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Massive scalar charges are ubiquitous in extensions to general relativity and the Standard Model in
particle physics. We describe spectral methods which can accurately construct the spacetime of rotating
black holes with dimensionless spin up to a ≤ 0.8 surrounded by massive scalar fields nonminimally
coupled to spacetime curvature. We consider axi-dilaton, dynamical Chern-Simons, and scalar Gauss-
Bonnet couplings, and obtain leading-order solutions for both the scalar field and the associated metric
modifications. Our method accurately resolves massive scalar fields with Compton wavelengths as short as
5 times the black hole mass, achieving residual errors ≲10−5, and yields the corresponding leading-order
spacetime modifications with residual errors ≲10−3. Using the constructed spacetimes, we computes the
leading-order shifts in the surface gravity and the angular velocity of the event horizon, important
information for computing the quasinormal modes. These results pave the way to incorporate massive
scalar charges into electromagnetic observations and gravitational-wave detections of black holes,
potentially enabling new probes of fundamental scalar degrees of freedom.

DOI: 10.1103/4qbd-f98r

I. INTRODUCTION

Some astrophysical phenomena, such as the rotation
curves of galaxies [1,2], gravitational lensing by galactic
and cluster-scale structures [3–6], the late-time accelerated
expansion of the Universe [7,8], and the observed baryon
asymmetry [9], cannot be fully addressed by general
relativity without invoking the concepts of dark energy
or dark matter. This inability points to two open questions
in fundamental physics: whether general relativity remains
the correct description of gravity in the strong-field regime,
and what the true nature of dark matter and dark energy is.
The first open question has motivated the proposals of

extensions to general relativity. Such extensions often
introduce additional scalar degrees of freedom that couple
nonminimally to curvature through higher-degree/order
curvature quantities. Examples of these theories include
axi-dilaton [10,11], dynamical Chern-Simons [12–16], and
scalar Gauss-Bonnet [17–20] gravity. These theories could
be regarded as an effective-field theory approximation to
grand unification frameworks, such as string theory, or
quantum-gravity candidates, such as loop-quantum gravity,
in the low-energy limit [13,21–23]. Apart from addressing

the two open questions, the axi-dilaton theory provides a
possible mechanism of cosmological inflation [10], and
dynamical Chern-Simons theory might also address the
baryon asymmetry in the observable Universe [24,25].
These extensions deform black hole spacetimes from the
ones in general relativity [21,26–32]. The deformations
could leave signatures in electromagnetic or gravitational
waves generated by astrophysical processes involving
black holes, making black hole potent laboratories to test
these extensions.
Setting aside their nonminimal couplings to spacetime

curvature, additional scalar fields, particularly those with
nonzero mass, are themselves well-motivated dark-matter
candidates [33–35]. One intriguing astrophysical conse-
quence of massive scalar fields is black hole superradiance:
a process by which massive scalar particles or dispersive
waves can extract rotational energy from a spinning black
hole when their frequencies satisfy the superradiant
condition [36,37]. Through this mechanism, massive scalar
fields can form macroscopic condensates around black
holes [37], thereby modifying their astrophysical properties
and potentially leaving observable imprints in gravita-
tional-wave and electromagnetic signals [38–50]. Black
hole superradiance can also occur in modified gravity
theories, including the aforementioned theories [51]. In
such theories, nonminimal couplings to spacetime curva-
ture allow massive scalar charges to build stationary
configurations around black holes. These configurations
lead to signatures that render the massive scalar charges
directly searchable in existing gravitational-wave data.
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Moreover, such stationary configurations may serve as
natural initial conditions for triggering superradiant
instabilities.
To test general relativity and search for dark-matter

candidates using black holes, it is essential to understand
the spacetime of rotating black holes with nonminimal
coupling to spacetime curvature and with dark matter.
However, constructing such spacetimes presents significant
theoretical challenges, as it requires solving a system of
coupled, nonlinear partial differential equations. Moreover,
astrophysical black holes are often rapidly rotating, which
further complicates the problem.
Nevertheless, the problem can be simplified by exploit-

ing well-motivated approximations. Current observational
and theoretical constraints on extensions to general rela-
tivity suggest that any such couplings, if present, must be
small. This motivates focusing attention to the scalar-field
configuration and the associated spacetime modifications at
leading order in the coupling parameter. Within this small-
coupling regime, the otherwise nonlinear field equations
governing spacetime deformations reduce to a linear
system defined on a fixed general-relativistic background,
substantially simplifying the analysis. For massless scalar
fields, the leading-order scalar profiles and corresponding
spacetime modifications have recently been computed
accurately using spectral methods [31,32].
The goal of this paper is to extend the spectral methods

in [31,32] to construct the spacetime modifications of
rotating black holes surrounded by massive scalar charges.
In particular, we apply these extended spectral methods to
construct spacetimes of rotating black holes sourced by
massive scalar fields in axi-dilaton, dynamical Chern-
Simons, and scalar Gauss-Bonnet gravity, motivated by
their broad relevance in fundamental physics. The paper is
organized as follows. In Sec. II, we introduce a Lagrangian
density that encompasses all three theories and define the
relevant coupling constants, parameters, and scalar-field
masses. From this Lagrangian, we derive the equations of
motion governing the scalar field (the Klein-Gordon
equation) and the spacetime geometry (the modified
Einstein equations). By analyzing these equations, we
determine the asymptotic behavior of the massive scalar
field and the spacetime modifications at the event horizon
and at spatial infinity. These asymptotic properties are then
used to construct suitable ansätze for the massive scalar
field in Sec. II B and for the metric deformations in
Sec. II C, working in Boyer-Lindquist coordinates in which
the radial location of the event horizon remains unchanged.
In Sec. III, we develop spectral methods to construct
massive scalar-field solutions accurate to leading order
in the coupling parameter. We introduce several diagnostics
to quantify the convergence and accuracy of the scalar-field
solutions. We find that both the backward modulus differ-
ence and the scalar-field residual decrease exponentially
with spectral order up to a characteristic value, beyond

which the convergence continues at a slower rate. For scalar
fields with Compton wavelengths shorter than approxi-
mately 10 times the black hole mass, both measures reach a
minimum at spectral orders N ≲ 30. Based on these
diagnostics, we define a systematic procedure for selecting
the most accurate scalar-field solution. Importantly, we find
that while increasing the scalar-field mass leads to a more
rapid radial decay of the field, it does not significantly alter
its multipolar structure. In Sec. IV, we construct the
spacetime modifications of the host black hole using the
optimal scalar-field solutions. The metric modifications
exhibit convergence and accuracy properties similar to
those of the scalar field. As in the scalar-field case, we find
that the scalar-field mass does not significantly affect the
geometric structure of the spacetime modifications,
although it does modify their overall magnitude. Our
results enhance the understanding of spacetimes of rotating
black holes surrounded by matter. In Sec. V, we compute
the surface gravity and the angular velocity of the event
horizon. These physical properties are the crucial ingre-
dients for the computation of quasinormal-mode
spectra [52,53], which could be used to search for the
massive scalar charges via black-hole ringdown spectros-
copy. Finally, in Sec. VI, we discuss the astrophysical
implications of our results and outline directions for
future work.
Throughout the paper, we adopt the following conven-

tions. We use coordinates xμ ¼ ðt; r; χ;ϕÞ, where χ ¼ cos θ
and θ is the polar angle. The metric signature is
ð−;þ;þ;þÞ, and we work in geometric units with
c ¼ G ¼ M ¼ 1, where M is the mass of the black hole,
which has been normalized to unitary. Following the
convention of Ref. [32], the leading-order correction in
the small-coupling parameter ζ [defined in Eq. (5)] to any
quantity Q is written as

Q ¼ Qð0Þ þ ζQð1Þ; ð1Þ

where Qð0Þ denotes the corresponding general-relativistic
quantity and Qð1Þ its leading-order correction.

II. MODELS

A. Lagrangian density

The Lagrangian density of the theories considered in this
work can be written compactly as [21]

16πL ¼ Rþ l1
2ϑ1G þ l2

2ðϑ1 sin θm þ ϑ2 cos θmÞP

−
1

2
∇νϑ1∇νϑ1 −

1

2
μ1

2ϑ1
2

−
1

2
∇νϑ2∇νϑ2 −

1

2
μ2

2ϑ2
2: ð2Þ

Here l1;2 are the quadratic-gravity coupling length scales,
each with dimensions of length. The fields ϑ1 and ϑ2
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denote a scalar and a pseudoscalar field, respectively,
which couple nonminimally to the spacetime curvature.
G ¼ R2 − 4RαβRαβ þ RαβγδRαβγδ [17] is the Gauss-Bonnet
invariant, while P ¼ RμνρσR̃μνρσ is the Pontryagin
invariant [13]. Although ϑ2 is a pseudoscalar field, we
shall collectively refer to ϑ1;2 by the “scalar field/charges.”
The parameter θm is a mixing angle that controls the
relative contribution of the Gauss-Bonnet and Pontryagin
terms in the Lagrangian. Several well-known theories are
recovered as limiting cases of Eq. (2). When l2 ¼ 0, the
mixing angle θm becomes irrelevant and the Lagrangian
reduces to that of scalar Gauss-Bonnet gravity. When
l1 ¼ 0 and θm ¼ 0, the theory reduces to dynamical
Chern-Simons gravity. When l1 ¼ l2 ≠ 0 and θm ¼ 0,
the Lagrangian corresponds to axi-dilaton gravity. The
parameters μ1;2 denote the masses of the scalar fields ϑ1;2
and have dimensions of inverse length. For μq > 0, the
theory describes gravity coupled to massive scalar field(s),
with Compton wavelengths given by μq

