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Simulating axion electrodynamics in magnetized plasmas: Energy transfer
in the inhomogeneous and strongly varying limit
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In this work, we study the electromagnetic response induced by axions in a magnetized plasma, focusing
specifically on characterizing energy transfer and energy losses from the ambient axion field in highly
inhomogeneous and strongly varying backgrounds. Using a suite of both frequency-domain and time-
domain simulations, we solve for the efficiency of photon excitation in a rapidly varying background; the
indirect excitation of Alfvén modes, occurring when a Langmuir-Ordinary (LO) mode is resonantly excited
near a combined cutoff-resonance of the dispersion relations of the LO and Alfvén modes; and the
excitation of electric fields in small localized plasma underdensities. We identify a particularly interesting
regime in which energy can be transferred into subluminal plasma modes (w < k) with an efficiency greater
than that of superluminal modes (@ > k). Our results highlight a variety of less conventional ways in which
axions (and other light degrees of freedom that mix with electromagnetism, such as dark photons or
gravitons) can interact in extreme astrophysical environments.

DOI: 10.1103/4vhw-kc8c

I. INTRODUCTION

Axions are extremely well-motivated candidates for new
fundamental physics beyond the Standard Model. Many of
the searches for axions, both in the laboratory and in astro-
physics, exploit their coupling to electromagnetism (see
e.g. Refs. [1-6] for various reviews), which arises via the
dimension-five coupling £ D (g,,,/4)aF,,F*, where g,
is the axion-photon coupling constant (in units of inverse
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energy), and F and F are the electromagnetic field strength
tensor and its dual. This interaction allows for axions to
undergo a two-photon decay (see e.g. Refs. [7-19]), axions
to be produced from nonorthogonal electric and magnetic
fields (see e.g. Refs. [20-23]), a rotation in the polarization
of electromagnetic waves as they traverse a varying axion
background (see e.g. Refs. [24-32]), and the mixing of
axions and photons in the presence of background magnetic
fields (see e.g. Refs. [24,33]). Each of these processes are
efficient in different regimes, allowing for complementary
searches for axions across a broad range of masses and in a
variety of environments. For example: the former process is
typically only efficient for heavy axions; axion production
requires large time-varying E - B fields, which are screened
in most astrophysical plasmas (although not always—see
Refs. [20-22]); and birefringence induces a polarization
shift proportional to the difference of 6(g,,,a) at emission
and detection, such that generating large observable effects

Published by the American Physical Society
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typically necessitate axion field values a ~ f, (with f,
being their decay constant) at some location in the
Universe. This often leaves axion-photon mixing as the
most promising process across a much broader range of
axion parameter space (as is evidenced by the fact that this
process drives most limits on the axion-photon coupling for
axion masses below m, <107 eV).

Axion-photon mixing is typically heavily suppressed in
the nonrelativistic limit (see e.g. Refs. [24,34-36])—this is
merely a consequence of the fact that the axion and photon
dispersion relations become increasingly discrepant in this
limit (stemming from the fact that axions have a mass, m,,
while photons do not). There are well-known ways, how-
ever, of evading this suppression. One idea which has served
as the basis of a variety of experimental [37-39] and indirect
astrophysical probes [20,40-60] of axions is to exploit the
fact that background media can alter the photon dispersion
relation, allowing for resonant axion-photon transitions
(similar effects also occur for dark photons, see e.g.
Refs. [61-71]). As a simple example, one can consider
axions propagating through a dilute nonthermal electron
plasma with density n,; here, the plasma induces an
“effective mass” (or a gap in the dispersion relation) for
transverse photons (i.e. the dispersion relation is given by
w® = k* + w?) set by the plasma frequency of the medium

W, =/ e’n,/m,, with e and m, being the charge and mass
of the electron. For a spatially varying background plasma
density, there may exist a point at which @, ~ m,; here, the
dispersion relations become degenerate, and resonant axion-
photon transitions can occur. For low- or high-density
(meaning far away from resonances) uniform plasmas, the
efficiency of axion-photon conversion can be derived
analytically, using e.g. perturbative approaches [24,36] or
Green’s functions [35]. For slowly varying resonances, i.e.
when the background changes slowly with respect to the
inverse momentum scale, and for certain classes of dielectric
tensors, one can instead use the WKB approximation to
derive an effective (Landau-Zener) conversion probability,
see e.g. Ref. [35] for a discussion. While the aforementioned
cover a vast range of possibilities, there are a variety of
astrophysical scenarios in which the traditional approaches
break down, and when no well-defined separation of scales
exist. This is the regime of interest here.

Let us briefly digress to discuss a few scenarios in which
the effects discussed are realized, and what sort of
interesting questions arise from the presence of these
features in the context of axion physics. These examples
are by no means exhaustive, and are simply intended to
motivate the need for a broader understanding of axion
electrodynamics in complex astrophysical environments.
With that being said, consider the following:

(i) Many plasmas found in astrophysical environments

contain highly inhomogeneous distributions of
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(i)

plasma on small scales. This can stem directly from
turbulent structure of the electromagnetic fields
present in the system (as occurs e.g. near black holes
72]], in molecular clouds [73], in supernovae rem-
nants [74], or in filamentary structures in the central
molecular zone of the Galaxy [75]), it can arise from
small-scale structure in the plasma (as e.g. in the case
of plasmoids [76-78], or as in current sheets appear-
ing near neutron stars and black holes [79-81]), or it
can result from inhomogeneities in plasma production
mechanisms (as occurs e.g. in the case of magnetars
[82,83]). As a concrete example, one can consider the
open field lines of pulsars, which host pair discharges
that serve to supply the currents that in turn support
the structure of the magnetosphere [84-86] (in the
case of magnetars, inhomogeneous plasma loading
may occur also in the closed zones—see e.g. Ref. [60]
for a discussion of leading models). The open field
line bundle near the surface of the star spans a
characteristic distance r,,. ~ Rnsv/RnsQ~O(100 m)
(where Ryg and Q are the radius of the neutron star
and rotational frequency, respectively), with inhomo-
geneities in the phase space distribution arising on
much smaller scales. This of course implies very
small variations in the dispersion relations of the
plasma, which can alter the mixing with light axions.
Natural questions that one might want to ask include:
how can axion-photon mixing be enhanced or sup-
pressed in the presence strongly varying inhomo-
geneous backgrounds, and can high-density axion
field configurations (e.g. “axion clouds” formed
around pulsars [22], or quasibound states formed
via black hole superradiance [87-89]) dissipate en-
ergy into small-scale local inhomogeneities (see e.g.
Refs. [22,23])?

Typically, axions are assumed to mix directly with a
single, superluminal (@ > k) plasma mode. This is
because energy-momentum conservation requires
any mismatch in the four-momentum to be balanced
by the spatial-temporal inhomogeneity of magnetic
field, which is often relatively smooth and slowly
varying. Superluminal modes, however, can mix
with subluminal modes. This happens, for example,
when there exists a pole, or neighboring poles and
cutoffs, in the photon dispersion relations—at such a
point, energy can tunnel from one mode to another.
For nonrelativistic (and semirelativistic) axions tra-
versing magnetized plasmas, the point of peak
resonant axion-photon mixing occurs exactly near
a pole-cutoff pair, implying that mode-mixing can
occur while axions are sourcing electromagnetic
modes. This is illustrated schematically in Fig. 1,
and we return to a detailed discussion of this
phenomenon later in Sec. IIl. In the context of
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FIG. 1. [Illustration of how axions can lead to the indirect

excitation of Alfvén modes. Incoming axion wave (dark blue)
travels from a low-density background into a high-density
background (plasma density profile shown with light blue shaded
region). At k¥on = k5O, the axion resonantly excites an LO
mode (red cross); the LO modes travels a small distance before
being reflected at the cutoff (yellow). Note that Alfvén mode only
exists for plasma densities above the resonance point. For
sufficiently large gradients, the excited LO mode can tunnel
through the barrier and excite the Alfvén mode (green). For
nonrelativistic/semirelativistic axions and large gradients, the
WKB approximation is strongly violated across all processes.
Numerical simulations are developed in this work in order to
understand the efficiency of this process.

axion physics, this opens a number of interesting
questions, including: how is axion mixing altered
near poles and cutoffs, and can axions indirectly mix
with subluminal plasma modes?

Let us reiterate that the goal of this work is to study the
electrodynamic response induced by, and energy transfer
from, axions in scenarios where conventional analytic
approximations break down. We have provided a number
of examples above which demonstrate that such scenarios
are generic and unavoidable in astrophysics—this is par-
ticularly true when one studies low-energy axions near
extreme astrophysical objects, such as near neutron stars
and black holes. For this reason we focus specifically on the
case of magnetized plasmas, but our general approach can
be straightforwardly applied to other scenarios. In order to
approach this problem, we develop a suite of both fre-
quency- and time-domain simulations that allow us to solve
for the evolution and energy transfer in these systems.
These simulations are built upon preceding work, which
studied axion-photon mixing in magnetized plasma [35]
and dark photon-photon mixing in the case where there are
multiple nearby level crossings [64].

This manuscript is divided as follows: we begin with an
overview of axion electrodynamics (Sec. II); this is mostly
a review in order to familiarize the reader with the
fundamental concepts and notation. Since the frameworks
behind both our time-domain and frequency-domain

simulations were outlined in Refs. [64] and [35], we briefly
review them in Sec. III A and defer the details to
Appendix A, before moving directly to their applications.
Here, we begin (Sec. III B) by demonstrating how our
simulations can easily recover the expected mixing behav-
ior in various asymptotic limits when a strongly varying,
but smooth, background ignites resonant transitions over
short distance scales (such that the WKB approximation is
strongly violated). We then consider the case where the
resonant excitation of a plasma mode is very close to point
of mode mixing (which we argue is natural for axions in
magnetized media), allowing for axions to indirectly excite
Alfvén modes (Sec. 111 C); here, we show that the efficiency
with which the Alfvén mode is excited can actually, in
some limiting circumstances, exceed the excitation effi-
ciency of the Langmuir-Ordinary (LO) mode (which is the
primary mode with which the axion mixes). We then
analyze how small-scale inhomogeneities in the effective
plasma frequency can alter the locally induced electric
fields (Sec. III D), demonstrating how one can potentially
overcome the strong parametric suppression of the axion-
induced electric in a dense plasma (typically scaling as
~(w,/m,)%). This work serves as the basis for broader
studies of axion electrodynamics in extreme environments,
and has interesting implications for situations in which
large axion field values around extreme compact objects are
naturally realized, such as in the case of axion clouds near
pulsars or axion superradiance.

II. AXION ELECTRODYNAMICS

Let us start with a general discussion of axion electro-
dynamics, with the specific goal of highlighting various
limiting scenarios which drive energy losses from a back-
ground axion field. This section does not contain any novel
material, but rather serves to highlight the regimes in which
analytic approaches break down, why numerical simula-
tions can serve to move beyond that, and the strengths and
weaknesses of working with time- and/or frequency-
domain simulations. The expert reader may wish to skip
this section, as various aspects are already summarized in
the literature (see e.g. Refs. [24,34-36]).

Let us start from the general Lagrangian describing an
axion coupled to electromagnetism:

1 1
L= =2 FuF" = A" == (V,0)(Va)

_Ma »

2 @7 gbm

F,F"a, (1)
where a is the axion and m, is its mass; A, is the
electromagnetic four-potential, F,, its field strength and
JI is the electromagnetic four-current; g,,, is a constant
encoding the strength of the coupling between the axion and

the photon; and F* is the dual of F s 88 follows:
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- 1

v — — 3 EPOF (2)
where e"27° is the Levi-Civita tensor, with *123 = -1/, /=g.
The field equations for the axion and the electromagnetic
field obtained from Eq. (1) then read

1 -
(D - m%{)a = Zguny;mejv (3)
V,F =J" — gawl:”””vﬂa. (4)

For the plasma, we will assume ions to be at rest, and we will
describe electrons with a cold fluid model,' characterized by
the equations

u'V,out = iF’“’M,,, (5)
me
vﬂ(”euﬂ) =0, (6)

where u* is the four-velocity of the fluid, n, is the density of
electrons, while e is the elementary charge and m, is the
electron mass.

Here, we have maintained the possibility of using a
generic metric g,,. In what follows, we will restrict our
attention to flat space, and adopt a Minkowski metric.

Written in terms of electric E and magnetic fields E,
Egs. (3) and (4) reduce to

(D - m%z)a = _gayy(E : E) (7)

it

V. =—pP— gayyé -Va (8)

VxB-0,E=-J+ gay},(édta —ExVa), (9)

-

with J¥ = (p,J). Note that the new contributions to
Maxwell’s equations appear as effective charge densities

Dae = gawé -Va and current densities J,, = —gmaé +

ga},yf? x Va, meaning their gradients will naturally source

"The cold-plasma approximation adopted here is expected to
be a reasonable approximation to the closed zones of the near-
field magnetospheric plasma (which are collisionless and non-
thermal). Leading-order corrections carry two types—one, which
appears proportional to @, /€, (with €. the cyclotron fre-
quency), which is small in the strong field environments, and
another which depends on the relativistic boost of the phase space
distribution of plasma along a field line. The closed magnetic
field lines of pulsars are expected to host negligible magneto-
spheric currents j ~ 0 and screened electric fields p ~ pgy; in the
absence of mechanisms capable of generating large pair multi-
plicities (n,- 4+ n,+)/ngy > 1 (note that no known mechanism
has been demonstrated to exist in these regions), these constraints
imply an unboosted distribution. Further details on these cor-
rections and their impact can be found in Appendix A of
Ref. [49].

perturbations in the electromagnetic fields. The goal of this
work effectively amounts to studying the solutions to
Egs. (7)—(9), and (6) in various limiting regimes. In
particular, we will focus on the case where the initial
amplitude of the axion field is large [justifying dropping
the source term in Eq. (7)], and in the limit where the
background magnetic field can be treated as strong, allowing
for the perturbative expansion B = By(¥) + 6B(X.1),
E(%,1) = 8E(%, 1), where |6B], |6E| ~ O(g,,,) < |Bol.

Before discussing the scenarios of interest, let us briefly
review axion electrodynamics in various well-known limits,
highlighting when and where the underlying assumptions
break down. Much of this discussion follows that of
Ref. [35]; however, we will highlight a number of points
which are particularly relevant for this study.

A. Vacuum mixing

We will start with the simplest limit, corresponding to
weak mixing (i.e. the limit where the excited electromag-
netic fields remain small relative to the background field) in
vacuum. Setting J* =0, and dropping terms of order
O(g%,,), Egs. (1)—(9) reduce to

(0 —-m2)a =0, (10)
V-6E = —g,,By - Va, (11)
V x (B + 6B) — 0,6E = g,,,By0,a. (12)

In order to shift this into a more compact form, we will take
the time derivative of Ampere’s law and use the Maxwell-
Faraday equation V x E = —0,B to rewrite the magnetic
field in terms of the electric field; the result is given by

V26E — V(V - 6E) — 026E = g, Bodta,  (13)

where in the second line we have used vector identities to
rewrite the first terms. Note also that the axion equation of
motion has simply reduced to that of a free scalar field,
which motivates adopting a plane wave ansatz, a =
age~@+ikex  Without loss of generality, we will assume
the axion plane wave travels in the x direction, and that the
background magnetic field is uniform over some spatial
region and oriented in the x-y plane. This motivates an

ansatz for the electric field SE(X) = E’(x)e""‘”, which
yields a solution

Ex(X) = ~Guyp Be(¥)age™ ", (14)
gy(x) _ la)gl;}’yao / dxleim|x—x’\+ikdx/By(x/), (15)

£.(x) = 0. (16)

083021-4
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This is the well-known result which shows that: i) a
longitudinal electric field is excited in the magnetic field
region which oscillates with a phase consistent with that of
the axion, and i) a transverse electric field is excited, with
an amplitude at asymptotically large x which is set by the
Fourier transform of B, evaluated at k = (w — k,). This
example is rather trivial, but highlights two important
aspects—energy dissipation from the axion field can
proceed either via the direct excitation of a mode, or
indirectly by exciting an electric field which subsequently
perturbs a background plasma.2

B. Isotropic plasma

1. Nonresonant mixing

The derivation above has thrown away the response of
any background plasma. In general, one must simultane-
ously solve the equation of motion for the charged particles
alongside Maxwell’s equations. Here, we provide a simple
example for the case of a cold isotropic plasma.

