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Gravitational effects are known to violate global symmetries, threatening the Peccei-Quinn solution to
the strong CP problem. Ultraviolet completions featuring a gaugedUð1Þ symmetry, whereUð1ÞPQ arises as
an accidental global symmetry, can suppress Planck-suppressed operators, enabling high-quality axions in
a mass window where it can also account for the observed dark matter (DM) in the Universe. We show that
in such models, the spontaneous breaking of the Uð1Þ gauge symmetry generates a strong stochastic
gravitational wave background (SGWB) from gauge cosmic string loops. Even in the most conservative
scenario, for breaking scales ≳1014 GeV, the SGWB signal strength can exceed astrophysical foregrounds
across a broad frequency range. Such quality axion models have a characteristic IR break frequency
originating from the dynamics of the string-wall network collapse. We propose this characteristic SGWB
frequency-amplitude region, identified as signature-window-axion-gravitational waves (SWAG), to be a
novel probe of high-quality axion DM at future space and ground-based interferometers.
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I. INTRODUCTION

Stringent upper bounds on the neutron electric dipole
moment (EDM) indicate that strong interactions are CP
symmetric, even though the Standard Model (SM) as a
whole is not. CP violation in the strong sector is para-
metrized by the angle θ̄, which is constrained from above as
θ̄ < 10−10 [1]. The requirement that θ̄ be so extremely
small constitutes the strong CP problem. A well-known
solution is to promote θ̄ to a dynamical pseudoscalar field,
the axion, emerging from the spontaneous breaking of a
global Uð1ÞPQ symmetry, known as the Peccei-Quinn (PQ)
mechanism [2–8]. When the axion acquires a potential
from non-perturbative QCD effects, θ̄ dynamically relaxes
to zero, thereby solving the strong CP problem. In addition
to this elegant resolution of the strong CP problem, axions
can also solve other longstanding puzzles in particle
physics like the origin of dark matter (DM) and baryon
asymmetry of the Universe (BAU) [9,10]. Axions can
constitute all of cold dark matter if they are extremely light,

with a mass of order ma ≃ 10−5 eV corresponding to axion
decay constant fa ∼ 1011 GeV, as suggested by cosmo-
logical considerations [6,11,12]. Depending on the details
of the QCD axion model namely, Dine-Fischler-Srednicki-
Zhitnitsky [13,14] or Kim-Shifman-Vainshtein-Zakharov
(KSVZ) [15,16], additional contributions from the topo-
logical defects can alter this window by less than an order
of magnitude [7]. On the other hand, there are several ways
in which axions can assist in generating the observed BAU
[17–20].
Despite its appeal, the PQ mechanism is challenged by

explicit global symmetry-breaking operators [21–24], par-
ticularly those induced by quantum gravity [25], which is
believed to violate global symmetries. Such effects can shift
the axion potential minimum away from θ̄ ≃ 0, destabilizing
the strong CP solution. While one might expect Planck-
suppressed operators like λΦ5=MPl to be harmless, dimen-
sional analysis suggests otherwise. For fa ∼ 1011 GeV,
astrophysically allowed [26], this operator competes with
the QCD axion potential unless λ≲ 10−40. The need for such
extreme fine-tuning to preserve θ̄ < 10−10 defines the axion
quality problem.
To address the axion quality problem and construct high-

quality axion theories, two broad strategies have been
explored:
Category-1: Suppressing gravity-induced operators—

This class ofmodels aims to eliminate or suppress dangerous
Planck-suppressed operators. This can be achieved either by
(a) generating a naturally small λ via nonperturbative effects,
e.g., λ ∼ e−S with S≳ 200 [25,27–29], or (b) enforcing
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gauge symmetries that forbid operators of the form ΔV ∼
λnΦn=Mn−4

Pl up to large n ≫ 5 with λn ∼Oð1Þ [23,30–39].
Composite axion models also provide natural suppression
[40–49].
Category-2: Strengthening infrared dynamics—An alter-

native approach introduces a second QCD-like sector with
a higher confinement scale ΛQCD0 , resolving the strong CP
problem in both sectors simultaneously. These models
typically predict heavy, cosmologically unstable axions
[50–56], and evade the usual astrophysical bounds,
allowing fa ≪ 108 GeV. Related ideas include multiple
SM copies [57,58], enlarged QCD symmetries [59], and
extra dimensions [60–63].
While experimental prospects for both categories remain

broad and promising [64–71], there is growing interest in
alternative detection channels such as the stochastic gravi-
tational wave background (SGWB). Reference [72] studies
SGWB signals from domain wall dynamics in Category-2
models, while first-order confinement transitions in the
heavyQCD sector can lead to additionalGWsignatures [73].
In this work, we demonstrate that even the simplest high-

