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We compute the spectrum of gluons emitted by a highly energetic quark inside a flowing QCD medium,
focusing on the soft gluon limit at first order in the opacity expansion. Specifically, we derive the leading
energy-suppressed corrections to the double differential final parton distribution, and show that they are
substantial for both static and flowing matter. In particular, we demonstrate that the corrections due to the
transverse flow become large even at moderate energies and flow velocities, affecting drastically both the
shape and magnitude of the spectrum. We observe that the final transverse momentum of the emitted gluon
tends to align along the flow direction, resulting in a nontrivial azimuthal distribution. These results can be
directly implemented into the estimation of multiple observables to get a better understanding of the jet-
medium interaction processes in heavy-ion collisions.
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I. INTRODUCTION

Over the past few decades, our understanding of QCD at
extreme energies and densities has drastically improved,
specially due to the high-energy heavy-ion collision (HIC)
experiments taking place at RHIC and LHC; for a review
see e.g., [1–3]. In HIC experiments, a new extreme state of
nuclear matter is created far from the equilibrium, under-
going a multiphase evolution. After the thermalization into
a nearly ideal liquid, known as the quark-gluon plasma
(QGP), the matter continues expanding and cooling down
until it reaches the hadronization transition, and it is
observed by the detectors as a gas of hadrons. The
observation of the formation of the QGP stands as a major
breakthrough in our understanding of the QCD phase
diagram, for a review see e.g., [1–3]. More recently, the
community has focused on characterizing the dynamical
properties of the matter created in HIC experiments, see
e.g., the discussion in [2]. One of the main instruments to
achieve this goal are jets; collimated sprays of particles
formed through the branching of a highly energetic parton
originated at the initial hard scattering in the nucleus
collision. Jets travel through the medium interacting with
it throughout the different stages of its evolution. Thus,

medium-induced modifications of jet properties encode
information about the dynamics of the nuclear matter
and can be used to probe the QGP, see e.g., [4–12].
Experimentally, the interaction of hard probes with the
medium manifests itself in the strong suppression of single-
inclusive high-pT hadron spectra and in nonzero azimuthal
anisotropies at high transverse momentum, observed from
RHIC to the LHC, see e.g., [13–17].
The interaction of energetic partons with the nuclear

matter can be described within perturbative QCD (pQCD).
Under this approach, the medium is commonly modeled by
a background stochastic color field, averaging all the
observables over its possible configurations, see e.g.,
[18–25]. In this formalism, partons get deflected interacting
with the medium field and lose energy, mostly through soft
gluon emissions. Multiple simplifications are needed to
make the calculations tractable in this framework.1 For
instance, the medium is usually assumed to be static
and transversely homogeneous with a finite longitudinal
extension.2 Additionally, the so-called eikonal approxima-
tion, which assumes the energy of the initial parton E to be
much larger than the characteristic transverse momentum
scale ⊥, is frequently used. As a result of these simplifi-
cations, the theoretical description of the jet decouples from
the medium evolution, and the imaging of the different
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1Notice that the formalism developed here can also be used to
study medium modifications to high-energy single hadrons, see
e.g., [26] and references therein.

2Longitudinal and transverse directions are defined with
respect to the initial momentum of the leading parton.
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stages of the QGP becomes impossible, see e.g., the
discussion in [12].
There were early attempts to study the modifications of

the jet properties due to the effect of the medium flow, see
e.g., [27–34]. However, most of these works are based on
phenomenologically-motivated models and rely on strong
simplifying assumptions or focus solely on longitudinal
expansion. Only more recently, multiple formal extensions
of the jet-mediuminteraction frameworkhavebeenpresented,
accounting for inhomogeneity and flow of the nuclear
matter in pQCD calculations,3 see e.g., [12,41–56] and
references therein. In this paper, we continue developing
the theoretical formalism by deriving the medium-induced
soft gluon spectrum in the presence of medium flow at first
order in the opacity expansion. The calculation is done
for spin-1 gluons of the underlying gauge theory while
keeping the first subeikonal corrections, which are nonzero
even in the case of static matter, going beyond the discussion
in [12,57]. We show that the flow modifications to the
spectrum can be substantial and required for an accurate
characterization of the QGP evolution.

II. THEORETICAL FORMALISM
AND SETUP

In this work, we study the medium-induced gluon
spectrum sourced by a highly-energetic quark interacting
with flowing nuclear matter created in HIC within the
opacity expansion.4 We extend the formalism developed in
[12] to the case of a spin-1 gluon of the underlying gauge
theory, ignoring the energy-suppressed effects of the quark
spin, which appear at higher subeikonal order, thus work-
ing with scalar quarks in the fundamental representation.
For a thorough discussion, see Appendix A in [12].
The effect of the thermal matter on jet particles is

modeled by a classical stochastic color field generated
by moving quasiparticle sources. We assume the in-
medium sources to be massive, essentially treating them
as classical currents, and ignore the medium response and
collisional energy loss. Thus, as it is derived in [12], the
background field can be written a

gAaμ
extðqÞ ¼

X
i

uμe−iðq·xiþqzziÞtai vðqÞð2πÞ

× δðq0 − q · ui − qzuziÞ; ð1Þ

where uμ ¼ ð1; u; uzÞ is the four-velocity of the sources
with the relativistic γ-factor removed, ðxi; ziÞ is the position
of the ith source, tai its color charge projection onto the
SUðNcÞ generators, and the sum runs over all the sources in
the medium. The single-source scattering potential vðqÞ
controls the interaction of the highly energetic parton with
the in-medium quasi-particles. For simplicity, we will
assume that the nuclear matter is homogeneous on the
transverse directions to the jet, therefore neglecting
the possible gradient corrections introduced by the trans-
verse structure of the matter, and focusing solely on
the correction due to the presence of local flow. For a
detailed discussion of the gradient effects, see e.g.,
[41,43,47,49,52,57].
The form of the field in (1) is obtained solving the

classical field equation in the Lorenz gauge ∂μAμ ¼ 0.
However, it is convenient to work in the axial gauge5

n · A ¼ 0, in which only the two physical gluon polar-
izations appear. The two different gauge conditions
can be satisfied by (1) at the same time by considering a
reference frame6 in which uz ¼ 0, making Az ¼ 0. This
way, choosing nμ ¼ ð0; 0; 1Þ ensures that the field satis-
fies n · A ¼ Az ¼ 0.
The specific form of the single-source scattering poten-

tial is model dependent, and there are several options
discussed in the literature, see e.g., the discussion in
[45,59,60]. Even though most of the discussion in this
paper is general for any screened scattering potential, we
will consider the Gyulassy-Wang (GW) model [18] to make
the results explicit. The potential reads

vðqÞ ¼ g2

q2 − μ2
; ð2Þ

where g is the effective in-medium strong coupling, and μ is
a screening scale (Debye mass) controlled by the temper-
ature of the matter. We assume the medium to be
diluted and extended enough so that μðzi − z0Þ ≫ 1.
Therefore, the contribution of the poles coming from the

3Notice that there were developments on the theoretical
description of probe-medium interactions for strongly coupled
evolving plasmas in holography, see e.g., [31,35–40].

4The opacity expansion is a perturbative expansion which can
be related with the expected number of scatterings that a high-
energy particle will undergo in the medium before escaping. The
formalism used here was introduced by Gyulassy et al., see e.g.,
[23,58]. There are other theoretical frameworks based on the
same perturbative approach, such as the resummed formalism
introduced by Baier et al., see e.g., [19,20].