We will assume that the background plasma has no
relevant thermal contribution, is nonrelativistic, and single
species (electron only)—here, the relevant equation of
motion is merely

m,0,5, = —e(E + 7 x B). (17)
Decomposing the velocity into components parallel to and

perpendicular to the magnetic field, and once again
assuming S6E, 5B « e~™!, one finds

U= ot (18)
—ie

= E., 19

V)] + me(a):lzwc) + ( )

where v, = v, | iv,,, and o, = eBy/m, is the cyclo-
tron frequency. Defining the current as J = —env, and
taking the limit where w, < @ (i.e. the isotropic plasma
limit), one can generalize the vacuum wave equation as

i

V25E —V(V - 6E) — R6E = —L0,5E + g,y Boota,  (20)
w

with w? = e*n/m, being the plasma frequency. Under the
same assumptions as before, this reduces to the two
equations

*We also briefly comment below on a third possibility: the
direct excitation of electromagnetic modes from an inhomo-
geneous axion distribution. As we demonstrate, however, this
effect is heavily suppressed in most systems, and is thus unlikely
to be a driving force of energy transfer.

_ ik @2909ar B (%)

2_ 2
o° —

& - (21)

(02 + 0* — w3)E, = —0*g,, By (x)age™*.  (22)
As before, the first equation describes the longitudinal
electric field sourced by the axion. Note that in the limit
w, — 0, this smoothly reproduces the result in the pro-
ceeding section, while in the limit that ® < @,,, one finds
the well-known in-medium suppression which scales as
w?/ a)f, Thus, indirect energy transfer via the electric field
is highly inefficient for light axions.

In the limit where the plasma frequency is uniform,
Eq. (21) can be solved using Green’s functions (as we did
above in the vacuum case), with the solution given by

)
B {0° Jayy Ao
[ 2 _ 2
24 /w wy,

with k2 = w* — m + ie. In the limit where @, is small, this
reproduces the vacuum result, while in the limit where @ » 18
large, there is a large suppression in the production of the
asymptotic mode (coming both from the prefactor, and the
requirement that the Fourier transform of By, be evaluated at
increasingly high k). One can now define a conversion
probability, p,_,,, which captures the ratio of outflowing
electromagnetic energy to inflowing axion energy (typi-
cally computed in the asymptotic limit), as follows:

Ey(x) / dx'e™ =B (x'), (23)

(8) _skwlA?

Pa—sy = ﬁ - ’ (24)

1
2 kawao

where a, is the axion amplitude, S the Poynting flux,
and A, = E,/(~iw).

Let us briefly highlight an alternative, but equivalent,
approach, which instead treats the problem via basis
transformations. Here, we can start from the wave equation
in Eq. (20) and the axion equation of motion; working
directly with the vector potential (rather than the electric
field), and assuming adopting an ansatz for all fields of the
form f(z, x) = f(x)e'", the equations for the axion and Ay

(i.e. the component of A parallel to B), read

) . ]
wea(M) () ""garﬂ%) (M)
a i0,,,Bo m? a
(25)

n,e’

where 0p = \/

is the plasma frequency. Note that we

avoided writing explicitly the dependence on the x coor-
dinate on AH and a. By performing a phase redefinition of
the axion field a = ia, we arrive to the well-known

083021-5
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equation [24,36]

- 5 -
(M) (L ‘wﬁwBO><An>
X _ _ L)
a —a)gayyBO m% a

(26)
which can be written in the form (w? + 02)¥ = M>¥,
where

A
P = ( ) (27)
a
and
w%, —a)gaWBo
M? = ( 5 ) (28)
_wgayyBO my

is the real and symmetric mass matrix. We now introduce

= wg#fo, which encodes the strength of the coupling. The
mass matrix then reads
2 2
0] —em
M? = ( g ¢ ) : (29)
—em2  m>

Assuming a constant plasma density, the system can be
diagonalized by performing a basis rotation of an angle [24]

1 2em?
0= 5 arctan (m) s (30)
so that
¥, = R(0)¥, (31)

where

R() = ( cos @ sin9> 33)

—sin@ cos@

is the rotation matrix, and

m2 + a)f, + \/(mf, - a)?,)2 + 4mde?
2 9’

i = (34)
are the eigenvalues of the mass matrix, which depend on the
frequency w through the parameter e. Following Ref. [36],
we will call the basis where M? is diagonal the unmixed
basis. Here we will consider € < 1, and we get

Wr=mi+0@). ik =y +0E@).  (35)

where the upper and lower signs refer, respectively, to the
cases in which m, > w, and m, < w,. Note, also, that
when m, > w, then 0 <0 < /4, while when m, < w,
then —z/4 <6 <0.

A solution to the system of equations can be written as

B A —ikx
¥, — ( 4 ), (36)

A e—ikax
a
where the wave numbers are given by

K =o® — ux, K2 = w? -k, (37)
when m, Z w,. Given Eq. (35), we see that the component
(1, 0) has a dispersion relation closer to a photon, while (0,
1) has a dispersion relation closer to an axion; for this
reason, we will refer to them as the photon and axion in the
unmixed basis, despite in the original basis they have both a
component of A and a.

In order to illustrate how this approach yields the
equivalent of Eq. (23), we adopt an ansatz [90,91],

a(y) = a(x)e™*, (38)

where k, = \/w* —mj and k, = |/ w* — @}, Assuming a

constant plasma frequency, applying the WKB approxi-
mation, |0XAH| < kx|A|| l, |0§AH| < kx|0x12\H |, and assuming
the mixing is in the inefficient regime (meaning the axion
amplitude can be treated as constant), one finds

A=~ / dil ek B (), (39)

which reproduces the previously found solution (after
relating the vector potential with the electric field). One
can then use Eq. (24) to directly compute the conversion
probability.

There is an alternative way to obtain the result of
nonresonant mixing. For the sake of simplicity, let us
consider a plasma background with a barrierlike shape,
with the plasma frequency given by the expression

Wppke 1 X < X

opl) = { (40)

@, max 1 X 2> X '
where x; is the position of the boundary of the barrier. The
plasma frequencies are chosen in such a way that
W, pkg < My < W) max, and the transition between them
is continuous, so that the resonance region, where ,,
is infinitely small, and one can safely ignore resonant
conversions.

Nma
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Consider a system initialized with a wave packet of the
axion in the unmixed basis, so that it propagates towards
the barrier without undergoing vacuum mixing. When it
crosses Xy, the mixing angle changes, so that the state has to
be reprojected on the new eigenstates, which are subject to
different dispersion relations and propagate with different
velocities. The conversion probability can then be esti-
mated from the energy flux of the axion F,, outside and
inside the barrier, computed in the mixed basis, as follows:

p _ Fa,bkg - Fa,max —1- Fa.max (41)
“r Fa,bkg Fa.bkg

If the initial state is monochromatic, the two waves inside
the barrier will interfere, since they both have a component
of the axion field, producing oscillations in the conversion
probability as a result. However, in the case of a wave
packet, after some time the two components inside the
barrier will separate, having different group velocities. The
axion energy flux will thus converge to the sum the
contributions from the two eigenstates, and p,_,, will
approach a constant value. We will assume the wave packet
to be well localized in frequency, so that it can be assumed
to be monochromatic when performing the change of basis
from the background to the barrier region, but we will
neglect the interference of the waves when computing the
energy flux, in order to obtain the conversion probability in
the asymptotic state, when the wave packets have already
separated.

We start from an initial state which is defined by the
axion field in the unmixed basis, which can be written as

0 ) “ .
lPD,bkg — <A )ez(u)t—ka_bkgx) — lPD,bkgel<H}t_ka'bkgx>’ (42)
a

where Wp pe = (0,A,), kopre = \/ w* — :u?k,bkg’ and ﬂi.bkg

is the eigenvalue in Eq. (34) computed at w, = @, . In
the mixed basis, the state reads

Wi = R(Qbkg)TlPD,bkg = R(=6bkg)¥p bke

—sinf ,
— bkg Aael(wt_k“-bkgx)
€08 Opig

— lilbkgei(wt_ka.bkg)()‘ (43)

Inside the barrier, the state has to be rewritten in terms of
the eigenstates of the unmixed basis at @, = @), yax- The

amplitudes of these components, encoded in ¥ D.max» €an be
obtained from ‘i’bkg as

gmax ) \IAlbkg =R (gmax ) R (Qbkg ) TlilD.bkg
gmax ) R ( _gbkg ) \APD,bkg

emax - gbkg ) l,\PD,bkg

gbkg - emax ) T@D,bkg

—sin (kug - emax ) ) Aa

(44)
cos (ebkg - emax)

Note that the fact that ‘?D_max can be obtained by applying a
rotation of an angle Oy, — Oy to ¥p i, 1s also visible
from Fig. 2. The two components will then be subject to
different dispersion relations, and inside the barrier we will
have

_Sln 9 —emax ei(w[_kA.muxx)
( bkg ) ) (45)

vy =A ;
D-max ¢ < COS (Opig — Oppax ) €'V Feman?)

where  now  kpma=1/®* i mae  a0d  kgma=
\/ @ — 2 . Here the eigenvalues of the mass matrix have

been computed at @, = @, ma, and have been assigned to
the photon and axion components according to the fact
that @, nax > M.

We can now transform this state back to the mixed basis,
by applying the rotation R(0ax)" t0 Wp max- Since we will
compute the axion energy flux independently on the two
eigenstates, we write them separately as

A 4
A

ymax

Qs
FIG. 2. Schematic representation of the rotation of the unmixed
basis, inside (in blue) and outside (in green) the plasma barrier,
compared to the original (mixed) one (shown in black). The
mixing angles on the background, 6, and at the top of the
barrier, 6,,,,, have positive and negative sign, respectively, due to
the fact that the plasma frequencies satisfy @, px, < M, < @) max-
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cos 6 )
\Pmax = _Aa sin (Gbkg - 9max> < . e ) el<(m_kA'maxx)
Sin 6.«

—sin@ )
-+ Aa COS (kug - Gmax) ( max ) e’(“”_ku.maxx) .
€08 O ax

(40)

For a generic eigenstate of the mass matrix

y— (2A ) ei(a}t—kx)’ (47)

with @ and k satisfying the appropriate dispersion relation,
the axion energy flux F, = ﬁ can be computed by
averaging the energy per unit surface over a period
T = 2z/w. This is the same as the energy per unit surface
contained in a segment of length 4 = z—lf = v, T, normalized

by 7, as follows:

1 [x+0,T
F, = T/ dx'p,(xX), (48)

where p,(x) is the axion energy density

1
pulx) = 30, + (2.0) +mia?),  (49)
computed using the original axion field appearing in
Eq. (1). Keeping therefore into consideration the redefini-

tion a = ia performed before Eq. (26), we obtain

A2(w* + K> + m2)
F,= ) V. (50)

With this we can now compute the axion energy flux of the
initial state from Eq. (43) as

2 2 2
w” + ka,bkg +m; w
4 ka,bkg

Fa,bkg = Ag COS2 Gbkg (51)

F, max 18 instead computed summing over the two eigen-
states in Eq. (46), as follows:
Fa,max = AZ sin2 amax Sinz (ebkg - 9max>
O + Ky T 1@
X
4 kA.max

+ Aczz COSZ gmax COS2 (Qbkg - emax)

X a)z + k%z.max + mg w
4 ku,max

(52)

Since when computing the conversion probability the factors

2
% cancel, we can define F, = 4F,/A2, and compute the

probability as

fa,max

. 53
:Fa.bkg ( )

pa—>y:1_

Notice that in the limit of weak mixing (and a uniform
magnetic field), this procedure reproduces the identical
conversion probability as would be obtained by combining
Eq. (23) with Eq. (24).

2. Resonant transitions
The other limit of interest is the one in which the
background has a varying density profile, w,(x). In this
case, one cannot use the Green’s functions approach;

instead, it is more natural to assume that the background
density varies slowly, and apply a WKB approximation to
an initial ansatz €, (x) = &, (x)e’*«*, where k,&, > 0,&,,
and 0%% < kudxg’y (note the second condition follows
from the former so long as the envelope does not have any

sharp features).
Under this approximation, one can write

2ikaax<z,’y ~—(m2 - w%)é’y — 0G4y, By(x)ag,  (54)

which can be integrated to give

) . "
g,gw)gmaoe—idz(x)/ dx'B,(x')e#)  (55)

! 2k, o
with
<o)

Here, one has a resonant enhancement of the mixing
process, with the resonance being triggered when the
dispersion relation of the axion matches that of the photon.
One can use the stationary phase approximation to compute
Eq. (55) asymptotically far from the location of the
resonance itself, as follows:

2
03¢

L)
('c:’ _ L0”Gayy,do By(xc)engn<¢<x")>+iﬂ/4

Y 2k . 57)

Xe

where x, denotes the resonance point (here, corresponding
to where @, = m,). Notice that a key assumption in this
derivation is the validity of the WKB approximation, which
follows from the constraint that the background quantities
are sufficiently slowly varying.

It is worth pointing out that in this limit, the dielec-
tric tensor is diagonal, € = diag(1 — w}/w?, 1 — w3 /0,
1 — w}/w?). The standard dispersion relations can be
derived by plugging in a plane solution to the wave
equation in Eq. (20) with @ — 0, and solving for the
eigenmodes. This effectively amounts to solving for the
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eigenmodes of the matrix C= n25 —n;n; —¢;;. Doing
this procedure, one finds two transverse propagating modes
with dispersion relations w” = k* + w?%, and one longi-
tudinal mode with > = ?. The axion purely excites the
transverse mode, and the longitudinal mode is entirely
decoupled from the transverse mode (since the polariza-
tions are orthogonal). This is not generically true for
arbitrary media, however, and as we will see below, the
axion can in some circumstances indirectly excite
other modes.

Turning to the secondary matrix approach, and working
in the original (mixed) basis, we can write an ansatz for the
solution of Eq. (26) as [90,91]

Aj(x) = Aj(y)e ik, a(x) = a(x)e"*t*, (58)
where k, = \/w? —m2. If the scales over which the
variation of the plasma density occur are large enough
that we can consider s |02A)| < k0,4,
and the same for a, then we can apply a WKB approxi-
mation and write the system in a Schrodinger-like form in
terms of the x coordinate. By working in the interaction
picture, the equations can be solved from a starting point x;
to a generic x, and the probability of conversion from axion
to photon reads [24,90,91]

/x dx'A e ™)

f W(AE) -

2
. (59)

— 2
pa—>y_€

A,), while A = — 228 and

where ¢ x) i

A, = - 2k
so that p,_,, mainly receives contribution from the sta-
tionary points where ¢’'(x) =0, which corresponds to
points for which m, ~w,. So if the plasma frequency
crosses the value of the axion mass, then we have a resonant
conversion process; in the case the stationary points x,, are

well separated (meaning the relative distance between
adjacent resonances is larger than the width of the reso-

nance ~ ¢” ) the probability can be estimated by means

of the statlonary phase approximation, which yields the
well-known Landau-Zener formula:

4
. o mu T
=D ) (60)

Comparing this expression with that of Eq. (57), one can
see that these approaches are equivalent for a single isolated
resonance.

C. Anisotropic plasma

We now turn our attention to magnetized plasmas, in
which @, > w, w,—these plasmas support diverse modes,

making their dynamics intrinsically more complex than that
of the isotropic example given above. For simplicity, we
will work in the infinite magnetized limit—for the interests
here, this distinction is not important, but we will highlight
below where this approximation enters.