quality axion models within Category-1b can naturally give
rise to strong and detectable gravitational waves (GW).
These GW are sourced by gauge cosmic strings (CS)
[74,75], which generically emerge from the ultraviolet
(UV) completion of the theory featuring a Uð1ÞX gauge
symmetry [23,38,39]. The CS network breaks in the early
Universe due to its interactions with domain walls (DW)
[7,23,76] formed around axion oscillation temperature. The
overall GW spectrum exhibits a characteristic infrared (IR)
frequency, here referred to as the Martin-Vilenkin (MV)
frequency: fbreak;MV

IR [77].
We show that for a wide range of model parameters, the

resulting GW background can exceed astrophysical fore-
grounds, making Category-1b axion models a promising
and testable framework for upcoming GW observatories
such as LISA [78], DECIGO [79], and Advanced LIGO
(aLIGO) [80]. In addition to their distinctive GW signa-
tures, these models maintain axion stability compatible
with dark matter, a feature not generally realized in earlier
heavy axionþ GW scenarios [72,73].

II. THE FRAMEWORK

Since our primary objective is to compute the GW
spectra arising from gauged CS in generic Category-1b
axion models, the model-dependent details of the explicit
particle content are not crucial. The key inputs are the
Uð1ÞX breaking scale and the DW formation scale at which
the CS network dissolves. For concreteness, we consider a
Babu-Dutta-Mohapatra (BDM) class of KSVZ-type axion
models [39], based on the gauge group GSM ×Uð1ÞX (see
Appendix A for more detail). In this setup, a minimum of
four vectorlike quarks (QiL;R; i ¼ 1–4) and two singlet
scalars (T; S) are required. Additionally, three chiral

fermions (NiR; i ¼ 1–3) are introduced to ensure anomaly
cancellation for the gauged Uð1ÞX. The global Uð1ÞPQ
symmetry then emerges as an accidental symmetry of the
Lagrangian. Alternatively, one could adopt the Barr-Seckel
class of models [23], which also naturally realize the
desired Uð1ÞPQ structure.
This setup naturally gives rise to two distinct symmetry-

breaking scales: the gauge symmetry breaking scale
fg ∼ fT , and the global PQ symmetry-breaking scale
fa ∼ fS. Throughout our analysis, we assume a hierarchy
fg ≫ fa. The axion emerges as a linear combination of the
phases of the scalar fields S and T, effectively locking their
phases to the axion potential. This phase locking is the key
mechanism that causes both the gauge and global strings to
become attached to domain walls once the axion potential
is turned on [23,38,39,81].
The lowest-dimensional operator that is gauge invariant

but explicitly violates the PQ symmetry, potentially
induced by gravitational effects, takes the form [39],

Vgravity ¼ κeiδ
S3nT†

ð3nÞ!M3n−3
Pl

þ H:c: ð1Þ

Here n is a positive integer related also to the Uð1Þ
charges of the S field, and the induced shift in the effective
θ̄ parameter due to Vgravity can be estimated as (see
Appendix A for detail)

θ̄ ∼
κ sin δð3nÞ3nf3n−2a fg

ð3nÞ!2ð3n−1Þ=2M3n−3
Pl m2

a
; ð2Þ

where ma is the zero-temperature axion mass, fixed by the
requirement that axions constitute the entirety of darkmatter.
Assuming the correct DM relic abundance arises from the
vacuum misalignment mechanism [6,11,12], one obtains
fa ≃ 3 × 1011 GeV and ma ≃ 17 μeV. For simplicity, we
take κ sin δ ¼ 1 throughout our analysis. It is then evident
that the axion quality problem is resolved (θ̄ ≪ 10−10) for
large values of n ≥ 4, as illustrated in Fig. 1.
Interestingly, for n ¼ 4 and moderate values of fg=fa,

the model predicts testable values of θ̄, potentially within
reach of future neutron and proton EDM experiments.
Furthermore, part of the parameter space is already con-
strained by LIGO-O3 upper limits on the stochastic GW
background [84], while the remaining parameter space can
be probed by future GW interferometers such as CE [85,86]
and ET [87], as discussed in the following sections.
In this class of models [23,39], gauge CS forms at a