5Since the calculations presented in this work are performed
under a fixed gauge, one must expect the results to be invariant
under gauge transformations, as the underlying quantum field
theory itself. Due to the subtleties of gauge invariance, a direct
comparison with the results obtained for a different gauge fixing
condition would be very educative. However, the axial gauge
simplifies the calculations enormously, and reproducing it for a
different gauge choice becomes extremely complex. Thus, we
leave the direct comparison for a separate study.

6One should notice that boosting on any transverse direction
mixes the energy of the particle and the transverse components of
its momenta, breaking the eikonal expansion. Nevertheless,
longitudinal boosts are allowed and would enable us to obtain
the uz corrections directly from our final result. However, the
technical implementation of such a boost is rather complex and
will be omitted in this work.
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scattering potential are exponentially suppressed and can be
neglected.
As it is usually done in pQCD jet calculations, the

stochastic color field is assumed to have Gaussian statistics,
and therefore only pairwise averages are nonzero.
Furthermore, we assume that the jet-medium interactions
are sufficiently local and there are no correlations between
different sources. Thus, the averaging over the field
configurations enforces

htai tbj i ¼
1

2Nc
δabδij; ð3Þ

where in-medium sources have been assumed to be in the
fundamental representation of SUðNcÞ.
The energy of the initial quark E is assumed to be much

larger than the characteristic transverse momentum scale ⊥
and the Debye mass, following the eikonal expansion on
powers of E. It is convenient to introduce the energy
fraction carried by the gluon x ¼ ω

E, where ω is the total
energy of the emitted gluon. Wewill consider the soft gluon
limit, i.e., we take x ≪ 1, but with ω still being much larger
than ⊥ and the medium characteristic scale. Under these
assumptions, only the subeikonal terms enhanced by
inverse powers of x up to Oð⊥xE ð⊥

2

xE zÞnÞ with n ≥ 0 are
kept, and any possible correction beyond that is neglected.
One should notice that, since the Landau-Pomeranchuk-
Migdal (LPM) phases are also enhanced by the length of
the medium, they involve terms scaling as ð⊥2

xE zÞn ∼Oð1Þ
and must be kept to all orders. With this, the 4-momentum
of the initial state quark and final stater gluon can be
written as

p ≃ ðE; p; EÞ and k ≃
�
ω; k;ω −

k2

2ω

�
; ð4Þ

respectively.
In the axial gauge that we are using, the gluon propagator

is transverse to the axial vector n and the gluon 4-
momentum k. It can be written as

GμνðkÞ ¼
−iNμνðkÞ
k2 þ iϵ

; ð5Þ

where the numerator is expressed in terms of these two
vectors,

NμνðkÞ ¼ gμν þ n2
kμkν

ðk · nÞ2 − k2n2
þ k2

nμnν
ðk · nÞ2 − k2n2

− ðk · nÞ kμnν þ kνnμ
ðk · nÞ2 − k2n2

: ð6Þ

The polarization vector, which satisfies n · ϵ�ðkÞ ¼ 0 and
k · ϵ�ðkÞ ¼ 0 in this gauge, is given by

ϵμðkÞ ¼
�
ϵ · k
ω

; ϵ; 0

�
; ð7Þ

with ϵ being the transverse polarization vector, k being the
final transverse momentum of the gluon, and the polari-
zation index being omitted. Even though the transverse
polarization is in general a function of the whole
4-momentum ϵ≡ ϵðkÞ, one can see that

P
λ ϵ

λ
αϵλβ ¼

δαβ þOðð⊥xEÞ2Þ, with α and β running in the two-dimen-
sional transverse plane and the correction to the delta being
beyond the accuracy of our discussion. This can be proven
by using the two other conditions satisfied by the polari-
zation vector; (i) orthogonal ϵλðkÞ · ϵ−λðkÞ ¼ 0 and (ii) nor-
malized ϵλðkÞ · ϵλðkÞ ¼ −1. Using the form of the
polarization vector (7), these two constraints can be
rewritten in terms of conditions for the transverse polari-
zation vector as

ðiÞ ϵλ · kϵ−λ · k
k20

− ϵλ · ϵ−λ ¼ 0

ðiiÞ ϵλ · kϵλ · k
k20

− ϵλ · ϵλ ¼ −1: ð8Þ

Choosing one of the transverse polarization vectors, noted
ϵk, to be along the direction of the final transverse
momenta; the other one, noted ϵ⊥, to be orthogonal to
that direction and a reference frame such that k ¼ jkjðcos αsin αÞ,
the latter conditions impose

ϵ⊥ ¼
�

sin α

− cos α

�
and ϵk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

1 − k2

ω2

q �
cos α

sin α

�
; ð9Þ

and the sum rule shown above becomes trivial.
Finally, we will take the so-called broad source approxi-

mation, where the initial source J, which carries the
information about production of the initial energetic quark,
is assumed to have a sufficiently weak dependence on the
transverse components of the momentum.

III. MEDIUM-INDUCED GLUON SPECTRUM

In this section, we compute the medium-induced spec-
trum for a highly energetic quark traversing a flowing
medium and radiating a soft gluon up to the first order in
the opacity expansion. Let us start by considering the
branching of the initial quark into an on shell quark with
momentum ðp − kÞμ and an on shell gluon with momentum
kμ in the vacuum. This diagram, shown in Fig. 1 at the
zeroth order in the opacity expansion, reads

iR0 ¼ ½igtrprojð2p − kÞμϵ�μðkÞ�
i

p2 þ iϵ
JðpÞ

≃ −gtrproj
2ϵ · k
k2

JðpÞ; ð10Þ
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where trproj is the color generator of the energetic quark
(“projectile”) from the emission vertex, with r being the
color of the final gluon, and JðpÞ is the initial source of the
leading quark. Medium-induced radiation is sometimes
discussed in the literature in terms of light-front wave

function of the elementary branchings. In particular,
the light-front wave function of the splitting in the
vacuum can be read from the latter equation, being
ψðx; kÞ ¼ − 2ϵ·k

k2 .
At first order in the opacity expansion N ¼ 1, there are

10 different diagrams, shown in Figs. 2 and 3, that
contribute to the amplitude of this process; three single-
Born (SB) diagrams and seven double-Born (DB) dia-
grams. In what follows, we will study them all following
closely the procedure in [12,57].

A. Single born contributions

1. The amplitude level

Let us start with the simplest contribution to the
amplitude, RA, where the branching occurs after the
scattering of the background field. This amplitude reads

iRA ¼
Z

d4q
ð2πÞ4 ½igt

r
projð2p − kÞνϵ�νðkÞ�

i
p2 þ iϵ

½itaprojð2p − qÞμgAaμðqÞ� i
ðp − qÞ2 þ iϵ

Jðp − qÞ

¼ 2ϵ · k
k2

X
i

trprojt
a
projt

a
i

Z
q
e−iðqi·xiþqzziÞ ð2gEÞvðqÞ

ðp − qÞ2 þ iϵ
Jðp − qÞ; ð11Þ

where we have performed q0 integration using the delta
function in (1), and Jðp − qÞ is assumed to be produced by
a hard scattering event at x0 ¼ 0 and z0 ¼ 0. We have
also used a shorthand notation for integrals running over

the whole three-dimensional space
R
x ≡
R
d3x [andR

k ≡
R

d3k
ð2πÞ3], and over the two-dimensional transverse

space
R
x ≡

R
d2x [and

R
k≡
R

d2k
ð2πÞ2].

FIG. 1. The vacuum vertex of gluon emission from a quark. It
corresponds to the zeroth order in the opacity expansion.

