PHYSICAL REVIEW D 112, 123529 (2025)

Immortal primordial black holes through dark forces:
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The fact that no Hawking radiation from the final stages of evaporating primordial black holes (PBHs)
has yet been observed places stringent bounds on their allowed contribution to dark matter. Concretely,
for Schwarzschild PBHs, i.e., uncharged and nonrotating black holes, this rules out black hole masses of
less than 107 M. In this article, we propose that by including an additional ‘dark’ U(1) charge one can
significantly lower the PBHs’ Hawking temperature, slowing down their evaporation process and
significantly extending their lifetimes. With this, PBHs again become a viable option for dark matter
candidates over a large mass range. We will explore in detail the effects of varying the dark electron
(lightest dark charged fermion) mass and charge on the evaporation dynamics. For instance, we will show
that by allowing the dark electron to have a sufficiently high mass and/or low charge, our approach
suppresses both Hawking radiation and the Schwinger effect, effectively extending even the lifespan of
PBHs with masses smaller than 10713 M, beyond the current age of the Universe. We will finally present a
new lower bound on the allowed mass range for dark-charged PBHs as a function of the dark electron
charge and mass, showing that the PBHs’ mass can get to at least as low as 1072*M depending on the
dark electron properties. This further demonstrates that the phenomenology of the evaporation of PBHs is

ill-served by a focus solely on Schwarzschild black holes.

DOI: 10.1103/4rc4-wvp6

I. INTRODUCTION

One of the greatest puzzles permeating modern cosmol-
ogy and the ACDM model regards the nature of the dark
sector, encompassing both dark matter as well as dark
energy. Regarding dark matter candidates, they are usually
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divided into two broad categories; WIMPs (weakly inter-
acting massive particles) and MACHOs (massive compact
halo objects), such as black holes, rogue planets and
ultracompact horizonless objects. Each of these categories
has been extensively studied and one can find different
constraints imposed by experimental and observational
bounds in the available literature. What we want to focus
on in this article is MACHO dark matter in the form of
primordial black holes (PBHs), black holes formed at the
end of the inflationary epoch and originated from density
fluctuations in the early Universe [1-3]. Concretely, we
want to highlight the need to rethink constraints on these as
dark matter candidates, in particular when it comes to low
masses constrained by the Hawking effect. For (under-
standable!) reasons of simplicity and tractability, these
Hawking evaporation constraints are (with very few

Published by the American Physical Society
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exceptions, see below) derived assuming Schwarzschild
black holes. These black holes are neither rotating, nor
charged, vacuum solutions of general relativity. Real,
astrophysical black holes, at least, will rotate, and likely
also be surrounded by matter. Changes to this assumption at
the very least change the quantitative nature of these
constraints, as indicated by preliminary studies that incor-
porate rotation [4—18]. Here, we further demonstrate this
with a particular, though still simple, suggestion; a non-
rotating, charged (i.e., Reissner-Nordstrém) black hole.
The charge leads to nontrivial changes in the evaporation
time, especially when the charge is due not to standard
electromagnetism, but due to a ‘dark” U(1). Dark matter is
not just a matter of cosmology and astronomy, it also is
encountered in particle physics, so this is not too unrea-
sonable a suggestion.

MACHOs [19-27] and WIMPs [28-31] have independ-
ently been constrained to various degrees, mainly given
by lensing, the cosmic microwave background (CMB),
dynamical effects and gravitational waves. Together, these
constraints impose severe limitations on the possibility of
having either MACHOs or WIMPs as the sole source of
dark matter. In the search for alternatives, many different
models have been proposed. Given the range of problems
addressed in cosmology, astrophysics, astronomy, and
particle physics by dark matter, it should not come as a
surprise that there is a long list of ideas on how to create or
avoid dark matter. For a history and a summary of the
general topic of dark matter, see [32]. Since our inves-
tigation is concerned with the PBH side of things, for the
rest of the introduction, we will again focus on PBH dark
matter. For more on the connections to WIMPs, we refer the
reader to our conclusion, Sec. VI

While not being of stellar origin, PBHs are still simply
black holes and, therefore, are parametrized (to the best of
our knowledge) by the same quantities as their stellar
counterparts; mass M, charge Q, and angular momentum J.
A black hole of nonzero mass and of nonzero charge (but of
zero angular momentum) is described by the Reissner—
Nordstrom (RN) metric. Note that, even though the charge
is normally assumed to be of (standard) electromagnetic
origin, the only requirement to regain the RN metric as a
valid description of such black holes is for the Einstein
equation to be coupled to some (classical) U(1) gauge
theory described by Maxwell’s equations. This may include
an additional ‘magnetic’ charge, but we will ignore this
possibility in our present paper.

Constraints on the fraction of dark matter composed
of uncharged PBHs (fpgy), come from observations of
gravitational waves [33-35], the CMB [36], microlensing
[26,37], the 21 cm absorption line [38,39], gas heating [40],
radio and x-ray emissions [41], ultrafaint dwarf galaxies
[42], and more. These constraints vary significantly with
the primordial black hole mass M. In Fig. 1, reproduced
from [1] with the authors’ and publisher’s permission, one

can find recent observational constraints on fppy for
Schwarzschild black holes. On this, see also the results
reported in [43].

Due to their weak gravitational effects, low mass PBHs
are naturally harder to detect and, as can be seen in Fig. 1,
for PBHs with masses Mpgy below ~10715M, the con-
straints come solely from the lack of (direct and indirect)
observation of their Hawking evaporation [1,44-48]. In
particular, the low mass constraints in Fig. 1 are obtained
from the extragalactic gamma ray background [49-51],
galactic gamma rays (which include PBHs as decaying
DM) [52,53], CMB spectral distortions and anisotropies
[54,55], big bang nucleosynthesis [56], and from Voyager I
antimatter data [57]. Were such sufficiently low mass PBHs
formed in the early Universe, their Hawking temperature
would have been so high that they should have evaporated
by now. For distant PBHs we therefore should be able to
still observe these evaporation events. Furthermore, the
particles expected to be emitted at the final stages of the
evaporation process should have left signals in the observed
early Universe data [1]. Given the absence of such signals,
we are left with three possible conclusions: (1) Low mass
PBHs were formed, but we are still unable to observe their
evaporation and to correctly infer the signals such evapo-
ration would have left in the early Universe; (2) Such PBHs
were formed, but their evaporation process was halted for
some reason; (3) Such PBHs simply did not form in the first
place.1 In this paper, we will focus on the effects of
option (2).

On the other hand, low mass PBHs are the only dark
matter candidate which can still account for a significant
fraction or even the totality of the dark matter in the
universe without resorting to stable new particles still
present to the current epoch [59,60]. Hence, exploring
the idea of PBH remnants, and mechanisms which can
stop—or at least significantly slow down—their evapora-
tion process, is of great importance in order to put updated
constraints on PBH as dark matter candidates. This is the
aim of this work.

For this, we shall consider charged PBHs. It is a well
known fact that, when a black hole approaches extremality,
in the RN case meaning when the charge-to-mass ratio
Q/M approaches unity, the Hawking temperature 7 tends
to zero,

M- Q=T-0. (1)

If a black hole has a standard electromagnetic charge, this
will not be a solution; astrophysical, electromagnetically
charged (and nonspinning) black holes have the ‘bad habit’
of neutralizing extremely fast through charge accretion

'If masses below 1015 M, o are heavily suppressed compared to
other mass ranges, one must supply an additional mechanism
explaining this suppression (see for instance [58]).
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FIG. 1. Reprinted figure with permission from [1]. We direct the reader’s attention to the left side (specifically the region
M /My < 10719), which we will focus on in the present work. Original caption: ‘Constraints on f(M) from evaporation (red), lensing
(magenta), dynamical effects (green), gravitational waves (black), accretion (light blue), CMB distortions (orange), large-scale structure
(dark blue) and background effects (gray). Evaporation limits come from the extragalactic y-ray background (EGB), CMB anisotropies
(CMB), the Galactic y-ray background (GGB) and Voyager-1 e limits (V). Lensing effects come from microlensing of stars in M31 by
Subaru (HSC), in the Magellanic Clouds by MACHO (M) and EROS (E), in the local neighborhood by Kepler (K), in the Galactic bulge
by OGLE (O) and the Icarus event in a cluster of galaxies (I), microlensing of supernovae (SN) and quasars (Q), and millilensing of
compact radio sources (RS). Dynamical limits come from disruption of wide binaries (WB) and globular clusters (GC), heating of stars
in the Galactic disk (DH), survival of star clusters in Eridanus II (Eri) and Segue 1 (S1), infalling of halo objects due to dynamical
friction (DF), tidal disruption of galaxies (G), and the CMB dipole (CMB). Accretion limits come from x-ray binaries (XB), CMB
anisotropies measured by Planck (PA) and gravitational waves from binary coalescences (GW). Large-scale structure constraints come
from the Lyman-A forest (Lya) and various other cosmic structures (LSS). Background constraints come from CMB spectral distortion
(1), second-order gravitational waves (GW2) and the neutron-to-proton ratio (n/ p). The incredulity limit (IL) corresponds to one hole
per Hubble volume.’

from surrounding material [61,62]. This alone already
imposes extremely strong limitations on the possible
charge-to-mass ratio an electromagnetic RN black hole
may have. In terms of the electron charge e and electron
mass m,, this is

0 m _
=« —~1072
M e

(in geometrodynamic units). (2)
Therefore, in any attempt to slow down the Hawking
evaporation process by approaching extremality, standard
electromagnetic charge must be clearly ruled out. Yet even
from this point of view, already small, residual charges
would have significant observational impact [63].
Moreover, given that we are interested in looking at
black holes in the mass range <107!° M, the problem does
not arise only from charge accretion, but also from the fact
that the smallest electromagnetically charged particle in the
standard model of particle physics, the electron e, is much

too light. As will be shown in the following sections, this
factor, combined with the fact that the electron charge itself
is relatively high, causes low-mass black holes to also
rapidly discharge via both Hawking effect and Schwinger
pair production.

The solution we propose here is to give the PBH a ‘dark
electromagnetic’ U(1) charge. We will further discuss the
dark electromagnetism model adopted by us in Sec. IV.
Essentially, by assuming the lightest dark charged particle
(the ‘dark electron’) to be heavier than the standard model
electron, one is able to freeze the Hawking evaporation
process for specific mass ranges of PBHs—even when the
initial black hole charge-to-mass ratio Q/M is much
smaller than one. In Secs. IVA and IV E we will present
how the dark electron charge ¢, and mass m,, play a crucial
role in determining the PBH mass ranges in which near-
extremality can be achieved (via evaporation). This will
allow us to introduce a new lower limit mass for darkly
charged PBHs, above which the expected lifetime of the
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PBHs is still larger than the age of the universe—extending
the Hawking radiation constraints, currently valid only for
Schwarzschild.

The idea of using near-extremality of black holes to
increase their potential as dark matter candidates was
explored before [64-68]. In particular, a very closely
related, near contemporanecous study using a slightly
different set of evolution equations for charged black hole
evaporation and with a focus on the rate of PBH explosions,
i.e., the final stage of evaporation, can be found in Ref. [67].
In the context of the weak gravity conjecture encountered
in string theory, a very closely related study is that of
Ref. [64]. We will not assume the validity of the weak
gravity conjecture in our model, though our numerical
values will still conform to it. In the context of rotating,
uncharged black holes, Ref. [68] suggested a specific toy
model. For a discussion of formation, accretion, and
discharge of electromagnetically charged black holes (up
to extremal charge), see [65]. Likewise, (P)BHs have been
used before to constrain dark matter models themselves
[69-76]. On a different note, quantum effects such as
‘memory burden’ [77-83], as well as those arising from the
postulated discreteness of states near-extremality [84—87],
may also have an impact on the evaporation rate of PBHs.
The memory burden was also considered in the context of
charged black holes and dark matter particles before [88],
albeit without correctly accounting for the Schwinger
effect as done in the present article. With regard to the
latter, we find that our solutions remain far from the
threshold required to significantly modify the evaporation
timescales (see Appendix B). Moreover, being close to
extremality allows for several significant simplifications
in modeling the Hawking evaporation of RN black holes.
Concretely, links to calculations in anti—de Sitter space-
times that have already achieved textbook status [§9] can
be made. It is important to stress the ‘proof-of-concept’
nature of our study; while our dark U(1) model is itself a
serious proposal, it is also a first step to more general
modeling of low-mass, non-Schwarzschild PBHs as dark
matter candidates.

The paper is organized as follows. In Sec. II we introduce
the RN metric and discuss the main results and limitations
of earlier work by Hiscock and Weems (HW) [90] on
charged evaporating black holes. In Sec. III, we analyze,
modify and extend the results on charged evaporating black
holes. We also include estimations for the approximate
evaporation times in three different regimes; near-extremal,
small charge limit and along the so-called attractor curve
(or attractor region). In Sec. IV we update the original HW
limitations to the case of dark electromagnetism, high-
lighting the role played by varying the dark electron
properties. In Sec. IV D we update the evaporation time
estimates to dark-charged black holes. In Sec. IVE we
present the updated lower bounds for the mass of dark-
charged PBHs to live longer than the age of the Universe.

