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We unveil a remarkable interplay between rigid field theories (RFTs), charge-to-mass ratios γ, and scalar
curvature divergences Rdiv in the vector multiplet moduli space of 4DN ¼ 2 supergravities, obtained upon
compactifying type II string theory on Calabi–Yau threefolds. We show that the condition to obtain an RFT
that decouples from gravity implies a divergence in the γ of (would-be) BPS particles charged under the
rigid theory and vice-versa. For weak coupling limits, where the scalar curvature diverges, we argue that
such BPS particles exist and that Rdiv ≲ γ2, implying that all these divergences are a consequence of RFT
limits. More precisely, along geodesics we find that Rdiv ∼ ðΛwgc=ΛgÞ2, where Λwgc ≡ grigidMPl is the RFT

cutoff estimate of the weak gravity conjecture and Λg ¼ g−2rigidΛRFT the electrostatic energy integrated up to

its actual cutoff ΛRFT.
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I. INTRODUCTION

A guiding principle behind the Swampland Program [1]
is the idea that for effective field theories (EFTs) consistent
with quantum gravity (QG), there are nontrivial relations
between UVand IR data. Examples of this are the magnetic
version of the weak gravity conjecture (WGC) [2], which
predicts the maximal cutoff Λwgc ¼ gMPl for a Uð1Þ gauge
interaction with coupling g, and the characterization of the
species scale Λsp in terms of IR quantities; see, e.g., [3] and
references therein.
Here, we focus our attention on a piece of data that is

oftentimes neglected, namely the EFT field space curvature.
More precisely, we consider the curvature of four-
dimensionalN ¼ 2 vector multiplet moduli spaces obtained
from type II string theory compactified on Calabi–Yau
threefolds. This is a particularly interesting framework in
string theory. On the one hand, it provides a rich set of

4D EFTs compatible with quantum gravity, which display
nontrivial relations between gravity and gauge interactions.
On the other hand, their field space metric is known exactly
and, in many instances, it is simple enough for questions to
be addressed analytically.
It is precisely in this setup that the field space scalar

curvature has been lately analyzed in [4–6]. The emerging
picture so far is that divergences in the scalar curvature R
signal the decoupling of a rigid field theory (RFT) from
gravity, both along weak-coupling trajectories of finite and
infinite distance, or duals thereof. Moreover, for type IIA
large-volume limits, the degree of divergence in terms of
the quotient Λwgc=Λsp—where Λwgc ≡ grigidMPl with grigid
the RFT gauge coupling—indicates to which kind of
higher-dimensional strongly-coupled rigid theory the
RFT flows unto in the UV [5]. This already shows that
the IR data involved in the moduli space scalar curvature
also contains nontrivial UV information.
In this paper, we would like to revisit these recent results

from a single, overarching perspective that not only unifies
the way in which curvature divergences and RFT limits are
related, but also gives further insight on the UV/IR inter-
play associated to them. The key object in this story will be
the charge-to-mass ratio γ of BPS particles, made up from
D-branes wrapping internal cycles of the Calabi–Yau. This
quantity is familiar in the Swampland Program literature
because, for extremal BPS objects, it corresponds to the
extremality factor that is crucial to properly formulate the
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WGC [7,8]. In our case, it will play a different role, namely
as a measure of how much the mutual interactions of an
EFT gauge subsector decouple from gravity, and therefore
becomes an RFT. We show that for limits in which an RFT
decouples gravitationally, the charge-to-mass ratio of par-
ticles that are purely charged under the RFT gauge group—
computed as if they were BPS—go to infinity, and the other
way around. This relation between rigid limits and γ’s that
diverge can be determined purely at the IR level, but the
existence of actual BPS particles that correspond to such γ’s
cannot, and that is where the scalar curvature enters.
Gathering the results from [4–6], we find that whenever
R diverges, there is at least one BPS particle populating a
quantized charge vector q such that γq blows up. Moreover,
we find that Rdiv ≲ γ2max, where γmax is the γq with largest
divergence. Together with the previous result, this provides
further support to the proposal that curvature divergences
imply the decoupling of an RFT from gravity, dubbed
curvature criterion in [4].
More precisely our results suggest that, along geodesics

in the vector moduli space where the scalar curvature
diverges, it shows an asymptotic behavior of the form

Rdiv ∼
�
Λwgc

Λg

�
2

; ð1Þ

with again Λwgc ¼ grigidMPl the WGC-predicted cutoff
scale for the RFT sourcing the curvature divergence. The
scale Λg ¼ g−2rigidΛRFT, on the other hand, roughly captures
the electrostatic energy of the weakly coupled RFT,
integrated up to its actual cutoff ΛRFT. In this sense, one
can interpret the curvature divergence as a quotient between
a gravitational UV scale and its field-theoretic counterpart.
For a divergence to occur, these two scales must differ
parametrically along the limit, which roughly means that all
states charged under the RFT lie below the QG-predicted
cutoff [9]. This, in turn, implies a decoupling of the RFT
from gravity, in agreement with our intuition. Finally,
it follows that knowledge of R and grigid allows us to
characterize ΛRFT, providing a further instance of the
nontrivial interplay between IR and UV data.

