The table separates a coherent inherited displacement on the CMB boundary from a short
stochastic draw with an exponentially small tail probability. It also gives a saturated yield with reduced scalar response. For the saturated
branch Y inh is the inherited yield. The quantities Ysat and E denote the attractor yield and integrated erasure strength.

Branch Input Response Consequence

Coherent perturbative mA0 ¼ 1 eV, gD ¼ 10−8, mh=mA0 ¼ 108 qeff ¼ 2.00 On the current Planck boundary
Short stochastic quadratic branch, Nst ¼ 60, typical r=H� ¼ 1.74 qeff ¼ 2 Ppass ¼ e−4.02×10

8

Saturated yield Y inh=Ysat ¼ 10, E ¼ 12 qeff ¼ 1.23 × 10−4 hiso=H� ¼ 2.15, Ppass ¼ 0.22
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stated particle-cosmology benchmark. The first is a
dynamical response map. The second is a realization of
its quadratic branch.

B. Stochastic prior and finite duration

The local isocurvature constraint derived in Eq. (11) is
local and therefore precedes a statistical prior for specific
inflationary histories such as finite-duration stochastic
misalignment or spectator-field relaxation dynamics
[49,50]. In the case of quadratic equilibrium, each real
scalar component of the dark Higgs acquires the well-
known inflationary variance,

σ2h ¼
3H4�
8π2m2

h

; PðhÞ ∝ exp

�
−

h2

2σ2h

�
: ð22Þ

For a complex dark Higgs field, replacing the local
displacement variable jh̄j2 by the typical equilibrium radial
expectation value leads to the useful order-of-magnitude
estimate

Ptyp
Sc

¼ 1

3
ðqefffA0 Þ2

�
mh

H�

�
2

;
mh

H�
<

1.58 × 10−5

jqeff jfA0
: ð23Þ

For the quadratic conserved-inheritance all-dark-matter
benchmark characterized by jqeff jfA0 ¼ 2, this condition
becomes mh=H� < 7.9 × 10−6. The radial tail of the
stochastic distribution then gives the probability for a patch
to satisfy the local displacement criterion,

Ppass ¼ exp

�
−
h2iso
2σ2h

�
; hiso ¼ 1.75 × 104jqeff jfA0H�:

ð24Þ

For an inflationary stochastic stage of finite duration, the
scalar variance evolves according to

σ2hðNstÞ ¼
3H4�
8π2m2

h

�
1 − exp

�
−
2m2

hNst

3H2�

��
; ð25Þ

which defines the relaxation timescale Nrel ¼ 3H2�=ð2m2
hÞ.

At the quadratic conserved-inheritance all-dark-matter
equilibrium boundary, the relaxation time is Nrel ≃
2.4 × 1010. In the finite-duration light-field regime, σ2h ≃
H2�Nst=ð4π2Þ, and Nst ¼ 60 gives Ppass ≃ expð−4.0 × 108Þ
for jqeff jfA0 ¼ 2. This finite-duration benchmark therefore
requires a coherently prepared mean displacement.
Since h2iso ∝ β−1iso, a projected sensitivity βiso ¼ 10−2 gives
Ppass ¼ exp½−1.6 × 109� for this duration.
OnceNst andH� are specified with the inflationary radial

potential the radial distribution gives the large-deviation
weight. For Nst ¼ 60 the CMB threshold is hiso=σh ≃
2.8 × 104. Figure 3 displays the probability surface.

C. Scalar-sector consistency

For the quartic branch we adopt a stochastic equilibrium
prior. In the radiative estimate we identify the inflationary
quartic with the late-time Abelian-Higgs quartic. The
equilibrium distribution then gives the quartic constraint
below. For an inflationary potential V ¼ λþðh2Þ2=4 with

(a) (b)

FIG. 3. CMB response and stochastic duration. The left panel gives the local displacement required by current and representative
future uncorrelated-isocurvature sensitivities. The right panel gives the finite-duration pass probability for the all-DM quadratic
conserved-inheritance response jqeff jfA0 ¼ 2. The thick white contour marks Ppass ¼ 10−3. The Nst ∼ 60 benchmark requires a coherent
mean displacement or a response-reducing transition.
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Nh real dark-Higgs degrees of freedom the radial expect-
ation value is

hr2i ¼ H2�

�
3

2π2λþ

�
1=2 Γ½ðNh þ 2Þ=4�

Γ½Nh=4�
: ð26Þ

For the case of a complex dark Higgs, the corresponding
typical-equilibrium estimate implies the quartic bound

λþ <
5.19 × 10−19

ðqefffA0 Þ4 : ð27Þ

For the perturbative all-dark-matter branch, the quartic
equilibrium prior gives λþ < 3.24 × 10−20, which is the
required inflationary flatness scale of the radial direction.
Identifying the inflationary quartic with the late-time