We explicitly analyze different evaporation regimes and
present the final results for different dark electron mass m,
and charge e,. In Appendix B we discuss the numerical
methods used, together with possible issues which come
from the stiffness of the differential equations encountered.
In Sec. V we present the final discussions and conclusions.
The numerical codes and scripts we employed for the HW
model can be found on the Github repository indicated
in [91]. A shorter summary of this article can also be found
in Ref. [92].

Conventions and notation: Geometrodynamic units
are used throughout, unless explicitly stated otherwise.
See Appendix C for details. The metric signature is ‘mostly
positive’, (— + ++).

II. EVAPORATING REISSNER-NORDSTROM
BLACK HOLES

One of the most important and prominent work dealing
with the evaporation process of charged RN black holes
was presented by Hiscock and Weems in 1990 [90]. In this
section, we will briefly present their main results, the
limitations of their work and how we will extend it beyond
such limitations.

A. Reissner-Nordstrom metric

The Reissner—Nordstrdm metric is given in geometro-
dynamic units by

M 2
ds2:—<1———|—Q—2>dt2
r r
2M O\,
+ 1—74‘7 dr +r dQ, (3)

where (as before) M and Q are the mass and charge of the
black hole, respectively, and dQ? is the line element of the
2-sphere. This metric:
(1) Is static, spherically symmetric;
(i) Solves the coupled Einstein-Maxwell equations;
(iii)) Has two horizons, outer and inner, located at

re =M=+ /M- Q% (4)

Note that throughout this article we will restrict ourselves to
the case QO < M. Although we will discuss near-extremal
situations, extremality will not be required, achieved or
desired in any step of our calculations.”

Therefore, we can and will completely avoid discussions
regarding the weak-gravity conjecture, which is very much
outside the scope of this article [93]. Nonetheless, it has informed
very closely related studies on extremal PBHs as dark matter
candidates [64].
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The Hawking temperature of an evaporating RN black
hole is given by

I M2 — 2\1/2
=% i =M= s
27 rL

Here, « is the surface gravity (of the outer horizon) of the
black hole. This is the temperature encountered in the
semiclassical derivation of the Hawking effect.

B. Evolution equations

The evaporation process of charged black holes,
as discussed in Hiscock’s and Weems’ seminal, original
paper [90], is driven by two distinct quantum effects; the
Hawking effect and the Schwinger effect. The Hawking
effect can be linked to the nonuniqueness of a vacuum state
in a general space-time (and in particular to the difference
of a vacuum close to a horizon and a vacuum at asymptotic
infinity). The Schwinger effect is due to the separation of
particle-antiparticle pairs of vacuum fluctuation in a strong
electromagnetic background field. While sometimes the
Hawking effect is likened to a gravitational analog of the
Schwinger effect, the role of the horizon (or a surface close
to one) limits the usefulness of this analogy.

In the charged black hole context, HW have argued that
while a RN black hole’s mass loss occurs through the
emission of both charged and uncharged particles—i.e., via
both effects—the loss of charge is dominated by the
Schwinger effect. The resulting coupled ordinary differ-
ential equations describing the time evolution of the mass
M and charge Q of such black holes are given by

dM 0 do
L 3 6
a - Tty (6)

d—Q:—eiSexp<— r%r ) — erfc( T+ )
dr m*hlr, 00, V00 V00,
(7)

where a = 7%/(15h%), and a is a numerical correction
factor (not the fine-structure constant) for the scattering
cross section of all massless particles involved (for three
neutrinos a =~ 2.0228 and a ~ 0.2679 for no neutrinos).
Furthermore, o, is the idealized, geometric optics scattering
cross section, given by3

*In terms of the outer (unstable) circular photon orbit r,, =

M (14 /1 —580?)[94,95], note that Eq. (8) can be reexpressed as

P
8(r,sM — 40?%)

While more compact, in the following we will maintain the full

expression with the explicit dependence on M and Q.

(3M + \/9OM* —80?)"
8(3M? =202 + M~\/IM* —80Q?)

This is where graybody factors would have to be included in
a more refined analysis, as they would influence both the
effective cross section, and a [67,96]. As this is not part of
the original HW analysis, graybody factors will not be
incorporated in the present article. Note that in all the
analysis that follows, we will assume the number of
neutrinos to be zero. This choice is justified by the fact
that, as previously shown in [90], while the number of
neutrinos has an impact on the precise timescale of the
system’s evolution, we have verified that the order of
magnitude of the evaporation time is the same for both
cases of zero or three neutrinos. Moreover, the other
considered aspects of the evolution are not affected by
the neutrino number. Straightforward checks confirmed that
this holds true for charged and dark-charged black holes.
Furthermore,

(8)

6y =7

Qo = h—ezz 1.7 x 10°M, 9)
zm
is a ‘charge mass scale’ naturally encountered in the context
of the Schwinger effect [90,97-99]. While this is fixed in
the standard model of particle physics, it will change for
alternative U(1) theories. We remind the reader that geo-
metrodynamic units have been adopted throughout.

C. The Hiscock-Weems model:
Assumptions and limitations

In this subsection, we will discuss the various assump-
tions and approximations needed to arrive at the evolution
equations (6) and (7).4 Our overall goal is to use the
analysis of HW [90] as starting point for considering near-
extremal, dark-charge PBHs as dark matter candidates. The
possible mass range of such dark matter PBHs depends on
the parameters e, and m, of our dark U(1) model, so it is
important to check how these parameters are constrained
by the assumptions behind the HW model. This will be
undertaken later, in Sec. IV C. For now, we will list the
assumptions made, the physical reasons supporting them,
then we quickly state the resulting inequality, before
summarizing the argument behind it.

(1) Positive charge:

0> 0. (10)

*While [99] heavily informed the analysis of [90], its assump-
tions and conjectures are not very clearly listed, documented or
delineated. Concretely, the analysis of graybody factors has only
recently become analytically tractable [100,101], and for applica-
tions of these results to charged black holes, see [102,103]. A more
rigorous approach than HW for charged scalar fields can be found
in [104]. For clarity’s sake, we will therefore follow primarily [90].

123529-5
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This is simply a convention that greatly simplifies
the notation. Due to the charge-symmetry of the
problem, all main results stay the same if one
decides to assume negative charges.

(i1) Applicability of Schwinger’s result:

h
—~10""M,, (11)

me

M >

The black hole mass is always assumed much larger
than the reduced Compton wavelength of the elec-
tron (or lightest charged particle). This imposes a
lower bound on the mass of the black holes
analyzed. Under this restriction, one may then use
the flat-space expression of Schwinger [97] for the
rate of electron-positron pair creation per unit four-

Volume,5
(eE)? _amgcin
471'3h2 Z heE ) (12)

Note that we have recovered SI units in this
particular equation.
(iii) Series truncation:

e
< L. (13)

This follows HW, in order to truncate the Schwinger
pair creation rate (12) after the first term of the series.
Gibbons recovers this in the context of charged black
holes for large black hole masses [99], while exten-
sions in flat space are discussed in [105].

(iv) Weak field limit:

o3
M > —~4x10°M,. (14)

e

As the original Schwinger effect is a flat-space-time
calculation, for Eq. (13) to be valid in the entire
domain of outer communication (that is, r > r,),
one must impose what essentially comes down to the
above weak field limit condition.

(v) Error function series truncation:

2> 00,. (15)

This ensures that the error function in Eq. (7) is well-
approximated by the first term(s) of its asymptotic
series. This simplifies the evolution for O, HW’s
Eq. (9), which we will use from now on,

*Note that the use of four-volume implies the use of proper
time 7, while everything in the following analysis is in terms of
coordinate time .

dQ - 64 Q3

dt  27%hm? ri

exp (- Qréo) . (16)

Note that a simplified, sufficient but not necessary
condition is M > (Q,, meaning that inequality (15)
will always be satisfied for large enough masses.
In the analysis presented in HW [90], this implies
that the results are certainly valid for any black hole
with a mass greater than ~#10°M,. In Sec. IV C we
will show how this condition is actually much less
restrictive than the simplified bound imposed
by HW.

a. Summarized model limitations: When combined,

all of the above conditions can be summarized as

f 3

(i) M>—, (ii) eTQz<<1, and (iii) 72> Q00Q,. (17)
m, or

We will revisit these conditions in Sec. IV C, where we will

investigate their impact on the parameter space of our

chosen ‘dark’ U(1) model.

D. Main results of the HW model

In this section, we will briefly discuss the main results
regarding the evaporation of charged black holes obtained
by Hiscock and Weems in [90].

1. The (M

HW present a particularly surprising result concerning
the configuration space evolution of an evaporating charged
black hole. In Fig. 2 we recreate Fig. 2 from the original
HW paper. Curves in this plot represent the evolution
of black holes with different initial mass and charge (M, Q)
in the configuration space. Given that (in the absence of

.(Q/M)?) configuration space

100 T T T T

075 i

/
o
W
(e}
T
I

0.25

0.00 1 ] I 1
0.00 0.25 0.50 0.75 1.00

M/(1.0 x 10* M)

FIG. 2. Recreation of Fig. 2 of HW [90], showing the evolution
of (Q/M)* and M in configuration space for different, initial
black hole masses and charges, (M, Q). The shaded blue region
represents the ‘mass dissipation zone’, while the shaded light
green region represents the ‘charge dissipation zone’.
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accretion) the black hole mass is monotonically decreasing,
the direction of time flows towards lower mass (to the left)
in each curve. However, as will be shown, the amount of
time a black hole will persist in the neighborhood of each
point of the configuration space may vary by several orders
of magnitude.

One may immediately identify two distinct regions in the
phase diagram, which (following the terminology of [90])
are termed the ‘mass dissipation zone’ and ‘charge dis-
sipation zone’, presented in Fig. 2 in shaded colors blue and
light green, respectively. These two regions are distin-
guished by the behavior of the squared charge-to-mass ratio
(Q/M)?; under time evolution (recalling that mass
decreases with time), the mass dissipation zone is charac-
terized by curves with an increasing (Q/M)?, and the
charge dissipation zone is characterized by a decreasing
(Q/M)?. The mass dissipation zone and charge dissipation
zone are separated by a third region, which we shall refer to
as an ‘attractor region’ as an extension of HW’s terminol-
ogy of the ‘attractor curve’. The attractor region is a narrow
basin of attraction in which the curves from both the charge
and mass dissipation zones accumulate. We will further
explore the features and properties of the attractor region in
Sec. 111, after we have introduced the nondimensionalized
form of Egs. (6) and (16).

In order to understand the reasons leading to the split of
the configuration space in different regions, one must recall
that due to the presence of charge, both the Hawking as
well as the Schwinger effect are responsible for driving the
evaporation process. The coexistence of those distinct
competing effects then manifests as a sharp split in the
configuration space. In this way, while the evaporation of
black holes in the mass dissipation zone is primarily driven
by the Hawking effect, in the ‘charge dissipation zone’ the
exponentially quick charge loss is driven solely by the
Schwinger effect.® As mentioned, in Sec. III all the details
of such dynamical processes will be dissected. For now, we
would simply like to point out that, in the absence of
charge-loss due to accretion and interaction with surround-
ing matter, a black hole with a sufficiently large initial mass
may evolve into near-extremality even when its initial /M
ratio is very low.

A closer look at the configuration space will also reveal
a region of positive specific heat. We include a short
discussion of this region in Appendix A. While this is an

®Note that due to the extremely low BH temperatures, in their
work, HW assumed that all mass lost in the Hawking process is
due to the emission of massless (and therefore uncharged)
particles. This implies that no charge-loss ever occurs due to
Hawking radiation. The justification lies on the fact that, even
though a black hole may still loose some charge due to the
emission of charged particles, the particle production rate will be
exponentially suppressed by the mass of the lightest charged
particle—in their case, the electron mass.

often overlooked feature of black holes beyond the
Schwarzschild solution, it plays little role in the evapora-
tion process itself. This becomes clear when one compares
the various analyses of the upcoming sections. For exam-
ple, by comparing Fig. 2 with Fig. 16, it is clear that no
noticeable change in the trajectories coincides with this
region of the configuration space.

2. On the evaporation timescales

Using numerical methods, HW also provide the total
evaporation time for black holes with masses ranging from
10°M, to 108M, and a variety of initial Q/M configu-
rations. The necessary, underlying assumption is that
Egs. (6) and (16) remain valid throughout the numerical
evolution. We repeated HW’s numerical analysis as a
simple consistency check for our later extensions. For
details on the numerics, see Appendix B below. Our results
are shown in Figs. 3 and 4.

Comparing the evaporation timescales of Figs. 4(b)
and 3(a), one sees that keeping the initial charge-to-mass
ratio, an increase of the initial mass by a mere factor
of 8 already prolongs the evaporation time by roughly
10° years. This is due to the presence of a ‘plateau’ on
which the black hole evaporation enters a ‘semi-frozen’
state. As long as the black hole state is on this plateau,
virtually no mass and virtually no charge are lost until the
plateau is (after a very long time) exited again. The
presence or absence of such a plateau depends on where
in the configuration space a particular black hole is initially
located, or more precisely, whether it approaches near-
extremality via the evaporation process or not.

The idea is conceptually simple. The temperature of a
black hole tends to zero as Q@ — M, meaning the Hawking
evaporation process is slowed down by a power of T*.
On the other hand, the Schwinger effect is exponentially
suppressed in the plateau region. A more thorough inves-
tigation of the evaporation behavior and associated time-
scales will be given in Sec. III C.

