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We investigate how nonlocal gravitational couplings from double trace deformation between two
asymptotic boundaries of an AdS5 black-brane can lead to the violation of the averaged null energy
condition (ANEC). The first-order gravitational perturbations backreact with the background metric at
second order, creating a wormhole opening in the context of the Gao-Jafferis-Wall traversable wormhole
protocol. The wormhole becomes traversable in both the gravitational shear and sound channels within the
hydrodynamic approximation. This shows that dynamical metric perturbations can facilitate information
transfer in a purely gravitational setting, with the emergence of GN indicating the gravitational origin. For
the shear channel, we consider three different coupling configurations, whereas for the sound channel, we
vary both the speed of sound and the attenuation constant, as these parameters control the wormhole
traversability. Furthermore, we obtain a late-time power-law factor in the ANEC using the fitting function
and present a generalization that applies to both shear and sound channels. Due to its propagating nature,
the sound channel exhibits late-time power-law remnants at low sound speed similar to the vector diffusive
probes, but it prefers an exponential decay at higher sound speed similar to the scalar nondiffusive probes,
as the power-law exponent weakened with increasing sound speed. For superluminal sound channels, the
wormhole opens for an extremely brief duration at late insertion times, rendering it nontraversable.
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I. INTRODUCTION

In the AdS/CFT correspondence and holography [1,2],
the gravitational theory of anti–de Sitter (AdS) spacetime is
dual to conformal field theory (CFT) defined on its
boundary. As an example, a two-sided eternal AdS black
hole can be described by a thermofield double state in its
dual description [3,4]. This provides a powerful tool to
bridge classical general relativity with quantum theory.

Furthermore, this duality states the equivalence between
Einstein-Rosen (ER) bridges, which arise from the general
theory of relativity, and the Einstein-Podolsky-Rosen
(EPR) correlation or entanglement, which originates from
quantum theory. This equivalence is widely known in the
literature as the ER ¼ EPR conjecture [5–7]. Following
this development, the study of wormholes in holography
has become increasingly encouraging [8–12].
One of them is the Gao, Jafferis, and Wall (GJW) [13]

traversable wormhole protocol. Recently, GJW wormhole
protocol has been further developed in [14] by considering
different bulk fields. This type of traversable wormhole is
realized by coupling the two asymptotic boundaries of the
AdS-Schwarzschild spacetime, which induces quantum
effects that give rise to negative averaged null energy.
Although the averaged null energy condition (ANEC),
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is violated, the presence of exotic matter can be avoided in
GJW protocol. The consequent ANEC violation renders the
wormhole traversable (see, for example [15], and reference
therein). Here, TMN is the stress-energy tensor, kM is a null
tangent vector, and λ represents the affine parameter along
the null geodesics. They showed that quantum interactions
between two nonlocally coupled CFT boundaries generate
negative energy, shifting the horizon, resulting in the signal
entering the horizon and reappearing in the other part of
timelike spacetime. It is captured in the shift of Kruskal
coordinate (ΔU, as illustrated in Fig. 1).
The relation between the shift ΔU and the negative stress

tensor can be obtained from the perturbed geodesic equation
together with the linearized Einstein equations, following
standard analysis (see, e.g., [13,14]). GJW used scalar fields
propagating on a three dimensional Bañados, Teitelboim,
Zanelli AdS blackhole, which correlate to quantum operators
in the CFT boundaries. The boundary is then deformed by a
nonlocal double trace deformation [13,16,17],

δHðtÞ ¼
Z

dd−1xhðt; x⃗ÞOLð−t; x⃗ÞORðt; x⃗Þ: ð2Þ

When the coupling function, hðt; xÞ, is activated, the ANEC
is expected to be violated and rendering the wormhole
traversable. The coupling function connects the quantum
operator O on the CFT right and left boundary, denoted as
subscripts R and L, respectively.
In the GJW framework, it is important to consider ANEC

instead of solely relying on the local NEC. This is because
the double trace deformation is time dependent, which
results in the NEC that is not a constant. We later show in
Sec. III that a negative NEC at some local point does not
necessarily imply a negative ANEC, especially when NEC
becomes positive at a later time. This should be contrasted

with other works on traversable wormholes, for example
[18], where the NEC is a negative constant. In such a case,
the ANEC violation is naturally satisfied. Furthermore,
using the Raychaudhuri equation, one can also show that
the violation of ANEC ensures that the geodesic of a null
ray travelling from left to right boundaries is complete,
which is a property of a traversable wormhole [15].
Interestingly, there is an elegant link between the travers-

able wormhole protocol suggested by GJW and a quantum
teleportation protocol in two copies of entangled systems in
a thermofield double state [19,20] that can be realized in a
Sachdev-Ye-Kitaev (SYK) model [21]. This excitement may
inspire the development of a holographic teleportation
protocol that might be implemented in a tabletop experiment,
offering a possible route to simulating holographic quantum
gravity [22–24]. Additionally, a simulation of the traversable
wormhole teleportation protocol has been done in a quantum
computer for a simplified sparse SYK model that is con-
jectured to be dual to a two dimensional holographic
wormhole [25]. Even though some of the results remain
debatable [26], they provide valuable insight into laboratory
studies of quantum aspects of gravity, especially with
anticipated progress in quantum computing hardware.
Hence, exploring traversable wormholes with double trace
deformations induced by a broader class of coupling fields,
such as the vector, tensor/gravitational, and fermionic
interactions, could open new possibilities toward realizing
holographic teleportation in the lab and perhaps revealing
novel signatures of quantum gravitational dynamics.
A recent work [14] demonstrated that a traversable

wormhole can be constructed with a double trace defor-
mation via Uð1Þ conserved current operators. In contrast to
single trace scalar operators, theUð1Þ gauge field exhibits a
power-law tail characteristic in its scrambling dynamics,
reflecting a slower decay of conserved modes [27]. It was

FIG. 1. Penrose diagrams illustrating the effect of tensor perturbations on wormhole traversability. (a) In the absence of perturbations, null
geodesics cannot cross the horizon (ΔU ¼ Uf − Ui ¼ 0), and the wormhole is nontraversable. (b) The tensor double trace deformation
backreacts on the background geometry, leading to a ANEC violation,

R hTVVi < 0. As a result, the null coordinate is shifted, ΔU < 0,
allowing signals from the left boundary to cross the horizon and reach the right boundary, thereby rendering the wormhole traversable.
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also shown that in the hydrodynamic approximation, the
nonlocal coupling between the two CFT boundaries can
violate the null energy condition and render the wormhole
traversable, just like the previous scalar case proposed by
GJW. In that case, the retarded Green’s function has a
diffusive pole at ω ∼ −iDck2, where Dc is the diffusion
constant. Furthermore, the diffusion constant appearing in
the diffusive behavior of the Uð1Þ conserved current
operator turns out to affect the traversability of the worm-
hole. They also show that the wormhole opening ΔU also
has a power-law tail in the late-time limit as the reminiscent
of the power-law behavior in the out-of-time order corre-
lators (OTOC) found in [27].
In this work, we construct traversable wormholes based

on the GJW protocol that is included in the holographic
framework theory [13]. Henceforth, all instances of the term
“wormhole” refer to the GJW traversable wormhole proto-
col. In the semiclassical approximation adopted here,
Einstein’s equation is written as GMN ¼ 8πGNhTmatter

MN i,
where hTmatter

MN i represents the expectation value of the stress
tensor of quantum matter fields propagating on a classical
background geometry [28]. The quantumeffect of thematter
fields induces negative energy gravitational shockwaves
into the bulk [15]. The violation of ANEC created by the
matter part ensures that thewormhole is traversable [13–15].
We extend the previous works [13,14] by introducing the

double trace deformation to a nonlocal coupling between two
tensor operators from gravitational (metric) perturbations in
anAdS5 black-brane background (seeFig. 1). It is shown that,
in low energy, gravitational perturbations also exhibit a
hydrodynamic behavior that even has richer aspects com-
pared to the conserved current operators Uð1Þ, since gravi-
tational perturbations include scalar, vector, and tensormodes
(or equivalently sound, shear, and scalar channels) [29–32] in
the hrN ¼ 0 gauge [31,32]. The scalar channel, hxy, exhibits
nondiffusive behavior on its retarded Green’s function and is
not considered in this work. The shear channels (vector
modes), htx and hzx, exhibit a diffusive pole at ω ∼ −iDTk2

where DT is a tensor diffusive constant that is typically half
the value of the Uð1Þ conserved current operators [29,32].
Here,we calculateDT for an arbitrary black hole’s blackening
function fðrÞ. Furthermore, the sound channels with the
remaining nonzero components have a pole at
ω ∼�vsk − iΓsk2, where vs is the speed of sound and Γs
is the attenuation constant. This represents a propagating
sound wave with speed vs. We explicitly calculate the null-
energy condition with double trace deformation coming from
both shear and sound channels and show that one could get a
violation of the ANEC from both channels.
Note that in this work, we only consider the gravitational

perturbations hMN as the dynamical fields that obey the
linearized Einstein’s equation in OðhMNÞ. The perturbations
further backreact the metric background to the second order,
so that the total metric components can be written as
gMN ¼ ḡMN þ hMN þ γMN , where ḡMN represents the

AdS black-brane background and γMN ∼Oðh2MNÞ. It is this
backreaction that gives rise to a wormhole opening. The
Einstein’s equation at the second order gives us the linearized
equations of motion for γMN sourced by the energy-

momentum tensor Tð2Þ
MN ½h�, which is quadratic in hMN .

The second-order metric perturbations γMN deform the
null geodesic in the Kruskal coordinates so that one could
relate the wormhole opening ΔU with the backreaction
γMN . Due to the fact that the linearized equations of motion

for γMN are sourced by Tð2Þ
MN ½h�, one can also show that the

wormhole opening ΔU is proportional to Tð2Þ
VV ½h�, which is

nothing but the ANEC in Eq. (1).
One might wonder how we can violate the ANEC from

the classical solutions to the equations of motion for hMN to
create a traversable wormhole. The ANEC associated with
hMN can be violated once quantum effects from the double
trace deformation are taken into account. In particular, one

computes the quantum expectation value of Tð2Þ
VV → hT̂ð2Þ

VVi
by treating the perturbation hMN → ĥMN as a quantum
operator in the interaction picture.
We have mentioned that some of the challenges in

constructing traversable wormholes are the presence of
exotic matter and its stability. In this work, wormholes were
constructed based on the AdS/CFT correspondence via
double trace deformation. The bulk spacetime used is a
black-brane spacetime, which has AdS spacetime solutions
in its asymptotic region. The field equation solution
included a metric asymptotic expansion of the tensor field,
which was considered as a perturbation and used as a
source to deform the left and right CFT boundaries,
resulting in nonlocal coupling between them. Then AdS/
CFT correspondence is used to find a dual operator that
could be obtained from the generating functional at the
CFT boundary that is discussed in the context of holo-
graphic renormalization [33,34]. This dual operator repre-
sents the expectation value of the energy-momentum
tensor, which must be negative, thus constructing a
traversable wormhole.
The structure of this paper is as follows. In Sec. II, we

write our gravitational background and the boundary
condition for the tensor field in AdS5=CFT4. In Sec. III,
we calculate the ANEC for both shear and sound channels.
We first construct the relation between wormhole opening

and the ANEC from Tð2Þ
VV ½h�. Next, we find the solution to

the linearized Einstein’s equation in the hydrodynamic limit
for the shear channel to express the tensorial diffusion
constant DT in terms of the background metric. We then
calculate the retarded Green’s and Wightman function in
real space as well as the ANEC violation for both shear and
sound channels. We explore scenarios both without and
with the attenuation parameter. Furthermore, we investigate
the traversability of the wormhole when the speed of sound
becomes superluminal. In Sec. IV, we find a fitting model
that works for both shear and sound channels
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simultaneously. In Sec. V, we briefly make comments on
the use of localized perturbations to open the wormhole. In
Sec. VI, we summarize the results and present discussions.

