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We investigate how nonlocal gravitational couplings from double trace deformation between two
asymptotic boundaries of an AdSs black-brane can lead to the violation of the averaged null energy
condition (ANEC). The first-order gravitational perturbations backreact with the background metric at
second order, creating a wormhole opening in the context of the Gao-Jafferis-Wall traversable wormhole
protocol. The wormhole becomes traversable in both the gravitational shear and sound channels within the
hydrodynamic approximation. This shows that dynamical metric perturbations can facilitate information
transfer in a purely gravitational setting, with the emergence of Gy indicating the gravitational origin. For
the shear channel, we consider three different coupling configurations, whereas for the sound channel, we
vary both the speed of sound and the attenuation constant, as these parameters control the wormhole
traversability. Furthermore, we obtain a late-time power-law factor in the ANEC using the fitting function
and present a generalization that applies to both shear and sound channels. Due to its propagating nature,
the sound channel exhibits late-time power-law remnants at low sound speed similar to the vector diffusive
probes, but it prefers an exponential decay at higher sound speed similar to the scalar nondiffusive probes,
as the power-law exponent weakened with increasing sound speed. For superluminal sound channels, the

wormhole opens for an extremely brief duration at late insertion times, rendering it nontraversable.

DOI: 10.1103/4rgm-nmx9

I. INTRODUCTION

In the AdS/CFT correspondence and holography [1,2],
the gravitational theory of anti—de Sitter (AdS) spacetime is
dual to conformal field theory (CFT) defined on its
boundary. As an example, a two-sided eternal AdS black
hole can be described by a thermofield double state in its
dual description [3,4]. This provides a powerful tool to
bridge classical general relativity with quantum theory.
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Furthermore, this duality states the equivalence between
Einstein-Rosen (ER) bridges, which arise from the general
theory of relativity, and the FEinstein-Podolsky-Rosen
(EPR) correlation or entanglement, which originates from
quantum theory. This equivalence is widely known in the
literature as the ER = EPR conjecture [5-7]. Following
this development, the study of wormholes in holography
has become increasingly encouraging [8—12].

One of them is the Gao, Jafferis, and Wall (GJW) [13]
traversable wormhole protocol. Recently, GIW wormhole
protocol has been further developed in [14] by considering
different bulk fields. This type of traversable wormhole is
realized by coupling the two asymptotic boundaries of the
AdS-Schwarzschild spacetime, which induces quantum
effects that give rise to negative averaged null energy.
Although the averaged null energy condition (ANEC),

/ Z Ty kMINdL > 0, (1)

(e8]
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Penrose diagrams illustrating the effect of tensor perturbations on wormhole traversability. (a) In the absence of perturbations, null

geodesics cannot cross the horizon (AU = Uy — U; = 0), and the wormhole is nontraversable. (b) The tensor double trace deformation
backreacts on the background geometry, leading to a ANEC violation, f (Tyy) < 0. As a result, the null coordinate is shifted, AU < 0,
allowing signals from the left boundary to cross the horizon and reach the right boundary, thereby rendering the wormhole traversable.

is violated, the presence of exotic matter can be avoided in
GJW protocol. The consequent ANEC violation renders the
wormhole traversable (see, for example [15], and reference
therein). Here, Ty is the stress-energy tensor, k¥ is a null
tangent vector, and A represents the affine parameter along
the null geodesics. They showed that quantum interactions
between two nonlocally coupled CFT boundaries generate
negative energy, shifting the horizon, resulting in the signal
entering the horizon and reappearing in the other part of
timelike spacetime. It is captured in the shift of Kruskal
coordinate (AU, as illustrated in Fig. 1).

The relation between the shift AU and the negative stress
tensor can be obtained from the perturbed geodesic equation
together with the linearized Einstein equations, following
standard analysis (see, e.g., [13,14]). GJW used scalar fields
propagating on a three dimensional Bafiados, Teitelboim,
Zanelli AdS blackhole, which correlate to quantum operators
in the CFT boundaries. The boundary is then deformed by a
nonlocal double trace deformation [13,16,17],

SH(1) = / 4V xh(1,F)0, (=1, D) Og(LF).  (2)

When the coupling function, A(z, x), is activated, the ANEC
is expected to be violated and rendering the wormhole
traversable. The coupling function connects the quantum
operator O on the CFT right and left boundary, denoted as
subscripts R and L, respectively.

In the GJW framework, it is important to consider ANEC
instead of solely relying on the local NEC. This is because
the double trace deformation is time dependent, which
results in the NEC that is not a constant. We later show in
Sec. III that a negative NEC at some local point does not
necessarily imply a negative ANEC, especially when NEC
becomes positive at a later time. This should be contrasted

with other works on traversable wormholes, for example
[18], where the NEC is a negative constant. In such a case,
the ANEC violation is naturally satisfied. Furthermore,
using the Raychaudhuri equation, one can also show that
the violation of ANEC ensures that the geodesic of a null
ray travelling from left to right boundaries is complete,
which is a property of a traversable wormhole [15].

Interestingly, there is an elegant link between the travers-
able wormhole protocol suggested by GJW and a quantum
teleportation protocol in two copies of entangled systems in
a thermofield double state [19,20] that can be realized in a
Sachdev-Ye-Kitaev (SYK) model [21]. This excitement may
inspire the development of a holographic teleportation
protocol that might be implemented in a tabletop experiment,
offering a possible route to simulating holographic quantum
gravity [22-24]. Additionally, a simulation of the traversable
wormbhole teleportation protocol has been done in a quantum
computer for a simplified sparse SYK model that is con-
jectured to be dual to a two dimensional holographic
wormhole [25]. Even though some of the results remain
debatable [26], they provide valuable insight into laboratory
studies of quantum aspects of gravity, especially with
anticipated progress in quantum computing hardware.
Hence, exploring traversable wormholes with double trace
deformations induced by a broader class of coupling fields,
such as the vector, tensor/gravitational, and fermionic
interactions, could open new possibilities toward realizing
holographic teleportation in the lab and perhaps revealing
novel signatures of quantum gravitational dynamics.

A recent work [14] demonstrated that a traversable
wormhole can be constructed with a double trace defor-
mation via U(1) conserved current operators. In contrast to
single trace scalar operators, the U(1) gauge field exhibits a
power-law tail characteristic in its scrambling dynamics,
reflecting a slower decay of conserved modes [27]. It was
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also shown that in the hydrodynamic approximation, the
nonlocal coupling between the two CFT boundaries can
violate the null energy condition and render the wormhole
traversable, just like the previous scalar case proposed by
GJW. In that case, the retarded Green’s function has a
diffusive pole at @ ~ —iD k>, where D, is the diffusion
constant. Furthermore, the diffusion constant appearing in
the diffusive behavior of the U(1) conserved current
operator turns out to affect the traversability of the worm-
hole. They also show that the wormhole opening AU also
has a power-law tail in the late-time limit as the reminiscent
of the power-law behavior in the out-of-time order corre-
lators (OTOC) found in [27].

In this work, we construct traversable wormholes based
on the GJW protocol that is included in the holographic
framework theory [13]. Henceforth, all instances of the term
“wormhole” refer to the GJW traversable wormhole proto-
col. In the semiclassical approximation adopted here,
Einstein’s equation is written as Gy = 8GN (ThNT"),
where (Tjj\") represents the expectation value of the stress
tensor of quantum matter fields propagating on a classical
background geometry [28]. The quantum effect of the matter
fields induces negative energy gravitational shockwaves
into the bulk [15]. The violation of ANEC created by the
matter part ensures that the wormhole is traversable [ 13—15].

We extend the previous works [13,14] by introducing the
double trace deformation to a nonlocal coupling between two
tensor operators from gravitational (metric) perturbations in
an AdSs black-brane background (see Fig. 1). Itis shown that,
in low energy, gravitational perturbations also exhibit a
hydrodynamic behavior that even has richer aspects com-
pared to the conserved current operators U(1), since gravi-
tational perturbations include scalar, vector, and tensor modes
(or equivalently sound, shear, and scalar channels) [29-32] in
the i,y = 0 gauge [31,32]. The scalar channel, ,,, exhibits
nondiffusive behavior on its retarded Green’s function and is
not considered in this work. The shear channels (vector
modes), h,, and .., exhibit a diffusive pole at @ ~ —iDyk>
where Dy is a tensor diffusive constant that is typically half
the value of the U(1) conserved current operators [29,32].
Here, we calculate Dy for an arbitrary black hole’s blackening
function f(r). Furthermore, the sound channels with the
remaining nonzero components have a pole at
o ~ +v,k — il k>, where v, is the speed of sound and T,
is the attenuation constant. This represents a propagating
sound wave with speed v,. We explicitly calculate the null-
energy condition with double trace deformation coming from
both shear and sound channels and show that one could get a
violation of the ANEC from both channels.

Note that in this work, we only consider the gravitational
perturbations h,,y as the dynamical fields that obey the
linearized Einstein’s equation in O(h,,y ). The perturbations
further backreact the metric background to the second order,
so that the total metric components can be written as

gun = 9un + hyny +vun, where gyy represents the

AdS black-brane background and y,.y ~ O(h3,y). It is this
backreaction that gives rise to a wormhole opening. The
Einstein’s equation at the second order gives us the linearized
equations of motion for y,, sourced by the energy-
momentum tensor T[ﬁ;v [h], which is quadratic in /.
The second-order metric perturbations y,,y deform the
null geodesic in the Kruskal coordinates so that one could
relate the wormhole opening AU with the backreaction
yun- Due to the fact that the linearized equations of motion

for y,,y are sourced by T%\, [h], one can also show that the

wormhole opening AU is proportional to T&,z‘), [h], which is
nothing but the ANEC in Eq. (1).

One might wonder how we can violate the ANEC from
the classical solutions to the equations of motion for £,y to
create a traversable wormhole. The ANEC associated with
hyn can be violated once quantum effects from the double
trace deformation are taken into account. In particular, one

computes the quantum expectation value of Tg/z‘)/ - <T§/2‘)/>

by treating the perturbation hyy — ﬁMN as a quantum
operator in the interaction picture.