II. MODULI SPACE CURVATURE IN TYPE II
CALABI–YAU COMPACTIFICATIONS

Let us consider type II string theory compactified on a
Calabi–Yau threefold. The Lagrangian that describes the
vector multiplet sector of the resulting 4D N ¼ 2 effective
field theory (EFT) reads [10–12]

SVM4D ¼ 1

2κ24

Z
R1;3

R � 1 − 2gij̄dz
i ∧ �dz̄j̄

þ 1

2

Z
R1;3

I IJFI ∧ �FJ þRIJFI ∧ FJ; ð2Þ

where we follow similar conventions to [13]. Here, zi are
the complex fields that parametrize the vector multiplet
moduli space, and gij̄ defines a special Kähler metric. For
type IIB string theory compactified on a Calabi–Yau Y3, the
Kähler potential for this metric is globally defined in terms
of its holomorphic three-form Ω as [14]

K ¼ − log

�
i
Z
Y3

ΩðzÞ ∧ Ω̄ðz̄Þ
�
: ð3Þ

The couplings in the Lagrangian (2) are easier to describe in
terms of special coordinates. As argued in [15], for each
local patch in moduli space, there is always a choice of
symplectic three-cycle basis ðAI; BJÞ such that they exist.
This basis moreover satisfies AI · AJ ¼ BI · BJ ¼ 0, as well
as AI · BJ ¼ δIJ, I ¼ ð0; iÞ ¼ 0; 1;…; h2;1ðY3Þ ¼ nV , with
its Poincaré dual basis of harmonic three-forms ðβI; αJÞ
verifying

R
Y αJ ∧ βI ¼ δIJ. Upon expandingΩ on the latter,

one finds

ΩðzÞ ¼ XIðzÞαI − F JðzÞβJ; ð4Þ

with F I ¼ ∂XIF . Here, F is a holomorphic, homogeneous
degree-two function of the periods XI ¼ R

AI Ω, dubbed the
prepotential. One can describe the coordinates in (2) as
zi ¼ Xi=X0, such that the moduli space metric reads

gij̄ ¼ kikj̄ þ 2jX0j2eK ImF ij; ð5Þ

where F ij ¼ ∂Xi∂XjF , and we have introduced

ki ¼ −ieK
Z
Y3

∂ziΩ ∧ Ω̄: ð6Þ

Notice that the factors of X0 cancel out so that (5) can be
seen as a function of ðzi; z̄j̄Þ. Finally, one has

N IJ ≡RIJ þ iI IJ ¼ F̄ IJ þ 2i
ImF IK ImF JLXKXL

ImFMNXMXN ;

ð7Þ

where RIJ; I IJ ∈R should be again understood as func-
tions of ðzi; z̄j̄Þ, which can be thus related to the metric in
field space as follows [11,14–16]:

gij̄ ¼ −2fMi IMLf̄Lj̄ ¼ 2fMi ImFMLf̄Lj̄ ; ð8Þ

with fLi ¼ −eK=2
R
ALð∂ziΩþ kiΩÞ ¼ eK=2ðX0δLi þ kiXLÞ.

In this framework, one can easily compute the moduli
space scalar curvature, yielding (in Planck units) [11,14]

R ¼ −2nVðnV þ 1Þ þ 2jX0j6e2Kgij̄gkl̄gmn̄F ikmF̄ j̄ l̄ n̄; ð9Þ
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where F ijk ≡ ∂Xi∂Xj∂XkF . Clearly RðzÞ is bounded from
below, and the only way in which one can generate a
divergence is when some term(s) within the sum in the
right-hand side of (9) blow up. It was moreover found in [4]
that, for infinite distance limits pertaining to the large
complex structure regime, such behavior is related to
certain gauge interactions decoupling from gravity asymp-
totically. It is our aim here to refine and extend this picture
within the present, more general setup.

III. HOW TO GET A RIGID THEORY

The vector-multiplet Lagrangian of a rigid 4D N ¼ 2
field theory is also specified by some holomorphic function
FðzμÞ [17,18]. This time, the gauge kinetic function is
simply given by Fμν ≡ ∂zμ∂zνF, whereas the Kähler
potential reads K ¼ 2 Im ½z̄μ̄∂zμF �, from which the rigid
relation Gμν̄ ¼ 2 ImFμν follows immediately. Several
schemes have been discussed in the literature in order to
recover a rigid field theory from its local counterpart,
particularly so in the context of type II Calabi–Yau
compactifications [11,19–25]. In the following, we offer
a different, general description of how to obtain rigid field
theories from limits lying purely within the vector multiplet
moduli space that is more suitable for our purposes.
The rigid theory that one recovers from a supergravity

