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In the standard picture of cosmic strings, cusps are generic features of Nambu-Goto loops where the
string momentarily reaches the speed of light. They have a characteristic sharp profile, following y ~ x?/3 in
the (x, y) plane, and produce strong gravitational-wave (GW) bursts with waveform #(w) o ~*/3, making
them key targets for GW searches. However, under certain conditions, this generic picture can differ. We
identify novel cusp solutions with different, including smooth, shapes and compute their massless GW and
axion spectra. We derive a general expression for all possible Nambu-Goto cusp spectra with the
2n—l)w—m/(2m—l)

asymptotic form &(w) o @™/ where n, m > 2. We calculate the effect on the waveform of

realistic corrections to the Nambu-Goto description, such as those from backreaction and finite string

width, which introduce a high-frequency cutoff.

DOI: 10.1103/4p3h-4kzb

Introduction. Cosmic strings are a class of topological
defect that arise in high-energy physics models with
spontaneously broken symmetry, where the vacuum mani-
fold M has a nontrivial fundamental group z;(M) # I
[1,2]. If detected, they would provide direct evidence of
new physics beyond the Standard Model [3.4]. Networks of
such strings are expected to arise cosmologically, compris-
ing long strings that stretch across Hubble patches and
loops that oscillate, radiate and collapse over time. Their
predicted gravitational-wave (GW) signatures [5] have
made them a target for searches by LIGO-Virgo-
KAGRA [6,7], as well as pulsar timing experiments,
e.g., [8,9]. The spectrum of axion (Nambu-Goldstone
boson) radiation from axion strings, crucial for calculating
the axion mass for a postinflation symmetry breaking, has
also been a long-standing topic of debate [10-16].

Much of the physical behavior of cosmic strings can be
effectively modeled using the Nambu-Goto action, either in
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isolation or coupled to additional fields (e.g., a Kalb-Ramond
field [17]). Within this framework, it is well established that
certain generic features, such as cusps and kinks, naturally
emerge on oscillating string loops due to their periodic
dynamics. These features source strong, localized bursts of
GWs [5,18-22] and produce a high-frequency tail in the
stochastic GW background, making them a focus of GW
string searches [7,23].

In this Letter, we identify novel Nambu-Goto cusp con-
figurations not previously identified in the literature. We
compute their shapes and massless (GW and axion) wave-
forms and provide explicit examples generated from the
collision of two traveling waves on a long string world sheet
26-24]]. We also calculate the effect on cusp waveforms of
small deviations from the Nambu-Goto approximation, rel-
evant, for example, for finite width effects or backreaction in
field theory strings. These new waveforms could be used to
improve and broaden experimental GW cusp searches.

Review of Nambu-Goto dynamics. The classical evolution of
a one-dimensional cosmic string can be modeled using the
Nambu-Goto effective action [4,27]

s=-n [ Ve, (1)

where p is the string tension, y = det(y?) is the determi-
nant of the world sheet metric y,,;, = Xf‘aX’_’bgW, a,b=0,1

Published by the American Physical Society


https://orcid.org/0000-0001-8252-602X
https://orcid.org/0000-0001-8501-8629
https://ror.org/009gyvm78
https://ror.org/0409c3r50
https://ror.org/013meh722
https://ror.org/00y0zf565
https://ror.org/012a91z28
https://crossmark.crossref.org/dialog/?doi=10.1103/4p3h-4kzb&domain=pdf&date_stamp=2026-10-05
https://doi.org/10.1103/4p3h-4kzb
https://doi.org/10.1103/4p3h-4kzb
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

AMELIA DREW and IVAN RYBAK

PHYS. REV. D 114, L081302 (2026)

label world sheet parameters {“ = (z,6), g, is the space-
time metric, X#({%) is the position of the string core and
X'a = % In a Minkowski background 7,,, in the conformal
gauge (for which y,, = /=rn,;) the equations of motion
reduce to wave equations

Xt = X" =0. (2)
We can write the general solution

1
X0 =1, X(z,0) = E(X+<5+) +X_(0-)). (3)
where 6. = 7+ ¢ and X, (0, ) denote components mov-
ing in opposite directions along the string, usually referred
to as left- (right-) moving modes. The gauge conditions
lead to the following condition for each mode:

X (o0) = 1, (4)

"X, (04)
do'}

(n)

where X’ = . The evolution of the string can

therefore be described by trajectories of Xil) on a two-

dimensional “Kibble-Turok™ unit sphere [28,29].