temperature scale T ∼ fg, while global CS forms around
T ∼ fa [23,81]. The gauge strings predominantly radiate
gravitational waves [88], whereas global strings primarily
lose energy through Goldstone boson emission [89]. A key
feature of axion models is the formation of DW when the
temperature-dependent axion mass becomes comparable to
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the Hubble parameter H, and the axion field begins to roll
toward the minimum of its potential [7,8]. The evolution
and fate of the resulting string-wall network are governed
by the domain wall number, NDW. For NDW ¼ 1, the
network is short-lived and efficiently dissipates its energy
[76]. In contrast, for NDW > 1, the network becomes stable
and can eventually dominate the energy density of the
Universe, leading to the well-known domain wall problem.
In high-quality axion models, this problem is avoided if
either class of strings, gauge or global, has a single domain
wall attached. It has been shown in Refs. [23,38,39,81,90]
in detail that this condition can be satisfied in models with a
Uð1Þlocal ×Uð1Þglobal symmetry structure, such as the one
considered here, making them cosmologically safe (see
Refs. [23,81] for a comprehensive scholarly overview).
Even in the most conservative scenario, or from the GW

detection standpoint, seemingly the worst-case scenario,
where the gauge string network quickly dissolves through
its interaction with DW, it survives long enough in the early
Universe to emit a strong GW background from pure CS
loops (neglecting, for now, contributions from other net-
work remnants; we return to this later). Remarkably, this
signal lies within the projected sensitivity range of upcom-
ing interferometers. What sets high-quality axion models
apart from generic gauge string-DW networks [77] is that
the DW formation temperature is fixed by the requirement
of reproducing the observed DM relic abundance.
Consequently, both the GW spectrum and the associated
MV frequency are determined by a single parameter—the
gauge string tension. This predictive feature is a central
focus of this work.

III. GRAVITATIONAL WAVES FROM GAUGE
COSMIC STRINGS

GWs are radiated from cosmic string loops that are
chopped off from long strings formed during the sponta-
neous breaking of the gauged Uð1ÞX symmetry [91,92].
The long string network is characterized by a correlation
length L ¼ ffiffiffiffiffiffiffiffiffiffiffi

μ=ρ∞
p

, where ρ∞ is the energy density in long
strings and μ is the string tension. The tension is given by
[93] μ ¼ πf2ghðλ0; g0Þ, with hðλ0; g0Þ ≃ 1 for λ0 ≃ 2g02, with
λ0; g0 being the quartic self coupling of the scalar field T and
Uð1ÞX gauge coupling, respectively. The evolution of a
radiating loop with initial size li ¼ αti is described by
lðtÞ ¼ li − ΓGμðt − tiÞ, where Γ ≃ 50 [91,92], α ≃ 0.1
[94,95], G ¼ M−2

Pl is Newton’s constant, and ti is the time
of loop formation. The total energy emitted in GW is
distributed among normal-mode oscillations with frequen-

cies fk ¼ 2k
lk
¼ aðt0Þ

aðtÞ f, where k ¼ 1; 2;…; kmax, f is the

observed GW frequency today, and aðtÞ is the scale factor.
The total GW energy density spectrum is given by [94,95]

ΩGWðfÞ ¼
Xkmax

k¼1

2kF αGμ2Γk

fρc

Z
t0

ti

�
aðtÞ
aðt0Þ

�
5

nωðt; lkÞdt; ð3Þ

where ρc is the critical energy density, and nωðt; lkÞ is the
loop number density.
While the loop number density can, in principle, be

computed using the velocity-dependent one-scale (VOS)
model [96–99], in this work, we adopt the loop number
density from the numerical simulations of the Blanco-
Pillado–Olum–Shlaer [94], which agrees with the VOS
model for α;F α ≃ 0.1. As such, the gravitational wave
spectra presented in our figures are strongly supported by
numerical simulations, and so is the determination of the
MV frequency. The power emitted in the kth harmonic
mode is given by Γk ¼ Γ;k−δ

ζðδÞ , where δ ¼ 4=3 for loops with

cusps [100], and ζðδÞ denotes the Riemann zeta function.
In general, the GW spectrum arising from a stable string

network exhibits two prominent features: (i) a low-fre-
quency peak arising from GW radiation emitted by loops
that were formed during the radiation-dominated epoch but
decayed in the subsequent matter-dominated (standard) era,
and (ii) an approximately scale-invariant plateau at higher
frequencies [94,95,101], given by

Ωplt
GW ¼ 128πF αGμ

9ζðδÞ
AR

ϵR
ΩR½ð1þ ϵRÞ3=2 − 1�; ð4Þ

which originates solely from loop dynamics during the
radiation-dominated era. In Eq. (4), ϵR ¼ α=ΓGμ ≫ 1,AR ∼
5.4 for radiation domination, and ΩR ≃ 9 × 10−5 is the
present-day radiation energy density fraction. Importantly,
the amplitude of the plateau scales as Ωplt

GW ∝ ffiffiffi
μ

p ∝ fg,

n = 4, fa = 3 x 1011 GeV

nEDM (proj.)

pEDM (proj.)