We have mentioned that some of the challenges in
constructing traversable wormholes are the presence of
exotic matter and its stability. In this work, wormholes were
constructed based on the AdS/CFT correspondence via
double trace deformation. The bulk spacetime used is a
black-brane spacetime, which has AdS spacetime solutions
in its asymptotic region. The field equation solution
included a metric asymptotic expansion of the tensor field,
which was considered as a perturbation and used as a
source to deform the left and right CFT boundaries,
resulting in nonlocal coupling between them. Then AdS/
CFT correspondence is used to find a dual operator that
could be obtained from the generating functional at the
CFT boundary that is discussed in the context of holo-
graphic renormalization [33,34]. This dual operator repre-
sents the expectation value of the energy-momentum
tensor, which must be negative, thus constructing a
traversable wormhole.

The structure of this paper is as follows. In Sec. II, we
write our gravitational background and the boundary
condition for the tensor field in AdSs/CFTy. In Sec. III,
we calculate the ANEC for both shear and sound channels.
We first construct the relation between wormhole opening

and the ANEC from TE/Z‘)/ [h]. Next, we find the solution to
the linearized Einstein’s equation in the hydrodynamic limit
for the shear channel to express the tensorial diffusion
constant Dy in terms of the background metric. We then
calculate the retarded Green’s and Wightman function in
real space as well as the ANEC violation for both shear and
sound channels. We explore scenarios both without and
with the attenuation parameter. Furthermore, we investigate
the traversability of the wormhole when the speed of sound
becomes superluminal. In Sec. IV, we find a fitting model
that works for both shear and sound channels
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simultaneously. In Sec. V, we briefly make comments on
the use of localized perturbations to open the wormhole. In
Sec. VI, we summarize the results and present discussions.

II. GRAVITY SETUP

A. Black-brane metric background

We begin with the general (d 4 1)-dimensional black-
brane with the metric

ds? = gyndx"dx" = g,.(r)dr* + g, (r)dx*dx*,  (3)

where (M, N) indices denote the AdS (d + 1) coordinates
and r denotes the AdS radial direction. The boundary
indices are given by (u,v) = (t,x'). The boundary is
located at »r =0 and the horizon is located at r = ry.
Near the horizon (r/ry = 1), g, has first order zero and g,,
has first order pole. We also impose full rotational
symmetry, g;; = g,,8;;, in the x’ direction.

In order to obtain a more well-defined view of the
traversable wormhole geometry, we transform the metric to
the Kruskal-Szekers coordinate. Before proceeding, we
define a tortoise coordinate

Irr gy, (4)

so that the metric becomes
dS2 = _gtt<r*)(dt2 - dr*2) + gxx(r*)éijdxidxj' (5)

Next, the Kruskal-Szekeres coordinates are defined as

U= —|—e%(’*">, V = —ef ') (left exterior),
U= -, V = 4er ) (right exterior),
U= +e%(’*">, V= +ezﬂ_ﬂ(’¥+’) (future exterior),
U=—er" ™, V == (past interior).

In these coordinates, the background metric (3) becomes
dSz = ng(UV)dUdV+gxx(UV)5deldxj, (6)

where

ﬁz gtt(UV)
L A R —

47> UV ™
and f = % is inversely related to the Hawking temperature.

To investigate the correlation function of the stress-
energy tensor on the boundary, we begin by introducing
small perturbations to the background metric via gy =
gun + hyn with gy, given by (3). Since our interest lies in
the boundary theory, we use the Fefferman-Graham gauge

h.y =0 for all values of M, eliminating any radial
components of the perturbation. Thus the fluctuations
now are encoded in /,,. The perturbed metric then takes
the form,

ds* = g,,dr* + (G + hy,)dx*dx". (8)

In this case, the perturbation can be classified into three
classes under spatial rotations on an xy plane [29-—
32,35-37]:
(1) hxy #0,0rhy, =
channel,
(i) h, and hy, # 0, or hy, and hy, # 0 which include the
shear channels, and
(iii) all other elements, i.e., h,, h,, h, =h
nonzero in sound channels,
while perturbations above also refer to tensor mode, vector
modes, and scalar modes respectively. The equations of
motion for each class decouple from the other ones. We
consider the second and third cases since they have
diffusive behavior in the (low-energy and low-temperature)
hydrodynamic limit and nonzero @ poles in the Green’s
function.

—hy, # 0 which include the scalar

yys ho; are

B. Boundary conditions for the tensor fields

We rewrite the bulk line element in Eq. (3) as
ds* = ! dr? dxtdx* 9
s _ﬁ(grr r +g/w X X), ( )

to make the near-boundary metric expansion analysis
consistent with [33]. In terms of the general line element
given in Eq. (3), these metric components are written as
gy =% and g,, = 9. In this metric convention, the near-
boundary limit is given by g, (r - 0) = 1.

Now, one can treat the perturbation as a field propagating
on this background with action given by,

s:z—lK U 12 JG(R[g] + 2A) —/ddx\/?ZK], (10)

where k = 8zGy. The second term is the Gibbons-
Hawking-York boundary term that is included to ensure
a well-defined variational problem under Dirichlet boun-
dary conditions [34].

In the framework of holographic renormalization
[33,34], the expectation value of the boundary stress-
energy tensor, (7,,) is obtained from the coefficient
g(a)uw 10 the near AdS boundary expansion r — 0 as

g;w(x’ r) = g(O)ﬂy(x) et g(d)ﬂvrd(x) +o (11)

yielding
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08 en
<T,uv> ~ 5—;5/ ~
%)

S(d)uv- (1 2)

while g(g),, plays arole as the source to the deformation in
the boundary and S,., is the renormalized action [34]. In
order to analyze the response of the boundary theory to
small deformations of the metric, we perturb the back-
ground metric in (9) as

1
ds® = 5 [9,dr* + (8, + B )dwdx], (13

where g is the unperturbed metric and §,, is the fluctuation
with [f,,| < 1. In this convention, ,,, relates to the metric
components (8) via h,,, = rl7 B, We then perform a similar
near-boundary expansion for the perturbed metric in (13)
yielding the boundary stress-energy tensor composed of a
background and fluctuation part, (T,,) = (T,,) + (Th,),
with ([...]) corresponding to Q,(fi)

to Bys).

and h corresponding

C. Double trace deformations

Analogous to (11), we now express the near-boundary
expansion of the fluctuation field §,, as

B =B + 2% + -+ )+ (14)

under Dirichlet boundary conditions, the leading term f),(,(,),)
acts as the source for the dual operator on the boundary.
The corresponding deformation of the boundary theory
action, or the generating functional, is described by

W, ~ / dx\) T, (15)
oM

where 552) acts as the source for dual operator 7', ,,, and the

expectation value of (T% ) is proportional to f),(f,f). This has
been discussed earlier the several works [33,34,38]. Like
the scalar and vector cases implemented by [13,14],
respectively, we assume a linear relation between the
source and the response is given by I),(fi) = Quaph™?,
such that the deformation in the boundary theory is now
expressed as

Wi [ dixorged
oM
~ / dxQ" T, 5T - (16)
oM

Since there are two CFT boundaries in the maximally
extended spacetime, there are two asymptotic expansions
of the gravitational fields as well. The double trace

deformation introduced by [13] for the traversable worm-
hole protocol imposes a boundary condition

Bt = Q™R o = Qs (17)

such that it creates a nonlocal interaction in the form of
W), ~ / dxQr P (1, X)) (—t. D) T3, (1.5).  (18)
oM

The function Q#*/(t,X) represents the coupling strength
between two boundaries. By setting it to be negative
valued, it creates a negative-energy shock wave that could
open the wormhole, indicated by the violation of ANEC.
The deformation in Eq. (18) is an irrelevant deformation
that is different from the original GJW setup that uses
relevant deformation. However, as we show in Sec. 111, the
irrelevant deformation that is the stress-tensor operator can
render wormholes traversable in the hydrodynamic regime.
We take this limit while retaining sensitivity to the leading-
order effects of the deformation. The limit is discussed in
Sec. VI, related to the bound of information transfer.

III. WORMHOLE TRAVERSABILITY

In this section, we open the wormhole using the double
trace deformation given by Eq. (18). We will show that,
under a certain coupling, the ANEC can be violated. We
relate  ANEC with gravitational perturbation via the
Einstein field equation. In this work, we consider gravita-
tional perturbations that have diffusive properties such as
the shear and sound channels. The Green’s function has an
w pole in @ ~ iDrk? in the shear channel while it has a pole
in w ~ v,k in the sound channel without attenuation or
w ~ +v,k — il",k* with sound attenuation, where Dy, v,
and Iy are the diffusive constant, the sound velocity, and
sound attenuation constant, respectively.

The absolute value of the ANEC is then related to how
much information can be sent through the wormhole
[14,39]. We denote this as the wormhole “traversability.”
A remark on the relation between the number of bits that
can be transferred, Ny, with the ANEC is later discussed
in Sec. VL

A. Averaged null energy condition

To relate ANEC violation to the wormhole opening, we
calculate Einstein’s equation in the quadratic expansion of
the gravitational perturbation /,,y. The zeroth order of the
equations of motion,

_ 1. )
Ryn — ERQMN + Agyn =0, (19)

give us the background solution g,,y, which is an asymp-
totically AdS black-brane metric. On the other hand, the
first order of the equations of motion,
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1
Ryulh) =5 (Rgup) V) [] + Ahyyy = 0. (20)

gives us the linearized gravitational perturbation /.
Therefore, the quadratic part of the equations of motion,

1
Ryzlh] = (Rgyy) @[] = -82Gn Ty (A, (21)

gives us the bulk energy-momentum tensor T§v213v [h], where

[A] means that the function is & dependent, which is
sourced by the gravitational perturbations /.y, and it is

second ordered in Ay, or TN [A] ~ O(h2,).