−1.
Following Refs. [31,32,52,53], we introduce a rescaled

scalar field ϑq ¼ lq
2ϑ̄q. Varying the Lagrangian density

in Eq. (2) with respect to the metric tensor and the scalar
field(s), for given l1;2 and mixing angle θm, yields the
equations of motion (with no implied summation over
q ¼ 1, 2),

Rβ
ν þ λ4ζq½ðA qÞβν − ðT̄qÞβν� ¼ 0; ð3Þ

□ϑ̄q − μq
2ϑ̄q þQq ¼ 0; ð4Þ

Here ζq is a dimensionless coupling parameter defined as

ζq ¼
�
lq

λ

�
4

; ð5Þ

where λ is a characteristic length scale of the problem.
Since our goal is to construct stationary massive scalar-field
configurations around black holes and to determine their
leading-order effects on the surrounding spacetime, a
natural choice is λ ¼ M, where M is the black hole mass.
As, throughout this paper, the unit of M ¼ 1 has been
enforced, λ ¼ M ¼ 1. In this unit, the factor λ4 in Eq. (3)
reduces to unity, and the field equation simplifies to

Rβ
ν þ ζq½ðA qÞβν − ðT̄qÞβν� ¼ 0: ð6Þ

The tensor ðA qÞμν is a rank-(1,1) tensor constructed from
curvature tensors and derivatives of the scalar field ϑ̄q. For
sGB gravity, ðA sGBÞμν is given by [21,32,54]

ðA sGBÞμν ¼
h
δνσαβμλγδ −

1

2
δμ

νδησαβηλγδ

i
Rγδ

αβ∇λ∇σϑ̄sGB; ð7Þ

where δνσαβμλγδ is the generalized Kronecker delta, defined as

δν1ν2ν3ν4μ1μ2μ3μ4 ¼ det

0
BBBB@

δν1μ1 δν1μ2 δν1μ3 δν1μ4
δν2μ1 δν2μ2 δν2μ3 δν2μ4
δν3μ1 δν3μ2 δν3μ3 δν3μ4
δν4μ1 δν4μ2 δν4μ3 δν4μ4

1
CCCCA: ð8Þ

For dCS gravity, the source term in the scalar-field equation
is Q ¼ P, ðA dCSÞμν ¼ gμαðA dCSÞαν, where ðA dCSÞμν is
defined as [27]

ðA dCSÞμν ¼ −4½ð∇σϑ̄dCSÞεσδαðμj∇αRjνÞ
δ

þ ð∇σ∇δϑ̄dCSÞR̃δðμνÞσ�: ð9Þ

ðT̄qÞμν denotes the trace-reversed stress–energy tensor of
the scalar field, given by [51]

ðT̄qÞβν ¼
1

2
∇βϑ̄q∇νϑ̄q þ

1

4
δβ

ν μq
2ϑ̄q

2: ð10Þ

The existing constraints on beyond-Einstein couplings
indicate that the dimensionless parameter ζ, if nonzero,
must be small [18,55,56]. Thus, we solve Eqs. (3) and (4)
using a perturbative expansion in ζ. Specifically, we expand
the metric tensor and scalar field as power series in ζ,1

gμν ¼ gð0Þμν þ ζgð1Þμν þOðζ2Þ; ð11Þ

ϑ̄ ¼ ϑ̄ð0Þ þ ζϑ̄ð1Þ þOðζ2Þ: ð12Þ

Substituting these expansions into Eqs. (3) and (4), we find
that at the zeroth order,

½Rβ
ν�ð0Þ ¼ 0; ð13Þ

Eϑ ≔ □
ð0Þϑ̄q − μq

2 ϑ̄q þQq
ð0Þ ¼ 0: ð14Þ

Here ½Rβ
ν�ð0Þ denotes the Ricci tensor evaluated on the

background metric gð0Þμν , while □
ð0Þ and Qq

ð0Þ are, respec-
tively, the d’Alembertian operator and the quadratic cur-
vature invariant computed with respect to the same
background. Since the beyond-Einstein coupling and the
massive scalar field are expected to deform the general-
relativistic solution only at order OðζÞ, we take the back-

ground metric gð0Þμν to be the Kerr spacetime throughout
this work.

1We note that, due to the rescaling ϑ ¼ l2ϑ̄, the leading
nontrivial scalar configuration appears at zeroth order in our
expansion. In conventional effective-field-theory counting, this
corresponds to the leading-order [Oðl2Þ] scalar field. This choice
of normalization simplifies the perturbative structure of the field
equations.
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Inspecting Eqs. (3) and (4), we observe that, in order to
solve for the first-order metric perturbation gð1Þμν , it suffices
to evaluate ðA qÞμν and ðT̄qÞμν using the background metric

gð0Þμν and the leading-order scalar field ϑ̄ð0Þq in Eq. (3).

Schematically, the equations governing gð1Þμν can be writ-
ten as

Eβ
ν ≔ ½Rβ

ν�ð1Þ þ ½A β
ν�ð0Þ − ½T̄β

ν�ð0Þ ¼ 0: ð15Þ

Here ½Rβ
ν�ð1Þ denotes the OðζÞ correction to the Ricci

tensor computed from the deformed metric gμν ¼
gð0Þμν þ ζgð1Þμν . This term depends on the background metric

gð0Þμν and linearly on the metric modifications gð1Þμν and their
derivatives. By contrast, ½A β

ν�ð0Þ and ½T̄β
ν�ð0Þ are obtained

by evaluating ðA qÞβν and ðT̄qÞβν with gð0Þμν and the leading-

order scalar field ϑ̄ð0Þq , and therefore do not depend on gð1Þμν .
Using the background field equation Eq. (13),
½ðA dCSÞμν�ð0Þ can be simplified as

½ðA dCSÞμν�ð0Þ ¼ −4
�ð∇σ∇δϑ̄dCSÞR̃δðμνÞσ�ð0Þ: ð16Þ

B. Massive scalar charges

In this subsection, we examine the scalar-field equation
Eϑ ¼ 0 in greater detail to determine the asymptotic
behavior of the massive scalar field. This analysis provides
essential guidance for constructing an appropriate ansatz
for the scalar field in the implementation of our spectral
methods. Since we seek stationary and axisymmetric
solutions for ϑ̄, the scalar-field equation takes the explicit
form,

1

Σ
∂

∂r

�
Δ
∂ϑ̄

∂r

�
þ 1

Σ
∂

∂χ

�
ð1 − χ2Þ ∂ϑ̄

∂χ

�
− μ2ϑ̄ ¼ −Qð0Þ; ð17Þ

where, for simplicity, we have suppressed the field index q.
At spatial infinity, the source term behaves asQð0Þ ∼ r−6.

Consequently, the Klein-Gordon equation asymptotically
reduces to its homogeneous form, which in the far field
limit reads2

∇2ϑ̄ − μ2ϑ̄ ¼ 0; ð18Þ

where ∇2 denotes the flat-space Laplacian expressed in
spherical coordinates. The leading-order asymptotic

solution to this equation is well known [58] and takes
the form,

ϑ̄ðr → ∞; given χÞ ∼ e−μr

r

�
1þ A

r
þ B
r2

þ � � � :
�
; ð19Þ

where A and B are constants determined by subleading
corrections. Motivated by this asymptotic structure, we
factor out the exponential decay and write

ϑ̄ ¼ e−μrφ; ð20Þ

where the auxiliary function φ vanishes as r → ∞ and
admits an expansion in inverse powers of r.
Near the event horizon, we can write Eq. (17) in the

form,

∂
2ϑ̄

∂r2
þ 2r − r− − rþ

Δ
∂ϑ̄

∂r
− μ2

r2 þ χ2

Δ
ϑ̄

¼ ΣQ
Δ

−
1

Δ
∂

∂χ

�
ð1 − χ2Þ ∂ϑ̄

∂χ

�
: ð21Þ

Any physical solution for ϑ̄ must possess finite derivatives
with respect to χ at the event horizon. For a fixed angular
position χ ¼ χ0, we expand the equation in the limit
r → rþ, the leading-order behavior reduces to

∂
2ϑ̄

∂r2
þ 1

r − rþ

∂ϑ̄

∂r
þ α

r − rþ
ϑ̄ −

β

r − rþ
¼ 0; ð22Þ

where

α ¼ μ2
r2þ þ χ0

2

rþ − r−

β ¼ ½ΣQ�ðrþ; χ0Þ
rþ − r−

−
1

rþ − r−

∂

∂χ

�
ð1 − χ2Þ ∂ϑ̄

∂χ

�����
χ0

: ð23Þ

Here ½ΣQ�ðrþ; χ0Þ denotes the product of Σ and Q
evaluated at the event horizon and at χ ¼ χ0. The comple-
mentary (homogeneous) solution of this equation is
given by

ϑ̄ ∼ C1J0
h
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðr − rþÞ

p i
þ C2Y0

h
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðr − rþÞ

p i
; ð24Þ

where C1 and C2 are integration constants, and J0 and Y0

are Bessel functions of the first and second kind of the
zeroth order. Since Y0 diverges as the argument vanishes,
physical solutions demand C1 ¼ 0, which leads to finite
solution at the event horizon.3 This asymptotic analysis

2This is also the asymptotic form of the Klein-Gordon equation
governing an ultralight boson with zero frequency at spatial
infinity. In that context, one may further infer that the scalar field
behaves as ϑ ∼ r−1−μe−μr [57]. However, we find that explicitly
including the additional factor of r−μ does not provide a
noticeable improvement in numerical accuracy or efficiency.
For this reason, we do not incorporate this factor into the
asymptotic ansatz for the scalar field.