EFT inherits its prepotential from the latter, but only a
subset fzμg ⊂ fzig can be considered as dynamical fields
in the RFT. One may indeed identify such fields by looking
at (5), where F μν reduces to the gauge kinetic functionFμν

of the rigid theory. It then follows that the field directions
belonging to the RFT must satisfy gμν̄ ∼ 2 ImF μν, or more
precisely we require that

1

2
e−KjX0j−2kμkν̄ ≪ ImF μν ∼ g−2rigid: ð10Þ

To obtain a physical interpretation of this condition, let us
consider a D3-brane wrapping a special Lagrangian three-
cycle in the integer homology class ½Π3� ¼ qI½AI� − pI½BI�.
Upon dimensional reduction, we find a 4D particle sourcing
the field strengths ðFI;GIÞ—with GI ≡ δL=δFI the mag-
netic dual of FI—with charges qT ¼ ðpI; qIÞ [26]. The
particle mass is given by its central charge Zq

mq ¼ jZqjMPl; Zq ¼ eK=2ðqIXI − pIF IÞ; ð11Þ

with MPl ¼
ffiffiffiffiffiffi
8π

p
=κ4, whereas its squared physical charge

can be computed as

Q2
q ≡ −

1

2
q̃T

�
I

I−1

�
q̃; ð12Þ

where

q̃ ¼
�

1

−R 1

�
q ¼

�
pI

qI −RIJpJ

�
: ð13Þ

The rigid version of the physical charge, which we dub
Q2

rigid, is obtained from (12) upon replacing N IJ → F̄ IJ.
Let us consider a charge vector q such that [27]

pI ¼ 0 for I ∉ fμg; qI ¼ ReF Iμpμ: ð14Þ

Then its rigid and central charges read

Q2
q;rigid ¼

1

2
ImF μνpμpν; Zq ¼ −

i
2

e−K=2

X̄0
kμ̄pμ; ð15Þ

where we have used that

kν̄ ¼ 2X̄0eK ImF νJXJ: ð16Þ

Hence, if this particle is BPS, one can interpret (10) as

m2
q ≪ Q2

q;rigidM
2
Pl ⇒ γ2q > γ2q;rigid

M2
Pl

m2�
≫ 1; ð17Þ

where γq is the charge-to-mass ratio of a BPS particle with
charge q in the supergravity theory [28], while

γ2q;rigid ≡
Q2

q;rigid

jZq;rigidj2
; Zq;rigid ≡ ðqIXI − pIF IÞ=X0;

ð18Þ

denotes its rigid analogue. Here, jZq;rigidj ¼ m=m� mea-
sures the particle mass in units of the reference scale

m� ¼ mD3ðA0Þ ¼ eK=2jX0jMPl: ð19Þ

Notice that it is by expressing the kinetic terms in units of
this scale that one recovers a rigid Lagrangian, since

ĝij̄ ≡ jX0j−2e−Kgij̄!
ð10Þ

2 ImF μν ¼ Gμν̄: ð20Þ

Simultaneously, we also have that Iμν → − ImF μν for the
corresponding Uð1Þ factors [6].
To sum up, the condition (10) requires the charge-to-

mass ratio of a BPS particle charged under the rigid theory
to diverge along the rigid limit:

γ2q ≡Q2
qM2

Pl

m2
q

→ ∞: ð21Þ

Reciprocally, Uð1Þ factors whose charged states satisfy (21)
are candidates for a 4D N ¼ 2 RFT decoupling from
gravity. Given a BPS state with charge q, one can express
its charge-to-mass ratio as [7,26]
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γ2q ¼ 1þ 4gij̄∂i log

�
mq

MPl

�
∂̄j̄ log

�
mq

MPl

�
; ð22Þ

where the mass should be regarded as a function of ðzi; z̄j̄Þ,
as per (11). Additionally, one has [26]

γ2q;rigid
M2

Pl

m2�
¼ −1þ 4gij̄∂i log

�
mq

MPl

�
∂̄j̄ log

�
mq

MPl

�
; ð23Þ

from where one obtains γ2q ¼ 2þ γ2q;rigidðM2
Pl=m

2�Þ. Hence,
in the limit γ2q → ∞, we recover the (asymptotic) relation
γ2q ∼ γ2q;rigidðM2

Pl=m
2�Þ, which signals that we are approaching

a rigid theory regime. To identify an actual RFT subsector,
we will in addition require that the kinetic mixing between
the RFT directions fzμg and the rest vanishes sufficiently
fast, which can be rephrased as the condition that gμν̄ reduces
to the inverse of 2jX0j2eK ImF μν along the limit. This extra
requirement is standard in field theory, and it is satisfied for
each of the setups discussed in the following subsections.
Note that, neither to define γq nor the RFT condition (21),

it is necessary for the charge q to host a stable BPS particle.
Nevertheless, in the limits that we will analyze later on,
in which the moduli space curvature diverges, such RFT
charged particles do exist. In that case, the relation between a
diverging charge-to-mass ratio γ and an RFT limit can be
understood very intuitively because in both cases, mutual
gauge interactions are parametrically stronger than gravity,
and the no-force condition between mutually BPS particles
is exclusively attained due to the exchange of scalar and
spin-1 fields [7,8].
Roughly speaking, the two main scenarios where (21) can