The energy-momentum tensor 7 ,,y[h] deforms the
spacetime geometry further at the second order. Suppose
that now we include the second order perturbation y,y ~
O(h3,y) to the metric such that gy = Gy + By + Yun-
The Einstein’s equation at O(h3,,) becomes

1
Rinlr) = 5 (Rou)Vly) + Aryy = 82GyTigy (). (22)

where R%, [y] is the Ricci tensor in the first order of yy.
We write the energy-momentum tensor Tg,zlgv[h] as TI(VZI},
hereafter for brevity. We may see the reasoning as follows.
The gravitational perturbations h,,y source further defor-

mation to the metric at second order, denoted as yy ~

O(h3,y) through the quadratic stress tensor T%\, Then to
the first order in y,;y, the Einstein field equation reads
[13,14,39]

1 < . OvYij T Voyy,

—Ayyy + 6 V2 ) = S”GNT%)/’ (23)
H

taking the integral over V, we find

—A / yyvdV = 872Gy / Tav. (24)

Importantly, the second-order deformation y,,y provides
the necessary modification to render the wormhole tra-
versable through its relation with the wormhole open-
ing AU.

Through the geodesic equation, a null ray propagating
near the horizon experiences a shift of AU due to the metric
perturbation, which is expressed by

1
AU = — / dVhyy. (25)

guv (0)

However, to the second order of metric perturbation, one
needs to include both metric perturbations {hy, 7w }-
Therefore, the wormhole opening at the second order is
now given by

1
AU = ——/dVy
gUV(O) v

* (gu%nz / dVhyy. (26)

and the total wormhole opening is now given by
AU = AU + AU@. The second term in AU®@, as well
as AUW, vanishes in both the scalar and shear channels
since hyy = 0. In the sound channel perturbation, these
terms may be nonzero because f,, is involved; however,
since h,, vanishes at the horizon, &y can also be ignored
there. Ignoring the /,, component, the wormhole opening at
second order is directly related to the ANEC

AU® =

1 47Z'GN / (2)
- dvTyy,, 27
guv (O) 3 v ( )

from the second-order equation of motion (22). Directly
calculating Ti,z‘), from h)y obtained by solving Eq. (20)
classically will not make the wormhole traversable. We
need to include quantum mechanical perturbations from the
double trace deformation in Eq. (18).

The linearized gravitational perturbations are then
treated as a quantum field through the canonical quantiza-
tion, i.e., hyy — szN, and the time evolution is governed
by a unitary operator U(t, t,). In this case, we can calculate

the quantum expectation value of the bulk energy-momen-

tum tensor <'\](V21) ), which contains the Green’s function or

propagator of the &,y fields since it is quadratic in /.
The averaged null energy condition for a traversable
wormhole can then be obtained by calculating

ANEC ~ / (T)yav. (28)

In the following subsections, we explicitly calculate the
ANEC under the double trace deformation for both shear
and sound channels.

B. Shear channel

To calculate the ANEC, we use the metric in the Kruskal
coordinates up to order ~O(hyy),

1 A |
dsz = ngdUdV + ﬁgxxéijdx’dxj + ﬁ [)Mydxﬂdxy' (29)

Furthermore, we consider the case where ¢, = 1 and

(1) = riz for simplicity. The full metric under the

shear channels (§,,,,, # 0) of gravitational perturbation
is given by
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P 9u(UV) o
ds? = =55 AUAV + g, (UV)5;dx'd
b
+ 5y 9 (UV)B(U, V. ) (UdV = VaU) dx
+29.(UV)h. (U, V, z)dzdx. (30)

In this setup, T§,2‘>, is defined in the low-temperature

regime (large f) since we are working in a low energy,
hydrodynamic limit [29]. It is evaluated at U = 0 and takes
the form (Appendix A),

ﬂZ

F2)y
87GN{Tyv) = — 535 22

(0:9x0:9.) + O(F),  (31)

with the O(f3) terms subleading in the hydrodynamic limit.
Using the point-splitting method and ignoring the O(1)
term, it iS now written as

ﬂZ
3272V?
x 1im 0,0, (b, (U. V. 2)h, (U, V', )| y—o-

876y (1)) = —

(32)

Here, (§,.(U,V,2)h,(U',V' 7)) is one of the Green’s
function of the tensor field E)W in the bulk, denoted as

Gﬂv,aﬂ(X;X/) = <f]ﬂy(x)f)aﬁ(xl)>’ (33)

where x = (r,£,X) and X' = (V,7,X).

Due to the deformation, the bulk tensor field §,,y

evolves with the unitary time-evolution operator U(z, ty) =

i [* dnoH(
T{e g dnote) } in the interaction picture, where

GV

)

SH(t)) :/d3X1Q"”aﬂ(l1,5€'1)

X T (—t, Z)TEL (0. 5). (34)

is the double trace deformation. The left and right boun-
daries are related through it. The bulk two-point function is
then modified by §H(z,) as

(B (%) (x'))
= (U(t,10)~"i0) (x)U (£, 1)
x U(f'10) B (x)U(F 10)),  (35)

Gﬂu,aﬂ(X; X )

where (H) and (/) in the superscript denote the Heisenberg
and interaction pictures, respectively. For simplicity, the
superscript (/) will be omitted hereafter. We expand the
time evolution operator and the bulk two-point function to
the first order in 6H,

13
Ult,tg) =1— i/ dt;6H(t,), (36)
Iy
w.afp XX ) ;w,aﬁ( MU, a/} XX ) )

The zeroth order does not contribute to the opening of the
wormhole and the violation of the ANEC. Therefore,
focusing on the opening of the wormhole, we consider
only the first-order Green’s function as

2

1im 0,0, Gty (x:X).  (38)

(2
82Gx (T)) = - 32722V2 xox

For small §H (t,) perturbation, the Green’s function in the
first order of §H(¢;) is given by

0 (xix) =i / "t (BH (1), By (X)]Bap (X)) + i / ", (8, (%) [5H (1), 5y (x')])

fo

t
=i / dtydx, Q7 (11, 30 ) ([T, (11, 1), B (X)) T, (=11, F1)Bup (X)) + X > X'

)

= i/tdlld3X1le76(tlvzl)([Tgl?p(tl’il)’f)ﬂv(x)]><f)aﬁ( ) hya(

)

—if/2,%))+x < x.  (39)

We use the large-N factorization to go from the second to the third line and we use the fact that operators in the left
asymptotic boundary commute with the ones in the right asymptotic boundary, assuming that ), (x) lives in the right
region. Introducing the Wightman and retarded bulk-to-boundary propagators,

K;‘Z//lp(X; tlv)_él)

<f)uu( )Thﬁp(tl X1)> (40)
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Kret

Hv,Ap

~i{[,,(x). T, (1. 3)]). (41)

(X;tlvzl)

the first-order Green’s function is then written as

1 .t -
G;(tu%(l/i(X;X/) = l[ dnd’x Q%7 (11, %))
0
XK/uz/lp( _lﬂ/zvzl)
XKZ‘“‘ﬂ‘yg(x;tl,)?l)—i—xex’. (42)

Here, we perform a shift 1 — ¢,

to the left asymptotic boundary.
Therefore, to calculate the ANEC in Eq. 332), we need to

calculate the Green’s functions ng?tx(x; x’) and

Gg?m(x; x’). However, we need to first specify the coupling
functions Q#7°(t,X). There are three cases that can be
considered here,

— if8/2 to go from the right

Case I: Q#ro(1,%) = A(1)5/805/5.
Case I1: Q¥1°(1,%) = B(1)8}8.5.57.
Case IIl: Q¥7°(1,%) = C(1)8:805.57.

We also need to explicitly calculate the bulk-to-boundary
propagators

K&/,fx<x;tlﬁz])a Klt‘it.tx(x;tl,)_él),

KW (xi1,%), KL (x:1.5),

K% (x5t %)), K (X3 11,X)),

and calculate these propagators by first performing a
Fourier transform from a retarded bulk-to-bulk propagators
in Fourier space G, 4(r. 7', ,k),

e do dk e
G/wta/i(X;X/) = /ZWG;WI,(:/}

x gmio(i=1) gik(i=¥) (43)

(r, ¥, w, k)

then evaluating one of the bulk points to the asymptotic
boundary coordinate. The Wightman propagator can be
obtained from the retarded Green’s function using the
relation (Appendix B)

ew/T
Gy op(r. 1 0, k) = lﬁImGretaﬂ(V row, k). (44)

1. Green’s function calculations

To obtain the bulk-to-boundary propagators, we first
need to solve the classical equations of motion for §,, and
b... The linearized Einstein’s equation

1
Rz(\;zv 5 (RgMN)(I) — Ahyy =0, (45)

gives us coupled second-order differential equations. We
also consider the Fourier modes of the tensor fields,

dod®k el
Buu(rf.2) = / Tt e, (ag)

dod’k -
f)zx(l’, tvz):/(;)T)‘;hz(r)e_"”’glk‘X’ (47)

where we assume that the tensor fields only propagate in

the z direction so that k = kZ. The equations of motion in
the Fourier modes are

h/z/_h;arlog< gttgrr >
1919

K2 k
_ht< grr) —hz< a)grr> :O, (48)
gxx gxx
grr
h! — Ko, log( )
varl
Gy kog,,
—h, —h, =0, (49)
9n 9u

kg,h, = 0. (50)

gyl —

From Eq. (48), we can solve for A,(r) and obtain

k2
hz _ gxx {h;/ _ h;ar10g< gttgrr > —ht< grr) } (51)
kwgrr |g|gxx Geex
Inserting this to (50), we get the equation of motion for the
perturbation,
|g|grr> - g, |: 2 1t + ngxx
gxx

+g""0,< Gor a,(@))}hgzo. (52)

|g|grr Gxx

h' —hlo, log<

We now proceed to find the solution for the equation of
motion. For simplicity, we consider a (4 + 1)-dimensional
AdS black hole spacetime in the (7, u,x) coordinates,

du?
4u” f(u)’
where f(u) satisfy f(uy) = 0, with uy being the horizon’s
radius and f(0) =1 from the AdS boundary condition.