3A shorter, albeit less rigorous, argument is that physical
solutions must be finite at the horizon. Since φ ¼ eμrþ ϑ̄ differs
from ϑ̄ only by a constant factor at r ¼ rþ, regularity of ϑ̄
immediately implies regularity of φ.
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therefore demonstrates that the auxiliary field φ, defined in
Eq. (20), remains finite and differentiable throughout the
entire computational domain. As a result, φ admits a well-
behaved spectral representation, justifying the use of
spectral methods in our construction.

C. Rotating black hole spacetime

Following Refs. [21,31,32], we adopt the following
metric ansatz for a rotating black hole surrounded by
massive scalar charges:

ds2 ¼ gð0Þμν dxμdxν

¼ −
�
1 −

2Mr
Σ

− ζH1ðr; χÞ
�
dt2 − ½1þ ζH2ðr; χÞ�

4M2ar
Σ

ð1 − χ2Þdϕdt

þ ½1þ ζH3ðr; χÞ�
�
Σ
Δ
dr2 þ Σ

1 − χ2
dχ2

�
þ ½1þ ζH4ðr; χÞ�ð1 − χ2Þ

�
r2 þM2a2 þ 2M3a2r

Σ
ð1 − χ2Þ

�
dϕ2; ð25Þ

where Hiðr; χÞ denote the leading-order-in-ζ metric defor-
mations induced by the beyond-Einstein coupling mediated
by the massive scalar field. To preserve asymptotic flatness
and to ensure that M and J ¼ M2a retain their interpre-
tations as the Arnowitt-Deser-Misner (ADM) mass and
angular momentum of the black hole, respectively, we
impose the following boundary conditions [21,31,32]:

Hð0Þ
1 ¼ 0; Hð0Þ

2 ¼Hð1Þ
3

2M
; Hð0Þ

3 ¼Hð0Þ
4 ¼−

Hð1Þ
3

M
: ð26Þ

Here the functionsHð0Þ
i ðχÞ and Hð1Þ

i ðχÞ are defined through
the asymptotic expansion,

Hiðr; χÞ ¼ Hð0Þ
i þ 1

r
Hð1Þ

i þOðr−2Þ: ð27Þ

III. CONSTRUCTION OF THE
MASSIVE SCALAR FIELDS

Although the Klein-Gordon equation governing massive
scalar fields closely resembles its massless counterpart
(μ ¼ 0), obtaining analytic solutions in the massive case is
substantially more challenging. In particular, even after
performing a spin expansion, the solutions are no longer
simple polynomials in r−1 or in χ, but instead of more
complicated analytical form.4 This difficulty motivates the
development of spectral methods to construct accurate
approximate solutions to the Klein-Gordon equation for
massive scalar fields, which is the goal of this section. We
begin by outlining the analytical framework underlying our
spectral approach to solving the Klein-Gordon equation.
We then describe the details of the numerical implementa-
tion. Finally, we present and analyze the numerical results
obtained using these spectral methods.

A. Spectral methods

Although ϑ̄q is finite and continuous over the domain
r∈ ðrþ;∞Þ and χ ∈ ½−1; 1�, a direct spectral expansion of
ϑ̄q is prone to numerical instability. In fact, expanding ϑ̄q as
a linear combination of spectral basis functions leads to
poor convergence, particularly for larger scalar-field
masses. The source of this instability is the exponentially
decaying asymptotic behavior, e−μr=r, which is challeng-
ing to resolve accurately with a finite number of spectral
modes. To accommodate this asymptotic structure and
improve numerical stability, we instead perform the spec-
tral expansion on an auxiliary field φ, defined by

ϑ̄ ¼ e−μrφ; ð28Þ

so that φ vanishes smoothly as r → ∞. This redefinition
isolates the rapid exponential decay analytically, leaving φ
as a smoother function that admits a more stable spectral
representation.
Note that Eq. (17) involves only rational functions of r

and χ. When the d’Alembertian operator acts on φ, the
resulting equation contains coefficients multiplying deriv-
atives of φ that are products of the exponential factor e−μr

and rational functions of r and χ. Schematically, this
equation can be written as

e−μr
�X

k;l

C klðr; χÞ∂kr∂lχφ
�

¼ −Q; ð29Þ

where C klðr; χÞ are rational functions of r and χ. To cast
this equation into a form suitable for spectral methods, we
extract a common denominator by factorizing the expres-
sion

P
k;l C klðr; χÞ∂kr∂lχφþQ (without including the factor

e−μr). Multiplying both sides of Eq. (29) by this common
denominator yields

e−μr
�X

i;j;k;l

di;j;k;lriχj∂kr∂lχφ

�
¼

X
i;j

qi;jriχj; ð30Þ
4We are in debt to Pablo Cano for pointing this out.
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where the coefficients di;j;k;l depend on M, a, and μ, while
qi;j depend only on M and a. For brevity, we have
suppressed the field index q. We emphasize that retaining
the exponential factor e−μr explicitly on the derivative side
of the equation is a crucial ingredient of our spectral
scheme, as it isolates the stiff radial dependence analyti-
cally and significantly improves numerical stability.
As the equation in this form is defined on the semi-

infinite radial domain r∈ ðrþ;∞Þ, we introduce a com-
pactified radial coordinate z, defined by

z ¼ 2rþ
r

− 1; ð31Þ

to facilitate the implementation of spectral methods. Under
this transformation, the event horizon r ¼ rþ is mapped to
z ¼ þ1, while spatial infinity r → ∞ is mapped to z ¼ −1.
Since z is a rational function of r,

P
i;j;k;l di;j;k;lr

iχj∂kr∂
l
χφ

and
P

i;j qi;jr
iχj will also consist of only rational function

of z and χ. Following the same procedure used to obtain
Eq. (30), we again factor out a common denominator,
without absorbing the exponential factor, and multiply it
onto both sides of the equation. This transforms Eq. (30)
into the schematic form,

e−
2μrþ
1þz

�X
i;j;k;l

d̃i;j;k;lziχj∂kz∂lχφ

�
¼

X
i;j

q̃i;jziχj; ð32Þ

where the coefficients d̃i;j;k;l depend on the original
coefficients di;j;k;l, and thus on M, a, and μ, while q̃i;j
depend only on qi;j and thus only on M and a. As the
explicit forms of these coefficients are lengthy and unin-
formative for understanding the numerical method, we do
not present them here. We emphasize once more that

retaining the exponential factor e−
2μrþ
1þz explicitly on the

derivative side of the equation is a crucial element of our
spectral scheme, as it isolates the rapidly varying radial
behavior analytically and ensures numerical stability in the
subsequent spectral implementation.
We are now ready to perform a spectral expansion to

convert Eq. (32) into a system of algebraic equations.
Formally, an exact representation of φ would require an
infinite number of spectral basis functions. In practice,
however, one works with a truncated expansion using a
finite number of basis functions, which is sufficient to
achieve the desired numerical accuracy. Accordingly, we
truncate the spectral expansion to N þ 1 basis functions in
both the z and χ directions.5 Because the scalar field ϑ is
even under the parity transformation (χ → −χ) in sGB

gravity and odd under the same transformation in dCS
gravity, φ inherits the same parity properties. We therefore
consider the following spectral expansions:

φq¼1ðz; χÞ ¼
XN
n¼0

XN
l¼0

φð1Þ
n;lTnðzÞP2lðχÞ;

φq¼2ðz; χÞ ¼
XN
n¼0

XN
l¼0

φð2Þ
n;lTnðzÞP2lþ1ðχÞ: ð33Þ

In what follows, we focus on sGB gravity (q ¼ 1) to
illustrate the procedure, as the implementation for dCS
gravity is entirely analogous. For notational simplicity, we
therefore drop the field index and superscripts, with the
understanding that we are working in the sGB case.
Substituting Eq. (33) to (32), we have

e−
2μrþ
1þz

"X
i;j;k;l

d̃i;j;k;lziχj∂kz∂lχ

�XN
n¼0

XN
l¼0

φn;lTnðzÞP2lðχÞ
�#

¼
X
i;j

q̃i;jziχj: ð34Þ

We can now perform the spectral projection of the Klein-
Gordon equation after substituting the spectral expansion
of ϑ. For sGB gravity, the source term satisfies Q ¼ G and
is even. Consequently, it suffices to project Eq. (34) using
the even Legendre polynomials in χ. The right-hand side of
Eq. (34) can be expanded as

X
i;j

q̃i;jziχj ¼
XN
n0¼0

XN
l0¼0

qn0;l0Tn0 ðzÞP2l0 ðχÞ; ð35Þ

where

qn0;l0 ¼
X
i;j

q̃i;j

Z þ1

−1
dz

ziTn0 ðzÞffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p
Z þ1

−1
dχχjP2l0 ðχÞ: ð36Þ

Similarly, the left-hand side of Eq. (34) can be expanded as

e−
2μrþ
1þz

"X
i;j;k;l

d̃i;j;k;lziχj∂kz∂lχ

�XN
n¼0

XN
l¼0

φn;lTnðzÞP2lðχÞ
�#

¼
XN
n0¼0

XN
l0¼0

�XN
n¼0

XN
l¼0

Dn0l0;nlφn;l

�
Tn0 ðzÞP2l0 ðχÞ¼ 0; ð37Þ

where

Dn0l0;nl ¼
X
i;j;k;l

d̃i;j;k;lIði; k; n; n0j2μrþÞ

×
Z þ1

−1
dχχjPðlÞ

2lðχÞPðlÞ
2l0 ðχÞ: ð38Þ

5In principle, the truncation orders in the z and χ directions can
be chosen independently. To maximize the symmetry of the
computation procedure and for simplicity, we take them to be
equal in this work.
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Here Iði; j; k; ljξÞ is defined as