Abelian-Higgs quartic links this CMB scale to radiative
stability in the minimal hidden sector. Gauge-loop correc-
tions generate a quartic contribution of the approximate
form

Δλh ≃
Cgg4D
16π2

; ð28Þ

where Cg denotes the gauge-sector loop coefficient.
Requiring radiative stability then yields the upper bound

gD ≲ 7.2 × 10−5

jqeff jfA0

�
3

Cg

�
1=4

: ð29Þ

For the benchmark perturbative case jqeff jfA0 ¼ 2

with Cg ¼ 3, radiative stability gives gD ≲ 3.6 × 10−5.
Ultraviolet symmetries or additional particle content can
protect the quartic and enlarge this consistency window.
The decay epoch gives the complementary lower scale

for the gauge coupling. In the relativistic-width limit
x ¼ m2

A0=m2
h ≪ 1, the decay width satisfies Γ ≃ g2Dm

3
h=

ð32πm2
A0 Þ, leading to an independent lower bound on the

gauge coupling once the required decay epoch is specified.

D. Portal and Higgsed-vector consistency

Low-energy portal limits and the minimal Higgsed
completion provide the remaining realization conditions.
Existing laboratory experiments, astrophysical observa-
tions, and stellar-cooling bounds constrain the familiar
dark-photon parameter space characterized by ðmA0 ; ϵÞ
[7,8,51,52]. Similarly, direct-detection searches and future
sub-GeV experimental programs organize this parameter
space according to experimental sensitivity [53–55]. The
scalar inheritance parameter qeff adds an independent
origin coordinate to this visible-sector parameter plane.
Visible-sector phenomenology and the scalar-response

constraint define complementary coordinates. The
AxionLimits repository and its associated dark-photon

compilation summarize the experimental ðmA0 ; ϵÞ plane
[8,56]. The hidden gauge coupling gD and the visible
kinetic mixing ϵ are displayed on separate axes because
any relation between them requires an explicit ultraviolet
matching prescription. A laboratory discovery would deter-
mine low-energy parameters, while the calculated response
map adds information about the production history.
The Higgs origin of the vector mass introduces an

additional theoretical consistency requirement. For a renor-
malizable Higgs potential, sufficiently early hidden-sector
symmetry breaking requires [17]

mA0

gD
≫ 60 eV

�
2π

λh

�
1=4

: ð30Þ

Substituting the CMB-motivated quartic value λh ¼
3.24 × 10−20 gives the numerical scale 7.1 MeV on the
right-hand side. For sub-eV Higgsed vectors, this scalar
sector requires a correspondingly small hidden gauge
coupling when it governs both inflationary flatness and
late-time spontaneous symmetry breaking.
The early symmetry-breaking condition and the radiative

stability criterion are independent theoretical conditions.
Together they determine whether an abundance-matched
parameter point admits a technically consistent Higgsed
completion. Minimal Higgsed realizations occupy a joint
consistency window. In this window the scalar quartic
satisfies the CMB flatness condition. Radiative corrections
scale as Δλh ∼ g4D and the scalar decay ends at the chosen
cosmological epoch.
The response map supports four cosmological realiza-

tions. A subdominant vector fraction scales the CMB
response by fA0. A coherent inflationary prior provides
the required displacement. Transition dynamics can reduce
∂ lnΩA0=∂ ln r before number freeze-out. The daughter
momentum determines the nonrelativistic epoch.
Hidden-sector thermalization and number-changing

reactions can drive the final yield toward an attractor
with qeff → 0 [28,29,57,58]. Annihilation plateaus and
entropy dilution can produce an analogous response.
The abundance normalization and its logarithmic
derivative then provide two independent model-building
targets.

VI. CONCLUSIONS

The Higgs origin of dark-photon dark matter appears in
the derivative structure of its abundance map. For a
smooth local map the separate-universe relation converts
the radial fluctuation into CDM isocurvature. In the
decoupled spectator regime of Eq. (7) this relation gives
the uncorrelated spectrum in Eq. (8). Finite inflaton–
dark-Higgs mixing enters through the cross-spectrum in
Eq. (10). Within quadratic conserved-number inheritance
displacement-independent transfer gives qeff ¼ 2. A non-
decreasing transfer factor gives qeff ≥ 2. The crossover
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calculation evaluates the remaining transfer Jacobian. It
contains positive, negative, and near-zero responses at
finite transferred abundance. Hyperbolic-tangent, error-
function, and thermal-mass transitions retain all three
branches. Finite inflationary quartics shift their locations
continuously.
The calculated qeff maps the uncorrelated Planck limit

onto a surface for vh=H�. The response-reduction corridor
lowers the required symmetry-breaking scale by more than
two orders of magnitude relative to the amplified bench-
marks while retaining finite comoving action. Stochastic
duration, radiative stability, early symmetry breaking, and
daughter-particle coldness then define realization regions
on this surface.
Low-energy measurements determine ðmA0 ; ϵÞ, while

