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Real-time nucleation and off-equilibrium effects
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We study real-time nucleation in perturbative high-temperature quantum field theories. Specifically, we
incorporate the evolution of thermally fluctuating plasma driven out of equilibrium by nucleation. This
plasma forms the thermal bath for the nucleating bubbles, and its off-equilibrium dynamics backreact on
the bubbles, modifying the nucleation rate. Utilizing kinetic Boltzmann descriptions for the plasma
particles, we derive that the nucleation rate in high-temperature quantum field theories is described by
Langer’s rate formula with effects arising from the off-equilibrium plasma, unaccounted for in Linde’s
thermal rate. Importantly, we establish a connection to equilibrium computations of nucleation rates,
particularly with the effective field theory approach, showing that they correctly capture the leading parts of
the logarithm of the rate. We also show that the dominant modifications to the nucleation rate from a light
bosonic quantum field arise from its corresponding long-wavelength classical modes, rather than the
associated hard particles. This work provides a foundation for further studies of off-equilibrium effects in

nucleation rates for realistic Standard Model extensions.
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I. INTRODUCTION

First-order phase transitions occurring during the cosmo-
logical evolution of our Universe give a tantalizing possibil-
ity for signals from physics beyond the Standard Model.
These transitions may have produced a stochastic gravita-
tional wave background [1-6] that could be observable with
gravitational-wave detectors [7-11]. Additionally, a first-
order electroweak phase transition could have produced the
baryon asymmetry of the Universe through baryogenesis
[12-15].

First-order phase transitions occur via the nucleation of
bubbles of a new, stable phase. Hence, the rate of nucleation
determines central properties of the transitions, such as their
durations and transition temperatures [16,17]. Both of these
quantities are needed for predicting gravitational-wave
spectra resulting from the transitions [18]. In particular,
inaccuracies in nucleation rates are one of the current
bottlenecks in accurately predicting the spectrum from a
transition [19]. Hence, a precise understanding of nucleation
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rates is crucial if we want to connect possible beyond-the-
Standard-Model physics with future observations.

The history of studying nucleation rates in field theories
began in the late 60s with Langer developing classical
nucleation theory [20-22]. A decade later, Coleman and
Callan created a formalism for vacuum decay in quantum
field theories (QFTs) [23,24], which was subsequently
generalized to finite-temperature tunneling by Linde [25].
Also, a lattice framework was formulated for numerical
nucleation-rate studies in high-temperature QFTs [26,27],
based on classical nucleation theory. (See Refs. [30,31] for
more recent lattice results.)

Recently, there has been progress in analytical under-
standing and semianalytical computations of high-temper-
ature nucleation rates based on classical nucleation theory.
The effective field theory (EFT) approach [32] makes an
explicit connection to the classical nucleation theory, albeit
constrained to an equilibrium part of the nucleation rate.
The rate has been confirmed to be gauge invariant [33,34],
the convergence has been studied [35], and the ensuing
fluctuation determinants can be computed with a Python

'The lattice formulation [28] can take into account very similar
effects as studied in this article. There, hard gauge-boson particles
induce Markovian noise and dissipation onto the evolution of the
corresponding classical gauge fields in non-Abelian gauge
theories [29]. Here, the hard particles affect the nucleating fields
directly, and the description is not Markovian in general.
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package [36]. Also, Langer’s classical rate has been
extended to encompass all orders in perturbation theory
[37], and Refs. [38—42] have studied real-time nucleation
numerically using a classical field theory.

Still, a direct real-time computation in high-temperature
QFTs is missing from the literature, which we shall provide
here. We study the thermal system in real time, taking into
account the effects of off-equilibrium plasma on nucleating
bubbles with kinetic, Boltzmann-equation descriptions,
which can be derived as the appropriate effective descrip-
tions for nonequilibrium QFTs [43-46].

The form of the final result for high-temperature QFTs
coincides with Langer’s rate formula. Consequently, the
present computation can be regarded as a proof of the range
of applicability of Langer’s rate formula—originally
derived for classical systems with Markovian noise—
extending to high-temperature QFTs, where external fluc-
tuations and dissipation arise from thermal particles.

Importantly, our analysis shows that the statistical,
equilibrium part of the nucleation rates remains unchanged
in the real-time computation. This validates previous
equilibrium studies of nucleation, and makes a concrete
link in particular to the EFT approach.

The thermal plasma particles only modify a parameter in
the final rate formula, the exponential growth rate of the
critical bubble, which is absent from Linde’s thermal rate.

In Sec. II, we present a QFT model for concreteness and
discuss its effective thermal real-time description. In
Sec. III, we discover the Hamiltonian for the description
and the corresponding equilibrium distribution. In Sec. IV,
we discuss two important configurations related to nucle-
ation, the critical bubble and the exponentially growing
configuration on the critical bubble. The exponential
growth is further investigated in Sec. V for the case of
purely ultrarelativistic plasma. Then in Secs. VI and VII,
we follow the seminal works of Kramers [47] and Langer
[21], and find the phase-space probability distribution that
describes nucleation. In Sec. VIII, we finally compute the
nucleation rate based on the nucleating probability distri-
bution. We then conclude in Sec. IX, and discuss the
generality of the results.