occur are when we take (a) some Uð1Þ’s to strong coupling
while keeping their electrically charged BPS particles with
finite masses in Planck units or (b) some electric masses to
vanish in Planck units while keeping their gauge couplings
constant or slowly decreasing. In some instances, the first
option can be translated into the second one via electric-
magnetic duality [19]. When not, it is likely because we are
dealing with a strong coupling singularity in the interior of
moduli space. For this reason, we will mostly have in mind
option (b), which is both realized at finite-distance conifold-
like degenerations [29] and at infinite-distance asymptotic
limits [4–6] in vector multiplet moduli space.
For infinite-distance singularities, Refs. [30,31] have

shown that there are certain gauge couplings that vanish
along the limit. In addition, the charge-to-mass ratio γ of the
extremal BPS particles charged under them is asymptoti-
cally constant [32,33]. This happens, for instance, for the
field direction t → ∞ along the asymptotic trajectory,
whose kinetic terms can be well approximated by a
Kähler potential of the form K ≃ −n log t, for some
n∈N [31]. Hence, upon considering a particle electrically
charged under this U(1), one finds that both its physical

charge and mass in Planck units scale as eK=2t ∼ t1−n=2,
leading to an asymptotically finite γ.
It turns out that for this class of limits, there is a natural

choice for the reference scale (19), namely the character-
istic mass of the descending tower of states predicted by
the distance conjecture (SDC) [34]. The results of [30,31]
show that this scale may be identified with the three-cycle
generated by the monodromy at the infinite-distance
singularity, which is naturally an electric cycle in the sym-
plectic basis. As a result, it can be taken to be A0 without
loss of generality, so in this frame, we have thatM2

Pl=m
2� ¼

e−K=jX0j2 ≃ tn diverges along the limit. This, in turn,
induces a divergence for γq, unless it is compensated by a
γq;rigid decreasing sufficiently fast, as precisely happens in
the case just discussed.
In general, along RFT limits, there will be γq’s with

different degrees of divergence. Out of the different RFT
subsectors with diverging γq’s and vanishing mixing, we
will identify the dominant RFT sector with those field
directions where the condition (10) is attained faster, which
are associated to the set of γq ’s that exhibit the largest
divergence along the limit. The relation between RFT field
directions and the spectrum of divergences for γq along the
lattice of charges is in general nontrivial, but it simplifies if
the RFT directions fzμg also contain the parametrically
largest gauge couplings. In that case, the set of charges q of
the form (14) that have maximal divergence γq ∼ γmax form
a sublattice, from whose generators one can determine the
RFT field directions. In particular, the number Nγ of
linearly independent charges (14) such that γq ∼ γmax can
then be identified with the rank of the dominant RFT gauge
group

rrigid ¼ Nγ: ð24Þ

Let us now consider an infinite distance limit that falls
into scenario (b). If the RFT condition (21) is satisfied, this
setup must display a parametric hierarchy in the γq’s, whose
values may either asymptote to a constant or present
different degrees of divergence. In general, one expects
this structure to be sourced by a hierarchy in the masses of
BPS charged particles together with a hierarchy of gauge
couplings which, per (8), also imply a hierarchy of metric
eigenvalues. In this setup, typically the largest charge-to-
mass ratios γq ∼ γmax will correspond to the smallest metric
eigenvalues and the largest gauge couplings, which can be
identified with the RFT field directions. An exception to
this rule is the direction along the asymptotic trajectory,
whose gauge coupling is not suppressed along certain
infinite distance limits [4]. However, as already discussed,
the charge-to-mass ratio associated to this field asymptotes
to a constant, and therefore, it must not be considered as
part of the RFT.

CASTELLANO, MARCHESANO, MELOTTI, and PAOLONI PHYS. REV. D 114, 026022 (2026)

026022-4



IV. RIGID LIMITS AND CURVATURE

Let us consider an infinite-distance RFT limit, which in
addition, displays a hierarchy of metric eigenvalues. By the
considerations above, one expects that gμν̄ are much smaller
than the average metric entries, with fzμg the fields that
belong to the RFT [35]. In that case, the right-hand side of (9)
is dominated by the term

Rdiv ∼ e−K2ĝμν̄ĝρσ̄ ĝτη̄F μρτF̄ ν̄ σ̄ η̄ ∼
M2

Pl

m2�
Rrigid; ð25Þ

where

Rrigid ¼ 2Gμν̄Gρσ̄Gτη̄FμρτF̄ ν̄ σ̄ η̄; ð26Þ

with Fμνρ ¼ X0F μνρ and Gμν̄ ¼ 2 ImFμν the correspond-
ing rigid quantities. Note that (25) is precisely the expression
used in [4,5] to detect and classify curvature divergences
along infinite-distance limits. Remarkably, the same relation
is obtained for finite-distance, weak-coupling singularities
wheremel=m� → 0 [6]. In this case, e−K=jX0j2 ¼ M2

