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This study investigates finite-volume effects in physical processes that involve the combination of long-
range hadronic matrix elements with electroweak loop integrals. We adopt the approach of implementing
the electroweak part as the infinite-volume version, which is denoted as the EW∞ method in this work. A
general approach is established for correcting finite-volume effects in cases where the hadronic
intermediate states are dominated by either a single particle or two particles. For the single-particle case,
this work derives the infinite volume reconstruction method from a new perspective. For the two-particle
case, we provide the correction formulas for power-law finite-volume effects and unphysical terms with
exponentially divergent time dependence. The finite-volume formalism developed in this study has broad
applications, including the QED corrections in various processes and the two-photon exchange
contribution in KL → μþμ− or η → μþμ− decays.
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I. INTRODUCTION

Lattice QCD provides a nonperturbative method for
solving the quantum chromodynamics (QCD) theories
by discretizing the quark and gluon fields in Euclidean
space within a finite size of T × L3. Studying the finite-
volume effects resulting from this finite size is crucial for
the development of lattice methodology. With the advance-
ment of computational resources and lattice techniques,
lattice QCD has achieved high precision for many physical
observables, requiring finite-volume effects to be taken into
account. The finite-volume formalism also enables us to
extract important physical information from finite-volume
systems and extends lattice QCD’s computational capacity
to physical observables that were previously inaccessible.
Among the developments of finite-volume formalisms,

two-particle systems have received considerable attention
and have become one of the major research focuses. This
direction was initiated by Luscher’s quantization condition,
which relates the two-particle energy spectrum in finite
volume to the physical scattering amplitude [1–3], enabling

lattice QCD to investigate scattering processes and reso-
nances [4]. Based on this work, Ref. [5] derived the
Lellouch-Lüscher formula that connects physical matrix
elements of K → ππ to finite-volume matrix elements on
lattice. The two-particle finite-volume formalism was later
generalized and applied to a wide range of physical

processes, including 0→
J
2 processes [6,7] (e.g., the timelike

form factor [8–11]), 1→J 2 processes [12–14] (e.g., K → ππ

decay [15–17], ππ → πγ� process [18–20]), and 2→
J
2

processes [7,21–24]. Two-particle finite-volume effects
have also been studied in long-range electroweak ampli-
tudes [25–27].
Despite these developments of two-particle finite-vol-

ume formalism, significant challenges remain, particularly
in processes where the electroweak propagators and long-
range hadronic matrix elements form a loop integral
structure. We refer to the former as electroweak weight
functions, which have analytically known forms, while the
latter can be obtained through lattice calculations. In lattice
calculations, these processes have large finite-volume
effects from both parts. The electroweak weight functions
may be long range and contain infrared singularities from
massless particles, preventing them from being directly
implemented in finite volume, thereby resulting in large
finite-volume effects. For the hadronic matrix elements, the
intermediate states might involve light particles that cause
large finite-volume effects. For instance, if the hadronic
part contains two-particle intermediate states that are lighter
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than the initial state, it will have power-law finite-volume
effects and unphysical terms with exponentially divergent
time dependence. Addressing the finite-volume effects
from both the hadronic and electroweak parts in these
processes is therefore very challenging.
In Fig. 1, we list some typical processes involving such

loop integral structure:
(i) QED corrections in various processes, such as the

QED self-energy of a hadron [Fig. 1(a)], radiative
correction of leptonic or semileptonic decays [Figs. 1
(b), 1(c)], etc.

(ii) Two-photon exchange contributions in decays of
neutral mesons such as π0; η; KL; � � �. For example,
the long-distance contributions of rare decay KL →
lþl− and KL → πlþl− are through two-photon
exchange [Figs. 1(d), 1(e)] [28,29].

(iii) Two-photon exchange contributions in nucleon-lep-
ton interactions [Fig. 1(f)]. These processes appear as
higher-order corrections of muonic-hydrogen Lamb
shift [30,31], electron-proton scattering [32,33], etc.

(iv) Decay width of radiative decays, such as the
radiative decay of neutral mesons P0 → γð�Þγð�Þ or
charged mesons Pþ → lþνlγð�Þ, where the photon
may be a real photon or decay to a lepton pair [e.g.,
Kþ → lþνlγ� → lþνll0þl0− in Fig. 1(g)]. The
decay width involves phase space integration over

the hadronic and electroweak parts of the square of
the amplitude, thus forming a generalized loop
integral structure.

The electroweak weight functions of the above processes
all have infrared singularities from massless photon propa-
gators. To calculate such processes, we need to consider how
to implement these electroweak weight functions in lattice
calculations. A commonly used approach is the QEDL
method, which subtracts the zero mode of photon propa-
gators. This method has been widely applied to calculate
QED self-energy of hadrons [34–36], radiative correction of
leptonic decay [37–40], neutrinoless double beta decay [41],
etc. The power-law finite-volume effects in the QEDL
method can be derived and corrected analytically.
Recent studies have proposed implementing the electro-

weak weight functions as their infinite-volume version and
calculating the loop integral in coordinate space. In this
paper, we refer to this approach as the EW∞ method. For
example, the hadronic light-by-light contribution of the
muon g − 2 involves multiple photons, and an implemen-
tation method of them was proposed using the infinite-
volume and continuous QED [42]. Using the same form of
photon propagator, Ref. [43] proposed the infinite volume
reconstruction (IVR) method for the QED self-energy
problem. This method reconstructs the hadronic matrix
elements outside the lattice temporal range from lattice data

FIG. 1. Examples of the physical processes where the electroweak propagators and long-range hadronic matrix elements form a loop
integral structure. (a) QED self-energy of hadron N. (b) Radiative correction: P− → l−ν̄l. (c) Radiative correction: P1 → P2l−ν̄l. (d) 2γ
exchange: KL → lþl−. (e) 2γ exchange: KL → πlþl−. (f) 2γ exchange: N − l. (g) Radiative decay: Kþ → lþνlγ� → lþνll0þl0−.
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using ground state dominance, and then combines it with
the infinite-volume photon propagator, successfully avoid-
ing the power-law finite-volume effects. This method has
been applied to pion mass splitting [44], neutrinoless
double beta decay [45,46], radiative correction of leptonic
decay [47,48], radiative and rare decay of meson [49–51],
two-photon exchange in muonic-hydrogen Lamb shift [52],
electroweak box diagrams in semileptonic decay of mesons
[53,54], and superallowed beta decay [55].
The IVR method solved the problem of how to reduce the

finite-volume effects when using the EW∞ method in the
case of single-particle intermediate states. In addition to this
case, more complex situations with two-particle intermediate
states often occur in physical processes. For example, the
EW∞ method has been proposed for the calculation of π0 →
eþe− and KL → μþμ− [Fig. 1(d)] [56–58]. However, for the
KL → μþμ− decay, currently no finite-volume formalism
exists to account for the finite-volume effects caused by the
ππ intermediate states. Similar two-particle intermediate
states also occur in the radiative correction of semileptonic
decay [Fig. 1(c)], 2γ exchange in KL → π0lþl− [Fig. 1(e)],
2γ exchange in N − l scattering when l has large input
momentum [Fig. 1(f)], and Kþ → lνll0þl0− decay width
[Fig. 1(g)], etc. Thus, developing a two-particle finite-
volume formalism would extend the applicability of the
EW∞ method to these processes.
In this paper, we study how to apply the EW∞ method to

processes where the initial or final hadronic states are single-
particle states or vacuum, and the intermediate hadronic
states are single-particle or two-particle states. In the single-
particle case, we derive the IVR method from a new
perspective. We point out that in the EW∞ method, the
infrared singularity of the photon propagator does not cause
a singularity in the discrete momentum summand, explain-
ing why the IVR method can avoid power-law finite-volume
effects in this case. In the two-particle case, we give the
correction formulas for power-law finite-volume effects and
unphysical terms with exponentially divergent time depend-
ence. For clarity, we take QED self-energy problem and η →
μþμ− decay as examples to illustrate the single-particle and
two-particle cases, respectively.
This paper is organized as follows. In Sec. II, we

introduce the general form of the EW∞ method and explain
the main idea of how to solve finite-volume effects. We
consider two classes of processes: loop integral problems in
Sec. II A and decay width of radiative decay in Sec. II C.
Next, we derive the correction formulas of the finite-
volume effects in cases of single-particle and two-particle
intermediate states in Secs. III and IV, respectively.

II. EW∞ METHOD

A. Loop integral problem

The calculation structure of QED corrections or two-
photon exchange can be abstracted as a general loop

integral in Fig. 2, which is defined in infinite-volume
Minkowski space as

I∞ ¼
Z

d4k
ð2πÞ4 L

∞ðkÞH∞ðk; pÞ; ð1Þ

where we use the superscript ∞ to indicate that these
quantities are defined in infinite volume. In this paper, the
quantities are defined by default in Minkowski space. For
Euclidean space quantities in the following part, we add a
subscriptE to distinguish them. In this integral, the total input
momentum is defined as p ¼ ðm; 0Þ. The discussion here
can also be generalized to p ≠ 0. In this work, we set p ¼ 0
for simplicity. L∞ðkÞ is the electroweak weight function with
momentum k ¼ ðk0; kÞ, which may include propagators of
the electroweak part, spinors of final state leptons and other
coefficients. The hadronic matrix element H∞ðk; pÞ is

H∞ðk; pÞ ¼
Z

d3x
Z

∞

−∞
dteik·xhfjT½J1ðt; xÞJ2ð0Þ�jii; ð2Þ

where the Minkowski space operators are defined as J1 and
J2, and for generality we do not specify their explicit forms
for now. In this paper, we consider the case where the initial
and final hadronic states ji=fi are vacuum or single-particle
states. We insert a complete set of intermediate states to
expand H∞ðk; pÞ as

H∞ðk; pÞ ¼ H∞
t<0ðk; pÞ þH∞

t>0ðk; pÞ

¼ i
XZ
α

hfjJ2jαð−k; EαÞihαð−k; EαÞjJ1jii
m − k0 − Eα þ iϵ

þ i
XZ
α0

hfjJ1jα0ðk; Eα0 Þihα0ðk; Eα0 ÞjJ2jii
mþ k0 − Eα0 þ iϵ

; ð3Þ

where α and α0 denote infinite-volume intermediate states for
the time-ordering t < 0 and t > 0, respectively. The notationPR

α=α0 denotes the summation over all such infinite-volume
states. In this work, we focus on the t < 0 contribution for
simplicity, and the method here can be applied to t > 0 cases
as well. We neglect the t > 0 contribution and write

FIG. 2. Target physical quantity: loop integral in Minkowski
space.
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H∞ðk; pÞ ¼ H∞
t<0ðk; pÞ ¼ i

XZ
α

A∞
α ð−k; EαÞ

m − k0 − Eα þ iϵ
; I∞ ¼ I∞t<0 ¼

Z
d4k
ð2πÞ4 L

∞ðkÞH∞
t<0ðk; pÞ: ð4Þ

Here, we define A∞
α ð−k; EαÞ ¼ hfjJ2jαð−k; EαÞihαð−k; EαÞjJ1jii. We consider the cases where the ground states of

jαð−k; EαÞi are single-particle or two-particle states.
Next, we consider how to calculate the above quantity in the finite-volume Euclidean space. We define the loop integral

in the “EW∞ method” as

IðLTÞ ¼ cME

Z
V
d3x

Z
0

−ts
dτL∞

E ðτ; xÞHðLÞ
E ðτ; xÞ; ð5Þ

where ts ≤ T=2 is the cutoff in the temporal integration, and V ¼ L3 means the spatial integration is in finite volume. In
Appendix A, we introduce the definitions of the Euclidean space coordinates ðτ; xÞ, momentum kE and operators J1=2;E used
in this paper, and use cME to account for the difference between the Euclidean space and Minkowski space conventions. IðLTÞ
combines the infinite-volume electroweak weight function L∞

E ðτ; xÞ and the finite-volume Euclidean space hadronic matrix

element HðLÞ
E ðτ; xÞ defined below. In the case of τ < 0, HðLÞ

E ðτ; xÞ can be expanded by finite-volume intermediate states as

HðLÞ
E ðτ < 0; xÞ ¼ ðhfjJ2;Eð0ÞJ1;Eðτ; xÞjiiÞðLÞ

¼ 1

L3

X
k0 ∈Γ

X
αL

hfjJ2;EjαLð−k0; EαLÞihαLð−k0; EαLÞjJ1;Ejiie−ðm−EαL
Þτþik0·x

¼ 1

L3

X
k0 ∈Γ

X
αL

AðLÞ
α;Eð−k0; EαLÞe−ðm−EαL

Þτþik0·x: ð6Þ

Here, k0 is the discrete momentum in the finite volume,
which takes values from the set Γ ¼ fk0jk0 ¼ 2π

L ng. In this
paper, we use k as continuous momentum in infinite volume,
and use k0 as discrete momentum in finite volume. Since jfi
and jii are defined as vacuum or single-particle states, we
ignore the difference between their infinite-volume version
and finite-volume version, which is typically an exponen-
tially suppressed finite-volume effect.

P
αL

runs over dis-
crete energy levels of finite-volume states jαLð−k0; EαLÞi
with momentum −k0. We denote the finite-volume matrix

element in Euclidean space as AðLÞ
α;Eð−k0; EαLÞ. In this work,

we ignore the around-the-world effects from the temporal
boundary condition.
L∞
E ðτ; xÞ is defined in infinite-volume Euclidean space as

L∞
E ðτ; xÞ ¼ −

Z
d3k
ð2πÞ3

Z
Clat

dk0E
2π

e−ik
0
Eτ−ik·xL∞

E ðkEÞ;

L∞
E ðkEÞ ¼ L∞ðkÞjk→ð−ik0E;kÞ: ð7Þ

FIG. 3. We define the physical contour C and the lattice contour Clat in the complex plane of k0. C is the correct Minkowski space
contour, and Clat is the actual contour used in the electroweak weight function L∞

E ðτ; xÞ in the lattice calculation.
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Here, the negative sign in the formula ensures that IðLTÞ
matches the physical quantity I∞ in (1) after corrections
discussed below. The denominator of L∞ðkÞ consists of
lepton or photon propagators

L∞ðkÞ ∼ 1

D1D2 � � �Dn
: ð8Þ

Figure 3 shows the singularities of these electroweak
propagators on the complex k0 plane. The physical contour
C in Minkowski space is defined in the left figure. Due to
the singularities like 1 and 2, the Wick rotation cannot be
directly done. We follow Ref. [57] to define L∞

E ðτ; xÞ using
the modified contour Clat in the right figure, which contains
the correct singularities of the electroweak weight function.