Iði;j;k;ljξÞ¼
Z þ1

−1
dz

ziTðjÞ
k ðzÞTlðzÞffiffiffiffiffiffiffiffiffiffiffi
1−z2

p exp

�
−

ξ

1þz

�
; ð39Þ

where TðjÞ
k ðzÞ stands for the jth derivatives of TkðzÞ with

respect to z. This integral is finite for ξ ≥ 0, which is
guaranteed in our case since ξ ¼ 2μrþ > 0. The conver-
gence of Iði; j; k; l; j; ξÞ is a key reason for retaining the
exponential factor on the derivative side of the differential
operator throughout the construction. The spectral projec-
tion for dCS gravity proceeds in an entirely analogous
manner. The only modification is that all even Legendre
polynomials are replaced by odd ones, reflecting the odd
parity of the source term Q ¼ P under the parity
transformation.
By the orthogonality of the Chebyshev and Legendre

polynomials, the Klein-Gordon equation is satisfied if

XN
n¼0

XN
l¼0

Dn0l0;nlφn;l ¼ qn0;l0 : ð40Þ

This constitutes an inhomogeneous system of ðN þ 1Þ2
linear algebraic equations for the spectral coefficients φnl.
For compactness, we introduce the ðN þ 1Þ2 × ðN þ 1Þ2
matrix D, whose elements are Dn0l0;nl, together with the
vectors,

v ¼ ðvi0;0; vi1;0;…; viN;0;…; viN;1;…; viN;NÞT;
q ¼ ðqi0;0; qi1;0;…; qiN;0;…; qiN;1;…; qiN;NÞT ð41Þ

With these definitions, the system can be written com-
pactly as

Dv ¼ q: ð42Þ

However, these equations alone are not sufficient to
uniquely determine a physical solution for ϑ. Recall that the
scalar field must vanish at spatial infinity, ϑ → 0 as r → ∞,
which corresponds to the condition ϑðz ¼ −1Þ ¼ 0 in the
compactified coordinate. This requirement imposes the
following boundary condition at z ¼ −1:

XN
n¼0

ð−1Þnφnl ¼ 0; ð43Þ

for all l. These constraints introduce an additional N þ 1
linear equations into the algebraic system. To incorporate
these boundary conditions, we augment the square matrix
D into a rectangular matrix D̃ of dimension ½ðN þ 2ÞðN þ
1Þ� × ðN þ 1Þ2 and extend the vector q by appending the
corresponding number of zero entries, yielding the aug-
mented vector q̃. The resulting system can be written as

D̃v ¼ q̃: ð44Þ

This system can readily be solved as

v ¼ ðD̃TD̃Þ−1D̃Tq̃; ð45Þ

which is equivalent to solving Eq. (44) as a least-square
fitting problem. In the subsequent section, we verify
numerically that the solution obtained from Eq. (45)
satisfies the augmented system (44) to the desired accuracy.

B. Numerical implementations

The integral Iði; j; k; ljξÞ cannot be evaluated analyti-
cally without specifying a branch cut, which would
introduce unnecessary ambiguities. For this reason, we
evaluate Iði; j; k; ljξÞ numerically throughout this work.
Specifically, for a given value of ξ, we compute
Iði; j; k; ljξÞ using the built-in Mathematica function
NIntegrate, with a working precision of 700 and
accuracy and precision goals set to 350. We have verified
that further increasing the working precision does not lead
to any appreciable change in the numerical values, and
therefore regard this choice as both accurate and sufficient.
The matrix elementsDn0l0;nl are then computed from the

numerical values of Iði; j; k; ljξÞ using a working precision
of 300, which is also adopted for constructing the aug-
mented matrix D̃. The inverse of D̃TD̃ is computed using
the built-in Mathematica function Inverse at the same
precision.
At a fixed spectral order N, the numerical spectral

solution generally contains terms that do not vanish in
the limit r → ∞. We refer to these contributions as bare
terms, defined by

φBðNÞ ¼ lim
r→þ∞

φðNÞ
¼ a polynomial of χ but not r−1: ð46Þ

These terms are unphysical: aside from the exponentially
suppressed factor e−μr, the subleading asymptotic behavior
of the scalar field at spatial infinity scales as r−1, as derived
in Sec. II B. We further observe that the coefficients of the
bare terms decrease by approximately a factor of 4–10 with
each increase in spectral order. Accordingly, at each
spectral order we remove these spurious contributions by
subtracting the bare terms,

φðNÞ − φBðNÞ → φðNÞ; ð47Þ

thereby enforcing the correct asymptotic behavior of the
scalar field.

C. Numerical results

In this subsection, we present the numerical results of our
spectral construction of massive scalar fields around
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rotating black holes with various spin parameters. We begin
by showing our convergence and accuracy diagnostics using
the representative case a ¼ 0.1. Although this corresponds
to a relatively small spin, the features observed across the full
range of spins considered in this work already emerge. We
then provide a summary of the accuracy of the scalar-field
solutions for all spins investigated. After that, we will show
the cross section of the scalar fields.

1. Backward modulus difference

To assess the convergence of the scalar field ϑ with
increasing spectral order N, we define the backward
modulus difference (BMD) as

BϑðNÞ ¼
�Z

∞

rþ

Z þ1

−1
½φðNÞ − φðN − 1Þ�2drdχ

�
1=2

: ð48Þ

The exponential factor e−μr is deliberately excluded from
this definition, since it deforms φðNÞ and φðN − 1Þ in the
same manner and therefore does not affect their relative
difference. Moreover, because e−μr decays faster than any
inverse power of r as r → ∞, omitting this factor allows the
BMD to expose potential divergences that might otherwise
be artificially suppressed. An additional advantage of this
definition is that Bϑ can be evaluated analytically term by
term, as φ is expressed as a power series in r−1 and χ, with
coefficients obtained numerically from Eq. (45).
Figure 1 shows the BMD of φ for scalar-field masses

μ ¼ 0.01 (dark-blue circles), 0.1 (dark-red squares), and
0.2 (dark-green diamonds) around a rotating black hole
with dimensionless spin a ¼ 0.1 in dCS (left panel) and
sGB gravity (right panel), as a function of spectral order N.
Several features observed in Fig. 1 also emerge from the
results at other spin values. For both gravity theories, Bϑ

initially decreases approximately exponentially with N up
to a characteristic spectral order, beyond which it continues
to decrease at a different exponential rate (for μ < 0.1). We
denote this transition point as the twist spectral order,
NðtwistÞ, and find that NðtwistÞ decreases as the scalar-field
mass μ increases. For μ ≥ 0.1, Bϑ also reaches a minimum
at a spectral order NðminÞ, and increases again. As with
NðtwistÞ, the value ofNðminÞ also shifts to lower spectral order
as μ increases.
The emergence of the characteristic spectral orders

NðtwistÞ and NðminÞ can be understood as a consequence
of the radial variation introduced by the exponentially
decaying factor e−μr. The mass of the scalar field introduces
a characteristic length scale ƛ, which is asymptotically
proportional to the Compton wavelength of the field,
ƛ ∼Oðμ−1Þ. This scale effectively partitions the black hole
spacetime into two regions with qualitatively different
behavior. The first region corresponds to r∈ ðrþ; ƛ�, while
the second corresponds to r∈ ½ƛ;∞Þ.
In terms of the compactified radial coordinate z, these

two regions map to z∈ ½z̄; 1Þ and z∈ ð−1; z̄�, respectively,
where

z̄ ¼ 2rþ
λ

− 1 ∼Oðμrþ − 1Þ: ð49Þ

Within the inner region z∈ ½z̄; 1Þ [equivalently, r∈ ðrþ; ƛ�],
the scalar field is dominated by the nonminimal coupling.
In this regime, the exponential factor varies slowly, with
e−μr ¼ 1þOðμÞ, and the scalar field remains relatively
smooth. This smoothness explains the faster exponential
convergence observed for spectral orders below NðtwistÞ.
By contrast, in the outer region z∈ ð−1; z̄� [i.e.,

r∈ ½ƛ;∞Þ], the scalar field is dominated by the screening

FIG. 1. The backward-modulus difference [see Eq. (48) in the main text for definition] of the massive scalar field of mass μ ¼ 0.01
(dark-blue circles), 0.1 (dark-red squares) and 0.2 (dark-green diamonds) around a rotating black hole of dimensionless spin a ¼ 0.1 in
dynamical Chern-Simons (dCS, left panel) and scalar Gauss-Bonnet (sGB, right panel) gravity as a function of the spectral order N.
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of its own mass, as the exponential suppression e−μr

overwhelms all inverse power-law tails. In the compactified
coordinate, the quantity 1þ z̄ ∼ μrþ can be interpreted as
the effective “distance” between the length scale ƛ and
spatial infinity in z-space. As the spectral orderN increases,
the characteristic resolution scale of the Chebyshev poly-
nomials decreases. Once this scale becomes smaller than
1þ z̄, the spectral basis begins to resolve regions with
sharply different characteristics simultaneously. At this
point, increasing N no longer improves the global approxi-
mation uniformly, and the BMD reaches a minimum
at NðminÞ.
Since the characteristic resolution scale of Chebyshev

polynomials scales approximately as N−1, one can estimate
NðminÞ by equating this scale with 1þ z̄, yielding

NðminÞ ∼O
�

1

μrþ

�
: ð50Þ

This scaling is consistent with the numerical results shown
in Fig. 2. For example, focusing on the dCS case, we find
NðtwistÞ ∼ 27 for μ ¼ 0.1 and NðtwistÞ ∼ 14 for μ ¼ 0.2, in
agreement with the inverse-μ scaling predicted by the
above estimate.
Finally, we note that the spectral method is applied to the

rescaled field φ, from which the exponential factor e−μr has
been factored out, and which is therefore smoother than ϑ
itself. Nevertheless, as seen explicitly in Eqs. (30), (32), and
(34), the exponential factor remains attached to the differ-
ential operator. As a result, the presence of e−μr continues
to influence the numerical construction of ϑ, ultimately
limiting the achievable spectral convergence at large μ.