Pl=m
2� is

bounded from above, and γ2 diverges purely because γ2rigid
does. In terms of the curvature, the divergence can be traced
back to one or several poles in F μρτ. This selects the field
directions zμ that control the mass of the light charged states
within the RFT and again provides a structure for the
curvature divergence of the form (25).
If instead we assume that we have a curvature divergence,

then clearly it can bewritten in the form (25) for some choice
of field subset fzμg. In the weakly coupled regimes that we
are presently considering, the source of the divergence may
either come from M2

Pl=m
2� or Fμνρ, which again takes us to

the infinite/finite distance scenarios as discussed above, or to
a combination of both [36]. As a result, one is always able to
select an RFT that reproduces the divergence via (25). The
curvature criterion [4] then conjectures that such an RFT
always decouples from gravity.
Given the relation between rigid field theory limits,

divergences for charge-to-mass ratios, and the moduli space
scalar curvature, it is thus natural to compare the last two. In
the following, we will argue that divergences of γ bound
from above the ones appearing in R. More precisely, we
show that the following bound

Rdiv ≲ rrigidγ2max ð27Þ

holds in a wide class of rigid field theory limits, with γmax
defined as in the previous section. Note that, in terms of
RFT quantities, proving this inequality amounts to show

Rrigid ≲ rrigidγ2rigid; ð28Þ

with Rrigid defined as above and γrigid the rigid version of
γmax. Moreover, these rigid γ’s can be expressed as [37]

γ2q;rigid ¼ 4Gμν̄
∂μ log

�
mq

m�

�
∂̄ν̄ log

�
mq

m�

�
: ð29Þ

Notice that condition (27), together with the relation
between γ divergences and RFT limits, provides a non-
trivial test for the curvature criterion in the present setup. In
what follows, we will illustrate how this bound is satisfied
for a large class of limits within scenario (b), which
essentially avoids finite-distance, strong coupling singu-
larities of the superconformal type (see, e.g., [38] and
references therein). Instead of the type IIB framework
employed up to now, we will place our discussion in the
mirror dual type IIA Calabi–Yau compactifications, since
this is the setup in which the analysis of [4–6] is mostly
carried out.

V. LARGE VOLUME DIVERGENCES

In the large volume regime of type IIA compactified on a
Calabi–Yau threefold X3, the full prepotential of the 4D
N ¼ 2 supergravity EFT reads

F=ðX0Þ2 ¼ −
1

6
Kijkzizjzk þ

1

2
Kð1Þ

ij z
izj þ Kð2Þ

i zi þ i
2
Kð3Þ

þ ð2πiÞ−3
X
k>0

nð0Þk Li3ðe2πikiziÞ; ð30Þ

where we have written F in terms of the affine coordinates
zi ¼ Xi=X0. In this regime, the latter can be identified with
the complexified Kähler moduli:

Jc ¼ Bþ iJ ¼ ðbi þ itiÞωi ¼ ziωi; ð31Þ

where i ¼ 1;…; h1;1ðX3Þ ¼ nV , and fωig is dual to a basis
of Nef divisors of X3. The different coefficients in (30)
depend on the topology of the threefold: Kabc ¼

R
X3
ωa ∧

ωb ∧ ωc are the triple intersection numbers, whereas nð0Þk is
the genus-zero Gopakumar-Vafa (GV) invariant of the
curve class kiCi, with Ci such that

R
Ci ωj ¼ δij. Li3ðyÞ

stands for the third polylogarithmic function, and
KðiÞ i ¼ 1, 2, 3, are further topological data of X3; see,
e.g., [39] for their precise definition.
The asymptotic behavior of the moduli space scalar

curvature along infinite-distance limits within the regime
ti ≫ 1 has been analyzed in detail [4,5]. The kind of
trajectories considered therein are of the form

t ¼ e0ϕþ e1ϕδ1 þ e2ϕδ2 þ…; ð32Þ

with an appropriate rescaling of the 10D dilaton. Here, t is
the vector of saxionic Kähler coordinates, and eα are
vectors of non-negative integers representing Nef divisors
Deα ¼ eiα½ωi�, such that their Cartesian product satisfies
eα · eβ ¼ 0, ∀ α ≠ β. Additionally, 1 > δ1 > δ2 > … > 0
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and ϕ → ∞ is the parameter that describes the trajectory.
Upon appropriate reparametrisations, these limits are
expected to asymptotically approximate all infinite-
distance geodesics in this moduli space region [40].
Along any of the aforementioned limits, the lightest tower

of massive states is given by the one of D0-branes, which set
the scale m� via the replacement mD3 → mD0 in (19), as
expected from mirror symmetry [41]. Additional towers of
D2, D4, and NS5-branes may combine with the D0’s
multiplicatively [42], in order to lead to F-theory decom-
pactifications and/or emergent string limits. Regardless of
this casuistic, it is the D0-brane/SDC tower scale that sets
the rescaling (20), which takes us from the supergravity to
the RFT metric. In this type IIA setup, the conversion factor
is given by