B. Theoretical analysis of finite-volume effects

In this part, we study the difference between IðLTÞ and the
physical quantity I∞:

ΔI ¼ IðLTÞ − I∞: ð9Þ

When only the singularities of the electroweak weight
function are considered, the lattice contour Clat is equiv-
alent to the physical contour C, as shown in Fig. 3.
However, we also need to consider whether the hadronic
singularities in the loop integral cause problems. For
simplicity, we focus on the singularities k0¼m−Eαþ iϵ
that arise from the t < 0 time-ordering contribution in
Eq. (3). Figure 4 illustrates the physical contour C and the
lattice contour Clat in the presence of the hadronic singu-
larities. The left panel shows the physical contour C in
infinite-volume Minkowski space. The hadronic singular-
ities in this case may include isolated single-particle poles
(the square pole in the figure), and a branch cut from
multiparticle states (the shaded region in the figure). The
right panel shows the lattice contour Clat in finite-volume

Euclidean space. The finite-volume states jαLi replace the
infinite-volume states jαi, and thus the branch cut from
multiparticle states transforms into discrete finite-volume
singularities. These finite-volume hadronic singularities
fall into two categories:
(1) Heavy intermediate states with Eα > m, which

correspond to the poles on the left side of the
Im k0 axis. They may be single-particle or multi-
particle states. These states do not affect the equiv-
alence between C and Clat. The finite-volume effects
from these states are exponentially suppressed, and
thus they are not the focus of this paper.

(2) Light intermediate states with Eα ≤ m, which cor-
respond to the poles on the right side of the Im k0

axis. They may be single-particle states (the pole 1 in
the figure), or multiparticle states (the pole 2 in the
figure). In this paper, we mainly focus on solving
systematic errors related to these states.

For the convenience of theoretical analysis, we substitute
Eqs. (6) and (7) into Eq. (5) and write the expression of
IðLTÞ in momentum space as

IðLTÞ ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ

×
Z
Clat

ð−idk0EÞ
2π

L∞
E ðkEÞcMEH

ðLTÞ
E ðk0E; pEÞ; ð10Þ

where we define the finite-volume δ function

δLðqÞ¼
Z
V
d3xeiq·x¼L3

sinðL
2
qxÞ

L
2
qx

sinðL
2
qyÞ

L
2
qy

sinðL
2
qzÞ

L
2
qz

; ð11Þ

and the Euclidean hadronic matrix element in momentum
space

FIG. 4. The definition of the physical contour C and the lattice contour Clat in the presence of the hadronic singularities.
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HðLTÞ
E ðk0E; pEÞ ¼ i

X
αL

AðLÞ
α;Eð−k0; EαLÞ

mþ ik0E − EαL

½1 − eðmþik0E−EαL
Þts �:

ð12Þ
Here, we define the total energy in Euclidean spac e as
pE ¼ ðim; 0Þ, and the momentum carried by the current as
k0E ¼ ðk0E; k0Þ (k0 ∈Γ). The ik0E in this equation comes from
the wick rotation k0 → −ik0E, as defined in Appendix A.
In HðLTÞ

E ðk0E; pEÞ, the temporal truncation ts removes the
singularities in the denominator

�
1 − eðmþik0E−EαL

Þts

mþ ik0E − EαL

�����
mþik0E−EαL

→0

¼ −ts: ð13Þ

Therefore, the light hadronic singularities (the single-
particle pole 1 or the multiparticle pole 2 in Fig. 4) do
not affect the equivalence between C and Clat in the loop
integral of IðLTÞ. Using this equivalence, we can rotate IðLTÞ
back to Minkowski space as

IðLTÞ ¼ 1

L3

X
k0∈Γ

Z
d3k
ð2πÞ3δLðk

0−kÞ
Z
C

dk0

2π
L∞ðkÞHðLTÞðk0;pÞ:

ð14Þ

Here, we define the Minkowski space momentum as
k0 ¼ ðk0; k0Þ (k0 ∈Γ), and the Minkowski space matrix
element as

HðLTÞðk0;pÞ¼ i
X
αL

AðLÞ
α ð−k0;EαLÞ
m−k0−EαL

ð1−eðm−k0−EαL
ÞtsÞ; ð15Þ

where AðLÞ
α ð−k0;EαLÞ¼hfjJ2jαLð−k0;EαLÞihαLð−k0;EαLÞ

jJ1jii is defined in the finite-volume Minkowski space,

and satisfies AðLÞ
α ð−k0; EαLÞ ¼ cMEA

ðLÞ
α;Eð−k0; EαLÞ.

The momentum space expression (14) shows that the
EW∞ method mixes the infinite-volume electroweak
weight function L∞ðkÞ [which has continuous momentum
k ¼ ðk0; kÞ] and the finite-volume hadronic function
HðLTÞðk0; pÞ [which has discrete momentum k0 ¼ ðk0; k0Þ
with k0 ∈Γ]. k and k0 are related by the finite-volume
δ function δLðk0 − kÞ. If we compare IðLTÞ in Eq. (14) with

I∞ in Eq. (1), we can see that ΔI ¼ IðLTÞ − I∞ has two
different sources:
(1) The difference between the finite-volume hadronic

function HðLTÞðk0; pÞ and the infinite-volume had-
ronic functionH∞ðk0; pÞ at discrete momenta k0 ∈Γ.

(2) The finite-volume effects introduced by the loop
integral structure in EW∞ method

1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ: ð16Þ

This integral structure comes from writing the
coordinate-space integral in momentum space. As
the volume goes to infinity, δLðk0 − kÞ becomes the
normal δ function and this integral form converges to
the physical form

R
d3k
ð2πÞ3. Thus, this is a new kind of

finite-volume effect.
We can separate them as the first type of correction
(denoted asΔI1) and the second type of correction (denoted
as ΔI2) by introducing an intermediate quantity

ĨðLÞ ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞ðkÞH∞ðk0; pÞ;

ΔI1 ¼ IðLTÞ − ĨðLÞ;

ΔI2 ¼ ĨðLÞ − I∞: ð17Þ

We illustrate the idea of this paper in Fig. 5. Here, we use
the H bubble with solid box with subscript LT to represent
HðLTÞðk0; pÞ, and the unboxed H bubble to represent
H∞ðk; pÞ. We use the L bubble to represent L∞ðkÞ. We
use the large dashed box to represent the loop integral
structure introduced in the EW∞ method. Through these
two correction steps, we can convert the lattice calculated
quantity IðLTÞ into the physical quantity I∞.
Next, we make some general discussion about these two

corrections. In Secs. III and IV, we apply the discussion
here to the cases of single-particle and two-particle inter-
mediate states respectively.

1. First type of correction

According to Eq. (17), we can derive the correction
formula for ΔI1 as

FIG. 5. The correction idea of this paper.
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ΔI1 ¼ IðLTÞ − ĨðLÞ

¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ

×
Z
C

dk0

2π
L∞ðkÞΔHðk0; pÞ;

ΔHðk0; pÞ ¼ HðLTÞðk0; pÞ −H∞ðk0; pÞ: ð18Þ

This shows that ΔI1 depends on the difference between the
finite-volume hadronic matrix elementHðLTÞðk0; pÞ and the
infinite-volume hadronic matrix element H∞ðk0; pÞ at
discrete momentum k0 ∈Γ. This difference is a correction
term that has been studied extensively by previous liter-
ature, for example, Ref. [27] provides the correction
formula for the case of two-particle intermediate state. In
Secs. III B and IV B, we will introduce the correction
formulas for the cases of single-particle and two-particle,
respectively.

2. Second type of correction

Another source of systematic error is the finite-volume
effect caused by the integral structure in EW∞ method. To
analyze this effect, we write ĨðLÞ as discrete momentum
summation

ĨðLÞ ¼ 1

L3

X
k0 ∈Γ

Îðk0Þ;

Îðk0Þ ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞ðkÞH∞ðk0; pÞ: ð19Þ

In the infinite-volume limit L → ∞, the sum 1
L3

P
k0 ∈Γ

becomes the integral
R

d3k0
ð2πÞ3, and the finite-volume δ

function δLðk0 − kÞ becomes the infinite-volume one
ð2πÞ3δð3Þðk0 − kÞ, so ĨðLÞ converges to I∞. Therefore,
ΔI2 is a new type of finite-volume effect introduced in
the EW∞ method.
We can see that the summation form here is more complex

than the conventional Poisson summation formula, but the
volume suppression behavior of ΔI2 ¼ ĨðLÞ − I∞ also
depends on the smoothness of the summand Îðk0Þ. In
Appendix B, we state and prove the following theorem:

Theorem 1. Let l̃ðkÞ and h̃ðkÞ be functions of four-
momentum k ¼ ðk0; kÞ, and define their loop integral forms

I∞ ¼
Z

d3k
ð2πÞ3

Z
dk0

2π
l̃ðkÞh̃ðkÞ;

IðLÞ ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z

dk0

2π
l̃ðkÞh̃ðk0Þ

¼ 1

L3

X
k0 ∈Γ

Îðk0Þ; ð20Þ

with k ¼ ðk0; kÞ, k0 ¼ ðk0; k0Þ. k0 ∈Γ is the discrete
momentum in finite volume. The finite-volume effect
IðLÞ − I∞ is related to the smoothness of Îðk0Þ by (here,
k0 is extended to be a continuous real variable)
(1) If Îðk0Þ has singularities, then the finite-volume

effect suppresses as Oð1=LÞ;
(2) If Îðk0Þ is continuously differentiable up to order

N, then the finite-volume effect suppresses
as Oð1=LNþ1Þ;

(3) If Îðk0Þ is infinitely differentiable, then the finite-
volume effect suppresses asOðe−ΛLÞ, where Λ is the
hadronic mass scale in the problem.

This theorem implies that the smoothness of Îðk0Þ needs to
be investigated in the specific physical problem to analyze
the behavior of this finite-volume effect ΔI2, which is very
similar to the previous studies of finite-volume effects. The
proof of this theorem relies on the mathematical relation
between the smoothness of a function and the suppression
behavior of its inverse Fourier transformation [59], and we
present the detailed proof in Appendix B.

C. Decay width problem

We now turn to another type of physical problem: the
radiative decay of mesons. In these processes, mesons decay
into final state leptons or photons by exchanging photons or
W� bosons through two currents. Examples include the
radiative decay to two (virtual) photons P → γð�Þγð�Þ (such
as π0=η=KL → lþl−γ or π0=η=KL → lþl−l0þl0−), and
the weak decay with (virtual) photon emission P → lνlγð�Þ

(such as Kþ → lþνlγ or Kþ → lþνll0þl0−). Figure 6
shows the structure of the decay width of these processes,

FIG. 6. The structure of Kþ → lþνll0þl0− decay width: phase space integration over the hadron part and electroweak part of the
square of the amplitude.
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usingKþ → lþνll0þl0− as an example. They involve phase
space integration over the hadron part and electroweak part
of the square of the amplitude, sowe can regard this structure
as a generalized loop integral.
We consider a general process of meson P decaying into

l leptons or photons n1;…; nl through two currents J1 and
J2, which can be either electromagnetic or weak currents.
We denote the momentum of the initial meson by
p ¼ ðmP; 0Þ, and the momentum of the final particles by
p1;…; pl. The two currents carry the momentum k ¼
ðk0; kÞ and p − k ¼ ðmP − k0;−kÞ, respectively, and they
satisfy the energy-momentum conservation with the final
particle momentum p1;…; pl. The hadronic part in the
infinite-volume Minkowski space is

H∞;μνðk; pÞ ¼
Z

d3x
Z

∞

−∞
dteik·xh0jTfJμ1ðxÞJν2ð0ÞgjPi:

ð21Þ
The decay width can be generally written as

Γ∞¼ 1

2mP

Z
dΦljMðP→n1 �� �nlÞj2

¼ 1

2mP

Z
dΦlH∞;μνðk;pÞL∞

μνμ0ν0 ðp1;…;plÞH∞;μ0ν0 ðk;pÞ;

ð22Þ

where dΦl is the l-body phase space of the final state
particles, and Lμνμ0ν0 ðp1;…; plÞ is the electroweak part of
the square of the amplitude. Comparing the decay width
here with the loop integral problem introduced before, we
can see that they have a similar structure of multiplying the
hadronic matrix element and the electroweak weight
function and integrating over the momentum. The loop
integral is replaced by the phase space integral here. In
Ref. [50], we propose a lattice calculation method for such
decay width. In this part, we point out that the method used
in Ref. [50] is an extension of the EW∞ method into the
decay width problem.
In Ref. [50], for a specific continuous momentum

k ¼ ðk0; kÞ in the phase space, we calculate the hadronic
matrix element on the lattice as

Hμν
latðk;pÞ ¼−i

Z
ts

−ts
dτ

×
Z
V
d3xek

0τ−ik·xðh0jTfJμ1;EðxÞJν2;Eð0ÞgjPiÞðLÞ:

ð23Þ

Since k is defined as a continuous momentum, this
definition is different from lattice calculation of hadronic
matrix elements at discrete momentum. Using Hμν

latðk; pÞ as
an input, we define the decay width in the EW∞ method as

ΓðLTÞ ¼ 1

2mP

Z
dΦl½cμνMEH

μν
latðk; pÞ�Lμνμ0ν0 ðp1;…; plÞ½cμ

0ν0
MEH

μν
latðk; pÞ�; ð24Þ

where cμνME accounts for the difference between the operator
definitions in Euclidean space and Minkowski space (see
Appendix A).
To see this is a generalization of the EW∞ method, we

rewrite the expression of ΓðLTÞ in momentum space,
analogous to Eq. (14), as

ΓðLTÞ ¼ 1

L3

X
k0
1
∈Γ

1

L3

X
k0
2
∈Γ

1

2mP

Z
dΦlδLðk01−kÞδLðk02−kÞ

×HðLTÞ;μνðk01;pÞL∞
μνμ0ν0 ðp1;…;plÞHðLTÞ;μ0ν0 ðk02;pÞ;

ð25Þ

where HðLTÞ;μνðk01=2;pÞ is the finite-volume Minkowski
hadronic matrix element defined similarly to Eq. (15).
Here, the continuous momentum k is associated with
the infinite-volume electroweak weight function
L∞
μνμ0ν0 ðp1;…;plÞ, and is related to p1;…; pl by the

energy-momentum conservation. On the other hand,
k01;2 are the discrete momenta related to the finite-volume
hadronic matrix elements. ΓðLTÞ has a very similar structure

as IðLTÞ in Eq. (14), thus giving a generalization of the
EW∞ method to the decay width problem.
Similar to the loop integral case, the correction ΔΓ ¼

ΓðLTÞ − Γ∞ consists of two parts:
(1) The first type of correction accounts for the differ-

ence between HðLTÞ;μνðk01;2; pÞ and H∞;μνðk01;2; pÞ at
discrete momentum k01;2 ∈Γ.