This metric can be obtained by defining u = r* in Eq. (9).
In this case, we have

1
52 =—(—f(u)dr? + dx* + dy* + dz*) + (53)
u
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1

1
o) Vi =2

(54)

grr(r) - guu(u)

Ixx = 7>
u

The equation of motion for /,(u) then becomes
h;”(u) - h;/(u)au log(uzguu)

2 tt
1
—uguu<‘”g +k2>h;+;aulog<uzguu>h;:o. (55)

u

We also assume that the black hole is nonextremal so that
9uu(u) has an order-1 pole near the horizon,

1

~ 0 f () (0 — )

Guuu (1) (56)

The solutions with infalling boundary condition at the
horizon in the hydrodynamic limit with (@, k*) < 1 are
given by (Appendix C)

21,0 0 —iw/v
By = et ekhs
H,(0)(iw — Drk?) Up
X(M—ia)Hl(u)+k2H2(u)+"')v (57)
ho 25,0 —iw/v
) == o (1 )
F)H (0)(i0 - D)\~ uy

X (u — iwH | (u) + K*Hy(u) + - - ), (58)

where ... are the terms with O(@?, wk?, k*) and higher
order. Here, H,(u) and H,(u) are defined as

Uy 2 F’ 1
H,(u) = E/ <MH|2 (um)| >du1,
VJu ulf(”]) Upg — Uy

u [u(ud—u¥)
H,(u) —/ ~L_HC du,, (59)
: 8 Up M%f(l/t]) 1
and
H,(0)
Dy = , 60
T I{1 (0> ( )
is the diffusion constant for the tensor perturbations. For a
Scwarzschild-AdSs black hole with f(u) =1 — (ﬁ)2 we

recover Dy = %, which is consistent with [29].
We can switch from (¢, u, X) coordinates to the tortoise
coordinates (7, r*,X) using the relation

() = u _guu(ul) u
a )_/ \/ gtz(ul)d v (1)

Near the horizon, the following relation applies

1
r*(u) ~—log|uy — ul. (62)
v
Thus, we have the near horizon solutions in the form of

270 ,—iwr* io/v+1
G P AL My
H,(0)(iw — Drk?)
a)Zhge—imr* uZ’/V‘H
f(r')H,(0)(io = Drk*)”

h.(r*) ~—

(63)

Furthermore, we can calculate the bulk-to-bulk retarded
Green’s function in Fourier space

Gretﬂﬂ(,.*’ . w, k) _ —i/dtd3x€i(”l_”;'f@(l‘)

Hv

X ([T (r.1.x), Top(r,0,0)]), (64)

analogous to the calculations performed with the U(1)
Maxwell gauge field [14]. One can do this by first solving
the homogeneous equations of motion for the respective
fields in the hydrodynamic limit, which has a diffusive
pole. In our case, the solutions are given by Eq. (63). Then,
the bulk-to-bulk retarded Green functions Ansdtze in
Fourier space that are also consistent with [27,29,31] are
given by

D%kZe—iw(r*—r*’)

Gret *’ */, , k ~ , 65
tx,tx(r r () ) (la) _ DTkZ) ( )
ret ko ox/ . D%wke—iw(r*—r*/)
G,x,zx(r , ', m, k) ~ lm s (66)
D2 2 —iw(rt=r*)
GE(r o ) v Lot (67)

(la) - DTICZ)

up to some proportionality constant. The factor D7 is added
to ensure that the Green’s functions are dimensionally
correct. The difference between our calculations and the
previous works is that we generalize the diffusion constant
Dy for arbitrary function f(u).

Now, we want to calculate the bulk-to-boundary corre-
lators in real space by inverse Fourier transform

do &’k
G (x:x') = /EWG

x g—io(t=1) pik-(F~F) (68)

(75 7 @, k)

For G3,,., it is given by
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—iw(r=r)

do &k e
Gret : N — D2k2
reax(X:X') / 27 220 1 i — DR

x e~io(t=t) o ik-(3-%')
3
:/ d’k D2k2 zk( X')

(2x)?
o dw (V/V/>—tw/27rT
) (/—OOZ iw_/Z)Tk2 >

/ Bk fDZTkZeil_é-(Tc—)?’)
-

—O(V -V,

3 Drk (69)
277:)‘ (V/V/) L

where ©(x) is the Heaviside step function obtained from
closing the @ contour down and picking up a pole in the
lowerhalf plane. Using the relation in Eq. (44), the
Wightman Green’s function is given by

Gl u(x:X') = =30(V = V)

/ Bk 'D%k2€ii€'(£_?)e_iDTk2/2T

(2r)3 (70)

DTk

sin(Z0) (V/ V') 3

By choosing to close the contour down we pick up a pole at
@ = —iDyk* considering the near-horizon limit where
U - 0.

The bulk-to-boundary correlators are obtained by taking
the limit * — 0. In this case, we have

. ~ Bk 'D%kzeil_g'(i_i')
Ktx,tx(X;tl’xl) = 3 Dri?
(27) (Ve 27Tt Y3
X @(V _ e27zTI] ),
=0(V-V,)2zTD;
Bk eFGE-F)
X VaV / (—67

Dpk?

27 (v v,

(71)

for the retarded propagator and

K (g [k DR
1x,tx st A1 4 (27[)3 SiH(DTkz)

2T

—iD,vkz /2T
x 72®(V’ —e
(V’ —27th|> T
_izTDy
2

27Tty )

@(V/ _ eZﬂTtl )V/av/
—iDTk2/2T

/ Pk )
X b
(27)? s1n(D )(V//V])I;”kr2

(73)

for the Wightman propagator. Note that the dependence on

V cancels after multiplying the retarded and the Wightman
bulk-to-boundary propagators. This means that there is no
dependence on the insertion time f#, of the first-order

Green’s function Gl(w)aﬁ(x; x'). However, as mentioned in
[14], the result should indeed depend on the insertion time.
To overcome this problem, we use the prescription used in

[27], so that the propagators become

K (x;t1,%,) = O(V = V,)22TD;V

. a / Bk ezk( —X1)
Vv s
27)° (v v, - 1%

Vv
-0(V-V,)— v,

/ Bk D%kze”_‘"(’?‘}')
(27)? V)V, - 1)7§Z§2+1

, (74)

and

- inTD
K;:‘r/.tx(X;tl?xl) = L

@(v-v,)vav

Bk FE=3) —iDTkZ/ZT
</

(27)sin(%5) (v v, — 1Y%

&k
4®(V v )Vl/(27r)3

'DgrkZ ezk()?—)?l)

) (1= v/ v, )H

(75)

By taking t; - —t; — iff/2 for the Wightman propagator,

we get
w . - i Bk
le.tx(x;_tl —lﬂ/Z,xl) :_ZVVI W
D2 k2 oik-(F-51)
ori?
sin(2 ) (1+VV,)F !

(76)

These propagators have qualitatively similar behaviors at
late time limit (V/V, > 1) while maintaining the desired
analytical properties connecting the retarded and Wightman
propagators [27].

The other propagators such as K, ., and K, ., can also
be obtained from those derivations. Here, we have

1%
—0(V -V, )V1

/ Bk D3R E)
(

2 s

22 (v v, = 1)

Kgyec zx(X tlvxl)

(77)
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Bk DA ik-(x=%,)
Kgsctzx(x tlvxl) _®(V V ) V/ =t Drk? (78)

@a) (vyv, - 1)

and

i Bk 'D3 i3 oik-(F-%1)

K alximty = ip/2.7) m =g vV, [ S (79)
470 R ) (14 vy
; 3, 4 ik-(3—=%,)
W i d’k D4k e

KAt =9/2.5) ~=5 7, | (22)"sin) (114 vv %t (80)

The main difference between the three cases is the order of k inside the bulk-to-boundary propagators. This will affect the
traversability of the wormhole since higher order in k could lead to lower traversability in the hydrodynamic
limit.

2. Violation of the ANEC

After calculating the bulk-to-boundary propagators, we are now ready to see the violation of the ANEC. The first-order
Green’s function for Case I is then given by

1 [ o .
GSX.)IX(X;X/) = l/ dt1d3x1A(t1)Ktv}r/,tx(X/;_t1 —if/2, %) K5 (X1, %)) + X < X/
Ty

vV v av d3k D4 K4 il?-(?c’—)?)
- _8 / —IA(VI)/ 34 DTk2 ) Drk? +x <X (81)
e Vi ) sin(S) [(v/ve = 1)1+ VIV

By choosing a delta function perturbation inserted at ¢t = ¢, or A(V,) = aV,6(V, — V), where a is a constant, the
expectation value of 7y in Eq. (32) is then given by

aD? 1 Ak 1 k°
87GN(TV)) = =t / (

322°T° P(V,Vy) ) (27) 4s1n(D2k2) P(V, VO)Dfﬁz

_ aDp 1 /km dk K ®2)
322373 P(V,Vy) Jo  (82%) sin( K )PV, Vo)@’,,f ’
or we can write it as
A 2 aD4 1 kmax 1 k8
SHGN<T$/‘)/> = 9 9 g 3 P V V / dk . D, k2 D-rkz ’ (83)
2nl(3)T (V. Vo) sin(S7) P(V, V)27
where
P(V,Vy)=(V/Vy—=1)(14+VVy). (84)

The expression of (T 5,3,) is similar to the result for the vector perturbation in [14], but differs by 27>, which comes from a

factor present in the <A$/2‘),) component of Eq. (31). Since we are only working within the hydrodynamic limit where

% < 1, therefore, we need to impose a hard cutoff at k,, ~22T+/f [14], where f is a parameter that controls the
maximum energy of the deformation.