2. Absolute error

To quantify how well the scalar field ϑ constructed using
the spectral scheme satisfies the Klein-Gordon equation,
Eϑ ¼ 0, we define the following absolute error, based on
the definition in Refs. [31,32]:

Eϑ ∝
�Z

∞

rþ

Z þ1

−1
E2
ϑ½−gð0Þ�6

dr
r26

dχ

�1
2

: ð51Þ

If ϑ were an exact solution of the Klein-Gordon equation,
then Eϑ would vanish identically. Since the numerical
solution obtained via the spectral method is approximate,
Eϑ is nonzero, and its magnitude provides a measure of the
extent to which ϑ satisfies Eϑ ¼ 0 throughout spacetime.
In Eq. (51), the factor ð−gð0ÞÞ6=r26 serves as a regulari-

zation weight that ensures the convergence of the integral.
Before motivating this specific choice, we first justify the
legitimacy of introducing such a factor. There is no unique
or unambiguous way to define a residual norm of an
equation, as multiplying a differential equation by any
nonvanishing function yields an equivalent equation.

Thus, it is the relative variation of Eϑ with spectral order,
rather than its absolute value, that carries physical and
numerical significance. By this token, we fix the overall
proportionality constant such that EϑðN ¼ 1Þ ¼ 1 for dif-
ferent μ. We have also explored alternative definitions of the
residual norm, and find that all reasonable choices exhibit
qualitatively similar convergence behavior as a function of
spectral order. Our conclusions are therefore insensitive to
the particular normalization adopted in Eq. (51).
A key advantage of introducing the regularization factor

is that the integrand in Eq. (51) can be expanded as a series
of the following form:

½−gð0Þ�6
r26

E2
ϑ ¼

X
j¼2

X
k¼0

X2
q¼0

δj;k;q
expð−qμrÞ

rj
χk; ð52Þ

where the coefficients δj;k;q are constants that can be
computed algebraically from the spectral coefficients
vnl. Each term in this expansion can be integrated
analytically using the identity,

Z þ∞

rþ
dr

expð−qμrÞ
rj

¼ 1

rj−1þ
EijðqμrþÞ; ð53Þ

where Eij is the exponential integral, defined as

EijðzÞ ¼
Z þ∞

1

dx
e−zx

xj
: ð54Þ

This analytic treatment eliminates the numerical errors that
would otherwise arise from direct numerical integration of
the residual norm.
Figure 2 shows the error Eϑ as a function of spectral

order N for a rotating black hole with a ¼ 0.1, for scalar-
field masses μ ¼ 0.01 (blue circles), 0.1 (red squares) and
0.2 (green diamonds) in dCS (left panel) and sGB gravity
(right panel). We find that Eϑ exhibits convergence behav-
ior qualitatively similar to that of the backward modulus
difference Bϑ. In particular, Eϑ initially decreases expo-
nentially with spectral order up to a characteristic value of
N, beyond which it continues to decrease exponentially but
at a different rate. As μ increases, Eϑ also reaches a
minimum at a finite spectral order. Importantly, the spectral
orders at which Eϑ and Bϑ change their convergence rates
and attain their minima at similar spectral orders, as
expected for consistent measures of error.
To minimize the propagation of numerical error in

subsequent calculations involving the scalar field, we select
the solution that best satisfies Eϑ ¼ 0. For a given scalar-
field mass μ and dimensionless a, this is achieved by
choosing the spectral order at which the error Eϑ attains its
minimum. We denote this optimal spectral order by Nopt,
defined as
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Nopt ¼ arg min
N

Eϑ; ð55Þ

and refer to the corresponding value EϑðNoptÞ as the least
error. The scalar field ϑðNoptÞ is then adopted for all
downstream calculations in order to minimize errors.

3. Results for a ≤ 0.8

Figure 3 shows the least error, EϑðNoptÞ, as a function of
the dimensionless spin a for μ ¼ 0.01, 0.1, and 0.2 in dCS

(left panel) and sGB (right panel) gravity. We find that the
least error exhibits no significant dependence on the spin
parameter a, but increases noticeably as the scalar-field
mass is raised from μ ¼ 0.1 to μ ¼ 0.2. This behavior is
consistent with the discussion above regarding the intrinsic
limitation on achieving Eϑ ¼ 0, which arises from the
presence of the exponentially decaying factor e−μr in the
differential operator governing the equation for ϑ. As μ
increases, the influence of the e−μr term becomes more
pronounced, introducing sharper radial features in ϑ that

FIG. 2. The error [see Eq. (51) in the main text for definition] of the massive scalar field of mass μ ¼ 0.01 (circles in dark blue), 0.1
(squares in dark red) and 0.2 (diamonds in dark green) around a rotating black hole of dimensionless spin a ¼ 0.1 in dCS (left panel) and
sGB (right panel) gravity as a function of the spectral order N. As there is no a universally unambiguous definition of the residual of an
equation, we have normalized the residual at N ¼ 1 to be unity for different μ. We observe that, for all μ and both gravity theories, the
error first exponentially decrease at a rate as N increases to a spectral order, and then continues to decrease exponentially, but with a
smaller rate. For μ ¼ 0.1 and 0.2, the error could even reach a minimum for N ≤ 30. These patterns are related to the radial variation of
the scalar field introduced by the exponential factor e−μr.

FIG. 3. The least error [see the text around Eq. (55) for definition] of the massive scalar field of mass μ ¼ 0.01 (circles in dark blue),
0.1 (squares in dark red) and 0.2 (diamonds in dark green) around a rotating black hole in dCS (left panel) and sGB (right panel) gravity
as a function of the dimensionless spin aWe observe that, relatively, the least error show less variations over a, but increase significantly
as μ increases. This change can be explained from the rapid changes introduced to the scalar field profile by the exponential factor e−μr

as μ increases.
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FIG. 4. Meridional cross sections of the massive scalar field around a rotating black hole with dimensionless spin a ¼ 0.8 in dCS (left
panels) and sGB (right panels) gravity. The top, middle, and bottom panels correspond to scalar-field masses μ ¼ 0.01, μ ¼ 0.1, and
μ ¼ 0.2, respectively. All solutions are computed at their respective optimal spectral resolutions. In dCS gravity, the scalar field exhibits
a dipolar structure and is antisymmetric about the equatorial plane (χ ¼ 0, or θ ¼ π=2), which acts as a nodal plane where the field
vanishes at all radii. In contrast, the scalar field in sGB gravity displays a quadrupolar structure and is symmetric about the equator. In
both theories, the radial profile decays exponentially with increasing radius due to the factor e−μr. The overall multipolar structure of the
scalar field is not significantly altered by the presence of a finite mass, consistent with previous massless results [32].
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are more difficult to resolve spectrally, thereby reducing the
overall accuracy of the spectral method at μ ¼ 0.2.
Figure 4 shows meridional cross section plots of the

massive scalar field around a rotating black hole with
dimensionless spin a ¼ 0.8 in dCS (left panels) and sGB
(right panels) gravity. The top, middle, and bottom panels
correspond to scalar-field masses μ ¼ 0.01, μ ¼ 0.1, and
μ ¼ 0.2, respectively. All scalar fields are computed using
their respective optimal spectral resolutions. We present
results at this spin value to clearly illustrate the multipolar
structure of the massive scalar fields. In dCS gravity, the
scalar field exhibits a dominant dipolar structure, whereas
in sGB gravity it displays a clear quadrupolar structure. In
particular, for dCS gravity the equator (χ ¼ 0, or equiv-
alently θ ¼ π=2) is a nodal plane, where the scalar field
vanishes at all radii. The scalar field is also antisymmetric
about this plane, reflecting the antisymmetry of the
Pontryagin density P. By contrast, no such nodal plane
exists in sGB gravity, and the scalar field is symmetric
about the equator, consistent with the fact that the Gauss-
Bonnet invariant G is symmetric under the transformation
χ → −χ. In both theories, the scalar field decays more
rapidly with increasing radius as the field mass increases,
due to the exponentially decaying factor e−μr. However,
the decay is not readily apparent, and the scalar-field
profiles shown exhibit only a weak dependence on μ.
This behavior can be understood from the fact that,
within the near-hole region (i.e., for r≲ μ−1), the scalar
field is primarily sourced by the curvature invariant and
therefore closely resembles the corresponding massless
solution. Increasing μ mainly affects the large-radius
behavior by introducing stronger exponential (Yukawa)
suppression. Finally, from Fig. 4, and in comparison with
the massless results reported in Ref. [32], we conclude
that the overall geometry of the scalar field, namely, the
relative composition of its multipolar structure, is not
significantly modified by the presence of a finite scalar-
field mass.

IV. CONSTRUCTING THE MODIFICATIONS TO
THE BACKGROUND SPACETIME

In this section, we develop spectral methods to solve the
modified Einstein equations for the modifications to black
hole spacetimes due to the presence of massive scalar
charges. We begin by outlining the analytical framework
underlying our spectral approach to solving the modified
Einstein equation. We then describe the details of the
numerical implementation. Finally, we present and ana-
lyze the numerical results concerning the spacetime
modifications.

A. Spectral methods

We now solve the modified field equations Eβ
ν ¼ 0.

