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In the strong deflection regime, light rays passing close to an astrophysical black hole may remain
trapped near unstable photon orbits for a long time before escaping to infinity. The traditional strong-
deflection limit, which accurately describes the logarithmic divergence of the deflection angle for
spherically symmetric and slowly rotating black holes, breaks down when the relevant prograde critical
photon orbit coincides with the degenerate horizon of an extremal rotating black hole. We present a new
strong deflection limit expansion for this horizon critical orbit, covering a general class of extremal
rotating black holes. We show that the deflection angle exhibits a stronger power-law divergence in
addition to the logarithmic divergence. For an adequate description of higher-order images, additional
terms in the expansion must be retained. We first study prograde gravitational lensing in the equatorial
plane and then extend the analysis to quasiequatorial motion, which allows us to calculate the
magnification of the higher-order images and the position of the caustic points. We finally apply the
general framework to explicit examples, including the Kerr, Kerr-Newman, and Kerr-Sen metrics.
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I. INTRODUCTION

The study of light bending by compact objects has gained
considerable interest with the advent of horizon-scale
observations of astrophysical black holes by the Event
Horizon Telescope [1–13], which have opened the possibil-
ity of probing lensing beyond the weak-deflection approxi-
mation. From a theoretical perspective, however, the strong
bending of light by black holes has a much longer history,
rooted in the analysis of photon trajectories close to unstable
circular orbits.
The first exact treatment of light deflection in the

Schwarzschild spacetime was given by Darwin [14].
The expansion of Darwin’s exact result near the critical
photon orbit leads to a logarithmic approximation that is
now known as the strong deflection limit. This approxi-
mation describes photon trajectories whose total azimuthal
shift can become arbitrarily large as the distance of closest
tends to the photon-sphere radius. In this regime, photons

can wind around the black hole one or more times before
escaping to infinity, producing multiple images of the same
source; these images appear on either side of the black hole
and are often referred to as higher-order images or
relativistic images. After Darwin’s pioneering work, sev-
eral aspects of black-hole lensing and higher-order images
were discussed by Atkinson [15], Misner, Thorne and
Wheeler [16], Luminet [17], and Ohanian [18]. The
properties of higher-order images were later computed
numerically for the Schwarzschild black hole by Virbhadra
and Ellis [19], while exact lens-equation approaches were
developed by Frittelli, Kling, and Newman [20] and by
Perlick [21]. The strong deflection limit was then formu-
lated as a systematic analytical tool for calculating, e.g.,
the positions and magnifications of higher-order images,
first for Schwarzschild black holes [22], then for generic
static and spherically symmetric spacetimes [23], and
subsequently for rotating black holes [24,25]. Its range
of applicability has also been enlarged to include photon
propagation in inhomogeneous plasma [26] and massive-
particle deflection in spherically symmetric spacetimes
[27]. These developments have motivated a large body of
work on lensing in the strong-deflection regime [28–53],
including studies of higher-order images in the form of
photon rings [54–70].
The strong deflection limit construction, however, has an

important limitation in the context of rapidly rotating black
holes. In Kerr lensing, for prograde photon motion, the
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coefficients that control the leading near-critical divergence
and the finite part of the deflection angle become singular
as the spin approaches extremality, as shown in Fig. 3 of
Ref. [24]. This signals that a different asymptotic treatment
is required. The origin of this breakdown is geometric: in
the extremal Kerr limit, the prograde unstable circular
photon orbit coincides with the degenerate event horizon.
As a consequence, photons in the strong-deflection regime
can approach the horizon arbitrarily closely before escap-
ing, and the singularity structure of the deflection integral
changes. One is therefore led to expect a stronger diver-
gence than the logarithmic one characterizing the nonex-
tremal case. High-spin black-hole lensing has also been
studied from complementary perspectives in Refs. [71,72].
There is also observational motivation for developing

analytical tools that remain well defined in the extremal or
near-extremal regime. Indeed, an analysis based on the
twisted-light technique, under the assumption that M87� is
described by the Kerr metric, suggests that it is a rapidly
rotating black hole [73–75].
In this work we address this problem for exact extremal

rotating black holes, starting from photon motion confined
to the equatorial plane. We develop a strong-deflection
expansion adapted to the case in which the prograde critical
photon orbit lies on the horizon. The lensing configuration
of interest is shown schematically in Fig. 1.
The paper is organized as follows. In Sec. II, we introduce

the class of extremal Kerr-like spacetimes considered in this
work and recall the exact expression for the deflection angle
of equatorial photon trajectories. In Sec. III, we derive the
extremal strong-deflection expansion. We first isolate the
leading power-law divergence, then compute the subleading
logarithmic term, add the regular contribution, and finally
specialize the result to the extremal Kerr metric. In Sec. IV,
we use this expansion to calculate the angular positions
of higher-order images. In Sec. V, we improve the

approximation by retaining terms linear in the distance
from the horizon and apply the improved expansion to the
extremal Kerr case. In Sec. VI, we apply the formalism to
other extremal rotating geometries, namely the Kerr-
Newman and Kerr-Sen black holes. In Sec. VII, we extend
the analysis to quasiequatorial photon motion and derive the
corresponding polar phase in the strong-deflection limit. In
Sec. VIII, we use the quasiequatorial lens map to compute
magnifications and determine the caustic points. Finally,
Sec. IX is devoted to conclusions and possible future
developments.