FIG. 2. The three single-Born diagrams contributing to the medium-induced gluon emission at the first order in the opacity expansion.
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In order to perform the integration over qz, we assume
that J is slowly varying, so that only four poles, two coming
from the propagator and two coming from the scattering
potential, can contribute to the integral. As we have already
discussed in the previous section, we assume the medium to
be diluted and extended enough, with the poles coming
from vðqÞ being exponentially suppressed. Consequently,

the integral is controlled by the two poles of the quark
propagator, which are

Qþ
p−q ≃ 2E; ð12aÞ

Q−
p−q ≃ q · u −

k2

2xE
; ð12bÞ

FIG. 3. The seven double-Born diagrams contributing to the medium-induced gluon emission at the first order in the opacity
expansion.
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keeping corrections to the leading order (LO) terms up to

Oð⊥xEÞ. Thus, we can rewrite the initial-state scattering

amplitude as

iRA ¼ −ig
2ϵ · k
k2

X
i

trgtaprojt
a
i

Z
q
e−iq·xi e−iQ

−
p−qziθðziÞ

×
�
1 −

k2u · q
xE

1

vðqÞ
∂vðqÞ
∂q2

�
vðqÞJðE; p − qÞ; ð13Þ

where we have expanded the scattering potential and the
initial source to our working accuracy after the integration,

and vðqÞ≡ − g2

q2þμ2
has been introduced.

The next diagram corresponds to the final-state quark
interacting with the medium, and its contribution to the
amplitude reads

iRB¼
Z

d4q
ð2πÞ4

h
itaprojð2ðp−kÞ−qÞμgAaμ

ext

i i
ðp−k−qÞ2þiϵ

×
h
igtrprojð2ðp−qÞ−kÞνϵ�νðkÞ

i
×

i
ðp−qÞ2þiϵ

Jðp−qÞ: ð14Þ

Using the constraint from the field to integrate over q0 and
performing qz integration as it has been done for RA, this
amplitude can be written as

iRB ¼ ig
2ϵ · k
k2

X
i

taprojt
a
i t

r
g

Z
q
e−iq·xiθðziÞ

×

�
e−iQ

−
p−qzi

�
1 −

k2u · q
xE

1

vðqÞ
∂vðqÞ
∂q2

�
− e−iQ

−
p−k−qzi

�
× vðqÞJðE; p − qÞ; ð15Þ

where the poles of the second propagator relevant for this
diagram are

Qþ
p−k−q ≃ 2E; ð16aÞ

Q−
p−k−q ≃ q · u: ð16bÞ

The last SB contribution to the amplitude of the medium-
induced spectrum at N ¼ 1 corresponds to the final-state
gluon interacting with the nuclear matter. It reads

iRC ¼
Z

d4q
ð2πÞ4 ið2p − k − qÞμtaproj

×
−iNμνðk − qÞ
ðk − qÞ2 þ iϵ

Γabc
ναρðk − q; q;−kÞ

× gAbαðqÞϵ�ρðkÞ i
ðp − qÞ2 þ iϵ

Jðp − qÞ; ð17Þ

with Γabc
ναρðk − q; q;−kÞ being the three-gluon vertex,7

defined as

Γabc
μνρðk; p; qÞ
¼ gfabc½gμνðk − pÞρ þ gνρðp − qÞμ þ gρμðq − kÞν�; ð18Þ

where all the momenta go towards the vertex. As it was
discussed in the previous section, Nμν, ϵ�μ, and Aaμ

ext are all
transverse to nμ ¼ ð0; 0; 1Þ, so the product of these three
objects and (18) is independent of the z-component of the
momentum, and no new poles can arise from it. Hence,
taking both q0 and qz integrals as in the previous cases,Rc
can be written as

iRC ¼ g
X
i

fabctagtbi

Z
q
θðziÞe−iq·xi

�
2
ϵ · ðk − qÞ
ðk − qÞ2

− 2
ϵ · kðk − qÞ · u − ϵ · uðk − qÞ · q

ðk − qÞ2xE
�

×

"
e−iQ

−
p−qzi

�
1 −

k2u · q
xE

1

vðqÞ
∂vðqÞ
∂q2

�

− e−iQ
−
k−qzi

�
1 −

u · qðk2 − ðk − qÞ2Þ
xE

1

vðqÞ
∂vðqÞ
∂q2

�#
× vðqÞJðE; p − qÞ; ð19Þ

where the poles of the gluon propagator entering in this
diagram are

Qþ
k−q ≃ 2xE

�
1 −

q · u
2xE

�
; ð20aÞ

Q−
k−q ≃ q · uþ ðk − qÞ2 − k2

2xE
: ð20bÞ

2. SB contributions to the squared amplitude

In order to get the SB contribution to the squared
amplitude of the process at N ¼ 1, we must average over
initial quantum numbers, sum over final ones and perform
the medium averages. In addition to squaring each diagram
individually, we have to take into account the interfer-
ence terms.

7The 3-gluon interaction vertex can be found in a multitude of
different quantum field theory textbooks, see e.g., [61].
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Let us start by squaring RA, which can be written as

hjRAj2i ¼ g2
C2
F

2Nc

4

k2
X
i

Z
q;q̄

θðziÞe−iðq−q̄Þ·xie−iðQ
−
p−q−Q−

p−q̄Þzi

×

�
1 −

k2u · q
xE

1

vðqÞ
∂vðqÞ
∂q2

−
k2u · q̄
xE

1

vðq̄Þ
∂vðq̄Þ
∂q̄2

�
× vðqÞvðq̄ÞJðE; p − qÞJ�ðE; p − q̄Þ; ð21Þ

where the color matrices combine to an overall factor of C2
F

2Nc
.

For convenience, we will take the continuum limit for the
sum over all scattering centers, replacing it by an integral
over the number density of in-medium sources as

X
i

fi ¼ N

�
1

N

X
i

fi

�
¼ Nhfi ¼

Z
x;z

ρðzÞfðx; zÞ: ð22Þ

Since the medium is assumed to be homogeneous in the
transverse plane, nothing depends on the transverse posi-
tion x apart from the Fourier factor. Thus, integrating over it
one gets ð2πÞδ2ðq − q̄Þ, which allows for a trivial integra-
tion over q̄. After performing these two integrals, RA
contribution to the squared amplitude at our working
accuracy reads

hjRAj2i¼
C2
F

Nc
g2

2

k2

Z
L

0

dzρðzÞ
Z
q

�
1−

k2u ·q
xE

1

vðqÞ2
∂vðqÞ2
∂q2

�
×vðqÞ2jJðE;p−qÞj2; ð23Þ

where we have assumed matter to have a finite longitudinal
size L. Under the broad source approximation, we can
average the integral in hjRAj2i over the angles, canceling
the second term inside the brackets. Thus, there are no
subeikonal corrections coming from this contribution.
Following the same procedure done for hjRAj2i, we can

perform the averages, take the integrals over x and q̄, and
write RB squared as

hjRBj2i ¼
C2
F

Nc
g2

4

k2

Z
L

0

dz ρðzÞ
Z
q

�
1 − cos

�
k2

2xE
z

��
× vðqÞ2jJðE; p − qÞj2; ð24Þ

where the latter expression has already been averaged over
the angles, canceling the odd subeikonal flow corrections.
The amplitude of diagram (15) has the contribution of two
different poles, which results in the appearance of a cosine
of the LPM phase after taking the square.
The last amplitude obtained in the previous subsection

can be squared and averaged in the very same way,
resulting in

hjRCj2i ¼ CFg2
Z

L

0

dz ρðzÞ
Z
q

4

ðk− qÞ2
�
1− 2

ðk− qÞ · u
xE

�
×
�
1−

u · qð2k2 − ðk− qÞ2Þ
2xE

1

v2
∂v2

∂q2

�
×

�
1− cos

�ðk− qÞ2
2xE

z

��
vðqÞ2jJðE;p− qÞj2:

ð25Þ

As in the previous diagram, the contribution of two
different poles results in the cosine of the LPM phase.
The dependence of the phases on q in (25) results in two
nonvanishing subeikonal flow corrections; one comes as a
global factor, while the other is a modification of the
scattering potential.
The three SB interference terms are computed following

the very same procedure; after averaging over initial
quantum numbers one should integrate the expression
over x, assuming the thermodynamic parameters to be
independent of the transverse coordinates, and getting
ð2πÞ2δð2Þðq − q̄Þ, which forces the transverse momenta
exchanged with the medium in amplitude and conjugated
amplitude to be the same. Doing so, we can write the first
interference term as

hRAR�
Bi þ c:c: ¼ CF

N2
c
g2

2

k2

Z
L

0

dz ρðzÞ
Z
q

�
1 − cos

�
k2

2xE
z

��
vðqÞ2jJðE; p − qÞj2; ð26Þ

which also coincides with the contribution in the absence of any medium flow. In turn, the other two interference terms do
get modified due to the presence of the flow and have several nonvanishing subeikonal corrections. They read

hRAR�
Ci þ c:c: ¼ −CFg2

Z
L

0

dz ρðzÞ
Z
q

2

k2ðk − qÞ2

×

�
k · ðk − qÞ − k2

ðk − qÞ · u
xE

þ k · u
ðk − qÞ · q

xE

��
1 −

k2q · u
xE

1

v2
∂v2

∂q2

�
×

�
1 −

�
1þ q · uðk − qÞ2

2xE
1

v2
∂v2

∂q2

�
cos

�ðk − qÞ2
2xE

z

��
vðqÞ2jJðE; p − qÞj2 ð27Þ
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and

hRBR�
Ci þ c:c: ¼ −CFg2

Z
L

0

dz ρðzÞ
Z
q

2

k2ðk − qÞ2

×

�
k · ðk − qÞ − k2

ðk − qÞ · u
xE

þ k · u
ðk − qÞ · q

xE

��
1 −

k2u · q
xE

1

v2
∂v2

∂q2

�
×

"
1 −

�
1þ q · uðk − qÞ2

2xE
1

v2
∂v2

∂q2

�
cos

�ðk − qÞ2
2xE

z

�
−
�
1þ k2q · u

2xE
1

v2
∂v2

∂q2

�
cos

�
k2

2xE
z

�

þ
�
1þ q · uðk2 þ ðk − qÞ2Þ

2xE
1

v2
∂v2

∂q2

�
cos

�ðk − qÞ2 − k2

2xE
z

�#
vðqÞ2jJðE; p − qÞj2: ð28Þ

It may be instructive to notice that the difference between
the scalar and the spin-1 gluon emission for SB diagrams
comes from the interaction of the gluon with the medium
field in Rc. For real spin-1 gluons, the light-front wave
function of this diagram is more complex and results in
richer structures.

B. Double born diagrams

Now, we turn to studying the seven DB contributions to
the amplitude of the soft gluon emission, shown in Fig. 3.
The diagram with a 4-gluon vertex8 is usually ignored in the
literature since it does not contribute to the leading eikonal
accuracy, see e.g., the discussion in [12]. Nevertheless, the
4-gluon vertex diagram contributes at Oð⊥xE ð⊥

2

xE zÞnÞ, and
must be taken into account to get the correct next-to-
eikonal order description of the gluon spectrum. On the
other hand, the contribution of RJ is structurally very
different to the other DBs and can be treated separately.
As it is thoroughly discussed in [12,57], after taking

medium averages and performing the q1z-integral picking up
the propagator poles, exponentials lose their dependence on
q2z (except for a part of RG). Hence, while performing q2z-
integral, the contour can be closed in either direction and the
residues of the poles coming from the scattering potentials
must be taken into account explicitly for convergence.
Let us start by the simplest DB diagramRD—two initial-

state scatterings with the medium. The amplitude of this
diagram can be written as

iRD ¼
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4

h
igtrprojð2p − kÞμϵ�μðkÞ

i i
p2 þ iϵ

×
h
igtaprojð2p − q2ÞνAaν

extðq2Þ
i

×
i

ðp − q2Þ2 þ iϵ

h
igtbprojð2ðp − q2Þ − q1ÞαAbα

extðq1Þ
i

×
i

ðp − q1 − q2Þ2 þ iϵ
Jðp − q1 − q2Þ; ð29Þ

with the corresponding contribution to the squared ampli-
tude reading,

hRDR�
0i þ c:c:

¼ i
C2
F

Nc
g2
Z

L

0

dz ρðzÞ
Z
x;q1;q2

4

k2
J�ðE; p − q1 − q2ÞJðE; pÞ

×
h
e−iðq1þq2Þ·xe−iQ

−
p−q1−q2 zID − eiðq1þq2Þ·xeiQ

−
p−q1−q2 zI�

D

i
;

ð30Þ

where the integral ID is defined as

ID ¼
Z

dq2z
2π

Evðq2Þvð eq1Þ
ðq2z−Qþ

p−q2 − iϵÞðq2z−Q−
p−q2 þ iϵÞ ; ð31Þ

with q̃1μ ¼ ðu · q1; q1;−q2z þQ−
p−q1−q2Þ. The poles

appearing in these two equations can be obtained from
(12) by momentum replacements, e.g., Qþ

p−q1−q2 ≃ 2E

and Q−
p−q1−q2 ≃ ðq1 þ q2Þ · u − k2

2xE.
Since the nuclear matter is assumed to be homogeneous

in the transverse coordinates to the jet, the Fourier factors
are the only functions of x. This way, the integration over
the transverse coordinates results in ð2πÞ2δð2Þðq1 þ q2Þ,
which allows removing the integral over one transverse
momentum. After that, the integral in (31) can be taken
explicitly, resulting in

ID≃ i
vðqÞ2
4

−
k2ððq ·uÞ4þ6ðq ·uÞ2R2−3R4Þ

64R3xE
∂v2

∂q2
; ð32Þ

where R≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ μ2 − ðq · uÞ2

p
comes from the poles of

vðqÞ. The bar in (32) indicates that all the terms that vanish
under angular averaging of the integral q have been
omitted.9 Thus, the contribution to the squared amplitude
reads

8The 4-gluon interaction vertex can be found in a multitude of
different QFT textbooks, see e.g., [61]. 9For a detailed discussion of this integral, see [12,57].
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hRDR�
0i þ c:c: ¼ −

C2
F

Nc
g2

2

k2

Z
L

0

dz ρðzÞ
Z
q

�
cos

�
k2

2xE
z

�
−
k2ððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þ

16R3xE
1

v2
∂v2

∂q2
sin

�
k2

2xE
z

��
vðqÞ2jJðE; pÞj2: ð33Þ

In the presence of the flow and keeping subeikonal corrections, the real part of the integral (32) is nonzero. This real part
couples to the imaginary part of the exponentials of the LPM phases, giving a novel contribution proportional to their sine.
A similar behavior has been observed in [12,57], where the gradients acting on the LPM phases are the ones coupling to the
imaginary part of their exponentials. This will be a common feature for all the DB contributions to the radiation process, as
we will see below.
The next DB term in the squared amplitude corresponds to the two medium interactions with the final-state quark. The

amplitude of this diagram is

iRE ¼
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4

h
igtaprojð2ðp − kÞ − q2ÞμAaμ

extðq2Þ
i i
ðp − k − q2Þ2 þ iϵ

×
h
igtbprojð2ðp − k − q2Þ − q1ÞνAbν

extðq1Þ
i i
ðp − k − q1 − q2Þ2 þ iϵ

×
h
igtrprojð2ðp − q1 − q2Þ − kÞαϵ�αðkÞ

i i
ðp − q1 − q2Þ2 þ iϵ

Jðp − q1 − q2Þ; ð34Þ

with its contribution to the squared amplitude being

hRER�
0i þ c:c: ¼ −i

C2
F

2Nc
g2

8

k2

Z
L

0

dz ρðzÞ
Z
q
½IE − I�

E�jJðE; pÞj2; ð35Þ

where we have integrated over the transverse position and one of the transverse momenta to fix q≡ q1 ¼ −q2, and the
integral IE is defined as