The integration can be performed numerically by first defining a parameter u =
tensor becomes

Drk*
27T >
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A D4 2xT 3 27T\ 4 1 Umax ;
876N (1) = <L><L> / e du
2107771“( )\ Dr Dr ) P(V,Vy) sin(zu)P(V, V)
a 1 J/umx u? J (85)
: u,
25\/_F( )Dz P(V.,Vy) sin(zu)P(V, V)"
|
where u,,, = 27Dy f. Here, we rescale the parameters  where c¢; are given by
Dy = DyT7! and a — aT~? to introduce dimensionless
parameters Dy and a. This result reproduceg the function ¢ =1, oy = \/27Dy, oy = 27Dy, (87)
obtained in [14] for double trace deformation from the
U(1) gauge field up to a proportionality (.ﬁm.ensionless and m; are given by
constant. We then define the normalization con-
stant N'(Dy) = —1— 7 8 9
! 25\f2r(g)D%T m; = 5 my = 2’ my = 2" (88)

To see the traversability of the wormhole, we plot the
normalized energy-momentum tensor and the normalized
ANEC relatives to insertion time V| in Figs. 2 and 3,
respectively. The figures show that the wormhole is
traversable, given a negative value of a that indicates
negative-energy shock waves. In this work, we extend
the vector mode calculations to more general cases involv-

ing Case II and Case III as well. We obtain the (?%) for
each case, which is given by

for Cases I, 11, and III, respectively.

C. Sound channel

In this part, we calculate the ANEC from double trace
deformation due to the sound channel perturbations. In the
sound channel, the nonvanishing gravitational perturbation

components are

N D " m; f)tt’ f]tzv f)xx = I)yyv f)zz‘ (89)
5 (2) _ Ci ( T) max u d 86
Tvv) = 5w v, TR i inates is gi
» Vo T A Therefore, the metric in the Kruskal coordinates is given by
0.00+ CememmEssETTATE AT 0.00+ e E e E T AT
ST T T 2 . : o
~ 002} ; Nt 2 o02f N ! .
'_; " l‘ TZ l' -: "
= —0.04f ' : ! . -004f : : ; ]
' : . : !
2 ' : ; a ' N !
= 1 - ! N ' N '
& -0.06 ' : : \; -0.06 i : ; ]
& b : ; : : ;
© ! E H & : : '
-0.08} ; : i k 008F ! : ; ]
' : ' © ' : :
1 N ' N N
-0.10 L LI Lt L ~0.10 I I I I
0.0 05 1.0 15 2.0 0.0 05 1.0 15 25 3.0
" \'
0.00F seeemmmTamTATT o
-~ + N 4"
> [ ~ .
E -0.02 £ '_'
- L] - -
| N - .y ] mmema- V0:0,5
2 004 ' : ;
& . : | S Vo=1.0
& ' : : 0~
~ -0.06 : : :
1 -
S : : A - Vo=1.5
S _0.08 ' : !
© : : ' — Vp=2.0
~0.10 I s N L
0.0 05 1.0 15 25 3.0
v

FIG. 2. Normalized energy-momentum tensor versus V for various values of the insertion time V, for Case I (top left), Case II (top

right), and Case III (bottom). Here, we use @ = —1 and u,,, = 1/2.
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i s
ds* = —Wg,,(UV)dUdV + g (UV)(dx? + dy* + dz?) +mgxx(UV)f),,(U, V.z)(UdV = VdU)?
+0u(UV)D(U. V. (A2 + %) + g0 UV (U, V. 2 + 5 2 g (V)8 (0. V. 2) (WaV - Vavyae

(90)

In this metric, the energy-momentum tensor that is quadratic in /.y near the horizon where U — 0 is given by

(Appendix A)

oy ___ L/
87Gy 6472V

((azf)tlazf)tt> + 2<f)tla§btl>> + O(ﬂ) (91)

Using the point-splitting method, the energy momentum tensor now becomes

gy __ LB
872Gy 6472 V2

x 1im (0.0 +202)(6,(x)5,(x).  (92)

This expression can be simplified even further. Note that
the Green’s functions depend on z and 7’ through the factor
¢®==7) " Therefore, we may change d, — —d,. In this
expression, we have

A2 1 g 1
(T5) = SHGNW}}_TE(@@Z’GELL(X;X/)» (93)

where G}(le)’aﬂ
by Eq. (42).

For now, we consider the simplest case where the
coupling function of the double trace deformation is in

the form of Q*°(t,X) = A(t)6}5/5,67 with a delta

(x; x') is the first-order Green’s function given

0.0
> -02
T
3
e o4 Casel ]
£
= 06
! ' —— Casell
Z
o -08} B
¥ ——— Caselll
)
o -10f .
(-]
-12FL
0 2 4 6 8 10
Vo
FIG. 3. Normalized ANEC as a function of insertion time V/,

for Cases I, II, and III that ends at V = +o0. Here, we use a = —1
and u,,,, = 1/2. We can see, the earlier the deformation is turned
on the more traversable the wormhole shown by the increasing
negative value of ANEC. Note that the insertion time Vy = 1
corresponds to insertion time f, = (0, where the wormhole
becomes most traversable.

function coupling A(7) = aVy6(V — V) as in the previous
cases. In this case, we need to calculate the bulk-to-
boundary propagators K}, (x;1,,%;) and K&, (x;1;,X))
from the bulk-to-bulk propagators similar to the ones done
for the shear channel. For the sound channel, the retarded
bulk-to-bulk propagator in the Fourier space within the
hydrodynamic limit is given by

S (w, k)e—iu)(r’l‘—ré)

I ko ~ SHv.of
Gﬂey‘!aﬂ(rl, ry, o, k)~ (@ — 21T . (94)
where v, is the sound speed and v, = -1 for the

V3
Schwarzschild-AdSs solution. The factor T is inserted in

the denominator to ensure that the dimension is correct and
agrees with the ones in the shear channel. The function
S,u.ap(@, k) for the sound channels is given by Table I [32].

The sound channel Green’s functions have two real poles
located at w = +v k and @ = —v,k. When evaluating the @
integration, we pick both poles that are located on the real
axis. Furthermore, if we consider the attenuation constant
term (~ — il';k?), the poles of the Green’s functions are
instead at @ = £wv .k — i,k placing them slightly below
the real axis. In this case, by closing the contour downward,
we pick up both poles, and the retarded prescription is
automatically realized through the Heaviside step function
O(V — V'). Therefore, the real-space retarded Green’s
function G¥',(x;x’) without the attenuation term can be
expressed as

TABLE L Value of S,, ,4(w, k) for various uv and o indices.

1t XX 22 ut
1t (5K =3w?) 2(k*+ w?) (k> + w?) 8(K* + a?)
xx a 160%/3  2(kK* +w?)/3 16kw/3
2z e 2 (k> +Tw?)/3 8kw/3
at 4(k* +90%)/3
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3iv, &Pk
Gith(x:x') = =20V = V) / ket

-6 -

Following the similar reasoning as the computations done
for the shear channels, the retarded bulk-to-boundary
propagator is given by

V/V,
V/V, -1

6v
V-V
eV - V)

K (x5, xp) =

« / LK ) I (R(V. V1)
e ) ) 5
(2n)? 1
(96)

where V| = > and R(V, V,, k) is defined as
|

ikvg

R(V.V,. k)= (V/V, — )5, (97)

The Wightman Green'’s function is again obtained from the
relation in Eq. (44) and hence the bulk-to-boundary
propagator can be expressed as

K}/th(’ﬁ_tl —if/2,%))
_ 3i, VY, / Pl ke*E)
(

Re(Q(V,V,k)),

© 2T 1+ VV, ) (22) sinh()
(98)
where Q(V,V, k) is defined as
Q= (1+VV,) . (99)

The first-order Green’s function for the sound channel is
now given by

t
th]}t(X;X/) = i/ dt1d3x1A(l‘1)KyX,,(X';—t1 - iﬁ/lil)Kﬁ}n(X;tl,fl) +x < x

)

_3aVV'/(22T?) / Pk ke )
(2r)3 sinh(%)

(V/Vo=1D)(1+V'Vy)

From this, the expectation value of 7'y, can now be expressed as

. 2/ (aT?) [ &k
82Gn(Tyy) = 6Zi2g(;, V(>)) /

af?

kmax
- dk—————
BT3PV, Vy) A sinh(4%)

where we impose a hard cutoff at k,,,, = 2z7Tf, with f, an
O(1) constant analogous to the shear channel one. By

defining a dimensionless parameter u = ;;T we have
A 37/277,'26_1 Umax M6
8GN (Tyy) = ——— du———
7OnTw) = 5555 /0 " sinh(zu)
x Re(Q(V, Vo, k(u))) Im(R(V, Vy, k(u))).
(102)

The energy-momentum tensor can now be written as

. Na Ui ub
82GN(Tyy) = WA d”m
x Re(Q(V, Vo, k(u))) Im(R(V, Vo. k(u))),

(103)

(27)? sinh(

Re(Q(V', Vo, k) Im(R(V, Vo, k) +x < x'. (100)
o Re(Q(V, Vo, k)) Im(R(V, V. k))
: Re(Q(V, Vo, k) Im(R(V, Vy, k), (101)
|
where
N =37272, (104)

is the normalization constant for sound channel perturba-
tions. Note that this normalization constant only depends

on the dimensionless sound speed v :%. Once we

generalize the speed of sound, wu,, now becomes
Umax = Vs fs. Therefore, one could expect that models with
lower speed also lead to narrower wormhole openings.
The plot of the normalized energy—momentum tensor as
a function of the coordinate V and the ANEC as a function
of the insertion time V, for the sound channels is shown in
Fig. 4. It can be seen that the wormhole is also traversable
in this case. However, the degree of wormhole travers-
ability is lower than in the shear channels, as indicated by
the smaller absolute value of the ANEC. After varying the
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FIG. 5.
the minimum ANEC for each u,,,,.

value of the sound speed (via variation of u,,, ), the result can
be seen in Fig. 5. It is shown that higher v, leads to broader
wormhole opening. We also find that, with the propagating
sound channels, the value of V|, that leads to the minimum
ANEC is also influenced by the speed of sound. Higher v,
requires earlier insertion time for the double trace deforma-
tion. Moreover, the sound channels also show a power-law
remnant at late times, which will be presented in more detail
in the next section using a fitting model.