The wave equation can, in general, be expressed as

~V26E +V(V - 6E) — 0*¢SE = g,,Bodta, (61)

where the dielectric tensor under the assumption that the
medium linearly responds to an external field follows from
J=iw(1—¢)-E, where J= Jy, and Jj is inferred
from Eq. (18).

One can directly obtain the plasma modes present in this
media using the same procedure as before; here, three
modes are obtained, with dispersion relations

1
o = (kz + ok — \/k4+co?, —2k2wf,cos(2«93)), (62)

N e
w%n:kzczm, (64)

corresponding to the Alfvén, the Langmuir-Ordinary, and
the magnetosonic modes [92]. Here, 65 is the angle

between k and B. In the infinity magnetized limit,
¢, — 1; for nonthermal systems, it can more generally
be approximated as c,, ~ v4/(1 + v4), with v, = B/\/p,,
the Alfvén velocity (with p,, the plasma energy density).
The polarizations corresponding to each mode (in the basis

with k o & and B in the x-y plane), are given by

3 sin @ cos O
1,0 (65)

€A(a)2) & ( 2p 2 29

W5 — W7,C08

w? sinfcos @

crolar) o ( 10). (60

Wi — whcos?0
~ (0,0,1), (67)

where the proportionality signs of the Alfvén and LO mode
indicate that neither have been normalized.

We can start by noting that axion dark matter is typically
only expected to strongly mix with the LO mode. This
statement stems from the fact that the Alfvén mode is
subluminal, ® < k, while the axion is always superluminal
® > k (thus, in order for energy and momentum to be

*Note that this limit is directly imposed in our frequency-
domain simulations, as here we can directly input the dielectric
tensor, while it is not imposed in our time-domain simulations,
since the code makes use of the full profile of the magnetic field.

Even in the case of the latter, however, we impose w, > @, ®,,.
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conserved, there must exist a strong inhomogeneity in the
background). We will later demonstrate how and when this
intuition can break down, but for now, we will focus merely
on understanding LO mode excitation via resonant axion
mixing.

Expanding the wave equation in Eq. (61), and assuming
the background gradients are confined to the x-y plane such
that the z coordinate decouples, yields

028E, — 0,0,0E, + (0 — w? sin® O3)SE,
— % sin Oy cos OpSE, = —w?g,,,B,a, (68)
030E, — 0,0,0E, + (0 — w3, cos® 0)SE,

— w? sin Oy cos 035E, = —w?g,,,B.a. (69)
Previously, one could simplify this expression by assuming
that E, and E, were functions merely of the x coordinate;
however, in an anisotropic media, waves with k < @
undergo refraction, and can thus pick up additional func-
tional dependencies on the y coordinate. Nonresonant
mixing is thus complicated by the nondegeneracy of the
axion and photon world lines. In the case of resonant
mixing, one can either adopt a density matrix formalism

[93], or adopt the eikonal approximation E = Aée®, and
derive analytic expressions for the excitation [94]—here,
we briefly outline the latter approach, following the
derivation of Ref. [94].

Starting from the wave equation in Eq. (61), one can
make the standard eikonial ansatz for the electric field 5E =

Aee®%) to yield the following equation:
.0D;; (Ae ) 0
Dij(A¢ é Pk,
(A& + 5o VIAG) + i Vike
1 oD, -
2(3k16/i,/ ViVi(Aej) = gapy@?aoBie’ E3-0), - (70)

where we have defined the wave operator [94]
|k|25 + kik; + e (@, X). (71)

Projecting this differential equation along the polarization
vector from the left yields a sourced transport equation

[e" - (0;D)-€]- VA

- (0;D )ve+1e(ak,ak, Dj)e;Viki| A (72)

-

= Guy@*ao(B - €*) e k%0, (73)
Here, one can identify the group velocity

€ (0{D) - e

Eanw/d%:T,

(74)

where H is the matrix defining the eigenvalue problem
He = 0 (the eigenmodes defining the relevant dispersion
relations). This can be recast as a simple transport equation
of the form

v,- VU, + (V-9,)U,
1 - L
= Zgu}/ya)za()(B . €*)e’(k“'x‘®)A* +Hec., (75)

where

1
|6B|2 += 5E*6w(a)el])5E

B (76)

This transport equation can be solved in a manner similar to
the case of the isotropic resonance, with the result being
given by

rw*gs, B 1

Pa—sy =3 P .
2 k oy 2
a« |w,0w, + @,0,0p|

(77)

This result has been confirmed in numerical simulations in
Ref. [35]. Notice, that as before, this approach relies on the
assumption that the background is sufficiently slowly
varying that the WKB approximation can be applied. As
argued in the Introduction, this is not always the case.

D. Behavior near cutoffs and resonances

In an isotropic plasma, the dispersion relation of the
ordinary mode is given by w* = k* + w?. Here, one can see
the appearance of a cutoff in the dispersion relation at
® = w,. Alone, this feature is not particularly interesting,
as it merely represents total reflection of any incident wave.

The story becomes slightly more interesting in the
context of a magnetized plasma. Here, the momentum of
the LO mode and Alfvén modes are given by
*(w* — w3

2 2

k2 _
- )
w* — w? cos? 0

(78)

where the LO mode exists only for ® > @), and the Alfvén
mode exists only for @ <, x |cos|. Notice that the
expression for k implies the existence of both a cutoff at
@ = w,, and a resonance at @ = ®,,|cos Op|. These features
are nicely illustrated in Fig. 3, where we plot the LO and
Alfvén modes for various angles as a function of w/w,,.
Typically, one only expects the axion to mix with the LO
mode—this follows from the fact that the Alfvén branch is
subluminal, ® < k, while the axion is superluminal, @ > k
(the inherent mismatch in the energy-momentum leads to a
huge supression of any mixing). When the plasma gradient
is large, however, and the spatial separation of the reso-
nance and cutoff small, one can tunnel directly from the LO
branch to the Alfvén branch. In the context of axion
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FIG. 3. Comparison of the LO (bottom right quadrant) and

Alfvén (top left quadrant) modes, plotted as the ratio of k/w vs
the ratio of w/ @, for various values of @5 (relevant values, in
radians, are written next to each curve). For reference, we also
provide an illustrative example for the axion in red, highlighting
the level crossings with the LO mode using small red points.
Despite one mode being superluminal (LO) and the other
subluminal (Alfvén), one can see the cutoff (occurring for the
LO mode at w/w, =1) in the dispersion relation become
increasingly degenerate with the resonance of the Alfvén mode
(occurring at @ = w,| cos @) in the limit that 65 — 0. Should
the background vary sufficiently quickly near the cutoff and
resonance, one will expect a nonzero tunneling probability of any
incident wave (see sections below).

physics, this mechanism provides an alternative indirect
means for exciting subluminal plasma modes. Below, we
describe how this phenomena arises in standard
electrodynamics.

Starting from the wave equation with an anisotropic
dielectric tensor, one can write the differential equations
for each electric field component; for a wave traveling in the
x-direction, and assuming all gradients of the background
media are aligned with this direction (allowing one to reduce
the functional dependence E(X) = E(x)), this reduces to

_ wjcosOgsinby

2 2

= 79
w® — @} cos? O (79)

X

0RE, = wj, cos Oy sin OF, + (w3, sin” Oy — w?)E,, (80)
PE. = —a’E.. (81)

Inserting the longitudinal solution into the differential
equation for E, yields

E, (82)

Here, one can see the cutoff structure arising at ® = w,,, and
the resonant structure arising at @ = ), cos 0. Expanding
the plasma frequency near the resonance, a)f, =Q~ Q(x,) +
0,Q|, (x—x,) with Q(x,) =w?*/cos*0p. Plugging in this
substitution and expanding x to leading order about x, yields

2

5
PE, - —2 (—1 + (x—)> E,=0. (83)

cos? @y xX—x

where we have assumed the cutoff and resonance are
sufficiently close that one can write &x., = (x,—x, )=
(0> -Q(x,))/(0,Q[, ). Redefining x — £cosbp/w + x,,
one arrives at the known “Budden equation” [95,96],

_5xcr(L)
PE 14— st Vg, 84
&=y + < + §+ ic y ( )

where we have made it clear that the integration of the
solution must be done in the complex plane in order to avoid
the singular point at the resonance.

We can now look for solutions which respect the
asymptotics of the problem of interest: namely an incident
wave which is partially reflected, and partially transmitted.

The solution to this equation yields a Landau-Zener—like
conversion probability,

P.=e™™, (85)
where

w*(sec?Op — 1)  w*tan? Oy
200w, 2|0,w,|, ’

n= (86)

s,

and when moving to Eq. (86), we have assumed thaty < 1.
Roughly speaking, this result shows a non-negligible
excitation amplitude when the separation between the
cutoff and the resonance is small with respect to the
wavelength of the photon. Note that there appears to be
a divergence in Eq. (86) at 03 = x/2—this corresponds to
the limit in which the resonance, located ®,(x,) =
@/ |cos B/, is infinitely separated from the cutoff, breaking
the assumptions in derivation above.

This is a nice result, however it relies on a number of
assumptions—namely, the existence of a stratified medium
(allowing the functional dependence on E to be reduced to
one dimension), the ability to locally expand and solve
between x, and x., and the assumption that the spatial
variation of the amplitude is driven merely by the tunneling
effect. In generalized backgrounds, and in the scenario in
which the LO mode is being simultaneously excited by the
background axion, this approximation is likely to break
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down. We demonstrate in the sections below how one can
numerically reconstruct the Alfvén mode which is indi-
rectly excited in this manner, allowing for the tools
developed here to study axion-induced mode conversion
across a wider range of scenarios.

E. Alternative approach to axion-induced electric field

We started this section by arguing that energy dissipation
could occur via on-shell photon production, or indirectly via
the work done by axion-excited electromagnetic fields on
the ambient plasma. Above, we have provided various
examples to illustrate how these fields on electromagnetic
modes can be produced, and under what assumptions these
results are valid. The case of indirect energy dissipation
represents a scenario which is often highly suppressed.
There are two reasons for this: first, the harmonic oscil-
lations in the axion field imply there is often a high degree of
cancellation between different phases, and second, the
presence of a dense medium with w, > @ can heavily
suppress the effective amplitude of the induced electric field.
The former effect can be partly evaded if there is net energy
dissipation on timescales much less than the oscillation
timescale of the axion. The latter effect can also be partly
evaded, as recently discussed in Ref. [23], if there exist small
plasma underdensities, as can often arise in astrophysical
settings. Here, we briefly discuss how this effect can arise,
and demonstrate in the later sections numerically how the
electric field behaves in various regimes.

One should effectively think of this problem as being
similar to that of an axion haloscope—namely, one is
hoping to solve the vacuum wave equation in Eq. (13) with
boundary conditions. Let us focus on the case of an
isotropic plasma which fills most of the space, except a
small cubic region of characteristic scale size L. We will
take an axion plane wave solution propagating in the x
direction, and a perpendicular magnetic field in y direction.
We will always work in the small coupling limit, such that
the external plasma can be treated as local. Outside the
vacuum region, the dense plasma drives the electric field to
zero, producing an effective cavity. Is it the imposition of
these boundary conditions which are what differentiate this
solution from that of Egs. (14)—-(16)?

In order to derive solutions for the axion-induced electric
field, we begin by noting that the homogeneous solution
inside the cavity (and respecting the boundary conditions,
which force £, = 0 on the boundary) supports a discrete
set of modes, E(¥) =Y, ¢,&,(X), where the modes are
given by

mn
egcmnp)(x) _ . p2 E(()mnp)

X €OS (ﬁ) sin <@> sin <ﬁ> (87)
L L L

e&m"" )(X) = Eém"p ) sin (_mzrx) cos (’lﬂ) sin <¥),
(88)
(mnp) o pn (mnp)
) =R
x sin <@) sin (@) cos <ﬁ> (89)
L L L

where m, n, p are integers, and Eém"p ) a free amplitude.

Plugging this solution into the sourceless wave equation,

one can see that each eigenstate has an energy

2 . .
Opnp = 4 (m* + n* 4 p?). The axion-induced wave equa-

tion can be solved by plugging in this solution, projecting
onto a given state, and exploiting the orthogonality to find
the weight coefficients, as follows:

_ w? —JayyaB 64 m? + p?
mnp = 79

C .
Wy — 0* Eém"f’) mnpn’ m* + n? + p?

(90)

Notice in the limit that @ — 0, only the lowest-order state
contributes, and the induced electric field amplitude scales,
relative to the vacuum field, as |E|/|E"™|xw?/w?,, «
(m, x L)?. Here, one can see that the parametric suppres-
sion of (m,/w,)? was traded for a suppression of
(m, x L)?, which may imply that the naive in-medium
suppression is not nearly as severe as one would have
otherwise thought.

The above example is oversimplified. The suppression at
the boundary will rarely ever be perfect, implying that the
electric field will leak across the boundary for realistic
plasma densities. In addition, in anisotropic media, the
boundary conditions are modified, since the plasma does
not guarantee a suppression for all electric field compo-
nents (recall that the plasma response becomes one dimen-
sional). We return to comment on the impact of such
variations below.

F. Radiative energy losses from inhomogeneous axions

Before continuing, we comment on one final scenario in
which energy can be lost by an inhomogeneous axion field,
and which is not explicitly included in the examples above,
but has been studied previously in Ref. [23].

Starting from Egs. (8) and (9), one can derive wave
equations for the electric and magnetic fields excited by an
axion in a large background B field, assuming no back-
ground charges; the result is given by

(02 = V2)SE = Vp,, + 0,d e (91)

(02 = V2)5B = =V x I, (92)
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with p,,, and J 4 being the axion charge and current density.
Using Green’s functions, assuming an axion field profile
o e~ and working in the far-field limit |X — ¥'|/|¥] < 1,
one finds

. e—ileriw)_c' . -
oF = / PR e (Vp, (7)) = i0] 4 (7)),
T\ X
93)
R e—ithriwfc . i - N
5B — _Tm/ d3x/e—tmx-X/‘x‘(v X Ja,x(x/))’ (94)

where we have redefined the charge and current densities so
as to factor out the harmonic oscillation, 7ae = 7a,xe"'“”
and Pae = paxe_iwt'

Let us now restrict our attention to a localized, spherical,
clump of axions which extend over a scale L~ 1/k.
Assuming that the background magnetic field is sufficiently
uniform over this region, and that k < @, one finds

—iwt+ioX

- e -
OF ~ — = 5 ] Ja X 95
4z|X|0k Wla, (%5)
. e—iwt-&-iw} oL
5B=_,—2ikx./ax, (96)
47|X|w*k ’

which is equivalent to the expression derived in Ref. [23] in
the limit that k ~ @. One can immediately see from this

equation that there exists a nonzero Poynting flux, <E X I§),

so long as k has some component nonparallel to B. In
general, the radiated luminosity L will scale as

(L), ~ 47|3]6E x 5B

1
X &ggyyBéaz’ (97)
where in the second line we have factored out the functional
dependencies. This radiative process is usually highly
inefficient in most contexts of interest, unless very high
field configurations can be generated. We will not discuss
this possibility further.

III. SIMULATIONS AND RESULTS

A. Numerical setup

We start by giving a brief outline of the time- and
frequency-domain simulation codes used in this work.
More details are provided in Appendix A. Note that while
in the previous sections the computations have been carried
out considering fields that propagate along the x axis, in our
numerical simulations propagation is along the y axis.

1. Time domain

We evolve the system directly in the time domain by
solving the coupled evolution equations as an initial-value
problem on a numerical grid. The field equations are reduced
to a set of first-order evolution equations using the formalism
of the 3 4+ 1 decomposition, and then discretized on a 2D
spatial domain, assuming homogeneity along the third
direction. Time integration is performed with the method
of lines: spatial derivatives are computed using fourth-order
finite-difference stencils, while the time evolution is carried
out with a sixth-order Runge-Kutta integrator.