II. GRAVITY SETUP

A. Black-brane metric background

We begin with the general (dþ 1)-dimensional black-
brane with the metric

ds2 ¼ gMNdxMdxN ¼ grrðrÞdr2 þ gμνðrÞdxμdxν; ð3Þ

where ðM;NÞ indices denote the AdS (dþ 1) coordinates
and r denotes the AdS radial direction. The boundary
indices are given by ðμ; νÞ ¼ ðt; xiÞ. The boundary is
located at r ¼ 0 and the horizon is located at r ¼ rH.
Near the horizon ðr=rH ¼ 1Þ, gtt has first order zero and grr
has first order pole. We also impose full rotational
symmetry, gij ¼ gxxδij, in the xi direction.
In order to obtain a more well-defined view of the

traversable wormhole geometry, we transform the metric to
the Kruskal-Szekers coordinate. Before proceeding, we
define a tortoise coordinate

dr� ¼ −
ffiffiffiffiffiffi
grr
gtt

r
dr; ð4Þ

so that the metric becomes

ds2 ¼ −gttðr�Þðdt2 − dr�2Þ þ gxxðr�Þδijdxidxj: ð5Þ

Next, the Kruskal-Szekeres coordinates are defined as

U ¼ þe
2π
β ðr�−tÞ; V ¼ −e

2π
β ðr�þtÞ ðleft exteriorÞ;

U ¼ −e
2π
β ðr�−tÞ; V ¼ þe

2π
β ðr�þtÞ ðright exteriorÞ;

U ¼ þe
2π
β ðr�−tÞ; V ¼ þe

2π
β ðr�þtÞ ðfuture exteriorÞ;

U ¼ −e
2π
β ðr�−tÞ; V ¼ −e

2π
β ðr�þtÞ ðpast interiorÞ:

In these coordinates, the background metric (3) becomes

ds2 ¼ gUVðUVÞdUdV þ gxxðUVÞδijdxidxj; ð6Þ

where

gUV ¼ −
β2

4π2
gttðUVÞ
UV

; ð7Þ

and β ¼ 1
T is inversely related to the Hawking temperature.

To investigate the correlation function of the stress-
energy tensor on the boundary, we begin by introducing
small perturbations to the background metric via gMN ¼
ḡMN þ hMN with ḡMN given by (3). Since our interest lies in
the boundary theory, we use the Fefferman-Graham gauge

hrM ¼ 0 for all values of M, eliminating any radial
components of the perturbation. Thus the fluctuations
now are encoded in hμν. The perturbed metric then takes
the form,

ds2 ¼ grrdr2 þ ðḡμν þ hμνÞdxμdxν: ð8Þ

In this case, the perturbation can be classified into three
classes under spatial rotations on an xy plane [29–
32,35–37]:

(i) hxy ≠ 0, or hxx ¼ −hyy ≠ 0 which include the scalar
channel,

(ii) hxt and hxz ≠ 0, or hyt and hyz ≠ 0which include the
shear channels, and

(iii) all other elements, i.e., htt; htz; hxx ¼ hyy; hzz are
nonzero in sound channels,

while perturbations above also refer to tensor mode, vector
modes, and scalar modes respectively. The equations of
motion for each class decouple from the other ones. We
consider the second and third cases since they have
diffusive behavior in the (low-energy and low-temperature)
hydrodynamic limit and nonzero ω poles in the Green’s
function.

B. Boundary conditions for the tensor fields

We rewrite the bulk line element in Eq. (3) as

ds2 ¼ 1

r2
ðgrrdr2 þ gμνdxμdxνÞ; ð9Þ

to make the near-boundary metric expansion analysis
consistent with [33]. In terms of the general line element
given in Eq. (3), these metric components are written as
gtt ¼ gtt

r2 and grr ¼ grr
r2 . In this metric convention, the near-

boundary limit is given by gttðr → 0Þ ¼ 1.
Now, one can treat the perturbation as a field propagating

on this background with action given by,

S ¼ 1

2κ

�Z
ddþ1x

ffiffiffi
g

p ðR½g� þ 2ΛÞ −
Z

ddx
ffiffiffi
γ

p
2K

�
; ð10Þ

where κ ¼ 8πGN. The second term is the Gibbons-
Hawking-York boundary term that is included to ensure
a well-defined variational problem under Dirichlet boun-
dary conditions [34].
In the framework of holographic renormalization

[33,34], the expectation value of the boundary stress-
energy tensor, hTμνi is obtained from the coefficient
gðdÞμν in the near AdS boundary expansion r → 0 as

gμνðx; rÞ ¼ gð0ÞμνðxÞ þ � � � þ gðdÞμνrdðxÞ þ…; ð11Þ

yielding
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hTμνi ∼
δSren
δgμνð0Þ

∼ gðdÞμν; ð12Þ

while gð0Þμν plays a role as the source to the deformation in
the boundary and Sren is the renormalized action [34]. In
order to analyze the response of the boundary theory to
small deformations of the metric, we perturb the back-
ground metric in (9) as

ds2 ¼ 1

r2
½grrdr2 þ ðḡμν þ hμνÞdxμdxν�; ð13Þ

where ḡ is the unperturbed metric and hμν is the fluctuation
with jhμνj ≪ 1. In this convention, hμν relates to the metric
components (8) via hμν ¼ 1

r2 hμν. We then perform a similar
near-boundary expansion for the perturbed metric in (13)
yielding the boundary stress-energy tensor composed of a
background and fluctuation part, hTμνi ¼ hT̄μνi þ hTh

μνi,
with ( ¯½…�) corresponding to ḡðdÞμν and h corresponding

to hðdÞμν .

C. Double trace deformations

Analogous to (11), we now express the near-boundary
expansion of the fluctuation field hμν as

hμν ¼ hð0Þμν þ r2hð2Þμν þ � � � þ rdhðdÞμν þ � � � ð14Þ

under Dirichlet boundary conditions, the leading term hð0Þμν

acts as the source for the dual operator on the boundary.
The corresponding deformation of the boundary theory
action, or the generating functional, is described by

Wh ∼
Z
∂M

ddxhð0Þμν T
μν
h ; ð15Þ

where hð0Þμν acts as the source for dual operator Th;μν and the

expectation value of hTh
μνi is proportional to hðdÞμν . This has

been discussed earlier the several works [33,34,38]. Like
the scalar and vector cases implemented by [13,14],
respectively, we assume a linear relation between the

source and the response is given by hð0Þμν ¼ QμναβhαβðdÞ,
such that the deformation in the boundary theory is now
expressed as

Wh ∼
Z
∂M

ddxQμναβhðdÞαβ h
ðdÞ
μν

∼
Z
∂M

ddxQμναβTh;αβTh;μν: ð16Þ

Since there are two CFT boundaries in the maximally
extended spacetime, there are two asymptotic expansions
of the gravitational fields as well. The double trace

deformation introduced by [13] for the traversable worm-
hole protocol imposes a boundary condition

hð0;LÞμν ¼ Qμανβhαβðd;RÞ; hð0;RÞμν ¼ Qμανβhαβðd;LÞ; ð17Þ

such that it creates a nonlocal interaction in the form of

Wh ∼
Z
∂M

ddxQμανβðt; x⃗ÞTðLÞ
h;μνð−t; x⃗ÞTðRÞ

h;αβðt; x⃗Þ: ð18Þ

The function Qμανβðt; x⃗Þ represents the coupling strength
between two boundaries. By setting it to be negative
valued, it creates a negative-energy shock wave that could
open the wormhole, indicated by the violation of ANEC.
The deformation in Eq. (18) is an irrelevant deformation
that is different from the original GJW setup that uses
relevant deformation. However, as we show in Sec. III, the
irrelevant deformation that is the stress-tensor operator can
render wormholes traversable in the hydrodynamic regime.
We take this limit while retaining sensitivity to the leading-
order effects of the deformation. The limit is discussed in
Sec. VI, related to the bound of information transfer.

III. WORMHOLE TRAVERSABILITY

In this section, we open the wormhole using the double
trace deformation given by Eq. (18). We will show that,
under a certain coupling, the ANEC can be violated. We
relate ANEC with gravitational perturbation via the
Einstein field equation. In this work, we consider gravita-
tional perturbations that have diffusive properties such as
the shear and sound channels. The Green’s function has an
ω pole in ω ∼ iDTk2 in the shear channel while it has a pole
in ω ∼�vsk in the sound channel without attenuation or
ω ∼�vsk − iΓsk2 with sound attenuation, where DT , vs,
and Γs are the diffusive constant, the sound velocity, and
sound attenuation constant, respectively.
The absolute value of the ANEC is then related to how

much information can be sent through the wormhole
[14,39]. We denote this as the wormhole “traversability.”
A remark on the relation between the number of bits that
can be transferred, Nbits, with the ANEC is later discussed
in Sec. VI.

A. Averaged null energy condition

To relate ANEC violation to the wormhole opening, we
calculate Einstein’s equation in the quadratic expansion of
the gravitational perturbation hMN . The zeroth order of the
equations of motion,

R̄MN −
1

2
R̄ḡMN þ ΛḡMN ¼ 0; ð19Þ

give us the background solution ḡMN , which is an asymp-
totically AdS black-brane metric. On the other hand, the
first order of the equations of motion,
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Rð1Þ
MN ½h� −

1

2
ðRgMNÞð1Þ½h� þ ΛhMN ¼ 0; ð20Þ

gives us the linearized gravitational perturbation hMN .
Therefore, the quadratic part of the equations of motion,

Rð2Þ
MN ½h� −

1

2
ðRgMNÞð2Þ½h�≡ −8πGNT

ð2Þ
MN ½h�; ð21Þ

gives us the bulk energy-momentum tensor Tð2Þ
MN ½h�, where

[h] means that the function is h dependent, which is
sourced by the gravitational perturbations hMN , and it is

second ordered in hMN , or T
ð2Þ
MN ½h� ∼Oðh2MNÞ.

The energy-momentum tensor Tð2Þ
MN ½h� deforms the

spacetime geometry further at the second order. Suppose
that now we include the second order perturbation γMN ∼
Oðh2MNÞ to the metric such that gMN ¼ ḡMN þ hMN þ γMN .
The Einstein’s equation at Oðh2MNÞ becomes

Rð1Þ
MN ½γ� −

1

2
ðRgMNÞð1Þ½γ� þ ΛγMN ¼ 8πGNT

ð2Þ
MN ½h�; ð22Þ

where Rð1Þ
MN ½γ� is the Ricci tensor in the first order of γMN .

We write the energy-momentum tensor Tð2Þ
MN ½h� as Tð2Þ

MN
hereafter for brevity. We may see the reasoning as follows.
The gravitational perturbations hMN source further defor-
mation to the metric at second order, denoted as γMN ∼
Oðh2MNÞ through the quadratic stress tensor Tð2Þ

MN. Then to
the first order in γMN , the Einstein field equation reads
[13,14,39]

1

2

�
−ΛγVV þ δij

∂Vγij þ V∂2Vγij
Vr2H

�
¼ 8πGNT

ð2Þ
VV; ð23Þ

taking the integral over V, we find

−Λ
Z

γVVdV ¼ 8πGN

Z
Tð2Þ
VVdV: ð24Þ

Importantly, the second-order deformation γMN provides
the necessary modification to render the wormhole tra-
versable through its relation with the wormhole open-
ing ΔU.
Through the geodesic equation, a null ray propagating

near the horizon experiences a shift ofΔU due to the metric
perturbation, which is expressed by

ΔUð1Þ ¼ −
1

gUVð0Þ
Z

dVhVV: ð25Þ

However, to the second order of metric perturbation, one
needs to include both metric perturbations fhMN; γMNg.
Therefore, the wormhole opening at the second order is
now given by

ΔUð2Þ ¼ −
1

gUVð0Þ
Z

dVγVV

þ hUV
ðgUVð0ÞÞ2

Z
dVhVV; ð26Þ

and the total wormhole opening is now given by
ΔU ¼ ΔUð1Þ þ ΔUð2Þ. The second term in ΔUð2Þ, as well
as ΔUð1Þ, vanishes in both the scalar and shear channels
since hVV ¼ 0. In the sound channel perturbation, these
terms may be nonzero because htt is involved; however,
since htt vanishes at the horizon, hVV can also be ignored
there. Ignoring the htt component, the wormhole opening at
second order is directly related to the ANEC

ΔUð2Þ ¼ −
1

gUVð0Þ
4πGN

3

Z
dVTð2Þ

VV; ð27Þ

from the second-order equation of motion (22). Directly

calculating Tð2Þ
VV from hMN obtained by solving Eq. (20)

classically will not make the wormhole traversable. We
need to include quantum mechanical perturbations from the
double trace deformation in Eq. (18).
The linearized gravitational perturbations are then

treated as a quantum field through the canonical quantiza-
tion, i.e., hMN → ĥMN , and the time evolution is governed
by a unitary operator Uðt; t0Þ. In this case, we can calculate
the quantum expectation value of the bulk energy-momen-

tum tensor hT̂ð2Þ
MNi, which contains the Green’s function or

propagator of the ĥMN fields since it is quadratic in ĥMN .
The averaged null energy condition for a traversable
wormhole can then be obtained by calculating

ANEC ∼
Z

∞

−∞
hT̂ð2Þ

VVidV: ð28Þ

In the following subsections, we explicitly calculate the
ANEC under the double trace deformation for both shear
and sound channels.