M2
Pl

m2�
¼ 8VX3

; ð33Þ

with VX3
¼ VolðX3Þ, which always grows to infinity along

infinite-distance type IIA large volume trajectories [43].
This indeed matches with the approximate expression for
the Kähler potential in this regime

K ≃ − logð8VX3
Þ ¼ − log

�
4

3
Kijktitjtk

�
; ð34Þ

which discards the contribution of the curvature cor-
rection Kð3Þ and the exponential terms generated by
world-sheet instantons. Even when neglecting these cor-
rections, the metric derived from (34) is nondegenerate, and
suffices to determine when an RFT limit with a hierarchy
of metric eigenvalues is attained along trajectories of the
form (32). Following [4], let us consider the matrix

Kij ≡Kijkek0; ð35Þ

and compute its rank rK. A nonmaximal rank implies that
there is one or more divisors Dμ that do not intersect the
divisor De0, which defines the leading term in (32). Let us
assume that such divisors are in addition effective. Then,
for the choice δα>0 ¼ 0, they remain of constant volume
(in string units) along the limit, and so do their mutual
intersections. A D2-brane wrapping the curve Dμ ·Dν will
give rise to a particle with constant mass in units of m� and
whose rigid charge Qrigid is bounded from below since by
construction ImF μν has a constant polynomial piece. It
follows that we have diverging charge-to-mass ratios γ for
such particles and hence, an RFT limit. Switching on
δα>0 > 0 will change some of the above statements, but
since these correspond to subleading effects, it will not
modify the fact that γ diverges and that a gauge sector
decouples from gravity. One can moreover check that the
rank of such an RFT is given by

rrigid ¼ nV − rK − λ; ð36Þ

with λ ¼ 0 for decompactification limits and λ ¼ 1 for
emergent string limits. This is because for emergent string
limits, the divisor De0 belongs to ker K but does not
intersect itself nor any other element of kerK. As a result, it
does not imply a diverging γ, and indeed the corresponding
Uð1Þ generator should not be considered as part of the RFT,
as stated previously. Finally, to obtain the rigid prepotential
F rigid, one only needs to select those terms of (30) that
depend on the RFT fields fzμg and associate the scale m�
to F rigid.
Having specified the RFT in terms of kerK, one obtains

a scalar curvature divergence of the form (25) [44]. Then,
using the results of [4,5], one can distinguish between three
kinds of limits:

(i) The curvature diverges at the classical level, namely
for the approximate metric that one derives from (34).
This happens whenever Kμνρ ≠ 0 among the divisors
fDμg defining the RFT. Then F rigid has a cubic term
in its polynomial piece.

(ii) The curvature only diverges if one takes into account
the exponential terms in (30). In this case, Kμνρ ¼ 0,
and the RFT metric is flat unless world-sheet
instanton corrections are taken into account.

(iii) The rigid metric is flat, and there is no curvature
divergence. This occurs either when the RFT dis-
plays an enhanced N ¼ 4 supersymmetry, or when
Kμνρ ¼ 0 and none of the divisors fDμg is effective.

For the first two scenarios, the asymptotic behavior
of the curvature is described by (25). In particular, in the
first case F μρτ can be approximated by the real constants
Kμρτ, and we have that Rrigid ≲ rrigid maxfgrigidg6, where
maxfgrigidg is the largest of the gauge couplings within the
RFT. When there is a single gauge coupling—or rather all
of them are of the same order—the equality is saturated,
and one obtains

Rdiv ∼ r3rigid

�
Λwgc

Λg

�
2

: ð37Þ

Here, Λwgc ≡ grigidMPl is the maximal RFT cutoff scale
predicted by the WGC. Also, Λg ¼ rrigidg−2rigidΛRFT is the
electrostatic energy of the RFT integrated up to its actual
cutoff ΛRFT, which here is given by the distance conjecture
scale m�. When the RFT gauge couplings differ, one has
Λwgc ¼ minfgrigidgMPl and Λg ≲ rrigid minfgrigidg−2ΛRFT.
However, since by assumption all the charge-to-mass ratios
of this sector scale like γmax along the limit, the couplings
do the same, and so (37) still captures the scalar curvature
behavior. Indeed, looking at the charge-to-mass ratio (29),
one has that for electrically charged particles, m ≃ jzμj≃
tμ ≃ ImF μμ ≃ g−2rigid, and so one finds
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γ2rigid ≃ g6rigid: ð38Þ

Notice that the inequality (28) is also satisfied.
If the curvature divergence is sourced by world-sheet

instanton corrections, one has F μρτ ∼Oðe−2πtμÞ, while still
the RFT gauge couplings can be approximated by a
Kähler modulus g−2rigid ≃ ImF μν ≃ tE, which is nondynam-
ical from the viewpoint of the RFT. Due to this suppres-
sion factor, we have Rrigid ≲ rrigidg6rigidOðe−4πtμÞ, and one
finds the inequality