E. Extending the HW analysis

As can be seen in Fig. 2, the mass range where the
attractor region is located for black holes with a standard
electromagnetic charge is of the order of 10’M. This
implies that only black holes with masses greater than
~10°M, will exhibit the interesting ‘life-extending’ fea-
tures that arise from approaching near-extremal states. This
is limiting per se, but it becomes even more crucial when
talking about primordial black holes. As previously stated,
our goal is to extend the range of masses for PBHs
consistent with observations (as given in Fig. 1).
Therefore, it makes sense to focus on the mass region
below 1079M as this is excluded for Schwarzschild
PBHs due to Hawking radiation constraints, whereas RN
PBHs may still remain as a valid option. However, to do so,
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On the left, the evolution of M(¢) and Q(¢) in the charge dissipation zone are illustrated, with an initial mass of M(0) =

0.3 x 10°M, and an initial charge Q(0) = 0.99 x 10°M, qualitatively recreating the results of Fig. 3 in [90]. On the right is a
recreation of Fig. 5 of [90], with M(0) = 9.0 x 10’M and Q(0) = +/0.1M(0).
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FIG.4. On the left is a recreation of Fig. 6 of [90], with M(0) = 1.50 x 108M and Q(0) = +/0.1M(0). On the right is a recreation of

Fig. 7 of [90], with M(0) = 1.68 x 103M, and Q(0) = v/0.1M(0).

it is clear one must find a way to ‘push’ the attractor region
into the low mass regimes.

As will be clarified on Sec. IV, the location of the
attractor is fixed by the scales of the forces present in the
system; in the standard electromagnetism case, the electron
mass m and charge e. In light of this, in order to explore the
low black hole mass regime, one must demand the black
hole charge to be sourced by a different interaction than
standard electromagnetism. For simplicity’s sake, we shall
work with a U(1) dark electromagnetism sector, consisting
of massless dark photons and a single, massive, charged
particle—what we will call the ‘dark electron’. An in-depth
discussion of the model and the results obtained will be
presented from Sec. IV onward.

In the following section we focus primarily on the case of
standard electromagnetism, even though the qualitative
results are kept unaltered by changes in the properties of
the dark electron. We shall, however, rewrite the evolution
equations in a more suitable way which will help us better

understand the underlying dynamics, which will be useful
when finally moving into the dark sector.

III. BEYOND THE HISCOCK AND
WEEMS ANALYSIS

A. Modified equations

It is convenient to rewrite Eqs. (6) and (16), for the
time evolution of mass and charge, in terms of the
dimensionless variables Y := (Q/M)* and u:=M/M,,
where M, is a newly introduced mass scale. It is chosen
and serves to keep all of the system’s behavior and
nontrivial features of interest to us confined to the range
u€(0,1). Equation (6) can now be written in terms of the
new variables as

am d
= —aT*ac, + 040
p

aM @ 18
dt L dt (18)
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oMy an (VO —8Y +3)* (Y — 1)?

et Y?

dt— 1920M2m2 (VT =Y + 183 —2Y + V0 —8Y) 2mlha® (VI—Y + 1)

The first term comes from the Hawking evaporation
contribution and the second from the Schwinger effect.
In this way, it is convenient to rewrite M in terms of the
‘Hawking-associated” H(u, Y) and ‘Schwinger-associated’
S(u,Y) functions,

(VO -8Y +3)*(1-Y)2
(VT =Y +1)*3-2Y +/9-8Y)’

Sl ¥) = exp {bolzg = u(VT=Y +17/V¥]}. - 21)

H(,u, Y) =

(20)

Here, the dimensionless constants sg, zo, and b, are
given by

ah
=—— 22
%0 = 1920702 (222)
eh 960¢*M?
= 1 i 22b
“ am2M, n(ﬂzamghz)’ (220)
miM
by = ——"—. 22
0 o7 (22¢)

Note that, in terms of the ‘charge mass scale’ Q introduced
in Eq. (9), by = M,/ Q. Combining this with the model
limitation condition (15) (more precisely M > Q,), one
can see that by > 1. Also, for reasons of numerical stability
which are discussed in Sec. IV D 1, we rescale the time as
7:=tsy/ M, (we stress that 7 is a rescaled time and not
proper time). With this, the new evolution equations
become

du _ _ (H(u.Y) + S(u, Y)Y?) (23)
dr V=Y + 1)
dY  2(H(u.Y)=Su.Y)(1-Y +VI=Y)V)Y (24
dr p(VT=Y + 1) ’

When choosing mass scale of My = 108M, and setting
a =0.26792 (zero massless neutrinos) for comparison
with Fig. 2 of [90], the fiducial values associated with
the original HW analysis are s, = 5.3065 x 10~%7,
79 = 0.53027, by = 586.09.

B. Configuration space analysis

In this section we will dissect all relevant aspects of the
configuration space evolution Y(u) of RN black holes.

am2Mu(v/1 =Y +1)2
ol
(19)

All of the qualitative results presented here are valid both
in the case of standard electromagnetism as well as in the
dark U(1) model we will further explore in Sec. IV.

1. Configuration space solutions

From the Y and u evolution Egs. (24) and (23), one can
obtain a differential equation for the configuration space
solutions Y (u),

v _2Sy)(VI-y+1y 2y o
du w(Hp.Y) +SuY)Y?)  p’

From now on, we will assume that the variables y and Y are
both normalized, such that the evolution of (u,Y) is
contained in the domain (0, 1) x (0, 1).

Given that H(u,Y) and S(u, Y) represent the functions
associated with the Hawking and Schwinger evaporation
terms, one may evaluate the system’s behavior in the near-
extremal regime and when setting each of these terms to
zero individually. In each case, Eq. (25) simplifies consid-
erably, as the resulting equations for all such phases do not
explicitly depend on either function H(u, Y) or S(u, Y). In
fact, one can obtain explicit simple analytic solutions in
each case.

a. Near-extremal phase: By taking the limit ¥ — 1 in
Eq. (20), we have H(u,Y) — 0. Applying this to Eq. (25),
we have

d_YY:12S(/¢,Y)_%7
du  uS.Y) n

(26)

Therefore, an approximation for the limiting near-extremal
case is simply given by Y = const. This result was already
expected, since in this regime the black hole’s temperature
drops significantly, and the system enters a ‘freeze-out’
state, as can be seen in Fig. 4(b).

b. Hawking-dominated phase: The Hawking-dominated
phase corresponds to setting S(u, Y) = 0. In this case, one
has the solution,

nu) = (%) (27)

U

where y, is defined so that Yy (4 = uy,) = 1. The behavior
of these curves is presented in Fig. 5 (left). Note, however,
that this is an approximation and no black hole ever really
reaches uy,, since this is the point of extremality.
Furthermore, depending on the initial 4 and Y, the black
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FIG. 5.
depicted in red for z, = 0.53027.

hole may never even approach g, at all, since it intersects
the attractor curve (red curve) beforehand. Such cases are
represented by the partially dashed lines in the figure and
Eq. (27) is only expected to be valid below the attractor. For
black holes that do reach the near-extremal limit, we call py,
the ‘hanging mass’ and, as we shall see in the numerical
solutions, the system spends a significant portion of its
lifetime near this mass. Comparing the curves in Fig. 5
(left) with those in the mass dissipation zone in Fig. 2, we
see that the regime dominated by Hawking evaporation
[S(u,Y) ~0] corresponds to what we previously called
‘mass dissipation zone’.

c. Schwinger-dominated phase: The Schwinger-
dominated phase corresponds to setting H(u,Y) = 0.
The solution is then given by

(21 — py )
W

Ys(u) = (28)

where y; = p(Y = 1) and u < p,. These curves are pre-
sented in Fig. 5 (right). Again, note that Eq. (28) is only

1.00F ! ' ! 7
N/g 0.75F -
~
S osof §
|| Hh
------ 20
>~ 025 —-Yir(p) .
— Num.
0.00 L 1 | |
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pw=M/(1.0 x 10°My)
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Hawking (left) and Schwinger (right) configuration space curves are presented in blue. The approximate attractor curve is

expected to be valid until the point where their trajectory
Y (i) meets the attractor curve, meaning the continuation
of the dashed lines in Fig. 5 (right) must be discarded.
Similarly, by comparing the curves in Fig. 5 (right) with
those in the charge dissipation zone in Fig. 2, it is clear
that the regime dominated by the Schwinger effect
[H(u,Y) ~ 0] corresponds to what we previously called
‘charge dissipation zone’.

The statements made above identifying the approximate
curves in Egs. (27) and (28) to the evolution in the
respective mass and charge dissipation zones of course
go beyond the visual confirmation. We have also performed
a comparison with the full numerical analysis and have
seen that, as long as one does not approach the attractor
region too closely, the approximate solutions perform very
well as an approximation to the full solution, as we show in
Fig. 6. The Schwinger-associated function S(u, Y) has an
exponential form, so that the value of S(u,Y) can be
suppressed by a large negative exponent. Combined with
the large overall multiplying factor b,, the sign of the
function inside the exponential in S(u, Y) will be crucial in

10—t T T T

1072 - -

L8 //—j

1074

Ap

1076 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

Y =(Q/M)

FIG. 6. Configuration space solution for the parameter choices z5 = 0.52682, u;, = 0.7. On the left, we present a numerical solution
superimposed on a piecewise solution constructed from the approximate analytic formulas. On the right, we plot the residual Ay :=

|#ana1ytica1 — Hpumerical| With respect to Y = (Q/M)?. The large residual near ¥ = 1 is due to the fact that the numerical solution does not
reach Y = 1, while the approximate attractor curve reaches ¥ = 1 at y = z.
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defining on which evaporation zone a particular black hole
initial state will be located. Using Eq. (21), we may
(approximately) define the mass and charge dissipation
zones as

u(v/1=Y+1)* (>0 = Chargedissipation zone
T

<0 = Massdissipation zone.
(29)

2. Approximate attractor curve

Solutions from both the mass dissipation zone as well as
from the charge dissipation zone flow towards the attractor
region, a basin of attraction in the configuration space
(4, Y) where the curves accumulate. We observe that in the
attractor region, the value of S(u, Y) must be roughly of the
same order as that of H(u,Y) (which in turn is roughly of
order unity). In that region, the approximations used to
obtain the solutions (27) and (28) fail. Again, given the
strong dependency on the S(u, Y) exponential factor, this
region can be characterized by the point at which the
exponent in S(u, Y) vanishes [S(u,Y) ~ 1], expressed as
the condition,

_ VY
SNV us Ak

Note that, since Y€ (0,1) and u(Y) is monotonic, the
maximum value of 4 on the approximate attractor curve is
U — zgas Y — 1. Returning to the ‘hanging mass’ concept,
one can now see that whenever the black hole reaches the
near-extremality, p, > zo. This is an extremely important
result which we will return to several times for the
remainder of this paper.

Again, it is noteworthy that the true attactor never
actually reaches the point of extremality—it only asymp-
totically approaches it. Furthermore, the approximate
attractor curve does not propagate, as the true attractor,
to u=1 (it stops at p =zs) as shown in Fig. 5.
Nevertheless, this is a still useful expression, specially if
one is interested in investigating the attractor position for
different scenarios of dark electromagnetism, as we are in
this paper. It should be also mentioned that an alternative
definition for an approximate attractor may be found
in [106], which also satisfies the rough description pro-
vided in [90], namely that the attractor lies in the region
where the rates of mass loss and charge loss are the same
order of magnitude. However, the expression Eq. (30) is
useful, as it provides for the first time a closed form analytic
expression for an approximate attractor curve in the
configuration space (u,Y) for u < zo values.

One technical point which must be clarified now regards
the dependence of the precise location of the end of the
approximate attractor curve (M = zoM) on the chosen
mass-scale normalization. One might recall that when

(30)

introducing the modified evolution equations in
Sec. IIT A, a mass scale M, was introduced in order to
maintain the normalized mass y in the interval (0,1). By
varying such a scale, the physical mass M = uM, obvi-
ously remains unchanged. The scale dependent parameters
u and zo3, however, must be properly readjusted. A small
caveat comes from the fact that, while y has a simple linear
dependence on the mass scale, the dependence on z; is
given by a nontrivial logarithmic relation [see Eq. (22)],
which scales as M, = zoM, ~ O(1) + In(M?). In terms
of the ‘hanging mass’ concept, we see that black holes
which do become near-extremal must satisfy Mgu, > M, .
Fortunately, this dependence is rather weak. Given a
reference mass scale of My = 108M and a rescaling M,
by factor o), so that M, — o) M,, one finds that
Myzo — (1 +0.006441n(0y,))M,zo. Applying this to the
relevant range of scales considered in Fig. |—which spans
40 orders of magnitude in mass—the quantity zoM is
rescaled from its original value at M, = 103M, by a factor
between ~0.6 and ~1.2. In a similar manner, z; is weakly
dependent on «a; rescaling a by a factor of 10 yields less
than a 1% change in z.

Of course, the ‘true’ attractor curve is ultimately inde-
pendent of Mg, and the nontrivial dependence of the
approximate attractor curve on M, ultimately follows from
the assumption that S(u,Y) ~ 1 in the attractor region.
Later, in Sec. IV B, we will identify rescaling relations that
preserve the position of z, in configuration space. This will
aid in mitigating possible ambiguities which might arise
from the choice of the mass scale. This issue, however, is
rather technical and, as long as one carefully chooses a
proper mass scale for one’s given problem from the start,
one shouldn’t have to worry about rescaling effects at all
in the numerics. Nevertheless, since the evaporation time
estimates depend nontrivially on the mass scale and given
that we will consider a relatively large range of PBH mass
scales in our analysis (when moving to the scenario of
dark electromagnetism), we will find it necessary to
revisit the rescaling behavior when performing evapora-
tion timescale estimates.

