PHYSICAL REVIEW D 113, 034027 (2026)

Rapidity-dependent spin decomposition of the nucleon
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We revisit the two-dimensional Fourier transform of generalized parton distributions (GPDs) at nonzero
skewness. At # = 0 it reduces to the standard impact-parameter density, while at # # 0 it is an off-forward
amplitude that we interpret as a genuine parton—nucleon correlation. Its overall strength (the transverse-
plane integral of the density) is fixed by the GPD at the kinematic point 7 = —¢, = —4n*m?% /(1 —»?) and
decreases monotonically with the rapidity gap Ay = In[(1 +#)/(1 —#)] = 2artanh(y). This rapidity
dependence implies rapidity-modified Ji identities that connect helicity, orbital, and total angular momenta
of the correlation in closed form. To quantify these effects, we construct leading-twist quark and gluon
GPDs in a string-based conformal framework: conformal moments are parametrized by linear open- and
closed-string Regge trajectories with slopes constrained by parton distribution functions (PDFs), hadron/
glueball spectroscopy, and form-factor data, and GPDs are reconstructed over the full (x, 7, #) domain by
Mellin-Barnes inversion with next-to-leading order evolution. We find qualitative agreement (and fair
quantitative agreement within quoted uncertainties) for several moments and selected nonsinglet x-space
channels at 4 = 2 GeV when compared with lattice QCD, while we also identify channels with visible

tension and discuss likely sources (PDF priors and z-slope systematics).

DOI: 10.1103/4rgm-dxz2

I. INTRODUCTION

Generalized parton distributions (GPDs) provide a unified
description of nucleon structure that interpolates between
ordinary parton distribution functions (PDFs) and elastic
form factors [1-7]. They enter hard exclusive reactions
such as deeply virtual Compton scattering (DVCS) and hard
exclusive meson production, and will be constrained with
increasing precision at Jefferson Lab and at the future
Electron—lIon Collider [8,9]. A central appeal of generalized
parton distributions (GPDs) is that they correlate longi-
tudinal momentum fractions, transverse spatial distributions,
and spin degrees of freedom within a Lorentz-covariant
framework.

At zero skewness (7 = 0), the two-dimensional Fourier
transform of the unpolarized GPD H has a direct density
interpretation in impact-parameter space [10,11]. For#n # 0,
the same transform does not define a probability density;
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it is an off-diagonal matrix element of a gauge-invariant light-
ray operator between distinct nucleon momentum eigenstates
[7,12]. In this paper, we sharpen this point and give it a
concrete dynamical interpretation in the string-based con-
formal representation developed in Refs. [13-15]. In that
approach, the ¢ channel is probed by color-singlet quark and
gluon pairs described by linear open- and closed-string Regge
trajectories [16,17]. The recoiling nucleon carries a shifted
longitudinal momentum, implying a rapidity gap

1+n
Ay = |y =y, —1H<1 _’7) = 2artanh(y), (1)

whose derivation is recalled in Appendix A. At finite #, the
transverse Fourier transform therefore probes an overlap
between the nucleon and the exchanged color-singlet parton
pair at transverse separation b | and rapidity gap Ay.

A key consequence is that the familiar Ji relations [18]
must be interpreted carefully at finite #. Because the overall
strength of the off-forward correlation depends on 7 (equiv-
alently on Ay), then the helicity, orbital, and total angular
momenta extracted from twist-2 moments acquire explicit
rapidity-dependent prefactors. We show that these prefactors
can be written in closed form and lead to rapidity-modified
Ji identities that reduce to the standard ones at = 0.

From a practical perspective, conformal moments con-
trol Compton form factors in DVCS. Therefore, a faithful

Published by the American Physical Society


https://orcid.org/0009-0006-2851-585X
https://orcid.org/0000-0003-3123-4398
https://ror.org/05qghxh33
https://ror.org/03hsf0573
https://ror.org/02vwzrd76
https://crossmark.crossref.org/dialog/?doi=10.1103/4rqm-dxz2&domain=pdf&date_stamp=2026-02-23
https://doi.org/10.1103/4rqm-dxz2
https://doi.org/10.1103/4rqm-dxz2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

HECHENBERGER, MAMO, and ZAHED

PHYS. REV. D 113, 034027 (2026)

description of finite-skewness data requires a consistent
treatment of the # dependence already at the level of the
conformal moments (see, e.g., Ref. [19] for the mapping
between conformal moments and Compton form factors in
global analyses).