CMB isocurvature constrains the dependence of the relic
abundance on the dark-Higgs initial condition and transfer
history. The two observables can differentiateHiggsed-vector
cosmologies with identical present-day particle properties.
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APPENDIX A: RESPONSE-FLOW AND ACTION
DERIVATION

For the radiation-dominated benchmark,H ¼ H=mh and
H0=H ¼ −2. Writing z ¼ x0, the background and tangent
systems are

x0 ¼ z; z0 ¼ −z −
U;x

H2
; ðA1Þ

u0x ¼ uz; u0z ¼ −uz −
U;xx

H2
ux: ðA2Þ

The initial tangent data follow from xðNiÞ ¼ ri=vh and the
light-field slow-roll velocity. Once the transition potential is
stationary, the orbit energy and its response are

E ¼ 1

2
H2z2 þ UbrðxÞ; ðA3Þ

∂E
∂ ln ri

¼ H2zuz þ Ubr;xux: ðA4Þ

For a periodic one-dimensional orbit, J;E ¼ 1=ω.
Conservation of a3J in the adiabatic regime and field-
independent perturbative decay yield Eq. (19).

(a) (b)

FIG. 4. Time-resolved transition histories for Table I. Panel (a) gives the radial trajectories. Dashed curves show the instantaneous
positive minimum. Panel (b) gives the action-response diagnostic q̂JðNÞ. Colored dotted lines mark the adiabatic handoff atH=ω ¼ 0.1.
The late-time plateaus give qeff .
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During the transition we display the diagnostic

q̂JðNÞ≡ ∂ ln J½EðNÞ�
∂ ln ri

; ðA5Þ

once the broken-phase action is defined. Its asymptotic
value is qeff . Figure 4 shows this evolution. Colored dotted
lines mark the first time each trajectory reaches
H=ω ¼ 0.1.

APPENDIX B: TRANSITION-PROFILE AND
QUARTIC DEPENDENCE

The central map uses the tanh profile in Eq. (15). We
evaluate two independent deformations. The first replaces
sðNÞ by an error function. The second uses the radiation-
era thermal potential,

UTðx; NÞ ¼ ðx2 − 1Þ2
8

þ 1

4
e−2Nx2; ðB1Þ

whose curvature at the origin changes sign at N ¼ 0,
followingm2

T ∝ T2 ∝ a−2 [42]. At a finite thermal handoff,
the potential has a minimum at xmin ¼

ffiffiffi
α

p
with

α ¼ 1 − e−2N . Writing Erel for the energy above the
moving minimum and rescaling x ¼ ffiffiffi

α
p

y gives
JT ¼ α3=2JbrðErel=α2Þ, which transports the orbit

adiabatically to the zero-temperature action. The second
deformation retains Eq. (15) and varies Λþ ¼ λþv2h=m

2
h.

Figure 5 compares the three transition profiles and the
quartic deformations at mh=Htr ¼ 1. Every profile contains
positive, negative, and zero-response branches. The tanh
and error-function curves nearly coincide. The thermal
mass shifts the response scale while retaining the sign-
reversal topology. Values Λþ ¼ 0.02–0.05 move the tran-
sition locus continuously. Tangent responses for all four
deformation classes agree with independent five-point
derivatives to relative precision better than 8.1 × 10−9.

APPENDIX C: NUMERICAL VALIDATION

The post-transition action uses a 1400-point quadrature
table and a shape-preserving cubic interpolant. At
E ¼ 10−8, the ratio J=E ¼ 1.0000000075 reproduces the
harmonic limit. The response surface contains 1596
controlled trajectories satisfying the single-basin and
adiabatic-handoff criteria stated in Sec. IV. Eight validation
points spanning amplified, sign-reversed, and response-
reduced regimes were recomputed with symmetric five-
point derivatives in ln ri at four step sizes. The maximum
relative tangent–finite-difference discrepancy is below
2.0 × 10−8. The transition-profile and quartic deformations
provide an independent four-model validation set with
maximum relative discrepancy below 8.1 × 10−9.

(a) (b)

FIG. 5. Dynamical-response dependence at mh=Htr ¼ 1. (a) Hyperbolic-tangent, error-function, and thermal-mass transitions.
(b) Inflationary-quartic deformations of the tanh crossover. The horizontal lines mark qeff ¼ 0 and the quadratic inheritance
value qeff ¼ 2.
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Figure 6 shows integration-step convergence for the representative trajectories in Table I. These checks give stable
response values across the amplified, sign-reversed, and response-reduced branches.
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