II. EXTREMAL KERR-LIKE SPACETIMES
AND DEFLECTION ANGLE OF PHOTONS

Here we restrict attention to a Kerr-like subclass of
stationary, axisymmetric, and asymptotically flat black-
hole spacetimes admitting Boyer-Lindquist-type coordi-
nates xμ ¼ ðt; r; ϑ;φÞ. In what follows, we set G ¼ c ¼ 1
and work with signature convention fþ;−;−;−g.
Considering light rays moving on the equatorial plane
ðϑ ¼ π=2Þ, the metric takes the form [24]

ds2 ¼ gμνdxμdxν ¼ AðrÞdt2 − BðrÞdr2 − CðrÞdφ2

þ 2DðrÞdt dφ: ð1Þ

Since null geodesics are invariant under conformal rescal-
ings of the metric, we can exploit this freedom. For the
rotating black holes considered here, the horizon rH lies
inside the ergoregion, so that AðrHÞ < 0. We therefore
divide the original metric by −AðrÞ, obtaining a confor-
mally related metric in which the tt component is fixed
to −1. On the equatorial plane we write

dŝ2 ¼ −dt2 − BðrÞ2dr2 − CðrÞ2dφ2 þ 2DðrÞdt dφ; ð2Þ

where

BðrÞ2 ¼ −
BðrÞ
AðrÞ ; ð3Þ

CðrÞ2 ¼ −
CðrÞ
AðrÞ ; ð4Þ

DðrÞ ¼ −
DðrÞ
AðrÞ : ð5Þ

We are interested in extremal rotating black holes, whose
defining characteristic is the presence of a single, degen-
erate horizon, where the outer event horizon and the inner
Cauchy horizon coincide. In Boyer-Lindquist-type coor-
dinates, the horizon is located at a zero of grr. Since
grr ¼ −1=BðrÞ, extremality implies that BðrÞ has a quad-
ratic pole at r ¼ rH. In the conformal gauge, we can then
write

FIG. 1. Schematic representation of the extremal prograde
lensing configuration considered in this work. The black surface
denotes the degenerate event horizon, whose radius rH coincides
with the critical radius of the prograde circular photon orbit. The
orange curve represents a photon trajectory in the equatorial plane
that winds close to the horizon before escaping to a distant
observer.
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BðrÞ ¼ B̃ðrÞ
r − rH

; 0 < B̃ðrHÞ < ∞: ð6Þ

The second near-horizon structure follows from the deter-
minant of the conformal metric. Indeed, from Eq. (2), one
finds

detðĝμνÞ ∝ BðrÞ2ðDðrÞ2 − CðrÞ2Þ: ð7Þ

Requiring the conformal metric determinant to remain
finite and nonzero at the horizon implies that the product
BðrÞ2½DðrÞ2 − CðrÞ2� has a finite, nonzero limit as r → rH.
Since BðrÞ has a simple pole at the degenerate horizon, the
combination DðrÞ2 − CðrÞ2 must vanish quadratically.
Hence, we write

DðrÞ2 − CðrÞ2 ¼ Δ̃ðrÞ2ðr− rHÞ2; 0< Δ̃ðrHÞ <∞: ð8Þ

This isolates the universal near-horizon scaling relevant for
the extremal strong deflection limit, see Sec. III.
We now consider a photon emitted from infinity that

approaches the black hole, reaches a radial turning point at
r0, and then escapes to an observer at infinity. The
deflection angle associated with this photon trajectory is
given by the exact integral expression

α̂ðr0Þ ¼ 2

Z
∞

r0

dφ
dr

dr − π ≔ φfðr0Þ − π; ð9Þ

where φf is the total azimuthal shift. Starting from the
conformal metric (2), one obtains

dφ
dr

¼ BðrÞðDðrÞ − J�Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DðrÞ2 − CðrÞ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CðrÞ2 þ J�ðJ� − 2DðrÞÞ

p : ð10Þ

The above expression is readily derived from Eq. (18) of
Ref. [24] after applying the conformal rescaling.
Equivalently, using Eqs. (6) and (8), we can also write

dφ
dr

¼ B̃ðrÞðDðrÞ − J�Þ
ðr − rHÞ2Δ̃ðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CðrÞ2 þ J�ðJ� − 2DðrÞÞ

p : ð11Þ

In the above equations, J� denotes the azimuthal angular
momentum per unit energy of the photon. For equatorial
trajectories, J� coincides with the photon impact parameter
and can be written in terms of the radial turning point r0 as