On the phenomenological side, we reconstruct the lead-
ing-twist GPDs H, E, and H for quarks and gluons over the
full kinematical domain in parton x, skewness #, and squared
momentum transfer 7, using the Mellin-Barnes resummation
of conformal partial waves. Our conformal moments are
fixed at the hadronic scale yy = 1 GeV by empirical PDFs
and linear Regge slopes calibrated to hadron/glueball spec-
troscopy and elastic form factors, with no additional tunable
shape parameters beyond these external inputs [13,14]. After
next-to-leading order (NLO) evolution governed by the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) and
Efremov-Radyushkin-Brodsky-Lepage (ERBL) equations
to u = 2 GeV, we compare moments and selected x-space
channels with lattice QCD and discuss remaining tensions.

The paper is organized as follows. Section II fixes
conventions, kinematics, and the basic definitions needed
later. Section III summarizes the Mellin-Barnes represen-
tation and our string-based parametrization of conformal
moments, including the finite-skewness kernel and the
t-slope inputs. Section IV discusses spatial tomography at
arbitrary skewness and the #-dependent norm of the parton-
nucleon correlation. Section V presents the spin decom-
position at finite skewness, introduces the rapidity-modified
Ji identities, and provides numerical illustrations. We con-
clude in Sec. VI. Appendix A summarizes the kinematics
and the rapidity-gap relation (1), and Appendix B derives the
norm relation used throughout.

II. CONVENTIONS AND BASIC DEFINITIONS

We work in a symmetric frame with initial and final
nucleon momenta p and ph, average momentum P* =
2(p} + pb), and momentum transfer A* = p — p/ with
invariant momentum transfer = A? < 0. The skewness is
defined in the usual way through light-cone components,
n=—-A"/(2P"), so that (for vanishing transverse average
momentum P, = 0)

= (1 =n)P". (2)

For 1 # 0 and purely transverse momentum transfer A |,
kinematics implies

A2 42 2 AZ
= — +’7m = - Lz‘f'cn 5
-9y 1—n

_ 4Pm},
n= 1— ’72 ’ (3)

pi =1 +nP",

Cc

so that the minimal |7| at fixed # occurs at A | = 0 and equals
t = —c,. The nucleon mass in (3) is my = 0.938 GeV.

Throughout, we use the standard charge-conjugation
combinations  F) (x,n, ;) = F(x,n.t:4) F F(=x,1. ;1)
for quark GPDs. The corresponding conformal moments
are denoted by F™*) (j, n, t; i), where j is the conformal spin
analytically continued to the complex plane. We focus on
the leading-twist GPDs H, E, and H and their conformal
moments H, E, and H. (All results below are for E—indepen—
dent combinations and do not require modeling E explicitly.)

III. CONFORMAL MOMENTS AND STRING-
BASED PARAMETRIZATION

A. Mellin-Barnes representation

Our starting point is the Mellin-Barnes (MB) represen-
tation of the leading-twist quark (¢ = ¢) and gluon (a = g)
GPDs,

c+ico d
Fulron, tip) = 2 / Y GoxmFalion. ),
2i c—ico Sln(”./)

(4)

with s, =1 and s, = —1. The kernels p,(j.x,n) are
the analytically continued Gegenbauer partial waves in
the ERBL (|x| < ) and DGLAP (x > ) regions [20]. The
contour parameter ¢ is chosen so that all singularities of
the integrand lie to the left of the contour, reproducing the
conformal partial-wave expansion when the contour is
closed. All nontrivial hadronic dynamics are encoded in
the conformal moments F,(j,#,t; 1), which are analytic
functions of complex j up to Regge-type singularities.