Rdiv ≲ r3rigid

�
Λwgc

Λg

�
2

: ð39Þ

Note, however, that for trajectories of the form (32), F μρτ

can either be considered as a constant so that (37) is still
valid or vanishes exponentially fast in ϕ, removing the
curvature divergence [45]. This suggests that (37) should
hold along infinite-distance geodesic trajectories. Finally,
the charge-to-mass ratio (29) can be approximated by

γ2rigid ≃ g2rigidðtμÞ−2; ð40Þ

and so (28) is again satisfied.
Remarkably, for all limits of the form (32), where the

curvature diverges, the scale Λg coincides with the scale Λch
defined in [5]. This is the scale where a tower of states with
arbitrary charges under the RFT gauge group appears, either
from bound states of D2-branes or from NS5-branes wrap-
ping Dμ. It does not, however, coincide with the magnetic
monopole masses, which are made up from D4-branes
wrapping Dμ and lie generically at a higher scale.

VI. DIVERGENCES AT SEIBERG–WITTEN
POINTS

In the type IIA frame, Seiberg–Witten (SW) limits can be
engineered by considering a Calabi–Yau X3 exhibiting some
K3 fibration over a P1 base, and as such, they can be seen as
emergent heterotic string limits [46]. Since the quantum
volume of the fiber cannot be shrunk beyond stringy lengths,
these limits proceed by growing the size of the P1 together
with the (quantum-corrected) volume of X3. In practice, this
means that D0-brane bound states become again part of the
leading tower predicted by the distance conjecture and that,
just like in the large volume case, we can identify the D0
with the D3-brane wrapping the A0-cycle in the type IIB
frame. As a consequence, m� can still be taken to be the
D0-brane scale, and M2

Pl=m
2� ¼ e−KjX0j−2 blows up along

the limit.
Unlike in the large volume regime, the full supergravity

prepotential is in general hard to compute near SW points
[6,20]. Nevertheless, one can make use of asymptotic Hodge
theory techniques (see, e.g., [47] and references therein) to

describe how hierarchies between different moduli space
metric eigenvalues are generated. If one expresses the
periods of ΩðzÞ using a set of coordinates that are singled
out by the Nilpotent Orbit Theorem [48], one finds that they
split into a polynomial and an exponentially suppressed
piece, and the same applies to e−K [30]. Near SW points, it is
often the case where the polynomial piece of e−K alone leads
to a degenerate metric gpol, such that one needs the presence
of certain additional exponential terms, dubbed metric
essential instantons, so as to render it well behaved [49].
Such instantonlike contributions signal the presence of
exponentially suppressed metric eigenvalues, which are
natural candidates to generate a curvature divergence via
the presence of some rigid field theory. Relatedly, each
metric essential instanton corresponds to a linearly inde-
pendent vector q of the form (14), with a diverging γq.
Along certain directions, we have that γq ∼ γmax for all of
them [6], and so applying (24) one is led to

rrigid ¼ nV − rankðgpolÞ: ð41Þ

While in explicit string theory constructions, it is
possible to directly check (27), in order to get an overall
idea on how this bound works, one can instead analyze (28)
in SW theory. Let us consider, for instance, a SUð2Þ gauge
prepotential around the asymptotically free point [19,50]

F swðaÞ ¼
ia2

2π

�
log

�
a
Λsw

�
2

− 3 −
1

2

X∞
k¼1

ck

�
Λsw

a

�
2k
�
;

ð42Þ

where a denotes the rigid field controlling the mass of the
W boson, and Λsw < jaj is the scale dynamically generated
at one-loop, both measured in units of m�. Here, one finds

Rsw ∼
g6rigid

2ð2πÞ5jaj2 ; with g−2rigid ¼
1

4π2
log

���� a
Λsw

����; ð43Þ

where grigid is the gauge coupling measured at the IR scale
μ ¼ jajm�. Since γsw ∼ grigid=jaj, and by assumption
grigid ≪ 1, both (28) and (27) are satisfied. Notice that this
is not an artifact of the weak coupling regime since
essentially the same result is recovered near the strong
coupling singularity, where it is the monopole the one
becomes massless [19].
This example also serves to illustrate how the asymptotic

behavior (37) is obtained within this setup. Contrary to the
large volume scenario, now we have isolated states below
the cutoff m�. The scale above which the gauge coupling
starts running is jajm�, which one identifies with the RFT
cutoff ΛRFT. As a result, Λg ¼ g−2rigidjajm�, from where (37)
immediately follows.
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VII. DIVERGENCES AT FINITE VOLUME