Schematically, these equations can be expressed as [32]

X4
i¼1

ðD iÞβνHi ¼ −½A β
ν�ð0Þ þ ½T̄β

ν�ð0Þ; ð56Þ

where ðD iÞβν is a linear differential operator. This system
consists of coupled two-dimensional partial differential
equations in the variables r and χ. By construction, the
metric ansatz in Eq. (25) already satisfies the ðμ; νÞ ¼ ðt; rÞ,
ðt; χÞ, ðr;ϕÞ, and ðχ;ϕÞ components of the modified field
equations. We therefore solve the remaining six compo-
nents simultaneously using spectral methods.
Before extracting a common denominator and factoriz-

ing the equations, we first change the radial coordinate
from r to the compactified coordinate z. SinceA β

ν and T̄β
ν

depend linearly and quadratically on the scalar field ϑ and
its derivatives, respectively, their dependence in the z
coordinate (at fixed χ) takes the form,

A β
ν ∝ e−

2μrþ
1þz ;

T̄β
ν ∝ e−

4μrþ
1þz : ð57Þ

By construction, the rescaled field φ is expressed as a
polynomial in z and χ. As a result, the quantities Rβ

ν,

e
2μrþ
1þz A β

ν, and e
4μrþ
1þz T̄β

ν contain only rational functions of z
and χ. Thus, we extract the least common denominator
shared by these three expressions and multiply it through
both sides of the equations. Through this procedure, the
modified field equations can be cast into the form,

X4
i¼1

X
δ;σ

X2
α;β¼0

Gj
i;δ;σ;α;βz

δχσ∂αz∂
β
χHiðz; χÞ

¼ e−
2μrþ
1þz

X
δ;σ

Aj
δ;σz

δχσ þ e−
4μrþ
1þz

X
δ;σ

T j
δ;σz

δχσ; ð58Þ

where the index j ¼ 1;…; 6 labels the independent com-
ponents of the field equations. The coefficients Gj

i;δ;σ;α;β

depend only on the background parametersM and a, while
Aj

δ;σ and T j
δ;σ depend on the scalar-field spectral coeffi-

cients cnl, as well as on M, a, and μ. Here Aj
δ;σ originate

from A β
ν, whereas T j

δ;σ arise from T̄β
ν. A key feature of

our spectral formulation is that the exponential factors

e−
2μrþ
1þz and e−

4μrþ
1þz are retained in the source terms of the

differential equations. This procedure plays an essential
role in achieving stable and accurate numerical solutions.
We now perform a spectral expansion of the metric

modifications Hi. As in the case of the scalar field φ, an
exact spectral representation of Hiðz; χÞ would formally
require an infinite number of basis functions. In practice,
however, and following the same truncation strategy
adopted for φ, we approximate Hi using a finite set of
N þ 1 spectral bases in both the z and χ directions,
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Hiðz; χÞ ¼
XN
n¼0

XN
l¼0

vinlTnðzÞPlðχÞ: ð59Þ

We note that, unlike in Refs. [31,32], where only even
Legendre polynomials were involved in the expansion of
Hi, we retain both even and odd Legendre polynomials,
despite the fact that the functions Hiðz; χÞ themselves are
even in χ. This procedure is necessitated by the inclusion of
the ðβ; νÞ ¼ ðr; χÞ component of the modified field equa-
tions, which is odd under χ → −χ. A consistent spectral
representation of this equation therefore requires the
inclusion of odd Legendre polynomials. Substituting
the spectral expansion (59) into Eq. (58), projecting the
resulting equations onto the product basis TnðzÞPlðχÞ, and
following the procedure described in Ref. [32], we obtain a
coupled system of linear algebraic equations for the
coefficients vinl.,

XN z

n¼0

XN χ

evenl

X4
i¼1

½Djn0l0;inl�vinl ¼ sjn0l0 : ð60Þ

Here, Djn0l0;inl is defined by Eq. (46) in [32], and sjn0l0 can
be evaluated in terms of Iði; j; k; ljζÞ defined by Eq. (39),

sjn0l0 ¼
X
δ;σ

½Aj
δ;σIðδ; 0; 0; n0j2μrþÞ

þ T j
δ;σIðδ; 0; 0; n0j4μrþÞ�

×
Z þ1

−1
dχχσP2lðχÞ; ð61Þ

where Iðδ; 0; 0; n0j2μrþÞ and Iðδ; 0; 0; n0j4μrþÞ are defined
by Eq. (39). This system of the algebraic equations can be
compactly denoted as

Dv ¼ s; ð62Þ

where

v ¼ ðvi0;0; vi1;0;…; viN;0;…; viN;1;…; viN;NÞT;
s ¼ ðsi0;0; si1;0;…; siN;0;…; siN;1;…; siN;NÞT; ð63Þ

and D is a ½4ðN þ 1Þ�2 × ½4ðN þ 1Þ�2 matrix, and v and s
are both a ½4ðN þ 1Þ�2 vector.
As in the scalar-field case, Eq. (62) alone is insufficient

to uniquely determine the physical metric modifications.
The system must be supplemented by appropriate boundary
conditions, Eq. (64), which in the compactified z coor-
dinate take the form [31,32],

XN
n¼0

ð−1Þnv1nl ¼ 0;

XN
n¼0

ð−1Þnv2nl ¼ rþ
XN
n¼0

ð−1Þnþ1n2v3nl;

XN
n¼0

ð−1Þnv3nl ¼ −2rþ
XN
n¼0

ð−1Þnþ1n2v3nl;

XN
n¼0

ð−1Þnv4nl ¼ −2rþ
XN
n¼0

ð−1Þnþ1n2v3nl: ð64Þ

These add 4ðN þ 1Þ linear algebraic equations to Eq. (62).
Unlike the approach adopted in Ref. [32], where the

boundary conditions are first used to eliminate a subset of
the spectral coefficients before solving the reduced system,
we instead incorporate these constraints directly into the
linear system. Specifically, we augment the coefficient
matrix D to form an enlarged matrix D̃ and extend the
source vector s to s̃ by appending zeros at the correspond-
ing entries to enforce the boundary conditions. The result-
ing augmented system can be written compactly as

D̃v ¼ s̃: ð65Þ

We then solve this overdetermined system by

v ¼ ðD̃TD̃Þ−1D̃Ts̃: ð66Þ

By substituting the elements of v back to the spectral
expansion ofHiðz; χÞ and changing the variable from z to r,
we can construct the spacetime of rotating black holes
surrounded by massive scalar charges, and Hiðr; χÞ in axi-
dilaton gravity could be obtained by summing these
functions in dCS and sGB gravity.
We conclude this subsection with a brief remark on the

structure of s̃. From Eq. (61), we see that each component
of s̃ comprises two contributions, both expressed in terms
of the integral function I defined in Eq. (39). As a result, s̃
encodes information obtained by convolving the source
terms of the modified Einstein equations over the entire
exterior region of the black hole spacetime, from the
event horizon to spatial infinity. In this sense, the appear-
ance of the integral function I in s̃ plays a role analogous to
that of the integrals encountered in solving the Tolman-
Oppenheimer-Volkoff equation for stellar spacetimes [59].

B. Numerical implementations

The numerical implementations for computing Hiðr; χÞ
are largely similar to those for constructing the scalar fields.
The integral function I is computed using the built-in
Mathematica function NIntegrate, with a working
precision of 700 and accuracy and precision goals of
350. The inverse of D̃TD̃ is computed using the built-in
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Mathematica function Inverse, with a working precision
of 300.
Recall that H1ðr; χÞ is required to satisfy a vanishing

boundary condition at spatial infinity. In practice, however,
due to numerical truncation errors, the spectral solution for
H1ðr; χÞ does not generally vanish in the limit r → ∞. As
in the scalar-field case, we identify and remove the bare
terms of H1ðr; χÞ, defined as

H1;BðNÞ ¼ lim
r→∞

H1ðNÞ; ð67Þ

which depend only on χ and contain no inverse powers of r.
To enforce the correct asymptotic behavior, we subtract
these bare terms from the solution at each spectral order,

H1ðNÞ −H1;BðNÞ → H1ðNÞ; ð68Þ

thereby restoring the required boundary condition at spatial
infinity.

C. Numerical results

1. Backward modulus difference

To gauge the convergence of the metric modifications,
we define the backward modulus difference BðNÞ that the
changes of Hiðr; χÞ computed at a given spectral N from
that computed at the previous spectral order N − 1 as
follows:

BðNÞ ¼
�Z þ∞

rþ

Z þ1

−1

X4
i¼1

½HiðNÞ −HiðN − 1Þ�2 dr
r2

dχ

�1
2

:

ð69Þ

We include a factor of r−2 as it is the simplest regularization
factor such that BðNÞ is finite and well defined, as Hi can
approach to a constant as r → þ∞.
Figure 5 shows BðNÞ as a function of the spectral order

N for the Hiðr; χÞ of rotating black holes of dimensionless
spin a ¼ 0.1 surrounded by a massive scalar field of
μ ¼ 0.01, 0.1 and 0.2 in dCS (right panel) and sGB gravity
(left). Note that we only show the results of spectral order
up to 20 because we observe nonphysical oscillations
across the χ-ordinate near the north and south poles for
N ≥ 20, a sign of over-resolution. From Fig. 5, we
observed that BðNÞ decays approximately exponentially,
a tendency that is similarly exhibited by BϑðNÞ.
Nonetheless, BðNÞ shows significantly more fluctuation
from the exponential decay tendency than BϑðNÞ. This is
reasonable because the linear algebraic equations concern-
ing Hiðr; χÞ involves significantly more unknowns than
that concerning φ.