3. Configuration space evolution

Let us consider a black hole initially in the mass
dissipation zone. When sufficiently far away from the
attractor region, the configuration space evolution of the
system in the mass dissipation zone is well-approximated
by Eq. (27). If uy, < z( [blue curves with dashed segments
in Fig. 5 (left)], the system will evolve within the mass
dissipation zone until it intersects the attractor curve. In this
case the system never achieves the near-extremal limit. The
same happens for a black hole starting from the charge
dissipation zone—it evolves along the curves approximated
by (28) until it reaches the attractor. Once in the attractor
region, the evolution stays in this regime. The trajectory in
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the configuration space can then be described by means of
the approximate attractor curve (30).

If yuy, > zg, the system will evolve until it approaches the
extremal curve ¥ = 1. Once in the near-extremal regime,
the system will evolve along a (nearly horizontal) trajectory
on the configuration space [see Eq. (26)] close to the
extremal curve Y = 1 until y = z,. At this point, the system
will start evolving in a neighborhood of the attractor
curve [90] losing both mass and charge in a similar rate.
An illustration of the configuration space trajectory for this
case is provided in Fig. 6, where the mass dissipation zone
(4 > uy), near-extremal regime (zo < u < py,) and attractor
region (u < zq) are depicted.

C. Evaporation time estimates

1. Near-extremal solution

Equations (23) and (24) admit a simple solution at the
extremal limit Y — 1, which will be of interest later on.
In this limit, d¥Y/dz = O [in agreement with Eq. (26)] and
du/dr simplifies to

W —expl(z0— )b G1)
T

This equation can then be integrated between near-extremal
points with different masses in order to obtain an expres-
sion for the evaporation time in terms of the respective
initial and final mass parameters y; and y; of the black hole,

_expl(u = 20)bol "

At =
T bo

(32)

Hi

One may simplify this formula even further by recognizing
that if (u, — zg) > 1/by and by is of order unity or higher,
the nontrivial exponential term dominates. Thereby, we
obtain the following expression (where Af := AtM,/sg),

At~ %GXP[(% = 20)bo). (33)
Sobo

Later, we shall verify numerically that in the cases of
interest, the system will spend a significant time near the
extremal limit ¥ = 1, and for solutions in which y varies
significantly, one can obtain an order of magnitude estimate
for the full evaporation time from the near-extremal seg-
ment of the solution. It is worth reminding ourselves that
extremality is never achieved, but only asymptotically
approached in some specific Y and y ranges [106].

2. Small-Y limit

In order to obtain the evaporation time in the limiting
case of small Y, let us start from Eq. (23),

B (V1-Y+1)*
T wen s Y

where H(u,Y) and S(u, Y) are given by Egs. (20) and (21),
respectively. By taking the ¥ — 0 limit, we obtain

, 32,
yir(l)dr = 5K dp. (35)

Integrating, we have

= 032 -0 32
=20 ; ﬁ i dﬂ - ATschw YZO a/p (36)
Therefore, as expected, once we are in the small-Y regime,
the evaporation time result for the Schwarzschild solution is
recovered. This solution is valid regardless of the black
hole’s location in the configuration space (near the attractor
or within the charge and mass dissipation zones). Since this
result will be useful for future sections, let us look more
closely at the small-Y behavior in the mass dissipation zone
and attractor region.

a. Mass dissipation zone: Taking S(u, Y) — 0in Eq. (34)
and Taylor expanding dz up to second order in Y,
we have

32u* 3% 344
= |-2F Y -2 2Y? | du. 7
dr { 27 g1 Y Tt e (37)

For small Y, the first two terms will be dominant.

b. Attractor region: Taking S(u,Y) — 1 in Eq. (34) and
Taylor expanding dz up to second order in Y, we have

{ 32u°

3242 344 64y’
27 8l

02N 2y du
729 729)” }d“ (38)

As before, the first two terms are the dominant terms in the
small Y regime.

Equations (37) and (38) show that the difference between
the evaporation times in the two regions only appears in the
second-order term in Y. The attractor region evaporation
time contains an extra positive term proportional to u*Y?.
Note, however, that in the attractor region, taking the
small-Y limit simultaneously imposes a small y limit,
suppressing even further the time difference between the
two regimes. This result will be further discussed and
applied in Sec. IV E, where we will obtain updated
minimum bounds for dark-charged PBHs to live longer
than the age of the Universe.

3. Attractor timescale estimate for p < z,

Given the attractor curve formula (30), one can obtain a
time estimate for the time spent on the attractor curve by
direct integration. From Eq. (23), we obtain

(V1I—Y +1)*du
(H(p.Y)+¥?)

dr=— (39)
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FIG. 7. Plots showing the agreement between the rescaled evaporation time along the attractor region. On the left we show the analytic
result for the approximate attractor curve given by Eq. (41) (integrated) together with a fitted function constructed with Eq. (42) (fitted).
The solution for Az, was obtained using the value zo = 0.53027 for standard electromagnetism (setting @ = 0.26792, following
Fig. 5). The horizontal line near the top has the value Az, (4 = 7o) = 0.305 47, which corresponds to the total time the system spends
between u = z and p = 0. On the right we present a plot of the residual between the fit and the integral; for the most part, the fit differs

by less than one part in a hundred.

where we make use of the fact that S(u,Y) = 1 when the
condition (30) holds. Since Eq. (30) is difficult to invert,
we perform the following variable transformation [with
xe (0,1

u :%\/)_c()ﬂ— 1)zo. Y:(xixl)z. (40)

Applying this variable change to Eq. (39) yields the integral
expression,

Aty (x) = A *4z(3x' +1) (1 —x)P(x')]

VA A8 = (Y + 1)P(X)]
- 16x’2]_ dx’, (41)

where P(x):=/9(x*> +1) — 14x +3(x +1). One can
verify (by Taylor expansion) that for small x, one recovers
Eq. (36). The function Az, (x) provides an estimate for
the (rescaled) time the system spends between p = 0 and
u=pu(x) <zg. The function Az, (x) is parametrically
plotted with x(x) in Fig. 7. The dimensionful time estimate
is Aty = Aty M,/ s5.

Since we are mainly interested in the order of magnitude
of the evaporation time (along the attractor curve), we have
proceeded by fitting’ piecewise auxiliary functions to
the parametric curve A, (u) generated from Egs. (40)
and (41). Also, given that in the following sections we will
be interested in obtaining the inverse function p(Arz,), we

"We perform a least-squares fit using the Julia language
package LsgFit.jl.

have chosen auxiliary functions which are easily invertible.
The resulting piecewise function is given by

1

Aty (p) = atbu b

(42)

where in the small-y regime (4 < 0.07) we have used
the analytic expression (36), which corresponds with
setting the parameters (a,b,m) to (0,81/32,3). For the
low range (0.07 <p <0.22), the best-fit parameters
obtained are (a,b,m) = (—42.78,1.258,3.264), for the
medium range (0.22 < p < 0.35), the best-fit parameters
are (a,b,m) = (—3.848,0.165,4.451), and for the upper
range (0.38 < p < z5 = 0.53027), the best-fit parameters
are (a,b,m) = (2.490,0.01351,6.411). A plot showing
the agreement between the best fit piecewise function and
Az, can be seen in Fig. 7 (left). Note that Eq. (42) is only
valid for estimating the rescaled evaporation time along the
approximate attractor curve and therefore should only be
applied to values of u < z,. Besides being an approxima-
tion, the agreement between the curves is very good for the
values obtained from integrating Eq. (41), as can be seen
in the plot of the residuals shown in Fig. 7 (right). The
significance of these results will be further discussed in
Sec. IV D. There we will implement rescaling transforma-
tions which will allow us to obtain the evaporation times
spent near the attractor curve for Reissner-Nordstrom PBHs
in different scenarios of dark electromagnetism.

IV. DARK-CHARGED PBHS

In this work, we adopt a simple U(1) dark electromag-
netism model, with a massless dark photon and a single
massive charged dark particle y—the dark electron. In the
case of m, = m, and e, =e, this model has been refereed
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to as the ‘mirror sector’. In here, we will allow for these
parameters to vary. For further discussion of symmetry
broken mirror dark matter models see [107,108] and
references therein. Following along the line of [109]
and [110], the Lagrangian for the system is given by

. 1
L=xy(ip+m,)y— ZF””FW' (43)

Here F,, is the field-strength tensor for dark electromag-
netism, D, = 9, — ie, A, is the gauge covariant derivative,
p is the dark Dirac operator, and m, and e, are the dark
electron mass and charge, respectively.

Note that this is the simplest possible dark U(1) model,
without any coupling whatsoever between the dark par-
ticles and standard model particles. In the analysis that
follows, allowing for the presence of couplings could
possibly significantly vary the dynamics and evolution
of the dark-charged PBHs. Although understanding the
effects of having a more ‘sophisticated’” model of dark
electromagnetism model is of high importance, we have
decided to focus solely on how the presence of a dark U(1)
charge impacts the PBHs evolution, leaving more realistic
models for future work.

We will be considering, from now, Reissner-Nordstrom
black holes charged from such a U(1) field. The aim is to
investigate the effects coming from varying the dark
electron mass and charge in the attractor’s location,
evaporation time-scales, and investigate which regions of
the (mx, ey, Mpgy ) parameter space are still feasible as dark
matter candidates.

A. (m,.e,, Mpgy) parameter space

Constraints derived in the literature for the U(1) dark
electromagnetism model here adopted were discussed in
detail in [109-111]. The constraints come from both the
evolution of dark matter in the early universe as well as
from observed galactic dynamics. In summary, a feasible
dark matter model must provide [109,110]:

(i) the correct relic density given by the chosen freeze-

out mechanism,;

(ii) the correct ellipticity bounds on galaxy halos;

(iii) the correct rate of dwarf galaxy survival as they orbit

around the host galaxy;

among others. These allow obtaining bounds on the dark
electron mass m, and dark fine-structure constant a,. In
order to give an idea on the orders of magnitude, masses m1,
on the GeV scale are in a safe allowed zone for fine
structure constants a, < 104, while masses m, in TeV
scales are allowed for @, < 102 (see Fig. 3 in [109] and
Fig. 4 in [110] for further details).

It is worth mentioning that the most restrictive constraint
comes from the relic abundance at thermal freeze-out,
which might rule out significant regions in the allowed

(m,,e,) parameter space, as it is indeed the case in [109].
Note, however, that as discussed in Sec. I, we do not
really need or even expect these dark particles to still be
present in the current epoch of our Universe. The dark
matter model proposed herein is simply the dark-charged
PBHs themselves. And, as we shall see in the following
sections, the necessary mass the dark electron must have
in order to extend the lifetime of extremely light PBHs
beyond the age of the Universe is of the order of a TeV
(higher or lower depending on the dark electron charge
chosen). Given the mass range of m,, it is therefore
reasonable to expect them to exist only during the
primordial, hot, dense stages of the universe, as long
as they exist long enough for the formation of dark-
charged PBHs. Afterwards, the necessary relic abundance
at thermal freeze-out can be virtually nil. Therefore, it is
clear that most of the constraints present in the literature
do not directly apply to our case.

One might argue, of course, that once these dark-charged
PBHs start to evaporate and lose charge, dark matter
particles will be emitted, making the soft and hard scatter-
ing constraints relevant again. This is an important point,
which we will leave for further study in the future. As
already extensively discussed, the initial PBH’s charge-to-
mass ratio required to extend its lifetime (and even achieve
near-extremal regimes) can start significantly low, depend-
ing on where in the configuration space a given PBH is
located. This implies that, when calculating such bounds,
one will need to explore all the degrees of freedom this
problem imposes with care. As a quick example, in order to
grasp the orders of magnitude involved, let us consider a
PBH with initial mass of 1071 M and an initial charge-to-
mass ratio of ¥ = 1072, Then assuming e, = 10~*¢ and
m, = 10"m, (values taken from Fig. 15), the total mass
emitted in dark particles—in case this black hole actually
fully evaporates, which may not even be the case—would
be about 4 x 10728My(~1 x 10> kg)® during a time of
roughly 10'° years (timescale obtained from Fig. 13).
Further studies analyzing combined scenarios of
(uncharged) PBHs and WIMPs can also be found in the
literature [112—114]. Again, confronting the specific model
here presented against dark matter constraints is left for
future work.

Taking the scenario described above as a valid
assumption, let us now understand how varying the
parameters (m,, e,) affects the results for the evolution
of charge black holes obtained so far. Keeping in mind that
the attractor’s position can be roughly defined by the

¥Note that this mass is precisely 10'5 times the mass which
would be emitted in electrons in the case of standard electro-
magnetism. This is as expected, since o,/0, = (m,/m,)/
(e,/e) = 10",
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FIG. 8.

parameter z; [see Eq. (22)], this can be generalized to the
dark sector as

e, h 9606; M?
= 1 . 44
% Tmy M, " <ﬂ2am§h2 (44)

We can then see that, for higher dark electron masses and
for lower e, charges, the value of z’é decreases. In terms of
the attractor’s position in the configuration space, this
leads to a shift to lower Mppy masses. This behavior is
illustrated in Fig. 8, where one can see the effect on the
attractor’s position by varying the dark electron mass m,
(on the right) and charge e, (left panel). Figure 8, together
with Eq. (44), also reveals that the dependence of the
attractor’s position on m, and e, is not the same, being
more sensitive to changes in mass than in charge, as one
might expect from their appearance in the Schwinger
effect. This clarifies prior work [115], which somewhat
obfuscated these issues by focussing primarily on the
charge-to-mass ratio e, /m,.