B. Shear channel

To calculate the ANEC, we use the metric in the Kruskal
coordinates up to order ∼OðhMNÞ,

ds2 ¼ gUVdUdV þ 1

r2
gxxδijdxidxj þ

1

r2
hμνdxμdxν: ð29Þ

Furthermore, we consider the case where gxx ¼ 1 and
gxxðrÞ ¼ 1

r2 for simplicity. The full metric under the
shear channels (htx; hxz ≠ 0) of gravitational perturbation
is given by
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ds2 ¼ −
β2

4π2
gttðUVÞ
UV

dUdV þ gxxðUVÞδijdxidxj

þ β

2πUV
gxxðUVÞhtxðU;V; zÞðUdV − VdUÞdx

þ 2gxxðUVÞhzxðU;V; zÞdzdx: ð30Þ

In this setup, Tð2Þ
VV is defined in the low-temperature

regime (large β) since we are working in a low energy,
hydrodynamic limit [29]. It is evaluated at U ¼ 0 and takes
the form (Appendix A),

8πGNhT̂ð2Þ
VVi ¼ −

β2

32π2V2
h∂zhtx∂zhtxi þOðβÞ; ð31Þ

with the OðβÞ terms subleading in the hydrodynamic limit.
Using the point-splitting method and ignoring the Oð1Þ
term, it is now written as

8πGNhT̂ð2Þ
VVi ¼ −

β2

32π2V2

× lim
x0→x

∂z∂z0 hhtxðU;V; zÞhtxðU0; V 0; z0ÞijU¼0:

ð32Þ

Here, hhtxðU;V; zÞhtxðU0; V 0; z0Þi is one of the Green’s
function of the tensor field hμν in the bulk, denoted as

Gμν;αβðx;x0Þ ¼ hhμνðxÞhαβðx0Þi; ð33Þ

where x ¼ ðr; t; x⃗Þ and x0 ¼ ðr0; t0; x⃗0Þ.
Due to the deformation, the bulk tensor field hMN

evolves with the unitary time-evolution operator Uðt; t0Þ ¼
T fe−i

R
t

t0
dt1δHðt1Þg in the interaction picture, where

δHðt1Þ ¼
Z

d3x1Qμναβðt1; x⃗1Þ

× TðLÞ
h;μνð−t1; x⃗1ÞTðRÞ

h;αβðt1; x⃗1Þ; ð34Þ

is the double trace deformation. The left and right boun-
daries are related through it. The bulk two-point function is
then modified by δHðt1Þ as

Gμν;αβðx;x0Þ ¼ hhðHÞ
μν ðxÞhðHÞ

αβ ðx0Þi
¼ hUðt; t0Þ−1hðIÞμν ðxÞUðt; t0Þ
× Uðt0; t0Þ−1hðIÞαβ ðx0ÞUðt0; t0Þi; ð35Þ

where (H) and (I) in the superscript denote the Heisenberg
and interaction pictures, respectively. For simplicity, the
superscript (I) will be omitted hereafter. We expand the
time evolution operator and the bulk two-point function to
the first order in δH,

Uðt; t0Þ ¼ 1 − i
Z

t

t0

dt1δHðt1Þ; ð36Þ

Gμν;αβðx;x0Þ ¼ Gð0Þ
μν;αβðx;x0Þ þ Gð1Þ

μν;αβðx;x0Þ: ð37Þ

The zeroth order does not contribute to the opening of the
wormhole and the violation of the ANEC. Therefore,
focusing on the opening of the wormhole, we consider
only the first-order Green’s function as

8πGNhT̂ð2Þ
VVi ¼ −

β2

32π2V2
lim
x0→x

∂z∂z0G
ð1Þ
tx;txðx;x0Þ: ð38Þ

For small δHðt1Þ perturbation, the Green’s function in the
first order of δHðt1Þ is given by

Gð1Þ
μν;αβðx;x0Þ ¼ i

Z
t

t0

dt1h½δHðt1Þ; hμνðxÞ�hαβðx0Þi þ i
Z

t0

t0

dt1hhμνðxÞ½δHðt1Þ; hαβðx0Þ�i

¼ i
Z

t

t0

dt1d3x1Qλργσðt1; x⃗1Þh½TðRÞ
h;λρðt1; x⃗1Þ; hμνðxÞ�TðLÞ

h;γσð−t1; x⃗1Þhαβðx0Þi þ x ↔ x0

¼ i
Z

t

t0

dt1d3x1Qλργσðt1; x⃗1Þh½TðRÞ
h;λρðt1; x⃗1Þ; hμνðxÞ�ihhαβðx0ÞTðRÞ

h;γσð−t1 − iβ=2; x⃗1Þi þ x ↔ x0: ð39Þ

We use the large-N factorization to go from the second to the third line and we use the fact that operators in the left
asymptotic boundary commute with the ones in the right asymptotic boundary, assuming that hμνðxÞ lives in the right
region. Introducing the Wightman and retarded bulk-to-boundary propagators,

KW
μν;λρðx; t1; x⃗1Þ≡ −ihhμνðxÞTðRÞ

h;λρðt1; x⃗1Þi; ð40Þ
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Kret
μν;λρðx; t1; x⃗1Þ≡ −ih½hμνðxÞ; TðRÞ

h;λρðt1; x⃗1Þ�i; ð41Þ

the first-order Green’s function is then written as

Gð1Þ
μν;αβðx;x0Þ ¼ i

Z
t

t0

dt1d3x1Qλργσðt1; x⃗1Þ

× KW
μν;λρðx0;−t1 − iβ=2; x⃗1Þ

× Kret
αβ;γσðx; t1; x⃗1Þ þ x ↔ x0: ð42Þ

Here, we perform a shift t1 → t1 − iβ=2 to go from the right
to the left asymptotic boundary.
Therefore, to calculate the ANEC in Eq. (32), we need to

calculate the Green’s functions Gð1Þ
tx;txðx;x0Þ and

Gð1Þ
zx;txðx;x0Þ. However, we need to first specify the coupling

functions Qλργσðt; x⃗Þ. There are three cases that can be
considered here,

Case I∶ Qλργσðt; x⃗Þ ¼ AðtÞδλtδρxδγtδσx;
Case II∶ Qλργσðt; x⃗Þ ¼ BðtÞδλtδρxδγzδσx;
Case III∶ Qλργσðt; x⃗Þ ¼ CðtÞδλzδρxδγzδσx:

We also need to explicitly calculate the bulk-to-boundary
propagators

KW
tx;txðx; t1; x⃗1Þ; Kret

tx;txðx; t1; x⃗1Þ;
KW

tx;zxðx; t1; x⃗1Þ; Kret
tx;zxðx; t1; x⃗1Þ;

KW
zx;zxðx; t1; x⃗1Þ; Kret

zx;zxðx; t1; x⃗1Þ;

and calculate these propagators by first performing a
Fourier transform from a retarded bulk-to-bulk propagators
in Fourier space Gret

μν;αβðr; r0;ω; kÞ,

Gret
μν;αβðx;x0Þ ¼

Z
dω
2π

ddk
ð2πÞd G

ret
μν;αβðr; r0;ω; kÞ

× e−iωðt−t0Þeik⃗ðx⃗−x⃗0Þ; ð43Þ

then evaluating one of the bulk points to the asymptotic
boundary coordinate. The Wightman propagator can be
obtained from the retarded Green’s function using the
relation (Appendix B)

GW
μν;αβðr; r0;ω; kÞ ¼ i

eω=T

eω=T − 1
ImGret

μν;αβðr; r0;ω; kÞ: ð44Þ

1. Green’s function calculations

To obtain the bulk-to-boundary propagators, we first
need to solve the classical equations of motion for htx and
hzx. The linearized Einstein’s equation

Rð1Þ
MN −

1

2
ðRgMNÞð1Þ − ΛhMN ¼ 0; ð45Þ

gives us coupled second-order differential equations. We
also consider the Fourier modes of the tensor fields,

htxðr; t; zÞ ¼
Z

dωd3k
ð2πÞ4 htðrÞe−iωteik⃗·x⃗; ð46Þ

hzxðr; t; zÞ ¼
Z

dωd3k
ð2πÞ4 hzðrÞe−iωteik⃗·x⃗; ð47Þ

where we assume that the tensor fields only propagate in
the z direction so that k⃗ ¼ kẑ. The equations of motion in
the Fourier modes are

h00z − h0t∂r log
�

gttgrrffiffiffiffiffijgjp
gxx

�

− ht

�
k2grr
gxx

�
− hz

�
kωgrr
gxx

�
¼ 0; ð48Þ

h00z − h0z∂r log
�

grrffiffiffiffiffijgjp �

− hz

�
ω2grr
gtt

�
− ht

�
kωgrr
gtt

�
¼ 0; ð49Þ

ωgxxh0t − kgtth0z ¼ 0: ð50Þ

From Eq. (48), we can solve for hzðrÞ and obtain

hz¼
gxx

kωgrr

�
h00t −h0t∂r log

�
gttgrrffiffiffiffiffijgjp

gxx

�
−ht

�
k2grr
gxx

��
: ð51Þ

Inserting this to (50), we get the equation of motion for the
perturbation,

h000t − h00t ∂r log
� ffiffiffiffiffijgjp

grr
g5xx

�
− grr

�
ω2gtt þ k2gxx

þ gxx∂r

�
g5xxffiffiffiffiffijgjp

grr
∂r

� ffiffiffiffiffijgjp
g4xx

���
h0t ¼ 0: ð52Þ

We now proceed to find the solution for the equation of
motion. For simplicity, we consider a (4þ 1)-dimensional
AdS black hole spacetime in the ðt; u; x⃗Þ coordinates,

ds2¼ 1

u
ð−fðuÞdt2þdx2þdy2þdz2Þþ du2

4u2fðuÞ ; ð53Þ

where fðuÞ satisfy fðuHÞ ¼ 0, with uH being the horizon’s
radius and fð0Þ ¼ 1 from the AdS boundary condition.
This metric can be obtained by defining u ¼ r2 in Eq. (9).
In this case, we have
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grrðrÞ→ guuðuÞ ¼
1

4u2fðuÞ ; gxx ¼
1

u
;

ffiffiffiffiffi
jgj

p
¼ 1

2u3
:

ð54Þ

The equation of motion for htðuÞ then becomes

h000t ðuÞ − h00t ðuÞ∂u logðu2guuÞ

− uguu

�
ω2gtt

u
þ k2

�
h0t þ

1

u
∂u logðu2guuÞh0t ¼ 0: ð55Þ

We also assume that the black hole is nonextremal so that
guuðuÞ has an order-1 pole near the horizon,

guuðuÞ ≈
1

4u2Hf
0ðuHÞðu − uHÞ

: ð56Þ

The solutions with infalling boundary condition at the
horizon in the hydrodynamic limit with ðω; k2Þ ≪ 1 are
given by (Appendix C)

h0tðuÞ ¼
k2h0t þ ωkh0z

H1ð0Þðiω −DTk2Þ
�
1 −

u
uH

�
−iω=ν

× ðu − iωH1ðuÞ þ k2H2ðuÞ þ � � �Þ; ð57Þ

h0zðuÞ ¼ −
ωkh0t þ ω2h0z

fðuÞH1ð0Þðiω −DTk2Þ
�
1 −

u
uH

�
−iω=ν

× ðu − iωH1ðuÞ þ k2H2ðuÞ þ � � �Þ; ð58Þ

where … are the terms with Oðω2;ωk2; k4Þ and higher
order. Here, H1ðuÞ and H2ðuÞ are defined as

H1ðuÞ ¼
u
ν

Z
uH

u

�
u2HjF0ðuHÞj
u21fðu1Þ

−
1

uH − u1

�
du1;

H2ðuÞ ¼
u
8

Z
u

uH

ðu21 − u2HÞ
u21fðu1Þ

du1; ð59Þ

and

DT ≡H2ð0Þ
H1ð0Þ

; ð60Þ

is the diffusion constant for the tensor perturbations. For a
Scwarzschild-AdS5 black hole with fðuÞ ¼ 1 − ð u

uH
Þ2, we

recover DT ¼ β
4π, which is consistent with [29].