L
IG

O
-O

3

C
E

 

E
T

 

nEDM

θ

10−15

10−14

10−13

10−12

10−11

10−10

fg/fa

100 1000 104

FIG. 1. θ̄ versus hierarchy of scales fg=fa, for n ¼ 4 and
fa ¼ 3 × 1011 GeV, which satisfies the relic abundance for axion
being DM. The gray shaded region with a solid border is
disfavored from current bound on neutron EDM (nEDM) [1],
while the shaded regions with dotted borders denote projected
future sensitivities for nEDM [82] and proton EDM (pEDM)
[83], respectively. The vertical shaded region with solid border is
ruled out by LIGO-O3 [84] observations while the ones with
dotted borders are within reach of future GW experiments CE
[85,86] and ET [87], respectively.
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indicating that higher symmetry-breaking scales result in a
stronger GW signal.
For quality axion models, the feature (i) is absent, since

the wall-string network dissipates well before matter-
radiation equality (redshift z ∼ 3400). Consequently, the
spectrum exhibits only the feature (ii), with a blue tilt
ΩGW ∼ f3=2 for f ≲ fbreak;MV

IR and a plateau for f ≳
fbreak;MV
IR (see, e.g., Fig. 2). Using Eq. (3), the condition

for axion oscillation 3HðToscÞ ≈mðToscÞ, and the power-
law parametrization of temperature dependent axion mass
mðTÞ [8,102,103], we obtain an approximate analytical
expression for the fbreak;MV

IR as

fbreak;MV
IR ¼ 0.7

�
1015 GeV

fg

�
2
�

ma

30 μeV

�
1=6

Hz: ð5Þ

Note that while Eqs. (4) and (5) are the two key expressions
describing the GW spectrum in high-quality light axion
models, the characteristic frequency fbreak;MV

IR arises from
the near-instantaneous cessation of GWemission from pure
string loops at the axion oscillation temperature Tosc.
Although a precise treatment of the transition to late-time
string dominance and a full computation of emission from
wall-string systems would require lattice field theory
simulations, semianalytic estimates, such as those pre-
sented in Ref. [104] (see also other relevant works related
to string-DW collapse scenarios: [105–112]), can signifi-
cantly improve the GW detection prospects by lowering
fbreak;MV
IR , as we will discuss shortly.

IV. RESULTS AND DISCUSSIONS

In Fig. 2 (left), we show three representative GW spectra
corresponding to fg=fa ¼ 104;3;2 (green, blue, red), with
fa ≃ 3 × 1011 GeV and k ¼ 1. The signal amplitude can-
not be arbitrarily large, as it is bounded from above by the
non-observation of a stochastic GW background in LIGO-
O3. Similar upper bounds exist from pulsar timing array
(PTA) observations and successful big bang nucleosynthe-
sis (BBN) although they are not relevant for the range of
frequency and amplitude shown in Fig. 2. By summing
over a large number of modes and imposing the LIGO-O3
bound at 25 Hz [84], we find that fg ≲ 9 × 1014 GeV.
Using Eq. (5), this implies an absolute lower bound on the
turning frequency: fbreak;MV

IR ≳ 0.7 Hz, assuming that axi-
ons constitute 100% of dark matter generated from vacuum
misalignment. For smaller values of fg, the overall signal
amplitude decreases, while fbreak;MV

IR increases accordingly.
The dashed, dot-dashed, and dotted curves in Fig. 2

represent the LISA TD1X noise spectrum, the galactic
foreground, and the extragalactic foregrounds, respectively.
The galactic foreground arises primarily from unresolved
white dwarf binaries within the Milky Way [113–116],
while the extragalactic foreground receives contributions
from neutron stars, stellar-origin black hole binaries during
their inspiral phase, and white dwarf binaries [117–119].
Notably, signals corresponding to fg ≳ 1014 GeV (typi-
cally, the region within the blue and the green curve in
Fig. 2) can potentially avoid contamination from these
astrophysical foregrounds, making them cleaner and
higher-quality probes of primordial origin. Furthermore,