(2) The second type of correction is a new finite-volume
effect introduced by the integral form in the EW∞
method

1

L3

X
k0
1
∈Γ

1

L3

X
k0
2
∈Γ

Z
dΦlδLðk01 − kÞδLðk02 − kÞ:

As L approaches infinity, the finite-volume δL
function converges to the standard δ function, and
the above expression converges to the phase space
integral

R
dΦl.

In the subsequent section, we focus on discussing the
corrections in the loop integral problem. The following
correction method can also be applied to the decay width
problem.
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III. SINGLE-PARTICLE INTERMEDIATE STATE

In this section, we apply the EW∞ method to the cases
where the ground state of H∞ðk; pÞ in Eq. (2) is a single-
particle state, denoted as N. Since the finite-volume effects
and temporal truncation effects are dominated by this
single-particle ground state, we will neglect other excited
states in this section. Take t < 0 time ordering as an
example, we can write the single-particle contribution as

H∞
t<0ðk; pÞ ¼ i

ANð−kÞ
2ENðkÞðm − k0 − ENðkÞ þ iϵÞ þ � � � ;

ANð−kÞ ¼ hfjJ2jNð−kÞihNð−kÞjJ1jii; ð26Þ

where we define the energy of the single particle as
ENðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

N

p
. J1 and J2 represent operators in

the physical problem, and we omit their Lorentz indices.
The lattice dataHðLÞ

E ðxÞ in Eq. (6) is defined in the finite-
volume Euclidean space. For τ < 0 time ordering, the
single-particle contribution can be expressed as

HðLÞ
E ðτ< 0;xÞ ¼ 1

L3

X
k0∈Γ

AN;Eð−k0Þ
2ENðk0Þ

eðENðk0Þ−mnÞτþik0·xþ� � � ;

AN;Eð−k0Þ ¼ hfjJ2;EjNð−k0ÞihNð−k0ÞjJ1;Ejii; ð27Þ

where k0 is the discrete momentum Γ ¼ fk0jk0 ¼ 2π
L ng.

Since ji=fi and jNð−k0Þi are both vacuum or single-
particle states, we can ignore the exponentially suppressed
finite-volume effects in AN;Eð−k0Þ. The convention differ-
ence of operators defined in Euclidean space or Minkowski
space is ANð−kÞ ¼ cMEAN;Eð−kÞ.
The physical quantity of interest in this section is the

loop integral involving this single-particle dominated
hadronic matrix element. The physical examples of using
the EW∞ method include QED self-energy of hadrons
[43,44], radiative correction of leptonic decay [47,48], rare
kaon decay Kþ → πþνν̄ [51], kaon decay with virtual
photon emission [50], etc. In this section, we discuss how to
correct the systematic errors in Eq. (17) in this case. For
convenience, we use a model generalized from the QED
self-energy problem to illustrate our method.

A. Example: Model generalized from
QED self-energy problem

As shown in Fig. 7, we generalize the self-energy problem
to a model where the intermediate particle can have different
mass compared to the initial/final particle. We denote the
initial/final particle and intermediate particle as n and N,
respectively. This model contains three different cases with
mN > mn, mN ¼ mn, or mN < mn. This generalization is
for the convenience of including physical problems where
the intermediate state is lighter than the initial/final state,
such as rare kaon decay Kþ → πþνν̄ with a π intermediate
state [51]. The loop integral is given by

I∞ ¼
Z

d4k
ð2πÞ4 L

∞ðkÞH∞ðk; pÞ; ð28Þ

where p ¼ ðmn; 0Þ is the total input momentum of the
integral. L∞ðkÞ is the electroweak weight function that
contains the photon propagator and other coefficients in
the self-energy definition:

L∞ðkÞ ¼ i
2

−i
k2 þ iϵ

: ð29Þ

The hadronic matrix element in this problem is defined as

H∞ðk;pÞ¼
Z

d3x
Z

∞

−∞
dteik·xgμνhnjT½Jμemðt; xÞJνemð0Þ�jni;

ð30Þ

where Jμem ¼ ð2
3
eūγμu − 1

3
ed̄γμdÞM is the Minkowski space

electromagnetic current, and jii ¼ jfi ¼ jni are the initial
and final states. In this problem, the t > 0 and t < 0 parts
correspond to the same physical contribution, which is
dominated by the single-particle intermediate state N.
For the t < 0 part, ANð−kÞ in Eq. (26) is defined
as ANð−kÞ ¼ gμνhnjJνemjNð−kÞihNð−kÞjJμemjni.
We use the EW∞ method to calculate the loop integral as

IðLTÞ ¼
Z
V
d3x

Z
ts

−ts
dτL∞

E ðτ; xÞHðLÞ
E ðτ; xÞ; ð31Þ

where L∞
E ðτ; xÞ is the electroweak weight function in

infinite-volume Euclidean space, defined by Eq. (7) as

L∞
E ðτ; xÞ ¼

1

2

1

4π2ðx2 þ τ2Þ : ð32Þ

The lattice input HðLÞ
E ðτ; xÞ is defined as

HðLÞ
E ðτ; xÞ ¼ δμνðhnjT½Jμem;Eðτ; xÞJνem;Eð0Þ�jniÞðLÞ; ð33Þ

where Jμem;E ¼ ð2
3
eūγμu − 1

3
ed̄γμdÞE is the Euclidean

space electromagnetic current. For the t < 0 part,
we take AN;Eð−kÞ ¼ δμνhnjJνem;EjNð−kÞihNð−kÞjJμem;Ejni
in Eq. (27). In Appendix A, we show that in this problem

FIG. 7. An example of a loop integral with a single-particle
intermediate state.
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cME ¼ 1 and AN;Eð−kÞ ¼ ANð−kÞ, so we use ANð−kÞ for
both in the following.
We use this model as an example to introduce how to do

the correction in the single-particle case. In this problem,
the t > 0 and t < 0 parts correspond to the same physical
contribution. For convenience, we focus on t < 0 contri-
bution and ignore t > 0 part in the following discussion.

B. First type of correction

We consider the first type of correction (ΔI1). According
to Eq. (18),ΔI1 depends only on the difference between the
finite-volume matrix element HðLTÞðk0; pÞ and the infinite-
volume matrix element H∞ðk0; pÞ at the discrete momen-
tum k0 ∈Γ. Under the single-particle dominance,H∞ðk0; pÞ
is given by Eq. (26), and HðLTÞðk0; pÞ is

HðLTÞðk0; pÞ ¼ i
ANð−k0Þ

2ENðk0Þðmn − k0 − ENðk0ÞÞ
ð1 − eðmn−k0−ENðk0ÞÞtsÞ þ � � � : ð34Þ

The correction of the hadronic matrix element at the discrete momentum k0 is

ΔHðk0; pÞ ¼ HðLTÞðk0; pÞ −H∞ðk0; pÞ;

¼ i
ANð−k0Þ

2ENðk0Þðmn − k0 − ENðk0ÞÞ
ð1 − eðmn−k0−ENðk0ÞÞtsÞ − i

ANð−k0Þ
2ENðk0Þðmn − k0 − ENðk0Þ þ iϵÞ : ð35Þ

Here, HðLTÞðk0; pÞ is a function without singularities, so we can add iϵ to its denominator and simplify H∞ðk0; pÞ as

ΔHðk0; pÞ ¼ i
ANð−k0Þ

2ENðk0Þðmn − k0 − ENðk0Þ þ iϵÞ ð−e
ðmn−k0−ENðk0ÞÞtsÞ: ð36Þ

Then ΔI1 is given by

ΔI1 ¼
1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞ðkÞΔHðk0; pÞ: ð37Þ

We can further perform the contour integration in the k0 direction and simplify the correction formula as

ΔI1 ¼
1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ ANð−k0Þ
2EγðkÞ2ENðk0ÞðEγðkÞ þ ENðk0Þ −mn − iϵÞ ;

× ð−eðmn−EγðkÞ−ENðk0ÞÞtsÞ; ð38Þ

where EγðkÞ ¼ jkj is the energy of the photon. To avoid introducing model dependence when calculating ΔI1, ANð−k0Þ can
be directly reconstructed from lattice data HðLÞ

E ðτ; xÞ. We assume that the time cutoff ts is large enough for the ground state
dominance and ignore the around-the-world effects; we have

ANð−k0Þ
2ENðk0Þ

¼ eðENðk0Þ−mnÞts
Z
V
d3xHðLÞ

E ð−ts; xÞe−ik0·x

¼ eðENðk0Þ−mnÞtsHðLÞ
E ð−ts; k0Þ; ð39Þ

where HðLÞ
E ð−ts; k0Þ is the discrete Fourier transformation of the lattice data HðLÞ

E ð−ts; xÞ. Using HðLÞ
E ð−ts; k0Þ as input, we

can rewrite the correction formula as

ΔI1 ¼
1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ HðLÞ
E ð−ts; k0Þ

2EγðkÞðEγðkÞ þ ENðk0Þ −mn − iϵÞ ð−e
−EγðkÞtsÞ: ð40Þ

Therefore,ΔI1 can be calculated from the lattice data without introducing form factors of ANð−k0Þ. In practical calculations,
since the high momentum contributions are suppressed by the large ts in the exponential term, only a few lower momentum
modes k0 need to be calculated.
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We numerically implement IðLTÞ and the corrected
ĨðLÞ ¼ IðLTÞ − ΔI1, as shown in Fig. 8. For mN < mn, we
only show the real part of the loop integral. In the model, we
choose L ¼ 24 and a ¼ 1, and take the form factor as the
same function with the electromagnetic form factor of π,
hnðp1ÞjJμjNðp2Þi ¼ eFðπÞððp1 − p2Þ2Þðp1 þ p2Þμ. The
initial/final state mass mn ¼ 0.14 is fixed, and the inter-
mediate state mass mN is taken as three different cases:
mN > mn, mN ¼ mn, and mN < mn. We should mention
that only themN ¼ mn case corresponds to the physical self-
energy problem. The other two cases are only for the
illustration of the method. In the calculation of ΔI1, we
choose modes with L

2π jðk0Þx;y;zj ≤ 2 for correction. From the
figure, we see thatΔI1 corrects the temporal truncation effect
on the lattice, which is exponentially convergent when
mN ≥ mn, and is exponentially divergent when mN < mn.

C. Second type of correction

The second type of correction (ΔI2) is the finite-volume
effect caused by summation

ĨðLÞ ¼ 1

L3

X
k0 ∈Γ

Îðk0Þ;

Îðk0Þ ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞ðkÞH∞ðk0; pÞ: ð41Þ

According to Theorem 1, the volume suppression behavior
of ΔI2 with increasing volume depends on the smoothness
of Îðk0Þ. We first prove that Îðk0Þ has no singularity, and
then discuss whether it is infinitely differentiable.

1. Proof of no singularity

We first study the integral structure of Îðk0Þ and examine
whether possible on-shell intermediate states can cause
singularities in the summand. As shown in Fig. 9, the most
singular case is the single-particle intermediate state N and
the photon are both on-shell (the cut line indicates on-
shell). We prove that this contribution does not cause
singularity in Îðk0Þ. This contribution can be written as

Îðk0Þ ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ ANð−k0Þ
2EγðkÞ2ENðk0ÞðEγðkÞ þ ENðk0Þ −mn − iϵÞ þ � � � : ð42Þ

In order to study whether the above integral has
singularities, we introduce a mathematical theorem that
is well known in quantum field theory research [60,61]:
Theorem 2. Consider a function of w:

IðwÞ ¼
Z
C
dζFðζ; wÞ; ð43Þ

where C is the integration path of ζ in the complex plane,
with endpoints ζa and ζb. Fðζ; wÞ is an analytic function of

FIG. 8. The loop integral IðLTÞ and the result after the first type of correction ĨðLÞ ¼ IðLTÞ − ΔI1 (L ¼ 24). mn is fixed at 0.14, and mN
is taken as three cases: mN ¼ 0.2 > mn, mN ¼ 0.14 ¼ mn, and mN ¼ 0.1 < mn.

FIG. 9. Analysis of the singularity structure of Îðk0Þ by the on-
shell intermediate state contribution.
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ζ, except for a few isolated singularities at ζ ¼ ζnðwÞ. Then
IðwÞ can have singularities only in the following two cases:
(1) Endpoint singularity. A singularity ζiðwÞ approaches

the endpoint of the integration path ζa or ζb as

w → w0, then IðwÞmay have an endpoint singularity
at w ¼ w0.

(2) Pinch singularity. Two singularities ζiðwÞ and
ζi0 ðwÞ approach from opposite sides of the integra-
tion path C to the same point ζiðw0Þ ¼ ζi0 ðw0Þ as
w → w0, then IðwÞ may have a pinch singularity
at w ¼ w0.

Figure 10 shows the possible situations of singularities near
the integration path C. P1 is an isolated pole that can be
avoided by deforming the integration contour. P2 and
P3 approach each other and may cause a pinch singularity.
P4 approaches ζb and may lead to an endpoint singularity.
In the integral expression of Îðk0Þ, ζ and w in the theorem

are replaced by k and k0 respectively, and the endpoint
singularities in the physical problem are infrared singular-
ities. The denominator of the integrands have poles at
ðkÞð0Þ ¼ 0 and ðkÞð0Þ ¼ mn − ENðk0Þ.
When mn ≥ mN , both the pinch singularity and the

endpoint singularity (infrared singularity) occur at
jk0j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

n −m2
N

p
. The integral form of Îðk0Þ around this

point is

Îðk0Þ
���
jk0j¼

ffiffiffiffiffiffiffiffiffiffiffiffi
m2

n−m2
N

p ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ ANð−k0Þ
2jkj2mNðjkj þmn −mnÞ

∼
Z

d3k
1

jkj2 : ð44Þ

When mn < mN , only the endpoint singularity (infrared singularity) occurs, and the integral form of Îðk0Þ is

Îðk0Þ ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ ANð−k0Þ
2jkj2ENðk0Þðjkj þ ENðk0Þ −mnÞ

∼
Z

d3k
1

jkj : ð45Þ

We can see that in both cases above, the integral in the infrared region is finite. This is because Îðk0Þ has a very similar
integral structure with the infrared safe quantity I∞. This is the main advantage of the EW∞ method: the electroweak weight
function L∞ðkÞ may have singularities, but they do not cause singularity in the summand Îðk0Þ. Figure 11 numerically
confirms that Îðk0Þ has no infrared singularity.