We can switch from ðt; u; x⃗Þ coordinates to the tortoise
coordinates ðt; r�; x⃗Þ using the relation

r�ðuÞ ¼
Z

u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
guuðu1Þ
gttðu1Þ

s
du1: ð61Þ

Near the horizon, the following relation applies

r�ðuÞ ≈ 1

ν
log juH − uj: ð62Þ

Thus, we have the near horizon solutions in the form of

h0tðr�Þ ≈
k2h0t e−iωr

�
uiω=νþ1
H

H1ð0Þðiω −DTk2Þ
;

h0zðr�Þ ≈ −
ω2h0ze−iωr

�
uiω=νþ1
H

fðr�ÞH1ð0Þðiω −DTk2Þ
: ð63Þ

Furthermore, we can calculate the bulk-to-bulk retarded
Green’s function in Fourier space

Gret
μν;αβðr�; r�0;ω; kÞ ¼ −i

Z
dtd3xeiωt−ik⃗·x⃗ΘðtÞ

× h½Tμνðr�; t; xÞ; Tαβðr�0;0;0Þ�i; ð64Þ

analogous to the calculations performed with the Uð1Þ
Maxwell gauge field [14]. One can do this by first solving
the homogeneous equations of motion for the respective
fields in the hydrodynamic limit, which has a diffusive
pole. In our case, the solutions are given by Eq. (63). Then,
the bulk-to-bulk retarded Green functions Ansätze in
Fourier space that are also consistent with [27,29,31] are
given by

Gret
tx;txðr�; r�0;ω; kÞ ≈

D2
Tk

2e−iωðr�−r�0Þ

ðiω −DTk2Þ
; ð65Þ

Gret
tx;zxðr�; r�0;ω; kÞ ≈ i

D2
Tωke

−iωðr�−r�0Þ

ðiω −DTk2Þ
; ð66Þ

Gret
zx;zxðr�; r�0;ω; kÞ ≈

D2
Tω

2e−iωðr�−r�0Þ

ðiω −DTk2Þ
; ð67Þ

up to some proportionality constant. The factorD2
T is added

to ensure that the Green’s functions are dimensionally
correct. The difference between our calculations and the
previous works is that we generalize the diffusion constant
DT for arbitrary function fðuÞ.
Now, we want to calculate the bulk-to-boundary corre-

lators in real space by inverse Fourier transform

Gtx;txðx;x0Þ ¼
Z

dω
2π

d3k
ð2πÞ3 Gtx;txðr�; r�0;ω; kÞ

× e−iωðt−t0Þeik⃗·ðx⃗−x⃗0Þ: ð68Þ

For Gret
tx;tx., it is given by
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Gret
tx;txðx;x0Þ ¼

Z
dω
2π

d3k
ð2πÞ3 D

2
Tk

2
e−iωðr�−r�0Þ

iω −DTk2

× e−iωðt−t0Þeik⃗·ðx⃗−x⃗0Þ

¼
Z

d3k
ð2πÞ3 D

2
Tk

2eik⃗·ðx⃗−x⃗0Þ

×

�Z
∞

−∞

dω
2π

ðV=V 0Þ−iω=2πT
iω −DTk2

�

¼ −
Z

d3k
ð2πÞ3

D2
Tk

2eik⃗·ðx⃗−x⃗0Þ

ðV=V 0ÞDT k
2

2πT

ΘðV − V 0Þ; ð69Þ

where ΘðxÞ is the Heaviside step function obtained from
closing the ω contour down and picking up a pole in the
lowerhalf plane. Using the relation in Eq. (44), the
Wightman Green’s function is given by

GW
tx;txðx;x0Þ ¼ −

i
4
ΘðV − V 0Þ

×
Z

d3k
ð2πÞ3

D2
Tk

2eik⃗·ðx⃗−x⃗0Þe−iDTk2=2T

sinðDTk2

2T ÞðV=V 0ÞDT k
2

2πT

: ð70Þ

By choosing to close the contour down we pick up a pole at
ω ¼ −iDTk2 considering the near-horizon limit where
U → 0.
The bulk-to-boundary correlators are obtained by taking

the limit r� → 0. In this case, we have

Kret
tx;txðx; t1; x⃗1Þ ¼ −

Z
d3k
ð2πÞ3

D2
Tk

2eik⃗·ðx⃗−x⃗1Þ

ðVe−2πTt1ÞDTk
2

2πT

× ΘðV − e2πTt1Þ;
¼ ΘðV − V1Þ2πTDT

ð71Þ

× V∂V

Z
d3k
ð2πÞ3

eik⃗·ðx⃗−x⃗0Þ

ðV=V1Þ
DTk

2

2πT

; ð72Þ

for the retarded propagator and

KW
tx;txðx0; t1; x⃗1Þ¼−

i
4

Z
d3k
ð2πÞ3

D2
Tk

2eik⃗·ðx⃗0−x⃗1Þ

sinðDTk2

2T Þ

×
e−iDTk2=2T

ðV 0e−2πTt1ÞDT k
2

2πT

ΘðV 0−e2πTt1Þ

¼ iπTDT

2
ΘðV 0−e2πTt1ÞV 0

∂V 0

×
Z

d3k
ð2πÞ3

eik⃗·ðx⃗0−x⃗1Þ

sinðDTk2

2T Þ
e−iDTk2=2T

ðV 0=V1Þ
DTk

2

2πT

; ð73Þ

for the Wightman propagator. Note that the dependence on

V1 cancels after multiplying the retarded and the Wightman
bulk-to-boundary propagators. This means that there is no
dependence on the insertion time t0 of the first-order

Green’s function Gð1Þ
μν:αβðx;x0Þ. However, as mentioned in

[14], the result should indeed depend on the insertion time.
To overcome this problem, we use the prescription used in
[27], so that the propagators become

Kret
tx;txðx; t1; x⃗1Þ ¼ ΘðV − V1Þ2πTDTV

× ∂V

Z
d3k
ð2πÞ3

eik⃗·ðx⃗−x⃗1Þ

ðV=V1 − 1ÞDTk
2

2πT

;

¼ −ΘðV − V1Þ
V
V1

×
Z

d3k
ð2πÞ3

D2
Tk

2eik⃗·ðx⃗−x⃗1Þ

ðV=V1 − 1ÞDT k
2

2πT þ1
; ð74Þ

and

KW
tx;txðx; t1; x⃗1Þ ¼

iπTDT

2
ΘðV − V1ÞV∂V

×
Z

d3k
ð2πÞ3

eik⃗·ðx⃗0−x⃗1Þ

sinðDTk2

2T Þ
e−iDTk2=2T

ðV=V1 − 1ÞDTk
2

2πT

¼ i
4
ΘðV − V1Þ

V
V1

Z
d3k
ð2πÞ3

×
D2

Tk
2

sinðDTk2

2T Þ
eik⃗·ðx⃗−x⃗1Þ

ð1 − V=V1Þ
DT k

2

2T þ1
: ð75Þ

By taking t1 → −t1 − iβ=2 for the Wightman propagator,
we get

KW
tx;txðx;−t1 − iβ=2; x⃗1Þ ¼ −

i
4
VV1

Z
d3k
ð2πÞ3

×
D2

Tk
2

sinðDTk2

2T Þ
eik⃗·ðx⃗−x⃗1Þ

ð1þ VV1Þ
DT k

2

2T þ1
:

ð76Þ

These propagators have qualitatively similar behaviors at
late time limit (V=V1 ≫ 1) while maintaining the desired
analytical properties connecting the retarded andWightman
propagators [27].
The other propagators such as Ktx;zx and Kzx;zx can also

be obtained from those derivations. Here, we have

Kret
tx;zxðx; t1; x⃗1Þ ≈ −ΘðV − V1Þ

V
V1

×
Z

d3k
ð2πÞ3

iD3
Tk

3eik⃗·ðx⃗−x⃗1Þ

ðV=V1 − 1ÞDTk
2

2πT þ1
; ð77Þ
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Kret
zx;zxðx; t1; x⃗1Þ ≈ −ΘðV − V1Þ

V
V1

Z
d3k
ð2πÞ3

−D4
Tk

4eik⃗·ðx⃗−x⃗1Þ

ðV=V1 − 1ÞDT k
2

2πT þ1
; ð78Þ

and

KW
tx;zxðx;−t1 − iβ=2; x⃗1Þ ≈ −

i
4
VV1

Z
d3k
ð2πÞ3

iD3
Tk

3

sinðDTk2

2T Þ
eik⃗·ðx⃗−x⃗1Þ

ð1þ VV1Þ
DT k

2

2T þ1
; ð79Þ

KW
zx;zxðx;−t1 − iβ=2; x⃗1Þ ≈ −

i
4
VV1

Z
d3k
ð2πÞ3

−D4
Tk

4

sinðDTk2

2T Þ
eik⃗·ðx⃗−x⃗1Þ

ð1þ VV1Þ
DTk

2

2T þ1
: ð80Þ

The main difference between the three cases is the order of k inside the bulk-to-boundary propagators. This will affect the
traversability of the wormhole since higher order in k could lead to lower traversability in the hydrodynamic
limit.