J� ¼ J�ðr0Þ ¼ D0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

0 − C20

q
¼ D0 � ðr0 − rHÞΔ̃0: ð12Þ

In Eq. (12), we used a subscript 0 to denote evaluation
at r0. This expression is obtained by imposing the radial
turning-point condition at r ¼ r0, or equivalently by
rewriting Eq. (17) of Ref. [24] in terms of the conformal

functions (3)–(5). The two signs in Eq. (12) correspond to
the two equatorial branches. When a specific rotating
solution is considered, we take its spin parameter a > 0
to describe a black hole rotating in the positive φ-direction.
Then, the minus branch describes photons corotating with
the black hole, i.e., prograde photons, while the plus branch
describes counterrotating, i.e., retrograde, photons. In what
follows, we focus on the prograde branch approaching the
degenerate horizon and simply write J ≔ J−.
We conclude this section by defining rm as the radial

coordinate of the outermost unstable equatorial circular
photon orbit of the prograde family. In the conformal
gauge, the circular-orbit condition is obtained from Eq. (31)
of Ref. [76], finding

ðC20Þ0 − 2JD0
0 ¼ 0: ð13Þ

Here and throughout the paper, primes denote differentia-
tion with respect to the radial coordinate r. At the
degenerate horizon, Eq. (8) implies

D2
H ¼ C2H; JH ¼ DH; ð14Þ

where the subscriptH indicates evaluation at rH. Moreover,
differentiating Eq. (8) and evaluating the result at rH, one
obtains

2DHD0
H − 2CHC0H ¼ 0: ð15Þ

Using these relations, Eq. (13) is identically satisfied at
r ¼ rH. Thus, an equatorial circular photon orbit is always
present at the degenerate horizon. In what follows, we
restrict to cases with no additional unstable circular orbit
outside rH, so that rm ¼ rH.

III. STRONG DEFLECTION LIMIT ANALYSIS

In this section, we derive the strong-deflection-limit
expansion of the deflection angle in Eq. (9), which diverges
when the radial turning point r0 approaches the critical
circular photon orbit rm ¼ rH. As already mentioned,
photons with r0 sufficiently close to rm can perform one
or more revolutions around the black hole before eventually
escaping to infinity. As we shall see, the condition rm ¼ rH
changes the singular structure of the deflection integral and
requires a more careful expansion. We now show how the
strong deflection limit can be systematically formulated in
this extremal setting.
The first step is to replace the integration variable r in

Eq. (9) with the new variable

z ¼ 1 −
r0
r
: ð16Þ

This change of variable compactifies the integration
domain, mapping r∈ ½r0;∞Þ to z∈ ½0; 1�. The deflection
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angle can then be written as

α̂ðr0Þ ¼ 2

Z
1

0

dφ
dz

dz − π ¼ φfðr0Þ − π; ð17Þ

where

dφ
dz

¼ r0B̃ðrðzÞÞðDðrðzÞÞ − JÞ
ðδþ rHzÞ2Δ̃ðrðzÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðrðzÞ; r0Þ

p : ð18Þ

Here, we introduced the near-critical parameter

δ ≔ r0 − rH ∈R>0; ð19Þ

so that the strong deflection limit is δ → 0þ, as well as the
quantity

VðrðzÞ; r0Þ ≔ CðrðzÞÞ2 þ J½J − 2DðrðzÞÞ�: ð20Þ

Note that all functions without the subscript 0 are evaluated
at rðzÞ ¼ r0=ð1 − zÞ. In writing Eq. (18), we have used the
relation

rðzÞ − rH ¼ δþ rHz
1 − z

: ð21Þ

So far, no approximations have been made. Equation (18)
displays the two end point singularities that control the
strong-deflection behavior. The first is the turning-point
singularity encoded in VðrðzÞ; r0Þ, already present in the
nonextremal case, while the second is the extremal near-
horizon factor ðδþ rHzÞ−2. When r0 → rm ¼ rH, these two

singular structures overlap at z ¼ 0, requiring a careful
treatment of the expansion.
In analogy with the nonextremal strong deflection limit

construction [24], we isolate from the full azimuthal shift
φf a singular contribution obtained from the end point
expansion of Eq. (18). We can write schematically

φfðr0Þ ¼ φf;Dðr0Þ þ φf;Rðr0Þ; ð22Þ

where φf;D contains the end point singularities responsible
for the strong-deflection divergence, while φf;R denotes the
regular remainder obtained by subtracting this singular
approximation from the full integral. In the following, we
refer to φf;D as the singular contribution for brevity,
although its small-δ expansion also contains finite terms.
These finite terms arise from the end point integral itself
and will contribute to the constant coefficient of the strong-
deflection expansion.
The precise form of φf;D will be presented below. In

Sec. III A, we extract the leading contribution to φf;D and
show that it gives rise to a power-law divergence. The
subleading correction, responsible for the logarithmic
divergence, is then derived in Sec. III B. The regular
remainder will be discussed later, in Sec. III C.