In this framework, certain points on a string can reach
the speed of light X2 = 1, forming a “cusp.” This occurs
whenever

x\) =x (5)
corresponding to a point of intersection of the trajectories
traced by Xil), which arise generically in string loops
without discontinuities in Xil) (i.e., in the absence of kinks)
[28,29]. We can also construct cusp solutions on long
strings (i.e., nonperiodic) by choosing left- and right-
moving modes appropriately. Long string configurations

have been modeled analytically [19,24,30] and also studied
numerically [26,31-33].

Shapes of cusps. To calculate the shape of a cusp in real
space, we Taylor expand X around the cusp point X, (see,
e.g., [4,27]). Separating into X, and expanding with
respect to o,

0 o 0
Xi(02) = Xes + Y =X, (6)
n=1 """

where the cusp occurs at 6.4 = 0. 5
In the most general case, terms up to X(i) in (6) are
important, and we do not have any conditions on the higher

derivatives of the string core position; Xé’i # 0 forn > 2,
and in general these higher derivatives will be smooth
functions [31]. Taylor expanding X(0,0) (3) around the
cusp point, we obtain

o’ o’

X(0.0) :Z(Xﬁ’i) +X2) +E(x§33 X +0(6*  (7)
where the cusp occurs at X, = 0 and the term linear in ¢
vanishes due to the cusp condition (5).

We realize this configuration in real space by aligning
components of (7) with appropriate Cartesian axes.
Differentiating the condition (4) with respect to the world
sheet parameters, each mode obeys

x{xP—o, xPxP=-xP) @8

It can be shown (e.g., [27]) that the cusp shape is given by
X ~ {0?,062,0} for small o, i.e., the string traces

y~ ©)

in the (x,y) plane near the cusp point, as shown
in Fig. 1. Since X’ =0 and X” # 0 and recalling that
the curvature of a parametrized curve is given by
k(o) = ||X’ x X"||/[|X'||?, the cusp point is characterized
by an infinite curvature on the world sheet.

If we consider cases where certain terms in (6) vanish, or
consider different smoothness conditions, we obtain cusps
with different shapes. We first consider the case where

ng)(ai) changes sign at the cusp point, i.e.,

lim X{"(6,) = - lim X!"(6,) #£0.  (10)

=07, 070

Taking n = 2 as an example, the expansion around the cusp
point takes the form

4
7
X\
v
FIG. 1. Top: the y ~ x%/ shape of the generic cusp in physical

space, where the dot represents a point moving at the speed of
light, and corresponding Kibble-Turok sphere. The direction of
the radiation is schematically indicated. Bottom: the shape of a
smooth cusp in physical space, where the discontinuous function

X£2> smooths out the shape, and corresponding Kibble-Turok
sphere.
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2

X(0.0) = sgn(0) 7 (X + X2)
3
+ (X8 -xD) + 0. (11)

12

In the limit where ¢ — o, the shape is given by X ~
{6*,6%,0} and for o—o;, by X~{c’ —0%0}
Remarkably, (10) produces a smooth cusp as shown in
Fig. 1, with

[~ 3, (12)

in contrast to (8), where the curvature at the cusp point
diverges. We emphasize that all formal cusp criteria are
satisfied. Physically, (11) arises when the string reaches
zero acceleration and then begins accelerating in the
opposite direction. This follows from the observation that
X(z,0) ~ sgn(r)(Xg - Xéz_)), as encountered in [26].
Another example of a nongeneric cusp shape arises when
Xé’f vanish for all 1 < p <n, where n is the smallest

integer for which XE’Q # 0. Here, one must examine
higher-order derivative constraints obtained by differenti-
ating (4). The conditions on the fourth- and fifth-order
derivatives are

xP.xP = 3xP . xP, (13)
X xP = 3xP)? —ax? x4

Here, we can generically (although not always) choose a
coordinate system in which the nth and (n + 1)th deriva-
tives lie in the (x,y) plane, producing a cusp shape

nyn/(n+1)‘ (15)

We can investigate the shapes of different cusp configu-
rations using traveling wave solutions with specific proper-
ties. The configuration

x\ :{sin (ge—“ﬂ”_l), +cos (ge‘“"iln_l) 0} (16)

describes two traveling waves whose independent propa-
gation along the string does not produce radiation [24].
Here, a is a positive constant, and we can specify the order
of the lowest nonzero derivative n. In the far past,
oL — —oo, the waves travel freely from opposite directions
along the string. As they approach o, = 0, they begin to
interact and eventually collide, forming a cusp, as can be
explicitly verified from (5). Here, the cusp forms when the
string is straight, x(¢) = || X’ x X"||/||X’||*> = 0; the non-
trivial vectors Xg are oriented in the same direction, so
X(0,0) has only one nonvanishing component. The evo-

lution for n = 3 (X'?) = 0) is shown in Fig. 2.

cusp

FIG. 2. Cusp formation with th) = 0 from the collision of

traveling waves at 7 = 0 with ¢ = 0, described by (16). The
direction of radiation is schematically indicated.