Now, given that we are interested in low mass PBH, with
masses lower than <10~15M o- a useful tool is to investigate
the (m,, e,) parameter region which shifts the attractor up
to those mass scales.

B. Rescaling

One might observe that the evaporation equations
du/dr and dY/dz [see (23) and (24)] depend only on
the parameters z, and b, (we note that s, has been
absorbed into the definition of 7). In this way, by
obtaining the solutions of Ar for the case of standard
electromagnetism, one can extend these results to the
dark sector by rescaling the electron mass m, and charge
e, while adjusting the mass scale M, of the system. For
this reason, it is perhaps appropriate to consider in detail
how the constants z, by, and s, behave under parameter
rescalings. Also, given the strong dependency of Az, (zo)
on z, we are ideally looking for rescaling relations which
allow us to keep z, fixed.

1 00 [ T T T T ]
0.751 .
>~ 0.50 ey = 0.8¢|
ey = 0.9e
—ey=¢
025 —ey = L.1e|]
—ey = 1.2¢
0.00 L I L I
0.0 0.2 0.4 0.6 0.8 1.0

I

Attractor curves (30) for various dark electron masses and charges.

First of all, note that under a rescaling M%? = o,,M,
e, = o.e, and m, = 6,,m,, Eq. (22) yield the following
transformations of s, zo, and by:

=29 (45a)
0 0%/]
_ e [ Zin(Z0m (45b)
o O-%nGM 0 b Om '
02 Oy
b =M g (45¢)
6@

It is not too difficult to show that the constants z, and b,
are invariant if o, = 0,, = 1/0),, which corresponds to
transformations that preserve the charge-to-mass ratio
0 = e/m,. It follows that for a fixed charge-to-mass ratio
0, one solution of Egs. (23) and (24) corresponds to all
solutions of the original system (6) and (16) that are related
by the transformation ¢, = o¢,, = 1/0),. Note also that
under a rescaling of M|, the coordinate time ¢ is rescaled as
t — toy, for fixed 7 = tsy/ M.

We would also like to consider transformations that
allow for changes in the charge-to-mass ratio while leaving
zo unchanged so that zfj = z. Such transformations are
useful, since they maintain the position of the approximate
attractor curve (30) in configuration space, while allowing
for additional freedom in changing the dark electromag-
netism parameters. One can parametrize such a trans-
formation as

39
Cc, = % s (463)
9
" e o
- - b02019 1/3
§=¢9) = (bgzo T2 9) ’ (46c)
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where ¢ = ¢,/06,, may be interpreted as the change in the
charge-to-mass ratio ¢* = &g, and d€ (exp(1 —byzp/2),0)
is the transformation parameter (the lower limit corre-
sponds to the minimum of £). Under this transformation,

2
b’g =by +—1Ind. (47)
20

Z)é = 20>
That there is a lower limit to the rescaling & of the charge-
to-mass ratio should not be surprising; from Eq. (44), one
can see that the charge e, can be lowered to a finite value
that makes z, vanish. Moreover, from Eq. (16) (noting
Qp « e), the error function term dominates in the limit of
small charge (holding everything fixed); in the following
section, we will show how a rescaling to arbitrarily small
values of the charge-to-mass ratio violates condition (iii),
therefore falling outside the valid parameter range for
Egs. (23) and (24).

Following the discussion presented in Sec. III B 2, note
that these rescaling formulas can be used to obtain an
expression for the mass M, = zoM, as a function of the
rescaling parameters. In particular, one can use Eq. (46) to
obtain ¢, = 9/(5,,E%), yielding the formula,

1/3 2/3
M :'9_<b020+21n19> M.,

48
20 b()ZO ( )

m

The above formula is useful, since it provides a concrete
estimate for the mass scale associated with the parameter z,
under a rescaling of the parameters.

C. Updated model assumptions for the dark
electromagnetism case

At the end of Sec. II C we have discussed the assump-
tions and limitations in the HW model. Those were
summarized in three conditions:

. h .. €0
(i) M>»—; (i) 55<1; and (iii) 3> QQ,.
m, mir

(17)

Let us now update these conditions assuming that the dark

electron parameters are given by m, = o,,m,, e, = c,e.

This will give us the new validity bounds for the ‘dark-

charge PBH’ where our analysis is valid. In order to avoid

confusion with the previous mass constraints, we will refer

to the ‘dark-charge PBH™ mass as Mpg in the following.
a. Condition (i) gives us

Ao 107D
MDE > — = MO’ (49)

m, O

where we have used Eq. (11). Note that this validity
constraint does not affect the allowed values of o,, only
those of o, and Mpg (or o). In Sec. IVE, we will

explicitly discuss the region in parameter space where this
condition plays a role.
b. Condition (ii) gives us

ef{Q

2

< 1. (50)

2
m)(r

In order for this condition to be valid in the entire domain of
outer communication of the PBH, one may replace r by r,
implying that

(M+ V= Q) = (14 VI=F) > 22 (sy)

X

Using the fact that M = uM,, we have
,uMs(l +VI- Y)Z
VY

Near the attractor, in view of (30), we may rewrite this
expression as

e3
> m—’fz : (52)
4

3
e
Mzo =M, > %, (53)
my

In Sec. IVE we will also explicitly discuss the region of
parameter space where this condition plays a role in our
analysis.

c. Condition (iii) In order to extend this condition to the
scenario of dark electromagnetism, note that it can be
rewritten as

(m+ViE =)
Q0

2
> 1, (54)

implying that

ﬂMS<1 - m)z b0ﬂ<1 + m)z
QuVY - VY

Here, we have used the fact that Qy = M,/b,. Recalling
the definition of the approximate attractor curve given by
Eq. (30), we may then rewrite this as

Zo\/Y

20bop > 5 = Han- (56)

(1+m)2

> 1. (53)

Remembering that for the standard electromagnetism case
we had z; = 0.53027, and b, = 586.09, this implies that
condition (iii) can be rewritten as

Har  Han
boZQ 310.8°

(57)
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Therefore, as long as one is concerned with evolution along
the attractor region and/or the mass dissipation zone, this
condition does not impose any additional restriction on the
mass range being analyzed. This is not a surprising result,
given that this condition followed from the Schwinger
effect, which is of order unity in the attractor region and
exponentially suppressed in the mass dissipation zone.

In order to extend this relation to the scenario of dark
electromagnetism, let us make use of the rescaling relations
given by Eq. (47), giving us

2

&b = bozy +21n ("“’M). (58)

Gm

Applying this to Eq. (57), we have

/jfm 7 .”)ért

x> = .
g bozy  bozo +21In(czoy/0,)

(59)

This implies that as long as In(c26y,/6,,) > —bozo/2 ~
—1.5 x 102, the validity of condition (iii) will always be
satisfied as long the PBH trajectory is maintained in the
attractor region and/or mass dissipation zone. This implies,

oo

—M > 10769 (60)

O-m

In all of the analysis presented in this article, this limit is
never approached in the slightest, meaning that condition
(iii) will play no role in constraining any of the results
presented here. It is also worth mentioning that condition
(iii) ensures that the rescaling limit for & discussed after
Eq. (47), in which bf — 0, is never approached.

1. The validity regime for the Schwinger
pair production rate

Another condition which must checked is the validity of
the Schwinger pair production rate given by Eq. (12) in the
new parameter space (m,, e,, Mpgy). The key constraint to
keep in mind is that electric field gradients must be small
compared to the Compton wavelength of the lightest
electrically charged particle, given that this will be the
easiest charged particle to be produced. In the standard
model of particle physics, the lightest electrically charged
particle is the electron. In our model, this mass will be given
by m, for the dark electron. In this case, we must demand,

1 dE 1
< =" (e
) /IcompDE he

E d(proper length

In a Reissner-Nordstrom spacetime, keeping the geome-
trodynamic units G — 1, ¢ —» 1, and # — m3,, . and
recalling that E = ¢/r?, we have

1 dE dr

E d(proper length)

1dE
d(proper length) E dr

XM Q22
:\/1——+Q—2—. (62)
r r-r

So, for applicability of the Schwinger calculation we

demand
2M 22 1 m
J1-2M, 22 - M (w3
r rr AcompDE Mpjanck

This condition is satisfied in two regions; at and close to
the horizon and at large distances. We also need to demand

that » > r, = M + \/M? — Q. Squaring both sides of
Eq. (63), we can rewrite it as a quartic in r,

4 2
r= 4'/?'compDE

(r? —2Mr + Q%) > 0, (64)
which we must simultaneously satisfy together with r > r,
condition, that can be rewritten as

r*—2Mr+ Q* > 0. (65)

The validity region can be visualized in Fig. 9 for three
different Q/M values. Both M and r are given in geo-
metrodynamic units in units of length. The dashed lines
represent the r, horizon. We have also added the horizon
for the Q = 0 case as the solid black line for comparison.
Note that for values of r > 24.,mppE, the Schwinger pair
production rate (12) is always valid outside of the horizon.
This can be understood by noting that Eq. (63) can be
rewritten as

2M 2
r > 2 1 — T —|— %ﬂcompDE' (66)

So certainly, if r > 24.omppE, the Schwinger’s calculation is
applicable. In order to obtain a bound on the black hole
mass, let us go to the extremal case, which is the most
constrained scenario of all.

a. Exact result for the extremal case: If the black hole is
exactly extremal, then Eq. (63) can be rewritten as (note
r, =M)

M
[ A (67)
r 2j“compDE

which can be rewritten as
r2 - 2/100mpDEr -+ Q’M/lcompDE > 0. (68)
Rearranging the terms we obtain

(r - A‘compDE)z > ﬂcompDE(’%ompDE - 2M)
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FIG.9. Plot showing the validity region of Schwinger’s calculation outside of a charged black hole with different O /M ratios. Dashed
lines represent the location of the event horizon for each case, the solid black line representing Q = 0. Note that as one decreases the
black hole’s charge-to-mass ratio, the dashed lines start to pile up near the black line for a horizon of zero charge.

Note then that for 2M > A.omppe this condition is auto-
matically satisfied. This can be also visualized in Fig. 9. In
the dark sector, our simplified Schwinger condition then
becomes

1 m3 1 m}
Mor > 5= 20y me ()
4 m e

In terms of solar mass,

1
Mpg > —10716M . (70)

m

Note that for 6,, ~ 10'2, this condition allows us to use the
Schwinger pair production rate for black holes as small as
10728M 4 = 100 kg. Moreover, given that this condition is
weaker than Eq. (49), the list of applicability conditions
presented in Sec. IV C is kept unaltered.

D. Generalized evaporation time estimates

Given the configuration space trajectory ¥ (i), one can in
principle estimate a black hole’s total evaporation time by
integrating Eq. (23) for du/dz. This, however, is rather
nontrivial and generally requires a numerical integration.
Another possible approach is to estimate the amount of
time spent in each segment (mass or charge dissipation
zones, near-extremality and attractor region) separately.
The integrals in the mass and charge dissipation zones in
general still require a numerical integration. Fortunately,
the scenario improves for both the approximate attractor
curve as well for near-extremal evolutions. This can be seen
in Fig. 7 in Sec. III C 3, where we have performed the
explicit integral for the approximate attractor curve and in

Eq. (32) in Sec. III C 1, where a straightforward analytical
time estimate was obtained for the near-extremal curve
Y = 1. Let us now extend these results to the scenario of
dark electromagnetism.

a. Special case (up, < 7p): As discussed in Sec. I C 2,
in this limit the Schwarzschild result is recovered.
Therefore, the dark electromagnetism extension of Eq. (35)
is simply given by

MY
Ar = YSATschw (71)
0
19207 |32
— 22 S oy | 1)
19207 32
- [ﬁMﬂ (73)
= Afghw, (74)

where we have used the definition of s, given in Eq. (22).
Note that one would normally expect the Schwarzschild
evaporation time to depend on the electron mass. However,
as discussed in footnote6, in this work (as in the original
HW article) we assume all mass lost in the Hawking
process is due to the emission of massless particles
implying an evaporation time independent of m, and e,
whenever this limit is achieved.’

“This restriction to emission of massless particles would only
have to be modified for extremely light black holes (i.e., very late
in their evaporation), which are outside of the scope and goals of
this study.
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b. Attractor timescale: In order to extend the obtained
results for the scenario of dark electromagnetism, recall that
Eq. (41) for the (rescaled) time Az, (1 = 7o) spent in the
vicinity of the attractor curve depends solely on z,. As
shown in Fig. 8, changing the properties of the dark
electron implies a shift in the position of z,. On the other
hand, in Eq. (47) we have constructed specific rescaling
formulas which keep the position of the attractor fixed,
meaning z§, = zy. This allows us to vary the dark-electron
properties without having to worry about the position of z,
in the new parameter space. Particularly, by using these
rescaling relations it is sufficient to compute the time
At,(z0) only once (keeping in mind that the corresponding
physical time may then be obtained through a rescaling
factor). The same is valid when calculating Az, (u) for any
value of y < z.