A. Power-law divergence

As already anticipated at the end of the previous section,
here we extract the leading divergent contribution to the
total azimuthal shift φf. As shown in Appendix A, keeping
the leading nonvanishing terms in the end point expansion
of Eq. (18) gives

φð0Þ
f;DðδÞ ¼ 2rH

B̃H

Δ̃H

Z
1

0

δþQHrHz

ðδþ rHzÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþ ð1þQHÞrHz�

p dz; ð23Þ

where we defined

QH ≔
D0

H

Δ̃H
¼ C0H

Δ̃H
: ð24Þ

From the integral in Eq. (23), one sees that taking the small-
δ expansion at the level of the integrand is generally not
legitimate, because the δ → 0þ limit is not uniform over the
full integration domain. For this reason, the small-δ
expansion must be carried out on the integrated expression,
once the end point-sensitive contributions have been
properly accounted for. By contrast, factors that remained
smooth and well behaved for all z∈ ½0; 1� have been
expanded in δ directly, since their expansion is uniform
and does not interfere with the convergence properties of
the integral.

Let us then proceed by computing the integral in
Eq. (23), finding

φð0Þ
f;DðδÞ ¼ 2

B̃H

Δ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH þ 1

QH − 1

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2δ

ð1þQHÞrH

q
δð1þ δ

rH
Þ : ð25Þ

Expanding Eq. (25) for small δ, we finally find

φð0Þ
f;DðδÞ ≃ 2

B̃H

Δ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH þ 1

QH − 1

s
1

δ
−

2B̃HQH

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p : ð26Þ

As anticipated, Eq. (26) shows that, when the critical
prograde orbit lies on the horizon, the leading divergence
of the deflection angle is proportional to 1=δ. The leading
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divergence is therefore stronger than that found in the
nonextremal strong deflection limit.

B. Logarithmic divergence

In this subsection, we derive the subleading logarithmic
divergence of the azimuthal shift. To obtain this term, the
leading end point approximation of Sec. III A must be
supplemented by the first subleading contribution in the
z → 0 expansion of the integrand in Eq. (18). At this order,
three sources contribute: the linear correction to the pre-
factor B̃ðrðzÞÞ=Δ̃ðrðzÞÞ, the quadratic term in the expansion
of DðrðzÞÞ −DH, and the cubic term in the end point
expansion of VðrðzÞ; rHÞ.

Combining these contributions, the leading singular
integrand is multiplied by a factor of the form 1þ qz,
where the coefficient q is defined below in terms of the
conformal functions and their derivatives at the horizon. The
term proportional to q is precisely the one responsible for
the logarithmic divergence after integration. The details of
the expansion are given in Appendix B. The divergent part
of the azimuthal shift is therefore improved as

φf;DðδÞ ≔ φð0Þ
f;DðδÞ þ φð1Þ

f;DðδÞ; ð27Þ

where φð0Þ
f;DðδÞ is the leading contribution already

derived, while

φð1Þ
f;DðδÞ ¼ 2rH

B̃H

Δ̃H
q
Z

1

0

zðδþQHrHzÞ
ðδþ rHzÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþ ð1þQHÞrHz�
p dz: ð28Þ

The coefficient q is given by

q ¼ rH

�
B̃0
H

B̃H

−
Δ̃0

H

Δ̃H

�
þ rH

2

�
D00

H

D0
H
−
V3

V2

�
; ð29Þ

with

V2 ¼ D02
H − Δ̃2

H; V3 ¼ D0
HD

00
H − 2Δ̃HΔ̃0

H: ð30Þ

The integral defining φð1Þ
f;D can be evaluated analytically,

yielding

φð1Þ
f;DðδÞ ¼

2B̃HQHq

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p

×

2
64log

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2δ

ð1þQHÞrH

q
þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2δ
ð1þQHÞrH

q
− 1

1
CA−

2ðQH − 1Þ
QH

SðδÞ

−
1þQH

QH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2δ

ð1þQHÞrH

q
1þ δ

rH

3
75; ð31Þ

where

SðδÞ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH þ 1

QH − 1

s
atanh

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH − 1

1þQH þ 2δ
rH

s 1
CA: ð32Þ

Expanding Eq. (31) for δ → 0þ, we then obtain

φð1Þ
f;DðδÞ ≃

2B̃HQHq

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p �

− log δþ logð2ð1þQHÞrHÞ

−
2ðQH − 1Þ

QH
Sð0Þ − 1þQH

QH

�
: ð33Þ

As anticipated, this expression exhibits the logarithmic
divergence that accompanies the leading power-law term.