II. EXAMPLE MODEL AND ITS EFFECTIVE
REAL-TIME DESCRIPTION

For concreteness, we first introduce a simple model for
the computation. The results are more general than the
particular model, which is hopefully clear from the pre-
sentation of the analysis. This will be discussed further in
Sec. IX. We present the real-time, high-temperature effec-
tive description corresponding to the QFT model. It
contains a long-range classical bosonic field, which under-
goes nucleation, and thermal particles, which provide
thermal kicks and dissipation for the field.

The simple model has a real scalar, ®, and a Dirac
fermion W, and is described by the Lagrangian

_ 1 My o 9y A g
Lo =—7000 -2~ &'~ T@h ()

During nucleation, the background field changes signifi-
cantly, and hence the background contributions to the
masses are important,

m} = V"(®), (4)

my = mg + y®. (5)

We lay down power-counting rules containing no hierar-
chies in couplings or masses,

A~ @ ml ~y? <1, (6)
ma ~mg, ~AT* < T (7)

Equation (6) will naturally lead to a high-temperature
hierarchy at the phase transition [32,48], shown in the latter
equation.

A thermal phase transition and the ensuing nucleation
are not manifestly present in the Lagrangian. The nucle-
ation occurs on a length scale much longer than the
characteristic thermal fluctuations, Ly~ mg' > T~}
[32]. Consequently, the nucleating degrees of freedom
are the long-wavelength modes of the scalar field, ¢, with
spatial Fourier momenta of k ~ mg' < 7!, and we should
therefore construct an effective description for ¢ from the
underlying QFT.

The effective description for ¢ simplifies due to the field
behaving nearly classically [49-54]. This is a consequence of
large occupation numbers, nz = (/7 — 1)~ x T/E > 1,
which follow from the high-temperature scale hierarchy.
Hence, the quantum effects in the time evolution are
subleading. In general, each light bosonic quantum field
would have a corresponding long-wavelength classical field.

In Ref. [32], it was argued that one should construct the
equilibrium EFT for the length scale of nucleation,
Lowa ~ mqjl. Here, this EFT construction corresponds to

the high-temperature dimensional reduction in the imagi-
nary-time formalism [48,55-59], and to the potential

1 g A
Vnucl = Snucl¢ + Emgudfﬁz + §¢3 + I¢4v (8)

Shucl = (g + 4ymf)T2/24’ (9)

M = My + (A +4?)T2/24. (10)
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Notice that the thermal dependency of the potential initiates
the thermal phase transition. We will confirm in Sec. III that
the equilibrium potential, V., is correct for the real-time
analysis.

As we are studying the real-time evolution of the system,
we must not assume that the thermal particles remain in
strict equilibrium. This is reflected in the full equation of
motion (EoM),

dm? a3
O+ Vi@ = =33 | Gayag e (1)

where the field is coupled to the off-equilibrium particle
distributions df, [60]. Here, a corresponds to the particle
degrees of freedom, one for ® and four for W. We
emphasize that the description does not merely contain
correct features but follows directly from the underly-
ing QFT.

In the EoM for the classical field, Eq. (11), the term on
the right-hand side couples the field to the thermal bath of
the off-equilibrium plasma particles. It provides stochastic
kicks for the nucleating field, but also dissipation through
backreaction, as we will see below in more detail.

Even though we refer to df, as the off-equilibrium
particle distributions, they are actually nonzero in any given
realization at equilibrium, 6f, # 0. This reflects equilib-
rium thermal fluctuations around the thermal mean,
0f, =0. In Sec. IIl below, we derive the equilibrium
distribution for §f, to be Gaussian noise with the amplitude
of an ideal quantum gas.2 These fluctuations correctly
introduce high-temperature stochastic kicks to the real-time
evolution of the nucleating field.

For bosonic quantum fields, ® in this case, it is important
to stress the division of fluctuations in Eq. (11) above. Only
the hard fluctuations with E ~ T are correctly described as
the particles in the bosonic distribution function. The
equilibrium part of the particles enters the potential V
through dimensional reduction and the off-equilibrium part
enters the off-equilibrium distribution function correspond-
ing to ®. The infrared, E ~ mg,, is described by the classical
long-wavelength field ¢. Hence, the momentum integral on
the right must be regulated from the infrared and the field
on the left regulated from the ultraviolet in order to avoid
double counting.

The thermal particles are described by particle distribu-
tion functions, f,, whose time evolution is given by the
collisionless Boltzmann equation [45,46],3

’In Secs. VI and VII, we will derive the modifications to
equilibrium fluctuations of §f, due to nucleation.

*It may be incautious to use the Boltzmann equation for the
particles of the nucleating field due to negative-mass-squared
(NMS) regions. However, NMS does not appear problematically
in our analysis, as it is a small perturbation for E ~ T. Also, the
source term in Eq. (16) is consistent, as the equilibrium for £ ~ T
is unscathed by NMS (see, e.g., Refs. [32,48]).

(0 + V-V +F,0y)f0 =0, (12)

where v = p/E, is a velocity vector and

-VE, = - (13)

is the force acting on particles.

In general, there would be a collision term on the right-
hand side. However, the particle collisions are negligible
for nucleation dynamics in this model. They only become
important at longer length scales than the size of nucleating
bubbles: L ~ (y*Iny™'T)~" > my! [45].