Let us finally consider curvature singularities that occur at
finite compactification volume in the type IIA frame. More
precisely, we consider trajectories in the vector multiplet
moduli space where the (quantum) volume of the Calabi–
Yau X3 remains bounded, while ending at a metric singu-
larity. One can split such trajectories into those of infinite and
finite field space distance.
Infinite distance limits at finite classical overall volume

have been classified in [46]. They all require some kind of
fibration structure where the fiber, which is either a genus-
one curve, a K3, or an Abelian surface, shrinks to zero size
along the limit. For that reason, the leading tower predicted
by the distance conjecture does not correspond to the D0-
brane tower, but instead to some combination of branes
wrapping the shrinking cycles.
Fortunately, it always happens that there exists some

dual frame in whichm� can be identified with the D0-brane
scale, and the results obtained so far readily apply. Indeed,
for K3 fibrations, quantum corrections become important
and in fact prevent the quantum volume of the fiber from
being taken to zero. Hence, the overall volume of the
threefold must diverge along the limit, and things proceed
as for Seiberg–Witten or more general emergent string
singularities. In the case of an elliptic fibration, one can
perform instead two T dualities along the torus-directions
(equivalently a Fourier–Mukai transform on the periods) so
as to map the limit into the large volume region [43,46],
following in particular a trajectory of the form (32), in
which m� ∼mD0. Finally, when dealing with an Abelian
surface, one may also consider performing four T dualities
along the fiber to map the trajectory to the large volume
regime [46]. As discussed in [5], once in that (dual) frame,
the RFT sectors arise purely from fiber degenerations, and
those are not expected to source any curvature divergence
due to their enhanced N ¼ 4 supersymmetry.
Similarly, finite distance singularities can also be

described in terms of an RFT, as we already pointed out.
This time, the singularity is not generated by a divergence in
MPl=m� but rather by a pole in the third derivative of the
rigid prepotential. The latter arises from integrating out a
light charged particle, whose mass becomes the RFT cutoff
ΛRFT. Following [29], we find

m−1� Faaa ∼
1

2πia
; g−2rigid ∼ −

1

2π
log jaj; ð44Þ

with a the hypermultiplet central charge in units of m�. This
results in the curvature behaving asymptotically like

Rrigid ∼
g6rigid

16π2jaj2 ⇒ Rdiv ∼
�
Λwgc

Λg

�
2

; ð45Þ

where Λg ¼ g−2rigidjajm�. As in the Seiberg–Witten case,
we have that

γhyper ∼
Λwgc

jajm�
≫

Λwgc

Λg
; ð46Þ

since grigid ≪ 1, and so (27) is satisfied automatically near
the singularity.

VIII. CONCLUSIONS

In this work, we have studied the connection between
rigid field theory limits, charge-to-mass ratios γ, and field
space curvature R divergences, in the context of type II
Calabi–Yau 4DN ¼ 2 vector multiplet moduli spaces. The
relation between RFT limits and some γq’s that go to infinity
is general if one defines the latter as the charge-to-mass ratio
of a would-be BPS particle corresponding to the quantized
charges q ¼ ðpI; qJÞT. In general, it is not always true that a
given charge q satisfying γq → ∞ is populated by a BPS
state, but this is actually the case for at least one of them in
the RFT limits studied in [4–6] and in this paper. Roughly
speaking, these can be described as RFT weak coupling
limits where the scalar curvature R diverges, or duals
thereof. By looking at each of these cases individually,
we have found that the curvature divergence is bounded
from above by the largest charge-to-mass ratio squared, as
in (27). This provides substantial evidence for the curvature
criterion proposed in [4], which states that moduli space
curvature divergences can only occur when a field theory
subsector decouples from gravity.
Direct inspection of these limits in fact reveals a more

accurate description of the curvature divergence, namely (39),
which for geodesics seems to simplify to (1). Note that, for
the RFT limits under study, this is a stronger statement
than (27). Indeed, whenever the rigid theory is at weak
coupling, one expects that the lightest electrically charged
particle has a mass mel that is at or below Λg ¼ g−2rigidΛRFT
since otherwise, there would be no charged particle below
this scale, going against the intuition that Λg accounts
for the RFT electrostatic energy. One then has that
γ ∼ grigidMPl=mel ≥ Λwgc=Λg, from where (27) follows.
Moreover, as pointed out in the introduction, (1) serves to
characterize ΛRFT in terms of grigid and MPl. Looking at the
RFT limits with diverging curvature that we have analyzed,
we find that we can separate them into two classes,
depending on the nature of ΛRFT. In the first class, including
finite-distance singularities and SW points, ΛRFT is the mass
of the lightest RFT-charged particle and signals the scale
where its gauge couplings start running. In the second class,
including large volume limits, all RFT-charged particles are
heavier than the SDC scale m�, which is identified with
ΛRFT. Indeed, it is above m� that one sees the 4D RFT as a
higher-dimensional SCFT or little string theory [5].
Notice also that, on the one hand, (27) is a statement that

is invariant under electric-magnetic duality, and as such, it
is quite tempting to propose it as a general relation, valid
even beyond the limits studied herein. On the other hand,
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either (1) or (39) have an attractive interpretation, as the
decoupling of QG versus field theory UV cutoffs described
in the introduction. We expect this latter condition to also
have a neat duality-invariant formulation valid for more
general classes of gravity-decoupling limits. Likely, such a
formulation will deepen our knowledge about field space
curvature divergences and rigid limits, even beyond the
ones in the present framework. We hope to report further
progress in this direction in the future.
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