IE ¼
Z

dq2z
2π

Evðq2Þ
ðq2z −Q−

p−kþq þ iϵÞðq2z −Qþ
p−kþq − iϵÞ

h
e−iQ

−
pzvðqp1 Þ − e−iQ

−
p−kzvðqp−k1 Þ

i
; ð36Þ

with qp1μ ¼ ðq · u; q;−q2z þQ−
pÞ and qp−k1μ ¼ ðq · u; q;−q2z þQ−

p−kÞ. The poles appearing in the latter equations can be
obtained from (12) and (16) by momentum replacements, p. e. Qþ

p−kþq ≃ 2E and Q−
p−kþq ≃ −q · u. This integral can

be performed explicitly, taking into account both the poles coming from the propagator and the poles coming from the
scattering potentials, and reads

ĪE ≃ −ið1 − e−iQ
−
pzÞ vðqÞ

2

4
þ eiQ

−
pz
k2ððq · uÞ4 þ 6ðq · uÞR2 − 3R4Þ

64R3xE
∂v2

∂q2
; ð37Þ

where all the terms vanishing under angular averaging have been omitted, see e.g., [12,57]. This way, theRE contribution to
the squared amplitude is given by

hRER�
0i þ c:c: ¼ −

C2
F

Nc
g2

2

k2

Z
L

0

dzρðzÞ
Z
q

�
1 − cos

�
k2

2xE
z

�
−
k2ððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þ

16R3xE
1

v2
∂v2

∂q2
sin

�
k2

2xE
z

��
vðqÞ2jJðE; pÞj2: ð38Þ
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The next diagram to be considered is the one with the two interactions in the final-state gluon, with its amplitude being

iRF ¼
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4

ð−iÞNμ0ν0 ðk − q2Þ
ðk − q2Þ2 þ iϵ

Γcdr
ν0α0σðk − q2; q2;−kÞAdα0

ext ðq2Þϵ�σðkÞ

×
ð−iÞNμνðk − q1 − q2Þ
ðk − q1 − q2Þ2 þ iϵ

Γabc
ναμ0 ðk − q1 − q2; q1;−ðk − q2ÞÞAbα

extðq1Þ

× itaprojð2p − k − q1 − q2Þμ
i

ðp − q1 − q2Þ2 þ iϵ
Jðp − q1 − q2Þ: ð39Þ

In the latter, the two 3-gluon vertex are multiplied by uμ and ϵ�ðkÞμ which are transverse to nμ, just as the numerator of the
gluon propagator Nμν itself. Thus, the whole product in the numerator becomes independent of the z-components of the
momenta and new poles cannot arise from it, exactly as it happens withRC. After averaging over the quantum numbers and
background field configurations, and performing both x and q2 integrals, fixing q≡ q1 ¼ −q2, RF contribution to the
squared amplitude can be written as

hRFR�
0i þ c:c: ¼ −i

NcCF

2Nc
g2

8

k2

Z
L

0

dz ρðzÞ
Z
q

�
1 − 2

k · u
xE

�
½IF − I�

F�jJðE; pÞj2; ð40Þ

where the integral IF is defined as

IF ¼
Z

dq2z
2π

xEvðq2Þ
ðq2z −Q−

kþq þ iϵÞðq2z −Q−
kþq − iϵÞ ½e

−iQ−
pzvðqp1 Þ − e−iQ

−
k zvðqk1Þ�; ð41Þ

with qk1μ ¼ ðq · u; q;−q2z þQ−
k Þ. Taking into account the poles coming from the scattering potential, the explicit result of

(41) at our working accuracy is

ĪF ≃
vðqÞ2
4

�
ð−iÞð1 − e−iQ

þ
p zÞ
�
1 −

k · uq2

xE
1

v2
∂v2

∂q2

�
þ 1

16R3xE
1

v2
∂v2

∂q2
fð1 − e−iQ

þ
p zÞ2½ðq · uÞ6 þ 5ðq · uÞ4R2 þ 3ðq · uÞ2R4 − R6

− q2ððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þ� þ e−iQ
þ
p zk2ððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þg

�
; ð42Þ

where all the terms vanishing under angular averaging have been omitted, see e.g., [12,57]. The poles appearing on the latter
equations can be obtained from (12), (16), and (20) by momentum replacements, p. e. Qþ

kþq ≃ 2xEð1þ q·u
2xEÞ and

Q−
kþq ≃ −q · uþ ðkþqÞ2−k2

2xE . After some algebra, RF contribution to the squared amplitude can be written as

hRFR�
0i þ c:c: ¼ −CFg2

2

k2

Z
L

0

dz ρðzÞ
Z
q

�
1 − 2

k · u
xE

��
1 −

k · uq2

xE
1

v2
∂v2

∂q2

�

×

"
1 − cos

�
k2

2xE
z

�
þ ð2μ − k2Þððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þ − 4R2ððq · uÞ4 − R4Þ

16R3xE
1

v2
∂v2

∂q2

× sin

�
k2

2xE
z

�#
vðqÞ2jJðE; pÞj2: ð43Þ

The following diagram comes from the scattering of the two different final-state particles with the medium, and its
amplitude can be written as
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iRG ¼
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4

i
ðp − k − q2Þ2 þ iϵ

h
itcprojð2ðp − kÞ − q2ÞβAcβ

extðq2Þ
i

×
ð−iÞNμνðk − q1Þ
ðk − q1Þ2 þ iϵ

Γabr
νασðk − q1; q1;−kÞAbα

extðq1Þϵ�σðkÞ

× itaprojð2ðp − q2Þ − k − q1Þμ
i

ðp − q1 − q2Þ2 þ iϵ
Jðp − q1 − q2Þ: ð44Þ

Averaging over quantum numbers and medium configurations, and performing both x and q2 integrals in the same way as it
has been done in the previous cases, the corresponding contribution to the squared amplitude reads

hRGR�
0i þ c:c: ¼ ig2

NcCF

4Nc

8

k2

Z
L

0

dz ρðzÞ
Z
q

�
k · ðkþ qÞ − k2u · ðkþ qÞ þ k · uq · ðkþ qÞ

xE

�
× ½IG − I�

G�jJðE; pÞj2; ð45Þ

where the integral IG is defined as

IG ≡
Z

dq2z
2π

Evðq2Þ
ðq2z −Qþ

kþq − iϵÞðq2z −Q−
kþq þ iϵÞðq2z −Q−

p þQ−
p−k−q − iϵÞ

×

"
vðqp−k−q1 Þe−iðQ−

p−k−qþq2zÞz

q2z þQ−
p−k−q −Qþ

p − iϵ
−

vðqp1 Þe−iQ
−
pz

−q2z þQ−
p −Qþ

p−k−q − iϵ

#
; ð46Þ

with qp−k−q1μ ¼ ðq · u; q;−q2z þQ−
p−k−qÞ. In contrast to the integrals for the previous DB contributions, the Fourier factors

in IG have not lost the dependence on q2z completely. Due to the remaining exponential factor, we evaluate the integral by
closing the contour below the real axis, obtaining