For sound channels, the speed of sound is not the only
important parameter, as the attenuation constant I'y also
plays a crucial role, which we will reveal soon. If we
include the damping or the attenuation of the sound
channels, with the pole of the frequency now given by
o ~ v,k — il k?, the energy-momentum tensor is now
given by

A ./\/El Umax u6
8rGN(T = du——
7On{Tw) = By A " sinh(zu)

o Re(Q(V. Vo, k(u))) Im(R(V. Vo, k(u)))

P(V,Vy) %

El

(105)

Plot of ANEC versus V|, for various values of u,,,, in sound channels. The markers indicate the values of V|, corresponding to

where I, = I',T is the dimensionless attenuation constant.
The ratio % now plays a role in shaping the ANEC function.

We still use the value up,, = v,f.

Here, we vary the value of the attenuation constant by
varying a = 2’;5 The result can be seen in Fig. 6. We find
that increasing the attenuation constant suppresses travers-
ability at smaller V), but enhances it at larger V,. Moreover,
varying a also changes the insertion time V, corresponding
to the minimum ANEC. This happens because a depends
on both the dimensionless attenuation constant I'; and the
sound speed v,, whose effects compete with each other for
different values of V.

In sound channels, one could also study the traversability
of the wormhole when the speed of sound reaches the speed
of light, or even surpasses it, leading to superluminal
gravitational perturbations. In Fig. 7, one can see that
from v, = Vg . Up until v, = 1, increasing speed leads to
increasing traversability. However, as the speed of sound
becomes greater than the speed of light, the traversability
gets smaller. There, the wormhole opens up right after r =
to and subsequently closes again shortly thereafter, as a
larger ¢, leads to shorter opening time. For sufficiently late
insertion times, the opening becomes too transient for a
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in sound channel. In this plot, we choose uy,, = 1/2.
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FIG. 7. Plot of ANEC versus V|, (top) and the plot of NEC versus V at V; = 1 (bottom left) and at V; = 10 (bottom right) for various
values of the speed of sound v, where the speed of light is set to ¢ = 1. Here we choose the attenuation parameter as 271 = 0.002

and f, = 1/2.

signal or particle to traverse before the wormhole closes,
indicated by a positive value of ANEC. It can be seen in
Fig. 7 (bottom right) when the insertion time is chosen such
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luminal modes induce tachyonic probes that might counter-
act the effect of the negative-energy shock waves.
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TABLE II.  Values of the fitting parameters {a, b, c} for both A(Vy) = © <f‘(2) VdV - Vo a
old and new models in shear channels. 0/ = Vo vv ~ V% +1[In(Vy + 1 /Vo)}b )
Old model a b c (106)
Case I 2.08062 0.496059 1 . . . . ..
Case 11 0.971677 0.500937 1 This function exhibits a power-law prefactor in the limit of
Case III 0.456169 0.505068 1 sufficiently large fy, under the condition V> 1,
—2xTt,

ae 0
New model a b c A(Vy) ~ — 5 (107)
Case 1 2.0996 0.469803 1.0151 0
Case 11 0.980631 0.474417 1.01525 . _
szz I 0460408 0478327 101538  The value of the exponent b can be obtained by fitting the

IV. DATA FITTING AND POWER-LAW
REMNANTS

In this section, we consider a fitting model that can
describe the ANEC for both shear and sound channels. It
has already been shown in [14] that the U(1) gauge field
(which is comparable to the shear channel in our case) can
be well described by a fitting model

model to the result from Eq. (85). In this work, we slightly
generalize the fitting model to describe both the gravita-
tional shear and sound channels simultaneously, achieving
a better overall match. We consider ANEC in the form of

VO a

Apew (Vo) = ——— .
Vo) ==& o + 17V P

(108)

where now {a,b,c} are the fitting parameters and the
values ¢ = 1 correspond to the old model. We find that, for
the shear channels, the values of the fitting parameters are
given by Table II and the plot of the fitting function can be
seen in Fig. 8. As in Eq. (107), the new model retains a

0oF power law factor at sufficiently large times, leading to the
S 02 form
2
é o e—c27le0
o -osf 1 — Casel Apew (Vo) ~ ————. (109)
22 -08f ¢ ] — Casell fo
‘g — Caselll . . .
o -10F ] where the exponential decay rate now acquires an addi-
_12b tional dependence on parameter c. For sufficiently large,
. . . . . n yet still intermediate, timescales, the power law factor can
Vo provide a noticeable correction to the exponential envelope.
However, in all cases involving scalar, vector, and tensor
FIG. 8. Comparison between the new fitting model (solid lines) operators, the exponential part dominates the late-time

and the actual result from Eq. (85) (dots) of the normalized
ANEC as a function of V|, for shear channel.
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regime. The power-law factor also appears in the two-
point function of the stress tensor correlators [40,41] and in
the OTOC of the stress-energy tensor [43].
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FIG. 9. Left: Results from Eq. (105) (dots) and the new fitting model (solid lines) of the ANEC when v, is varied. Right: Comparison
between the old fitting model (gray dashed), new fitting model (orange solid), and the result from Eq. (105) (dots) of the normalized
ANEC as a function of V, for sound channel. Here, we fix 22Ty = 0.002 and f, = 1/2.

126002-17



FITRIA KHAIRUNNISA et al.

PHYS. REV. D 113, 126002 (2026)

TABLE III.

24T, = 0.002 and £,

Values of the fitting parameters {a, b, ¢} for both
old and new models in gravitational sound channels, where
Vsehw = % is the Schwarzschild-AdSs sound speed. Here we fix

1
3

Old model a b c
Vs = USchw 0.000213639 0.467182 1
vy = 1.20g¢w 0.000434158 0.761162 1
vy = 1.4vgy 0.0006412 1.01994 1
vy = 1.60genw 0.000729501 1.1272 1
New Model a b c

Vs = USchw 0.000222639 0.347394 1.06855
vy = 1.20g¢nw 0.000512062 0.28601 1.27535
vy = 1L4vgpy 0.000862617 0.173482 1.49971
vy = 1.6Vgepy 0.00107587 0.032811 1.66428

Both parameters b and ¢ govern whether the solution
exhibits a purely exponential behavior or, alternatively, an
exponential behavior modified by an additional power-law
factor at late times. In the shear channels, the result remains
largely unchanged, whereas in the sound channels, we
observe noticeable differences. For the sound channel, the
new model provides a noticeably better fit than the old one,
as can be seen in Fig. 9. In this plot, we consider a small
attenuation factor 2zl’; = 0.002 and vary the speed of
sound. In the new model, as can be seen in Table III, the
scaling exponent b for the gravitational sound channels
decreases as v, increases, indicating that the exponential
contribution becomes more dominant at late times, while
the power-law prefactor is progressively suppressed.

As v, increases, the dynamics gradually shift away from
the diffusive regime and exhibit stronger propagating
behavior, with a progressively suppressed power-law pre-
factor at the late times. This result can be seen in more
detail in Fig. 10. The parameter ¢ governs the characteristic
time scale beyond which the exponential envelope becomes

0.5 4

0.0k, | | ‘ . J ‘ Toe

Vs

FIG. 10. Values of the fitting parameters ¢ and b for various
sound speed v, ranging from v, = 0.5vgy,, to v, =~ 0.95.

TABLEIV. R? values for the fits obtained using the old and the
extended (new) fitting models for different values of v,.

Vs Uschw 1 -Z”Schw 1 -47}Schw 1 -6chhw
R%ld 0.992481 0.984236 0.968501 0.948
RZy 0.992675 0.99133 0.992913 0.997332

the dominant contribution, specifically for 7, 2 ﬁ As ¢
increases along v,, the ANEC is correspondingly more
rapidly dominated by the exponential factor.

Furthermore, we include the R? values of the fits in Table TV
in order to quantitatively assess the difference between the old
and the new fitting models. For sound speeds close to the
Schwarzschild value, v, ~ vgy,,, both models provide com-
parably good fits. However, as the sound speed is increased,
the R? values of the new model approach unity, while those of
the old model gradually drift away from unity. This indicates
that, although both models tend to show diffusive behavior at
low sound speed, the new model accommodates the depend-
ence on v, more reliably at larger values.

V. REMARKS ON THE LOCALIZED
PERTURBATIONS

In the previous section, we showed that the ANEC for
both shear and sound channel perturbations exhibits a
power-law scaling at late times. On the other hand, at early

times or as soon as the perturbations are inserted at time ¢,

the wormhole immediately becomes traversable as <T§,2\>,) is

negativerightafter V = V (see Figs. 2 and 4). However, this
might not be the case when we consider a local setting in the
double trace deformation, such as the one considered in [43].
In this section, without performing an explicit analytical
computation, we provide a brief discussion of how localized
perturbations could alter the traversability of the wormhole.

Instead of inserting the double trace deformation at time
to via Dirac delta function and integrating throughout all
space, we could insert a local perturbation at time #; and at
position X, at both asymptotic boundaries. This could be
achieved by choosing the function A(#, X, ) in the coupling
function Q"% (t,,X,) as

A, 5)) = 5(%”(@ i) - R —zo/m)
= Vod(Vi = Vy), (110)

where V, = V], with 75 =ty + |X; — Xo|/vp. Here vg
denotes the “butterfly velocity,” which indicates how fast
local information could scramble in a certain model [44-49].
By choosing this function, we assume that the gravitational
perturbation spread throughout the system at speed vy by
placing them at the “butterfly cone” surface. Using this
choice, the first-order Green’s function for gravitational
sound channels is now given by
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GEII,ZI(X; x') =

x Re(Q(V', V. k) Im(R(V, V., K)).

(2)

We can also write the expectation value (TVV>, although it is not integrated over all spatial X; coordinates, as

872Gy (T =

3a / L Bk BK VVO(V =T, kK e TR ik R
- . ¢ v /
24T? "27)} 20) (1 + VIVo)(V/Vy = 1) sinh(22%)
(111)
&k &K —kKE-K Re(Q(V', Vo. k) Im(R(V, ¥y, k) (112)

We would like to give comments to the expectation value
of the energy-momentum tensor at both late and early time.
At a late time when V > 1, the dependence on V, in
Eq. (112) cancels out, and now the result does not care
about the initial location of the perturbation anymore. This is
because, as (¢ —fy) > |X; — Xy|/vp, the information has
already spread to some large enough region, and now we are
inside the “butterfly cone” [50]. However, at an early time,
the situation is different.