C. Regular contribution and total deflection angle

We now combine the divergent contributions derived in
the previous subsections and add the regular remainder
φf;R. Summing Eqs. (26) and (33), the singular part of the
azimuthal shift can be written as

φf;DðδÞ ¼
ā1
δ
− ā2 log δþ b̄D þOðδÞ; ð34Þ

where the coefficients of the power-law and logarithmic
divergences are

ā1 ≔ 2
B̃H

Δ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QH þ 1

QH − 1

s
; ð35Þ

ā2 ≔
2B̃HQH

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p q; ð36Þ

respectively, while the finite contribution reads

b̄D ¼ 2B̃HQH

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p �

−1þ q

�
logð2ð1þQHÞrHÞ

−
2ðQH − 1Þ

QH
Sð0Þ − 1þQH

QH

��
: ð37Þ
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The regular remainder is defined as the difference between
the exact azimuthal shift, evaluated at r0 ¼ rH þ δ, and the
singular end point contribution:

φf;RðδÞ ¼ φfðr0Þjr0þδ − φf;DðδÞ; ð38Þ

where φf;D is obtained from Eq. (27). By construction, the
subtraction removes the nonintegrable end point behavior
as δ → 0þ, so that φf;R admits a finite limit. Adding the
above contribution to Eq. (34), we can finally write

φfðδÞ ¼
ā1
δ
− ā2 logðδÞ þ b̄D þ b̄R þOðδÞ; ð39Þ

where we defined

b̄R ≔ lim
δ→0þ

φf;RðδÞ: ð40Þ

The deflection angle is then obtained simply as

α̂ðδÞ ¼ φfðδÞ − π

¼ ā1
δ
− ā2 logðδÞ þ b̄þOðδÞ; ð41Þ

where we also defined

b̄ ≔ b̄D þ b̄R − π: ð42Þ

Equations (35), (36), and (42) define the strong-deflection
coefficients in the extremal case.
We note that the integral in Eq. (38) is generally the most

difficult contribution to evaluate explicitly and must be
computed case by case. As we shall see, however, in the
extremal Kerr spacetime this term can be obtained
analytically.

D. Extremal Kerr black hole: Deflection angle

We now specialize our results to the extremal Kerr
spacetime. In units where 2M ¼ 1, the extremal limit
corresponds to a ¼ 1=2, and the degenerate horizon is
located at rH ¼ 1=2 [24]. Using Eqs. (3)–(5), from the
equatorial Kerr metric we obtain the rescaled metric
coefficients as

BðrÞ ¼ 1

r − 1
2

ffiffiffiffiffiffiffiffiffiffi
r3

1 − r

r
; ð43Þ

CðrÞ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ rþ 4r3

1 − r

r
; ð44Þ

DðrÞ ¼ 1

2ð1 − rÞ ; ð45Þ

from which we deduce that

DðrÞ2 − CðrÞ2 ¼
�
r −

1

2

�
2 r2

ð1 − rÞ2 : ð46Þ

The conformal function BðrÞ has the expected simple pole
at the degenerate horizon, while DðrÞ2 − CðrÞ2 has the
corresponding double root. Extremal Kerr therefore belongs
to the class of geometries we are considering. By the general
argument of Sec. II, an equatorial circular photon orbit is
present at the degenerate horizon; for prograde photons in
extremal Kerr, this is the relevant orbit governing the strong
deflection limit, so that rm ¼ rH ¼ 1=2.
The strong deflection limit coefficients ā1, ā2, and b̄D are

obtained by direct substitution of the extremal Kerr metric
functions and their derivatives into Eqs. (35), (36), and
(37). This gives

ā1 ¼
ffiffiffi
3

p
; ð47Þ

ā2 ¼
4

ffiffiffi
3

p

9
; ð48Þ

b̄D ¼ −2
ffiffiffi
3

p
þ 4

ffiffiffi
3

p

9
logð3Þ − 4

3
arcothð

ffiffiffi
3

p
Þ: ð49Þ

As already mentioned, the evaluation of the regular con-
tribution b̄R is more delicate, since it requires the finite part
of the full integral after subtraction of the end point
singularities. In the extremal Kerr case, this contribution
can nevertheless be computed analytically through a
matched asymptotic expansion. The details are given in
Appendix C; here we only quote the result

b̄R ¼ 2

9

	
4

ffiffiffi
3

p
log

	
3−

ffiffiffi
3

p 

þ 6 arcoth

	 ffiffiffi
3

p 

− 6þ 15

ffiffiffi
3

p 

:

ð50Þ

Combining the coefficients above, the deflection angle in
the extremal Kerr spacetime reads

α̂ðδÞ ¼
ffiffiffi
3

p

δ
−
4

ffiffiffi
3

p

9
logðδÞ

þ 4

9

h ffiffiffi
3

p
log

	
18ð2−

ffiffiffi
3

p
Þ


þ 3ð

ffiffiffi
3

p
− 1Þ

i
− π: ð51Þ

In Fig. 2, Eq. (51) is plotted and compared against the
numerical calculation, showing excellent agreement for
small values of δ.