IG ≃ iðe−iQ−
pz − e−iðQ

−
kþqþQ−

p−k−qÞzÞ vðqÞ2
2ðkþ qÞ2

�
1 −

q · uq · ð2kþ qÞ
2xE

1

v2
∂v2

∂q2

�
þ e−iQ

−
pz
ðq · uÞ4 þ 6ðq · uÞ2R2 − 3R4

32R3xE
∂v2

∂q2
; ð47Þ

where, in order to capture all the Oð⊥xEÞ corrections of IG, the pole Q−
kþq must be kept to Oð ⊥2

x2E2Þ, being

Q−
kþq ≃ −q · uþ ðkþqÞ2−k2

2xE þ ðkþqÞ2q·u
2x2E2 , while the others can be obtained from (12), (16), and (20) by momentum replace-

ments. For a detailed calculation of this integral, see [12,57]. With that result, the contribution of this diagram to the final
squared amplitude is given by

hRGR�
0i þ c:c: ¼ CFg2

Z
L

0

dz ρðzÞ
Z
q

2

k2ðkþ qÞ2 vðqÞ
2jJðE; pÞj2

×

�
k · ðkþ qÞ − k2u · ðkþ qÞ þ k · uq · ðkþ qÞ

xE

�
×

" 
cos

�ðkþ qÞ2 − k2

2xE
z

�
− cos

�
k2

2xE
z

�!�
1 −

q · uq · ð2kþ qÞ
2xE

1

v2
∂v2

∂q2

�

− sin

�
k2

2xE
z

� ðkþ qÞ2ððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þ
16R3xE

1

v2
∂v2

∂q2

#
: ð48Þ

It is well known that the two diagrams with the first interaction in the initial-state and the second one on a final-state
particle do not contribute to the leading eikonal order, and are usually not considered. Moreover, in the scalar “gluon”
radiation in λϕ3 theory, these two diagrams do not contribute to the first subeikonal correction (assuming the LPM phases
are small), as it has been shown in [12]. However, both RH and RI will contribute to the first subeikonal correction to the

GLUON RADIATION INSIDE A FLOWING MEDIUM PHYS. REV. D 114, 014037 (2026)

014037-11



emission of spin-1 gluon, and must be taken into account here. The amplitude corresponding to the first diagram, where the
final-state interacting particle is the quark, reads

iRH ¼
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4

h
itbprojð2ðp − kÞ − q2ÞνAbν

extðq2Þ
i i
ðp − k − q2Þ2 þ iϵ

×
h
igtrprojð2ðp − q2Þ − kÞσϵ�σðkÞ

i i
ðp − q2Þ2 þ iϵ

×
h
itaprojð2ðp − q2Þ − q1ÞμAaμ

extðq1Þ
i i
ðp − q1 − q2Þ2 þ iϵ

Jðp − q1 − q2Þ; ð49Þ

with the corresponding contribution to the squared amplitude being

hRHR�
0i þ c:c: ¼ ig2

CF

4N2
c
8

Z
L

0

dz ρðzÞ
Z
q
½e−iQ−

pzIH − eiQ
−
pzI�

H�jJðE; pÞj2: ð50Þ

The latter result has been averaged over quantum numbers and medium configurations, both x and q2 integrals have been
performed, and the DB integral IH has been defined as

IH ¼
Z

dq2z
2π

E
x

vðqp1 Þvðq2Þ
ðq2z −Q−

pþq þ iϵÞðq2z −Qþ
pþq − iϵÞðq2z −Q−

p−kþq þ iϵÞðq2z −Qþ
p−kþq − iϵÞ : ð51Þ

Performing the integral in (51) explicitly while taking into account the poles from the scattering potentials, IH can be
expressed at our accuracy as

ĪH ¼ −
ðq · uÞ4 þ 6ðq · uÞ2R2 − 3R4

32R3xE
∂v2

∂q2
; ð52Þ

where all the terms vanishing under angular averaging have been omitted. Using this result, the contribution of RH to the
final squared amplitude is

hRHR�
0i þ c:c: ¼ CF

N2
c
g2
Z

L

0

dz ρðzÞ
Z
q

ðq · uÞ4 þ 6ðq · uÞ2R2 − 3R4

8R3xE
∂v2

∂q2
sin

�
k2

2xE
z

�
jJðE; pÞj2: ð53Þ

The other contribution of this class is given by RI, where the final-state interacting particle is the gluon, with its
amplitude being

iRI ¼
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4 Γ

bcr
νασðk − q2; q2;−kÞAcα

extðq2Þϵ�σðkÞ

× itbprojð2p − k − q2Þβ
ð−iÞNβνðk − q2Þ
ðk − q2Þ2 þ iϵ

i
ðp − q2Þ2 þ iϵ

×
h
itaprojð2ðp − q2Þ − q1ÞμAaμ

extðq1Þ
i i
ðp − q1 − q2Þ2 þ iϵ

Jðp − q1 − q2Þ: ð54Þ

As we discussed computingRC andRF, the product of the gluon propagator with the 3-gluon vertex, the external field and
the final polarization vector cannot introduce any new pole. Thus, after averaging over quantum numbers and medium
configurations, and performing both x and q2 integrals, the corresponding contribution to the squared amplitude reads,

hRIR�
0i þ c:c: ¼ −ig2

CFNc

4Nc

8

k2

Z
L

0

dz ρðzÞ
Z
q
k · ðkþ qÞ½e−iQ−

pzI I − eiQ
−
pzI�

I �jJðE; pÞj2; ð55Þ

where the integral I I is defined as
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I I ¼
Z

dq2z
2π

Evðqp1 Þvðq2Þ
ðq2z −Q−

pþq þ iϵÞðq2z −Qþ
pþq − iϵÞðq2z −Q−

kþq þ iϵÞðq2z −Qþ
kþq − iϵÞ : ð56Þ

Taking into account the poles coming from the scattering potential, the explicit result of (56) at our working accuracy is

I I ≃ i
q · u
4xE

∂v2

∂q2
−
ðq · uÞ4 þ 6ðq · uÞ2R2 − 3R4

32R3xE
∂v2

∂q2
: ð57Þ

With that, RI contribution to the squared amplitude can be written as

hRIR�
0i þ c:c: ¼ CFg2

Z
L

0

dz ρðzÞ

×
Z
q

�
k · uq2

2k2
cos

�
k2

2xE
z

�
−
ðq · uÞ4 þ 6ðq · uÞ2R2 − 3R4

8R3
sin

�
k2

2xE
z

��
1

xE
∂v2

∂q2
jJðE; pÞj2: ð58Þ

The final DB contribution to the squared amplitude comes from RJ, where the final-state gluon interacts twice with the
medium via a 4-gluon vertex, instead of two 3-gluon vertices as inRF. Similarly to the previous two diagrams,RJ is usually
not considered in the literature because it is subdominant in energy. However, it contributes at the first subeikonal order and
must be studied to get a complete description of the soft gluon emission at N ¼ 1.
The amplitude of this diagram is given by