We found that evolving a large uniform background
magnetic field can introduce numerical errors that accumu-
late over time and may compromise stability. To mitigate this
issue, we split the magnetic field into a fixed background
component and a dynamical foreground perturbation. Only
the foreground part is evolved numerically, while the total
field (background plus perturbation) is used when evaluating
the source terms in the evolution equations.

We employ periodic boundary conditions, making sure
to set the grid dimension in such a way that, taking also into
account the geometry of the problem, signals reaching the
boundaries do not arrive to the region of interest during the
simulation time.

We are interested in studying the scattering of the axion
wave packet on a strongly magnetized plasma. We there-
fore construct initial data by first setting a plasma profile
characterized by a rectangular barrier (in the x and y
directions) on top of a small background plasma density.
Then we add an axion wave packet that has a Gaussian
profile along the y direction, and extends all over the grid
along the x direction. Such wave packet is placed in a
region sufficiently far from the barrier, where the plasma
density assumes the background value, and it is constructed
as a vacuum propagation eigenstate. In this way, the packet
can propagate across the domain without significant mode
splitting before interacting with the plasma structure. This
setup allows us to simulate the fully nonlinear dynamics of
the fields and the plasma with sufficient accuracy.
Additional details of the numerical method, the mag-
netic-field splitting, and the initialization procedure are
provided in Appendix A 1.

2. Frequency domain

In the frequency domain, one directly solves the field
equation, Eq. (61), on a predefined grid. This is done in two
dimensions, with no need to solve for the motion of the
plasma, since this is implemented directly via the dielectric
tensor. In that sense, the frequency-domain simulations
allow for the computation of properties across a wider
dynamical range that the time-domain simulations; this
comes at the cost of losing dynamical information, and the
ability to deal with scenarios for which nontrivial time-
domain dynamics arise (such as in one of the examples
which will be provided below).
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We adopt an approach which closely follows that of
Ref. [35]. Namely, we impose a perfectly matched layer
(PML) around the boundary of the simulation domain,
which serves to damp waves and suppress spurious
reflections. We impose a magnetic field profile across a
subset of the domain, which is constant in a rectangular
region, and which is suppressed via a sin? function along
the boundaries, where the suppression takes place over a
handful of grid points—this procedure is necessary in order
to avoid having sharp features of the magnetic field help
source electromagnetic fields. We adopt monochromatic
axion plane wave solutions, with each simulation taking a
different initial axion velocity, with values ranging from
v, ~ 0.1 to v ~0.7; in each case, we ensure that the axion
wavelength is always resolved with at least 28 grid points.
Details on the specific functional forms and values of each
simulations are included in Appendix A 2.

An important difference between the two approaches is
that the frequency-domain simulations rely on a dielectric
tensor, evaluated in the weakly or strongly magnetized
limits, whereas the time-domain simulations directly evolve
the underlying plasma and electromagnetic equations. As
we will see below, the two approaches show good agree-
ment in the regimes where they can be directly compared.

B. Breakdown of the WKB approximation

Having outlined the procedure of the time- and fre-
quency-domain simulations, we now turn our attention
toward their application. We begin by studying the most
straightforward scenario: the case in which a rapidly
varying plasma leads to a breakdown in the WKB approxi-
mation in the vicinity of the resonance. The intuition and
qualitative understanding of this limit is relatively easy to
understand (although, may be somewhat counterintuitive
for those familiar with resonant dark photon mixing), and
thus serves as a natural sanity check for ensuring the
convergence and consistency of the simulation results.

1. Time domain

We perform three sets of simulations in which we test
the transition from the regime where the plasma is slowly
varying, to the regime where plasma varies in a steplike
behavior, and nonresonant conversion becomes dominant.
While here we will report some quantities using international
units, our code uses rationalized Heaviside units, with
c=h=1, so that the electron mass is set to be
m, = 511 keV, and the elementary charge to e = /47 /137.

In all the runs, we use g,,, =4 x 1072 eV~ (although
this is not particularly relevant, as we present renormalized
quantities), and B, = 10~ T, along the x axis (note that this
corresponds to a cyclotron frequency w, ~ 10~ eV). The
plasma density on the background is set to 72y, = 1076 cm™,
yielding a plasma frequency ), yx, = 3.70 x 1074 V. The
mass of the axion is set to m, = 10719 eV, and the central

wave number of the packet is k, = 2.06 x 1071 eV, which,

on the background, yields a frequency w, ~ \/m2 + kj =
229x 1071 eV (note that this configuration yields
w.> w,w,, corresponding to the magnetized limit), and
a group velocity v, = ky/w, ~0.9. In each set, we use a
different value of the plasma density at the top of the barrier,
which correspond to different mixing angles, and allows us
to perform multiple tests of the transition towards the regime
of nonresonant conversion. Specifically, we select n,,,, =
{10,15,20} cm™3, corresponding to @y max = {1171,
1.435,1.657} x 1071% eV. Note that @) max 18 always
smaller than w,, so that both the photon and the axion
propagate inside the barrier after the conversion. However,
for smaller values of n,,,, the plasma frequency is closer to
m,, causing the wave packets of the photon and the axion to
have similar group velocity and taking longer to separate. In
each set of simulations, we vary the parameter W in
Eq. (A39), which sets the steepness of the boundaries of
the barrier, in the range 0.01 km™' < W < 10 km~!. The
parameter x; is set to x, = 0 km, while y, to y, = /,/2, in
such a way that the boundary where the conversion takes
place is at y = 0 km. The transverse width of the barrier is
[, = 5000 km, while the Ilongitudinal is varied in
1250 km < I, <6000 km. This is done in order to optimize
the computational cost, as the size of the plasma barrier
along y also affects the extension of the grid that has be used;
we aim to minimize /, based on the parameter W and the
space the two wave packets take to separate, which depends
on Ny, The amplitude of the wave packet is set to A = 1,
its width to o3, = 0.05k,, and its initial position is varied in
the range —2500 km < y, < —400 km, with the purpose to
place the packet sufficiently far from the left boundary of the
plasma barrier, while trying to minimize the time to reach it.

Let us now focus on the numerical grid. The base grid
step is Ax = Ay = 5.6 x 10% eV~!, but is decreased up to
Ax = Ay = 1.2 x 108 eV~! for large values of W, in order
to resolve the boundaries of the plasma barrier. The time
step At is set to At = CFLAz/v,, where CFL is the
Courant-Friedrichs-Lewy factor, and is set to 0.1, while
v, is the largest phase velocity in our setup, which is the
phase velocity of the photon inside the barrier, estimated as

v, 2 w/k, 0, [\/0} —®% . The total time of inte-

gration T is large enough that at the end of the simulation
the conversion process has completed and the two wave
packets have separated. Concretely, 7 is of the order of
T ~ 10'2 =103 eV~!, which allows the axion wave packet
to travel for a distance L = v,T ~ O(10* km). The posi-
tion of the left boundary of the computational domain along
the y axis, y_, is varied across the simulations to reduce
the computational cost, keeping it at a distance from the
initial position of the wave packet of at least L. The right
boundary y, ., is instead placed sufficiently far from the
right boundary of the plasma barrier, y = [, varying its
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value on the basis of the steepness parameter W. Typically,
the distance between y, ., and y =1, is 10 km when

W < 1.3 km™!, but can decrease up to 50 km for larger
values of W. Lastly, since we wish to consider a setup that is
homogeneous with respect to both the transverse directions,
we set the numerical grid to extend for only two grid point
along the x axis.

The general dynamical behavior can be observed in
Fig. 4, where we plot some snapshots of the simulation with
W = 1.3 km™! and n,,,, = 15 cm™3. Here, the upper panel
shows the profile of the axion, and the lower panel the
profile of E*, i.e. the component of the electric field that is
parallel to the background magnetic field. Different colors
denote different snapshots, and the gray dotted line is the
profile of the plasma density, extracted at t = 0 ms. The
horizontal black dashed line denotes instead the value of the
axion mass, m,. As we can see, the simulation starts with a
wave packet of the axion in the unmixed basis, so that it
possesses a component of the electromagnetic field. After
the packet crosses the boundary of the barrier, it undergoes
a conversion process, and three wave packets emerge: a
left-moving photon wave packet, a right-moving photon
and a right-moving axion in the unmixed basis. The former
has a small amplitude and it is barely visible in the plot.
Instead, the wave packets propagating toward the right are
initially overlapped and then gradually separate, due to the
fact that they have different group velocities, with the
photon being slower, as @), n.x > m,. The component of
the axion field in the propagation eigenstate corresponding
to the photon is not visible, since it is too small compared to
the scales shown.

We extract the conversion probability as

g _F g
Pa—y = E‘ ! = _E_f'p’ (98)

where &; and & ¢ are the energies per unit surface of the
axion, extracted at times sufficiently before and after the
conversion process, respectively. Note that we typically
renormalize the conversion probability by an amplitude
Po, since the choice of g,, (and to some degree, also
By) in our simulations is arbitrary. The axion energy density
is given by

1
Pa=3 [ + O3 + O5 + mza?], (99)

and we estimate £ evaluating p, on a one-dimensional slice
along y, and integrating it from the initial position of the
axion wave packet to the right boundary of the plasma, as
follows:

1
5:5/ dyll? + @2 + 2 + m2a’].  (100)

Yo

— t=0ms — t=28Tms — t=5T4ms

— t=143ms — t=43ms t=T717ms

: : : : : :
..................................................... 710-15
_____ T ___1-----————————0.10 o
0 : g
: Joos 3
—5x 107 12f :
71><107“7.................. AT =0.00
‘ ‘ ‘ ‘ ‘ ‘ ‘
‘ ‘ ‘ ‘ ‘ ‘ ‘
5x 1075} :
e S R— . - —0.10 —
5 i1 :
e 0 :
S Joos 3

—5x 1072}

1x 1071

5x 10712 F

aleV]

40.00

~1000 ~500 0 500 1000 1500 2000
y [km]

FIG. 4. Snapshots of the evolution for the simulation with
Nmax = 15 cm™, and W = 1.3 km™' in the region close to the
boundary of the barrier. The upper panel shows the profile of the
axion, while the lower panel the profile of the component of the
electric field that is parallel to the background magnetic field, E”.
Different colors refer to different snapshots. The horizontal
dashed line indicates the value m,, while the gray dotted line
denotes the profile of the plasma frequency, extracted at the
beginning of the simulation. The simulation starts with a wave
packet of the axion in the unmixed basis outside the barrier. When
it enters the plasma, it undergoes a conversion process. A photon
wave packet is produced, which propagates towards the right
together with the axion. Since they possess different group
velocities, they gradually separate, with the photon traveling
more slowly. An additional wave packet of the electromagnetic
field propagating toward the left is also produced in the con-
version, but its amplitude is substantially smaller, and it is barely
visible in the bottom panel.

The use of the energy per unit surface in the computation of
Pu—,» instead of the energy £ = [, d*xp, is justified by the
fact that we are considering a system that is homogeneous
along the x-z plane, so that the surface terms cancel out when
computing the ratio in Eq. (98). The decision to start the
integration at y, allows us instead to get rid of left-
propagating components of the axion, which might appear
due to the approximations in constructing the initial data.
The behavior of the conversion probability we obtained
from our simulations is shown in the left panel of Fig. 5,
where each color identifies a set with the corresponding
value of the plasma frequency at the top of the barrier. The x
axis displays W4,, which estimates the steepness of the
boundary of the barrier compared to the variations of the
fields, as the ratio between the wavelength of the axion at
the beginning of the simulation, 4,, and the scale over
which the plasma varies at the boundary, ~W~'. The gray
solid lines represent the conversion probability estimated
with the Landau-Zener approximation, Eq. (60), computed
setting the position of the right boundary far to the right, so
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FIG. 5. Normalized conversion probability for an axion traversing a magnetized medium as a function of the inverse spatial gradient

scale of the background plasma W, normalized in units of the axion de Broglie wavelength, for the time-domain (left) and frequency-
domain (right) simulations. In the time-domain simulations, we adopt an axion mass m, = 107!% eV, a group velocity v,=0.9, a
coupling constant is g,,, = 4 x 10712 eV~! and a background magnetic field By = 10~ T, and we run the simulations for three values
of the maximum height of the plasma boundary ®,, .. In the frequency-domain simulation, we instead show results for an axion mass
m, = 107 eV, an axion velocity of » = 0.7 and a background magnetic field strength B, = 10 T. In both cases, we compare the
simulation results (dots) with the analytic expression for the resonant conversion probability given in Eq. (77), and with the nonresonant
conversion probability (neglecting the sharp boundaries). Both figures show excellent agreement with the limiting cases, with deviations
from these asymptotic results occurring near WA, ~ O(1) values. This result provides confidence that both time-domain and frequency-
domain simulations are capable of accurately resolving resonant and nonresonant dynamics in a regime where the WKB approximation

is strongly violated.

that only the left boundary matters. The dotted lines instead
represent the estimates obtained assuming nonresonant
conversion, as discussed in Sec. IIB 1. As we can see,
for small values of W4,, when the slowly varying plasma
approximation holds, the packet undergoes resonant con-
version, and the probability is correctly estimated by the
Landau-Zener formula. For large values of W4, instead,
the nonresonant process dominates, and the conversion
probability approaches a constant value, obtained by
reprojecting the initial state in the two new propagation
eigenstates.

2. Frequency domain

In the frequency domain, we perform simulations using
an axion mass m, = 107> eV* and with various orientations
of the magnetic field, including 8z = 90° and 6y = 45°,
with the former corresponding to the limit of an isotropic
plasma. The background magnetic field l_éo is implemented
over a large smooth subdomain of the simulation with

*Note that the time- and frequency-domain simulations are
performed using different mass axions and different scales purely
for historical reasons—our results are always presented in terms
of renormalized quantities, and thus the physical scale is of no
relevance to the physics of interest.

constant magnitude and length 50/, and a sin> smoothing
region is imposed on the boundary of this region, extending
over 251, on each side. We begin by imposing an axion
plane wave solution with a velocity v = 0.7 (corresponding
to @~ 1.4m,), and with an initial velocity perpendicular
to the plasma barrier. The computational domain has
dimensions 16 x 16 m, corresponding to approximately
126.6 x 126.64,,. The plasma frequency varies only along
the axion propagation direction (the y coordinate) and is
given by

a)p(y) = Wp bke + (a)p,bkg - wp,max)(51 + 52 - 1)’ (101)
where §; = [1 + V10" and 6, = [1 4 e"2072)] 7 are
sigmoid functions. The parameter y; is chosen such that the
first level crossing (w, = m,) occurs at the center of the
simulation domain, and the barrier gradient is controlled by
W, = —-W, = W. We consider two values of the maximum
plasma frequency, @) max = {1.2,5.86}@, s; in the case of
the former, the sourced photon can propagate freely through
the barrier, while for the latter there is total reflection.

As in the previous section, we calculate the numerical
conversion probability for varying gradients of the plasma
frequency. The results are shown in the right panel of Fig. 5
for the isotropic plasma limit (for direct comparison with
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FIG. 6. Same as the right panel of Fig. 5, but taking 65 = 45°.

the time-domain simulation), and in Fig. 6 with 65 = 45°.
Results are shown in both cases for the two different
amplitudes of the plasma barrier, and in both cases y, is set
to a large enough value to fall outside the simulation box,
so as to simulate a single-sided barrier. As observed in the
time-domain simulations, one begins to see deviations from
the analytic predictions of the resonant conversion prob-
ability when the spatial variation of the plasma is fast with
respect to the de Broglie wavelength of the axion.

In order to better understand the behavior at large plasma
gradient, we can plot the conversion probability as a
function of the width of the plasma barrier (for a fixed
value of W41, =23), parametrized via A, =y, —y.
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FIG. 7.

Varying A, between 0 and O(10) x 4, allows one to
smoothly control the strength of the nonresonant conver-
sion probability—this result is shown in Fig. 7 (for two
heights of the plasma barrier, 1.2 - @y s and 1.3 - @, ),
and is compared with the theoretical expectation, which is
computed directly using Green’s functions. Note that the
slight phase shift observed between the theoretical and
analytic results is a consequence of finite spatial resolution
effects; see Ref. [35].