IV. HIGHER-ORDER IMAGES

We now derive the angular positions of higher-order
images from the strong-deflection expansion of Sec. III. In
the scenario considered here, where the observer, the
source, and the photon trajectory all lie in the equatorial
plane, the lens equation can be written as [77]
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φO − φS ¼ α̂ðδÞ þ π mod 2π: ð52Þ

Equivalently, we can write

α̂ðδÞ ¼ φO − φS − π þ 2πn; ð53Þ

where n is a positive integer counting the number of
complete windings performed by the photon around the
black hole before reaching the observer. This standard
lensing convention should not be confused with classi-
fications based on the number of half-orbits, which are
sometimes used to describe higher-order photon rings in
black-hole images [55,60,63]. In Eq. (53), φO and
φS ∈ ½−π; π� are the azimuthal coordinates of the observer
and the source, respectively. Fixing the origin of the
azimuthal coordinate so that φO ¼ π, the lens equation
becomes

α̂ðδÞ ¼ 2πn − φS: ð54Þ

Note that, in this work, we use this lens equation only to
describe the sequence of higher-order images generated
by prograde photons. Retrograde photons are instead
described by the standard strong deflection limit expansion
[24]. Substituting Eq. (41) into the lens equation yields

ā1
δ
− ā2 logðδÞ þ b̄ ¼ 2πn − φS: ð55Þ

Since the logarithmic term is subleading with respect to the
power-law term in the limit δ → 0þ, the solution can be
obtained iteratively. At leading order, we obtain

δð0Þn ¼ ā1
ln

; ð56Þ

where we defined

ln ≔ 2πn − φS − b̄: ð57Þ

Then, evaluating the logarithm in Eq. (55) at the leading
solution (56), and considering that j logðā1=lnÞj=ln ≪ 1
for large ln, finally gives

δn ≃
ā1
ln

�
1þ ā2

ln
log

�
ln

ā1

��
: ð58Þ

To convert this result into an angular position, we expand
the impact parameter near the critical orbit as

J ≃ JH þ J1;Hδ; J1;H ≔
dJ
dr0

����
r0¼rH

: ð59Þ

For an observer in the asymptotic region, J ≃ θDOL, where
DOL is the observer-lens distance, and θ is the angular
separation between the photon’s arrival direction and the
direction to the black hole. Therefore, the angular position
of the nth higher-order image is

θn ≃
JH
DOL

þ J1;H
DOL

δn

¼ JH
DOL

þ J1;H
DOL

ā1
ln

�
1þ ā2

ln
log

�
ln

ā1

��
: ð60Þ

As one can deduce from Eq. (60), the image sequence
accumulates at

θ∞ ≔ lim
n→∞

θn ¼
JH
DOL

; ð61Þ

where θ∞ represents the limiting angular position of the
image sequence, corresponding to the shadow edge on the
prograde branch. Therefore, the relative angular separation
between the nth image and the shadow boundary is
expressed as

sn
θ∞

≔
θn − θ∞

θ∞
¼ ã1

ln

�
1þ ā2

ln
log

�
ln

ā1

��
; ð62Þ

where we introduced the rescaled strong deflection limit
coefficient ã1 as

ã1 ≔
J1;H
JH

ā1: ð63Þ

Unlike in the nonextremal case, where the higher-order
images approach the shadow edge exponentially, in the
extremal case their separation from the shadow edge

FIG. 2. Deflection angle for equatorial prograde photon tra-
jectories in the extremal Kerr spacetime, shown as a function of δ.
The light blue curve is the result of a numerical calculation, while
the dark blue curve is the analytic strong deflection limit
approximation, labeled SDL in the legend, given by Eq. (51).
As expected, for small values of δ, the SDL curve agrees well
with the numerical result.
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decreases as a power law, sn ∼ 1=n. This behavior is a
direct consequence of the leading power-law divergence of
the deflection angle.
For comparison, Eq. (55) can also be solved exactly,

obtaining

δn ¼
ā1=ā2

W0ðā1ā2 expð
ln
ā2
ÞÞ ð64Þ

where W0 denotes the principal branch of the Lambert
function, and thus

sn
θ∞

¼ ã1=ā2
W0ðā1ā2 expð

ln
ā2
ÞÞ : ð65Þ

A. Extremal Kerr black hole: Image positions

We now specialize the image-position formula to the case
of an extremal Kerr spacetime. For the prograde branch, in
units 2M ¼ 1, one finds JH ¼ J1;H ¼ 1. Therefore, the
rescaled strong-deflection coefficient introduced in Eq. (63)
reduces to ã1 ¼ ā1. Using the value of ā1 given in Eq. (47),
together with the Kerr coefficients ā2 and b̄ derived in
Sec. III D, Eq. (62) immediately gives the relative angular
separation between the nth higher-order image and the
shadow edge.
The result is shown in Fig. 3 for the first three higher-

order images, as a function of φS. For fixed n, the separation
from the shadow edge increases monotonically with the
source azimuth φS. This behavior can be understood from

the lens equation: increasing φS reduces the total deflection
required for a photon with a fixed winding number to
connect the source to the observer. In the strong-deflection
regime, a smaller deflection corresponds to a trajectory
passing slightly farther from the critical orbit, and hence to a
larger impact parameter and a larger observed angular
separation.
Conversely, increasing n requires the photon to perform

an additional winding around the black hole. Such trajec-
tories remain closer to the critical orbit for longer, so their
impact parameter approaches the critical value and the
corresponding images lie closer to the shadow edge.
Accordingly, the n ¼ 1 image is the outermost member
of the sequence, while images with larger n accumulate
toward θ∞.
We close this subsection with a brief assessment of the