2. Cusp effect

We have shown that Îðk0Þ is free of singularities, but we still need to check its smoothness and differentiability. In this
part, we show that whenmN ≥ mn, i.e., the intermediate state is not lighter than the initial and final states, Îðk0Þ is infinitely
smooth and differentiable; whenmN < mn, i.e., the intermediate state is lighter than the initial and final states, the summand
is not smooth near the threshold jk0j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

n −m2
N

p
, which we call the cusp effect. To prove this, we simplify Îðk0Þ as

Îðk0Þ ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ ANð−k0Þ
2EγðkÞ2ENðk0ÞðEγðkÞ þ ENðk0Þ −mn − iϵÞ

¼ −
ANð−k0Þ

32π3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk0j2 þm2

N

p Z
∞

0

djkj jkj
mn −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk0j2 þm2

N

p
− jkj þ iϵ

Z
dΩkδLðk0 − kÞ: ð46Þ

We let w ¼ jkj, z ¼ mn −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk0j2 þm2

N

p
, and denote the other parts by a function gðw; zÞ, then the integral in the above

equation has the form

fðzÞ ¼
Z

∞

0

wgðw; zÞ
z − wþ iϵ

dw; ð47Þ

FIG. 10. Isolated pole, endpoint singularities, and pinch sin-
gularities.
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where z depends on jk0j, and z ¼ 0 corresponds to the threshold jk0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

n −m2
N

p
. To analyze the cusp effect, we

decompose fðzÞ as

fðzÞ ¼
Z

Λ

0

zgðz; zÞ
z − wþ iϵ

dwþ
Z

Λ

0

½wgðw; zÞ − zgðz; zÞ�
z − wþ iϵ

dwþ
Z

∞

Λ

wgðw; zÞ
z − wþ iϵ

dw; ð48Þ

whereΛ is a cutoff satisfiedΛ > mn > z. Apparently, both the second term and the third term do not have the singularity on
the denominator and are irrelevant to the cusp effect. The first term can be calculated explicitly as

Z
Λ

0

zgðz; zÞ
z − wþ iϵ

dw ¼
�
zgðz; zÞ½logðzÞ − logðΛ − zÞ þ iπ� z > 0;

zgðz; zÞ½logð−zÞ − logðΛ − zÞ� z < 0:
ð49Þ

Then, the nonsmoothness around the threshold z ¼ 0, i.e.,
the cusp effect, is given by logðzÞ þ iπ with z > 0 and
logð−zÞ with z < 0.
When mN ≥ mn, z always satisfies z ≤ 0, so the integral

does not cross the nonsmooth point of z ¼ 0. Thus, Îðk0Þ is
infinitely differentiable. When mN < mn, Îðk0Þ is non-
smooth at the threshold of z ¼ 0. For z > 0, i.e.,
0 ≤ jk0j <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π −m2
N

p
, the real part of the integral is given

by the principal value integral, and the imaginary part is
given by the residue at the pole; whereas for z < 0, i.e.,
jk0j >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

n −m2
N

p
, the real part is a regular integral, and

there is no imaginary part. Therefore, although the real and
imaginary parts of Îðk0Þ are continuous at the threshold,
they are not infinitely differentiable. As shown in Fig. 11,
we numerically calculated the real part and its first

derivative of Îðk0Þ for three cases: mN > mn, mN ¼ mn,
and mN < mn, confirming the conclusion here.
According to Theorem 1, we can conclude that: when the

intermediate state is heavier than or equal to the initial and
final states (mN ≥ mn), ΔI2 is an exponentially suppressed
finite-volume effect; when the intermediate state is lighter
than the initial and final states (mN < mn), ΔI2 is a power-
law suppressed finite-volume effect due to the cusp effect.
To avoid this power-law finite-volume effect, next we show
that the infinite volume reconstruction method proposed in
Refs. [43,51] offers a technique to avoid this cusp effect.

3. Avoiding cusp effect by IVR method

The infinite volume reconstruction method [43,51] is
defined as

FIG. 11. The real part and its first derivative of Îðk0Þ. Here mn is fixed at 0.14, and mN is taken as three cases: mN ¼ 0.2 > mn,
mN ¼ 0.14 ¼ mn, and mN ¼ 0.1 < mn.
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IðLÞIVR ¼ IðLÞIVR;s þ IðLÞIVR;l;

IðLÞIVR;s ¼
Z
V
d3x

Z
0

−ts
dτL∞

E ðτ; xÞHðLÞ
E ðτ; xÞ;

IðLÞIVR;l ¼
Z
V
d3xL̃∞

E ðts; xÞHðLÞ
E ð−ts; xÞ: ð50Þ

Here we only consider the calculation of t < 0 time

ordering. The short-range part IðLÞIVR;s is identical to IðLTÞ,
so the IVR method is based on the EW∞ method. The

long-range part IðLÞIVR;l provides the correction of the
temporal truncation effect. The electroweak weight func-

tion in IðLÞIVR;l is given by

L̃∞
E ðts; xÞ¼

Z
d3k
ð2πÞ3e

−ik·x e−EγðkÞts

2EγðkÞðEγðkÞþENðkÞ−mn−iϵÞ:

ð51Þ
We can rewrite IðLÞIVR;l in momentum space and compare it

with ΔI1 in Eq. (40):

−IðLÞIVR;l ¼
1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ HðLÞ
E ð−ts; k0Þ

2EγðkÞðEγðkÞ þ ENðkÞ −mn − iϵÞ ð−e
−EγðkÞtsÞ;

ΔI1 ¼
1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ HðLÞ
E ð−ts; k0Þ

2EγðkÞðEγðkÞ þ ENðk0Þ −mn − iϵÞ ð−e
−EγðkÞtsÞ: ð52Þ

The only difference is that ENðk0Þ in the denominator of ΔI1 is replaced by ENðkÞ in IðLÞIVR;l. Due to the existence of

δLðk0 − kÞ, they are equivalent in the infinite-volume limit: limL→∞ð−IðLÞIVR;lÞ ¼ limL→∞ ΔI1. Therefore, the IVR method
provides a modified version of the temporal truncation effectΔI1. In the infinite-volume limit, both methods converge to the
physical quantity

lim
L→∞

ðIðLTÞ þ IðLÞIVR;lÞ ¼ lim
L→∞

ðIðLTÞ − ΔI1Þ ¼ I∞: ð53Þ

The finite-volume effect in the IVR method (denoted as δIVR ¼ IðLÞIVR − I∞) can also be analyzed using Theorem 1. We

write IðLÞIVR as a discrete summation in momentum space

IðLÞIVR ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ ANð−k0Þ
2EγðkÞ2ENðk0Þ

�ð1 − eðmn−EγðkÞ−ENðk0ÞÞtsÞ
EγðkÞ þ ENðk0Þ −mn

−
ð−eðmn−EγðkÞ−ENðk0ÞÞtsÞ

EγðkÞ þ ENðkÞ −mn − iϵ

�
; ð54Þ

FIG. 12. Finite-volume effects in two methods with different values of mN . The red line shows relative error of ΔI2 ¼ ĨðLÞ − I∞, and

the blue line shows the relative error of δIVR ¼ IðLÞIVR − I∞. Here mn is fixed at 0.14, and mN is taken as three cases: mN ¼ 0.2 > mn,
mN ¼ 0.14 ¼ mn, and mN ¼ 0.1 < mn.
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where the two terms in the brackets come from IðLÞIVR;s ¼
IðLTÞ and IðLÞIVR;l respectively. Due to the temporal truncation
ts, the first term is a nonsingular function and does not
cause nonsmoothness in the summand. The second term
avoids the dependence of k0 in the denominator, thus
avoiding the nonsmoothness (cusp effect) of k0 near the
threshold. Therefore, in the case ofmn > mN , the summand
in the IVR method is still an infinitely differentiable
function, and there is always an exponentially suppressed
finite-volume effect.
Figure 12 shows the relative error of finite-volume

effects in both methods with different values of mN . The
red line shows relative error of ΔI2 ¼ ĨðLÞ − I∞, and the

blue line shows the relative error of δIVR ¼ IðLÞIVR − I∞. In
the numerical implementation, ĨðLÞ is calculated by ĨðLÞ ¼
IðLTÞ − ΔI1 as shown in Fig. 8. IðLÞIVR is calculated by the
definition in Eq. (50). I∞ can be determined by a suffi-

ciently large volume limL→∞ IðLÞIVR. From these figures we
can see, in the case of mN ≥ mn (such as QED self-energy
of hadrons), two methods are almost identical and only
have exponentially suppressed finite-volume effects. In the
case of mN < mn, ΔI2 has a slow convergence behavior as
volume increases, indicating a power-law finite-volume

effect. δIVR converges much faster and only has exponen-
tially suppressed finite-volume effects.
To summarize, when applying the EW∞ method to the

single-particle intermediate state case, we identify two types
of systematic error as the temporal truncation effect ΔI1 and
the finite-volume effect ΔI2. The IVR method modified the
form of ΔI1, avoiding the power-law finite-volume effect
due to the cusp effect when mN < mn. In practical lattice
calculations, the exponentially suppressed finite-volume
effect in the IVR method can either be avoided by increasing

the lattice volume, or be corrected by calculating δIVR ¼
IðLÞIVR − limL→∞ IðLÞIVR with input of form factors [45,50]. The
conclusion in this section also holds for other physical
processes with more complex electroweak weight functions.
The IVR technique in this part is limited to the single-particle
case and cannot be easily extended to the two-particle case
discussed in the next section.

IV. TWO-PARTICLE INTERMEDIATE STATE

In this section, we study the EW∞ method and its finite-
volume effects for the two-particle intermediate state case.
We focus on the contributions from time ordering t < 0 and
neglect contribution from other excited states. The con-
tribution of the two-particle intermediate state (denoted as
ππ for simplicity) in infinite volume is given by

H∞
t<0ðk; pÞ ¼ i

XZ
αππ

A∞
ππð−k; EαππÞ

m − k0 − Eαππ þ iϵ
þ � � � ;

A∞
ππð−k; EαππÞ ¼ hfjJ2jαππð−k; Eαππ Þihαππð−k; Eαππ ÞjJ1jii: ð55Þ

Here,
PR

αππ
denotes the sum over the infinite-volume two-particle states jαππð−k; EαππÞi with momentum −k. J1 and J2

represent operators in the physical problem, and we omit their Lorentz indices for simplicity.
In lattice calculations, we obtain the finite-volume Euclidean hadronic matrix element HðLÞ

E ðxÞ, which is also dominated
by two-particle states for τ < 0 as

HðLÞ
E ðτ < 0; xÞ ¼ 1

L3

X
k0 ∈Γ

X
Λ;n

AðLÞ
ππ;Eð−k0; EΛ;nÞeðEΛ;n−mÞτþik0·x þ � � � ;

AðLÞ
ππ;Eð−k0; EΛ;nÞ ¼ hfjJ2;EjππLð−k0; EΛ;nÞihππLð−k0; EΛ;nÞjJ1;Ejii: ð56Þ

Here, the finite-volume two-particle states are jππLð−k0; EΛ;nÞi, where −k0 is the total (discrete) momentum and EΛ;n is the
discrete energy level of ππ. Λ ¼ ðΓ; α; rÞ labels the quantum numbers under the lattice cubic group’s irreducible
representation, with Γ being the representation, α ¼ 1;…; dΓ being the dimension of Γ, and r being the number of
occurrence of Γ. n labels the nth state with quantum number Λ. The normalization condition of the states is taken as

hππLðk01; EΛ1;n1ÞjππLðk02; EΛ2;n2Þi ¼ δk0
1
;k0

2
δΛ1;Λ2

δn1;n2 : ð57Þ

In this section, we derive the formula for correcting the finite-volume effects caused by two-particle intermediate states.
For the first type of correction (ΔI1), unlike the single-particle case, it has both the power-law finite volume effect and the
temporal truncation effects. For the second type of correction (ΔI2), we show that the discrete momentum summand is still
free from infrared singularities, and the cusp effect causes power-law finite-volume effect. We find that this cusp effect is
strongly suppressed if ππ particles are in the P-wave.
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We use η → μþμ− decay as an example to introduce our
method. η → μþμ− can be regarded as the flavor-conserv-
ing version of KL → μþμ−. They have the same ππ
intermediate state, so the discussion here can be directly
applied to KL → μþμ− decay. We choose η → μþμ− decay
for the convenience of discussion, since KL → μþμ−

includes other intermediate states such as π0 and η, whose
treatment is not the concern of this work and was discussed
in Refs. [62,63].