C. Subluminal mode excitation

Having accurately captured the quantitative behavior of
the mixing of the axion and the LO mode in the regime of
strongly varying plasma gradients, we now turn our
attention to the more interesting problem of what happens
when axions are exciting plasma modes which are simul-
taneously mixing with other modes. As mentioned in
Sec. II, this mixing behavior is expected when the spatial
separation between a cutoff and a resonance in plasma
mode dispersion relations is small—the WKB approxima-
tion is naturally violated in the vicinity of the cutoft/
resonance, and thus it is possible to generate tunneling from
superluminal to subluminal plasma modes. This opens a
new possibility for the interactions of axions in nontrivial
backgrounds.

Since the Alfvén mode is directly generated, and exists
exclusively, in a localized region of high plasma density,
this problem is most naturally studied in the time domain
(as one can more clearly differentiate axion induced electric
fields from on-shell plasma modes). Below, we outline our
simulation procedure and our analysis.

Wp max = 13- Wp,res
I I
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Analytical (green) and simulated (blue) conversion probabilities in the frequency domain for two different amplitudes of the

plasma barrier, @;, . as a function of the width of the plasma barrier A, (defined in units of the axion de Broglie wavelength 4,,). Here,
we can clearly see the relative trade-off between resonant and nonresonant conversion, with the former corresponding to the limit of
large A,, and the latter corresponding to the limit in which A, — 0. Note that finite resolution effects naturally lead to an unavoidable
phase shift in the oscillatory nature of the nonresonant conversion; see Ref. [35] for a discussion.
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1. Results

In order to check if the Alfvén mode is produced, we
perform a set of simulations in which we vary the angle 05
between 10° and 90°. The axion mass is set to
m, =5x 107" eV, and the central wave number of the
packet to ky = 9.8 x 10~!! eV, so that its frequency is, up

to O(g3,,) terms, o~ \/m% + ki =1.1x107'" eV, and
the group velocity is v, = ky/w ~ 0.891. The width of the
wave packet is set to o;, = 0.05k, its the central position to
7o = 0 km, and its amplitude to .4 = 1. The intensity of the
background magnetic field is chosen in such a way that the
cyclotron frequency is 10 times larger than the axion
frequency By = m,w./e = 10m,\/m3 + k3/e, while the
coupling constant is set to g,,, =4 x 10712 eV~!'. The
plasma barrier is centered in (xg, yo) = (0, 825) km, with
extensions ([, [,) = (5000,650) km. The value of [, is
significantly larger than the extension of the grid in the x
direction, so that the corners of the plasma barrier are
outside the domain of integration; this simplifies consid-
erably the dynamics, making the identification of the
Alfvén mode easier. The parameter W appearing in
Eq. (A39) is set to W = 0.1 km™', and the background
plasma density to ny, = 107 cm™, which results in a
plasma frequency @), o = 3.7 X 10~'% eV. The parameter
Npax 1S Set to  np, =20 cm™  (corresponding  to
@pmax = 1.66 x 10719 V) for the simulations with
0 > 20°. For lower angles, the group velocity (given by
v, = dyw) of the Alfvén mode starts getting closer to that of
the axion-induced electric field, and therefore the two wave
packets take longer to separate. In order to keep the
computational cost constant, in the cases with 6z < 20°
we counteract the increase in the group velocity of the
Alfvén by gradually decreasing 7,,,y.

The numerical grid extends in [—650km,650km] x
[-500km, 1400 km], with grid steps Ax=Ay=1.5x
10°eV~! =296m. The time step is set to At = CFL%,

where v, , = \/m2 + k3 /ko is an estimate of the phase
velocity of the axion, and the CFL factor is set to 0.2. Lastly,
the total integration time is set to T = 4.49 ms, which allows
the axion wave packet to travel 1200 km.

After performing the set of simulations, we obtain that
the Alfvén mode is not produced in the cases with
0 > 50°, in agreement with theoretical expectations (this
follows from the fact that the resonance occurs at
@ = w,|cosfg|, and for larger O the rhs is always less
than w). For 85 < 40°, one instead sees the appearance of a
new wave packet inside the plasma barrier, being sourced
only after the axion encounters the resonance point. We
also check that the systems maintains homogeneity along
the transverse directions by comparing the profiles of the
fields at + = 4.39 ms on two slices along the y axis, and we
obtain that they coincide up to machine precision for all the
simulations. Taking advantage of this, we repeat the

simulations with 0z < 40° using a grid that extends for
only two grid points along the x axis, and increasing the
spatial resolution by a factor of 3. In some selected cases,
we also consider longer integration times, to be able to
better characterize the Alfvén mode. In the following
paragraphs, we will only refer to data extracted from this
second set of runs.

In order to show how we identify the Alfvén mode, in
Fig. 8 we plot some snapshots of the simulation with
05 = 34°. The x and y components of the absolute values of
the electric field are represented by solid lines in the upper
and lower panels, respectively, using different colors to
identify the time steps. The dotted line denotes the profile
of the plasma frequency, extracted at the initial step. The
red horizontal dashed line indicates an estimate of the axion

frequency, w, = \/m2 + k3, while the green and black
dashed lines represent the resonant frequencies of the

axion, @ ~ e @ , and the Alfvén mode,
\/mﬁ cos? O+l sin® O

w ~ w,/cos By, respectively. The simulation is initialized
with an approximation of a wave packet of the propagation

—— t=2351lms
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— t=263ms
T T

— t=0ms
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FIG. 8. Snapshots of the absolute values of E* and E” at dif-
ferent time steps for the simulation with 8z = 34°. Solid lines of
different colors denote the profile of the electric field at different
time steps; the gray dotted line denotes the plasma frequency; the
red dashed line represents the axion frequency estimated as

w, = \/m> + kZ; the green dashed lines represents the resonant
frequency @ = ———"2%—; the black dashed line denotes
4/ mg cos” Op+wy sin” O

the Alfvén mode resonance @ = w,/cos 0. At the beginning of
the simulation, the electric field is only given by the axion-
induced component of the wave packet. When the axion enters
the barrier the conversion takes place, and an LO mode is
produced and propagates towards the left, as it cannot penetrate
the barrier. The axion-induced electric field component continues
to propagate toward the right, but at later time, a smaller wave
packet forms inside the barrier, which is the Alfvén mode; this
packet is highlighted with a blue rectangle for the snapshot at
t = 4.39 ms (yellow lines).
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eigenstate corresponding to the axion, therefore it contains
a component of the electromagnetic field, that is visible in
the red curve. Since the background magnetic field has a
component along the propagation direction, then EY is
nonvanishing. When the axion reaches the plasma barrier,
the conversion takes place and a photon propagates toward
the left. This is an LO mode, which cannot penetrate the
barrier, as @ < @), .. Instead the axion continues to
propagate, and this is reflected in the electric field it
induces. At later times, a new wave packet appears behind
the axion and inside the barrier, which is our candidate for
the Alfvén mode, and is highlighted with a blue box for the
last time snapshots shown. We also notice a component of
EY that remains at the initial position and does not
propagate. As we will show in Appendix B, this is not
induced by numerical error; however, we do not exclude it
is only related to the approximations in constructing
initial data.

In order to show that the wave packet we identified inside
the barrier is indeed an Alfvén mode, we first display in
Fig. 9 the snapshots of E* and E” at t =4.39 ms for
different runs with fixed values of ®,, .. As we can see in
simulations with lower 0p, the wave packet propagating
inside the barrier has traveled for longer distances; this
means that the group velocity increase as € decreases, in
agreement with theoretical expectations for the
Alfvén mode.

As a further check, we compare the numerical values of
the wave number, the group velocity, and the ratio between
the amplitudes of the components of the mode against
analytical expectations. To estimate such quantities from the
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FIG. 9. Snapshots of the absolute values of E* and E” at t =
4.39 ms for the set of simulations in which we vary the angle @5
and we keep np,,, constant. The gray dashed line represents the
profile of the plasma frequency. We can see that as 0 decreases,
the Alfvén mode becomes faster, consistently with the dispersion
relation, and its amplitude increases.

results of the numerical simulations, we proceed in the
following way: for each run, we extract the data in two time
steps, #; and 7,, and we slice them along the y axis. Then, on
both the slices, we identify the region where the Alfvén
candidate is present. In such regions, we extract the local
maxima of |E”|, and we interpolate them with a spline. We
then identify the maximum of the interpolant and we extract
the wave length 4, from the locations of two nonconsecu-
tive zeros of EY. The wave vector is then estimated as
ky = 2r/24. Note that due to dispersion, the value of k,
obtained with this procedure can vary depending on the
extraction position. The group velocity is instead computed
as vy = (ya(ta) —=ya(t1))/(t2 — t1), where y, (¢, ,) are the
location of the maxima extracted with the interpolation
procedure. Since such values are extracted from an inter-
polation of the local maxima, which are separated by half a

wavelength, we decided to associate an uncertainty £ %A to
the estimate. Lastly, we estimate the ratio R between the
amplitudes of the longitudinal and transverse component of
the mode, as the ratio between the rms of £Y and that of E*
in the range we identify the mode to be in at time #,. The
results are shown in Table I, together with the theoretical
estimates for the parameters we analyzed, coming from the
dispersion relation Eq. (62) and the polarization vector
Eq. (65), as well as the relative discrepancies we obtained
for the wave number and the ratio R.

The agreement between the parameters extracted from
the simulation and theoretical expectations for the Alfvén
mode is remarkably good, with a relative discrepancy on R
and k getting at the percent level for 15° < @3 < 30° The
simulations with 85 = 10° and 5 = 40° are the hardest to
extract the parameters of the mode from, and show worse
agreement. Nevertheless, given the low values assumed in
general by the relative discrepancies, we conclude that the
wave packet propagating inside the barrier is indeed the
Alfvén mode.

The amplitudes for such modes we obtained in our
simulations appear to be orders of magnitude smaller than
that of the axion-induced electric field, or of the LO mode. In
order to better characterize the conversion process, we
decided to run an additional set of simulations in which
we keep the angle 0 fixed to 30°, but we vary the parameter
governing the steepness of the plasma barrier, W. In this set,
we keep 7, = 20 cm™, and we use a barrier centered in
(x0.y0)=(0,1275)km, with extensions ([,,l,) = (5000,
1150) km. All the other physical parameters are assigned
in the same way as in the previous set. As for the grid, we
consider a numerical domain that extends in [—1200 km,
2500 km] along the y axis, and that contains only two
grid points on the x axis, owing to the symmetry of
the system. The CFL factor is set to CFL = 0.2 as before.
For the smallest value of the steepness of the barrier,
W=0.05km™!, we set the grid steps to Ax = Ay =
5.6 x 10% eV™! = 110 m. As the parameter W increases
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TABLE 1. Parameters of the Alfvén mode extracted from the simulations, and comparison with the expected values. k is the wave
number, R denotes the ratio between the amplitude of E” and the amplitude of E*, while v, is the group velocity.

GB [o] Wp max [neV] kexl [HCV] kth [HCV] Ak/kLh 7?fext Rth A7?f/,lzth Vg,ext Avg,ext Vg th
40 0.166 0.185 0.215 -0.14 2.50 3.38 —0.26 0.26 0.09 0.158
37 0.166 0.172 0.185 —0.071 2.11 2.44 —0.14 0.31 0.10 0.242
34 0.166 0.162 0.166 —-0.021 1.77 1.88 —0.06 0.39 0.10 0.332
30 0.166 0.151 0.148 0.018 1.41 1.40 0.01 0.48 0.11 0.454
28 0.166 0.146 0.141 0.033 1.26 1.22 0.03 0.54 0.11 0.514
20 0.138 0.134 0.133 0.0079 1.27 1.29 —0.02 0.51 0.12 0.454
15 0.128 0.128 0.127 0.0045 1.23 1.26 —0.03 0.53 0.13 0.446
12.5 0.124 0.125 0.125 0.0013 1.20 1.28 —0.06 0.56 0.13 0.431
10 0.121 0.122 0.121 0.0093 2.26 1.17 0.92 0.44 0.14 0.462

we adjust the grid spacing and extension to be able to resolve
well the fields, especially at the point where conversion takes
place, and produce a clear wave packet of the Alfvén mode.

In Fig. 10, we show the profiles of the absolute values of
E* and E” at t = 6.56 ms for some selected simulations of
the set. Different colors refer to different values of W,
which is expressed in terms of the axion wavelength
Aqe = 27/ky. Solid lines denote the profile of the electric
field, while dashed lines denote the profile of the plasma
frequency.

As the scale over which the plasma density varies, W~!,
decreases, the amplitude of the Alfvén mode inside the
plasma barrier increases, eventually becoming larger than
the amplitude of the LO mode. For large values of W, it
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FIG. 10. Snapshots of the absolute values of the x and y
components of the electric field at + = 6.56 ms for a represen-
tative set of simulations with 85 = 30° and different values of the
steepness of the plasma barrier. For each color, solid lines
represent the profiles of the electric field, while dashed lines
represent the plasma frequency profiles. As we can see, the
amplitude of the Alfvén mode increases with W, and can even
become comparable to the that of the LO mode.

starts saturating, and the Alfvén mode for Wi, = 75.8 is
barely visible behind the line corresponding to the case
WA, = 37.9. To provide a more quantitative characteriza-
tion of the effect, we estimate the amplitudes of the modes

as the value of \/(E*)? + (E”)? extracted at the peak of the
wave packets. Such positions are identified as the points
where E” assumes its maximum value in 1100 km <y <
1400 km for the Alfvén mode, and as the point where E*
assume its maximum value in —600 km <y < —250 km
for the LO mode. The amplitudes we obtain are shown in
Fig. 11 in terms of W4,, which can be also understood as
the ratio between the axion wavelength and the length scale
over which the plasma density varies at the boundary of the
barrier. Red and blue points denote the amplitudes of the
Alfvén and LO modes, respectively. As we can see, the
amplitude of the Alfvén mode increases with WA, while
that of the LO mode decreases. At WA = 30, they cross each
other, with the amplitude of the Alfvén mode becoming
larger than that of the LO mode. Additionally, we compared
our results with the behavior of the conversion probability
computed in Sec. II D. Since this quantity is expected to
scale with the square of the amplitude, we include in Fig. 11
the square root of the conversion probability in Eq. (85),
appropriately rescaled to cross the rightmost red point (gray
dashed line). As one can see, the analytic estimate
reproduces the qualitative behavior of the amplitude of
the Alfvén mode we obtain from our numerical simula-
tions; it should be emphasized that this comes at something
of a surprise, as the former is computed assuming a
constant amplitude incident LO wave, whereas the effi-
ciency with which the LO mode is sourced is itself a
function of the plasma gradient.

To assess whether Eq. (85) also accurately captures the
dependence of the conversion probability on 05, we extract
the amplitude of the Alfvén mode at t = 4.39 ms from the
five simulations shown in Fig. 9. Since the group velocity
depends on 6, the wave packets are in different locations,
and we adjust the interval over which we search for the
maximum of EY across the different simulations. The
results are shown in Fig. 12, where we plot the amplitude
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FIG. 11. Comparison between the amplitudes of the Alfvén

mode (red) and the LO mode (blue) for different values of the ratio
between the axion wavelength, 1,,, and the typical length scale over
which the plasma density varies at the boundary of the barrier,
W~!. The bottom panel shows a close-up of the behavior of the
amplitude of the Alfvén mode. The amplitude is estimated as the
value of Ay = \/(E*)? + (E”)? at the peak of the wave packets.
We can clearly see that for large values of W4,, the amplitude of
the Alfvén mode becomes larger than the amplitude of the LO
mode. This is a key result of this work, which clearly demonstrates
the indirect excitation of a subluminal plasma with an amplitude
comparable to that of the superluminal modes (i.e. those typically
studied in the context of axion-photon mixing). The gray dashed
line represents the expected behavior of the amplitude of the
Alfvén mode under the assumption of a fixed amplitude incident
LO mode (an assumption which is not intrinsically expected to
hold), obtained as the square root of the conversion probability in
Eq. (85). The gray line has been normalized to the observed value
at large gradient, and appears to reproduce the approximate
functional scaling at lower values of W.

of the Alfvén mode as a function of 0. As can be seen, the
analytical prediction reproduces well the behavior observed
in our numerical simulations.