In order to describe nucleation correctly, we need to be
able to describe the thermal fluctuations correctly. Hence,
the analysis of the following sections would not work with
collision terms. This is due to the fact that they incorrectly
introduce dissipation to the system without the correspond-
ing fluctuations. Thus, fluctuations of the system would
dampen out before nucleation may take place. We will still
conjecture in Sec. IX that our result is not limited to
negligible collision terms.

We can split the distribution functions into equilibrium
and off-equilibrium parts, f, = foq .+ 6f, where the
equilibrium part is given by

1

feqﬂ = oPEd T, 1

(14)

with the upper sign corresponding to bosons and lower to
fermions. The equilibrium distribution is a function of the
energy. As a consequence, it satisfies the following
equation,

Vm?

(v-V—f:-ap>few =0, (15)

and is also time dependent through the field dependence of

the masses, E, = \/p* + m2(¢).

We can now find the time evolution for the off-equilib-
rium part appearing in the field EoM in Eq. (11),

Vm? fro . dm? .
=_(v.V—-——4. —le"a 1
o, ==(v-V=Jpt 0, Jar, - T ig. (1o

where we have defined f¢,, = Ogfeqq There is a source
for the off-equilibrium particles, originating from the time
dependence of the equilibrium distribution.

The force term coming from the gradient of the mass could
be dropped for the example model given by Egs. (1)—(7). This
is due to the term being suppressed by the light masses,
m, < T. In addition, the masses could be neglected from
feqa» asmi < p* ~ T2, with ft, , becoming independent of
the position and time. We will focus on this scenario more in
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Sec. V. However, we will otherwise keep the masses for
generality.

We now have the effective real-time description of our
system capable of describing fluctuations on the length
scale of nucleation containing classical fields and thermal,
off-equilibrium particles, Eqs. (11) and (16).

III. EFFECTIVE HAMILTONIAN AND
EQUILIBRIUM DISTRIBUTION

Here, we will find the conserved Hamiltonian of the
effective description. It also gives the equilibrium statistics
for the system, describing the fluctuations of the classical
field and off-equilibrium particle distributions.

We define a canonical momentum 7z = ¢, and the
equations of motion become

$=r,
) dm? d*p
77,'_V¢ Vnucl(¢)_z d¢ (271')32E 5faa
. Vm?2 Sfro o dm?
5f, =—|(v-V——-L.0, |6f, -2 ¢ 17
fo=—(v V=30t gy Jor, - L3 Wn 10

where we have defined "= o,.
The Hamiltonian for the dynamics of the system is

H:/dSX <%ﬂ2+l(v¢)2+vnucl(¢)
d? 5f2
25 / ) —ff ) )
eq,a

Note that fi, , < 0 so that the § f2 term is positive definite.
We present the Poisson brackets giving the time evolution
from the Hamiltonian similarly to Refs. [46,61,62] in
Appendix A.

The conservation can be shown with a direct computation,

dH

T d3x[ (#=V2p+V (@)

d3p Ofa Y ]
19
+Z/ _feqa ( )
B $xd®p 6f, Vim2
Z/ feqa(V.V_ZEa‘ap

33 [ e [ 2

=0

1 Vm? d*p 512
- — d3 a. 0 4 21
zz/ 2 / (27)° P E,flga @)

=0

1 /d3xd3p ( Vi > 1
- 5f2(p-v——420
2 ; (277:)3 2 P Eaf/eq,a
=0
= 0. (22)

For the second equality, Eq. (20), we have used the equations
of motion in Eq. (17). After manifest cancellations, only the
terms relating to the propagation of the off-equilibrium
particles remain. We then used the product rule to split the
terms into a sum of terms containing total derivatives and a
manifestly zero term to show the total conservation of the
Hamiltonian.

The equilibrium distribution is given by the Hamiltonian

Peg 5 €11, (23)

consisting of three uncorrelated parts for z, ¢ and of,.

The equilibrium distribution for ¢ was computed using
the imaginary-time formalism in Ref. [32], also containing
Vwa as the potential. This establishes it as the correct
potential for the ¢ field in Eq. (11). Moreover, the link
between the equilibrium distribution, Eq. (23), and the
EoM for ¢, Eq. (11), demonstrates that the equilibrium
potential can be used to study nucleation.

The particle fluctuations, 6f,, are spatially uncorrelated
Gaussian noise in equilibrium. Note that their equilibrium
fluctuations match the free Bose and Fermi gases,
(6f2) = —Tfqq» as they should.

IV. CRITICAL BUBBLE AND
EXPONENTIAL GROWTH

There will be a large variety for nucleating configura-
tions and their histories. In the Secs. VI-VIII below, we will
account for all of them to obtain the nucleation rate. Here,
we will look at two special solutions to the equations of
motion: the critical bubble and the exponentially growing
bubble. These solutions give lower bounds on the con-
figurations that contribute to nucleation in terms of the
Hamiltonian, Eq. (18). As a consequence, their properties
will appear in the final rate formula.

Discussing these solutions to the equations of motion
gives important intuition regarding nucleation. For this
reason, it is also important to highlight that they are
extremely uncharacteristic configurations: They are com-
pletely devoid of thermal fluctuations unlike practically all
of the nucleating configurations.