A. Example: η → μ+ μ− decay amplitude

Figure 13 shows the η → μþμ− decay amplitude and the
ππ intermediate state in this process. The total input
momentum is p ¼ ðmη; 0Þ. The two photons have
energy-momentum k and p − k, respectively, and the
final-state muons have energy-momentum p� ¼ ðmη

2
; p�Þ,

satisfying the on-shell condition jp�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

η

4
−m2

μ

q
. The

decay width of η → μþμ− is [64]

Γðη → μþμ−Þ ¼ α4

2π
mηm2

μβjAj2; ð58Þ

where β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

μ

m2
η

r
. A is the loop integral of the hadronic

matrix element and the electroweak weight function

I∞ ¼ A ¼
Z

d4k
ð2πÞ4 L

∞
μνðkÞH∞;μνðk; pÞ; ð59Þ

whereL∞
μνðkÞ includes the photon andmuon propagators and

the projection of the spinors of the final-state muons on the
1S0 channel [64]:

L∞
μνðkÞ ¼

16π2

m2
η

εμναβkαpβ

ðk2 þ iϵÞððp − kÞ2 þ iϵÞððp− − kÞ2 −m2
μ þ iϵÞ : ð60Þ

The hadronic matrix element H∞;μνðk; pÞ is

H∞;μνðk; pÞ ¼
Z

d4xeik·xh0jT½JμemðxÞJνemð0Þ�jηðpÞi ¼ iεμνρσpρkσF ðk2; ðp − kÞ2Þ; ð61Þ

where the currents are Jμem ¼ ð2
3
ūγμu − 1

3
d̄γμdÞM, and the initial and final states are jii ¼ jηi and jfi ¼ j0i.H∞;μνðk; pÞ can

be parametrized by the form factor F ðk2; ðp − kÞ2Þ, where F ð0; 0Þ is related to the η → γγ decay width

Γðη → γγÞ ¼ m3
ηπα

2

4
F 2ð0; 0Þ. Using F ðk2; ðp − kÞ2Þ, we can write the amplitude A as a conventional form in the literature:

A ¼ 1

iπ2m2
η

Z
d4k

2ðp2k2 − ðp · kÞ2Þ
ðk2 þ iϵÞððp − kÞ2 þ iϵÞððp− − kÞ2 −m2

μ þ iϵÞF ðk2; ðp − kÞ2Þ: ð62Þ

The right side of Fig. 13 shows the ππ intermediate states in this decay process. Since mη < 4mπ and 4π intermediate
states cannot be on-shell, we ignore the finite-volume effects caused by them. The two-particle state contribution to
H∞;μνðk; pÞ for t < 0 is given by Eq. (55) with specific initial/final states and currents defined here.
In the EW∞ method, the calculation of the amplitude takes the form

IðLTÞ ¼ cμνME

Z
V
d3x

Z
ts

−ts
dτL∞;μν

E ðτ; xÞHðLÞ;μν
E ðτ; xÞ; ð63Þ

where the electroweak weight function is

L∞;μν
E ðτ; xÞ ¼ 16π2

mη

Z
d3k
ð2πÞ3

Z
Clat

dk0E
2π

e−ik
0
Eτ−ik·x

×
εμνα0kαE

ððk0EÞ2 þ EγðkÞ2 − iϵÞððp0
E − k0EÞ2 þ EγðkÞ2 − iϵÞððp0

E
2
− k0EÞ2 þ Eμðp− − kÞ2 − iϵÞ

: ð64Þ

Here, the photon and muon energies are EγðkÞ ¼ jkj and EμðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

μ

q
. We use the deformed contour Clat in Fig. 3 to

avoid the destruction of the Wick rotation caused by singularities crossing the imaginary axis. The numerical
implementation of L∞;μν

E ðτ; xÞ is similar to that of π → eþe− in Ref. [57]. We define L∞;ij
E ðτ; xÞ ¼ L∞

E ðτ; xÞϵijkxk=jxj2
with i, j, k ≠ 0, then L∞

E ðτ; xÞ is given by
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L∞
E ðτ; xÞ ¼ i

2

m3
η

Z
djkjjkjjxjj1ðjkjjxjÞe

mη
2
τ

×

�
1

β
ln
1þ β

1 − β

�
−

eð
mη
2
−jkjÞjτj

mη − 2jkj þ iϵ
þ e−ð

mη
2
þjkjÞjτj

mη þ 2jkj
�
þ
Z

d cos θ
e−Eμjτj

Eμ½β cos θ − 1�½β cos θ þ 1�
�
; ð65Þ

where we define j1ðρÞ ¼ ðsin ρ − ρ cos ρÞ=ρ2, and Eμ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

η=4þ jkj2 − βmηjkj cos θ
q

. We derive this form by

integrating out k0E using Cauthy’s theorem and averaging
over the direction of the outgoing muon p−.
The hadronic matrix element HðLÞ;μν

E ðτ; xÞ is

HðLÞ;μν
E ðτ; xÞ ¼ ðh0jT½Jμem;Eðτ; xÞJνem;Eð0Þ�jηiÞðLÞ; ð66Þ

where the Euclidean electromagnetic currents are
Jμem;E ¼ ð2

3
ūγμu − 1

3
d̄γμdÞE. The contribution of ππ inter-

mediate states is given by Eq. (56) with jii ¼ jηi, jfi ¼ j0i,
and J1=2;E ¼ Jem;E.

B. First type of correction

The first type of correction ΔI1 depends on the differ-
ence between the finite-volume matrix element
HðLTÞðk0; pÞ and the infinite-volume matrix element
H∞ðk0; pÞ at discrete momentum k0 ∈Γ. The formula of
this difference is investigated in Ref. [27]. In this part, we
follow their work and present a general correction formula
for ΔI1 in the t < 0 time-ordering. For convenience, we do
not write out the Lorentz indices explicitly in this part.
We first introduce the energy-momentum variables of the

two-particle system used here. The total energy-momentum
of the ππ system is pππ ¼ ðEππ;−k0Þ ¼ ðmη − k0;−k0Þ. The
energy-momentum of each particle is defined as q and q0. In
the center-of-mass frame, the energy-momentum is p�

ππ ¼
ðE�

ππ; 0Þ ¼ ðEππ=γ; 0Þ, where γ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðk0=EππÞ2

p
is the

boost factor. In this frame, one of the single particle momenta
and its magnitude are q� and q� ¼ jq�j, and its energy is
Eπðq�Þ ¼ E�

ππ=2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q�2 þm2

π

p
. The invariant mass square

of two particles is s ¼ ðmη − k0Þ2 − k02.

The difference between HðLTÞðk0; pÞ and H∞ðk0; pÞ is
defined as

ΔHðk0;pÞ¼HðLTÞðk0;pÞ−H∞ðk0;pÞ;

HðLTÞðk0;pÞ¼ i
X
Λ;n

AðLÞ
ππ ð−k0;EΛ;nÞ
mη−k0−EΛ;n

ð1−eðmη−k0−EΛ;nÞtsÞþ���;

H∞ðk0;pÞ¼ i
XZ
αππ

A∞
ππð−k0;EαππÞ

mη−k0−Eαππ þiϵ
þ���; ð67Þ

where AðLÞ
ππ ð−k0; EΛ;nÞ and A∞

ππð−k0; Eαππ Þ are defined in
finite volume and infinite volume, respectively [see
Eqs. (55) and (56)]. Unlike the single-particle case,
ΔHðk0; pÞ has both the temporal truncation effect and
the power-law finite-volume effect:

ΔHðk0;pÞ¼ΔHTðk0;pÞþΔHVðk0;pÞ;

ΔHTðk0;pÞ¼ i
X
Λ;n

AðLÞ
ππ ð−k0;EΛ;nÞ
mη−k0−EΛ;n

ð−eðmη−k0−EΛ;nÞtsÞ;

ΔHVðk0;pÞ¼ i
X
Λ;n

AðLÞ
ππ ð−k0;EΛ;nÞ
mη−k0−EΛ;n

−i
XZ
αππ

A∞
ππð−k0;EαππÞ

mη−k0−Eαππ þiϵ
:

ð68Þ

The power-law finite-volume effect in HVðk0; pÞ can be
derived as [25,27]

ΔHV ¼ Γin iFiϵ

1þ FiϵM2

Γout: ð69Þ

FIG. 13. The process of η → μþμ− decay and the ππ intermediate states.
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Next, we explain each term and rewrite this formula using the partial wave expansion. Γin and Γout are the physical infinite-
volume matrix elements, and their partial wave expansions are

Γin
lm ¼ h0jJemjππinð−k0; q�; l; mÞi; Γout

lm ¼ hππoutð−k0; q�; l; mÞjJemjηi; ð70Þ

where we define the infinite-volume two-particle states with angular momentum quantum numbers ðl; mÞ in the center-of-
mass frame as

jππinð−k0; q�; l; mÞi ¼ 1ffiffiffiffiffiffi
4π

p
Z

dΩq̂�Ylmðq̂�Þjππinðq; q0Þi; hππoutð−k0; q�; l; mÞj ¼ 1ffiffiffiffiffiffi
4π

p
Z

dΩq̂�Y�
lmðq̂�Þhππoutðq; q0Þj:

ð71Þ

Here, the normalization condition of ππ states is chosen to be

hππin=outðq1; q01Þjππin=outðq2; q02Þi ¼ 2Eπðq1Þ2Eπðq01Þð2πÞ3δ3ðq1 − q2Þð2πÞ3δ3ðq01 − q02Þ: ð72Þ

For a specific partial wave, the function Fiϵ is defined as [6]

Fiϵ
lm;l0m0 ðsÞ ¼ Req�

8π
ffiffiffi
s

p ηδll0δmm0 −
i

2
ffiffiffi
s

p η
X
l̃;m̃

ffiffiffiffiffiffi
4π

p

q�l
cPlmðq�2Þ

Z
dΩY�

lmY
�̃
l m̃
Yl0;m0 ; ð73Þ

where η ¼ 1=2 is the symmetry factor for the ππ system. The definition of the function cPlmðq�2Þ is given in Refs. [6,65]. As
discussed in Ref. [6], this definition of Fiϵ remains valid even when s < ð2mπÞ2 (or equivalently q�2 < 0), such as the
presence of shallow bound states. In this regime, q�2 − k�2 < 0 always holds, so there is no pole in the denominator. As a
result, for s < ð2mπÞ2, the first term in Eq. (73), representing the difference between the principal value and the iϵ
prescriptions, drops out, while the second term yields only exponentially suppressed finite-volume effects. If these
exponentially suppressed effects are neglected, the expression for Fiϵ simplifies to

Fiϵ
lm;l0m0 ðsÞ ¼ q�

16π
ffiffiffi
s

p θðs − ð2mπÞ2Þðcot ðϕl0m0;lmðq�ÞÞ þ iÞ;

cot ðϕl0m0;lmðq�ÞÞ ¼
4π

q�
X
l̃;m̃

ffiffiffiffiffiffi
4π

p

q�l
cPlmðq�2Þ

Z
dΩq̂�Y�

lmY
�̃
l m̃
Yl0m0 : ð74Þ

Here, we define a function ϕl0m0;lmðq�Þ to simplify the final expressions ofΔHVðk0; pÞ. The symbol i is a shorthand for i × I,
where I is the identity operator in partial wave space, i.e., Ilm;l0m0 ¼ δll0δmm0 .
M2 is the two-particle scattering amplitude, which can be parametrized by the scattering phase shift δlðsÞ as

M2;lm;l0m0 ðsÞ ¼ δll0δmm0
16π

ffiffiffi
s

p
q�

exp½2iδlðsÞ� − 1

2i
: ð75Þ

Using the partial wave expansion, we can write ΔHV in an explicit form [25]

ΔHVðk0; pÞ ¼
X

l;l0;m;m0
iθðs − ð2mπÞ2Þ

q�

16π
ffiffiffi
s

p ðcotðϕlm;l0m0 ðq�Þ þ δlðsÞÞ þ iÞA∞
ππ;lm;l0m0 ð−k0; EππÞ

��
Eππ¼mη−k0

; ð76Þ

where the partial wave expansion of the infinite-volume matrix element is

A∞
ππ;lm;l0m0 ð−k0; EππÞ ¼ h0jJemjππin=outð−k0; q�; l; mÞihππin=outð−k0; q�; l0; m0ÞjJemjηi: ð77Þ

Finally, the correction formula for ΔI1 in the two-particle case is given by
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ΔI1 ¼
1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞ðkÞΔHðk0; pÞ;

ΔHðk0; pÞ ¼ ΔHTðk0; pÞ þ ΔHVðk0; pÞ

¼ i
X
Λ;n

AðLÞ
ππ ð−k0; EΛ;nÞ

mη − k0 − EΛ;n
ð−eðmη−k0−EΛ;nÞtsÞ

þ
X

l;l0;m;m0
iθðs − ð2mπÞ2Þ

q�

16π
ffiffiffi
s

p ðcotðϕlm;lm0 ðq�Þ þ δlðsÞÞ þ iÞA∞
ππ;lm;l0m0 ð−k0; EππÞjEππ¼mη−k0 : ð78Þ

Reference [27] demonstrates that both ΔHT and ΔHV

have hadronic singularity at mη − k0 − EΛ;n ¼ 0, but these
singularities cancel out with each other. Therefore,
ΔHðk0; pÞ has no singularity. In practical calculation of
ΔI1, we need to first perform the integral

R
C dk

0, and
extract the residues from the singularities in L∞ðkÞ. The
inputs of ΔI1 are the finite-volume matrix element AðLÞ

ππ , the
infinite-volume matrix element A∞

ππ;lm;lm0 , and the phase
shift δlðsÞ. Ignoring exponentially suppressed finite-vol-

ume effects, AðLÞ
ππ and A∞

ππ;lm;lm0 are related by the Lellouch-
Lüscher formula. These inputs can be obtained either by
lattice QCD calculations or by experimental results. In
calculation of ΔHT , we only need to consider the states
with EΛ;n < mη that cause exponential divergence with
large ts. In the calculation of ΔHV , the condition θðs −
ð2mπÞ2Þ also involves only a few momentum modes.
In η → μþμ− decay, there could be a suppression of ΔI1

because ππ states are in the P-wave. Hadronic matrix
elements related to P-wave ππ states are strongly enhanced
around the ρ resonance region, where s ∼m2

ρ. Since the
light ππ states that cause the exponentially growing term
and power-law finite-volume effects in ΔI1 must satisfy
Eππ < mη, the contribution from these light states could be
only a small part of the total decay amplitude. Similar
suppression behavior also appears in KL → μþμ− decays,
and the contribution of such light ππ intermediate states is
estimated to be at most a few percent [58].

C. Second type of correction

According to Theorem 2, we analyze the finite-volume
effect ΔI2 by studying the smoothness of the summand

Îðk0Þ, which is defined in

ĨðLÞ ¼ 1

L3

X
k0∈Γ

Îðk0Þ;

Îðk0Þ ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞ðkÞH∞ðk0; pÞ: ð79Þ

In the two-particle case, ΔI2 behaves similarly as the
single-particle case discussed earlier. Specifically, due to
the integral form of Îðk0Þ, the singularities in the electro-
weak propagators do not directly induce singularities in the
summand itself. However, since 2mπ < mη, ĨðLÞ still have
power-law finite-volume correction from the cusp effect.
This singularity-free property needs to be proved accord-

ing to specific problems, and we do so for the example of
η → μþμ−. Next, we derive a formula for the power-law
finite-volume correction caused by the cusp effect. If ππ
particles are in high partial waves, such as P-wave ππ states
in η → μþμ− decay, we show that the cusp effect is strongly
suppressed and does not appear at the leading order of
Oð1=LÞ. A numerical test in η → μþμ− process shows that
ΔI2 is dominated by the exponentially suppressed finite-
volume effects, and the cusp effect can be safely neglected.