2. Violation of the ANEC

After calculating the bulk-to-boundary propagators, we are now ready to see the violation of the ANEC. The first-order
Green’s function for Case I is then given by

Gð1Þ
tx;txðx;x0Þ ¼ i

Z
t0

t0

dt1d3x1Aðt1ÞKW
tx;txðx0;−t1 − iβ=2; x⃗1ÞKret

tx;txðx; t1; x⃗1Þ þ x ↔ x0

¼ −
VV 0

8πT

Z
V 0

V0

dV1

V1

AðV1Þ
Z

d3k
ð2πÞ3

D4
T

sinðDTk2

2T Þ
k4eik⃗·ðx⃗0−x⃗Þ

½ðV=V0 − 1Þð1þ V 0V0Þ�
DTk

2

2πT þ1
þ x ↔ x0: ð81Þ

By choosing a delta function perturbation inserted at t ¼ t0 or AðV1Þ ¼ aV0δðV1 − V0Þ, where a is a constant, the
expectation value of T̂VV in Eq. (32) is then given by

8πGNhT̂ð2Þ
VVi ¼

aD4
T

32π3T3

1

PðV;V0Þ
Z

d3k
ð2πÞ3

1

4 sinðDTk2

2T Þ
k6

PðV; V0Þ
DTk

2

2πT

¼ aD4
T

32π3T3

1

PðV;V0Þ
Z

kmax

0

dk
ð8π2Þ

1

sinðDTk2

2T Þ
k8

PðV; V0Þ
DT k

2

2πT

; ð82Þ

or we can write it as

8πGNhT̂ð2Þ
VVi ¼

aD4
T

29π
9
2Γð3

2
ÞT3

1

PðV; V0Þ
Z

kmax

0

dk
1

sinðDTk2

2T Þ
k8

PðV; V0Þ
DT k

2

2πT

; ð83Þ

where

PðV; V0Þ≡ ðV=V0 − 1Þð1þ VV0Þ: ð84Þ

The expression of hT̂ð2Þ
VVi is similar to the result for the vector perturbation in [14], but differs by 2−5, which comes from a

factor present in the hT̂ð2Þ
VVi component of Eq. (31). Since we are only working within the hydrodynamic limit where

k
2πT ≪ 1, therefore, we need to impose a hard cutoff at kmax ≈ 2πT

ffiffiffi
f

p
[14], where f is a parameter that controls the

maximum energy of the deformation.
The integration can be performed numerically by first defining a parameter u ¼ DTk2

2πT , so that the energy-momentum
tensor becomes

TRAVERSABLE WORMHOLE WITH DOUBLE TRACE … PHYS. REV. D 113, 126002 (2026)

126002-11



8πGNhT̂ð2Þ
VVi ¼

aD4
T

210π
9
2Γð3

2
Þ

�
2πT
DT

�1
2

�
2πT
DT

�
4 1

PðV; V0Þ
Z

umax

0

u
7
2

sinðπuÞPðV; V0Þu
du

¼ ā

25
ffiffiffi
2

p
Γð3

2
ÞD̄1

2

T

1

PðV; V0Þ
Z

umax

0

u
7
2

sinðπuÞPðV; V0Þu
du; ð85Þ

where umax ¼ 2πD̄Tf. Here, we rescale the parameters
DT → D̄TT−1 and a → āT−2 to introduce dimensionless
parameters D̄T and ā. This result reproduces the function
obtained in [14] for double trace deformation from the
Uð1Þ gauge field up to a proportionality dimensionless
constant. We then define the normalization con-
stant N ðD̄TÞ ¼ 1

25
ffiffi
2

p
Γð3

2
ÞD̄

1
2
T

.

To see the traversability of the wormhole, we plot the
normalized energy-momentum tensor and the normalized
ANEC relatives to insertion time V0 in Figs. 2 and 3,
respectively. The figures show that the wormhole is
traversable, given a negative value of ā that indicates
negative-energy shock waves. In this work, we extend
the vector mode calculations to more general cases involv-

ing Case II and Case III as well. We obtain the hT̂ð2Þ
VVi for

each case, which is given by

hT̂ð2Þ
VVi ¼

ciN ðD̄TÞ
PðV;V0Þ

Z
umax

0

umi

sinðπuÞPðV;V0Þu
du; ð86Þ

where ci are given by

cI ¼ 1; cII ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2πD̄T

q
; cIII ¼ 2πD̄T; ð87Þ

and mi are given by

mI ¼
7

2
; mII ¼

8

2
; mIII ¼

9

2
; ð88Þ

for Cases I, II, and III, respectively.

C. Sound channel

In this part, we calculate the ANEC from double trace
deformation due to the sound channel perturbations. In the
sound channel, the nonvanishing gravitational perturbation
components are

htt; htz; hxx ¼ hyy; hzz: ð89Þ

Therefore, the metric in the Kruskal coordinates is given by

FIG. 2. Normalized energy-momentum tensor versus V for various values of the insertion time V0 for Case I (top left), Case II (top
right), and Case III (bottom). Here, we use ā ¼ −1 and umax ¼ 1=2.
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ds2 ¼ −
β2

4π2UV
gttðUVÞdUdV þ gxxðUVÞðdx2 þ dy2 þ dz2Þ þ β2

16π2U2V2
gxxðUVÞhttðU;V; zÞðUdV − VdUÞ2

þ gxxðUVÞhxxðU;V; zÞðdx2 þ dy2Þ þ gxxðUVÞhzzðU;V; zÞdz2 þ β

2πUV
gxxðUVÞhztðU;V; zÞðUdV − VdUÞdz:

ð90Þ

In this metric, the energy-momentum tensor that is quadratic in hMN near the horizon where U → 0 is given by
(Appendix A)

hT̂ð2Þ
VVi ¼ −

1

8πGN

β2

64π2V2
ðh∂zhtt∂zhtti þ 2hhtt∂2zhttiÞ þOðβÞ: ð91Þ

Using the point-splitting method, the energy momentum tensor now becomes

hT̂ð2Þ
VVi ¼ −

1

8πGN

β2

64π2V2

× lim
x0→x

ð∂z∂z0 þ 2∂2z0 ÞhhttðxÞhttðx0Þi: ð92Þ

This expression can be simplified even further. Note that
the Green’s functions depend on z and z0 through the factor
eikðz−z0Þ. Therefore, we may change ∂z0 → −∂z. In this
expression, we have

hT̂ð2Þ
VVi ¼

1

8πGN

β2

64π2V2
lim
x0→x

∂z∂z0G
ð1Þ
tt;ttðx;x0Þ; ð93Þ

whereGð1Þ
μν;αβðx;x0Þ is the first-order Green’s function given

by Eq. (42).
For now, we consider the simplest case where the

coupling function of the double trace deformation is in
the form of Qλργσðt; x⃗Þ ¼ AðtÞδλtδρt δγtδσt with a delta

function coupling AðtÞ ¼ aV0δðV − V0Þ as in the previous
cases. In this case, we need to calculate the bulk-to-
boundary propagators KW

tt;ttðx; t1; x⃗1Þ and Kret
tt;ttðx; t1; x⃗1Þ

from the bulk-to-bulk propagators similar to the ones done
for the shear channel. For the sound channel, the retarded
bulk-to-bulk propagator in the Fourier space within the
hydrodynamic limit is given by

Gret
μν;αβðr�1; r�2;ω; kÞ ≈

Sμν;αβðω; kÞe−iωðr�1−r�2Þ
ðω2 − v2sk2ÞT

; ð94Þ

where vs is the sound speed and vs ¼ 1ffiffi
3

p for the

Schwarzschild-AdS5 solution. The factor T is inserted in
the denominator to ensure that the dimension is correct and
agrees with the ones in the shear channel. The function
Sμν;αβðω; kÞ for the sound channels is given by Table I [32].
The sound channel Green’s functions have two real poles

located atω ¼ þvsk andω ¼ −vsk. When evaluating theω
integration, we pick both poles that are located on the real
axis. Furthermore, if we consider the attenuation constant
term (∼ − iΓsk2), the poles of the Green’s functions are
instead at ω ¼ �vsk − iΓsk2, placing them slightly below
the real axis. In this case, by closing the contour downward,
we pick up both poles, and the retarded prescription is
automatically realized through the Heaviside step function
ΘðV − V 0Þ. Therefore, the real-space retarded Green’s
function Gret

tt;ttðx;x0Þ without the attenuation term can be
expressed as

FIG. 3. Normalized ANEC as a function of insertion time V0

for Cases I, II, and III that ends at V ¼ þ∞. Here, we use ā ¼ −1
and umax ¼ 1=2. We can see, the earlier the deformation is turned
on the more traversable the wormhole shown by the increasing
negative value of ANEC. Note that the insertion time V0 ¼ 1
corresponds to insertion time t0 ¼ 0, where the wormhole
becomes most traversable.

TABLE I. Value of Sμν;αβðω; kÞ for various μν and αβ indices.

tt xx zz zt

tt ð5k2 − 3ω2Þ 2ðk2 þ ω2Þ ðk2 þ ω2Þ 8ðk2 þ ω2Þ
xx � � � 16ω2=3 2ðk2 þ ω2Þ=3 16kω=3
zz � � � � � � ð−k2 þ 7ω2Þ=3 8kω=3
zt � � � � � � � � � 4ðk2 þ 9ω2Þ=3
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Gret
tt;ttðx;x0Þ ¼ 3ivs

T
ΘðV − V1Þ

Z
d3k
ð2πÞ3 ke

ikðx−x0Þ

×

��
V
V 0

�ikvs
2πT

−
�
V
V 0

�
−ikvs

2πT
�
: ð95Þ

Following the similar reasoning as the computations done
for the shear channels, the retarded bulk-to-boundary
propagator is given by

Kret
tt;ttðx; t1; x1Þ ¼

6vs
T

ΘðV − V1Þ
V=V1

V=V1 − 1

×
Z

d3k
ð2πÞ3 ke

ikðx−x0Þ ImðRðV; V1; kÞÞ;

ð96Þ

where V1 ¼ e2πTt1 and RðV; V1; kÞ is defined as

RðV; V1; kÞ≡ ðV=V1 − 1Þ−ikvs
2πT : ð97Þ

The Wightman Green’s function is again obtained from the
relation in Eq. (44) and hence the bulk-to-boundary
propagator can be expressed as

KW
tt;ttðx;−t1 − iβ=2; x⃗1Þ

¼ −
3ivs
2T

VV1

1þ VV1

Z
d3k
ð2πÞ3

keik⃗ðx⃗−x⃗1Þ

sinhðkvs
2T Þ

ReðQðV; V1; kÞÞ;

ð98Þ

where QðV;V1; kÞ is defined as

Q≡ ð1þ VV1Þ−
ikvs
2πT : ð99Þ

The first-order Green’s function for the sound channel is
now given by

Gð1Þ
tt;ttðx;x0Þ ¼ i

Z
t

t0

dt1d3x1Aðt1ÞKW
tt;ttðx0;−t1 − iβ=2; x⃗1ÞKret

tt;ttðx; t1; x⃗1Þ þ x ↔ x0

¼ 3aVV 0=ð2πT3Þ
ðV=V0 − 1Þð1þ V 0V0Þ

Z
d3k
ð2πÞ3

k2eik⃗·ðx⃗−x⃗0Þ

sinhðkvs
2T Þ

ReðQðV 0; V0; kÞÞ ImðRðV; V0; kÞÞ þ x ↔ x0: ð100Þ

From this, the expectation value of T̂VV can now be expressed as

8πGNhT̂VVi ¼
aβ2=ð2πT3Þ
64π2PðV; V0Þ

Z
d3k
ð2πÞ3

k4

sinhðkvs
2T Þ

ReðQðV; V0; kÞÞ ImðRðV; V0; kÞÞ

¼ aβ2

28π5T3PðV; V0Þ
Z

kmax

0

dk
k6

sinhðkvs
2T Þ

ReðQðV; V0; kÞÞ ImðRðV; V0; kÞÞ; ð101Þ

where we impose a hard cutoff at kmax ¼ 2πTfs, with fs an
Oð1Þ constant analogous to the shear channel one. By
defining a dimensionless parameter u≡ kvs

2πT, we have

8πGNhT̂VVi ¼
37=2π2ā
PðV; V0Þ

Z
umax

0

du
u6

sinhðπuÞ
× ReðQðV; V0; kðuÞÞÞ ImðRðV; V0; kðuÞÞÞ:

ð102Þ

The energy-momentum tensor can now be written as

8πGNhT̂VVi ¼
N ā

PðV; V0Þ
Z

umax

0

du
u6

sinhðπuÞ
× ReðQðV; V0; kðuÞÞÞ ImðRðV; V0; kðuÞÞÞ;

ð103Þ

where

N ¼ 37=2π2; ð104Þ

is the normalization constant for sound channel perturba-
tions. Note that this normalization constant only depends
on the dimensionless sound speed vs ¼ 1ffiffi

3
p . Once we

generalize the speed of sound, umax now becomes
umax ¼ vsfs. Therefore, one could expect that models with
lower speed also lead to narrower wormhole openings.
The plot of the normalized energy–momentum tensor as

a function of the coordinate V and the ANEC as a function
of the insertion time V0 for the sound channels is shown in
Fig. 4. It can be seen that the wormhole is also traversable
in this case. However, the degree of wormhole travers-
ability is lower than in the shear channels, as indicated by
the smaller absolute value of the ANEC. After varying the
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value of the sound speed (via variation ofumax), the result can
be seen in Fig. 5. It is shown that higher vs leads to broader
wormhole opening. We also find that, with the propagating
sound channels, the value of V0 that leads to the minimum
ANEC is also influenced by the speed of sound. Higher vs
requires earlier insertion time for the double trace deforma-
tion. Moreover, the sound channels also show a power-law
remnant at late times, which will be presented in more detail
in the next section using a fitting model.
For sound channels, the speed of sound is not the only

important parameter, as the attenuation constant Γs also
plays a crucial role, which we will reveal soon. If we
include the damping or the attenuation of the sound
channels, with the pole of the frequency now given by
ω ∼�vsk − iΓsk2, the energy-momentum tensor is now
given by

8πGNhT̂VVi ¼
N ā

PðV; V0Þ
Z

umax

0

du
u6

sinhðπuÞ

×
ReðQðV; V0; kðuÞÞÞ ImðRðV; V0; kðuÞÞÞ

PðV; V0Þ
2πΓ̄su2

v2s

;

ð105Þ

where Γ̄s ¼ ΓsT is the dimensionless attenuation constant.