¢. Near-extremal solution: For the near-extremal time
evolution, all we have to do is to replace the values of the
electron charge and mass by their dark counterparts. In this
case, given that b{, is not kept fixed by the aforementioned
rescaling equations, one may chose whatever rescaling
is more suitable for any given problem. In this case, the
dark electromagnetism extension for the near-extremal
(rescaled) evaporation time is given by

_expllp — )bl

AT’ =
i v

(75)

Hi

d. Full evaporation starting from near-extremality: As
previously explained, z, marks an approximate location for
the threshold between the attractor curve and the near-
extremal phase (see Sec. III B 2). Therefore, in order to
calculate the full evaporation time starting from near-
extremality, we must add the evaporation times in the
near-extremal regime (from p;, to zo) and the time spent
down the attractor curve (from z to zero). The evaporation
time estimate is then given by

_expl(p — z0)bg) |1

ATl =
i v

+ Afgtt(zo)’ (76)

Hi

= 57 @0l =~ P = 1) + athtaa). (7)

The first term corresponds to the time spent near Y = 1, so
we set u; = uy,, with yy, being the ‘hanging mass’ defined in
Sec. I B 1, and u; = z’é. In this case, whatever rescaling
condition chosen, it must be the same for both regimes.

e. Special case (py, —z§ > 1/by): As in Sec. IIC 3,
one may further simplify Eq. (75) for the case where
pn — 2> 1/by to

4

M
At crenpl(in )8 (78)

This simplification comes from the fact that when the
system achieves near-extremality, its evolution slows
down drastically, so that it spends the majority of its total
evaporation time f,, near the ¥ =1 limit. In this case,
Eq. (78) provides an order-of-magnitude estimate for the
total 7.,,,. A numerical verification of the preceding claim
is presented in Table II, where we show a comparison
between analytical estimates and numerical results for
different dark electron charge-to-mass ratios.

1. Numerical validation for p, —z9 > 1/b,

We now supply numerical validation for the claim that
Eq. (78) provides a reliable order-of-magnitude estimate for
the evaporation time. For this, we performed a total of 25
runs, for rescalings of the charge-to-mass ratio £ = 6,/0,,
ranging from 10~'* to 10~!8 (with charge rescaling param-
eter 6, = 10™), and hanging masses uj, € (0.70,0.90),
respectively. Figure 10 shows the results for two of these
runs, displaying both the configuration space plots as well
as the mass evolution for each case. In the configuration
space plots, note the highlighted part of the curve in red,
representing the region where the system spends 98% of
its total evaporation time. In the mass evolution plot, one
can see a wide plateau, representing the concept of the
hanging mass, in which the mass is roughly unchanged
until the final stages of evaporation. The summarized
results for the total evaporation times for the 25 runs are
presented in Table I. Note that depending on the choices
made for y;, and ¢¥ = £e/m,, the evaporation times vary
by ~52 orders of magnitude.

The relative order-of-magnitude differences between the
numerical results and Eq. (78) are given in Table II and
computed according to the formula,

|10g10 (tanalytical ) - 10glO (tnumerical) |

A(magnitude) := 0210 (oo

. (79)

The relative differences given in Table II are minute, and
demonstrate that for the region of parameter space con-
sidered, Eq. (78) provides a good estimate for the order of
magnitude evaporation time. In Fig. 11, we illustrate this
with a logscale plot of evaporation time vs hanging mass
iy, and the reader can see that the numerical results are
visually indistinguishable from the estimates provided by
Eq. (78). Again, the numerical codes and scripts can be
found on the Github repository indicated in [91].

E. Mass bounds for dark-charge PBHs

In this section, our aim will be to extend the bounds
imposed (due to Hawking radiation) on the allowed fraction
of dark matter in the form of PBHs. As we have seen, the
presence of even a small amount of (dark) charge is capable
of extending the lifetime of black holes by many orders of
magnitude. Using the results derived so far, we will now
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FIG. 10. Configuration space (left column) and mass evolution (right column) plots for a solution with dark electron charge-to-mass
ratio rescalings and hanging masses (&, u,) given by (1071#,0.7) (top row) and (107'8,0.9) (bottom row). In the configuration space
plots, the vertical gray dotted line corresponds to 4 = z;, and the segment indicated in red represents the region where the system spends
98% of its evaporation time.

calculate the minimum mass M,;, for a PBH to live longer = approximate attractor curve and of the near-extremal cases.
than the age of the universe #,,;,. Recall that the condition for a black hole to achieve near-

In the previous section, we have presented results for the  extremality is uy, > 7z, where yy, is the previously defined
total evaporation time of a black hole evolving along the = hanging mass. In the following analysis, we will consider

TABLEI. Evaporation times (in years) as a function of the ‘hanging mass’ u;, and charge-to-mass ratio, where ¢ is
the rescaling factor for the charge-to-mass ratio. In each case, the electron charge is rescaled by a factor 6, = 107,

£ up = 0.70 up = 0.75 uyn = 0.80 uy, = 0.85 up = 0.90
107 7.56 x 103! 4.01 x 103 2.13 x 10 1.13 x 104 6.02 x 105
10715 6.45 x 10?3 9.08 x 10?7 1.28 x 1032 1.80 x 103 2.54 x 10%
1010 5.23 x 1013 1.94 x 109 7.21 x 10?2 2.67 x 10%° 9.99 x 10%
10717 3.99 x 107 3.84 x 100 3.75 x 1013 3.67 x 101° 3.59 x 10'°
10°18 2.84 x 107! 6.85 x 10! 1.73 x 10* 4.41 x 10° 1.13 x 10°

TABLE II. Relative difference in order-of-magnitude evaporation times between numerical results in Table I and
the corresponding estimates provided by the analytical formula (78), according to Eq. (79).

£ uy, = 0.70 uy, = 0.75 iy, = 0.80 uy, = 0.85 uy = 0.90
10-14 2.29 x 1077 2.36 x 107 2.10 x 1073 1.89 x 1077 1.72 x 1075
10-1 1.36 x 1073 3.02 x 107 2.71 x 1073 240 x 107? 2.15x 1073
10-16 7.93 x 1075 3.72 x 1073 3.76 x 1073 3.29 x 1075 2.90 x 1075
107V 9.39 x 1074 3.53 x 107° 5.67 x 1072 5.19 x 1075 4.45 % 1075
1018 5.16 x 1072 2.36 x 1073 1.09 x 1075 1.07 x 10~* 932 x 1075
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Numerical and estimated results are displayed; the estimate is given by Eq. (78).

the evolution time only along these two phases (attractor and
near-extremality), without taking into account the evapora-
tion time spent in the mass dissipation zone; as we will show,
the relevant region where this has to be taken into account is
small in parameter space. Nevertheless, this means that all

— M)s( ATatt<_
Atevap(:u) = W ’

where j is defined as the rescaled mass where the system
either becomes near-extremal (in which case ji = y;,) or
reaches the attractor curve. Figure 12 illustrates the
system’s evolution and the location of j for three different
cases. Now, setting Afqy,, = fypiy = 13.8 X 10° years and
solving for ji, we obtain the following solutions for the
minimum mass M, = M,

Mschwv IS Z)é
oM psg .
univ. — Muniv 0> ZX ( )
near-extr» /’l 0
Mextrv ﬂ—Zg>> 1/b)0{

Let us now address this case by case.

a. Special case (i —zo > 1/by): For the special case
when the j =y, is significantly larger than z, the
evaporation time along the attractor region will be many
orders of magnitude smaller than the near-extremal evolu-
tion. The same happens in the mass dissipation zone.
Numerical results demonstrating this claim may be be
found in Sec. IV D 1, where we show that in such cases the
black hole spends 98% of its total evaporation time in the
vicinity of the hanging mass. Hence, one may consider
the following approximation for the total evaporation time:

obo | (expl(i = z5)bp] — 1) + Arye(zo)s

mass bounds presented in this section are mildly, if not
highly conservative, depending on whether near-extremality
is achieved or not. A more in-depth discussion of this follows
below. For now, let us divide the evaporation regimes into
four different cases [see Eqgs. (74)—(78)],

= I
IA /\\
ESN

=
V
Sk 2y &K

> 1/b})

=

s

sobo

Al‘evap(la) = exp[(ﬁ - ZO)bO]’ 1> zp. (82)

Equation (82) allows for a simple analytical solution.
Setting Afqya, = fyniy» We obtain a lower bound for the

mass of near-extremal PBHs which would not yet have
fully evaporated by the present day,

eficln (—e%tu“‘v >
167[7/2712\/83(;
2732 m2 /e, G?

where in the last equality we have recovered SI units for
completeness. Also, aiming to keep a light notation, and
given that from now on we will always be dealing with dark
electromagnetism, we will just refer to z as zo and M%
as M.

In order to understand Eq. (83), in Fig. 12 we have
depicted ey = Meoye/Ms by jiz corresponding to the
fourth case of (80). Any PBH which is formed with an
initial mass and charge such that it lies in the gray region
of the configuration space, will take longer than the age of
the universe to evaporate. This comes from the fact that
the evaporation times for line segments starting at any
point on the magenta dashed line and finishing at z,
satisfy Zevap > funiv-

(83)

3
v e |etmiv|
Mextr =5 n 222 —
m,n  |27°h
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FIG. 12.

I

Mlustration of three different solutions in configuration space, distinguished by values of rescaled mass z at which the system

either reaches near-extremality or the attractor region. The region of the configuration space in which a near-extremal PBH spends a time
longer than the age of the Universe f,,, in near-extremality, is shaded in gray. Evaporation times along the magenta line satisfy

Ateyap > tuniy for PBHs with fi — zg > 1/b,.

Given that Eq. (83) for M., is applicable only for
i —z9 > 1/by, M.y, is the minimum initial mass a near-
extremal black hole needs to have in order to spend a time
equal to the age of the universe in near-extremality. For the
case of standard electromagnetism, this mass is approx-
imately M., ~2.2 x 107M."" Looking at Fig. 2, one
can see that this mass is actually much below the region
where near-extremality is achieved (meaning e, < Zp)-
This means that a RN black hole with a standard—not
dark—electromagnetic charge and a mass M., would
actually never reach near-extremality via the Hawking
and Schwinger evaporation alone. This implies that, for
standard model electromagnetism, neither Eq. (83) nor
Eq. (82) are applicable. We will return to this point later in
more detail, but for now reader may find the region of the
parameter space where this regime starts (and dominates) in
the lower-right corner of Fig. 15, to the right of the solid
line marking M i, & M.

b. Near-extremal case (u, > zg): Recalling the discus-
sion in Sec. IIIB2 and remembering that M, := zoM,,
black holes which do become near-extremal must satisfy
Mgy > M. In this way, the domain of validity for
Eq. (83) can be restated as M.y, > M, . When this is
not the case, one must take the evaporation time along the
attractor region into account,

M,
A[evap(/’l) = %exp[(ﬂ - ZO)bO] + Atan(ZO)- (84)

"Note that this value is much greater than the usual Schwarzs-
child limit. This, however, does not come as a surprise, especially
since, as mentioned in text, the definition of M., does not take
the evaporation time past z, into account.

By solving this equation for y with Afeye, = fyniy, ONE can
find the minimum mass for the near-extremal case. As an
analytical expression for this case would be too compli-
cated to present here, let us simply label this solution by
My for clarity in future discussions.

c. Full attractor evolution (u, = z): We now aim to
understand the orders of magnitude of the evaporation
timescales and how these are affected by varying the dark
electron’s properties. For this purpose, we have computed
for different scenarios of dark electromagnetism the time
for a black hole to evaporate, starting at the beginning of the
attractor (u, = zg). In Fig. 12, this would correspond to the
curve designated by zi, = 7. The solution for the rescaled
time At is presented in Eq. (42). Keeping in mind that the
physical time is given by At,(zo) = At M,/ sh, we have
made use of the rescaling relations (47) in order to extend
the electromagnetic solution to different scenarios of dark
electromagnetism (note that, using those relations, z is
kept fixed). The result is presented in Fig. 13. The dashed
black line represents the location where At = fypniv,
meaning that values of (m,,e,,M, ) to the left of this
line take longer than 7,,;, to evaporate. The solid black line
represents the location where M, = M, , with values to
the left of this line having M., < M_ . The fact that this
line is placed to the left of the At = f,,, threshold
guarantees that whenever M, < M, one may safely take
M as the new lower limit for the PBH mass My, .

d. Attractor evolution (u, < z): Now we will look at the
more general case when a black hole, evolving from the
mass dissipation zone, does not achieve near-extremality,
but instead ‘hits’ the attractor curve at a determined,
subextremal mass p,; < z¢. In Fig. 12, an example of this
case is represented by the curve designated by ji;. In this
case, one may calculate the evaporation time along the
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FIG. 13. Contour plot of the evaporation time estimate Af,
along the attractor from u ~ z; to 4 = 0. The dashed black line
represents the location where At,; = f,,;, and the solid black line
represents the location where M ,;, = M . The lowest value for
At,, occurs on the lower right corner of the plot. Although not
visible in this plot, we remind the reader that the mass M :=
Mz, depends on e, and m, [see Eq. (44)] and its lowest value is
also at the right bottom corner of the plot. The black area near the
top is the region of parameter space excluded by condition

(ii) [Eq. (50)].

attractor region as described in Secs. I[IIC3 and IV D.
Given that we have chosen the auxiliary functions for
curve fitting Az, (1) (42) to be easily invertible, this
allows us to solve them for the value of u which satisfies
Aty = tuniv (keeping in mind the scaling transformations
between t and 7),

univ __ ( bs)(gtuniv
att
Ms - as)(gtuniv

)”m. (85)

Here, (a, b, m) are the best-fit parameters of Sec. III C 3.
Multiplying this equation by the mass scale, we have
MUY = MV Since the time along the mass dissipa-
tion zones is not taken into account when deriving this
formula, this is a conservative lower bound for the mass
M.y of nonextremal black holes.

e. Limiting case (4 < zo): When calculating the mini-
mum mass M, that a PBH must have in order to live
longer than the age of the Universe, a surprisingly large
region of the parameter space (m,,e,, Mppy) is actually
covered by the limiting case (¢ < zy). This can be seen in
Fig. 14, where we have plotted the fraction g, /zo for
different values of dark charge and mass. In terms of the
dark electron mass, note that only for values of m,, > 108m,
should one start worrying about departing from the low
mass limit. Linking this to the time estimation for small y
presented in Sec. IV D, we see that the Schwarzschild limit
is actually a good approximation for the minimum mass in
a vast region of the parameter space here analyzed.