Since the cusp illustrated in Fig. 2 appears completely
straight, one may ask whether higher-order corrections
associated with the finite string thickness can contribute to
the motion in the vicinity of this cusp. For a standard cusp,
higher-order corrections due to the finite string thickness
diverge, signaling the breakdown of the Nambu-Goto
approximation. This can be seen explicitly by studying
the extrinsic curvature [34]

KAab = nﬁ,aXl,/hg/w! (17)

where n, are orthonormal vectors normal to the string
world sheet. By calculating the components of the extrinsic
curvature explicitly, one finds that

lim K 3, = 0. (18)
t,0—

Consequently, the dominant, and potentially the only,
correction to the Nambu-Goto dynamics for such cusps
is expected to arise from the radiation of massive particles,
where the vector component of the radiation can be
described by the effective model proposed in [35].

Another interesting configuration occurs when the first
derivative of the left- or right-moving mode is a constant
vector. For instance, if X (j) = {1, 0,0}, the cusp conditions
(5) are always satisfied at some time 7 = —o. A persistent
cusp thus forms as a traveling wave. In contrast to previous
examples, this cusp does not radiate [36].

Massless radiation spectra. Both gravitational and axion
radiation can be described by wave equations with source
terms. The (symmetric) trace-reversed metric perturbation
R = h* — hin*, where h*” is a linear perturbation G =
N + hy,, around a background metric 7,,,, is sourced by the
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stress-energy tensor 7#%(x) through the linearized Einstein
equations

Oh* = 4nk, TH (19)

in the (4 — ——) signature, where x, = 4G in natural units.
We can use the duality between a scalar (axion) field 9 and
an antisymmetric 2-form B*,

1
70,8 = =

5 Curp® B (20)

where 7 is the energy scale of the symmetry breaking, to
write an equation for the field sourced by current J*(x),

UB* = dzx,J", (21)
where k, =1 is a constant. The Fourier transformed
(denoted by tilde) asymptotic waveforms in the local wave
zone for gravitational waves x* [5,22,37] and axions b*¥
are given respectively by

R (0,0) = ri (0,8) ~ k@ T (w,h),  (22)

b (w, i) = rB" (w, ) ~ ke J* (0, h), (23)

where the distance to the source r is much bigger than the
size of the source and fi is a unit vector that defines the
direction of the observer (see Sec. I of Supplemental
Material [38]).

The source terms for a Nambu-Goto string can be
expressed using x!! b [18 201,

T (x) = g / xWexW)s@ (x — X)do_do,,  (24)
T (x) = g / xPExWIs®) (x — X)do_do.,  (25)

where we highlight the different symmetrizations over the
indices for the two cases. The current term J* is relevant
when the string is coupled to a massless scalar field, for
example, when strings arise from the breaking of a global
U(1) symmetry. The Fourier transformed source terms can
be split into components as follows:

=", v =g, (26)
where

I/j: :/ X(il)”e‘%"’(”i_ﬁ'xi)dai. (27)
Thus, calculation of the spectrum of gravitational

[5,18,19,36,39,40] and axion [19-21,41] radiation from
a Nambu-Goto string is reduced to the evaluation of (27)
for a chosen configuration.

In [5], the massless emission from a cusp is calculated
using the Taylor expansion (6) of the string solutions
around the cusp point. Expression (27) becomes

o2
Y R e (x|
—0o0

(28)
where terms proportional to X&)" have been gauged away
(see Sec. II of Supplemental Material [38] for details) and
the unit vector pointing toward the observer is denoted by
. An analytic expression for the asymptotic behavior when
@ — oo can be obtained using the saddle point approxi-
mation [42] together with the cusp conditions (8).
Throughout this Letter, we consider the observer to be
aligned with the direction of the maximum radiation burst,

following the approach of [22]. In this case, fi - X&) =1

and A - X% = 0, yielding
I %/ Gixgi)”eiﬁw(xﬁzi))zﬁiddi
-0

o xn 12 2/3r(§) ,
—43 —EIDV. (29)
X2 V3

Writing the waveform explicitly and neglecting the phase
term, we obtain the asymptotic waveform

o Ky 4r(12)F ng(" @9
R (0) ~ = 302 15 ) 273 15 ) 273 (30)
o (3TE)7 X277 x2)