The ratio Γ̄s
v2s
now plays a role in shaping the ANEC function.

We still use the value umax ¼ vsf.
Here, we vary the value of the attenuation constant by

varying α≡ 2πΓ̄s
v2s

. The result can be seen in Fig. 6. We find
that increasing the attenuation constant suppresses travers-
ability at smaller V0, but enhances it at larger V0. Moreover,
varying α also changes the insertion time V0 corresponding
to the minimum ANEC. This happens because α depends
on both the dimensionless attenuation constant Γ̄s and the
sound speed vs, whose effects compete with each other for
different values of V0.
In sound channels, one could also study the traversability

of the wormhole when the speed of sound reaches the speed
of light, or even surpasses it, leading to superluminal
gravitational perturbations. In Fig. 7, one can see that
from vs ¼ vSchw. up until vs ¼ 1, increasing speed leads to
increasing traversability. However, as the speed of sound
becomes greater than the speed of light, the traversability
gets smaller. There, the wormhole opens up right after t ¼
t0 and subsequently closes again shortly thereafter, as a
larger t0 leads to shorter opening time. For sufficiently late
insertion times, the opening becomes too transient for a

FIG. 4. Plot of the normalized hT̂ð2Þ
VVi versus V (left) and the ANEC versus V0 (right) for the sound channels with umax ¼ 1=2.

FIG. 5. Plot of ANEC versus V0 for various values of umax in sound channels. The markers indicate the values of V0 corresponding to
the minimum ANEC for each umax.
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signal or particle to traverse before the wormhole closes,
indicated by a positive value of ANEC. It can be seen in
Fig. 7 (bottom right) when the insertion time is chosen such

that V0 ¼ 10. This behavior may arise because the super-
luminal modes induce tachyonic probes that might counter-
act the effect of the negative-energy shock waves.

FIG. 6. Plot of ANEC versus V0 for various values of the ratio α≡ 2πΓ̄s

v2s
in sound channel. In this plot, we choose umax ¼ 1=2.

FIG. 7. Plot of ANEC versus V0 (top) and the plot of NEC versus V at V0 ¼ 1 (bottom left) and at V0 ¼ 10 (bottom right) for various
values of the speed of sound vs where the speed of light is set to c ¼ 1. Here we choose the attenuation parameter as 2πΓ̄s ¼ 0.002
and fs ¼ 1=2.
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IV. DATA FITTING AND POWER-LAW
REMNANTS

In this section, we consider a fitting model that can
describe the ANEC for both shear and sound channels. It
has already been shown in [14] that the Uð1Þ gauge field
(which is comparable to the shear channel in our case) can
be well described by a fitting model

AðV0Þ ¼
Z

∞

V0

hT̂ð2Þ
VVidV ≈ −

V0

V2
0 þ 1

a
½lnðV0 þ 1=V0Þ�b

:

ð106Þ

This function exhibits a power-law prefactor in the limit of
sufficiently large t0, under the condition V0 ≫ 1,

AðV0Þ ≈ −
ae−2πTt0

tb0
: ð107Þ

The value of the exponent b can be obtained by fitting the
model to the result from Eq. (85). In this work, we slightly
generalize the fitting model to describe both the gravita-
tional shear and sound channels simultaneously, achieving
a better overall match. We consider ANEC in the form of

AnewðV0Þ ¼ −
V0

Vðcþ1Þ
0 þ 1

a
½lnðV0 þ 1=V0Þ�b

; ð108Þ

where now fa; b; cg are the fitting parameters and the
values c ¼ 1 correspond to the old model. We find that, for
the shear channels, the values of the fitting parameters are
given by Table II and the plot of the fitting function can be
seen in Fig. 8. As in Eq. (107), the new model retains a
power law factor at sufficiently large times, leading to the
form

AnewðV0Þ ∼ −
e−c2πTt0

tb0
; ð109Þ

where the exponential decay rate now acquires an addi-
tional dependence on parameter c. For sufficiently large,
yet still intermediate, timescales, the power law factor can
provide a noticeable correction to the exponential envelope.
However, in all cases involving scalar, vector, and tensor
operators, the exponential part dominates the late-time
regime. The power-law factor also appears in the two-
point function of the stress tensor correlators [40,41] and in
the OTOC of the stress-energy tensor [43].

TABLE II. Values of the fitting parameters fa; b; cg for both
old and new models in shear channels.

Old model a b c

Case I 2.08062 0.496059 1
Case II 0.971677 0.500937 1
Case III 0.456169 0.505068 1

New model a b c

Case I 2.0996 0.469803 1.0151
Case II 0.980631 0.474417 1.01525
Case III 0.460408 0.478327 1.01538

FIG. 8. Comparison between the new fitting model (solid lines)
and the actual result from Eq. (85) (dots) of the normalized
ANEC as a function of V0 for shear channel.

0 2 4 6 8 10
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vs = vSchw
vs = 1.2 vSchw
vs = 1.4 vSchw
vs = 1.6 vSchw
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–0.0005

–0.0004
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–0.0002

–0.0001

0.0000
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FIG. 9. Left: Results from Eq. (105) (dots) and the new fitting model (solid lines) of the ANEC when vs is varied. Right: Comparison
between the old fitting model (gray dashed), new fitting model (orange solid), and the result from Eq. (105) (dots) of the normalized
ANEC as a function of V0 for sound channel. Here, we fix 2πΓ̄s ¼ 0.002 and fs ¼ 1=2.
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Both parameters b and c govern whether the solution
exhibits a purely exponential behavior or, alternatively, an
exponential behavior modified by an additional power-law
factor at late times. In the shear channels, the result remains
largely unchanged, whereas in the sound channels, we
observe noticeable differences. For the sound channel, the
new model provides a noticeably better fit than the old one,
as can be seen in Fig. 9. In this plot, we consider a small
attenuation factor 2πΓ̄s ¼ 0.002 and vary the speed of
sound. In the new model, as can be seen in Table III, the
scaling exponent b for the gravitational sound channels
decreases as vs increases, indicating that the exponential
contribution becomes more dominant at late times, while
the power-law prefactor is progressively suppressed.
As vs increases, the dynamics gradually shift away from

the diffusive regime and exhibit stronger propagating
behavior, with a progressively suppressed power-law pre-
factor at the late times. This result can be seen in more
detail in Fig. 10. The parameter c governs the characteristic
time scale beyond which the exponential envelope becomes

the dominant contribution, specifically for t0 ≳ 1
2cπT. As c

increases along vs, the ANEC is correspondingly more
rapidly dominated by the exponential factor.
Furthermore,we include theR2 values of the fits in Table IV

in order to quantitatively assess the difference between the old
and the new fitting models. For sound speeds close to the
Schwarzschild value, vs ≃ vSchw, both models provide com-
parably good fits. However, as the sound speed is increased,
theR2 values of the newmodel approach unity, while those of
the old model gradually drift away from unity. This indicates
that, although both models tend to show diffusive behavior at
low sound speed, the new model accommodates the depend-
ence on vs more reliably at larger values.

V. REMARKS ON THE LOCALIZED
PERTURBATIONS

In the previous section, we showed that the ANEC for
both shear and sound channel perturbations exhibits a
power-law scaling at late times. On the other hand, at early
times or as soon as the perturbations are inserted at time t0,

the wormhole immediately becomes traversable as hT̂ð2Þ
VVi is

negative right afterV ¼ V0 (see Figs. 2 and 4).However, this
might not be the case when we consider a local setting in the
double trace deformation, such as the one considered in [43].
In this section, without performing an explicit analytical
computation, we provide a brief discussion of how localized
perturbations could alter the traversability of the wormhole.
Instead of inserting the double trace deformation at time

t0 via Dirac delta function and integrating throughout all
space, we could insert a local perturbation at time t0 and at
position x⃗0 at both asymptotic boundaries. This could be
achieved by choosing the function Aðt1; x⃗1Þ in the coupling
function Qμναβðt1; x⃗1Þ as

Aðt1; x⃗1Þ ¼ δ

�
2π

β
ððt1 − t0Þ − jx⃗1 − x⃗0j=vBÞ

�
¼ Ṽ0δðV1 − Ṽ0Þ; ð110Þ

where Ṽ0 ≡ Vjt¼t̃0 with t̃0 ≡ t0 þ jx⃗1 − x⃗0j=vB. Here vB
denotes the “butterfly velocity,” which indicates how fast
local information could scramble in a certainmodel [44–49].
By choosing this function, we assume that the gravitational
perturbation spread throughout the system at speed vB by
placing them at the “butterfly cone” surface. Using this
choice, the first-order Green’s function for gravitational
sound channels is now given by

TABLE III. Values of the fitting parameters fa; b; cg for both
old and new models in gravitational sound channels, where
vSchw ¼ 1ffiffi

3
p is the Schwarzschild-AdS5 sound speed. Here we fix

2πΓ̄s ¼ 0.002 and fs ¼ 1
2
.

Old model a b c

vs ¼ vSchw 0.000213639 0.467182 1
vs ¼ 1.2vSchw 0.000434158 0.761162 1
vs ¼ 1.4vSchw 0.0006412 1.01994 1
vs ¼ 1.6vSchw 0.000729501 1.1272 1

New Model a b c

vs ¼ vSchw 0.000222639 0.347394 1.06855
vs ¼ 1.2vSchw 0.000512062 0.28601 1.27535
vs ¼ 1.4vSchw 0.000862617 0.173482 1.49971
vs ¼ 1.6vSchw 0.00107587 0.032811 1.66428

c

b

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.5

1.0

1.5

vs

FIG. 10. Values of the fitting parameters c and b for various
sound speed vs ranging from vs ¼ 0.5vSchw to vs ≈ 0.95.