2. Absolute error

To quantify how well the metric modifications Hi and
the scalar field ϑ̄ satisfy the modified Einstein equations,
we define the following error:

E ∝
�Z

∞

rþ

Z þ1

−1
Eβ

ν Eν
β Δ

4

r32
ð1 − χ2Þ2ð−gð0ÞÞ6drdχ

�
1=2

:

ð70Þ

The factor Δ4ð1 − χ2Þ2ð−gð0ÞÞ6=r32 is the simplest regu-
larization weight we have identified that renders the
integral finite and well defined. As in the definition of
Eϑ, the introduction of such a regularization factor is
legitimate, since there is no unique or unambiguous way

FIG. 5. The backward-modulus difference [see Eq. (69) in the main text for definition] of the metric modifications due to the presence
of a scalar field of mass μ ¼ 0.01 (dark-blue circles), 0.1 (dark-red squares) and 0.2 (dark-green diamonds) around a rotating black hole
of dimensionless spin a ¼ 0.1 in dCS (left panel) and sGB (right panel) gravity as a function of the spectral order N.
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to define a residual norm for a system of differential
equations. Multiplying the equations by any nonvanishing
function yields an equivalent system. Accordingly, only
the relative variation of E across spectral orders carries
numerical significance. We therefore fix the overall pro-
portionality constant by normalizing the residual such that
EðN ¼ 1Þ ¼ 1. Also as in the scalar-field case, the inclu-
sion of this regularization factor further allows us to express
the integrand in Eq. (70) in the following form:

Eβ
νEν

β Δ
4

r32
ð1 − χ2Þ2ð−gð0ÞÞ6

¼
X
j¼2

X
k¼0

X4
q¼0

ηj;k;q
expð−qμrÞ

rj
χk: ð71Þ

Here ηj;k;q are constant coefficients that can be computed
algebraically from the coefficient vector v. Using Eq. (53),
the error E can therefore be evaluated analytically, up to the
coefficients ηj;k;q numerically determined from vinl.
Figure 6 shows the error E associated with the metric

modifications around a rotating black hole with a ¼ 0.1,
sourced by a massive scalar field with μ ¼ 0.01 (blue
circles), 0.1 (red squares), and 0.2 (green diamonds), in
dCS (left panel) and sGB gravity (right panel), as a function
of the spectral order N. We observe that, similarly to the
scalar-field residual Eϑ, E initially decreases approximately
exponentially with increasing N up to a characteristic
spectral order, beyond which it continues to decrease but
at a different rate. However, the spectral order at which
this change in convergence rate occurs for E is approx-
imately half of that observed for Eϑ. This behavior can be

understood from the quadratic dependence of the stress–
energy tensor T̃β

ν, part of the source terms in the modified
Einstein equations, on the scalar field. Since ϑ ∼ e−μr, it
follows that T̃β

ν ∼ e−2μr, which introduces radial variations
that are effectively twice as “stiff” as those of the scalar
field itself. As a consequence, the metric modifications
reach the over-resolution regime at a spectral order that is
approximately a factor of 2 smaller than that required for
the scalar field.
As in the case of the scalar fields, to minimize the error

that would propagate to subsequent computations, we
select Hiðr; χÞ that minimize E by reading the optimal
spectral order as follows:

Nopt ¼ arg min
N

E: ð72Þ

Figure 7 shows the least error, EðNoptÞ, as a function of
the dimensionless spin a for μ ¼ 0.01, 0.1, and 0.2 in dCS
(left panel) and sGB (right panel) gravity. Hiðr; χÞ in axi-
dilaton gravity could be obtained by summing the mod-
ifications in dCS and sGB gravity. In contrast to the
behavior of EϑðNoptÞ, we find that EðNoptÞ increases
systematically with spin, reaching values of order ∼10−3
at a ¼ 0.8, while remaining at a constant approximately as
μ varies from 0.01 to 0.2. This trend is expected, as the
structure of rotating black-hole spacetimes becomes
increasingly complicated at higher spin, a behavior also
observed in Ref. [32]. For this reason, we restrict our
analysis to spins a ≤ 0.8, beyond which the present spectral
implementation does not achieve sufficient accuracy for
constructing black hole spacetimes with massive scalar
charges.

FIG. 6. The error E [defined in Eq. (70)] of the spacetime modifications [see Eq. (59)] for a rotating black hole with dimensionless spin
a ¼ 0.1, sourced by a massive scalar field with μ ¼ 0.01 (dark-blue circles), μ ¼ 0.1 (dark-red squares), and μ ¼ 0.2 (dark-green
diamonds), in dCS gravity (left panel) and sGB gravity (right panel), as a function of the spectral order N. Because there is no unique or
unambiguous definition of a residual norm, the error is normalized such that EðN ¼ 1Þ ¼ 1.
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Figsures 8 and 9 show the meridional cross sections of
the metric modifications for a rotating black hole with
dimensionless spin a ¼ 0.8, surrounded by a massive
scalar field with μ ¼ 0.01 (top), 0.1 (middle), and 0.2
(bottom), in dCS (left panels) and sGB (right panels)
gravity. For clarity and brevity, we show only H1

(Fig. 8) and H2 (Fig. 9), which correspond to corrections
to the tt and tϕ components of the metric, respectively. The
metric corrections of are computed using the corresponding
optimal spectral order [selected according to Eq. (72)] at
the given a and μ. These components are related to the lapse
function and shift vector experienced by stationary observ-
ers at fixed spatial locations. From Figs. 8 and 9, we first
observe thatH1 andH2 are even in χ, as expected. Next, we
observed that, as in the case of scalar field (cf. Fig. 4), the
scalar-field mass does not significantly alter the geometric
structure of the metric corrections. Instead, increasing the
scalar-field mass primarily reduces the overall magnitude
of the spacetime deformations. This behavior can be
explained by the more rapid spatial decay of heavier scalar
fields, which results in a smaller effective scalar-field
energy density available to source the metric modifications.

V. PHYSICAL PROPERTIES OF THE SPACETIME

In this section, we compute the leading-order-in-ζ
corrections to the horizon angular velocity and the surface
gravity of rotating black holes surrounded by a massive
scalar field. These corrections are defined as the difference
between the modified quantities and their general-
relativistic values. As in the case of Hiðr; χÞ, the
leading-order modifications to these quantities in axi-
dilaton gravity is just the sum of the modification in
dCS and sGB gravity. Thus, we shall just focusing on

computing the modifications in these two gravity theories.
Both quantities are essential ingredients for the compu-
tation of black-hole quasinormal-mode frequencies
[52,53,60], which might lead to search for massive scalar
charges via gravitational-wave detections.

A. Horizon angular velocity

We first compute the angular velocity, ΩH, of the event
horizon of rotating black holes surrounded by a massive
scalar charges in dCS and sGB gravity Formally, the
horizon angular velocity is given by

ΩH ¼ gtϕ
gϕϕ

����
r¼rþ

: ð73Þ

The leading-order modification to the horizon angular

velocity, Ωð1Þ
H , could then be computed from Hiðr; χÞ via

the following expression [21,32]:

Ωð1Þ
H ¼ a

2Mrþ
ðH2 −H4Þjr¼rþ : ð74Þ

Figure 10 showsΩð1Þ
H for rotating black holes surrounded

by a scalar field of μ ¼ 0.01 (blue circles), 0.1 (red squares)
and 0.2 (green diamonds) subjected to dCS (left panel) and
sGB (right panel) as a function of a. To minimize the error,

Ωð1Þ
H is computed using Hiðr; χÞ at the optimal spectral

order at the corresponding a and μ, as selected according to
Eq. (72). We observe that the presence of the massive scalar
field tends to decrease the horizon angular velocity of black
holes in dCS gravity for dimensionless spin of a ≤ 0.8;

while first increase Ωð1Þ
H for black holes in sGB gravity of

FIG. 7. The least residual of the modified Einstein equations [see Eq. (51) for the definition] for a rotating black hole surrounded by a
massive scalar field of mass μ ¼ 0.01 (dark-blue circles), μ ¼ 0.1 (dark-red squares), and μ ¼ 0.2 (dark-green diamonds), shown as a
function of the dimensionless spin a. The left panel corresponds to dCS gravity, and the right to sGB gravity. Since there is no unique,
unambiguous definition of an equation residual, the error is normalized such that its value at spectral orderN ¼ 1 is unity for all a and μ.
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FIG. 8. Meridional cross sections of H1 of a rotating black hole with dimensionless spin a ¼ 0.8 in dCS (left panels) and sGB (right
panels) gravity. The top, middle, and bottom panels correspond to scalar-field masses μ ¼ 0.01, μ ¼ 0.1, and μ ¼ 0.2, respectively. All
solutions are computed at their respective optimal spectral resolutions. By comparing with the results in [32], the overall multipolar
structure of H1 is not significantly altered by the mass of the scalar fields.
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FIG. 9. Identical to Fig. 8, except that H2 is shown.
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dimensionless spin of a≲ 0.7, and then decrease Ωð1Þ
H from

that dimensionless spin onward. Both tendencies are
consistent with that in the case of the massless scalar field
in the corresponding gravity theory (see [32]).
Following Ref. [32], we compute the L2 norm of the χ

derivative of Ωð1Þ
H as a consistency check of both our

numerical evaluation of Ωð1Þ
H and the validity of the adopted

metric ansatz,





 dΩ
ð1Þ
H

dχ






2

¼
�Z þ1

−1

�
dΩð1Þ

H

dχ

�2

dχ

�1=2
: ð75Þ

According to black hole mechanics [61,62], the angular
velocity of the Killing horizon of a stationary and axisym-
metric black hole must be constant over the entire horizon,
which is a sphere in Boyer-Lindquist coordinates. Therefore,

an exact solutionwould satisfykdΩð1Þ
H =dχk2 ¼ 0. Hence, the

magnitude of thisL2 norm provides a measure of the error in
our leading-order spacetime modification, as well as a
diagnostic of any inconsistency between the computed
solution and the assumption that the horizon remains a

Killing horizon. Figure 11 shows kdΩð1Þ
H =dχk2 for black

holes surrounded by massive scalar fields with μ ¼ 0.01
(blue circles), 0.1 (red squares), and 0.2 (green diamons) in
dCS (left panel) and sGB (right panel) gravity. For both
gravity theories and all scalar masses considered, we find

that kdΩð1Þ
H =dχk2 increases monotonically with the dimen-

sionless spin a. This behavior is consistent with the
results reported in Ref. [32] and reflects the increasing
complexity of rotating black-hole spacetimes at higher spin.
Importantly, even in the least accurate cases, we find

kdΩð1Þ
H =dχk2 ≲ 10−2, corresponding to at most a ∼10%

variation relative to Ωð1Þ
H . This demonstrates that the

spacetime modifications constructed using our spectral
methods remain accurate up to a ¼ 0.8.