B. Forward limit and Reggeized Mellin transform

Gauge/string duality suggests that at high energy and
fixed ¢ the dominant f-channel exchanges are approxi-
mately linear open- and closed-string trajectories [16,17].
At the hadronic input scale yy = 1 GeV and at n = 0 we
model the conformal moments by a “Reggeized” Mellin
transform,

. Jalx,p
Falistipo) = Fa(J, 0.1 1o) / = 1+u/0t SE)

where f, are the empirical forward PDFs at u, and o/, are
linear Regge slopes. We use the MSTWO09 NLO set for
unpolarized PDFs [21] and the AAC NLO set for polarized
PDFs [22], which allow analytic Mellin transforms in Eq. (5)
and match the Regge calibrations used in Refs. [13,14].

The slopes used in this work are collected in Table I. For
some channels a secondary trajectory with slope o is
introduced to cancel spurious poles in the finite-skewness
continuation (see Sec. III C).

C. Finite skewness and analytic continuation

To extend the moments to # # 0 we use the unique
hypergeometric kernel derived in cubic string field theory
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TABLEI. Open- and closed-string slopes (GeV~2) entering the
Reggeized Mellin transform (5). A dash denotes that no secon-
dary trajectory is required in that channel.

/ /S / /S

Channel Xy—d Xyia Xvd %y %9

HE) 0.66 0.96 1.83 0.63 4.28
£ 1.48 112
IED) 0.45 0.30 1.18 0.49 0.74

that enforces polynomiality, crossing symmetry, and
removes spurious poles [13,23].1 We then obtain,

Fouljo s 15 10) = [d;(n, 1) = U[F (s 13 o) = FS (o 13 10)]
+ Fa(js s ko), (6)
with

N 1 i1 4min?

N < U
Here , F; is the Gauss hypergeometric function and F5(j, t)
denotes the secondary trajectory contribution obtained from
Eq. (5) by o), — af. This construction guarantees the cor-
rect ERBL/DGLAP support and polynomiality of Mellin
moments at any skewness, while retaining an analytic
structure controlled by linear trajectories.

D. Evolution and MB inversion

All leading-twist singlet and non-singlet moments
{H, E, A} are evolved from y to a generic scale u by solving
the NLO DGLAP-ERBL evolution equations directly in
conformal space. The x-space GPDs at any (x,7, ) are then
obtained by numerical MB inversion of Eq. (4).

As an illustration, Fig. 1 shows selected nonsinglet/
isovector channels reconstructed with a single Regge
parameter set, compared to lattice results. The orange
curve is consistent within uncertainties, while the green
curves (both panels) and the blue curve (bottom) exhibit
visible tension. Within our framework these deviations are
driven primarily by the forward PDF priors and by residual
systematics associated with the 7 slopes entering Eq. (5); we
return to this in Sec. V.

IV. SPATIAL TOMOGRAPHY AT ARBITRARY
SKEWNESS

A. Impact-parameter densities and their interpretation

For a nucleon polarized along +¥, the two-dimensional
Fourier transform of the conformal moments defines the

'While finalizing this manuscript it was brought to our attention
that aspects of the # = 0 construction overlap with other conformal
parametrizations (e.g. Ref. [24]). In our framework the dynamical
motivation and, crucially, the finite-skewness dependence through
Egs. (6) and (7) provide a clear discriminator.

n=0.00, t= —0.69 GeV?,
—— n=0.33,t= - 0.69 GeV?,
—— 1=0.00, t= —0.39 GeV?,

,
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FIG. 1. Nonsinglet/isovector helicity (a) and spin-flip (b) GPDs

reconstructed from the MB representation (4) using the con-
formal moments defined in Eqgs. (5)—(7), compared with lattice
data [25,26] (filled circles). Theory bands are at y = 2 GeV after
NLO evolution. Vertical dashed lines mark x = £# (ERBL-
DGLAP boundaries).

transverse profile of the corresponding off-forward matrix
element. Here and below, superscripts on transverse vectors
denote Cartesian components and should not be confused
with the longitudinal rapidity y used in Eq. (1). For
nonsinglet flavor combinations one convenient choice is

eA; i
P by p) = / —(2”;2 ettty {Hiﬁd(n,n, £ )

y

A _
i B ). 8

Flavor-separated densities are obtained in the usual way
from isoscalar/isovector combinations,

1
5 (put —pu=d),  (9)

ph =5 i), ph=

N[ =

where n=1,2,... labels the conformal spin (integer
moments), A’ is the y component of A, and 7 is related
to (A, ,#n) by Eq. (3). At =0, p, reduces to the familiar
impact-parameter density associated with the nth con-
formal moment [10,11]. For n # 0, p,, should instead be
viewed as a genuine parton-nucleon correlation amplitude

034027-3



HECHENBERGER, MAMO, and ZAHED

PHYS. REV. D 113, 034027 (2026)

in transverse space, since it connects nucleon states with
different longitudinal momenta.