Let us highlight briefly that the electric field appears to
have a narrow and sharp feature situated directly near the
resonance itself. This peculiar feature appeared across the
mode-mixing simulations, and slightly shifts in location and
amplitude depending on the simulation parameters.
Enlarging this region, we have identified a number of
interesting features. First, we find it is typically located
in between the cutoft and the resonance, with a slight biasing
toward the location of resonance. Next, we find that that its
properties are evolving in time; in particular, we see that the
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FIG. 12. Amplitude of the Alfvén mode at t = 4.39 ms for the
five simulations show in Fig. 9, shown as a function of 6. The
gray dashed line denotes the expected behavior of the Alfvén
mode amplitude assuming a constant incident LO mode, com-
puted as the square root of the conversion probability from
Eq. (85), and rescaled by a constant to intersect the amplitude for
the case 8 = 28°. The analytic behavior is in good agreement
with data from the simulations.

perpendicular component of the electric field appears to
decay (while the amplitude of the longitudinal feature
remains nearly invariant), and the wavelength appears to
decrease with time until it is no longer well resolved. We
investigated whether increasing numerical resolution had
any impact on the reconstruction or properties of the system
(both the peak standing wave feature, as well as the reflected
and Alfvén waves), but these tests were found to always
yield similar results (and there appeared to be no correlation
with loss of overall accuracy—see Appendix B).

Note that the properties of this feature resemble that of a
high-k mode standing wave (namely, a static longitudinal
wave with support at wavelengths below the spatial
resolution of the simulation); the question is how did this
standing wave arise, and why does it remain. As men-
tioned in the proceeding sections, near sharp boundaries
and resonances, the WKB approximation is strongly
violated—the strong breaking of translational invariance
induced by the changing background can lead to violation
of momentum conservation in the wave equation, allowing
the transfer of energy to high momentum modes. This was
not directly seen in the context of the mode-mixing
probability (i.e. the Budden equation), as this equation
only captures the asymptotic solutions; the local electric
field solutions sitting in the region between the cutoff and
resonance are, in general, more complex [96]. This opens
the question of whether the localized standing wave is a
physical feature that can arise in genuine systems, or if it
is a consequence of unphysical assumptions that enter
based on how the simulation was constructed.

Let us note that our fiducial simulations do not include
the possibility of energy dissipation within the plasma itself
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FIG. 13. Absolute value of E* and EY at t = 6.56 ms for
simulations with W1, = 6.3 and different levels of energy
damping in plasma, encoded by the parameter v. The left panels
show the area of the spike at the edge of the plasma barrier, while
the right panels show the area where the Alfvén mode is present.
The red, green and black dashed lines represent the frequency of
the wave packet, the axion resonant frequency, and the Alfvén
mode resonant frequency, respectively, as in Fig. 8. For
V= 10‘4a)a, the effect of the damping term is extremely weak,
and the red curve is barely visible behind the blue one. As v
increases the effect become stronger, and both the spike and the
Alfvén mode get attenuated.
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(the plasma is nonthermal, and electron-ion scattering
processes are neglected). This raises the possibility that
the energy being transferred into the local electric field
solutions remains artificially trapped, with no means of
dissipating. In order to test this possibility, we modify the
equations of motion for the electrons to include an addi-
tional damping term, d,U' o —U’, which ensures there
exists an energy damping mechanism. We rerun the
simulation with WA, = 6.3 in the set shown in Fig. 10
for various values of v. The result is shown in Fig. 13, where
we see that even a small amount of energy dissipation leads
to a very strong suppression of the standing wave (the
Alfvén mode also experiences some suppression, as one
would expect, but on a scale which is orders of magnitude
less than the standing wave feature). This is indeed
indicative of these standing wave features being an artificial
feature arising from a slightly simplified treatment of the
background plasma.

D. Electric field induced in small-scale underdensities

Here, we return to the question of how axion-induced
electric fields can evade the strong parametric plasma
suppression induced by high-density plasmas. As mentioned
in the preceding sections, this can happen when there exists
small localized regions of plasma underdensity (as, for
example, occurs in the vacuum gaps on the polar caps of
neutron stars or black holes). We choose to work in the
frequency domain, as we require a large separation of scales,

|
i

o

=

1y
u" U

FIG. 14. Left: Normalized electric field inside and outside a square, steep plasma underdensity of width 5 ~ 4,. The field outside the
underdensity is strongly suppressed by a large plasma frequency. Right: Detail of a longitudinal section along the axion propagation
direction showing the electric field as the superposition of the nonpropagating axion-induced electric field and propagating on-shell
photons excited by axion-photon conversions through interaction with the surrounding plasma.
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which is most naturally achieved in this setup. We do this by
directly imposing the spatial structure of the plasma fre-
quency in the dielectric tensor—note that this is only a valid
approximation in the limit that the electron motion is small
relative to the boundaries imposed on the underdense region
itself. Effectively, this imposes a constraint on the amplitude
of the axion field and the coupling constant. Moving beyond
this approximation would require time-domain simulations
with appropriate boundary conditions. Since the weakly

coupled limit is typically most natural for the axion, we
restrict our attention to this scenario.

An illustration of the simulation setup is depicted in in
Fig. 14, where a large plasma density, with an amplitude 6
orders of magnitude larger than that of the axion energy,
permeates most of the simulation domain, except a small
region in the center. The magnetic field is instead taken to
be uniform across the simulation domain. In the central
vacuum region, one can see the excitation of the electric
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Top: Total normalized squared transverse electric field (green) and the isolated axion component (blue) for varying length of

the underdensity. As explained in the text, the isolation is performed on the frequency domain by filtering out the high frequency
component. Bottom left: The real component of the total transverse field and its axion-induced component along the middle of the
simulation box in the propagation direction for a particular length of the underdensity. Bottom right: The Fourier transform of the field

and its isolated axion-induced component.
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FIG. 16. Top: Averaged (squared) electric field inside the underdensity, normalized by g,,,aB, for a rectangular underdensity with
varying vertical length scale, y,,;, along the propagation direction. Results are shown for two values of 85, and two different heights of
the plasma barrier. Bottom: 2D representations of the field for two different lengths of the underdensity. Between the two points, there is
a difference of 4 orders of magnitude due to the geometrical resonance caused by the cavity effects.

field, whose amplitude has been normalized to the vacuum
expectation, E ~ g, aB. The boundary transition regions
are taken to be extremely sharp, such that the plasma
frequency transitions from vacuum to 10° x m, over a
distance of 10 cm, with a spatial resolution in the simu-
lation mesh at the level of 40 mm (we have verified
explicitly that this is sufficient to fully resolve the features
of the electric field away from these boundaries). The right
panel shows a one-dimensional projection along the red
region highlighted in the left panel, where one can see that
the signal comprises two distinct components, one corre-
sponding to the axion-induced electric field (shown in blue,
with a wavelength set by the Debye wavelength of the
axion) and one corresponding to an excited on-shell photon
(shown in yellow, with a wavelength set by the axion
frequency). The second component is a genuine electro-
magnetic wave that satisfies the local photon dispersion
relation of the medium; that is to say, it is a solution of the
homogeneous wave equation, not just the directly forced
particular solution. Ultimately, it appears because of the
presence of boundaries, which act like places where the
driven axion field can scatter into true propagating photon

modes. In general, the simulations resolve only the sum of
these two contributions. Since we are primarily interested
in the axion-induced electric field, we must separate these
contributions in postprocessing. This is done by Fourier
transforming the signal region, filtering out the high
frequency component, and going back to real space; an
illustration is provided in the bottom panel of Fig. 15.

In the top panel of Fig. 15, we show the amplitude of the
electric field component aligned with B to the expectation
of the vacuum limit. The green curve shows the full
reconstructed electric field as a function of axion velocity
(plotted as the axion de Broglie wavelength App normalized
to the size of the underdensity y,q), while the blue curve
shows the isolated axion-induced electric field. Here, one
can see that in the limit where the axion wavelength is small
relative to the scale of the underdensity, the electric field is
dominated by on-shell photon production (which in this
case is resonantly enhanced due to the fact that the fixed
background setup is effectively creating a cavitylike experi-
ment, similar to traditional axion haloscopes). After remov-
ing the on-shell contribution, one indeed recovers the
expected amplitude.
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The regime where Apg 2 y,q 1S shown instead in Fig. 16
Here, we also show two-dimensional projections of the
electric field amplitude for two fixed points in the simu-
lation, one corresponding to an on-resonance transition
(left) which occurs when the scale of the underdensity is a
fixed harmonic of the axion wavelength, and one in which
the photon excitation is relatively inefficient (right). The
interest here is in understanding the scaling behavior at
large App, and on the transition region near the boundary
(where the scales are comparable). Here, we include two
calculations, one performed with 0 = 85° and with a
plasma frequency outside the domain w,, ~ 10° x m,, and
one with 6y =60° and w, ~10* x m, (note that it
becomes difficult to reduce the plasma threshold further,
as the electric field leaks out and is not fully damped by the
PML, with the latter effect arising from the fact that we are
studying the large de Broglie wavelengths). Decreasing the
angle and reducing the plasma frequency alters the boun-
dary conditions, shifting them away from the plasma-
induced cavity structure discussed in Sec. II. Here, one

*Note that we plot the full reconstructed electric field in this
figure, rather than isolating the two components and plotting only
the axion-induced field. This is because in the limit of very small
underdensities, it becomes difficult to accurately separate the two
modes—there is a nonzero overlap in Fourier space, which makes
the division obscured.
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Same as Fig. 16 for an underdensity with circular geometry.
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can see residual resonant features extend to Apg ~ 3 X yuq»
followed by a slow falloff at larger values of the de Broglie
wavelength. We have confirmed that in the isotropic limit,
there is a primary resonant feature that appears as
ADB = Yug> With smaller resonances separated at half wave-
length distances; here, it is the anisotropy that shifts the
resonant structure and distributes power more evenly across
the difference resonances. We can see that the anisotropic
plasma also reduces the suppression arising for large Apg,
tending toward the vacuum limit for small angles.

To highlight the role of the plasma geometry in Fig. 16,
we repeat these simulations using a spherical rather than
square underdensity (and using 85 = 85° and with a plasma
frequency outside the domain w,, ~ 10° x m,). The result is
shown in Fig. 17. Here, one can see the resonant structure
of the induced electric field varies significantly, with far
more resonances than in the square underdensity scenario,
but the general structure remains the same.

IV. CONCLUSIONS

The goal of this work is to study energy transfer and
energy loss from nonrelativistic and semirelativistic axion
fields traversing inhomogeneous and strongly varying
magnetized plasmas. This encompasses scenarios which
naturally occur in a variety of astrophysical settings (see
discussion in Introduction, and discussion below), and for
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which analytic approximations often break down. This has
been done using both time- and frequency-domain simu-
lation codes, based on the ones developed in Refs. [64] and
[35], that solve for the induced electric fields and the
excited electromagnetic modes in highly magnetized plas-
mas. These techniques provide complimentary approaches,
and yield consistent results across a variety of test
scenarios.

Arguably the most exciting aspect of this numerical study
is the realization that axions can, in some circumstances,
indirectly excite Alfvén modes (and more broadly, sublu-
minal plasma modes)—and with an efficiency that is
comparable to that of ordinary modes (or, more precisely,
LO modes in a magnetized plasma). This can occur in
strongly varying backgrounds, where the axion is resonantly
mixing with the LO (occurring near w,, ~ m,) at a location
which is very close to the cutoff in the LO mode dispersion
relation (occurring at @ = w),) and the resonance of the
Alfvén mode dispersion relation (occurring —at
@ = w,|cosfp|). When the plasma gradient is sufficiently
large (relative to the axion wavelength), the WKB approxi-
mation is strongly violated, and all of three regimes spatially
collapse into a narrow region—this allows for a simulta-
neous sourcing of LO modes, alongside a tunneling of the
LO modes into Alfvén modes. It is natural to ask whether
such conditions are naturally realized in physical systems.
Let us first highlight that the existence of a close resonance
and cutoff in the dispersion relation is generic for non-
relativistic and semirelativistic axions. What is less common
are the appearance of strong background gradients; however,
these do appear in pulsar and black hole magnetospheres.
For the sake of being concrete, we can consider the case of
axion clouds discussed in Ref. [97], where gravitationally
bound axions with masses 1071% eV <m, <107 eV are
efficiently produced from pair discharges in the polar caps.
At these axion masses, spatial gradients on the ~km to cm
scale are sufficient in order to qualify as “strongly varying.”
Near the surface of the pulsar, strong variations in the plasma
density can be expected near the return currents (along the
last open field line) [98], the null surfaces (defined when the
Goldreich-Julian charge density pgy ~ 0) [99], and in the
polar caps themselves (where pair production has generated
a strongly inhomogeneous phase space distribution) [100].
These are special localized regions, where the gradient can
be comparable to the plasma scale itself, which is close to the
cm scale for typical systems. Similar small-scale structures
may also arise in the case of black holes in the form of
current sheets [101] or so-called spark gaps [102].

In addition to the aforementioned, we have investigated
how strong parametric suppression of the axion-induced
electric field can be evaded in the event that there exist
small localized regions of vacuum (which are natural
expectations arising in a variety of systems). For an
isotropic background with high plasma barriers, one
effectively trades a suppression scaling as (m, /a)p)2 for

one which scales like (L x m,)?, where L is the character-
istic scale of the underdensity. We have investigated how
this geometric suppression operates across different plasma
scales and in anisotropic plasmas (where the boundary
conditions are modified), showing that the geometric
suppression can also be largely mitigated since the
anisotropy of the plasma strongly modifies the boundary
conditions themselves. For low axion masses and high-
density plasmas, this trade-off opens new avenues for more
efficient energy transfer and dissipation in astrophysical
systems.

Let us conclude by highlighting the potential relevance
of these results in physical systems which may be of
interest. First, let us note that traditional analytic
approaches tend to break down when there are strong
background gradients. Such features are natural near
compact objects, which host spatially varying electromag-
netic fields (which drives spatial variations in the plasma
density) and current sheets (i.e. narrow, dense, localized
regions of high current carrying plasma). Moreover, it
should be highlighted that axion dark matter resonantly
sources electromagnetic modes at background densities
very near the cutoff of the dispersion relation of the
ordinary mode (this follows from the fact that axion dark
matter is nonrelativistic, or perhaps semirelativistic near
compact objects)—when large background variations are
present, this implies the axion induced resonance is
occurring while energy is tunneled into the subluminal
Alfvén modes. We have demonstrated here that this process
can, in some scenarios, be quite efficient. This opens the
question of whether there exist novel channels for energy
dissipation in slowly growing high-density axion field
configurations, such as axion clouds [97,103] around
neutron stars or black holes [87]. This mode mixing process
also opens a new possibility of energy transfer through
plasma barriers. For example, previous work on radio wave
excitation from axions near neutron stars have assumed
low-energy photons undergo perfect reflection off the dense
plasma [49,54,58,104,105]—this mixing may offer an
avenue for partially isotropizing highly anisotropic emis-
sion, as e.g. occurs when axion miniclusters or axion stars
encounter neutron stars [52,54,106—-108]. These are merely
representative examples of how the results of these sim-
ulations may be applied in astrophysics—we leave a more
extensive investigation of such effects to future work.
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APPENDIX A: SIMULATIONS

In this Appendix, we provide more details on the
algorithms used for our time- and frequency-domain
simulations.