NuniV/ZO

0 100
1073
-2 1076
g; 1079
& 1012
= 1071
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_Q 10718
—6 10—21
M.m,v = MZU 10724
. —97
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FIG. 14. Contour plot of the fraction p,;,/z¢- This illustrates
how the region where taking the mass dissipation zone time into
account (107! < pyniv/20 < 1) is in a sufficiently constrained
region of parameter space. As in Fig. 13, the black area near the
top is the region of parameter space excluded by condition
(ii) [Eq. (50)]. The lowest values of p i, /2o occur in the top left.

f. General case: Having now looked more carefully at
each individual case identified in Eq. (81), let us further
collect these results in order to define a conservative lower
bound valid across all cases considered for the mass M,
of those dark-charged PBHs which would not yet have fully
evaporated by the present day. In Fig. 15 we have created
a contour-plot of (m,.e,, M,y,). Here, M, is defined
as M.y, except for the regions where condition (i) and
condition (ii), given by Egs. (49) and (50), respectively, are
no longer valid. In this case, we have plotted the minimum
mass allowed by condition (i) (region to the left of the
vertical dashed line) and simply excluded the region where
condition (ii) is violated. However, as we have just argued,

0 Muin/ Mo — 107
1071
10717
2 10°18
N8
= 107"
L —4 10720
(==}
0 1072
= — Mo = M, 1022
—G ) Muniv = h/m,y 10723
A
-8
0 2 4 6 8 10 12
logyo(my/me)
FIG. 15. Contour plot showing M, for different scenarios of

dark electromagnetism. The vertical dotted line represents the
minimum mass allowed by condition (i) [Eq. (49)]. The solid line
to the right is the location where M, = M, . As in Figs. 13
and 14, the black area near the top is the region of parameter
space excluded by condition (ii) [Eq. (50)]. The lowest values of
M iy occur at the left.
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the true value in these regions simply reduces to that of a
Schwarzschild black hole. This is also the reason for the
large plateau region in the center of the figure. Note
that once one starts to move away (to the left) from the
M iy = M, line, the Schwarzschild result is quickly
achieved and maintained (compare also with Fig. 14).
On the other hand, once one moves to the right of this line,
the near-extremal regime starts to take over, quickly
dropping the minimum mass bound. Figure 15 allows us
to understand how much one must vary m, and e, in order
to have low mass PBHs which have not yet completely
evaporated.

F. Model building considerations

It is important to note that, the seemingly large ranges in
mass m, or charge e, should not be discouraging. Already
in the standard model of particle physics (mildly modified
to accommodate neutrino masses), we have enormous
differences in mass scales: Neutrino masses are at
most of the order 1 eV, while the tauon has a mass of
1.776 86 GeV (so m,/m, ~ 10'?). Hence, the mass ranges
seen in our model would not be outlandish from the
perspective of those seen in the standard model for
elementary particles. Meanwhile, discounting uncharged
particles for the moment, log,o(q/¢) for particles of charge
g in the standard model is close to O (i.e., g/e is close to
unity). However, the plateau of Fig. 15 extends to this
value, and from the standard model itself it is much harder
to develop intuition about different U(1) coupling
strengths. Neither color charges nor hypercharges are easily
compared to electromagnetic charges, and thus are of little
help for this purpose.

V. CONCLUSIONS

In this paper, we considered the evaporation of charged
(Reissner-Nordstrom) black holes. We have reviewed
and extended the original results obtained by Hiscock
and Weems [90] to PBHs with a dark U(1) charge, and
evaluated how varying the dark electron mass m, and
charge ¢, affect the PBH evolution.

In their original work, HW have shown that Reissner-
Nordstrom black holes do not always evolve as one naively
might think—a quick discharge to a Schwarzschild black
hole. While in the standard electromagnetic scenario this is
true for low mass black holes, (isolated) black holes above a
certain mass may present interesting and unexpected
evolution scenarios; for example, a black hole with an
initial charge-to-mass ratio as low as 1% may naturally
evolve to a near-extremal state, as represented in Fig. 2.

The unexpected behavior arises from the interplay of two
fundamentally distinct quantum processes governing the
evaporation of Reissner—Nordstrom black holes: Hawking
radiation and the Schwinger pair-production effect. The
common existence of these two quantum effects leads to a

(M, (Q/M)?) configuration space split into two regions—
the mass and the charge dissipation zones—each one
dominated by one of the quantum processes mentioned
above (see Fig. 2 and Sec. Il B). These two regions are
divided by an ‘attractor curve’ or attractor region, whose
location on the configuration space depends on the mass
and charge of the lightest fermionic particle carrying a
nonzero charge. In the standard electromagnetism case, the
location of this attractor region is such that only black holes
of masses greater than ~5 x 10’ M may naturally achieve
near-extremality along its evolution.

In our analysis, we have rewritten the original HW
equations in terms of new variables, which serve to clarify
the behavior of the system and facilitate its numerical
implementation. These have also allowed us to obtain for
the first time a closed form analytical expression for the
approximate attractor curve [see Eq. (30)], which very
clearly highlights how the attractor curve depends on the
dark U(1)’s parameters (via z,). We have also presented
clear and simple expressions for approximate configuration
space evolution Y(u) in both the mass and charge dis-
sipation zones. Furthermore, we have obtained approxi-
mate analytical expressions for the evaporation time
estimate along the attractor region, for the life-time of
near-extremal black holes and in the low (Q/M) limit. For
the near-extremal case, a comparison between the approxi-
mate solution time and the full numerical solution can be
found in Table II.

We then extended these results to a scenario of dark
electromagnetism, tentatively modeled on the Lagrangian
(43) with a massless, uncharged ‘dark photon’, and a ‘dark
electron »’ of mass and charge m, and e,, respectively.
Even if such a U(1) is not part of the current universe,
PBHs formed much earlier could have retained such a ‘dark
charge’. This allows them to be a promising PBH dark
matter candidate, in counterpoint to their standard electro-
magnetic RN counterparts.

To investigate this possibility, we have updated the
validity conditions of the model adopted by the original
HW analysis, as well as the Schwinger pair-production
results for the case of dark electromagnetism. We then
explored the dependence of the location of the attractor
curve on the dark electron’s properties, showing that by
increasing the dark electron’s mass m,, and/or lowering its
charge e, one can push the location of the attractor curve to
significantly lower black hole masses M (see Fig. 8). We
have also extended the evaporation time estimates obtained
for the standard electromagnetism case to the dark sector.

Existing results for constraints on the mass Mpgy
allowed for Schwarzschild black holes as candidates for
PBHs contributing to dark matter were shown in Fig. 1.
Aiming to update this mass bound to our dark-charged
PBH proposal, we have used the lifetime estimates
obtained above, and explored the region of parameter
space (m,,e,, Mpgy) in which dark-charged PBHs have
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a lifespan that is longer than the age of the universe. To do
so, in Eq. (80), we have defined four cases of (rescaled)
black hole masses each of which could give the most
stringent bound on the mass M ,;, (within the region of
validity of the HW model) as per Eq. (81). The results are
summarized in Fig. 15, demonstrating that, depending on
the values of e, and m,,, the minimum mass M ,,;, for PBHs
which will not yet have fully evaporated by today can go at
least as low as 107>*M . This is an important step for
understanding the importance of PBHs as dark matter
candidates. Modelling PBHs solely on the Schwarzschild
solution cannot give a comprehensive picture, and the
resulting, extant constraints on the fraction of dark matter
composed of PBHs are of limited use. At the very least the
full extent of the Kerr-Newman family should be further
explored, including the many physical effects that influence
the evaporation process besides the Hawking effect—as in
the present article, the Schwinger effect.

VI. FUTURE DIRECTIONS AND OPEN
QUESTIONS

Potential directions and questions to be investigated
following our model come in two broad flavors:
(1) Extensions, building on the proof-of-concept nature
of our proposal and model; (2) Physical and observational
questions linked to variants of PBH dark matter, like
additional observational constraints and formation.

a. More general classes of black holes: Most immedi-
ately, this leads to the question of angular momentum. Even
before adding charge to PBHSs, rotating black holes
(described in general relativity by the Kerr solution) are
considered to be the ‘standard black hole’ [116-119].
Nonrotating black holes are not observed to date. As
electromagnetic potentials enter the evaporation in a similar
way to angular momentum, these will likewise already
modify constraints derived from simple models of evapo-
rating Schwarzschild black holes. However, there is no
analog of the Schwinger effect in this case, though super-
radiance enters the picture [120,121]. Adding angular
momentum to the charged black holes considered in the
present article would lead, within general relativity, to the
Kerr-Newman family of black hole solutions. These are
parametrized by charge, angular momentum and mass.'' As
our present discussion was wholly concerned with non-
rotating black holes, already the question of whether our
results obtained for RN black holes change noticeably
when including rotation presents itself as a future extension
of our dark electromagnetic model. While some analysis
has already been performed for the case of rotating,
uncharged black holes [4,5,8,11,12,15,17,68,122-124], a
more complete understanding requires an extension of

”Though magnetic charge is also easily accommodated, and
has at least some similarity to the considerations of the present
article.

these models to the full Kerr-Newman family (independent
of whether or not ‘dark charge’ is included).

Beyond rotation, there are few limits to one’s imagina-
tion on how to open up parameter space for PBHs as dark
matter candidates, when other concerns of particle physics
need to entertain changes to the standard model (for
example, those discussed in Chapters 85 to 95 of [125]);
changes to the standard model would also imply changes to
the parameters encountered in the metrics describing black
holes. Depending on the changes (as the above allusion to
string theory or other higher-dimensional theories should
make clear), different fypes of black holes beyond the Kerr-
Newman family would arise [126—129]. Besides questions
of astrophysics around these black holes, this also leads to
many more options for these black holes to form a (more
or less) significant fraction of the dark matter content of
the Universe. Finally, many modifications of the standard
model undertaken in search of a theory of quantum gravity
dabble in higher dimensions, and the HW model has
already been extended to this case [130]. Adding extra
dimensions can change things drastically (for ‘normal’ and
PBHs alike), as unlike in 3 + 1 dimensions, more axes of
rotation need to be specified for rotating black holes.
Likewise, heuristic or reverse-engineered black hole sol-
utions can add yet more generalizations [131-133].

In future studies, one may consider the implications of a
change in charge-to-mass ratio on other astrophysical
processes potentially applicable in our scenario (see, for
example, [134,135]). Since we are concerned with the late
stages of black hole evaporation, it is perhaps also worth
comparing the observational implications of our scenario
with that of black hole remnants (we refer the reader to the
reviews [136] and [137]) or other exotic proposals for the
end state of black hole evaporation [138—141]. Lastly, also
the possible existence of black hole relics as alternative to
ultralight PBHs falls into this kind of extension [142].

b. More general dark matter models: While more
general classes of black holes influence the gravity side
of our analysis, similarly, the particle physics side can be
modified; for example, allowing for additional couplings to
other particles or, for example, nonlinear (dark) electro-
magnetism [143]. As previously mentioned, it is important
to understand how having a more complete and realistic
dark U(1) model would impact the dynamics and evolution
of dark-charged PBHs. This will also impact the question of
overcharging, to be mentioned further below. Moreover, a
more complex but still feasible path is to go beyond the
U(1) charge, and extend the analysis to non-Abelian
charges. Spherically symmetric solutions of the Einstein-
Yang-Mills equations have been considered in the literature
[144-146], and also the Schwinger effect for the Yang-
Mills case [147]; it should be a relatively straightforward
task to extend the Hiscock and Weems analysis to the Yang-
Mills setting. The formation of such color-charged black
holes as PBHs has been studied in [148].
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Especially in light of the necessity for combining
MACHO and WIMP proposals mentioned in the intro-
duction, many proposals have been put forward as a
solution. These range from more specifically character-
izing the dark matter intrinsic properties (e.g., ‘cold’,
‘lukewarm’, ‘warm’, ‘hot’) to more specific and concrete
proposals, such as axions [149], axion stars [150], Q-balls
[151,152], “‘strongly’ interacting massive particles
[153-155], nontopological solitons [152,156,157], and
mirror stars [158-161].