B. Norm of the correlation and rapidity dependence

The overall strength (norm) of the correlation is obtained
by integrating Eq. (8) over the transverse plane,

N p) = / &b pi=(b s p)

=W (n, 1 = —cpi ), (10)

with ¢, defined in Eq. (3).2 Equation (10) follows directly
from the Hankel representation of the Fourier transform; we
provide a compact derivation in Appendix B. Two features
are worth emphasizing: (i) at fixed # the relevant “forward”
point in the ¢ channel is not 1 = 0 but the kinematic point
t = —c, corresponding to A = 0; and (ii) as || (equiv-
alently Ay) increases, ¢, increases and the norm decreases
because the underlying color-singlet probe becomes less
correlated with the nucleon at large rapidity gaps.

Figure 2 illustrates this behavior for representative non-
singlet conformal moments in transverse space.

V. SPIN TOMOGRAPHY AND RAPIDITY-
MODIFIED JI IDENTITIES

A. Ji decomposition from conformal moments

For any (1, t), the axial moment H, governs the helicity
carried by quarks (a = ¢) or gluons (a = g), while the
vector moments H, and E, govern the total angular
momentum. In our conventions, the Ji decomposition reads

1

Sa(n.t:p) 250412”(147, tu), (11a)
1
To(n tip) = 3 S (2,7, 60) + ES (20m, 15)), (11b)

Li(n.tip) = T5(n. tip) — S5(n. t; ). (11c)

At n =0 and r = 0 these reduce to the familiar spin sum
rule >, J5 :% [18]. We also consider the spin-orbit
correlation [27],

) | _
Can.t4) =3 A (2 0) - HE (L), (12)
where we neglect the contribution proportional to the quark
mass m,, from the transversity GPDs H ¢ and Ef, respectively.

*For notational simplicity we display the relation for the
nonsinglet combinations used in Eq. (8). The derivation in
Appendix B is completely general and applies to singlet and
gluon channels as well. In particular, for the C-even singlet

combination we write fo)(r]) =H™(n,n.—c,); this is the
quantity shown in Fig. 6(d) for n = 2.

d
Dp 1 0h, 1

by [fm]

by [fm]

belfml byIfm]

(a)

d

by [fm]

by [fm]

-0.5 0.0 0.5 -0.5 0.0 0.5

by [fm] by [fm]

(b)

FIG. 2. Spatial tomography at 4 = 2 GeV for nonsinglet trans-
verse densities pZ/d(bL; 1) (with n = 1, 2) defined in Eq. (8) for a
nucleon polarized along +y. Panel (a) shows 7 =0 (impact-
parameter densities). Panel (b) shows # = 0.33, corresponding to
a rapidity gap Ay = 2artanh(y) ~ 0.69; the overall norms de-
crease according to Eq. (10).

B. Spin budget and transverse densities at =0

Table II summarizes our proton spin decomposition at
n=0and t =0 for yy =1 GeV (input) and after NLO
evolution to y = 2 GeV, along with representative lattice
determinations of quark helicities. Figure 3 shows the
corresponding impact-parameter distributions of helicity
densities at 7 = 0, and Fig. 4 shows the orbital-angular-
momentum and spin-orbit densities. Finally, Fig. 5 displays
the ¢ dependence of L, and C, and compares it to available
lattice data.

C. Finite skewness: Rapidity-modified Ji identities

Atn # 0, the transverse Fourier transform defines an off-
forward correlation whose norm varies with 7 according to
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TABLE 1II. Proton spin decomposition at # =0 and # =0 based on Eqgs. (11) and (12). Uncertainties in
parentheses are propagated from the input PDFs. For comparison we list representative lattice results for quark
helicities (gluons not quoted in those works).