1. Proof of no singularity

Similar to the single-particle case, we need to investigate
whether various possible on-shell intermediate states
induce singularities in Îðk0Þ. As shown in Fig. 14, we
illustrate the most singular case where both ππ and one
photon are on-shell.
This on-shell contribution has the integral structure as

Îðk0Þ ∼
Z

d3k
ð2πÞ3 δLðk

0 − kÞk · k0

×
1

2EγðkÞððmη

2
− EγðkÞÞ2 − Eμðp− − kÞ2 þ iϵÞððmη − EγðkÞÞ2 − EγðkÞ2 þ iϵÞ

×
Z

d3q
ð2πÞ3

1

2EπðqÞ2Eπðk0 þ qÞðmη − EγðkÞ − EπðqÞ − Eπðk0 þ qÞ þ iϵÞ ; ð80Þ
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where q is the momentum of one of the pions. EγðkÞ ¼ jkj and Eμðp− − kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp− − kÞ2 þm2

μ

q
denote the energy of the

photon and muon. The term k · k0 comes from contracting ϵμναβkαpβ in the electroweak part and ϵμνρσk0ρpσ in the hadronic
part [see Eqs. (60) and (61). Here, we only show the main part related to the singularity structure and omit other parts of the
integrand.
The poles in each denominator occur when jkj ¼ 0 (the first photon), jkj ¼ 0 (the muon), jkj ¼ mη

2
(the second photon),

and mη ¼ EγðkÞ þ EπðqÞ þ Eπðk0 þ qÞ (the ππ states). When mη < 4mπ , the condition for a pinch singularity or endpoint
singularity is that both jkj ¼ 0 andmη ¼ EπðqÞ þ Eπðk0 þ qÞ are satisfied. Under this condition, the propagators of the first
photon, muon, and ππ are singular simultaneously. The integral near this point is

Z
d3k
ð2πÞ3 δLðk

0 − kÞ k · k0

2jkj · jkj ·mη

Z
d3q
ð2πÞ3

1

2EπðqÞ2Eπðk0 þ qÞjkj ∼
Z

d3k
1

jkj2 : ð81Þ

Here, we see that the integral structure protects Îðk0Þ from infrared singularity. This singularity-free property of Îðk0Þ needs
to be proven for specific physical problems. For example, the decay η0 → μþμ−, where mη0 > 4mπ , involves more complex
on-shell 4π intermediate states and no longer has this singularity-free property. Such case is beyond the scope of our paper.

2. Cusp effect

Similar to the single-particle case, Îðk0Þ has the cusp effect near the on-shell threshold s ¼ ðmη − k0Þ2 − ðk0Þ2 ¼ ð2mπÞ2,
which leads to the power-law finite-volume effect. This effect, originating from crossing the two-particle on-shell threshold,
is also encountered in the three-particle quantization condition, and is avoided by defining physical quantities in a modified
principal value (PV) prescription (denoted as the fPV prescription) [66]. In our work, this cusp effect cannot be avoided since
the decay problem involves a physical matrix element, instead of the modified one in fPV prescription. In this part, we first
review the cusp effect with only one ππ loop [66], i.e., ignoring the rescattering effect. Then the correction formula for the
general case with the rescattering effect is given. This formula can be derived using the Bethe-Salpeter (BS) kernel
expansion, which is detailed in Appendix C.
The one ππ loop contribution to the hadronic function, denoted as H∞;ð0Þðk0; pÞ, is given by

H∞;ð0Þðk0; pÞ ¼ i
2

Z
d3q
ð2πÞ3

hðsÞΓinðq;−k0 − qÞΓoutðq;−k0 − qÞ
2EπðqÞ2Eπðk0 þ qÞðmη − k0 − EπðqÞ − Eπðk0 þ qÞ þ iϵÞ þ � � � ; ð82Þ

where Γinðq;−k0 − qÞ and Γoutðq;−k0 − qÞ are the physical infinite-volume matrix elements defined in Eq. (70). For
simplicity, here we omit the indices lm. The momenta of the two pions are q and −k0 − q. We extract the two-particle
singularity in the denominator ðmη − k0 − EπðqÞ − Eπðk0 þ qÞ þ iϵÞ and omit other nonsingular contributions. hðsÞ is an
ultraviolet cutoff function that is infinitely differentiable, spherically symmetric, and satisfies

hðsÞ ¼
�
0 s < 0;

1 s > ð2mπÞ2: ð83Þ

In the range 0 < s < ð2mπÞ2, hðsÞ smoothly interpolates between 0 and 1. One example of hðsÞ is given in Ref. [66]
[denoted as Hðk⃗Þ ¼ Jðs=ð2mπÞ2Þ there].
We can rewrite the above formula in the center-of-mass frame of ππ as

H∞;ð0Þðk0; pÞ ¼ i
2

Z
q�dðq�Þ2
ð2πÞ3

hðsÞ
ðq�0Þ2 − ðq�Þ2 þ iϵ

�
mη − k0 þ Eππ

8EππE�
ππ

	Z
dΩq̂�ΓinΓout; ð84Þ

where Eππ and E�
ππ are the ππ energy in the rest frame of η and in the center-of-mass frame of ππ, respectively. q� is the

momentum of one pion in the center-of-mass frame of ππ. If two pions are on-shell, q� has the value q�0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s=4 −m2

π

p
.

Letting w ¼ ðq�Þ2 and z ¼ ðq�0Þ2, the integral structure in the above formula is

fiϵðzÞ ¼
Z

∞

0

ffiffiffiffi
w

p
gðw; zÞ

z − wþ iϵ
dw ¼

�
P
R
∞
0

ffiffiffi
w

p
gðw; zÞ
z−w dw − iπ

ffiffiffi
z

p
gðz; zÞ; z > 0;R

∞
0

ffiffiffi
w

p
gðw; zÞ
z−w dw; z < 0;

ð85Þ
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where gðw; zÞ is a nonsingular function and z ¼ 0 corre-

sponds to the threshold jk0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmη − k0Þ2 − 4m2

π

q
. This

formula is very similar to Eq. (47) in the single-particle
case, demonstrating that the real and imaginary parts of this
integral are not smooth near the threshold z ¼ 0, i.e., the
cusp effect. To avoid this nonsmoothness, the fPV pre-
scription is defined in Ref. [66] as

f ePVðzÞ ¼ fiϵðzÞ −
�
−iπ

ffiffiffi
z

p
gðz; zÞ; z > 0;

π
ffiffiffiffiffiffi
−z

p
gðz; zÞ; z < 0:

ð86Þ

For z > 0, the subtracted term is the imaginary part of
fiϵðzÞ, and the fPV prescription is equivalent to the principal
value integral. For z < 0, the definition is modified by
analytically continuing the real part from z > 0 to z < 0,
thereby restoring the smoothness of the real part.
The nonsmooth part of the hadronic function can be

determined by the difference between the iϵ and fPV
prescriptions as

Hcusp;ð0Þðk0; pÞ ¼ H̃∞;ð0Þðk0; pÞ −H∞;ð0Þðk0; pÞ;

H̃∞;ð0Þðk0; pÞ ¼ i
2
fPV Z

d3q
ð2πÞ3

hðsÞΓinðq;−k0 − qÞΓoutðq;−k0 − qÞ
2EπðqÞ2Eπðk0 þ qÞðmη − k0 − EπðqÞ − Eπðk0 þ qÞÞ þ � � � : ð87Þ

Using partial wave expansion, we can simplify Hcusp;ð0Þðk0; pÞ to a form similar to Eq. (76):

Hcusp;ð0Þðk0; pÞ ¼
X

l;l0;m;m0
i

hðsÞ
16π

ffiffiffi
s

p A∞
ππ;lm;l0m0 ð−k0; EππÞjEππ¼mη−k0

×

�
−iq� s > ð2mπÞ2;
jq�j 0 < s ≤ ð2mπÞ2:

ð88Þ

In the region where s > ð2mπÞ2, this nonsmooth part is just the absorptive part of the hadronic matrix elements, which also

appears in ΔHVðk0; pÞ [the term i in the bracket in Eq. (76)]. In the region where 0 < s ≤ ð2mπÞ2, q� ¼ ijq�j ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π − s
4

q
is extended to be an imaginary variable, and the matrix element A∞

ππ;lm;l0m0 is extended to be a function of q� ¼ ijq�j.
The general case with the rescattering effect can be derived by the BS kernal expansion, which is detailed in Appendix C as

Hcuspðk0; pÞ ¼
X

l;l0;m;m0
i

hðsÞ
16π

ffiffiffi
s

p A∞
ππ;lm;l0m0 ð−k0; EππÞjEππ¼mη−k0

×

�
q�ðtanðδlÞ − iÞ s > ð2mπÞ2;
jq�jðtanhðσlÞ þ 1Þ 0 < s ≤ ð2mπÞ2:

ð89Þ

Comparing Eqs. (88) and (89), we see that the rescattering effect introduces terms related to the scattering phase shift. In the
region where 0 < s ≤ ð2mπÞ2, the phase shift δl is extended to an imaginary value, δlðsÞ ¼ iσlðsÞ. Since around the threshold
s ∼ ð2mπÞ2, the phase shift is close to zero, the rescattering effect only introduces a small modification to Hcusp;ð0Þðk0; pÞ.
Next, we consider the cusp effect inΔI2. Since Îðk0Þ has no singularity, the power-law finite-volume effects can only arise

from the cusp effect. This cusp effect can occur if 2mπ is lighter thanmη − k0, which is the input energy to the hadronic part.
The finite-volume correction ΔI2 is then given by

FIG. 14. Analysis of the singularity structure of Îðk0Þ by the
contribution of on-shell intermediate states.
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ΔI2 ¼ ΔI2;cusp þ ΔI2;exp;

ΔI2;cusp ¼
1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
θðmη − k0 − 2mπÞL∞ðkÞHcuspðk0; pÞ

−
Z

d3k
ð2πÞ3

Z
C

dk0

2π
θðmη − k0 − 2mπÞL∞ðkÞHcuspðk; pÞ; ð90Þ

where ΔI2;cusp is the power-law finite-volume effect, and
ΔI2;exp is the residual exponentially suppressed finite-
volume effect.
As mentioned earlier, in the s > ð2mπÞ2 region, the

absorptive part of the hadronic function appears in bothΔI1
[the term −iq� in Eq. (89)] and ΔI2 [the term i in the
bracket in Eq. (76)]. If we add ΔI1 and ΔI2 together, this
absorptive part will cancel out in the finite-volume inte-
gration of 1

L3

P
k0 ∈Γ

R
d3k
ð2πÞ3 δLðk0 − kÞ, leaving only the

contribution in the infinite-volume integration of
R

d3k
ð2πÞ3.

Thus, this absorptive part will only appear as an infinite-
volume correction.

3. Suppression of cusp effect in P-wave

The correction formula for ΔI2 in Eq. (90) applies to
general physical problems if the summand Îðk0Þ has no
singularity. In this section, we consider the explicit form of
A∞;μν
ππ;lm;l0m0 ð−k0; EππÞ in the η → μþμ− decay and show that

the cusp effect is strongly suppressed if the ππ particles are
in the P-wave.
In η → μþμ− decay, the relevant infinite-volume matrix

elements are

h0jJνemjππðq; q0Þi ¼ iðq − q0ÞνFðπÞðsÞ;
hππðq; q0ÞjJμemjηðpÞi ¼ iεμρσλpρqσq0λBηðs; sγÞ ð91Þ

where FðπÞðsÞ is the timelike form factor of the pion, and
Bηðs; sγÞ is the form factor describing the η − ππγ coupling
[67]. The invariant mass square of ππ and γð�Þ are defined as
s ¼ ðqþ q0Þ2 and sγ ¼ ðq − p − p0Þ2. In this decay, ππ has
the same quantum number as the virtual photon, so they are
in the P-wave. Substituting Eq. (91) into Eq. (77) givesX
l;l0;m;m0

A∞;μν
ππ;lm;l0m0 ð−k0;EππÞ¼

X
m;m0

A∞;μν
ππ;1m;1m0 ð−k0;EππÞ

¼2

3
q�2FðπÞðsÞBηðs;sγÞεμνρσpρk0σ

ð92Þ

where k0 ¼ ðEππ;−k0Þ is the energy-momentum of ππ.
Using this explicit form,Hcusp;μνðk0; pÞ can be simplified as

Hcusp;μνðk0;pÞ¼ i
εμνρσpρk0σ
24π

ffiffiffi
s

p FðπÞðsÞBηðs;sγÞhðsÞjEππ¼mη−k0

×

�ðq�Þ3ðtanðδlÞ− iÞ s> ð2mπÞ2;
−jq�j3ðtanhðσlÞþ1Þ 0<s≤ ð2mπÞ2:

ð93Þ

ThenΔI2;cusp can be given by Eq. (90). Here, the cusp effect is
caused by ðq�Þ3 ¼ ½ðmη − k0Þ2 − 4m2

π − ðk0Þ2�3=2=2 instead

of q� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmη − k0Þ − 4m2

π − ðk0Þ2
q

=2, so Hcusp;μνðk0; pÞ is
not only a continuous function but also has a continuous first
derivative with respect to k0, and the discontinuity only
appears in the second derivative. Therefore, in the η →
μþμ− decay, the cusp effect is suppressed as Oð1=L2Þ.
To explain the physical origin of this suppression, we

notice that the matrix elements involved here are very
similar to the decay amplitude of a 1 → 2 decay. It is well
known that the decay amplitude of a two-body decay with
angular momentum l is proportional to ðq�Þl, leading to the
suppression of the decay amplitude in the high partial
waves. Here, the angular momentum projection of
h0jJνemjππðq; q0Þi or hππðq; q0ÞjJμemjηi is also proportional
to ðq�Þl (as demonstrated in Appendix D), so the cusp effect
of partial wave l is given by jq�j2lþ1, leading to an
Oð1=Llþ1Þ power-law finite-volume effect. Thus, the cusp
effect is strongly suppressed in higher partial waves.
In the P-wave case, the ρ resonance enhancement is

another reason for the suppression of the cusp effect, which
also appears in ΔI1 as discussed earlier. Compared to the
resonance region s ∼m2

ρ, the nonsmooth region s ∼ ð2mπÞ2
only contributes a relatively small part to the total decay
width. On the other hand, the exponentially suppressed part
of ΔI2 is dominated by this ρ resonance region and,
therefore, is not suppressed.
Finally, we numerically verify the P-wave suppression of

ΔI2;cusp in the η → μþμ− decay. For convenience of numeri-
cal implementation, we only consider the one ππ loop case
and ignore the rescattering effect. The hadronic function
Hð0Þ;μνðk0; pÞ is given in Eq. (82), and the nonsmooth part
Hcusp;ð0Þ;μνðk0; pÞ is given by

XIN-YU TUO and XU FENG PHYS. REV. D 112, 034512 (2025)

034512-22



Hcusp;ð0Þ;μνðk0; pÞ ¼ i
εμνρσpρk0σ
24π

ffiffiffi
s

p FðπÞðsÞBηðs; sγÞhðsÞjEππ¼mη−k0

×

�
−iðq�Þ3 s > ð2mπÞ2;
−jq�j3 0 < s ≤ ð2mπÞ2:

ð94Þ

In this simplified case, we can calculate the finite-
volume correction ΔI2 ¼ ΔI2;cusp þ ΔI2;exp numerically.
We present the details of the numerical implementation
in Appendix E. Figure 15 shows the volume suppression
behaviors ofΔI2;cusp andΔI2;exp. At typical lattice volumes,
the exponentially suppressed part ΔI2;exp (red line) is the
dominant finite-volume effect in ΔI2, causing a relative
error of a few percent. To reduce this error to below one
percent, a volume larger than approximately 5 fm (for the
real part) and approximately 4.5 fm (for the imaginary part)
is needed, which current lattice calculations could achieve.
The power-law suppressed part ΔI2;cusp (blue line) is
strongly suppressed since ππ are in the P-wave and can
be safely ignored.
In other physical processes where a virtual photon

generates the ππ intermediate state, such as KL → μþμ−
and Kþ → lþνll0þl0−, the cusp effect exhibits a similar
P-wave suppression behavior. In these processes, ΔI2 is
dominated by the exponentially suppressed finite-volume
effect, which can be well controlled by increasing the
volume in current lattice calculations. For processes where
the two particles are in the S-wave, the cusp effect does not
have this suppression, and we need to correct it using the
method provided here.