B. Surface gravity

Next, we compute the changes to the surface gravity, κ,
of black holes surrounded by massive scalar charges. Given
a black hole that has a Killing horizon, κ can be computed
through constructing a timelike Killing vector, and then
consider the inner product of the derivatives of the Killing
vector. The analytical expression for computing κ through
this way is available as, for example, Eq. (67) of [32]
or [61], and we shall not reproduce here. Naturally, κ is
nonlinear in ζ and Hiðr; χÞ, but the leading-order modifi-
cation to the surface gravity, κð1Þ, can be computed via the
following expression [21,32]:

κð1Þ ¼ rþ −M
2Mrþ

�
H2 −

H3

2
−
H4

2
þ M2r2þ
ðrþ −MÞΣ

d
dr

ð−H1Σþ a2ð1 − χ2Þð2H2 −H4ÞÞ

þ 2ðrþ −MÞðH4 − 2H2Þ
�����

r¼rþ

: ð76Þ

Figure 12 shows the leading-order correction to the
surface gravity, κð1Þ, for rotating black holes surrounded by
massive scalar fields with μ ¼ 0.01 (blue circles), 0.1 (red
squares), and 0.2 (green diamonds), in dCS (left panel) and
sGB (right panel) gravity, as a function of the dimension-
less spin a. As in the computation of the horizon angular
velocity, κð1Þ is evaluated using the metric functions
Hiðr; χÞ at the optimal spectral order corresponding to
each pair ða; μÞ, selected according to Eq. (72) to minimize
numerical error. We find that, in both gravity theories, the
presence of a massive scalar field generally increases the

FIG. 10. The leading-order modification to the angular velocity of the event horizon, Ωð1Þ
H [see Eqs. (73) and (74) for definition], of a

rotating black hole surrounded by a scalar field of mass μ ¼ 0.01 (circles in dark blue), 0.1 (squares in dark red) and 0.2 (diamonds in
dark green) in dCS (left panel) and sGB (right panel) gravity as a function of a.
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surface gravity relative to the general-relativistic value.
In particular, in the nonrotating limit a → 0, we obtain
κð1Þ ≃ 0 for black holes in dCS gravity, whereas κð1Þ ∼ 10−1

for black holes in sGB gravity. This behavior is consistent
with the fact that, in the nonrotating (a → 0) and massless-
field (μ → 0) limits, the Schwarzschild metric remains a
solution of the modified Einstein equations in dCS.6 As the
spin increases, κð1Þ in dCS gravity grows monotonically for
all scalar masses considered. By contrast, in sGB gravity,
κð1Þ increases from a ¼ 0 up to a ≃ 0.7, beyond which it
decreases at higher spin. Both trends are consistent with

those found in the massless-scalar limit for the correspond-
ing theories [32].
The surface gravity is another quantity that should be

constant over the event horizon according to black hole
mechanics [61,62]. Equivalently, the derivative dκð1Þ=dχ
should vanish on the horizon. Motivated by this require-
ment and following Ref. [32], we compute the L2 norm of
the χ derivative of κð1Þ as a consistency check,





 dκð1Þdχ






2

¼
�Z þ1

−1

�
dκð1Þ

dχ

�
2

dχ

�
1=2

: ð77Þ

Figure 13 shows kdκð1Þ=dχk2 for black holes surrounded
by massive scalar fields with μ ¼ 0.01 (blue circles), 0.1
(red squares), and 0.2 (green diamonds), in dCS (left panel)
and sGB (right panel) gravity. As in the case of

FIG. 11. kdΩð1Þ
H =dχk2 [see Eq. (75) for definition] of a rotating black hole surrounded by a scalar field of mass μ ¼ 0.01 (circles in

dark blue), 0.1 (squares in dark red) and 0.2 (diamonds in dark green) in dCS (left panel) and sGB (right panel) gravity as a function of a.

FIG. 12. Identification to Fig. 10, except that the leading-order modification to the surface gravity is shown here.

6The Schwarzschild metric is still a solution in sGB gravity.
However, the Schwarzschild metric is a solution in sGB gravity
without endowing a scalar hair. A nonrotating black hole with a
nontrivial scalar hair in sGB gravity is different from the
Schwarzschild metric.
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kdΩð1Þ
H =dχk2, we find that kdκð1Þ=dχk2 increases mono-

tonically with the dimensionless spin a for all scalar masses
and in both gravity theories. Moreover, for fixed ða; μÞ, the
magnitudes of kdκð1Þ=dχk2 and kdΩð1Þ

H =dχk2 are compa-
rable (cf. Fig. 11). We find that the maximum value of
kdκð1Þ=dχk2 ≲ 10−1, corresponding to at most a ∼10%
variation relative to κð1Þ. This provides an additional
validation of the accuracy and internal consistency of
our numerically constructed spacetimes.

VI. CONCLUDING REMARKS

In this paper, we have developed spectral methods
capable of accurately constructing the spacetime of a
rotating black hole surrounded by massive scalar fields
subject to nonminimal couplings to spacetime curvature. In
particular, our scheme accurately resolves massive scalar
fields with masses up to μ ≤ 0.2M in dCS and sGB gravity,
achieving errors ≲10−5, and yields the corresponding
leading-order metric modifications with error ≲10−4 for
black holes with dimensionless spins up to a ¼ 0.8. Using
these self-consistent spacetime solutions, we have com-
puted a range of physical quantities that are potentially
accessible through astrophysical observations. Moreover,
since the Lagrangian density of axi-dilaton gravity is given
by the sum of the dynamical Chern-Simons and scalar
Gauss-Bonnet contributions, the corresponding scalar
fields and spacetime modifications in axi-dilaton gravity
can be obtained straightforwardly by combining the results
from the two theories. Our work therefore extends the reach
of existing spectral approaches [31,32,63] to gravitational
systems with massive degrees of freedom.
We have also investigated the impact of the scalar-field

mass on the scalar configuration, spacetime modifications,
and derived physical observables, and compared our
findings with those obtained in the massless case [31,32].

Within the parameter space explored in this study, we find
that introducing a finite scalar-field mass does not signifi-
cantly alter the geometry of the scalar field or the spacetime
modifications, but it does lead to changes in physical
observables. These differences may open new avenues for
probing massive scalar fields, well-motivated candidates
for dark matter or dark energy, through astronomical
observations. For instance, the metric modifications com-
puted here can be incorporated into waveform models for
extreme-mass-ratio inspirals, enabling future space-based
gravitational-wave detectors such as LISA [42,43,64] to
search for signatures of new fundamental fields. The results
reported in this work enhance our understanding of rotating
black hole spacetimes with matter.
The scalar fields and black hole spacetimes constructed in

this work also pave the way to direct searches for massive
scalar fields from detected gravitational-wave signals. One
possible way is to use the metric-modifications to compute
the effects to the inspiral dynamics of black holes with the
massive scalar fields via post-Newtonian and post-
Minkowskian formalisms [65]. The impacts on the inspiral
dynamics could be used to extend the search in [56] to
massive scalar fields in dynamical Chern-Simons and axi-
dilaton gravity. Another possibility is to search for massive
scalar charges from black-hole ringdown spectroscopy. To
this end, we are currently computing the quasinormal-mode
spectra of rotating black holes surrounded by massive scalar
fields usingMETRICS (Metric pErTuRbationswIth speCtral
methodS) [52,53,60,66], and wewill report these results in a
forthcoming publication.
Overall, themethods presented here represent a significant

step forward in constructing black hole spacetimes with
massive degrees of freedom. Nevertheless, the method
requires further refinement for accurately construction of
scalar fields with larger masses and the associated spacetime
modifications for black holes with higher spin. One possible
refinement is to analytically project the source termΣQ onto

FIG. 13. Identification to Fig. 11, except that kdκð1Þ=dχk2 [see Eq. (77) for definition] is shown here.
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a basis of associated Legendre polynomials, following the
approach of Refs. [67,68]. Such a projection would reduce
the partial differential equations to a coupled system of
ordinary differential equations for the radial modes φlðrÞ,
yielding a coefficient matrix with a more diagonal structure
that may be inverted with improved numerical stability.
Another possible refinement is to employ alternative spectral
bases for the radial coordinate. For example, generalized
Laguerre polynomials, whose weight function includes an
exponential factor, could be well suited to capture the
stiffness induced by the asymptotic decay e−μr. Such a basis
may provide amore efficient representation ofmassive scalar
fields, especially at larger values of μ. We leave these
explorations to future work to future work.
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