In a first-order phase transition, the equations of motion,
Eq. (17), permit for an important solution regarding
nucleation, the critical bubble: ¢ = ¢cg, 7 =0, of, = 0.
It is an unstable but static, spherically symmetric solution to

V2¢CB = V;ucl((ﬁCB) (24)
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FIG. 1. Critical bubble and the exponentially growing configu-
ration. The shown off-equilibrium particles, §f,, originate from
the equilibrium particle flow from the left, which is pushed out of
equilibrium by the exponentially growing bubble.

interpolating between the phases, depicted in Fig. 1. Itis the
lowest-Hamiltonian configuration that is on the verge of
nucleation. Hence, all of the nucleating configurations have
a higher value of the Hamiltonian, resulting in the expo-
nential suppression of nucleation.

We want to find the leading order nucleation rate. Hence,
we expand in the field values around the critical bubble
configuration, ¢ = ¢cg + ¢, to linear order. Most notably,
the EoM of 7 becomes

dm? d*p
g 2
d¢ | (2n)*2E, 8far (25)

= (V2= Vig)sp— )

where we have defined V{y =V’ . (¢cp). Note that the
squared masses are evaluated on the critical bubble in the
linearized approximation, m2 = m2(¢cg). Hence, their
derivatives and the particle energies, E,, are time indepen-
dent. The same approximation for the masses also applies
to the off-equilibrium-particle EoM in Eq. (17), where also
feq.a is now evaluated on the critical bubble.

The Hamiltonian can be expanded around the critical
bubble as well,

HCB

quad = Hg(}?lst + HCB (26)

fluct?

HS o = /d3X <% (Voep)* + Vnucl(¢CB)>v (27)

1 1
Hije = / d3x(5ﬂ2+56¢<—vz+ én)od
1 [ dp 872
- [ ———. 28
+Zgiz/ <2n>3—fgq,a> %)

The linear term is zero due to expanding around the
critical bubble. Fluctuations around the critical bubble
are described by HGB

fluct*

The expanded Hamiltonian has one negative eigenmode,
op=¢_, =0, 6f, =0,

(V2=Vig)p_=2-¢_, A_<0O. (29)

. . CB
The Hamiltonian, H quad®

around the critical bubble. The negative-eigenmode direc-
tion in the phase space corresponds to the descent to the
two phases from the critical bubble.

One can define similarly Hyod, Higd, and HERt by
expanding the Hamiltonian around the metastable phase,
¢ = ¢mea- The exponential suppression of nucleation
comes from AHcg = HSB — H™%, and HT@ describes
fluctuations around the metastable phase.

The exponentially growing solution to the linearized
equations, depicted in Fig. 1, will also be relevant for our
analysis. Since the system is linear, everything grows
homogeneously with the same exponential factor,

forms a barrier between the phases

S = dpe™, = e, 8f, = 0fq.e . (30)

Here, we want to foreshadow the importance of the
exponential growth rate, «x, in the final nucleation-rate
formula of the full analysis in Eq. (76): It appears in the
formula as a part of the prefactor and it will be the only part
of the formula that is explicitly modified by the off-
equilibrium particles.

The equations of motion for the exponentially growing
solution become

S 0w (31)

dm? dp
d (2r)32E,

K26p = (V* - gB)% - Z

- Vm? — flaadm?
5f, =—(v-V——2.0, |6f, — =244 450, 32
o, = (v v =300y o7, - Se s, (2

From these equations, it is possible to solve for both x and
the exponentially growing solutions, 5¢ and &f,. Note that
we already solved for 7 = kd¢.

The exponentially growing bubble has a special property
that the fluctuation part of the Hamiltonian, Eq. (28), is
zero, as we will show below. This will be an important
piece of knowledge for showing that the exponential
growth is slowed down by the thermal off-equilibrium
particles and for deriving the rate in Sec. VIII. It also shows
that the exponentially growing configuration has the same
value for the Hamiltonian as the critical bubble and hence it
can be regarded as the critically nucleated configuration.

The zero value follows from a rather brief derivation,

Hio0h. 7. 6f o] = Hig [ope™. e, 6f 4]
= ¥ HSB [6¢, 7,6f,] = 0. (33)

fluct
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The first equality follows from the fact that the exponential
evolution in Eq. (30) satisfies the equations of motion, and
hence the Hamiltonian is conserved. The second equality
follows from the form of the Hamiltonian in Eq. (28).
Finally, the last equality follows from the independence of

time and the positive value of «: e*'HSE, [6¢, 7, 5f,] can

only be independent of time if HSE, [6¢, 7, 5f,) = 0.

Let us now understand « in more detail, and the off-
equilibrium particle effects in particular.

In the absence of the off-equilibrium particles, 6f, = 0,
the exponentially growing configuration would match the
negative eigenmode of the critical bubble, 6¢ = A¢_,
Eq. (29), with an arbitrary normalization, A. The expo-
nential growth rate would be given by the negative
eigenvalue, k = \/m .

We can prove that the off-equilibrium particles physi-
cally always slow down the exponential growth from +/|A_|
using the zero value of the fluctuation part of the
Hamiltonian, Eq. (33).

Let us begin by choosing a specific normalization for 5¢,
[ d*x6¢* = 2A2, and expanding the exponentially growing
configuration in the orthonormal eigenbasis of the fluc-
tuation operator [cf. Eq. (29)],

% = \/Ezangbn' (34)

Then, we can rearrange the equation for the zero value of
the Hamiltonian into the form of

d*xd’p 61,2
2= -3 i, Z/ xdp s
_feq,a
< d?|a_| < AY_|. (35)

The first inequality follows from dropping the negative
definite terms coming from the off-equilibrium particles
and positive eigenmodes in the eigenexpansion. The final
inequality can be proven by squaring and integrating over
both sides of Eq. (34). From the two consecutive inequal-
ities, we directly obtain k < +/|A_].