Equation (30) can be compared directly with Eqs. (2.26)
and (3.12) in [5], yielding the asymptotic behavior of the
spectrum & @~*/3, where the direction of the radiation
beam coincides with Xg This calculation can also be
applied to obtain the axion spectrum

K71'7747[(12)% Xgi)[” X2
2

P ) X X

We can extend this method to study the radiation from
the smooth cusp (10). Due to the discontinuous second
derivative, we must split the integral (28) into two parts,
one on either side of the discontinuity. We obtain

0 ; )23
I z/ |X£i)”|aieiﬁw(xci) “do,
-0
oo i )2
0

X2 \e s

where [X"| =1lim,_,- X7¥(0,0). The result (32) is

smaller by a factor of /3 compared to the generic cusp
expression (29). Consequently, the radiated power has the
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same frequency dependence, but its amplitude is sup-
pressed by a factor of 9, assuming all other factors remain
the same. A similar calculation can be performed for
discontinuities in higher-order derivative terms.

The expressions (29) and (32) are applicable whenever

C i ) #0. When Xi i> = 0, we need to retain higher-order
terms of the Taylor expansion. The next nontrivial con-
tribution is given by

1 [ i3 3))? s

wo Bu 2 ~Bo(X) o

IiNz Xc:t o.¢ 2! ( Ci) idai
-0

]

X 2.50 \3/5

= ( 5(3) ) c0s<3—ﬂ>l“<§>. (33)
5 Guxd) 10)°\5

3/5 2/3

In this case, we obtain I*. o« @™/° in contrast to I” x W
in (29) for a generic cusp. For general X # 0 with

X£ i) =0 for all 1 < p < n, including cases Wlth discon-
tinuous derivatives at the cusp point, an explicit example of
which is given by (16), we obtain
I TH + (=)t (Zm)r, (34)
where
i (X))o
4(2n = 1)[(n = 1)1?

0o AN1— 1x( n)u
I”:/ %% Rk oyp |+ doy
0

(n—1)!
_ <4n[<n - 1>!12>ﬂn r(p,)X0"
puo(XZ)" /) @n=1)n=1)!
and f, =5 where n > 2. This leads to the general

frequency dependence |I,| x @™». Since the left- and
right-moving modes are mdependent, the waveform of
gravitational or axion emission for @ — oo takes the form

eiiﬂng (35)

(@), 0" (0) x~PtPn) . nom>2, n.meZ,  (36)
where n and m denote the lowest nonzero derivative for
each mode.

Taking the limit lim,,_, o, f,, = % implies that the slowest
possible spectral decay is @ « w~'. This corresponds to
the unphysical situation of a straight string moving at the
speed of light, as can be seen from taking the limit of (16)
as n — oo. Similarly, for circular loops, all points on the
string move at the speed of light at the moment of collapse
to a point, leading again to @ « w~'. This has been
calculated analytically for Nambu-Goto strings [20,43,44]
and is in agreement with the measured spectrum from loops
in field theory simulations [45,46]. In this case, we do not
expect a beamed signal, because all points of the string are a
cusp point. Finally, we note that the spectrum for n =1

corresponds to the predicted frequency dependence &
™2 of a signal from a kink-kink collision [5,40].

More realistic cusps. For cosmic strings arising from
spontaneously broken symmetries, the Nambu-Goto action
is the leading-order term in an effective field theory
describing the underlying “real” field theory string.
Higher-order corrections, for example, from the finite string
thickness or from backreaction effects [34,47-53] can
modify the string dynamics and may prevent the formation
of cusps. For cosmic superstrings, although the zero-width
approximation is exact [54], additional effects, such as the
presence of extra dimensions, can obstruct cusp forma-
tion [55]. In these cases, an exact overlap of separable left-
and right-moving modes on the Kibble-Turok sphere will
generally fail to occur, and the resulting massless spectrum
emitted from a cusplike region will exhibit slight deviations
from that predicted in the strict Nambu-Goto limit.