V. CONCLUSIONS

In this paper, we investigate how to apply the EW∞
method to processes with loop integrals that involve
complex electroweak weight functions. We develop a
general approach to correct systematic errors such as
finite-volume effects, and apply it to cases with single-
particle and two-particle intermediate states. We identify
two sources of systematic errors:

(i) ΔI1 involves finite-volume effects and temporal
truncation effects of hadronic matrix elements under
discrete momentum. If the intermediate states are
lighter than the initial state, these temporal trunca-
tion effects could appear as unphysical terms with
exponentially divergent time dependence. These
effects have been investigated in past research
works. We summarize the correction formulas for
cases with single-particle and two-particle inter-
mediate states.

(ii) ΔI2 is a new finite-volume effect introduced by the
EW∞ method. Its volume suppression behavior
depends on the smoothness of the discrete momen-
tum summand. The advantage of EW∞ is that the
infrared singularity in the electroweak part does not
cause singularity of the summand itself, thus greatly

FIG. 15. In the model that neglects the rescattering effect, we numerically calculate the volume suppression behavior of the power-law
suppressed part ΔI2;cusp and the exponentially suppressed part ΔI2;exp. In the plot, we show the relative errors. I∞ is also calculated by
this model. The left and right plots show the finite-volume effects of the real and imaginary parts of the decay amplitude, respectively.
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suppressing finite-volume effects. The power-law
finite-volume effect in ΔI2 is caused by the cusp
effect if the intermediate states are lighter than the
initial state. In the single-particle case, we can
introduce the IVR method to avoid the cusp effect,
ensuring that finite-volume effects are always ex-
ponentially suppressed. In the two-particle case, we
provide a correction formula for the cusp effect and
explain that it is strongly suppressed and can be
ignored if two particles are in the P-wave.

The theoretical method established in this paper has a
wide range of application prospects, such as the QED
correction of various physical processes, the two-photon
exchange contributions of mesons and nucleons, the decay
width of radiative decays of mesons, etc. For example, our
method provides the correction formula for two-particle
finite-volume effects for the two-photon exchange contri-
bution in KL → μþμ− decay [58]. Since η → μþμ− and
KL → μþμ− have similar initial mass and the same two-
particle intermediate states, we expect that the cusp effect in
KL → μþμ− decay can also be ignored. Thus, the finite-
volume effects of KL → μþμ− are dominated by power-law
suppressed effects in ΔI1 and the exponentially suppressed
effects in ΔI2. Through the future lattice calculation, the
size of this two-photon exchange contribution can be
accurately determined, greatly reducing the theoretical
uncertainty in the KL → μþμ− decay.
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APPENDIX A: THE DEFINITION OF
QUANTITIES IN EUCLIDEAN SPACE

Here, we introduce the definition of quantities in
Euclidean space used in the main text. First, we define
the coordinates xE ¼ ðτ; xEÞ and energy-momentum kE ¼
ðk0E; kEÞ of Euclidean space, which relate to the physical
quantities x ¼ ðt; xÞ and k ¼ ðk0; kÞ of Minkowski space
by Wick rotation

t → −iτ; k0 → −ik0E: ðA1Þ

The definition of the spatial components x and k is
consistent in Euclidean space and Minkowski space, so
we do not distinguish them in the following text. The
momentum of Euclidean space and Minkowski space

satisfy the relations

k2 ¼ −k2E ¼ ðk0Þ2 − k2 ¼ −ððk0EÞ2 þ k2Þ;
x2 ¼ −x2E ¼ t2 − x2 ¼ −ðτ2 þ x2Þ;

k · x ¼ −kE · xE ¼ k0t − k · x ¼ −ðk0Eτ þ k · xÞ: ðA2Þ

Next, we define the operators in Euclidean space and
Minkowski space. The coordinate dependence of the
Minkowski space operator JðxÞ and the Euclidean space
operator JEðxEÞ is

JðxÞ ¼ eiĤt−ik̂·xJð0Þe−iĤtþik̂·x;

JEðxEÞ ¼ eĤτ−ik̂·xJEð0Þe−Ĥτþik̂·x; ðA3Þ

where Ĥ and k̂ are the Hamiltonian operator and momen-
tum operator of the QCD system, respectively. Jð0Þ and
JEð0Þ are the current operators in Minkowski space and
Euclidean space, and their difference is due to the different
conventions of the γ matrix definition. In this paper, we
choose γ4E ¼ γ0 and γ⃗E ¼ −iγ⃗. For the current operators,
such as the electromagnetic current Jμem ¼ 2

3
ūγμu − 1

3
d̄γμd,

the difference between the definitions in Euclidean space
and Minkowski space is

J4Eð0Þ ¼ J0ð0Þ; JjEð0Þ ¼ −iJjð0Þ; ðj ¼ 1; 2; 3Þ:
ðA4Þ

To compensate for this difference, we define

J2ð0Þ ⊗ J1ð0Þ ¼ cMEJ2;Eð0Þ ⊗ J1;Eð0Þ ðA5Þ

where we omit the Lorentz indices and use the symbol⊗ to
indicate the structure of multiplying two current operators.
For example, when both currents are electromagnetic
currents, they satisfy the relation Jμem ⊗ Jem;μ ¼ Jμem;E ⊗
Jμem;E, so in this case cME ¼ 1. cME differs when the
currents take different Lorentz indices, but it is always a
constant coefficient.

APPENDIX B: THE RELATION BETWEEN THE
SMOOTHNESS OF THE SUMMAND AND THE

FINITE-VOLUME EFFECTS

In this section, we prove that the volume suppression
behavior of ΔI2 is determined by the smoothness of the
summand. To this end, we first review the Poisson
summation formula and then generalize its conclusion.

1. The Poisson summation formula

We first introduce the Poisson summation formula and
the relation between the finite-volume effects and the
smoothness of the summand:
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Theorem 3. For a function f̃ðkÞ, the difference between
discrete summation and continuous integral is given by the
Poisson summation formula

1

L3

X
k

f̃ðkÞ ¼
Z

d3k
ð2πÞ3 f̃ðkÞ þ

X
l≠0

Z
d3k
ð2πÞ3 e

iLl·kf̃ðkÞ;

ðB1Þ

where the range of discrete momentum sum is k ¼ ð2π=LÞn,
n ¼ ðnx; ny; nzÞ are three-dimensional integers. The differ-
ence between summation and integral (which we call the
finite-volume effect) suppresses with increasing volume L
and this suppression behavior is related to the smoothness of
f̃ðkÞ as a function of k:
(1) If f̃ðkÞ has singularities, then the finite-volume

effect suppresses as Oð1=LÞ.
(2) If f̃ðkÞ is continuously differentiable up to order N,

then the finite-volume effect suppresses
as Oð1=LNþ1Þ.

(3) If f̃ðkÞ is infinitely differentiable, then the finite-
volume effect suppresses asOðe−ΛLÞ, where Λ is the
hadronic mass scale in the problem.

We briefly explain the reason for the above relation.
Define the reverse Fourier transform of f̃ðkÞ as fðxÞ. Then
the behavior of the finite-volume effect is determined by the
suppression behavior of fðxÞ at large jxj since

X
l≠0

Z
d3k
ð2πÞ3 e

iLl·kf̃ðkÞ ¼
X
l≠0

Z
d3xfðLl − xÞ: ðB2Þ

The suppression behavior of fðxÞ at large jxj is deter-
mined by the smoothness of f̃ðkÞ, which is given by the
following theorem [59,68]:
Theorem 4. For an integrable, continuous function f̃ðkÞ,
(1) If f̃ðkÞ has a continuous integrable derivative of

order i, where 0 ≤ i ≤ N, and the derivative of order
N þ 1 is integrable, then

fðxÞ ¼ Oðjxj−N−1Þ; as jxj → ∞: ðB3Þ

(2) If f̃ðkÞ can be extended to a function f̃ðζÞ of
complex variable ζ ¼ kþ iη, and f̃ðζÞ is an analytic
function in the region jηj < aða > 0Þ on the com-
plex plane, and for any given jηj < a, f̃ðζÞ is
integrable, then

fðxÞ ¼ Oðe−ajxjÞ; as jxj → ∞: ðB4Þ

The two parts of Theorem 4 correspond to power-law
and exponential suppressions of finite-volume effects in
Theorem 3, respectively. In physical problems, the depend-
ence of f̃ðkÞ on k often appears as energy EðkÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
, whose analytical range is j Im kj < a ¼ m.

Therefore, the exponential suppression rate is given by
the hadronic mass scale in the problem.

2. Generalization to the new summation form

We extend the conclusion of the previous section to the
summation form used in this paper:
Theorem 5. Let l̃ðkÞ and h̃ðkÞ be functions of four-

momentum k ¼ ðk0; kÞ, and define their loop integral forms

I∞ ¼
Z

d3k
ð2πÞ3

Z
dk0

2π
l̃ðkÞh̃ðkÞ;

IðLÞ ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z

dk0

2π
l̃ðkÞh̃ðk0Þ

¼ 1

L3

X
k0 ∈Γ

Îðk0Þ; ðB5Þ

with k ¼ ðk0; kÞ, k0 ¼ ðk0; k0Þ. k0 ∈Γ is the discrete
momentum in finite volume. The finite-volume effect
IðLÞ − I∞ is related to the smoothness of Îðk0Þ by (here,
k0 is extended to be a continuous real variable)
(1) if Îðk0Þ has singularities, then the finite-volume

effect suppresses as Oð1=LÞ;
(2) if Îðk0Þ is continuously differentiable up to order N,

then the finite-volume effect suppresses
as Oð1=LNþ1Þ;

(3) if Îðk0Þ is infinitely differentiable, then the finite-
volume effect suppresses asOðe−ΛLÞ, where Λ is the
hadronic mass scale in the problem.

Proof. [Proof] We split the finite-volume correction
IðLÞ − I∞ into two parts as

IðLÞ − I∞ ¼
�
1

L3

X
k0 ∈Γ

−
Z

d3k0

ð2πÞ3
	
Îðk0Þ

þ
�Z

d3k0

ð2πÞ3 Îðk
0Þ − I∞

	
: ðB6Þ

For the first part, it has the same form as the Poisson
summation formula. According to the conclusion of the
previous section, the volume suppression behavior of this
part depends directly on the smoothness of Îðk0Þ.
For the second part, since there is a δLðk0 − kÞ function in

Îðk0Þ, the integration of Îðk0Þ is not I∞. Their difference can
be written in coordinate space as

Z
d3k0

ð2πÞ3 Îðk
0Þ − I∞ ¼

Z
>V

d3xgðxÞ;

gðxÞ ¼
Z

d3k0

ð2πÞ3
Z

d3k
ð2πÞ3 e

iðk0−kÞ·x

×
Z

dk0

2π
l̃ðkÞh̃ðk0Þ; ðB7Þ
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where
R
>V d

3x denotes the integral outside the finite
volume. Thus, the suppression behavior of this part
depends on the suppression behavior of gðxÞ at large jxj.
According to Theorem 4, the suppression behavior of gðxÞ
is determined by the smoothness of its Fourier transform

g̃ðqÞ ¼
Z

d3xeiq·xgðxÞ ¼
Z

d3k
ð2πÞ3

Z
dk0

2π
l̃ðkÞh̃ðk0Þjk0¼k−q

ðB8Þ

Next, we compare the integral structure of g̃ðqÞ with
that of

Îðk0Þ ¼
Z

d3k
ð2πÞ3 δLðk

0 − kÞ
Z

dk0

2π
l̃ðkÞh̃ðk0Þ ðB9Þ

For a given volume, δLðk0 − kÞ is a smooth function. The
difference between Îðk0Þ and g̃ðqÞ in integral structure is
just a variable substitution q ¼ k − k0, so they have exactly
the same analytic properties. Therefore, the volume sup-
pression behavior of this part is also determined by the
smoothness of Îðk0Þ [or equivalently, by the smoothness of
g̃ðqÞ]. This completes the proof of this theorem.