1. Time-domain simulations

Working in the time domain, we can obtain the system of
evolution equations and constraints with a 3 + 1 decom-
position. In a nutshell, the spacetime is foliated with a set of

spacelike hypersurfaces, and the coordinates are such that ¢
is constant on the hypersurfaces. Then, through a series of
projections onto the hypersurfaces and onto the unit vector
normal to them, it is possible to derive a set of evolution
equations and constraints. Working in this formulation, we
will use both Greek and Latin letters for tensor indices. The
former indicate spacetime components, and run in
{0,1,2,3}, while the latter indicate spatial component,
and run in {1,2,3}.

The ansatz for the line element is

ds* = —(a* 4 p;f')dr* + 2f;dtdx' + y;;dx'dx/, (A1)
where « is the lapse, ' the shift vector, and ¥, ; the spatial

three-metric. The unit vector normal to the hypersurfaces

1 2 3 . .
can be expressed as n# = (é ,— % - % ,— %) This vector is
timelike, and can be thought as the four-velocity of an
observer, which is called Eulerian observer.

Before obtaining the equations, it is necessary to
introduce some definitions. In particular, the electric and
the magnetic fields are defined as [109]

EV = —n, F™",

B* = —n, ", (A2)

which allows us to rewrite the electromagnetic tensor as

F" = p'EY — n’Er* 4+ (et B,, (A3)
where ()etve = p,etvo,

For the plasma fluid, we project the four-velocity #* onto
n* and onto the hypersurfaces, and define the quantities

= —-n,u", Clut = nu, (A4)

where /1, is the projector onto the hypersurfaces. However,
we will not work directly with G)y#, but rather with UH,
which is defined via the relation ®)u# = TUH. Also, the
electron n, is not directly used, but we work
with ng;, = I'n,.

With these definitions, the evolution equations for the
plasma fluid can be expressed as

alr = ﬁalr — aZ/liaiF + (ZFKUUIUJ

~ Ui+ aEU,, (AS5)
oU' = poU —Ua,p — Dia— ald'K ;UU
a e i i iil
+ Fm—e(—u EJZ/{J + E + (3)6'1 Blu/)
+ 2aKiU + UL 90 — al/ DU, (A6)
G,nEL = ﬁiainEL + aKnEL — aZ/liainEL - anELvﬂU", (A7)
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where D; is the covariant derivative with respect to the

three-metric y;;, K, = —hﬁh,‘fvgn , 1s the extrinsic curva-

ture, and K is its trace. Furthermore, we have a constraint

coming from the normalization of the fluid four-velocity:

(1 -Uu) = 1. (A8)

Let us now focus on the equations for the axion. Here we
need to define the conjugate momentum

,Bi

1
[ =n'V,a=--0,a+—D;a. (A9)
a a
Then the evolution equations for a read
d,a = —all + fio;a, (A10)
0,11 = pio,l1 + IKa — aD*a — y"(D;a)(D;a)
+ mkaa — ag,, E;B'. (A11)

Finally, to write the equations for the electromagnetic
field, we need to decompose the current defining the charge
density p = —n,J* and the three-current Gt =n'Jv. In
our case, the current is composed by two terms, accounting
for ions and electrons: J# = J’Zions) + J’(‘ o) Ions are assumed
to be at rest (with respect to the Eulerian observer), while
electrons follow the velocity field »#; thus we have

Thens) = Plong (A12)

JI = —en ' = —eng (0" +U).

0 = (A13)

With these definitions, we obtain two evolution equations:

O,E' = LyE' + aKE' + [D x (aB)' — aeng U’

+ ag,, [1B' + ag,,,|E x Dal’, (A14)

0,B' = L;B' +aKB' —[D x (aE)',  (Al5)
where the arrow indicates a three-vector, while Eﬁ is the Lie
derivative with respect to the shift vector. We also obtain
two constraints, which play the role of the Gauss law, and
the absence of magnetic monopoles, as follows:

DiEi = —Pions) + eng — gayyBiDia’ (A16)

D;B' = 0. (A17)

The equations we derived hold for a generic background
metric. Nevertheless, here we intend only to use a
Minkowskian metric g,, = 1,, = diag{—1, 1, 1, 1}, which
results ina = 1 and ' =0, as well as K;; =0 and K =0
due to flatness. Furthermore, we restrict to systems that are

homogeneuous with respect to the z axis. This reduces the
geometry of the simulation domain from 3 + 1to 2 4 1 and
removes all the terms containing derivatives with respect to
z from the field equations, cutting considerably the com-
putational cost.

To arrive to the final set of equations we used in our
code, one final step has to be performed. Indeed, the system
now contains second-order spatial derivatives of the axion
field a. To reduce it to first order, we introduce the auxiliary
variables ®, = d.a and ©, = dya.ﬁ Their evolution equa-
tions will then be obtained as

0,0, = 0,0,a = 0,0,a = —0d,I1, (A18)
and the same for ©,.

After these operations, we can now write the full set of
evolution equations. For the axion, we have

d,a = —I1, (A19)
0,0, = —0d,I1, (A20)
0,0, = —,I1, (A21)
oIl = -0,0, — 0,0, + m2a
= Gayy(E*B* 4+ EYB* 4 E*B%); (A22)
for the electromagnetic field, we have
0,E* = 0,B* — eng U* + g, T1B* — g, E°®,  (A23)
0,EY = —0,B* — eng U + g,,,11B* + g,,,E°©,,  (A24)
0,E* = 0,B” — 0,B* — eng U + g, 11B*
+ Gayy (E*©, — E¥O,), (A25)
0,B* = —0d,E*, (A26)
0,B” = 0,E*, (A27)
0,B* = 0,E* — 0,E”; (A28)

for the plasma, we have

OT = <Ud,T — Ul + — (EU + U + EUF),
me

(A29)

SNote that, thanks to the assumption of homogeneity on the z
axis, it is not necessary to introduce the auxiliary variable for d,a,
as it vanishes automatically.
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U = %mi [~U (EU + EU + EUS) + E
+U'B* = U*BY] — U o U — U0, U, (A30)
U = %mi U (ESU + B + EUF) + B
+UB* —U B - U U — U, U, (A31)
U = %mi [—UA(EU + EUY + EUS) + EF
FUSBY = U BY] — U0 — U, (A32)
Oynp, = —U 0 ngy, — U dyngy, — ngy (O,U* + 0, UY).
(A33)
The constraints are
0, = d,a, (A34)
0, = d,a, (A35)
0E" + 0,EY = —p(ions) + €ngL
— Guyy(B*O, + B'®,),  (A36)
0,B* +9d,B* =0, (A37)
=T 1= (U2 = (W) = (U] (A38)

Note that, since we are using a Minkowskian metric, we
have V' =V, for every three-vector V; therefore we used
upper or lower indices as convenient.

a. Numerical setup

Numerical evolution is performed with the method of
lines. Spatial derivatives appearing in the rhs of the
evolution equations are computed with the finite difference
method, using centered stencils that guarantee fourth order
of accuracy. Time integration is instead performed with the
sixth-order accurate version of the Runge-Kutta algorithm.
We use periodic boundary conditions, which allow us to
easily perform evolution without introducing numerical
error in the simulation, provided that the initial profile of
the plasma at the boundaries matches (to avoid disconti-
nuities). However, we shall always use grid extensions
large enough that during the simulations signals reaching
the boundaries cannot come back the relevant regions
where interactions happen, in order to avoid artificial
interferences.

In the configuration we are interested in simulating, we
should include a constant background magnetic field By, in
order to allow for conversion to take place. The background
magnetic field cannot be localized in a specific region of the

space, as at the boundaries it would start propagating due to

the term 0 x B appearing in the rhs of the evolution
equation for E. We therefore decided to extend the support

of EO to the entire spatial domain.

In principle, the inclusion of the background magnetic
field could be done at the initialization stage, adding EO to
the initial profile of the magnetic field, and then evolving
the system with the equations derived in Sec. Al.
However, this can introduce numerical errors in the
simulation, and we instead proceeded by separating the

background from the foreground component, expressing B
as B = EO + Efg. Since O,EO =0and a,f?o = 0, we evolve
only the foreground component éfg using Eqgs. (A26)-
(A28), and the other fields by evaluating 0,~§ = 0,~§fg and

B= EO + Efg when they appear in the rhs. It is worth
underlying that this procedure does not involve a linear
expansion of the magnetic field with respect to its back-
ground values, but only a redefinition of the evolution
variable, preserving the fully nonlinear character of the
system.

b. Initialization procedure

The scenario we are interesting in simulating is a wave
packet of the axion (in the unmixed basis) scattering on a
plasma barrier. Let us start by describing the initializa-
tion of the plasma. The initial four-velocity of electrons
is taken to be u* = (1,0), so that I'(x,y,t =0) =1 and
u (x,y,#=0) = 0. The initial plasma density profile n, =
ng(x,y,t = 0) is that of a rectangular barrier, given by

o = Npkg + (Mmax = Moke)

X [o(x —x0s W, 1./2) + o(—(x — x0); W, 1,/2) — 1]

X [o(y = yo; W, 1,/2) + o(=(y = yo)s W, 1,/2) = 1],
(A39)

where ny,, is the plasma density at the background and r,,,,
is its value at the top of the barrier; (xg, yo) is the location of
the center of the rectangle, /, and [, its width across the x and
v, respectively; the boundaries of the barrier are modeled
with the sigmoid functions 6(&; W, &) = (1 + e=W(E=%))~1,
with W encoding their steepness. A schematic representation
of this plasma density profile can be found in Fig. 18. To
complete the initialization of the plasma, we set the charge
density of ions to p(ions) = enpr (X, y,t = 0) = eny, in such
a way that the total charge density p is initially vanishing.
Note that pjons) is taken to be constant throughout the
simulation, as ions are assumed to be at rest. Furthermore it
only enters in the Gauss law for the electric field, Eq. (A36),
so that it is only relevant for constructing the initial profile,
and for evaluating the convergence of the code.

083021-29



FABRIZIO CORELLI et al.

PHYS. REV. D 114, 083021 (2026)

Nmax [~ I I I
k
Nbkg : . :
) T ) :
: : | I
Yo + ly/2 b o ——————————————————— &8 8 u-.lr .
I
I
I
Yo [0 T! T
I
I
I
- yo*ly/Q”"". et e .
: ] I
: ] I
: : I
: : I
: : I
: : ]
: : I
: ] I
1 1 1 1
xTo — ZI/Q Zo xo + 11/2 Thkg Nmax
X gL,
FIG. 18. Illustration of 2D plasma frequency profile, and

initialized wave packet (blue), adopted in the time-domain
simulation. The rectangular region highlighted in red in the
central panel roughly highlights the resonant boundary.

Let us now focus on the profiles of the axion, the electric
field and the foreground component of the magnetic field.
We wish to initialize them with a propagation eigenstate
representing an axion wave packet which starts outside the
barrier and moves toward it. We consider a plane wave and
take y as the propagation direction. The wave packet initial
profile will therefore depend only on y, and extend across
all the grid along the x axis, reaching the boundaries. This is
not a problem for boundary conditions, as homogeneity
with respect to x is compatible with periodicity on the same
axis. In other words, such an initial profile will not generate
any signal propagating from the boundary, neither physical
nor unphysical, and the only signals arriving to the
boundary are those coming from the interaction of the
axion and electromagnetic fields with the plasma.

The requirement of a propagation eigenstate allows us to
avoid an initial splitting of the packet on two components
traveling with different velocities, gaining more control on
the initial data, and cleaning the process from additional
interactions of the packets between each other and with the
plasma barrier. Furthermore, since the wave packet will be
placed outside the barrier, i.e. in a region where ngy, & nyy,,
and since we would like to consider frequency components
well above the background plasma frequency, we will
set w, = 0.

Let us start by defining the reference frame we use in our
computation. The background magnetic field can have
component along all the three axes, B = (Bg,Bg,Bf)), SO
we define a set of spatial coordinates (%, , %) such that B
is in the X-y plane. In practice, we have y = y, and the unit

vectors pointing to the x and y directions, in the original

frame, are
B B:
Ax:< 2.0, 0), (A40)
Bor  Bor
¢, =(0,1,0), (A41)
where By = \/(B})* + (B5)>.

In this frame, we express the four-potential of the
electromagnetic field and the axion in terms of their
Fourier transforms, as

Al (1,y) = Adwgﬂ(w;j;)em
a(t.y) = Adﬂ)a(@ y)et = —iAdwa(w;f’)ei“”,
(A42)
where a(w;$) = ia(w; ). The field equation for A reads
(0? + 6)%);\3 =0,

(A43)

which is solved by A% = 0; the equations for A* and «a
instead read

A* 0 ~0ay,Bg\ (At
@D (0) = oyt Ia)
"\ a —WYayy By m2 a

(A44)
The eigenvalues of the mass matrix are then
m} &\ fmi + 407 G2, (B
() = - L (A43)
and the rotation angle to the unmixed basis is
1 20y, BE
0(w) = arctan (Lzow) . (A46)
2 mg

The eigenvalue of the mass matrix corresponding to the
axion is p% (@), so that a solution representing an axion
wave packet can be written as

Fo(0i5) = (| ) [ a8 0e W0 - =3 0]
(A47)

where 3(w, k) represents the spectrum of the wave packet,
and ¢ is the Dirac 6 function. Solving the condition
w?* —k* —p% (w) =0 gives the dispersion relation for
the axion, which is
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1 .
w, (k) = 7 {2k* + m3 + g2,,(B§)* + [m3
+ Gayy (BE)* +2(2k% + m2) g2, (B )]/ 2}1/2.
(A48)

Up to some factors to be reabsorbed in ﬁ, li’D(w; y) can be
rewritten as

Pp(w; ) = ((1)) A dkE(w, k)e

X [8(w = w. (k) + 6(w + w. (k). (A49)
Going back to the mixed basis, we have
B(w;2) = (;Zisn:(g)) A AkS(w, k) e
x [6(w—w, (k) + 6w+ w,(k)]. (AS50)

We can now transform back to Aj(z,2) and a(t,2);
imposing the solutions to be real, we get

A¥(1,9) = — /R dk sin 0(o_. (k))[E(k) e @ R=K) L ¢ e,

(A51)

a(t,y) = — A dk cos 0(w.. (k) [iZ(k)el@ K=k 4 cc ],

(A52)

where c.c. denotes the complex conjugate, and ﬁl(k) =

2(w. (k), k). Reabsorbing a factor of 2 in £(k), we finally
arrive at

A¥(1,3) = m{— / dksin6(w+(k))ﬁ(k)ei(”’+<k)f‘k«‘°’)},
R
(A53)

a(t,y) = m{—i A dk cos 0w, (k))E(k) el @+ Kr=k3) &

(A54)

where 9 denotes the real part. In our code, (k) is set to be
a Gaussian centered on some wave number k), as follows:

_(k=kg)?

S(k) = Ae i,

(A55)

where A is an amplitude parameter, and o, is the width of
the packet in terms of the wave number. Since y =y, the
initial profile of the axion is determined by computing a, I1,
0, and O, from Eq. (A54), with

@X(l‘ = O,y) =0
G)y(t = O,y) = aya(tv y)lt:O

(1 =0.y) = =9,a(t.y)| ;= (A56)

As for the photon, we have that the full three-vector
potential can be expressed as Z:A’o‘é;c +A§’é§. The
electric field is therefore given by

_ B

B 0,A*
E=-0A-0p=|-0A"-0d,p|. (A57)

B ;

— g5 A
where ¢ = —n,A# = A" is the electromagnetic scalar

potential. In Eq. (A57), we can determine the x and z
components of E using Eq. (A53), but we have not
computed A¥ and ¢. However, we can avoid doing it by
using the Gauss law which, due to the assumptions of a
vanishing plasma density and the homogeneity of the fields
with respect to x and z, reduces to

OE" = —g,,Byoya.

\ (A58)

Integrating on both sides, we get an expression for EY. The
electric field can thus be expressed as

BY o g
- ﬁ&tAx(t, )’)|t=0
_gay;/Bga(t’ y)|t:0
BS o %
_ﬁatAx([’ y)|t:0

E(t=0.y) = (A59)

For the foreground component of the magnetic field, we
have
B: ;
H(_)TayAxh:O
- — -
Bi(t=0.z) = 0 xA = 0 ;

B ;
J— X
Bor ayA ‘1:0

(A60)

which can be computed using Eq. (A53).