We can now identify two ways the off-equilibrium
particles slow down the exponential growth: Firstly, they
are sourced by the growth in the negative eigenmode, taking
up some positive amount of the conserved Hamiltonian. In
other words, the off-equilibrium particles backreact onto the
bubble, slowing it down. Secondly, they then modify the
growing field configuration away from the optimal negative
eigenmode, hindering the growth even more.

V. EXPONENTIAL GROWTH WITH
ULTRARELATIVISTIC PLASMA

Here, we will study the exponential growth even further.
To make analytic progress, we will assume that the masses

of the particles will be small in comparison to the temper-
ature, m, < T, so that all of the plasma particles are
ultrarelativistic. Consequently, the force term in the off-
equilibrium particle EoM, Eq. (16), can be neglected, as
well as masses from the particle energies, E = |p| ~ T. We
will find that generally the contributions from the light
bosonic quantum fields are dominated by the correspond-
ing classical infrared field, and that at least for the toy
model given by Eqgs. (1)—(7) the effects of the off-equilib-
rium particles constitute a perturbation. We also derive this
leading correction to .

One can formally solve for f, form Eq. (32) without the
force term, and insert it to Eq. (31). The ensuing energy
integral can be computed in dimensional regularization to
obtain

= (Ve

d’Q, K dm2
+Z )K+v-vid¢5¢i‘ (36)

Here, [d?Q, is the integral over the angle of the unit
velocity v, normalized to unity. The sign +, is positive for
bosons and negative for fermions.

Note that here the bosonic contributions appear to make
the exponential growth faster. This unphysical conclusion is
a symptom of the infrared dominance of the light bosonic
quantum fields. The leading nonlinear contributions from the
corresponding classical field are bigger than those of the
bosonic E ~ T scale particles and hence the sign in dimen-
sional regularization can differ from that expected.4 In the
proof of the growth being inhibited in Eq. (35), the first
inequality does not hold for bosons in dimensional regu-
larization, because the 8f,> term turns out to be positive.

The same infrared dominance has been recently
observed in Ref. [63] for wall velocities. The nonlinear
contributions from a classical field that complement the
dimensionally regularized result above have been studied in
a Langevin description in Ref. [37].

Finally, we will powercount the terms in the dimension-
ally regularized formula, Eq. (36), using the powercounting
rules we laid out above in Egs. (6) and (7). We will note that
the correction is perturbative, and find the leading correc-
tion to the exponential growth rate, .

Let us first estimate the change of the field value between
the phases. Each of the potential terms in Eq. (8) are of the
same order (y?T*) as long as A¢ ~ T. Hence, this gives the
powercounting estimate of the field-value change between
the phases. The mass-squared derivatives can then be
estimated from Egs. (4) and (5) as

*One can perform the relevant energy integrals in cutoff regu-
larization: [ dEft, ,=—3- Ats 5+O(AR/T) and [P dEf], ;=
+O(AIR / T) Both are mamfestly negative, corresponding to

dissipation. For the former bosonic integral however, dimensional
regularization only retains the finite positive part.
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2 2
dm; Am;

dp = Ap

y2T, (37)

which is the same for both the real scalar and the Dirac
fermion.

Let us then look at the parameters related to the spatial
and temporal characteristics of the bubble. The gradients
can be estimated with the extent of the critical bubble,
which can then be estimated with the mass of the nucleating
field [32],

Vo~ Reh~ (V1

nucl)l/2 ~ yT (38)
If we assume that the behavior of the critical bubble is not
changed parametrically by the off-equilibrium particles, we
obtain

K2~ A~ Vi ~ ¥ T, (39)

(V2 = Vig) ~ A-] ~ T2 (40)

From the above estimates, we can gather that the first
term in Eq. (36) scales as y>T?8¢ and is dominant to the
off-equilibrium particle term scaling as y*T?8¢. Thus, one
can expect the equilibrium estimate of

k= VI x (14 00?)) (41)

to be valid. This leading estimate is computed by BubbleDet
when performing thermal nucleation rate computa-
tions [36].

We can then find the leading-order correction to the
exponential growth by inserting k = /1_ + Ak and ¢ =
¢_ + Ad¢ into the result in Eq. (36), and expanding to
linear order in the perturbations, including the particle term.
Integrating over both sides with the weight of ¢_ yields

1 d’Q

A= "d, - [dx [ S
X[
dm? 1 [dm2

“ap I V| +v-V E(p‘]' “2)

The linear Ad¢ terms have canceled identically on both

sides of the equation. The structure of the correction is that
dm?
d¢
propagating disturbance in the particle distributions. This in
turn affects the evolution of the bubble again through

dm?
.

there is a source of the form ¢_, which creates a

VI. STATIONARY DISTRIBUTION FOR
NUCLEATION

In order to take into account all of the possible
configurations that nucleate, we introduce a probability
distribution for the system, p. It obeys the Liouville
equation,

P _ [ pxlspl o0
a /dx(5¢55¢+”5n
3 y 6
3 [ Pust g ) @3)

where the time derivatives on the variables are given by the
Hamiltonian equations in Eq. (17). (See Appendix B.)
Here, we will find the stationary solution to the Liouville
equation that describes nucleation, whose boundary con-
ditions are equilibrium in the metastable phase and zero in
the stable phase.