FIG. 2. Left: Gravitational wave spectra (green, blue, red) for three benchmark values of fg=fa. The horizontal and vertical lines
correspond to the relations defined in Eqs. (4) and (5). The dashed, dot-dashed, and dotted curves denote the LISA TD1X noise
spectrum, galactic foreground, and extragalactic foregrounds, respectively. The white region overlapping with the aLIGO sensitivity
represents the exclusion bound from LIGO-O3. Right: Enlarged view of the left panel. The region enclosed between the orange and
purple lines defines the characteristic amplitude-frequency range associated with the SWAG, assuming the string network collapses at
the domain wall formation temperature. The orange dashed line corresponds to a more realistic collapse time based on semianalytic
estimates. See main text for details.
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even though LISA may barely detect the spectral turnover
in such cases, the power-law part of the signal is sufficiently
strong (the green curve) to rise above the instrumen-
tal noise.
As discussed in Refs. [120–122], when axion radiation

from global strings and domain walls are included, the
axion dark matter mass can be as large as 500 μeV. In this
case, the corresponding turning frequency increases
beyond fbreak;MV

IR ≳ 0.7 Hz [cf. Eq. (5)]. This motivates
the definition of a highly predictive signature-window-
axion-gravitational waves (SWAG), which characterizes
the GW signal in high-quality light axion models. As
shown in Fig. 2 (right), the SWAG region lies between the
orange (ma ∼ 17 μeV) and purple (ma ∼ 500 μeV) lines,
and any ðΩGW; f

break;MV
IR Þ point within this region exhibits

the characteristic spectral behavior: a rising spectrum
ΩGW ∝ f3=2 for f ≲ fbreak;MV

IR , followed by a flat plateau
ΩGW ≃Ωplt

GW for f ≳ fbreak;MV
IR [101,123]. We propose

SWAG as the most conservative prediction for high-quality
light axion models. In its simplest form, SWAG is par-
ticularly robust, as it is simulation consistent and the
spectral turnover is directly linked to the correct dark
matter relic density sourced by axions. While one may
argue that similar turnover features could emerge in other
BSM scenarios, reproducing a SWAG-like window would
typically require fine-tuning of model parameters. Notably,
in most such cases, the domain wall formation temperature
remains a free parameter, unlike in high-quality axion
models, where it is fixed.
That said, several effects could influence the robustness

of SWAG. First, as noted earlier, pure string domination
may persist beyond the DW formation time. As discussed
in Ref. [77], the string domination time can be charac-
terized by tc ≃ μ=σ, where σ is the axion DW tension. If
Tc < Tosc, the pure string network effect survives longer,
resulting in a downward shift of the frequency fbreak;MV

IR .
Following the method of Ref. [104], we find that the
modified turnover frequency takes the form,

f̄break;MV
IR ≃ fLT

�
1015 GeV

fg

�
fbreak;MV
IR ; ð6Þ

where the dimensionless late-time correction factor is
fLT ∼ 10−2. This downward shift in frequency is illustrated
by the dashed orange line in Fig. 2 (right). Furthermore, if
one includes contributions from remnant networks, such as
walls bounded by strings formd around tc, we find that
fLT ∼ 10−6, a remarkable result that could shift the turnover
frequency into the PTA sensitivity range. However, such an
optimistic outcome requires confirmation from numerical
simulations of the wall–string network.
In any case, we believe that our work motivates several

additional promising directions for future investigation.
These include, e.g., a detailed assessment of the robustness

of the minimal SWAG prediction in the presence of
astrophysical foreground contamination [124–129].
Moreover, it is possible to render the phase of the field
T blind to the axion potential via an appropriate charge
assignment. In such a case, gauge strings are expected to
radiate GW up to the present epoch, enhancing the GW
signal at lower frequencies. While this scenario generally
shifts the IR turnover frequency to lower values—resulting
in a GW spectrum that seemingly lacks the low-energy
characteristic features of high-quality axion models at
interferometer scales, it can open up the possibility of
generating a UV spectral break. This behavior resembles
the features discussed in Refs. [75,130–132], and can arise
if one of the heavy quarks dominates the energy density of
the Universe [133–135].

V. CONCLUSION

That gauge strings can efficiently radiate GW is now a
well-recognized phenomenon—acknowledged not only in
theoretical studies but also in recent PTA data analyses
[136–139], and embedded within the future physics road-
maps of experiments like LISA [99] and LIGO [140]. Yet,
it is somewhat surprising that this powerful feature has
remained largely unexplored in the context of high-quality
light axion models with gauged Uð1Þ symmetries, which
are now gaining extensive attention. In this work, we
demonstrate that such models can naturally predict a
distinctive and detectable stochastic GW background char-
acterized by an infrared spectral break (referred to as the
Martin-Vilenkin frequency) at the interferometer scales—a
sharp contrast to the ultraviolet breaks typically studied in
literature [75,130–132,141–144]. Remarkably, the entire
signal is governed by a single parameter: theUð1Þ breaking
scale (neglecting other theoretical uncertainties pertinent to
signal reconstruction [127]). While previous studies on GW
are focused primarily on high-quality heavy axions [72,73],
we show that high-quality light axions not only generate
similarly strong GW signals, but also remain fully con-
sistent with the observed DM abundance. This elevates
light axions to a compelling, multimessenger target, test-
able both via interferometric GW detectors and axion
search experiments (details given in Appendix B), offering
a powerful new window into the light, high-quality axion
DM models.
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APPENDIX A: MORE DETAILS ON THE MODEL