We can allow for small departures from the exact
Nambu-Goto solutions by introducing approximate solu-
tions X(i), moving “off” the Kibble-Turok sphere by some
small amount. These take the form

|X |:1_fi-(6i)~1_5if/( )=1-24A4, A1,

(37)

where f are arbitrary functions of some small corrections
0. The approximate left- and right-moving solutions no
longer intersect precisely, but instead approach each other
to within a small interval. The & modes now propagate at
velocities slightly below the speed of light.

In the previous analysis, the cusp conditions (8) ensure
that the terms 1 - Xf) in the Taylor expansion vanish at the
cusp point. When the cusp conditions are no longer
satisfied exactly, lower-order terms are retained, giving

[’i z/ GiX< & e300 (ArtfroityLo] )dO'i (38)

where A, ~ 1 —1 - Xﬁi),ﬂi_n X ») and 7. Xg
This integral can be solved exactly [44] to obtaln

o (2u : 1/3
o Xy sgn(ys) < iprw . :
I =2nid—E Ai(lL)+AI(¢L) ),
G P Gl
(39)
) 2/;179%&
where z:j: — _ (ﬁzi—:;Ai}’i)wz/S L= e_l/}i” 27yft and

- 3L
Ai(...) and Ai'(...) are the Airy function and its derivative,

respectively. Setting A, = ;. = 0, we recover the result
3—1/3
r(1/3)

Figure 3 illustrates how deviations A from the Nambu-
Goto approximation modify the components |I*| of the

for generic cusps, since Ai'(0) = —

L081302-5



AMELIA DREW and IVAN RYBAK

PHYS. REV. D 114, L081302 (2026)

0.100

|

0.001
1]

1073

< T |

il Al e S e |
1
1
1
1

107

—_
ol ---
)

1077
10 1000
w

FIG. 3.
10~! — 10~* are compared to the dashed |I*,| o @
Larger A, shift the cutoff to lower frequencies.

Radiation spectra computed using (39). Lines for A, =
=2/3 power law.

massless spectrum, introducing a high-frequency cutoff to
the |I".| « @™/3 power-law behavior. Smaller corrections
come from changing £, and y..

Discussion. In the canonical Nambu-Goto picture, cosmic
string cusps are characterized as points on a string loop that
arise instantaneously, move at the speed of light, generate
massless radiation with a &(w) ~ w~*> power-law spec-
trum and have a sharp shape y ~ x?/3. We have broadened
this picture by identifying and computing the shapes and
massless spectra of several previously unexplored cusp
configurations. We have found that some formal cusps
exhibit sharper profiles than the standard y ~ x*3, while
others are smooth. The cusp shape does not directly
determine the massless spectrum; in particular, smooth
cusps can reproduce the standard #(w) ~ @™*/3. The novel
spectra derived fill the range between &(w) ~ w™*/3 and
o~ with discrete power laws (36), revealing a far richer
structure of possible signatures than previously recognized.
The nongeneric cusps introduced may not frequently arise
in cosmological networks, as the requirement for higher
derivatives to identically vanish imposes fine-tuning con-
straints on the string world sheet. However, they could
potentially arise with statistical significance in cosmologi-
cal scenarios featuring exceptionally large loop popula-
tions, such as superheated phase transitions (e.g., [S6]) or
certain models of high-tension networks. Fully quantifying
their abundance in these scenarios is left for future work.

We highlight that, in addition to the usual sharp cusps,
smooth cusp configurations involving true discontinuities
also receive (infinitely) large corrections from higher
derivative terms in the string curvature. Here, one expects
excitations of the radial mode to propagate along the string,

as demonstrated numerically in [26]. This highlights that
deviations from Nambu-Goto behavior in field theory
strings need not be confined to sharply localized features.
Backreaction will similarly smooth the pointed cusp shape
and reduce the overall strength of the signal [51,52]. For
the already smooth cusps investigated here, we expect that
exact cusp formation will be prevented by the reduction of
the local velocity. In all cases, such corrections will lead to
a high-frequency cutoff in the signal associated with the
energy or length scale of the relevant effect, modifying the
predicted spectrum both for individual bursts and stochas-
tic background signals from a string network [6,7,57]. This
should be taken into account in particular for future
experimental GW burst searches, for which the cutoff
could be used to infer information about the physics of the
string core. Further investigation is left for future work.
Finally, this work opens a potential avenue for future
simulations of cosmic string cusps based on the collision of
traveling waves, following from those performed in [26].
These could be used to verify the massless spectra for the
new cusps presented, including the dependence on string
parameters of the position of the high-frequency cutoff that
comes from corrections to the pure Nambu-Goto dynamics.
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