At early time, right after the insertion time 7 ~ £, (ﬂ,z‘),)
diverges and becomes negative as V/V — 1 while before
that, the energy-momentum tensor is positive valued.
However, for localized perturbations, V/V, — 1 is only
achieved after t — 7y ~ |X; — Xo|/vp. This implies that one
must wait for a while until the perturbation has sufficiently
scrambled over the relevant region, or until the system
enters the butterfly cone. Before entering the butterfly cone,
the energy-momentum tensor is given by

A 3av. Pk Pk eG=F)-k+K)
87G T(z) z—‘/ 3 ;
7On{Tvw) 277410 o (27)3 (27)3 sinh(kz;‘)

X KK (—k - K ) Ve 2T totm=%l/v) - (113)
as we may approximate
P(V,Vy) ~ -1, (114)
Re(Q(V, Vo, k) ~ 1, (115)
- kv, V
Im(R(V, Vg, k) R =~ 116
m(R(V. VoK) % = 2 (116)

One can see that it is now suppressed by e 277 %i=%l/v&_and
hence small, up until the time reaches t — 7y ~ |X; — Xo|/v.
Therefore, although ¢ > 1, the energy-momentum tensor
should still be positive when the system is still outside the
butterfly cone (V/V, < 1).

3a / e
6 346 X ,.
207370 '(27)? (27)? sinh(5%)

P(V. Vo)

VI. SUMMARY AND DISCUSSIONS

This work extends previous studies [13,14] on travers-
able wormholes via double trace deformation. Instead of
using a scalar or vector field, we perturb the AdSs black-
brane background with gravitational/tensor perturbations
that are dual with energy momentum tensor operators on its
boundary. The approach is carried out through linear
perturbation analysis in the shear and sound channels.

Gravitational shear channel. We consider three different
coupling functions, Q**(t,X), for the shear channel,
denoted as case I, case II, and case III. We find that each
case results in a different opening of the wormhole, AU(?), as
seen in Fig. 3, with the order of traversability from the largest
to the smallest being tx — fx, tx — zx, and zx — zx. We know
that fx — fx is a momentum density—momentum density
correlation. This type of coupling gives the strongest
traversability compared with momentum density—momen-
tum flux and momentum flux—momentum flux interactions.

We also note that, in Sec. III B 1, we generalize the tensorial
diffusion constant, Dy, for an arbitrary function f (u) that can
recover Dy = 1/4zT for a Schwarzschild AdSs black hole
that has f(u) = 1 — u?/u3, which is consistent with the
results of previous studies [29,36]. Thus, one can verify if we
could get different diffusion constants for different forms of
f(u) that could possibly affect the wormhole opening. If one
apply f(u) for a black hole with momentum relaxation [14],
one could obtain Dy =1 D...

Gravitational sound channel. For the sound channel, we
find that its traversability is smaller than that of all the shear
channels. Nevertheless, we observe some interesting find-
ings regarding this channel. When plotting the ANEC
integral, as seen in Fig. 3 versus Fig. 4, the turning point of
the graph, corresponding to maximal traversability, is
different. For the shear channel case, the turning point is
shown when V, =1, equivalent with 7, = 0. However,
with the sound channel, the wormhole becomes most
traversable when the insertion time is 7, < 0, indicating
that we need to activate the perturbations earlier.

This raises further questions regarding the underlying
mechanism. We speculate that this comes from the propa-
gating nature of the gravitational sound channel. At low
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speed, the perturbations behaves more like diffusive probes
similar with U(1) conserved current operators where it is
found that maximal traversability in obtained when ¢, = 0.
As the sound speed becomes larger, however, the response
becomes less diffusive and prefers propagating wavelike
properties. In that case, as can be seen in Fig. 5, the time for
maximal traversability is shifted to 7, < 0. This behavior
remains speculative at this stage. Nevertheless, a more
detailed investigation involving localized perturbations
may lead to conclusions aligned with the results of [27],
where distinct scrambling features were observed depend-
ing on the ratio between v, and the butterfly velocity vp.
Clarifying this connection gives an interesting open prob-
lem that we leave for future work.

Another aspect of the sound channel perturbations is the
influence of the attenuation constant on the wormhole
traversability. The result can be seen in Fig. 6, where a
higher attenuation constant leads to less traversability for
early t, while it increases traversability at later times. This
seems to contradict the behavior of the ANEC in the
diffusive modes. In the sound channel, however, the
relevant quantity controlling traversability is the ratio
I'y/v2. Therefore, the effects between I'y and v, compete
with each other at both early and late insertion times,
leading to the result found in Fig. 6. Furthermore, once the
perturbations become superluminal, as can be seen in
Fig. 7, the opening of the wormhole becomes too transient
such that the wormhole becomes nontraversable at late
insertion time, although the turning point returns to ¢, = 0.

Power-law remnants of the ANEC at late times. In
Sec. IV, we perform data fitting and find that the ANEC for
both the shear and sound channels can be well described by

VO a
v 41 [In(Vo +1/V,)]"

Anew(vﬂ) = (117)

where {a, b, c} are fitting parameters. At sufficiently large
time, the behavior of the ANEC is therefore governed by the
numerical values of the parameters b and ¢, which control
whether the decay is purely exponential behavior or exponen-
tial suppression modified by an additional power-law factor. At
late times (¢, > 1), the expression reduces to Eq. (109).

In the shear channel, we obtain results comparable to
those reported in [14], with the parameter ¢ remaining close
to unity. Consequently, the fitting procedure effectively
reduces to the previously employed model (see Table II). In
the sound channel, although the same functional form
continues to provide an adequate description of the data,
the fitted parameters display a systematic numerical shift: ¢
deviates from unity and b decreases as the speed of sound is
increased, as summarized in Table III and illustrated in
Fig. 10. This behavior implies that the relative contribution
of the power-law factor diminishes at larger values of the
sound speed, and the late-time behavior is increasingly
dominated by purely exponential decay.

This trend suggests that sound channel interpolates between
diffusive and propagating behavior as the relative values of the
sound speed and the attenuation constant are varied. In this
sense, although the functional form governing the late-time
behavior of the sound and shear channels is qualitatively
similar, our results indicate a quantitative shift from diffusion-
dominated behavior toward propagation-dominated behavior,
reflected in the changing importance of the power-law factor
as controlled by the fitted parameters b and c.

Bound on information transfer. An important distinction
between the gravitational vector type perturbation, f),, and
B, versus pure vector perturbation A, is that the energy-
momentum tensor (7Tyy) for vector fields depends solely on
the gauge fields Ay, while the gravitational contribution
explicitly involves the gravitational constant Gy. The appear-
ance of Gy encodes the backreaction of spacetime geometry,
shifting the horizon and allowing the signal/information to be
sent. It also underlines the gravitational nature of the
interaction, distinguishing it from other gauge interactions.

One can calculate the upper bound of how much
information can be transferred through the wormhole
opening caused by gravitational interaction, denoted as
Ny;s using the uncertainty principle [14,39],

p?]aChAUeach 2 1. (118)
The number of bits Ny is upper bounded by AU times
momentum of the shock waves pY, which is roughly equal
to or less than (r{;')/Gy in a so called probe limit. This
limit is obtained from the assumption that the backreaction
from a particle with positive energy that is sent through the
wormhole is substantially smaller than the backreaction
from gravitational perturbations that open the wormhole. In

our case, AU is proportional to 87Gy f (T%)dv while

871'GN<T§,2‘),) ~ O(h3,y) [see Eq. (22)]. Therefore, to have
Nyis ~ O(1), the gravitational perturbations should be at
least hyy ~ O(/Gy), whereas hyy ~O(Gy) leads to
Npis ~ O(Gy), which is vanishing in a semiclassical limit.
The behavior of hyy ~O(v/Gy) is expected in the
perturbative quantum gravity (see, for example [51,52]).

In the end of Sec. Il we discussed that although the
deformation is irrelevant, it nevertheless can render a worm-
hole traversable under the hydrodynamic regime. The physi-
cal constraint s the ability to send Ny, of information through
the wormhole within the probe limit, where the shock wave’s
momentum satisfies pU < 747! /Gy. Physically, this means
that the signal backreaction is substantially smaller than the
double trace deformation. Our calculations using the low-
energy hydrodynamic limit confirm that this condition is
consistently satisfied for iy ~ O(1/Gy).

Future works. So far, the construction of traversable
wormholes with double trace deformation has been accom-
plished by using bosonic operators such as scalar, vector,
and, in this paper, tensor operators. Then it is interesting to
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see if this procedure can be developed for fermionic
operators. Unlike scalar, vector, and tensor, there are some
subtleties when choosing the boundary condition in fer-
mionic interaction. This is because when the bulk action
vanishes at the boundary, we can add boundary terms to the
action that satisfy the variational principles, and different
boundary terms can lead to different conformal field
theories [53]. Therefore, one could produce a different
kind of deformation. In other contexts, the lack of fermionic
superradiance is an advantage to construct traversable
wormholes in a Kerr black hole [54,55]. The bosonic
superradiance prevents wormholes from being defined at
the off-axis region [56], while fermions can avoid this
problem. By having traversable wormholes from more
physical black holes (especially near the extreme limit),
it can open up the possibility of observing wormholes in the
future. Wormhole traversability from fermionic operators
will be presented in the near future.