The stationary distribution approximates suppressed
nucleation. It is reached when the source for nucleation,
i.e., the equilibrium distribution in the metastable state,
remains approximately constant. The suppression is pro-
vided by the Boltzmann factor of the critical bubble [see
Eq. (76) below].

We will use Kramer’s ansatz [47] also used by
Refs. [21,37,64]. There, one assumes that the distribution
is of the following form:

—ﬁHCB

e quad

p =o(u)x (44)

Zmeta
The Boltzmann factor contains the equilibrium behavior
around the critical bubble, and the function ¢ encodes the
off-equilibrium nature of the distribution. The partition
function, Z,,, is evaluated around the metastable phase
because the system is in equilibrium there.

Kramer’s ansatz also has an assertion that the out-of-
equilibrium behavior, ¢(u), only depends on

u:/d3xU5¢,5¢+/d3xU,,7r

+Z/d3xd3pU5fa5fa. (45)

We show that this is a correct assertion by finding the
coefficients U in Sec. VII in terms of the exponentially
growing configuration.

The intuition for the assertion is that the system is only
out of equilibrium in one direction in the phase space that
interpolates between equilibrium, ¢ = 1, in the metastable
phase and no population, ¢ = 0, in the stable phase. The
function u encodes this direction. In principle, u could be a
nonlinear function of the phase space. However, the system

116020-7



JOONAS HIRVONEN

PHYS. REV. D 111, 116020 (2025)

is linear. Consequently, u is linear with the linear coef-
ficients, U, determining the off-equilibrium direction.

The stationary Liouville equation for the ansatz distri-
bution becomes

6’ (1) = 0, (46)

where the time derivative on u acts on d¢, z, and 6f .
Notice that the function we are solving for, o, is only a

function of u, but the coefficient in front is . In order for

Kramers’ ansatz to hold, # must be a function of u,

it = Au. (47)

The linearity of the equality follows from the linearity of u

and # in o¢, 7, and of,. This gives a condition for the off-

equilibrium direction, U, that is solved for in Sec. VII.
The Liouville equation simplifies to

Auc’(u) =0, (48)

whose solution satisfying the relevant boundary conditions
is the step function, 6 = 6(—u). The full distribution,
satisfying the boundary conditions for nucleation, is con-
sequently

~

Metastable Stable 0¢

Critical
bubble

FIG. 2. Two-dimensional slice of the phase space depicting the
nucleating probability distribution around the critical bubble.
Top-left corner corresponds to the u# < O region and to the
equilibrium probability flow from the metastable phase. The
curves depict phase-space trajectories, where the red curves
correspond to trajectories that nucleate and the blue ones remain
subcritical and are deflected back.

O(=u) —pucn, (49)

Zmeta

p:

The distribution is depicted in Fig. 2, and it contains an
equilibrium flow toward the critical bubble configuration,
¢cp, from the metastable phase. Some of the configurations
are able to pass over to the stable phase, i.e., nucleate, and
some fail, being deflected back to the metastable phase.

VII. OFF-EQUILIBRIUM DIRECTION IN THE
PHASE SPACE

We will now solve for the U coefficients in terms of the
exponentially growing solution.

Equation (47) has to hold for every value of d¢, = and
Of .. With the definition of u, Eq. (45), we obtain three
conditions that must hold,

/1U5¢ = (V2 - V%B)Uﬂ:’ (50)
W, =U —Z/CP feaa 415, (51)
P 5 s P 2E, df 5fa?
Vm? 1 dm?
War, = <V'V_ 2E, ’ap> o (2n)2E, dp "
(52)

We can solve for Usy from the middle equation, and
insert the following ansatz for the remaining components of
U in terms of the exponentially growing configuration,

ofa
Ust, = 37—

U,=- 5_’ s
» = Xp (27) fra

A=-x. (53)

This leads to the equations, which describe the exponen-
tially growing configuration, Eqs. (31) and (32), thus,
confirming the above ansatz.

We can now solve for Uy from Eq. (50) and note the
exponentially growing 7z being 7 = k¢,

Usp = (V2 = Vp)og, Up =—x6¢ = -7 (54)
We have now obtained the off-equilibrium direction, U, in
Egs. (53) and (54).

Notice that for example the exponential configuration
lies on the u = 0 surface. This follows directly from the
form of u, Eq. (45), (53), and (54) and the zero fluctuating
Hamiltonian, Eq. (33).

VIII. NUCLEATION RATE FROM
PROBABILITY CURRENT

The nucleation rate is the flux of a phase-space prob-
ability current, J, over a phase-space surface between the
two phases, S,
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_ / DS-J. (55)

where DS is the phase-space area element orthogonal
to the surface. The probability current is given by the
product of the phase-space velocity and the probability
distribution,

— (o0 # of.)'p (56)

given in Egs. (17), (25), and (49).
We will define the surface, S, by

/ Ex_og =0, (57)

i.e. by the field fluctuations around the critical bubble
containing no negative eigenmode, Eq. (29), as in
Refs. [21,32,65]. Let us elaborate the choice.