regime of validity of the strong deflection limit approxi-
mation we derived. Consider, for instance, Fig. 3, and focus
on the branch n ¼ 1. For φS ¼ 0, the plotted values lie in
the interval sn=θ∞ ≃ 0.2 − 0.3, which in the extremal Kerr
case corresponds to the same range in δ (since sn=θ∞ ≃
ðJ1;H=JHÞδ and J1;H=JH ¼ 1 in this case). In this moder-
ately small-δ regime, however, Fig. 2 shows that the
difference between the exact deflection angle and its strong
deflection limit approximation is already sizable. This
behavior can be understood as follows. In the standard
(nonextremal) strong deflection limit, the deflection angle
has a logarithmic divergence and, as a consequence, the first
higher-order image lies exponentially close to the shadow
edge. As a result, even the outermost higher-order image is
already very close to the critical impact parameter, so the
asymptotic description is highly accurate. In the extremal
case, instead, the deflection angle features a stronger
divergence dominated by an inverse power. For the outer-
most higher-order image (n ¼ 1) this naturally leads to
values as large as δ ¼ Oð10−1Þ, which translate into
sn=θ∞ ¼ Oð10−1Þ and thus noticeably larger separations
from the shadow edge than in the nonextremal case. Since
the strong deflection limit is an expansion in small δ,
working at δ ∼ 0.2–0.3 places the first image at the
boundary of the asymptotic regime. This motivates the
next step: improving the analytic treatment by extending the
deflection-angle expansion to include terms linear in δ.

V. IMPROVING ACCURACY: LINEAR
CORRECTIONS IN δ

Following the discussion at the end of the previous
section, here we improve our analytic approximation by
extending the deflection-angle expansion beyond the order
considered in Sec. III. In the present section, “improved”
indicates that we retain all terms in the deflection angle up
to linear order in δ. In Sec. VA, we derive the improved
deflection angle, while in Sec. V B we use it to obtain the
corresponding image positions.

FIG. 3. Relative angular position of the first three higher-order
images for an extremal Kerr black hole. The horizontal axis is the
source azimuth φS, while the vertical axis shows the image
angular separation from the shadow edge, normalized by θ∞.
Each curve corresponds to a certain n (number of loops executed
around the black hole before reaching the observer), so that n ¼ 1
is the outermost member of the image sequence and larger n
accumulate toward θ∞. As indicated in the legend, the solid
curves represent the approximate results, see Eq. (62), while the
dashed curves represent the exact results, see Eq. (65).
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A. Improved deflection angle

We start from the singular contribution φf;D. To include
terms up to linear order in δ, the end point expansion used
in Secs. III A and III B must be extended by one further
order; this amounts to supplementing the correction propor-
tional to qz in Eq. (27) by a quadratic term. The details of
this expansion are given in Appendix D.

The improved singular contribution takes the form

φf;DðδÞ ≔ φð0Þ
f;DðδÞ þ φð1Þ

f;DðδÞ þ φð2Þ
f;DðδÞ; ð66Þ

where φð0Þ
f;DðδÞ and φð1Þ

f;DðδÞ are the integrals already
considered in Secs. III A and III B, respectively, while
the new contribution is

φð2Þ
f;DðδÞ ¼ 2rH

B̃H

Δ̃H
w
Z

1

0

z2ðδþQHrHzÞ
ðδþ rHzÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþ ð1þQHÞrHz�
p dz: ð67Þ

The coefficient w collects all quadratic corrections in the
end point expansion and is defined by

w ≔ wBΔ þ wD þ wV þ qBΔqD þ qBΔqV þ qDqV ; ð68Þ

where the various subscripts indicate the origin of the
corresponding correction: BΔ refers to the regular prefactor
B̃ðrðzÞÞ=Δ̃ðrðzÞÞ,D to the numeratorDðrðzÞÞ −DH, and V
to the function VðrðzÞ; rHÞ−1=2. The quantities entering w
are defined as follows:

qBΔ ≔ rH

�
B̃0
H

B̃H

−
Δ̃0

H

Δ̃H

�
; ð69Þ

wBΔ ≔ qBΔ þ r2H
2

�ðB̃=Δ̃Þ00
B̃=Δ̃

�
H

; ð70Þ

qD ≔ 1þ rHD00
H

2D0
H

; ð71Þ

wD ≔ 1þ rHD00
H

D0
H

þ r2HD
000
H

6D0
H

; ð72Þ

qV ≔ −
�
1þ rHV3

2V2

�
; ð73Þ

wV ≔ r2H

�
3V2

3

8V2
2

−
V4

2V2

�
: ð74Þ

The coefficients V2 and V3 are given by Eq. (30), while V4

is defined as

V4 ≔
D002

H

4
þD0

HD
000
H

3
− ðΔ̃02

H þ Δ̃HΔ̃00
HÞ: ð75Þ

The quantity q introduced in Eq. (29) is recovered as

q ¼ qBΔ þ qD þ qV : ð76Þ
The new integral (67) can also be evaluated analytically.