Another interesting avenue of research would be to
extend the ideas of Refs. [72,162,163] to the model
proposed here—investigating and constraining the dark
matter relic density in models in which a significant part
of the dark matter currently in our universe is emitted by
PBHs themselves. As we have seen throughout our
analysis, the evaporation process is even sparser [164]
than that of Schwarzschild black holes. With dark matter
particles being emitted (primarily) very close to the
PBH’s horizon, such dark matter will be more difficult
to detect and therefore to constrain at least directly, if not
also indirectly.

¢. Overcharging and cosmological censorship: If near-
extremal dark charge black holes are present in the
Universe, it is perhaps worth remarking on processes that
can potentially overcharge the black hole by adding small
amounts of angular momentum or charge [165,166]. While
it has been shown under some rather general assumptions
that a Kerr-Newman black hole cannot be overcharged
[167,168], those analyses only consider a single U(1)
gauge field. Near-extremal dark charge black holes, on the
other hand, can in principle absorb standard model elec-
trons, which do not experience a strong electrostatic
repulsion from dark U(1) charges. In [169], multiple
U(1) gauge fields were considered in the test particle
approximation, and while their analysis does not rule out
the possibility of overcharging, the authors strongly caution
that a general analysis (perhaps along the lines of [168]) is
needed to conclusively determine whether multiple U(1)
gauge fields can lead to a violation of the weak cosmic
censorship conjecture.

d. Dark-charged PBH formation: Note that in the current
article we have focussed on the evaporation of dark charge
PBHs, side-stepping (for now) the question of their
formation. This is a fascinating question which we will
not (yet) attempt to answer, but we will not refrain from
pointing out several possible formation mechanisms.
Overall PBH formation is a relatively well-studied topic,
see for instance [170].

First of all, besides the most common approach for the
formation of PBHs being the collapse of primordial density
fluctuations, this is not the only path. Another interesting
mechanism comes from the collapse of cosmic strings
originating in the early Universe [171,172]. As has been
shown, these cosmic strings may have a charge [173,174].

Therefore, one possible scenario for the formation of dark-
charged PBHs could come from the collapse of dark-
charged U(1) strings. Another possibility comes from the
formation of PBHs during a cosmic phase transition, for
example, the collapse of Fermi balls [175,176]. Since these
Fermi balls may also carry a charge, these could generate
dark charged PBHs as a final product. This mechanism was
already discussed in detail in [177]. One may also consider
PBH formation from Q-balls [178], which again may be
charged [179].

Focusing now on the formation of PBHs due to the
collapse of density fluctuations, another fundamental dif-
ference comes into play. While one does not expect the
formation of charged PBHs in the scenario of standard
electromagnetism due to the electric repulsion forces
between two electrons being many orders of magnitude
stronger than their gravitational attraction, this also changes
in the model here proposed. As discussed throughout the
paper and presented in Fig. 15, the dark electron’s charge-
to-mass ratio in the region of the parameter space we are
interested is given by values e,/m, < 10~"%¢/m. This
would facilitate the formation of overdense regions with
nonzero net charge, therefore allowing for the formation of
dark-charged PBHs. The details and probabilities of this
formation mechanism requires further study and we will
leave this to future work. This is likely to build on the
closely related question of the formation of PBHs with
color-charges [148].

e. Observational constraints: While the goals and
directions of the present article were guided by observa-
tions, more work is needed to comprehensively evaluate the
scenario we have considered here within the full breadth of
efforts that were and are currently undertaken to constrain
dark forces, PBHs and dark matter. In the following, we
attempt to take a first step toward linking our considerations
more closely to these pluriform undertakings.

Given the low mass range (Mpgy < 10719M,) for the
primordial black holes proposed in this article, usual tests
focusing on lensing and dynamical effects (dynamical
friction, disk heating and PBH interaction with stars and
local objects) will not be useful in placing tighter con-
straints on fppy (see [1]). Gravitational waves, on the other
hand, are still a viable route to do so [34]. According to the
latest LISA review of PBHs’ gravitational wave signatures
[170], the estimated sensitivity for LISA will be able to
probe this mass range, although this will not be located in
their peak sensitivity region as shown Fig. 24 therein [170];
other upcoming space-based detectors, such as TianQin and
Taiji, have slightly increased sensitivity in the correspond-
ing frequency range [180,181]. Furthermore, given that the
formation mechanisms (and post-reheating density) of
these dark-charged PBHs might sufficiently vary from
the standard cases, the stochastic background models based
on the expected merging rates of PBHs would have to be
updated. Moreover, the very presence of charge and a dark
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matter envelope around the black hole can also impact the
gravitational wave signals being emitted (see for instance
[182-190]). Regarding gravitational wave signals of
charged black holes, an interesting analysis which can
be directly extended to the model here presented can be
found in [191], where the authors have allowed the black
holes to have a charge sourced by minicharged dark matter.

Taking a different approach, other routes to probe the
dark-charged PBH model come from the emission of dark
particles in various contexts. Some examples are analyzing
the impact on the thermal state and dynamics of the
interstellar medium [192,193], looking for luminosity
variations in accretion disks due to a dark-matter envelope
around a black hole [194], considering the velocity dis-
tribution of dark matter spikes [189] and variations in
rotation curves coming from introducing new forms of dark
matter [195]. We note that extensions of this current work
allowing for coupling between standard model and dark
particles will open even broader probing mechanisms,
including direct detection from experiments such as
CDEX-10 [196]. Finally, with BlackHawk [197,198], gray-
body factors can be included in our analysis, as was
previously done in the study of the rate of explosions of
dark-charged PBHs [67]; this could build also on more
analytic modelling than that of HW, as done for scalar fields
in [104].

In short, there are many interesting observational chan-
nels that one might consider for developing phenomeno-
logical constraints.
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APPENDIX A: THE SPECIFIC HEAT OF RN
BLACK HOLES

Here we repeat another interesting result regarding the
presence of a region (in configuration space) of positive
specific heat for Reissner-Nordstrom black holes
[90,199,200]. By definition, the specific heat of the given
thermodynamical system is given by

For the case of a RN black hole, using (6) and (5) we have'?

— =——"ex
dr  4r*m? rS P

dM  dM dr
|
dT et 0* {—ri}
00,
o (M2 — Q%) <3M /oM - 8Q2)4<M —2y/M2 = QZ)
. (A2)

= 7384072

(302 ~ 207 + M\/OME = 8Q)

Given that dM/dt is always negative, one must simply set the lhs of (A2) equal to zero in order to be able to reproduce
the specific heat behavior. This sign change can then be derived with simple analytical estimates, which we will now do.
The resulting behavior of the specific heat C can be seen in Fig. 16, a recreation of HW Fig. 1.

The first term in Eq. (A2) is always positive. The second one is positive if Q?/M? < 3/4, and negative if 0*>/M? > 3/4.
As dM/dr is always negative, C will be positive only if d7/d¢ is negative, which can thus only happen if

As pointed out in [200], there is a small typo in Eq. (23) of [90]. In our Eq. (A2) we present this equation with the typo corrected.
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3/4 < Q*/M?* < 1. The key point here is that [M —2(M? — Q%)'/?] can change sign. In order to check the region of
parameter space where this happens, let us rearrange and exchange Q for Y = Q?/M?. This leads to the following condition

for C > 0:
4
960> MP(1=Y)2(3+vo=87)" (1-2vT=7) |
— e/ (MVY Q) (A3)
T mha Y2r1(3—2Y+m)
The rhs’s denominator can be bounded from above as
2
Y24 (3 -2Y + VO —8Y) < (g) ([1 +\/ﬁ}2+1)M4. (A4)
Inserting this result into Eq. (A3), we have bound the full expression as
ME(1=Y)¥2(3+/9-8Y)*(1-2V1-Y) exp([M{l +V1- Y}]2> (A3)
MO ([1+ V122 +1) MVYQ,
16384 MR2+2V1-Y-Y
> 638 (1—Y)3/2(1—2\/1—Y)exp< 2+ ]>
81(14 +4/3)M? VYQ,
960¢?
— A6
?m*h’a (A6)
Or, in full,
1215(742v3) o (=0P(1-2T=F)  ypioyT=y—v]
55 < exp . (A7)
128 ?m*h’a VY0,

Given the dependence on M on the rhs, it is fairly obvious
now that for sufficiently large Y and sufficiently large M
some region of C > 0 has to exist. Since, however, quite a
few approximations were made, the numerical result of
Fig. 16 is more informative.

1.0
0.8 M
=~ 0.6
= ¢ <0
<
S 04
0.2
0.0 0.1 0.2 0.3 0.4 0.5
M /10°M.,

FIG. 16. Recreation of Fig. 1 from [90] showing the positive
and negative specific heat regions. As discussed in HW and in
[106], the region of positive specific heat is always below the
attractor curve.

a. Further insights into dT/dt: It is also helpful and
insightful to shorten Eq. (A2) somewhat, though this will
limit (sometimes) the range of validity. For Q% < (8/9)M?
there is an outer circular photon orbit at

1
rt = (3M + VOr? —8¢Q7) (A8)
SO
ar ¢ ¢* —r2
a4 4,26 SXP
dr  4x"m=~rf 00,
_ Ha  MP=QP(r,)'3M-2r)) (49)
24077 10 (312 207 + M+/OM? = 30?)
or even
dT et 0 —1’2+
A  ani2 6 SXP
dt  4zx*m” rS 00,
hla (M2 _ Q2)3/2(r7+)4(3M _ 2r+) (Al())

4807 rO(Mr,* — Q)
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Both Egs. (A9) and (A10) can only be defined if rﬁ itselfis
well-defined.

More drastically, the impact parameter corresponding to
the outer circular photon orbit is given by [201]

(r, ) (r,")*

i = —
; _%M2<1 -3+ \/@) - M- 0% (A1)
allowing us to write
d_T_e_4Q_4€Xp{—r2+}
dr dn'm? rf Q0o
P (MR QPPREGM2r)

480> rI0

APPENDIX B: NUMERICS

1. Numerical implementation

We have implemented Egs. (23) and (24) in the Julia
language. Our implementation makes use of v6.82.0
of the library OrdinaryDiffEqg. j1, a component pack-
age of DifferentialEquations.jl [202];
OrdinaryDiffEq.jl library contains a state-of-the-
art integration suite featuring integration methods with
adaptive timestepping and stiffness detection, as well as
autoswitching algorithms that automatically switch from
an efficient solver to a stiff solver when the system in
question becomes stiff. OrdinaryDiffEqg.j1 includes
an integrated testing suite (including convergence testing)
for validation of the integration methods. Following
the recommendations in the documentation [202] for
DifferentialEquations.jl, our implementation
makes use of the solver autoTsit5 (Rosenbrock23),
which employs an order 5/4 Tsitouras Runge-Kutta method
[203] as the primary integration method, and an order 2/3
Rosenbrock-W method [204,205] when the system becomes
stiff; we verified that for vé6.82.0, the aforementioned
methods passed unit tests (including convergence tests) found
in the supplied testing suite. The numerical codes and scripts
can be found on the Github repository indicated in [91].

2. How far are we from extremality?

The numerical solutions allow us to verify that the
condition M — Q > my,,.,/0>, (cf. the inequality at
the beginning of Sec. III in [86]), holds throughout the
evolution. This condition, which can be rewritten as
Y32(1 = /Y) > (mppape/M)*, is needed to avoid the
onset of effects arising from the discreteness of states
near extremality [84—87]. In our numerical solutions, we
find that the charge-to-mass ratio /Y never exceeds
VY ~1—=10725, We illustrate this for the most extreme

|
Y
S
T

—25 I |4‘—)|

|
0.0 0.25 0.5 0.75 1.0
t/(6.02 x 10°%r)

FIG. 17. Plot of 1 — /Y for the numerical solution that most
closely approaches extremality, corresponding to & = 1074 and
#n = 0.90. The near-extremal mass for this solution is on the
order of ~10"1"M,.

case we encountered in Fig. 17. The smallest masses
considered are 107My ~ 10" mpne, S0 that the maxi-
mum threshold is (Mpjyne/M)* ~ 10752, Tt follows that
the solutions we have considered here remain well above
the threshold.

APPENDIX C: GEOMETRODYNAMIC UNITS

Both in the current article as well in in HW [90]
geometrodynamic units were adopted. This means that
everything is ultimately expressed in units of length and
G = ¢ = 1. A table containing conversion factors between
SI and geometrodynamic units can be found in the
Appendix of [206]. Below, we list the main constants
and parameters used by us and HW and their respective
geometrodynamic units dimensions for clarity,

lg.] = [L]. [m.] = [L].[A] = [L?]. [Qo] = [L]. ~ (C1)
The conversion of mass to meters is given by the factor
G/c*. The elementary charge g, is given in units of
Coulombs and one can convert it to meters by multiplying
the charge by a factor of v/G/(c*\/4re,). For complete-
ness, to convert 72 from J - s to m?, we multiply it by a factor
of G/c*. Below, we present the values of the main
quantities used in this article,

My = 1477 m,

Qp =2.5x10% m,
h=26x10"" m?,

m, = 6.75 x 1073 m,

e=138x 107 m. (C2)
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