For the nucleation rate, we want to obtain the contribu-
tions from all of the nucleating phase-space trajectories (see
Fig. 2 for intuition). Therefore, we must choose a surface
through which they pass in order to nucleate. Similarly, the
surface must be such that the non-nucleating trajectories
begin and end on one side of the surface, giving no
contribution to the rate. Note that the definition presented
in Eq. (57) is not unique in this regard, but it will be easy to
implement computationally and is physically intuitive.

There is a barrier between the metastable and stable
phases in the phase space, which is given by the
Hamiltonian, chad in Eq. (26), and located around the
critical bubble, ¢CB The barrier is concave in one direction
in the phase space given by the negative eigenmode, which
corresponds to the descent to the phases from the barrier.
Since the concave direction is given by the negative
eigenmode, the top of the barrier between the phases
corresponds to the chosen surface. The nucleating phase-
space trajectories must start on the metastable side of the
barrier and end on the stable side while nucleating, hence
passing through the surface. Correspondingly, the non-
nucleating trajectories must begin and end on the meta-
stable side of the surface.

The integral over the surface can now be made more

explicit,
:/Ds<¢_ 0) J (58)
/ ps 2=t o, / d*x¢p_x. (59)
meta
Here, (¢_ 0 0) is the unit vector normal to the surface
and ¢_ is the normalized negative eigenmode.

A direct integration would be cumbersome because the
step function, O(—u), does not lead to a neat integration
boundary, and there is a factor of z in the integrand.

Physically, the convoluted boundary is related to the fact
that particle fluctuations can make a configuration pass
through the surface multiple times.” In the absence of off-
equilibrium particles, the integration boundary on the
surface S would simply be [d*x¢_x > 0, corresponding
to the surface being crossed only once [65]. This would
also make the direct evaluation of the integral straightfor-
ward. Note that the depiction in Fig. 2 is in the §f, =0
plane. Thus, the fluctuations do not cause multiple cross-
ings for the depicted trajectories.

The strategy we adopt for the integral is to add an
auxiliary term to the integrand,

j:J+(1 0 O)TTE

5ol (60)

The additional term is a total derivative of z, and vanishes
from the integral as a boundary term because 7 is integrated
over on the surface S,

/Ds-j:/DS-J:r. (61)

The rate simplifies to having a delta function,

= fdleﬁ 5¢ /DS5 qum (62)

metd

In the rest the section, we present the steps for the
integration. The resulting nucleation rate is shown in
Eq. (76).

For the integration, it is convenient to regulate the system
by putting it on a finite lattice with N spatial sites and N
momentum sites. The fine details are unimportant as this is
just a convenient tool for computation, and its effects will
disappear from the final result expressed in terms of the
initial system.

The field and the canonical momentum can be ex-
panded in the eigenbasis of the field dependent
Hamiltonian [similarly to the negative eigenmode in
Eq. (29)] and the deviations of the particle distributions
on the lattice sites,

>Each nucleating phase-space trajectory is still counted only
once to the rate in the integration. The trajectories carry thermal
weight. Therefore, passing back to the metastable side cancels
exactly previously entering the stable side. Due to this, the non-
nucleating configurations give a zero contribution to the rate
overall.
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N?
fa= Z§2N+i5i’
i=1

(63)

N N
6 = Z§i¢ia ”:Z§N+i¢i’
i=1 i=1

where ¢; are the normalized eigenmodes, and the functions
0, are one on their corresponding lattice sites and zero
otherwise. We have now gathered everything into a single
vector &, whose first element corresponds to the negative
eigenmode.

The fluctuation part of the Hamiltonian and the u
function from Egs. (28) and (45) become

Hig =5 Zﬂié?y u=-y 2&&.  (64)

where 4; are the eigenvalues of the discretized Hamiltonian,
and &; are the & coefficient in Eq. (63) when setting
5¢:%,ft:7’rand5fa:m.

In these discretized coordinates, the surface S corre-
sponds to &; = 0, and the rate in Eq. (62) becomes,

KT%le_ﬂAHCB

[ ([],deren) e PR / gdfff?(u)e

The denominator follows from expanding the partition
function Z., around the metastable phase.
The denominator can be computed straightforwardly,

meta lr'nela - 1 /2
/ [ [agpeerti = (H 2 T) . (66)
: tirm

Notice that only the eigenvalues corresponding to the field
O¢ are actually different from the eigenvalues 4;.
The remaining nontrivial part is the integral

/ [ déi(u)e . (67)

i>1

PH. (65)

There are three zero modes, &,, &3, and &4, related to
translations. Note that neither u nor H depends on these. H
is translationally invariant and u only depends on the
spherically symmetric field eigenmodes. Thus, their con-

tribution is just the volume of the zero-mode subspace V =

VAH%Q that can be obtained using collective coordinates
[66,67], where V is the spatial volume of the system. The
result is

~PHi, (68)

[=V / [[des(we

i>5

We can regulate the delta function to obtain

= CB
V 61_1)1’(1; em/ Hdgl CXp( ﬁHﬂuct) (69)

i>5

1
= lim - \/— @&exp(—i;QUfi@) (70)

) 1 Q -1/2
= det” | = , 71
e=0" e/ 21 ¢ (27[) ( )

where the double prime refers to dropping the eigenvalues
ie€{l1,2,3,4}, and where we have defined the matrix

LA
Q;;=P0;;+ 2162 !
ﬂn/lm_ném
:ann ﬂ,liéin<5nm—|——v 2 PAi6y;. (72)

Using the latter representation for Q, we can see that the
determinant factorizes into two parts. There will be a
product over the eigenvalues and the determinant of the

\//‘{i/‘{j—ig/'

Hermitian matrix, 6;; + e

, whose eigenvalues are

. 1,8
ones, apart from the eigenvalue of 1+ Zizﬁzlg% corre-

sponding to the eigenvector of /24;£;. Thus, the integral
becomes

1 1 NEN /2 2\ -1/2
= : ' , (73
YV \oxT <Zi25 2 > Hizs 27T (73)

where we have been able to take the limit € — 0.