The profile we constructed so far describes a wave
packet of the axion centered at y = 0. As a final step, in
order to center it in a generic position y = y,, we shift it by
replacing y — y — yj.

The evaluation of the Fourier integrals in these profiles is
performed numerically. We sample the integrand in a
region [—kpay, kmax|, USing a spacing Ak, we apply the
Fast Fourier Transform (FFT) algorithm on the sampled
data, and we extract the profile in y by means of a cubic
Lagrange interpolation. The FFT is performed with the
Cooley-Tukey algorithm, so that the number of samples
used should be a power of 2. However, we set minimum
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requirements for the sampling spacing and extension in k,
in such a way that the spacing in y of the result will be
smaller than the grid step used in the simulation, and the
extension will be large enough to include the grid.

2. Frequency-domain simulations

In the frequency domain, one is effectively attempting to
directly solve the axion-induced wave equation given in
Eq. (61), with the background axion field, background
magnetic field and background plasma distribution speci-
fied as inputs. This approach has the advantage that one can
resolve much smaller scales than the time-domain simu-
lations for fixed computational cost, allowing us, e.g., to
push to increasingly nonrelativistic velocities and smaller-
scale inhomogeneities. This benefit, however, comes at a
cost—one naturally loses the ability to study causal or
dynamical effects of the system (including backreaction on
the axion field, the dynamical process of excitation, etc.),
and in some cases, the presence of multiple field contri-
butions can obscure the physics of interest. Below, we
outline the procedure adopted to simulate in the frequency
domain—this approach largely follows that of Ref. [35].

Following Ref. [35], we define a uniform background

magnetic field EO across a majority of the spatial domain,
with a sin?> smoothing function at the boundaries of the
domain which serves to minimize spurious photon excita-
tion induced from spatial variations of the background,
|B| = By - sin’(A,y + B) - sin(A,x + B). The parame-
ters A, , and B, , are chosen such that the uniform magnetic
field vanishes at the edges of the simulation domain, with a
sufficiently gradual ramp to suppress unphysical mode
excitation.

The fiducial field strength is arbitrarily set to |§0| =
1950 eV>—in presenting our results, however, we normal-
ize out the magnetic field, meaning the precise value of the
background field strength is irrelevant. We define back-
ground axion plane waves propagating along the y axis

with fixed energy @ = /m2 + k2, and adopt for two
representative velocities of v = 0.1 and v = 0.7. Note that
the benefit of the frequency-domain simulations is that it
allows for the resolution of mildly nonrelativistic velocities,
which in general require a larger separation of scales.

Similarly to the time-domain evolution code described in
the previous section, we consider a cold electron plasma
with number density n, and plasma frequency w,. As
discussed in the Introduction, in a strong background
magnetic field, electron motion is effectively restricted to
the direction of the field. Consequently, an electromagnetic
wave propagating through a magnetized medium can only
induce plasma oscillations parallel to the magnetic field.
The plasma response is therefore anisotropic, exhibiting a
preferred spatial direction. This effect is captured directly in
the definition of the dielectric tensor, as follows:

w2 .9 wh .
1 —~5sin” Op —ssinfgcosfp 0

—Z—i_’sinHB cos Oy —:Vv—z’cos2 0 0| (A61)

0 0 1

In this work, we adopt two different angles of B with
respect to the propagation direction of the axions, fp. As a
fiducial test scenario, we adopt the limiting case of
0 = 90°, which corresponds to the limit of an isotropic
medium. We then study deviations from this limit by
looking at small shifts away from perpendicular magnetic
fields, taking instead Oy = 45°.

As in Ref. [35], we impose a PML around the boundary
of the simulation domain, which serves to absorb incident
waves and suppress spurious reflections—for each case of
interest, we adopt the size and resolution to ensure both the
axion and photon wavelengths are damped over the PML.
For example, for an axion mass of 107> eV and a velocity
of 0.7 (Apg ~ 0.13 m, 4, in vacuum ~0.09 m), we adopt a
16 x 16 m(~126 x 1264,) simulation domain with a grid
spacing of 1.1 x 1072 m (~8 points per A,). Where required
to resolve sharp spikes due to spatial resonances, we
employed finer grids with spacing down to 4 x 1073 m.

In each simulation, we extract the axion-photon con-
version probability p,_,, and the average squared magni-

tude of the electric field, |E|%. Following Ref. [35], the
conversion probability is computed numerically by inte-
grating the outward Poynting flux over the simulation
boundary just inside the enclosing PML region (and
normalizing by the incident axion energy flux). The electric
field is calculated directly from the simulation output and
normalized by the squared amplitude of the nonpropagating
axion-induced electric field, such that it takes a value of
unity in free-space conditions, where no propagating
photon modes are excited.

APPENDIX B: ACCURACY AND CONVERGENCE
OF THE TIME-DOMAIN SIMULATION CODE

We assess the convergence properties of our 2 4 1 time
evolution code by checking how the constraint violations
on a test simulation scale when numerical resolution is
increased. The quantities we monitor are

CVagion = ©, — 0,4, (B1)
CViGauss = 0 E" + 5yEy - e(nEL - l’lo)
+ ga;/y(BX@x + By@y)’ (B2)

CVpama = Ty 1 = (U2 = @~ @) =1, (B3)

which correspond to the violations of the constraints in
Egs. (A35), (A36), and (A38), respectively.
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In Ref. [64], we observed that in the linear regime of
interaction the variation of the plasma density in time can
be so small to fall below machine precision error, causing
the constraint violation not to scale with resolution as
expected. Therefore we evaluate convergence on a test
setup in which the amplitude of the initial axion wave
packet is large enough that the axion-induced electric field
can induce a non-negligible backreaction on plasma. In
particular, we consider a flat plasma profile with density

o = 1073 cm™3, and a wave packet of propagation eigen-
state corresponding to the axion located at y, = —2500 km,
with ky = 9.8 x 107" eV and 6; = 0.05k,. The mass of
the axion is set to m, = 1071 eV, and the frequency is

w, ~\/m% + k3. We start from the case in which the
background magnetic field is orthogonal to the propagation
direction, and we set it to EO = (1/v/2,0,1/3/2) x 107 T.
The coupling constant is g, = 4 x 10712 eV~!, while the

—e— Ay =10.236 km Ay = 0.118 km rescaled as order 4

—e— Ay =0.118 km

10731 1

2600 2400

|CVision| [€V?]

Vil [V

1071 . i

;10712

|CViplasmal

10—13

10—1«1

—2000 —3500 —3000 —2500 —2000 —1500 —1000 —500
y [kml]

FIG. 19. Scaling of the constraint violations at = 5.52 ms for
a simulation in which the amplitude of the initial axion wave
packet is large enough that the electromagnetic component of the
propagation eigenstate induces a non-negligible backreaction on
the plasma. In the upper, middle and lower panels, we consider
CVaxions CVGauss and CVjaima, respectively. In each panel, the
green and blue lines denote the absolute value of the constraint
violations corresponding to the simulations with coarser and finer
grids, respectively, whereas the red points denote the absolute
value of the constraint violations from the simulation with higher
resolution, rescaled by a factor of 16. As we can see, the code
shows good convergence properties.

0025 m,

eoy,

parameter A appearing in Eq. (AS5) is set to A =

o ?

B
where € = %f”” is the parameter that encodes the strength

a

of the coupling. In this way, the amplitude of the axion in
the coordinate space is ~%923™ and that of the axion-
induced electric field is 0.0250)a "z which is close to the
threshold where the system enters in the nonlinear regime
of interaction between the photon and the plasma [110].

We perform the simulation with two resolutions:
AXopse = AVeourse = 1.2x10°eV1=236m and Axg,. =
AYfine =AVeoarse/2. The grid extends in [—1.0km,
1.0 km] x [-6000 km, 1000, km], so that there are nine grid
points across the x axis in the run with lower resolution.
The CFL factor is CFL = 0.2, and the total time of
integration is 7 = 11.04 ms.

Since in our numerical integration procedure we use the
sixth-order accurate Runge-Kutta method for time integra-
tion, and the fourth-order accurate finite differences for-
mulas for computing spatial derivatives, we expect that, at a

—e— Ay =0.236 km
—e— Ay =0.118 km

Ay = 0.118 km rescaled as order 4

|CVasion| [eV?]

|CVGauss| [V

|CVplasmal

10-12

y [km]

FIG. 20. Scaling of the constraint violations at t = 5.52 ms fora
configuration with a longitudinal component of the background
magnetic field. Conventions are the same as in Fig. 19. The code
generally satisfies fourth-order convergence, in agreement with
expectations for the numerical scheme employed. The spikes
close to the initial position of the wave packet (y = —2500 km)
might be due to a large longitudinal component of the electric
field, which pushes the system beyond the regime of validity of
the fluid approximation for plasma. CVj.m, appears to be in
general outside the regime of convergence, but shows fourth-order
scaling around y = —2500 km, where it assumes larger values.
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given time, the constraint violations scale with the fourth
power of the spatial step. To check whether this is the case,
we compute CVyyion, CVgayss and CVijaqm, on the simu-
lation data, evaluating the spatial derivatives with a sixth-
order accurate finite difference formula, so that the error
introduced by the computation of the constraint violations
is subleading with respect to the one expected from the
evolution procedure; we then plot the constraint violations,
verifying that the profiles in the lower resolution case
match the ones obtained by multiplying the profiles in the
high resolution case by a factor of (Ayoarse/AVfine)* = 16.

The results of this test are shown in Fig. 19, where the
blue and green curves denote the absolute value of the
constraint violations extracted from the high and the low
resolution simulations, respectively, while the red points
denote the constraint violations in the high resolution case
rescaled by a factor of 16. Data are extracted at
t = 5.52 ms, and in the three panels, from top to bottom,
we show CV yyion, CVgauss and CVjaqma, Tespectively. The
insets contain a close-up of the relevant region where the
constraint violations are well above the numerical noise. As
we can see, the code shows good convergence, with
CVplasma being harder to evaluate as it is dominated by
noise. Nevertheless, the evolution of the plasma density
enters in the Gauss law, and thus the behavior of CV g,
provides an additional check on the evolution equations for
the plasma.

T T T T T T T
— Ay =0.236 km, t =0 ms
105k = = Ay=0118 km,t=0ms
—— Ay =0.236 km, t = 5.52 ms
= = Ay =0.118 km, t = 5.52 ms
10°°F E
i 1077k
=
= |
1078 I I |
[
10—9 )
1 I
[}
10°0E) N I, ' ! I |l |! L 14
—2575  —2550 —2525 —2500 —2475 —2450 —2425
y [km]
FIG. 21. Profile of EY around the initial position of the wave

packet at t =0 ms and ¢t = 5.52 ms. Solid and dashed lines
denote data extracted from the simulation at low and high
resolutions, respectively. As we can see, the wave packet contains
a static component that remains at rest, and becomes clearly
visible after the propagating component has moved away. The
perfect matching between the profiles at high and low resolutions,
together with the scaling of the constraint violation (cf. Fig. 20)
indicates that the appearance of such component is not an artifact
of the numerical integration, but a physical effect.

We observed that at later times the convergence tends
slightly to deteriorate; note, however, that the t = 5.52 ms
considered here is not too far from the total simulation time
used in our production runs.

We now move to assess the convergence on a configu-
ration in which the background magnetic field is not
orthogonal to the propagation direction, which is the case

10791 t = 6.56 ms ' ' ™11
—— Ay =0.0552 km 1925} 4
1072 F —— Ay = 0.0276 km E

10—25 -
% 10728 E ! | | .
— 700 701 702
2. 1
10734
10737 .
1 1
650 700 750 800 850
y [km]
T T T T T T T T
10-25 t = 6.56 ms |
— |EY| (Ay = 0.0276 km)
— A
10—27 -
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o
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E_ﬂ
ﬂ 10—31 -
10733 I
1 1 Il
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y [km]
FIG. 22. Impact of the spike in the conversion region on the

production of the Alfvén mode. Upper panel: Absolute value of
EY at t = 6.56 ms in the region close to the spike, extracted from
two runs with different resolutions. At least with the choices of
Ay considered here, the code is not able to describe the spike
adequately. However, the component of the electric field ema-
nating from the spike is significantly smaller in the run with
higher resolution; this means that such a component is unphysical
and only due to numerical errors. Lower panel: Absolute value of
E? from the simulation with higher resolution (blue), compared
with the absolute value of the difference between the profiles of
E” at the two resolutions (green), focusing on the wave packet of
the Alfvén mode. As we can see, the two profiles are in
significant agreement with each other, indicating that the de-
scription of the Alfvén mode provided by the code is solid,
despite the difficulties in representing the spike.
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of interest for the production of the Alfvén mode. The setup
is the same as in the other set, but with EO =(1/ V3,
1/4/3,1/4/3) x 10> T. We observe that the simulation
tends to crash, likely due to an excessively large longi-
tudinal component of the electric field, therefore we
decrease the amplitude of the axion wave packet, setting
itto A= %%{. The scaling of the constraint violations at

t = 5.52 ms is shown in Fig. 20. CV ., and CV s ShOW
two peaks at the initial position of the wave packet and at its
position at the extraction time. In both these locations, the
code shows a fourth-order scaling, in agreement with
expectations. Around y = —2500 km (the initial position
of the wave packet) some spikes appear in the violation of
the Gauss constraint. This might be due to a large
longitudinal component of the electric field, which pushes
the plasma in a regime where the fluid description starts to
break down [111]. However, this is an inherently nonlinear
effect and it is not a concern for the simulations described in
the main text. As for CV g, While it looks generally
outside the convergence regime, it satisfies a fourth-order
scaling at the initial position of the packet, where it assumes
larger values.

In these simulations, we also notice a component of E”
that remains at rest in the initial position, analogous to the
one appearing in the simulations for the production of the
Alfvén mode (see Sec. III C). We show such wave packet in
Fig. 21, where we plot the profile of the electric field at
t=0ms and at t=5.52 ms for the two resolutions
considered. As we can see, the profiles at 1 = 5.52 ms
match perfectly; this, together with the fourth-order scaling
of the constraint violation in the same region, indicates that
such field is not due to numerical error, but is a static wave
packet that becomes visible after the propagating compo-
nent has left its initial position.

Lastly, we would like to discuss in this Appendix the
impact of the spike appearing at the conversion point in the
simulations in Sec. III C. We repeated the simulation with
W = 0.3 km™! in the set with a fixed angle between the
propagation direction and the background magnetic field,
doubling the resolution both in space and time, and we
compared the profiles of the longitudinal component of the
electric field. In particular, in the upper panel of Fig. 22 we
show the profile of the absolute value of E”, extracted at
t = 6.56 ms, focusing on the region close to the spike.
Firstly, we can see that the electric field emanating from the
spike—analogous to the one visible in red, blue and orange
curves in Fig. 10—is significantly reduced when decreas-
ing the grid step, meaning that it is an artifact of the
numerical integration. Secondly, while the intensity of the
electric field at the spike is consistent between the two
simulations, the rapid oscillatory behavior indicates that, at
least with the grid step considered, the code is not able to
resolve the behavior of EY. However, using higher reso-
lutions seems to be hardly feasible, as the simulation can
take up to 1800 CPU hr, and the code can supports only
single node configurations.

Nevertheless, the profiles of the Alfvén mode obtained
with the two resolutions are significantly compatible with
each other. This is visible in the lower panel of Fig. 22,
where we show the absolute value of the difference between
the profiles of E” from the two simulations, AE”, together
with the absolute value of E” extracted from the higher
resolution run, focusing on the wave packet of the Alfvén
mode. As we can see, AE” is more than 3 orders of
magnitude smaller than E”; this suggests that the produc-
tion and the characteristics of the Alfvén mode are solid and
well described by our code, even in presence of the
unphysical electric field emanating from the spike.
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