1. Field content and charge assignment

In the manuscript, we followed the notation of [39] and
labeled the operators by the parameter n, which may appear
ambiguous at first glance. However, n should be under-
stood as encoding the corresponding gauge charges. The
notation introduced in [23], namely ðp; qÞ, may indeed
make this point more transparent. The central idea is to
construct gauge-invariant operators characterized by the
parameter n [or equivalently ðp; qÞ], and then appropriately
choose the associated charges in order to avoid the axion
quality problem.
For the given charge assignment, it is evident that the

lowest-dimensional operator that is gauge invariant but
explicitly violates the PQ symmetry, takes the form,

Vgravity ¼ κeiδ
S3nT†

ð3nÞ!M3n−3
Pl

þ H:c: ðA1Þ

In principle, values of n < 4 are not forbidden by the
gauged symmetry; however, for the axion decay constant
required to obtain the observed relic abundance from
vacuum misalignment, fa ≃ 3 × 1011 GeV, such choices
do not adequately solve the axion quality problem. As

shown in Fig. 3, only for n ≥ 4 the induced shift θ̄ remains
well below 10−10.

2. Additional relics

None of the newly introduced particles in Table I lead to
unwanted cosmological relics. The vectorlike quarks Qi
and Q4 can mix with the SM quarks. Similarly, the neutral
fermions NiR can mix with the SM leptons, ensuring their
eventual decay. For example, in addition to the leading-
order terms responsible for generating the masses of these
fermions (see the BDM model [39]), we can have higher-
dimensional operators such as

−L ⊃ QiLdR
S2

MPl
þQ4LQiL

S4

M3
Pl

þQ4LQiLN2RN3R
1

M2
Pl

þ L̄ H̃ N3R
T
MPl

þ N3RN2R
S�4

M3
Pl

; ðA2Þ

together with

−LY ⊃ Y44Q4LQ4RT† þ
X
i

YijQiLQjR
Sn

n!Λn−1

þ y12Nc
1RN2RT† þ y33

2
Nc

3RN3R
T2

2!Λ
þ H:c: ðA3Þ

In Eq. (A2), we have assumed n ¼ 4 and taken the
hypercharge of Qi to be the same as that of the SM down-
type quarks. For the symmetry-breaking scales considered
in this work, fg > fa ¼ 3 × 1011 GeV, the operators in
Eq. (A2) ensure that the newly introduced fermions decay
into SM states well before the onset of BBN. Similarly, the
new physical scalars can decay via Higgs-portal or Yukawa
interactions into SM degrees of freedom.

FIG. 3. n vs θ, keeping fa ∼ fS ∼ 3 × 1011 GeV.

TABLE I. New field content and quantum numbers under
Uð1Þp ×Uð1Þq and Uð1ÞX ×Uð1ÞPQ symmetries.

Fields Uð1Þp Uð1Þq Uð1ÞX ≡ Uð1Þpþq Uð1ÞPQ ≡ Uð1Þp−q
QiL 0 1 1 −1
QiR 0 −1 −1 1
Q4L −3 0 −3 −3
Q4R 3 0 3 3
N1R 2 0 2 2
N2R 4 0 4 4
N3R −6 0 −6 −6
S 0 2

n
2
n − 2

n
T 6 0 6 6
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Therefore, requiring the lifetimes of the new particles to
satisfy τ ≪ 1 s does not impose any additional constraints
on the model.