iRJ ¼
Z

d4q1
ð2πÞ4

d4q2
ð2πÞ4

h
igtað2p − k − q1 − q2Þμ0

i ð−iÞNμ0μðk − q1 − q2Þ
ðk − q1 − q2Þ2 þ iϵ

Vabcd
μνρσ

× ϵ�σðkÞAcρðq2ÞAbνðq1Þ
i

ðp − q1 − q2Þ2 þ iϵ
Jðp − q1 − q2Þ; ð59Þ

where the 4-gluon vertex is defined as

Vabcd
μνρσ ¼ −ig2½fabefcdeðgμρgνσ − gμσgνρÞ þ facefbdeðgμνgρσ − gμσgνρÞ

þ fadefbceðgμνgρσ − gμρgνσÞ�: ð60Þ

Similarly to what is done for the other DB diagrams, we must multiply by the vacuum amplitudeR0 and average over all
possible configurations of the background field. This average will bring a factor δbc, which forces two colors of the 4-gluon
vertex to be the same, simplifying its structure. Since the numerator of the gluon propagator and the background fields are
orthogonal to the axial vector n, the tensor structure is independent of the z-component of the momenta and cannot bring
any new poles. Averaging over initial and summing over final quantum numbers, and performing both x and q2 integrals,
the corresponding term reads,

hRJR�
0i þ c:c: ¼ −ig22CF

k2ð1 − u2Þ þ ðk · uÞ2
k4xE

Z
L

0

dz ρðzÞ
Z
q

h
ðe−iQ−

pz − 1ÞIJ − ðeiQ−
pz − 1ÞI�

J

i
jJðE; pÞj2; ð61Þ

where the integral is defined as

IJ ¼
Z

dq2z
2π

vðq̃1Þvðq2Þ ¼
ðR2 þ ðq · uÞ2Þ2

4R3
vðqÞ2; ð62Þ

with q̃1μ ¼ ðq · u; q;−q2zÞ. Thus, the contribution of the 4-gluon vertex diagram to the final squared amplitude is

hRJR�
0i þ c:c: ¼ CFg2

k2ð1 − u2Þ þ ðk · uÞ2
k4xE

Z
L

0

dz ρðzÞ
Z
q

ðR2 þ ðq · uÞ2Þ2
R3

vðqÞ2 sin
�

k2

2xE
z

�
jJðE; pÞj2: ð63Þ

Working with scalar quarks, we should also consider a seagull vertex in the theory that may be needed to get a correct
description of the process. Diagrams containing this vertex are usually omitted in scalar QCD jet quenching calculations
because they do not contribute to the leading eikonal order. In fact, their amplitudes are of the order Oð⊥E ð⊥xE zÞnÞ, which is
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beyond the accuracy of our consideration, see the dis-
cussion in [12]. Hence, there are no contributions coming
from these seagull diagrams to our result in this paper.

C. Final parton distribution and its properties

The final-state parton distribution can be expressed
through the squared amplitude of the process as

E
dN ð1Þ

d2kdxd2pdE
≡ 1

½2ð2πÞ3�2
1

x
hjRN¼1j2i; ð64Þ

whereRN¼1 is the full amplitude at first order in the opacity
expansion, and we have included the corresponding final-
state phase factor in the soft gluon limit.
The initial parton distribution is defined through the

source as E dN ð0Þ
d2pdE ≡ 1

2ð2πÞ3 jJðE; pÞj2. Hence, the broad
source approximation, which assumes J to be a slowly
varying function of the transverse momenta, implies that
E dN ð0Þ

d2ðp−qÞdE ≃ E dN ð0Þ
d2pdE. This way, the final parton distribution

reads

E
dN ð1Þ

d2kdxd2pdE
¼ 1

2ð2πÞ3
1

x

�
E
dN ð0Þ

dEd2p

�
CFg2

Z
L

0

dz ρðzÞ
Z
q
vðqÞ2

×

(�
4

k · q
k2ðk − qÞ2 −

2

xE
1

k2ðk − qÞ2 ð2ðk − qÞ · uk2 þ 2k · uðk − qÞ · q

þ k · qq · u

�
2k2 − ðk − qÞ2Þ 1

v2
∂v2

∂q2

���
1 − cos

�ðk − qÞ2
2xE

z

��
þ 1

xE
k · u
k2

�
4þ q2

1

v2
∂v2

∂q2

��
1 − cos

�
k2

2xE
z

��
−

1

4R3xE
μ2ððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þ − 2R2ððq · uÞ4 − R4Þ

k2
1

v2
∂v2

∂q2
sin

�
k2

2xE
z

�
þ 1

xE
k2ð1 − u2Þ þ ðk · uÞ2

k4
ðR2 þ ðq · uÞ2Þ2

R3
sin

�
k2

2xE
z

�)
; ð65Þ

where the LO term can be easily identified as the usual
GLV result under the soft gluon approximation,
cf. Eq. (113) in [23].
The final-state parton distribution (65) obtained in this

paper extends the GLV result for the radiation of a spin-1
gluon at N ¼ 1 under the soft approximation by including
the novel subeikonal corrections in flowing nuclear matter.
Going to the limit considered in [12], where corrections of
the type ⊥

xE ½1 − cos ð⊥2

xE zÞ� and ⊥
xE sin ð⊥

2

xE zÞ are neglected,
the subeikonal terms in (65) vanish and the final parton
distribution reduces to the usual GLV result. This does not
agree with the conjectured result in [12], obtained by
replacing the QCD light-front wave functions in the final
parton distribution computed for emitted scalar gluons.
Notice that, in principle, different theories may exhibit
distinct light-front wave function behaviors. Namely, con-
tributions from single interactions on either side of the
branching, i.e., RH and RI , vanish for scalar but not for
spin-1 gluon emissions at the corresponding order. Thus, it is
essential to keep all diagrams in this order when performing
the replacement of light-front wave functions between
different theories. Indeed, keepingRH andRI contributions
while doing the replacement leads to Eq. (51) in [12] losing
the dependence on the flow and reducing to the GLV result,
in agreement with the (65) in the same limit.

Given the explicit form (65), it is obvious that the final
state parton distribution can be factorized into the initial
quark distribution and the medium-induced emmission
spectrum, which is defined as

xE
dN ð1Þ

d2kdxd2pdE
≡ x

dI ð1Þ

dxd2k
E
dN ð0Þ

dEd2p
: ð66Þ

In order to learn more about the medium-induced spec-
trum, let us first start with the static matter limit u ¼ 0. Then,
the only nonvanishing subeikonal corrections are the ones
proportional to the sine of the LPM phase coming from the
DB diagrams. Hence, the gluon spectrum reads,

x
dI ð1Þ

dxd2k

����
u¼0

¼ CFg2

2ð2πÞ3
Z

L

0

dz ρðzÞ
Z
q
vðqÞ2

×

(
4

k · q
k2ðk − qÞ2

�
1 − cos

�ðk − qÞ2
2xE

z
��

þ 1

2xE
1

k2

�
3

2
μ2R0 − 2R3

0

�
1

v2
∂v2

∂q2
sin

�
k2

2xE
z

�)
;

ð67Þ
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with R0 ≡ Rju¼0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ μ2

p
. The corrections in (67),

whose structure is governed by the details of the particular
potential vðqÞ, do not stem from the spin-1 nature of the
gluon nor from the presence of medium flow; rather, they
arise solely from carrying the eikonal expansion to next-to-
leading order. In this sense, (67) extends the GLV spectrum
under the soft gluon approximation beyond leading eikonal
accuracy. Following [23,57,58], we can treat the z integral
analytically by choosing a smooth longitudinal profile for
the source density ρðzÞ ¼ 2ρ0e−

2z
L. Then, the spectrum is

given by

x
dI ð1Þ

dxd2k

����
u¼0

¼ 4αsχNcμ
2L

π

Z
q

1

ðq2 þ μ2Þ2

×

�
2
k · q
k2

Lðk − qÞ2
L2ðk − qÞ4 þ 16x2E2

− ð3μ2R0 − 4R3
0Þ

1

q2 þ μ2
1

L2k4 þ 16x2E2

	
;