TABLE IV. R2 values for the fits obtained using the old and the
extended (new) fitting models for different values of vs.

vs vSchw 1.2vSchw 1.4vSchw 1.6vSchw

R2
Old 0.992481 0.984236 0.968501 0.948

R2
New 0.992675 0.99133 0.992913 0.997332
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Gð1Þ
tt;ttðx;x0Þ ¼ 3a

2πT3

Z
d3x1

d3k
ð2πÞ3

d3k0

ð2πÞ3
VV 0ΘðV − Ṽ0Þ

ð1þ V 0Ṽ0ÞðV=Ṽ0 − 1Þ
kk0eik⃗

0·ðx⃗0−x⃗1Þeik⃗·ðx⃗−x⃗1Þ

sinhðk0vs
2T Þ

× ReðQðV 0; Ṽ0; kÞÞ ImðRðV; Ṽ0; k0ÞÞ: ð111Þ

We can also write the expectation value hT̂ð2Þ
VVi, although it is not integrated over all spatial x⃗1 coordinates, as

8πGNhT̂ð2Þ
VVi ¼

3a
26π3T6

Z
d3x1

d3k
ð2πÞ3

d3k0

ð2πÞ3
−kk0k⃗ · k⃗0

sinhðk0vs
2T Þ

ReðQðV 0; Ṽ0; kÞÞ ImðRðV; Ṽ0; k0ÞÞ
PðV; Ṽ0Þ

: ð112Þ

We would like to give comments to the expectation value
of the energy-momentum tensor at both late and early time.
At a late time when V ≫ 1, the dependence on Ṽ0 in
Eq. (112) cancels out, and now the result does not care
about the initial location of the perturbation anymore. This is
because, as ðt − t0Þ ≫ jx⃗1 − x⃗0j=vB, the information has
already spread to some large enough region, and now we are
inside the “butterfly cone” [50]. However, at an early time,
the situation is different.
At early time, right after the insertion time t ∼ t0, hT̂ð2Þ

VVi
diverges and becomes negative as V=V0 → 1 while before
that, the energy-momentum tensor is positive valued.
However, for localized perturbations, V=Ṽ0 → 1 is only
achieved after t − t0 ∼ jx⃗1 − x⃗0j=vB. This implies that one
must wait for a while until the perturbation has sufficiently
scrambled over the relevant region, or until the system
enters the butterfly cone. Before entering the butterfly cone,
the energy-momentum tensor is given by

8πGNhT̂ð2Þ
VVi ≈

3avs
27π4T6

Z
d3x1

d3k
ð2πÞ3

d3k0

ð2πÞ3
eiðx⃗−x⃗1Þ·ðk⃗þk⃗0Þ

sinhðk0vs
2T Þ

× k2k0ð−k⃗ · k⃗0ÞVe−2πTðt0þjx⃗1−x⃗0j=vBÞ; ð113Þ

as we may approximate

PðV; Ṽ0Þ ≈ −1; ð114Þ

ReðQðV; Ṽ0; kÞÞ ≈ 1; ð115Þ

ImðRðV; Ṽ0; kÞÞ ≈ −
kvs
2πT

V

Ṽ0

: ð116Þ

One can see that it is now suppressed by e−2πTjx⃗1−x⃗0j=vB, and
hence small, up until the time reaches t − t0 ∼ jx⃗1 − x⃗0j=vB.
Therefore, although t > t0, the energy-momentum tensor
should still be positive when the system is still outside the
butterfly cone (V=Ṽ0 < 1).

VI. SUMMARY AND DISCUSSIONS

This work extends previous studies [13,14] on travers-
able wormholes via double trace deformation. Instead of
using a scalar or vector field, we perturb the AdS5 black-
brane background with gravitational/tensor perturbations
that are dual with energy momentum tensor operators on its
boundary. The approach is carried out through linear
perturbation analysis in the shear and sound channels.
Gravitational shear channel.We consider three different

coupling functions, Qμναβðt; x⃗Þ, for the shear channel,
denoted as case I, case II, and case III. We find that each
case results in a different opening of thewormhole,ΔUð2Þ, as
seen in Fig. 3, with the order of traversability from the largest
to the smallest being tx − tx; tx − zx, and zx − zx. We know
that tx − tx is a momentum density–momentum density
correlation. This type of coupling gives the strongest
traversability compared with momentum density–momen-
tum flux and momentum flux–momentum flux interactions.
Wealsonote that, in Sec. III B 1,wegeneralize the tensorial

diffusion constant,DT , for an arbitrary function fðuÞ that can
recover DT ¼ 1=4πT for a Schwarzschild AdS5 black hole
that has fðuÞ ¼ 1 − u2=u2H, which is consistent with the
results of previous studies [29,36]. Thus, one can verify if we
could get different diffusion constants for different forms of
fðuÞ that could possibly affect the wormhole opening. If one
apply fðuÞ for a black hole with momentum relaxation [14],
one could obtain DT ¼ 1

2
Dc.

Gravitational sound channel. For the sound channel, we
find that its traversability is smaller than that of all the shear
channels. Nevertheless, we observe some interesting find-
ings regarding this channel. When plotting the ANEC
integral, as seen in Fig. 3 versus Fig. 4, the turning point of
the graph, corresponding to maximal traversability, is
different. For the shear channel case, the turning point is
shown when V0 ¼ 1, equivalent with t0 ¼ 0. However,
with the sound channel, the wormhole becomes most
traversable when the insertion time is t0 < 0, indicating
that we need to activate the perturbations earlier.
This raises further questions regarding the underlying

mechanism. We speculate that this comes from the propa-
gating nature of the gravitational sound channel. At low
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speed, the perturbations behaves more like diffusive probes
similar with Uð1Þ conserved current operators where it is
found that maximal traversability in obtained when t0 ¼ 0.
As the sound speed becomes larger, however, the response
becomes less diffusive and prefers propagating wavelike
properties. In that case, as can be seen in Fig. 5, the time for
maximal traversability is shifted to t0 < 0. This behavior
remains speculative at this stage. Nevertheless, a more
detailed investigation involving localized perturbations
may lead to conclusions aligned with the results of [27],
where distinct scrambling features were observed depend-
ing on the ratio between vs and the butterfly velocity vB.
Clarifying this connection gives an interesting open prob-
lem that we leave for future work.
Another aspect of the sound channel perturbations is the

influence of the attenuation constant on the wormhole
traversability. The result can be seen in Fig. 6, where a
higher attenuation constant leads to less traversability for
early t0 while it increases traversability at later times. This
seems to contradict the behavior of the ANEC in the
diffusive modes. In the sound channel, however, the
relevant quantity controlling traversability is the ratio
Γ̄s=v2s . Therefore, the effects between Γ̄s and vs compete
with each other at both early and late insertion times,
leading to the result found in Fig. 6. Furthermore, once the
perturbations become superluminal, as can be seen in
Fig. 7, the opening of the wormhole becomes too transient
such that the wormhole becomes nontraversable at late
insertion time, although the turning point returns to t0 ≈ 0.
Power-law remnants of the ANEC at late times. In

Sec. IV, we perform data fitting and find that the ANEC for
both the shear and sound channels can be well described by

AnewðV0Þ ¼ −
V0

Vðcþ1Þ
0 þ 1

a
½lnðV0 þ 1=V0Þ�b

; ð117Þ

where fa; b; cg are fitting parameters. At sufficiently large
time, the behavior of the ANEC is therefore governed by the
numerical values of the parameters b and c, which control
whether the decay is purely exponential behavior or exponen-
tial suppressionmodified by an additional power-law factor. At
late times ðt0 ≫ 1Þ, the expression reduces to Eq. (109).
In the shear channel, we obtain results comparable to

those reported in [14], with the parameter c remaining close
to unity. Consequently, the fitting procedure effectively
reduces to the previously employed model (see Table II). In
the sound channel, although the same functional form
continues to provide an adequate description of the data,
the fitted parameters display a systematic numerical shift: c
deviates from unity and b decreases as the speed of sound is
increased, as summarized in Table III and illustrated in
Fig. 10. This behavior implies that the relative contribution
of the power-law factor diminishes at larger values of the
sound speed, and the late-time behavior is increasingly
dominated by purely exponential decay.

This trend suggests that sound channel interpolates between
diffusive and propagating behavior as the relative values of the
sound speed and the attenuation constant are varied. In this
sense, although the functional form governing the late-time
behavior of the sound and shear channels is qualitatively
similar, our results indicate a quantitative shift from diffusion-
dominated behavior toward propagation-dominated behavior,
reflected in the changing importance of the power-law factor
as controlled by the fitted parameters b and c.
Bound on information transfer. An important distinction

between the gravitational vector type perturbation, htx and
hzx, versus pure vector perturbation Aμ is that the energy-
momentum tensor hTVVi for vector fields depends solely on
the gauge fields AV , while the gravitational contribution
explicitly involves the gravitational constantGN. The appear-
ance ofGN encodes the backreaction of spacetime geometry,
shifting the horizon and allowing the signal/information to be
sent. It also underlines the gravitational nature of the
interaction, distinguishing it from other gauge interactions.
One can calculate the upper bound of how much

information can be transferred through the wormhole
opening caused by gravitational interaction, denoted as
Nbits using the uncertainty principle [14,39],

peach
U ΔUeach ≳ 1: ð118Þ

The number of bits Nbits is upper bounded by ΔU times
momentum of the shock waves pU, which is roughly equal
to or less than ðrd−1H Þ=GN in a so called probe limit. This
limit is obtained from the assumption that the backreaction
from a particle with positive energy that is sent through the
wormhole is substantially smaller than the backreaction
from gravitational perturbations that open the wormhole. In

our case, ΔU is proportional to 8πGN

R hT̂ð2Þ
VVidV, while

8πGNhT̂ð2Þ
VVi ∼Oðh2MNÞ [see Eq. (22)]. Therefore, to have

Nbits ∼Oð1Þ, the gravitational perturbations should be at
least hMN ∼Oð ffiffiffiffiffiffiffi

GN
p Þ, whereas hMN ∼OðGNÞ leads to

Nbits ∼OðGNÞ, which is vanishing in a semiclassical limit.
The behavior of hMN ∼Oð ffiffiffiffiffiffiffi

GN
p Þ is expected in the

perturbative quantum gravity (see, for example [51,52]).
In the end of Sec. II we discussed that although the

deformation is irrelevant, it nevertheless can render a worm-
hole traversable under the hydrodynamic regime. The physi-
cal constraint is the ability to sendNbits of information through
thewormhole within the probe limit, where the shock wave’s
momentum satisfies pU ≲ rd−1H =GN. Physically, this means
that the signal backreaction is substantially smaller than the
double trace deformation. Our calculations using the low-
energy hydrodynamic limit confirm that this condition is
consistently satisfied for hMN ∼Oð ffiffiffiffiffiffiffi

GN
p Þ.

Future works. So far, the construction of traversable
wormholes with double trace deformation has been accom-
plished by using bosonic operators such as scalar, vector,
and, in this paper, tensor operators. Then it is interesting to
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see if this procedure can be developed for fermionic
operators. Unlike scalar, vector, and tensor, there are some
subtleties when choosing the boundary condition in fer-
mionic interaction. This is because when the bulk action
vanishes at the boundary, we can add boundary terms to the
action that satisfy the variational principles, and different
boundary terms can lead to different conformal field
theories [53]. Therefore, one could produce a different
kind of deformation. In other contexts, the lack of fermionic
superradiance is an advantage to construct traversable
wormholes in a Kerr black hole [54,55]. The bosonic
superradiance prevents wormholes from being defined at
the off-axis region [56], while fermions can avoid this
problem. By having traversable wormholes from more
physical black holes (especially near the extreme limit),
it can open up the possibility of observing wormholes in the
future. Wormhole traversability from fermionic operators
will be presented in the near future.
Another interesting aspect to explore is the study of a

traversable wormhole for various black hole backgrounds,
especially involving scalar or vector hair,whichhave attracted
significant interest until very recently [57–62]. It is shown that
black hole parameters can be influenced by the value of the
scalar field at the asymptotic AdS boundary, which corre-
sponds to a deformation in the boundaryCFT.Onemight also
expect that the boundary deformation could influence the
diffusion constant or the speed of sound of the theory.
Furthermore, the use of rotating shock waves
[48,61,63,64] might also influence the traversability of a
wormhole, especially in rotating backgrounds [56], or even
from its quantumcounterpart called the exotic compact object
[65]. The angular momentum of the shock waves gives an
enhanced upper bound for the Lyapunov exponent in the
context of gravitational scrambling dynamics. Lastly, this
workmayalsobe connected to inflationary cosmology,where
it suggests that primordial gravitational perturbations, gen-
erated during inflation epochs, originated from quantum
fluctuations in the early universe [66,67]. Analogous to the
tensor perturbation, cosmological perturbations can also be
classified as scalar, vector, or tensormodes depending on their
behavior under spatial coordinate transformations. [67].
Furthermore, in the aforementioned work, gravitational
waves are represented as second-order perturbations. In
our study, the metric perturbations are also treated at second
order, which motivates us to find out if such gravitational
wave perturbations may create a traversable wormhole.
Additionally, a recent proposal suggests the connection
between inflationary cosmology and anti–de Sitter worm-
holes, initiated by an effort to address theproblemof the initial
conditions for inflation [68].
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APPENDIX A: THE ENERGY-MOMENTUM
TENSOR OF THE GRAVITATIONAL FIELDS