3. Domain-wall number and GW signals

In this class of models PQ symmetry is not uniquely
defined, since any linear combination of the accidental PQ
symmetry and the gaugedUð1Þa also constitutes a valid PQ
symmetry. The axion field can be written as

a ¼
X
i

ciηi ¼
3nfTηS − fSηTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9n2f2T þ f2S
p ; ðA4Þ

from which the domain-wall number is determined as [39]

NDW ¼ min
ni ∈Z

�
1

fa

X
i

ni
ci
fi

�
: ðA5Þ

Substituting the explicit expressions for cS, cT , and fa
relevant for our setup, this reduces to

NDW ¼ min ð3n1 − n2Þ: ðA6Þ

By choosing the integers n1 ¼ 1 and n2 ¼ 3n − 1, one can
always construct a realization with NDW ¼ 1. Although
values NDW > 1 are more generic in this class of models,
let us show that this regime is at best only marginally
viable, since removing the long-lived string-wall network
typically requires an explicit PQ-breaking term large
enough to endanger axion quality.
For NDW > 1, the string-wall network can be long-lived,

and an explicit PQ-breaking term is needed to lift the
vacuum degeneracy and trigger annihilation. Omitting the
overall κ coefficient and the Oð1Þ phase-dependent factor,
the typical size of the gravity-induced bias is

ϵbias ∼ 2
f3nS fT

ð3nÞ!2ð3n−1Þ=2M3n−3
Pl

sin

�
π

NDW

�
: ðA7Þ

Assuming that the network quickly enters the scaling
regime, the annihilation epoch can be estimated from

Hann ∼
ϵbias
σ

; ðA8Þ

where σ is the axion domain-wall tension. Assuming
radiation domination, the corresponding annihilation tem-
perature is

TðRDÞ
ann

MeV
¼ 1.3

�
g�

10.75

�
−1=4

� jθ̄j
10−10

�
1=2

×

�
fa

1011 GeV

�
−1=2

�
2 sin

�
π

NDW

��
1=2

; ðA9Þ

where we used

θ̄ ≃
f3nS fT

ð3nÞ!2ð3n−1Þ=2M3n−3
Pl m2

af2a
: ðA10Þ

If the bias is too small, the wall network may dominate the
energy density before annihilating. Estimating the onset of
domination from ρDW ∼ ρR, again assuming radiation
domination, gives

Tdom

MeV
≃ 0.8

�
g�

10.75

�
−1=4

�
fa

1011 GeV

�
1=2

�
6

NDW

�
: ðA11Þ

Requiring the network to annihilate before it dominates,

TðRDÞ
ann > Tdom, implies the lower bound

jθ̄j≳3.4×10−10
�

fa
3×1011GeV

�
2
�

6

NDW

�
2 1

2sinðπ=NDWÞ
:

ðA12Þ

ForNDW ¼ Oð1–10Þ, this lower bound is typically close to,
or above, the experimental upper limit on θ̄. Therefore, for
NDW > 1 there is only a narrow window in which the
explicit PQ-breaking term is large enough to eliminate the
wall network early, yet small enough to preserve axion
quality.
A few more comments are in order. In this work we

primarily consider local strings and therefore anticipate that
the infrared peak frequency may shift to lower values
depending on the gauge symmetry-breaking scale. Local
strings can efficiently radiate gravitational waves even for
relatively small symmetry-breaking scales. By contrast, for
global strings with breaking scale below 1015 GeV, the
dominant emission channel is into Goldstone bosons rather
than gravitational waves. In our setup, a comparatively
smaller global string scale is in fact preferred in order to
reproduce the observed axion abundance.
Within this framework, it is possible to engineer network

decay by realizing NDW ¼ 1 for either type of string [81].
For example, one may obtain NDW ¼ 1 for global strings
while having NDW > 1 for local strings. Alternatively, an
appropriate charge assignment (different from what is
shown in Table I) can render the local strings effectively
insensitive to the axion potential, such that network
annihilation must be seeded by global strings. In that
situation, a characteristic gravitational-wave background
can arise, for instance, through a modified expansion
history induced by heavy quarks. On the other hand, in
regions of parameter space with a standard cosmological
expansion history, the resulting gravitational-wave spec-
trum reduces to the conventional local cosmic-string
spectrum, without a distinctive imprint from the axion-
sector structure. While phenomenologically viable, such a
spectrum would be less readily distinguishable.
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4. Axion quality

Using chiral perturbation theory, the zero-temperature
QCD axion potential can be derived as

VðaÞ¼−f2πm2
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4mdmu

ðmuþmdÞ2
sin2

�
a
2fa

þ θ̄

2

�s
: ðA13Þ

At high temperatures, we will get temperature-dependent
mass and potential for the axion. The θ̄ in the potential can
be absorbed by transforming the axion field as
a → aþ faθ̄. Using this potential, the axion mass below
QCD scale can be found as [5]

m2
a ¼

mdmu

ðmu þmdÞ2
m2

πf2π
f2a

;