ð68Þ

where the opacity, χ ¼ CFg4ρ0
2Nc4πμ

2 L, has been introduced.

Notice that, after integrating over the longitudinal coordi-
nate, both the leading and subeikonal contributions exhibit
the same suppression in energy. However, the leading term
acquires an additional power of the dimensionless scale L⊥
compared to the subeikonal correction. Since L is assumed
to be parametrically large in this work with L⊥ ≫ 1, the
leading contribution still dominates the spectrum.
In order to illustrate the novel correction obtained in

(68), we plot the spectrum in the static limit for a range of
physically relevant medium parameters and gluon kinemat-
ics, cf. [57]. In particular, we show both the leading eikonal
part (dashed) and the full spectrum (68) (solid) for two
energies E ¼ 50 GeV (left) and E ¼ 100 GeV (right),
keeping the mean free path λ ¼ L

χ fixed and assuming χ ¼
3 at L ¼ 5 fm. We set αs ¼ 0.3, μ ¼ 0.6 GeV and x ¼ 0.1.
Figure 4 proves that subeikonal corrections to the spectrum
may become relevant for gluons emitted with small trans-
verse momentum k even at moderate energies.
The same analytical treatment of the z integral can be

applied to the case of flowing matter (65), with the
medium-induced spectrum becoming

x
dI ð1Þ

dxd2k
¼ 2αsχNcμ

2L
π

Z
q

1

ðq2 þ μ2Þ2

×

(�
4
k · q
k2

−
2

xE
1

k2

�
2ðk − qÞ · uk2 þ 2k · uðk − qÞ · q

þ k · qq · uð2k2 − ðk − qÞ2Þ −2
q2 þ μ2

��
Lðk − qÞ2

L2ðk − qÞ4 þ 16x2E2

þ 1

xE
k · u

�
4þ q2

−2
q2 þ μ2

�
Lk2

L2k4 þ 16x2E2

−
1

R3

μ2ððq · uÞ4 þ 6ðq · uÞ2R2 − 3R4Þ − 2R2ððq · uÞ4 − R4Þ
L2k4 þ 16x2E2

−2
q2 þ μ2

þ k2ð1 − u2Þ þ ðk · uÞ2
k2R3

ðq2 þ μ2Þ2 4

L2k4 þ 16x2E2

)
; ð69Þ

which boils down to (68) in the static matter limit
u ¼ 0.
In Fig. 5, we plot the spectrum (69) for two energies

E ¼ 50 GeV (left column) and E ¼ 100 GeV (right
column), and two magnitudes of the transverse flow
juj ¼ 0.3 (top row) and juj ¼ 0.5 (bottom row). The
mean free path λ ¼ L

χ is kept fixed assuming χ ¼ 3 at
L ¼ 5 fm, and the spectrum is plotted for L ¼ 5 fm
(green) and L ¼ 2.5 fm (blue). The remaining parameters
are set to the values used in Fig. 4. Three curves are
shown for each set of parameters; the solid line
corresponds to the static limit u ¼ 0, the dotted-dashed

line corresponds to k and u being parallel (θ ¼ 0), and
the dashed line to them being antiparallel (θ ¼ π). It is
easy to see from Fig. 5 that the angle θ between u and k
regulates the effect of the flow correction to the
spectrum. If the transverse momentum of the gluon
and the flow are parallel on the transverse plane, the
gluon radiation gets enhanced, while if they are anti-
parallel it gets depleted. Thus, one can affirm that
the final transverse momentum of the emitted gluons
tends to align along the flow direction. Note that the
static-medium limit does not coincide with the limit in
which the transverse momentum k of the emitted gluon
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is orthogonal to the transverse flow u (satisfying
k · u ¼ 0). This is because the medium-induced spec-
trum depends on the transverse flow not only through
k · u, but also through q · u and u2. Consequently, the
curve at θ ¼ π

2
does not coincide with the solid line,

but would instead correspond to a new curve lying
between the two dashed lines. However, for the chosen
set of parameters, the curve corresponding to θ ¼ π

2
is

nearly indistinguishable from the u ¼ 0 case; for
this reason, it is not displayed in the figure. A more

detailed exploration of parameter regions in which
the difference between the u⊥ ¼ 0 and θ ¼ π=2 cases
becomes more pronounced would be interesting and
could provide additional insight into the phenomeno-
logical implications of the present framework, which we
leave for future study. The change in shape and
magnitude of the spectrum plotted in Fig. 5 shows
that the flow corrections become significant even at
moderate energies and flow velocities, especially for
larger systems.

FIG. 4. The medium-induced spectrum is plotted for two energies E ¼ 50 GeV (left) and E ¼ 100 GeV (right), and two medium
lengths L ¼ 5 fm (green) and L ¼ 2.5 fm (blue). The dashed lines correspond to the spectrum at leading eikonal order (GLV), while the
solid lines include the subeikonal corrections to the medium-induced spectrum for static matter.
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IV. DISCUSSION AND CONCLUSIONS

In this work, we have studied the effect of the flow on the
branching process of a highly energetic quark, obtaining
the double differential medium-induced spectrum of soft
gluons in the presence of a flowing homogenous medium.
The spectrum is computed at first order in the opacity
expansion, including the leading subeikonal corrections for
a real spin-1 gluon, extending the formalism developed in
[12,57]. Apart from showing the analytical form of the

spectrum (65), we have evaluated it for different energies,
medium lengths and flow velocities.
As it has been seen above, the subeikonal corrections do

not vanish in the case of static matter, extending the usual
GLV result beyond the leading eikonal order, and enhanc-
ing the spectrum substantially at low transverse momenta
of the emitted gluon. In the presence of transverse flow,
both the shape and magnitude of the spectrum get modified.
The angle θ between the final transverse momentum of the

FIG. 5. The medium-induced spectrum is plotted for two energies E ¼ 50 GeV (left column) and E ¼ 100 GeV (right column), and
two magnitudes of the transverse flow juj ¼ 0.3 (top row) and juj ¼ 0.5 (bottom row). The mean free path λ ¼ L

χ is kept fixed assuming
χ ¼ 3 at L ¼ 5 fm, and two different lengths L ¼ 5 fm (green) and L ¼ 2.5 fm (blue) of the medium are plotted. Solid lines correspond
to the static limit u ¼ 0 of the spectrum, dotted-dashed lines correspond to k and u being parallel (θ ¼ 0), and dashed lines to them being
antiparallel (θ ¼ π).
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gluon k and the transverse flow u modulates whether the
spectrum gets enhanced or depleted, while it is observed
that k tends to align along the direction of the flow. The
dependence of the spectrum on the transverse flow is not
linear, and therefore θ ¼ π

2
does not coincide with the static

case, in contrast to what has been observed for the gradient
corrections, see e.g., [52,57].
The presented results contribute to the ongoing

efforts to improve the theory of jet-medium inter-
actions, and, moreover, could be extended in multiple
ways. First, it would be interesting to get the sub-
eikonal flow corrections for the medium-induced spec-
trum in the dense regime, resumming multiple
scatterings, although such a calculation will be chal-
lenging. In addition, the theoretical framework devel-
oped in this paper could be implemented into
phenomenological considerations to provide a more
realistic description of the jet interaction with the
evolving QGP, cf. the discussions in [41,45,53,62–64].
For instance, having the spectrum with flow in hand, one

can study the sensitivity of jet angularities and other
shape observables to the flow, starting with the simplest
geometries, see e.g., [53].
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