(a) p =2 GeV (NLO evolved)

u d s g Total
S, (this work) 0.421(66) —0.210(66) —0.039(194) 0.372(330) 0.544(394)
S, [28] 0.432(8) —0.213(8) —0.023(4)
S, [29] 0.424(18) —0.204(12) —0.018(4)
S, [30] 0.432(7) —0.173(54) —0.012(12)
L, (this work) —0.082(86) 0.071(86) 0.147(217) —0.179(340) —0.044(421)
J . (this work) 0.339(110) —0.139(110) 0.108(291) 0.192(474) 0.50(57)

(b) u =1 GeV (input scale)

u d s g Total
S, (this work) 0.421(66) —0.210(66) —0.027(185) 0.156(185) 0.341(280)
L, (this work) —-0.071(86) 0.066(86) 0.141(210) 0.023(206) 0.159(318)
7. (this work) 0.350(110) ~0.143(110) 0.114(280) 0.179(279) 0.50(42)
Ly Lg
1.0 1.0
’ 0.4 0.5 0.4 0.5
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cy ¢
s as s¢ . 075 e 0.751 e
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— 025 12 — 025 o § 0.00 . ” E 0.00{
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by [fm] by [fm] (C) (d)
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FIG. 4. Impact-parameter distributions for up- (a) and down-
FIG. 3. Impact-parameter distributions for gluon (a), sea- (b), quark (b) orbital angular momentum and up- (c) and down-quark
up- (c), and down- (d) quark helicity densities at 4 = 2 GeV and (d) spin—orbit correlations at y = 2 GeV and n = 0. The densities
n = 0 obtained from Eq. (11). follow from Egs. (11) and (12).
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-1.4 Czu+d(t)

~1.61 — C{Un
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— LY*A(t)
JR— Lgid(t)

—0.6 1
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—t[GeV?]

(b)

FIG. 5. Isoscalar spin—orbit correlation (a) and quark orbital
angular momentum (b) versus —t at u = 2 GeV, computed from
Egs. (11) and (12) at n = 0. Bands: this work (PDF-propagated
uncertainties). Points: lattice results [31,32]. (a) Spin-orbit
correlation C“*?. (b) Orbital angular momentum L4+,

Eq. (10). To connect spin observables to this correlation, we
evaluate the moments at A | = 0, i.e., at the kinematic point
t = —c,. We define the corresponding rapidity-dependent
(effective) contributions

1.
S¢(n; ) = Si(n, —cys ) ZEHEH(I,W, —cii),  (13a)
1

Teip) = Ti(n.~cpip) = 5 M 2on. =)
+ES (2. =), (13b)
Le(nyp) = L(n, —cpsp) = Te(msp) = S2(nz ). (13¢)

For the second moment, Lorentz covariance and poly-
nomiality relate the conformal moments to the nucleon
matrix elements of the (quark/gluon) energy-momentum
tensor. In a standard parametrization one introduces gravi-
tational form factors A,(¢) and B,(¢) and a D-term form
factor D,(¢) such that [7,18]

HY (2,0, 6 4) = Au(t:0) + 112D, (), (14a)
ES (2,0, t54) = Byt 1) = *Dy(t:p),  (14b)

so that the D-term cancels in the sum and

HY(2,0,1) + B (2,1, 0) = Ay () + Bo (1), (15)

independent of 7.

Evaluating the correlation at A| = 0 therefore amounts to
evaluating the form factors at = —c,, which decreases the
total spin with increasing rapidity gap. Summing over quark
and gluon channels gives the rapidity-modified Ji identity

T.p) =D Tnp) = > [S40np) + L (i )]

a=q.9 a=q.9
1
-5 M7 (2,0, —cs i) + ESV (2,0, —cs )]
a=q.g
1
= 5[A(=¢;) +B(=¢,)]; (16)

with A(r) = A (t;u) + A (t;u) and B(r) = B,(t; ) +
B,(t;p), both independent of the scale y. At r=0 one
has A(0) = 1 and B(0) = 0 (vanishing anomalous gravito-
magnetic moment) [33,34], so that 7,(0) = 1.

Figure 6 shows the resulting rapidity dependence at
1 =2 GeV. The depletion at large Ay is a direct reflection
of the reduced parton-nucleon overlap encoded in Eq. (10)
and is qualitatively consistent with the suppression of string-
mediated exchanges at large rapidity gaps in the Regge
limit [35,36].