⇒ ma ≈ 5.7

�
1012 GeV

fa

�
μeV: ðA14Þ

The potential VðaÞ is at minimum when

sin

�
a
fa

þ θ̄

�
¼ 0: ðA15Þ

This minimum is shifted when the gravity-induced PQ
breaking higher dimensional operators are introduced,
which only respects the gauge symmetry. The lowest-
dimensional PQ breaking but gauge invariant potential
involving the scalars S, T of our model is of the form,

Vgravity ¼ κeiδ
S3nT†

ð3nÞ!M3n−3
Pl

þ H:c: ðA16Þ

Using the parametrization of the scalar fields S ¼
1ffiffi
2

p fSeiηS=fS ; T ¼ 1ffiffi
2

p fTeiηT=fT , the corresponding new con-

tribution to the axion potential can be written as,

VðaÞ
gravity ¼ κ

f3nS fT
ð3nÞ!2ð3n−1Þ=2M3n−3

Pl

cos

�
a
fa

þ δ

�
: ðA17Þ

Here, a ¼ 3nfTηS−fSηTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9n2f2Tþf2S

p and fa ¼ fSfTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9n2f2Tþf2S

p . After taking into

account the gravity-induced correction to the total axion

potential, which is now a sum of VðaÞ
gravity þ VðaÞ and

minimizing it, the total shifted value of the QCD θ̄ vacuum
is given as

θ̄ ∼
κ sin δf3nS fT

ð3nÞ!2ð3n−1Þ=2M3n−3
Pl m2

af2a
: ðA18Þ

In the limit fT ≫ fS, the axion decay constant is given by
fa ¼ fS

3n. This automatically ensures the hierarchy fg ≫ fa

(with fg ¼ fT), provided that fT ≥ fS=3n. In this regime,
the total shift of the QCD θ̄ vacuum takes the form

θ̄ ∼
κ sin δð3nÞ3nf3n−2a fg

ð3nÞ!2ð3n−1Þ=2M3n−3
Pl m2

a
: ðA19Þ

For suitable choices of symmetry breaking scales and the
parameter n, this shifted value can be kept within exper-
imental upper limits from neutron EDM [1].

APPENDIX B: AXION DETECTION
EXPERIMENTS

The axion detection prospects in most experiments
primarily rely on axion-photon coupling. The axion-photon
interaction is parametrized as

Laγ ⊃
1

4
gaγFμνF̃μν; ðB1Þ

where, gaγ ¼ ðEN − 1.92Þ α
2πfa

[145] with E, N representing
electromagnetic and color anomaly coefficients, respec-
tively. In our case, we choose a vanishing Uð1ÞY charge
of heavy quarks QL;R, which gives gaγ to be the same as the
KSVZ model. Figure 4 shows the parameter space in the
plane of axion-photon coupling gaγ and axion mass ma

including the bounds and sensitivities of different experi-
ments or observables. The line labeled as KSVZ refers to the
model’s predicted axion-photon coupling. The current exper-
imental bounds on the axion-photon coupling from various
experiments or observables are shownby the solid color lines
(CAST [146], SN87A [147–149], NGC 1275 [150], ADMX
[151,152], globular clusters [153]) whereas future exper-
imental sensitivities or observables are shown by the dashed
lines (CASPEr [154], FLASH [155], ABRACADABRA
[156], CULTASK [157,158], MADMAX [159], IAXO
[160], Fermi-LAT [161], ALPHA [162,163], and black hole
superradiance [164]).
The cyan colored point is consistent with the observed

relic abundance of dark matter assuming the production via
vacuum misalignment mechanism. If the PQ symmetry is to
be broken in the postinflationary era, then the initial value of
the misaligned axion field is θi ¼ π=

ffiffiffi
3

p
≃ 1.81, which

results in the observedDMabundanceΩah2 ¼ 0.12 for fa ∼
3.3 × 1011 GeV and axion mass ma ∼ 17 μeV. The yellow
colored point corresponds to themaximumvalue of the axion
mass up to which its relic can be generated from topological
defects like global CS and DW [120–122]. Similar to the
right panel of Fig. 2, here we identify the range
ma ∈ 17–500 μeV as the SWAG window with the unique
GW signal of our high-quality axion DM model. The other
colored bands along the KSVZ-predicted gaγ −ma line
correspond to present bounds as well as future sensitivities
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of EDM and SGWB observations, assuming n ¼ 4. As the
right panel of Fig. 4 shows for a large hierarchy of scales
fg=fa ¼ 104, a large part of the KSVZ-predicted gaγ −ma

parameter space including the point satisfying theDMrelic is

already ruled out by neutron EDM and LIGO-O3 bounds.
For smaller hierarchy fg=fa ¼ 102, the DM relic satisfying
point remains currently allowed, but can be probed at future
EDM experiments.
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