Another interesting aspect to explore is the study of a
traversable wormhole for various black hole backgrounds,
especially involving scalar or vector hair, which have attracted
significant interest until very recently [57—62]. Itis shown that
black hole parameters can be influenced by the value of the
scalar field at the asymptotic AdS boundary, which corre-
sponds to a deformation in the boundary CFT. One might also
expect that the boundary deformation could influence the
diffusion constant or the speed of sound of the theory.
Furthermore, the use of rotating shock waves
[48,61,63,64] might also influence the traversability of a
wormbhole, especially in rotating backgrounds [56], or even
from its quantum counterpart called the exotic compact object
[65]. The angular momentum of the shock waves gives an
enhanced upper bound for the Lyapunov exponent in the
context of gravitational scrambling dynamics. Lastly, this
work may also be connected to inflationary cosmology, where
it suggests that primordial gravitational perturbations, gen-
erated during inflation epochs, originated from quantum
fluctuations in the early universe [66,67]. Analogous to the
tensor perturbation, cosmological perturbations can also be
classified as scalar, vector, or tensor modes depending on their
behavior under spatial coordinate transformations. [67].
Furthermore, in the aforementioned work, gravitational
waves are represented as second-order perturbations. In
our study, the metric perturbations are also treated at second
order, which motivates us to find out if such gravitational
wave perturbations may create a traversable wormhole.
Additionally, a recent proposal suggests the connection
between inflationary cosmology and anti—de Sitter worm-
holes, initiated by an effort to address the problem of the initial
conditions for inflation [68].
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APPENDIX A: THE ENERGY-MOMENTUM
TENSOR OF THE GRAVITATIONAL FIELDS

In this appendix, we show how we obtain the expression
of TVZV for both shear and sound channels as in Eqs. (31)
and (91), respectively. For the shear channels, we calculate
the VV component of the Einstein’s equation

Runlgl — %R[Q]QMN — 6gun =0, (A1)
for the metric components g,y given by Eq. (30). We
rescale hyy — ahyy and consider the factor o as the
perturbation parameter, and we expand the equations of
motion up to order O(a?). The energy-momentum tensor is
given by the quadratic order of the Einstein’s equation, as
shown in Eq. (21).We then take the low-temperature limit
p — oo, ignoring the subleading terms, and take the near-
horizon limit U — 0.

The O(a?) terms of the Einstein’s equation near U — 0
for all orders of f can be written as

B p
W (azhtx)z - m (az[]xzan)tx

+ f]xzaza\/f)zx) + Tgn (f)lxa\/htx + Vhtxa%/f)tx)
1

5 (thxz)z' (Az)

1
+ f)xza%/hxz + v hxzan)xz +
In the hydrodynamic limit, we consider the case with low
temperature and near the horizon. The terms proportional to
ql may diverge near the horizon. However, since we take the

S — oo limit first, those terms become subleading and can
thus be neglected in this regime. Consequently, the energy-
momentum tensor remains finite in the hydrodynamic limit,
as intended.
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For the sound channels, we do similar calculations for the metric given by Eq. (90). Near the horizon, explicit calculations

of the O(a?) terms of Einstein’s equation give us
ﬁz gxx gxx 2 2 2
G777 | o (00" + 20,028, = 0.8,0.0:c +20.0,0:0. — 20,020 — 46,028,
ﬂ 3gxx Grx 4 5
]6 % zhztavbtt q = I)ttaV[)zt +40 I)xxan)zt azhztaV[)zr
1t
gxx g)CX
I)zta\/a [)tt +2= q f)tta\/azhzt - 4f)zza\/az[)zt
1t 1t
Gax 1 Grx 1 Gax
+ V I)xxthxx - 29[[ thttan)xx (an)xx)z + 2V G hztavhzt + ﬁ [)ZZthzz 4 I thttan)zz
1 Gux
+ Z (aV[)zz)z + [)xxa%/f)xx 29 bzta%/bzt +3 [)170%/521 (A3)
|
Here, even > terms also contam L and thus diverge at the - _ LZ A, B e PEn @i(En=En)(1=1)
horizon. In order to overcome thlS we note that there is a Z
discrepancy between the definition of §,, and H, = ¢"h,, # x (1 — ePEx=En)) (B3)

b,, that is used in [32]. This is in contradiction with other
channels where §,, = g*h,,. We choose to perform a

rescaling so that §,, — | /% + This rescaling effectively

absorbs the redshift factor associated with the vanishing of
g, near the horizon. Physically, it corresponds to express-
ing the time-time component of the perturbation in terms of
quantities measured by a locally inertial observer. After the
rescaling and ignoring the subleading terms in f — oo, only
the terms in Eq. (91) appear in the quadratic energy-
momentum tensor of the gravitational sound channels.

APPENDIX B: RELATION BETWEEN THE
RETARDED GREEN’S FUNCTION AND
WIGHTMAN FUNCTION

The retarded Green’s function between operator A and
operator B denotes [69]

~

—i([A(r), B()))
- AW}
- Tr{e_ﬂﬁfg(f,)A(t)})‘

GRh(n.1) =

(B1)

In this case, we use Z = Tr{e"}, (X) = Tr(e?"X)/
Tr{e=""}. By expanding the quantum state using spectral
decomposition with |n) as the energy eigenstate and using
the Heisenberg representation of the operator, we get

n,m

pa— ZBnmAnlne_ﬂEn e_i(En_Em)(l_t/)) (Bz)

n,m

where A, = (n|A|m), and we also exchange the dummy
indices m and n to get from the first line to the second line.
Fourier transforming the Green’s function we get

Giy() = [ dir=)Ggh(0. e

= _% (1 - e_/}ﬁ)zAntmne_/}H

m = Em))

On the other hand, the Wightman function is given by
[69,70]

x 6(w — (E (B4)

Gup(1.1') = —i(A(1)B(1)) (B5)
= —%ZAntmne_ﬁEnei(En_Em)(t_t,)’ (B6)

where we have used the same treatments as we did to G'5g.
Similarly, Fourier transforming the Wightman function in
Fourier space, we get

GXVB( ZAntmne ~PE

n,m

x 2108(w — (Ey, — Ey)).

From here, we get the relation between the retarded Green’s
function and the Wightman function, which is given by

(B7)

efe

Gip(w) =i Im Gy (). (B8)

efe — 1
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APPENDIX C: SOLUTIONS TO THE EQUATIONS OF MOTION IN SHEAR CHANNELS

The equation of motion for 4,(r) in the static and spherically symmetric AdS black hole background is given by

2 1t
h;”(u) - h;/(u)au 10g<uzguu) — UGyu (a) g

u

1
n kz)h;<u> + 10, log(u2g,, () = 0.

(C1)

Using the infalling boundary condition at the horizon, we can write (1) = (uy — u)~"®/*F(u), with v = 2. /g |F'(ugy)|.

Then, the equation becomes

2iw

1
g a0 = {07 (000 )

j 1 J,1 2 1
+ F{E < - u Og(u guu)) +_au log(u29uu>} =0.
v \(uy —u) u

(ug —u)

We solve this equation perturbatively by expanding F(u) as

F(u) = Fo(u) + oF (1) + kK*G, (1) + O(0?, wk?, k*).

(C3)
At order O(1), the equation is given by
5~ (Fy - F9)a, log(u2g,,) = 0 C4
FO_ F0_7 uog(uguu)_ ’ ( )
which has the solution in the form of
Fo=uC, / Guu(ur)duy + uC. (C5)
Near the horizon, F(u) behaves as
u du1
Fo~uyC C
o / A F ) =) O
—C,
=——1 - Cy. Cco6
4”H|F/(MH)‘ Og|u uH|+uH 0 ( )
Regularity at the horizon gives us C; = 0 and
At order O(w), the equation is given by
1" / Fy 1 2 Cs8
Fl + _Fl +7 Oy Og(u guu) ( )
iuC 1
= - o guuau (7> ’ (Cg)
v guu(”H - u)
which has the solution in the form of
ul —iCy/v
Fy = M/ ( o/ + Clguu(ul)>dul +uC,.  (C10)
Upg — Uy

(C2)
|
Near the horizon, this function becomes
u —iC,
Fl(u)zu/ ( iCo/v
Ug — U
C, )
+ du; +uC
4”%1|F/(”‘H)|(MH —uy) ! :
iCy C, log | |
=ry|l ——-———7— Uy — U
0T R (g)]) M
+ MHC2. (Cll)
A solution that is regular at the horizon has
i4uz | F' C
Clzl MH| (rH)| 0‘ (C12)

v

Therefore, by absorbing the integration constant C, into the
integration interval, we get

iC u 1
Fut) =" [ (40 P ) =
uy Upg — U
The function
u i 2 ! 1
Hl(”) == 4'uH|F (uH>|guu(ul) - dul?
vy, Uy —uy
(C14)

is finite and positive at the boundary u = 0.
At order O(k?), the equation is given by

G
G/l/ + <_G/] + 7]> a” ]Og(uzguu) - uzguuCO =0, (CIS)
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which has the solution in the form of

u Cou%
G1 =Uu guu(ul) 3 + Cl dl/l1 + MC2. (Cl6)

Near the horizon, this solution behaves as

u -1
i)~ [

C 2
X ( 02MH+C1>CI'M1 +MHC2

-1 COM%{
= C )1 -
gy 31 oo =
+upCs. (C17)
Regularity at the horizon gives us
C 2
C, = —%. (C18)

Therefore, by absorbing the integration constant C, again
to the integral we get

- I/lCO

D) / guu(”l)(”% - u%I)dul
Uy

= CoH,(u).

G (u)

(C19)

Now, the function

u u
() =5 [ () = iy, (€20
is also finite and positive at the boundary u = 0.
By combining all of the solutions, we get
hy(u) = Coluy — u) ™/ (u — iwH, (u)
+ k2 H,(u) + O(w?, ok?, k*)). (C21)

The constant Cy can be obtained from the solution at the
boundary u = 0. The values of s, and /, at the boundary
are denoted as 1?9 and h?, respectively. By taking the limit
r — 0 in Eq. (48) and using the AdS boundry condition
f(0) =1, we get

K2hY + kaoh?

io/v O(@?. wk?. k*
H,(0) i — D) 4 OOk

C():

(C22)

This is equivalent to the result obtained in [29] when
uy = 1, thus in this work, we generalize the value of ug.
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