VI. CONCLUSIONS

We presented a rapidity-resolved interpretation of trans-
verse Fourier transforms of GPDs at nonzero skewness.
While the n =0 transform yields an impact-parameter
density, at # # 0 it defines an off-forward parton-nucleon
correlation whose overall strength is fixed by the GPD at
the kinematic point 7 = —c, and decreases with the rapidity
gap Ay = 2artanh(y). This norm variation induces rap-
idity-dependent prefactors in the spin decomposition and
leads to rapidity-modified Ji identities, Eq. (16), that reduce
to the standard Ji relations at n = 0.

Quantitatively, we reconstructed leading-twist quark and
gluon GPDs H, E, and H over the full (x,n,t) domain
using a string-based conformal parametrization: linear
open- and closed-string trajectories determine the ¢ depend-
ence, empirical PDFs determine the forward limits, and a
hypergeometric kernel enforces polynomiality and crossing
symmetry at finite skewness. After NLO evolution to
u =2 GeV, we obtained qualitative agreement with lattice
QCD for several moments and selected nonsinglet x-space
channels, while we also identified channels with visible
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FIG. 6. Rapidity dependence at u = 2 GeV of total spin J () (a), helicity S,(1) (b), orbital angular momentum L_(#) (c), and the

correlation norm N(;) (n) = HH (2,7, —c,) [cf. Eq. (10)] (d). Spin observables are defined at t = —c, through Eq. (13). The horizontal
axis is the rapidity gap Ay related to # by Eq. (1). Theory bands denote propagated PDF uncertainties.

tension that most plausibly originate from PDF priors and
residual slope systematics. Because the framework is
analytic, closed under evolution, and fast to evaluate, it
is well suited for global DVCS analyses and for systematic
comparisons to lattice calculations at finite skewness.
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APPENDIX A: KINEMATICS AND
RAPIDITY GAP

The kinematics of DVCS allow an interpretation of the
skewness 7 in terms of a rapidity gap Ay. Let p/ and p’ be
the initial and final nucleon momenta with average P* =
(P} + p4) and transfer A* = p4 — pf. With P, = 0 one
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has p{ = P"(1 +n) and p; = P (1 —n). For an on-shell
four-vector with p; = 0 the longitudinal rapidity is

1 + +
o) ~(5)
2 \p my

where we used p* p~ = m3,. The rapidity gap (magnitude)
between incoming and outgoing nucleons is

+
P l+n
Ay = |)’1 —y2| = 1n<p—1+) = ln<1—), (AZ)

2 -n

(A1)

or equivalently 5 = tanh(%), which is Eq. (1) in the
main text.

APPENDIX B: DERIVATION OF EQ. (10)

Starting from the Hankel representation

1 )
pr (b i) = gl dg qJo(gb ) Ha(q* + cpomsp),
(B1)

the plane integral reads

Ny (n:p) =2z A bydb (b mp).  (B2)
Exchanging integrations and using [$°bdbJy(gb) =
&(q)/q gives

) ) q
Nﬁ‘“(rl;u)—l dqq’Ha(q“rcn,n;u)%

= Ha(cpmin). (B3)

Because the integrand in Eq. (8) depends only on
A, =|A,|, the Fourier integral separates into two

cylindrically symmetric Hankel transforms,

1 &)
pne(b s p) _EA dA A Jo(A b )H (0,0, 1),

(B4a)

1 0
P (b o) = = /O AL A2 T, (A by )Eu(n . 1),

2
(B4b)
with
A2
Ha(non ) = W (o ——5 = cpip ).
l—n
A2
+
Eu(n.n. t.p) = E, ><n7f7’ 1 _lnz - CM)-
Therefore,
a e _ H, . by Eu .
pn(bJJr/’/’t) = Pn (bj_,?’],//t) +2mNblpn (bj_,f],//l).
(B5)

The full strength follows as
Ni(msp) = / &b 1pi(b i p)

= / &b pe (b m; p)

1
+—

b
&b, 25 (b, . m:u). (B6
2my Lblp ( 1.1 M) ( )

The second term vanishes by angular integration, yield-
ing Eq. (10).
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