In this appendix, we show how we obtain the expression
of Tð2Þ

VV for both shear and sound channels as in Eqs. (31)
and (91), respectively. For the shear channels, we calculate
the VV component of the Einstein’s equation

RMN ½g� −
1

2
R½g�gMN − 6gMN ¼ 0; ðA1Þ

for the metric components gMN given by Eq. (30). We
rescale hMN → αhMN and consider the factor α as the
perturbation parameter, and we expand the equations of
motion up to orderOðα2Þ. The energy-momentum tensor is
given by the quadratic order of the Einstein’s equation, as
shown in Eq. (21).We then take the low-temperature limit
β → ∞, ignoring the subleading terms, and take the near-
horizon limit U → 0.
The Oðα2Þ terms of the Einstein’s equation near U → 0

for all orders of β can be written as

β2

32π2V2
ð∂zhtxÞ2 −

β

4πV
ð∂zhxz∂Vhtx

þ hxz∂z∂VhtxÞ þ
gxx
2Vgtt

ðhtx∂Vhtx þ Vhtx∂2VhtxÞ

þ hxz∂2Vhxz þ
1

V
hxz∂Vhxz þ

1

2
ð∂VhxzÞ2: ðA2Þ

In the hydrodynamic limit, we consider the case with low
temperature and near the horizon. The terms proportional to
1
gtt
may diverge near the horizon. However, since we take the

β → ∞ limit first, those terms become subleading and can
thus be neglected in this regime. Consequently, the energy-
momentum tensor remains finite in the hydrodynamic limit,
as intended.
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For the sound channels, we do similar calculations for the metric given by Eq. (90). Near the horizon, explicit calculations
of the Oðα2Þ terms of Einstein’s equation give us

β2

64π2V2

�
gxx
gtt

ð∂zhttÞ2 þ 2
gxx
gtt

htt∂2zhtt − ∂zhtt∂zhzz þ 2∂zhtt∂zhxx − 2htt∂2zhzz − 4htt∂2zhxx

�

þ β

16πV

�
3gxx
gtt

∂zhzt∂Vhtt −
gxx
gtt

∂zhtt∂Vhzt þ 4∂zhxx∂Vhzt − 2∂zhzt∂Vhzt

þ 2
gxx
gtt

hzt∂V∂zhtt þ 2
gxx
gtt

htt∂V∂zhzt − 4hzz∂V∂zhzt

�

þ 1

V
hxx∂Vhxx −

gxx
2gtt

∂Vhtt∂Vhxx þ
1

2
ð∂VhxxÞ2 þ

gxx
2Vgtt

hzt∂Vhzt þ
1

2V
hzz∂Vhzz −

gxx
4gtt

∂Vhtt∂Vhzz

þ 1

4
ð∂VhzzÞ2 þ hxx∂2Vhxx þ

gxx
2gtt

hzt∂2Vhzt þ
1

2
hzz∂2Vhzz: ðA3Þ

Here, even β2 terms also contain 1
gtt
and thus diverge at the

horizon. In order to overcome this, we note that there is a
discrepancy between the definition of htt and Ht ¼ gtthtt ≠
htt that is used in [32]. This is in contradiction with other
channels where hμν ¼ gxxhμν. We choose to perform a

rescaling so that htt →
ffiffiffiffiffi
gtt
gxx

q
htt. This rescaling effectively

absorbs the redshift factor associated with the vanishing of
gtt near the horizon. Physically, it corresponds to express-
ing the time-time component of the perturbation in terms of
quantities measured by a locally inertial observer. After the
rescaling and ignoring the subleading terms in β → ∞, only
the terms in Eq. (91) appear in the quadratic energy-
momentum tensor of the gravitational sound channels.

APPENDIX B: RELATION BETWEEN THE
RETARDED GREEN’S FUNCTION AND

WIGHTMAN FUNCTION

The retarded Green’s function between operator A and
operator B denotes [69]

Gret
ABðt; t0Þ ¼ −ih½ÂðtÞ; B̂ðt0Þ�i

¼ −
i

ZðβÞ ðTrfe
−βĤÂðtÞB̂ðt0Þg

− Trfe−βĤB̂ðt0ÞÂðtÞgÞ: ðB1Þ
In this case, we use Z≡ Trfe−βHg, hX̂i ¼ Trðe−βHX̂Þ=
Trfe−βHg. By expanding the quantum state using spectral
decomposition with jni as the energy eigenstate and using
the Heisenberg representation of the operator, we get

Gret
AB ¼ −

i
Z

�X
n;m

AnmBmne−βEneiðEn−EmÞðt−t0Þ

−
X
n;m

BnmAmne−βEne−iðEn−EmÞðt−t0Þ
�

ðB2Þ

¼ −
i
Z

X
n;m

AnmBmne−βEneiðEn−EmÞðt−t0Þ

× ð1 − eβðEn−EmÞÞ ðB3Þ

where Anm ¼ hnjAjmi, and we also exchange the dummy
indices m and n to get from the first line to the second line.
Fourier transforming the Green’s function we get

Gret
ABðωÞ ¼

Z
dðt − t0ÞGret

ABðt; t0Þeiωðt−t
0Þ

¼ −
2πi
Z

ð1 − e−βĤÞ
X
nm

AnmBmne−βĤ

× δðω − ðEm − EmÞÞ: ðB4Þ
On the other hand, the Wightman function is given by
[69,70]

GW
ABðt; t0Þ ¼ −ihAðtÞBðt0Þi ðB5Þ

¼ −
i
Z

X
n;m

AnmBmne−βEneiðEn−EmÞðt−t0Þ; ðB6Þ

where we have used the same treatments as we did to Gret
AB.

Similarly, Fourier transforming the Wightman function in
Fourier space, we get

GW
ABðωÞ ¼ −

i
Z

X
n;m

AnmBmne−βEn

× 2πδðω − ðEm − EnÞÞ: ðB7Þ
From here, we get the relation between the retarded Green’s
function and the Wightman function, which is given by

GW
ABðωÞ ¼ i

eβω

eβω − 1
ImGret

ABðωÞ: ðB8Þ
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APPENDIX C: SOLUTIONS TO THE EQUATIONS OF MOTION IN SHEAR CHANNELS

The equation of motion for htðrÞ in the static and spherically symmetric AdS black hole background is given by

h000t ðuÞ − h00t ðuÞ∂u logðu2guuÞ − uguu

�
ω2gtt

u
þ k2

�
h0tðuÞ þ

1

u
∂u logðu2guuÞh0tðuÞ ¼ 0: ðC1Þ

Using the infalling boundary condition at the horizon, we can write h0tðuÞ ¼ ðuH − uÞ−iω=νFðuÞ, with ν≡ 2
ffiffiffiffiffiffi
uH

p jF0ðuHÞj.
Then, the equation becomes

F00 þ F0
�

2iω
νðuH − uÞ − ∂u logðu2guuÞ

�
− F

�
ω2

�
guugtt þ

1

ν2ðuH − uÞ2
�
þ uguuk2

�

þ F

�
iω
ν

�
1

ðuH − uÞ2 −
∂u logðu2guuÞ
ðuH − uÞ

�
þ 1

u
∂u logðu2guuÞ

�
¼ 0: ðC2Þ

We solve this equation perturbatively by expanding FðuÞ as

FðuÞ ¼ F0ðuÞ þ ωF1ðuÞ þ k2G1ðuÞ þOðω2;ωk2; k4Þ:
ðC3Þ

At order Oð1Þ, the equation is given by

F00
0 −

�
F0
0 −

F0

u

�
∂u logðu2guuÞ ¼ 0; ðC4Þ

which has the solution in the form of

F0 ¼ uC1

Z
u
guuðu1Þdu1 þ uC0: ðC5Þ

Near the horizon, F0ðuÞ behaves as

F0 ≈ uHC1

Z
u du1
4u2HjF0ðuHÞjðuH − u1Þ

þ uHC0

¼ −C1

4uHjF0ðuHÞj
log ju − uHj þ uHC0: ðC6Þ

Regularity at the horizon gives us C1 ¼ 0 and

F0ðuÞ ¼ uC0: ðC7Þ

At order OðωÞ, the equation is given by

F00
1 þ

�
−F0

1 þ
F1

u

�
∂u logðu2guuÞ ðC8Þ

¼ −
iuC0

ν
guu∂u

�
1

guuðuH − uÞ
�
; ðC9Þ

which has the solution in the form of

F1 ¼ u
Z

u
�
−iC0=ν
uH − u1

þ C1guuðu1Þ
�
du1 þ uC2: ðC10Þ

Near the horizon, this function becomes

F1ðuÞ ≈ u
Z

u
�
−iC0=ν
uH − u1

þ C1

4u2HjF0ðuHÞjðuH − u1Þ
�
du1 þ uC2

¼ rH

�
iC0

ν
−

C1

4u2HjF0ðuHÞj
�
log juH − uj

þ uHC2: ðC11Þ

A solution that is regular at the horizon has

C1 ¼
i4u2HjF0ðrHÞjC0

ν
: ðC12Þ

Therefore, by absorbing the integration constant C2 into the
integration interval, we get

F1ðuÞ ¼
iC0

ν
u
Z

u

uH

�
4u2HjF0ðuHÞjguuðu1Þ −

1

uH − u1

�
du1

≡ −iC0H1ðuÞ: ðC13Þ

The function

H1ðuÞ ¼
u
ν

Z
uH

u

�
4u2HjF0ðuHÞjguuðu1Þ −

1

uH − u1

�
du1;

ðC14Þ

is finite and positive at the boundary u ¼ 0.
At order Oðk2Þ, the equation is given by

G00
1 þ

�
−G0

1 þ
G1

u

�
∂u logðu2guuÞ − u2guuC0 ¼ 0; ðC15Þ
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which has the solution in the form of

G1 ¼ u
Z

u
guuðu1Þ

�
C0u21
2

þ C1

�
du1 þ uC2: ðC16Þ

Near the horizon, this solution behaves as

G1ðuÞ ≈ uH

Z
u −1
4u2HjF0ðuHÞjðu − uHÞ

×

�
C0u2H
2

þ C1

�
du1 þ uHC2

¼ −1
4uHjF0ðuHÞj

�
C0u2H
2

þ C1

�
log juH − uj

þ uHC2: ðC17Þ

Regularity at the horizon gives us

C1 ¼ −
C0u2H
2

: ðC18Þ

Therefore, by absorbing the integration constant C2 again
to the integral we get

G1ðuÞ ¼
uC0

2

Z
u

uH

guuðu1Þðu21 − u2HÞdu1
≡ C0H2ðuÞ: ðC19Þ

Now, the function

H2ðuÞ ¼
u
2

Z
u

uH

guuðu1Þðu21 − u2HÞdu1; ðC20Þ

is also finite and positive at the boundary u ¼ 0.
By combining all of the solutions, we get

h0tðuÞ ¼ C0ðuH − uÞ−iω=νðu − iωH1ðuÞ
þ k2H2ðuÞ þOðω2;ωk2; k4ÞÞ: ðC21Þ

The constant C0 can be obtained from the solution at the
boundary u ¼ 0. The values of ht and hz at the boundary
are denoted as h0t and h0z , respectively. By taking the limit
r → 0 in Eq. (48) and using the AdS boundry condition
fð0Þ ¼ 1, we get

C0 ¼
k2h0t þ kωh0z

H1ð0Þðiω −DTk2Þ
uiω=νH þOðω2;ωk2; k4Þ: ðC22Þ

This is equivalent to the result obtained in [29] when
uH ¼ 1, thus in this work, we generalize the value of uH.
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