APPENDIX C: DERIVATION OF ΔI2;cusp WITH
RESCATTERING EFFECTS

We first introduce the Bethe-Salpeter kernel expansion
of the hadronic matrix element. We define the two-particle

propagators as

Giϵ
2 ðqÞ ¼

1

2
SðqÞSðp − k0 − qÞ;

SðqÞ ¼ iZπðq2Þ
q2 −m2

π þ iϵ
; ðC1Þ

where the energy-momentum of the two particles are q and
p − k0 − q, respectively. SðqÞ is the fully dressed propa-
gator of the π, and 1

2
is the symmetry factor when the two

particles are identical. For the loop integral of multiplying
any function LðqÞ, RðqÞwithGiϵ

2 ðqÞ, we define a shorthand
symbol

LGiϵ
2 R ¼

Z
d4q
ð2πÞ4 LðqÞG

iϵ
2 ðqÞRðqÞ

¼
Z

d3q
ð2πÞ3 LðqÞḠ

iϵ
2 ðqÞRðqÞjq0¼EπðqÞ

þ
Z

d4q
ð2πÞ4 LðqÞĜ

iϵ
2 ðqÞRðqÞ; ðC2Þ

where, under the condition of
ffiffiffi
s

p
< 4mπ, Ĝ

iϵ
2 ðqÞ is an

analytic function without singularities [1]. Ḡiϵ
2 ðqÞ extracts

the main two-particle singularity as

Ḡiϵ
2 ðqÞ ¼

i
2

hðsÞ
2EπðqÞ2Eπðk0 þ qÞðm − k0 − EπðqÞ − Eπðk0 þ qÞ þ iϵÞ : ðC3Þ

Here, hðsÞ is defined in Eq. (83). A similar form as Ḡiϵ
2 ðqÞ

has also been used to study the one ππ loop case in Eq. (82).
The infinite-volume matrix elementH∞ can be expanded

as

H∞ ¼ Γ̄inGiϵ
2 Γ̄out þ Γ̄inGiϵ

2 iB2Giϵ
2 Γ̄out þ � � � ; ðC4Þ

where Γ̄in and Γ̄out are the two-particle irreducible (2PI)
vertices. B2 is the two-particle irreducible Bethe-Salpeter
kernel.
The fPV prescription is equivalent to defining a new two-

particle propagator [66]

G ePV
2 ðqÞ ¼ Giϵ

2 ðqÞ − iρ̃ðsÞ ðC5Þ

with

ρ̃ðsÞ ¼ hðsÞ

8><
>:

−i
ffiffiffiffiffiffiffiffiffi
s2
4
−m2

π

p
16π

ffiffi
s

p s > ð2mπÞ2;ffiffiffiffiffiffiffiffiffi
m2

π−s2
4

p
16π

ffiffi
s

p 0 < s ≤ ð2mπÞ2:
ðC6Þ

We can use the fPV prescription to define an infinitely
differentiable hadronic matrix element as

H̃∞ ¼ Γ̄inG ePV
2 Γ̄out þ Γ̄inG ePV

2 iB2G
ePV
2 Γ̄out þ � � � : ðC7Þ

Then we can isolate the nonsmooth part in H∞ as

Hcusp ¼ H̃∞ −H∞

¼ Γinð−iρ̃ÞΓout þ Γinð−iρ̃ÞiM2ð−iρ̃ÞΓout þ � � �

¼ Γin −iρ̃
1 − ρ̃M

Γout: ðC8Þ

Using partial wave expansions in Eqs. (70) and (75), we
can simplify Hcuspðk0; pÞ as
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Hcuspðk0;pÞ¼
X

l;l0;m;m0
i
hðsÞ

16π
ffiffiffi
s

p A∞
ππ;lm;l0m0 ð−k0;EππÞjEππ¼mη−k0

×

�
q�ðtanðδlÞ− iÞ s> ð2mπÞ2;
jq�jðtanhðσlÞþ1Þ 0<s≤ ð2mπÞ2:

ðC9Þ

In the region of 0 < s ≤ ð2mπÞ2, q� ¼ ijq�j ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π − s
4

q
is

an imaginary variable, and we can extend the phase shift δl
and the matrix element A∞

ππ;lm;l0m0 from functions of the real
variable q� to the functions of the imaginary variable
q� ¼ ijq�j. The phase shift δl becomes an imaginary phase
shift δlðsÞ ¼ iσlðsÞ.

APPENDIX D: PARTIAL WAVE EXPANSION OF
MATRIX ELEMENTS IN THE P-WAVE

Here, we show that l ¼ 1 partial wave expansion of
general matrix elements hfðpÞjJ1jππðq; q0Þi or hππðq; q0Þ×
jJ2jiðpÞi is proportional to ðq�Þl ¼ q�. The cases with
higher angular momentum quantum number can also be
proved similarly. The P-wave expansion of hfjJμ1jππðq; q0Þi
is given by

Γμ
1m ¼ 1ffiffiffiffiffiffi

4π
p

Z
dΩq̂�Y1mðq̂�ÞhfðpÞjJμ1jππðq; q0Þi: ðD1Þ

The general Lorentz structure of hfjJμ1jππðq; q0Þi can be
written as

hfðpÞjJμ1jππðq; q0Þi
¼ ϵμρσλpρðqþ q0Þσðq − q0ÞλF1ðx; y; zÞ
þ ðqþ q0ÞμF2ðx; y; zÞ
þ ðp − q − q0ÞμF3ðx; y; zÞ
þ ðq − q0ÞμF4ðx; y; zÞ; ðD2Þ

where Fiðx; y; zÞ are form factors that depend on three
independent Lorentz invariants x ¼ ðqþ q0Þ2,
y ¼ ðp − q − q0Þ2, and z ¼ p · ðq − q0Þ. x and y are related
to s and sγ in Eq. (91). z is proportional to cos θπ , where
θπ is the angle between the single particle momentum q� in
the center-of-mass frame and the total two-particle momen-
tum qþ q0.
The nonzero P-wave projection requires that

Fiðx; y; zÞjP-wave depend on z as

F1;4ðx;y;zÞjP-wave¼ f1;4ðx;yÞþ z2f01;4ðx;yÞþ �� � ;
F2;3ðx;y;zÞjP-wave¼ zf2;3ðx;yÞþ z3f02;3ðx;yÞþ �� � : ðD3Þ

Hence, the Lorentz structure in the P-wave is

hfjJμ1jππðq; q0ÞijP-wave
¼ ϵμρσλpρðqþ q0Þσðq − q0Þλf1ðx; yÞ
þ p · ðq − q0Þðqþ q0Þμf2ðx; yÞ
þ p · ðq − q0Þðp − q − q0Þμf3ðx; yÞ
þ ðq − q0Þμf4ðx; yÞ þ � � � : ðD4Þ

We see that the P-wave matrix element is always propor-
tional to ðq − q0Þ, which leads to the P-wave expan-
sion being proportional to the center-of-mass momentum
q� since

1ffiffiffiffiffiffi
4π

p
Z

dΩq̂�Y1mðq̂�Þðq − q0Þ ∝ q�: ðD5Þ

For higher angular momentum l, it can be proved similarly
that the partial wave expansion of hfðpÞjJ1jππðq; q0Þi is
proportional to ðq�Þl.

APPENDIX E: NUMERICAL TEST OF ΔI2
IN η → μ+ μ− DECAY

1. Numerical implementation of FðπÞðsÞ and Bηðs;sγÞ
To test the behavior of ΔI2 in η → μþμ− decay numeri-

cally, we need the infinite-volume matrix elements
h0jJνemjππðq; q0Þi and hππðq; q0ÞjJμemjηðpÞi in Eq. (91) as
inputs. In phenomenological studies, the form factors
FðπÞðsÞ and Bηðs; sγÞ can be well described by the vector
meson dominance model as [67]

FðπÞðsÞ ¼ −m2
ρ

s −m2
ρ
;

Bηðs; sγÞ ¼ Bηð0; 0Þ
�
1þ s

2m2
ρ

	
−m2

ρ

s −m2
ρ

−m2
ρ

sγ −m2
ρ
; ðE1Þ

where Bηð0; 0Þ is determined by the Chiral anomaly. For
large s; sγ ∼mρ, the above formula is modified by the
Gounaris–Sakurai (GS) model as [69]

−m2
ρ

s −m2
ρ
→

−m2
ρ − ΠρðsÞ

s −m2
ρ − ΠρðsÞ

; ðE2Þ

where ΠρðsÞ encodes the ρ − ππ interaction. Its imaginary
part is related to the ρwidth by Im½ΠρðsÞ� ¼ −mρΓρ, and its
real part can be obtained by a dispersion relation.
These form factors can also be obtained by lattice QCD

calculations [8–11]. To test the qualitative behavior of ΔI2
in this paper, we simply use the form of the GS model.

2. Numerical implementation of ΔI2;cusp
Equations (93) and (94) show the nonsmooth part of the

matrix element in the η → μþμ− decay with and without
rescattering effects, respectively. In the numerical test, we
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neglect the rescattering effects. By substituting Hcusp;ð0Þðk0; pÞ and L∞ðkÞ into Eq. (90), and performing the contour

integration in the k0 direction, we obtain the correction formula of the cusp effect ΔI2;cusp ¼ ĨðLÞcusp − Ĩ∞cusp with the

contribution of the nonsmooth part in finite volume (ĨðLÞcusp) and infinite volume (Ĩ∞cusp). Ĩ
ðLÞ
cusp is defined as

ĨðLÞcusp ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z

dk0

2π
θðm − k0 − 2mπÞL∞

μνðkÞHcusp;ð0Þ;μνðk0; pÞ

¼ 1

L3

X
k0 ∈Γ

�
1

12π2m2
η

	Z
mη−2mπ

0

djkj iðq
�Þ3ffiffiffi
s

p FðπÞðsÞBηðs; sγÞhðsÞgðjkj; k0Þ
m − 2jkj θðs − ð2mπÞ2Þ

þ 1

L3

X
k0 ∈Γ

�
1

12π2m2
η

	Z
mη−2mπ

0

djkj jq
�j3ffiffiffi
s

p FðπÞðsÞBηðs; sγÞhðsÞgðjkj; k0Þ
m − 2jkj θðsÞθðð2mπÞ2 − sÞ ðE3Þ

where the first and the second term correspond to the contributions of the nonsmooth part above and below the threshold
s ¼ ð2mπÞ2, respectively. The contour integration picks up the singularity of the electroweak part at k0 ¼ jkj (the residues at
other singularities do not contribute to the cusp effect), so here s ¼ ðmη − jkjÞ2 − jk0j2. The angular integration of k is
defined in

gðjkj; k0Þ ¼
Z

dΩk̂δLðk0 − kÞ k · k0

1 − β cos θ
; ðE4Þ

where θ is defined in Eq. (65) as the angle between the photon momentum k and the muon momentum p−.
Taking the infinite volume limit of L → ∞ of the above equation, Ĩ∞cusp is given by

Ĩ∞cusp ¼
Z

d3k
ð2πÞ3

Z
dk0

2π
θðm − k0 − 2mπÞL∞

μνðkÞHcusp;ð0Þ;μνðk; pÞ

¼
�

1

6πm2
ηβ

	
ln

�
1þ β

1 − β

	Z m2
η−4m

2
π

2mη

0

djkj iðq
�Þ3ffiffiffi
s

p FðπÞðsÞBηðs; sγÞhðsÞjkj2
m − 2jkj

þ
�

1

6πm2
ηβ

	
ln

�
1þ β

1 − β

	Z
mη−2mπ

m2
η−4m

2
π

2mη

djkj jq
�j3ffiffiffi
s

p FðπÞðsÞBηðs; sγÞhðsÞjkj2
m − 2jkj : ðE5Þ

We can calculate ΔI2;cusp using the above two formulas.
When considering rescattering effects, we need to replace
iðq�Þ3 → ði − tan δlÞðq�Þ3 in the first term and jq�j3 →
ð1þ tanh σlÞjq�j3 in the second term. We take hðsÞ ¼
1 − expð− expð−ð2mπÞ2=sÞ=ð1 − s=ð2mπÞ2ÞÞ to make the
summand Îðk0Þ as smooth as possible near the threshold
after removing the nonsmooth part.

3. Numerical implementation of ΔI2; exp
In this part we explain how to calculate ΔI2;exp under the

assumption of ignoring rescattering effects. Our idea is to
numerically implement

ĨðLÞ ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ

×
Z
C

dk0

2π
L∞
μνðkÞH∞;ð0Þ;μνðk0; pÞ ðE6Þ

where the one ππ loop contributionH∞;ð0Þ;μνðk0; pÞ is given
by Eq. (82). Then we obtain ΔI2 by

ΔI2 ¼ ĨðLÞ − I∞ ¼ ĨðLÞ − lim
L→∞

ĨðLÞ ðE7Þ

Removing the power-law suppression part ΔI2;cusp, we can
get the exponential suppression part

ΔI2;exp ¼ ΔI2 − ΔI2;cusp: ðE8Þ

Next, we describe the numerical implementation of
Eq. (E6). Since this equation involves a high-dimensional
integral at each momenta, it is difficult to calculate it
directly in momentum space. Therefore, we transform it
back to the coordinate space for calculation. We introduce a
temporal cutoff ts to decompose Eq. (E6) into two parts as
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ĨðLÞ ¼ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞
μνðkÞHðTÞ;ð0Þ;μνðk0; pÞ

þ 1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞
μνðkÞðH∞;ð0Þ;μνðk0; pÞ −HðTÞ;μνðk0; pÞÞ; ðE9Þ

where we define

HðTÞ;ð0Þ;μνðk0; pÞ ¼ i
2

Z
d3q
ð2πÞ3

h0jJνemjππðq; q0Þihππðq; q0ÞjJμemjηðpÞi
2EπðqÞ2Eπðk0 þ qÞðmη − k0 − EππÞ

ð1 − eðmη−k0−EππÞT=2Þ: ðE10Þ

The first line In Eq. (E9) can be calculated in the coordinate space as

1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞
μνðkÞHðTÞ;ð0Þ;μνðk0; pÞ ¼

Z
d3x

Z
0

−T=2
dτL∞;μν

E ðτ; xÞcMEH
ðLÞ;ð0Þ;μν
E ðτ; xÞ ðE11Þ

where L∞;μν
E ðτ; xÞ is given by Eq. (64), and HðLÞ;ð0Þ

E ðτ; xÞ is defined in the coordinate space as

cMEH
ðLÞ;ð0Þ;μν
E ðx; τÞ ¼ 1

L3

X
k0 ∈Γ

H̃ð0Þ;μνð−k0; τÞeik0·x

H̃ð0Þ;μνð−k0; τÞ ¼ −
ϵμνρσpρk0σ
24π2

Z
∞ffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

πþk02
p dEππ

ða�Þ3ffiffiffi
s

p FðπÞðsÞBηðs; sγÞe−ðmη−EππÞτ: ðE12Þ

The second line in Eq. (E9) is a correction for the temporal truncation effect, where we only need to consider the
exponentially divergent terms. We can calculate it in momentum space as

1

L3

X
k0 ∈Γ

Z
d3k
ð2πÞ3 δLðk

0 − kÞ
Z
C

dk0

2π
L∞
μνðkÞðH∞;ð0Þ;μνðk0; pÞ −HðTÞ;ð0Þ;μνðk0; pÞÞ

¼ 1

L3

X
k0 ∈Γ

1

12π3m2
η

Z
∞

0

dk
Z

∞ffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

πþk02
p dEππ

ða�Þ3ffiffiffi
s

p FðπÞðsÞBηðs; sγÞgðjkj; k0Þ
ðm − 2jkj þ iϵÞðmη − jkj − Eππ þ iϵÞ e

ðm−jkj−EππÞT=2; ðE13Þ

where gðjkj; k0Þ is defined in Eq. (E4).
By combining Eqs. (E11) and (E13), we obtain ĨðLÞ for a given volume L. One can verify that, after summing over these

two terms, the final result ĨðLÞ is independent of the sufficiently large T. Then we can calculate ΔI2;exp using Eqs. (E7)
and (E8).
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