Now the zero fluctuation Hamiltonian of the exponen-
tially growing solution, Eq. (33), comes in handy. The sum
in Eq. (73) can be reformulated in terms of it,

. e
Z%ﬁ — HB (5. 7,57, — 5L AL gy

i>5 2 2

where the first equality follows from the discretized
Hamiltonian in Eq. (64), and where we have denoted the
negative eigenvalue with A_.

The full rate formula becomes

1/2
T1/2 Hl>5( T )
r=—— vy e (75)
/27T|A_| 1_[ (A;nela>_ /
i\ 22T

Remembering that the only differing eigenvalues are
related to the field, we obtain
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2 " N
r_ K Y det(—V + Vmeta) 2e—ﬂAHCB’ (76)

T 27 (2aT)3| det (V2 + Vi)

where the single prime refers to omitting the zero modes.

The result coincides with Langer’s formula with the
QFT-specific exponential growth rate, k, of the exponen-
tially growing configuration, Eqs. (31) and (32). When
accounting for all nucleation histories, the off-equilibrium
particle contributions average out, leaving modifications
only to this growth rate. Notably, the equilibrium statistical
part, computed with the EFT approach in Ref. [32],
factorizes from the rate even in this real-time computation
and still governs the leading-order terms in the logarithm of
the rate.

IX. CONCLUSION AND DISCUSSION

We have derived the nucleation rate formula for high-
temperature QFTs, Eq. (76), in a direct real-time approach.
In particular, we have taken into account the stochastic
kicks and dissipation effects of out-of-equilibrium plasma
during nucleation.

In the final result, the aforementioned effects only
modify the exponential growth rate, x, Eqgs. (31) and
(32). Crucially, they do not affect the nucleation rate
exponentially, unlike the critical bubble, and possibly the
fluctuation determinants [36].

Apart from the QFT-specific exponential growth rate, the
resulting formula agrees with Langer [21] and the EFT
approach to thermal nucleation [32].

The result applies directly to models, where the kinetic
description for the particles is given by a collisionless
Boltzmann equation, Eq. (12). The model dependency is in
the exponentially growing configuration, Eqgs. (31) and
(32), having different particle content, and possibly other
classical light bosonic fields. However, one should bear in
mind that the dominant effects for the damping from light
bosonic fields come from the infrared fields, not from the
hard particles, as discussed in Sec. V.

In addition, we performed the powercounting in the model
defined in Sec. II. There, the leading order « is given by the
negative eigenmode, Eq. (41), with the off-equilibrium
particles giving a correction shown in Eq. (42). The leading
estimate can be numerically computed with BubbleDet [36].

The derivation here is restricted to the collisionless
Boltzmann equation, because it is a nondissipative descrip-
tion, and we can construct a conserved Hamiltonian. Due to
the universality of Langer’s formula, we conjecture that the
resulting rate formula also holds with the (linearized)
collision term, which would then appear in the formula
for the exponentially growing configuration in Eq. (32).
This is supported by the fact that fluctuations around the
configuration do not play a role in its growth rate, x. It only
includes the dissipation through off-equilibrium particles,
which is correctly described by the Boltzmann equation

with collisions. Also note that the underlying thermal QFT
still satisfies the fluctuation-dissipation relation, even
though the Boltzmann equation only captures correctly
the dissipative aspects. This conjecture would increase the
applicability to more realistic models with significant
collision terms. In addition, the significant collision terms
could alter the powercounting performed for the toy model
and change parametrically the resulting rate.
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APPENDIX A: HAMILTONIAN DESCRIPTION

The nonzero canonical Poisson-bracket relations for the
Hamiltonian description are

(9(x),7(3)} = 5(x~y), (A1)
/ )
(ax). 0, o)) = S T ox -y, (A2)

{5fu(x7 p)’ 5fa(y’ q)} = _(2”)3ft/3q.a(v ) ax + Fa ’ ap)
x 5(p — q)o(x — ). (A3)

The time evolution, also given in Eq. (17), can then be
obtained from

¢ ={¢.H}, (A4)
7= {n H}, (AS5)
fa={0fa H}. (A6)

APPENDIX B: LIOUVILLE EQUATION

A phase-space probability distribution for the system
obeys a Liouville equation, Eq. (43), if the phase-space
probability flow is incompressible. The incompressibility
can be shown with a direct computation,
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/d3 <%5¢+—E+Z/d3pm5fa>

+F, -

0,

Y e s

=0

)
5of,(x.p) 0 (X p)>

=0

(B1)

where we have used the equations of motion in Eq. (17). The final step follows from §'(0) = 0: Changing the function by a
delta function at a point does not change the derivative at the point.
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