The solution is

φð2Þ
f;DðδÞ ¼

2B̃HQHw

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2δ=rH

1þQH

s

−2
2Q2

H þ 2QH − 1

QHð1þQHÞ
δ

rH
artanh

0
@ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2δ=rH
1þQH

q
1
A

þ 4ðQH − 1ÞSðδÞδ
QHrH

þ ð1þQHÞδ
QHrH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2δ=rH

1þQH

q
1þ δ

rH

3
75:
ð77Þ

Expanding the above expression up to linear order in
δ yields

φð2Þ
f;DðδÞ≃

2B̃HQHw

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H−1
p �

1þ2Q2
Hþ2QH−1

QHð1þQHÞ

×
δ

rH
logδþ δ

rH

�
Q2

Hþ3QHþ1

QHð1þQHÞ
−
2Q2

Hþ2QH−1

QHð1þQHÞ

×logð2ð1þQHÞrHÞþ
4ðQH−1Þ

QH
Sð0Þ

��
: ð78Þ

We can now complete the expansion of the singular
contribution up to linear order in δ. To this end, we return to
Eqs. (25) and (31), and expand them consistently through
OðδÞ. Carrying out these expansions, and then combining
with Eq. (78), the singular contribution can be written as

φf;DðδÞ≃
ā1
δ
− ā2 logðδÞþ b̄D− c̄1Dδ logðδÞþ c̄2Dδ; ð79Þ

where ā1 and ā2 are given in Eqs. (35) and (36),
respectively, while the new coefficients read

c̄1D ¼ −
2B̃Hð2Q2

H þ 2QH − 1Þw
r2HΔ̃Hð1þQHÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p ; ð80Þ

and

GRAVITATIONAL LENSING BY EXTREMAL ROTATING BLACK … PHYS. REV. D 114, 044053 (2026)

044053-9



c̄2D ¼ 2B̃HQH

r2HΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p �

2Q2
H þ 2QH − 1

2QHð1þQHÞ

þ q
2Q2

H þ 2QH − 1

QHð1þQHÞ
þ w

�
1

1þQH
þ 1þQH

QH

−
2Q2

H þ 2QH − 1

QHð1þQHÞ
log ð2ð1þQHÞrHÞ

þ 4ðQH − 1Þ
QH

Sð0Þ
��

: ð81Þ

At this order, the constant term in the singular contribution
is also shifted by the new contribution (67). Explicitly, we
have

b̄D ¼ 2B̃HQH

rHΔ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p �

w − 1þ q

�
logð2ð1þQHÞrHÞ

−
2ðQH − 1Þ

QH
Sð0Þ − 1þQH

QH

��
: ð82Þ

Thus, from this point on, b̄D denotes the constant coef-
ficient at the improved order.
Finally, we have to include the regular contribution, now

understood with the improved singular subtraction in
Eq. (66); at linear order in δ, the corresponding regular
remainder has the structure

φf;RðδÞ ≃ b̄R − c̄1Rδ log δþ c̄2Rδ: ð83Þ

The coefficients b̄R ¼ limδ→0þ φf;RðδÞ, c̄1R, and c̄2R must
be determined case by case, either analytically or
numerically.
Putting together the singular and regular contributions,

the improved deflection angle becomes

α̂ðδÞ ≃ ā1
δ
− ā2 logðδÞ − c̄1δ logðδÞ þ c̄2δþ b̄; ð84Þ

where we defined

c̄1 ≔ c̄1D þ c̄1R; ð85Þ

c̄2 ≔ c̄2D þ c̄2R; ð86Þ

b̄ ≔ b̄D þ b̄R − π: ð87Þ

B. Improved image positions

Following the same strategy adopted in Sec. IV, the
angular separation between the nth higher-order image and
the shadow edge can be obtained by solving the lens
equation for the small parameter δ. Using the improved
deflection angle (84), the lens equation can be written as

ā1
δn

− ā2 logðδnÞ − c̄1δn logðδnÞ þ c̄2δn ¼ ln; ð88Þ

with ln defined by Eq. (57). Solving iteratively for δ as in
Sec. IV gives

δn ≃
ā1
ln

�
1þ ā2

ln
log

�
ln

ā1

�

þ 1

l2
n

�
ā22

�
log2

�
ln

ā1

�
− log

�
ln

ā1

��

þ ā1

�
c̄2 þ c̄1 log

�
ln

ā1

����
: ð89Þ

We then expand the impact parameter J up to third order
in δ

J ≃ JH þ J1;Hδþ
1

2
J2;Hδ2 þ

1

6
J3;Hδ3; ð90Þ

where

Jk;H ≔
dkJ
drk0

����
r0¼rH

: ð91Þ

This finally yields

sn
θ∞

≃
ã1
ln

þ ã1ā2
l2
n

log

�
ln

ā1

�
þ 1

l2
n

J2;H
2JH

ā21

þ 1

l3
n

�
ã1ā22

�
log2

�
ln

ā1

�
− log

�
ln

ā1

��

þ J2;H
JH

ā21ā2 log

�
ln

ā1

�
þ J3;H

6JH
ā31

þ ã1ā1

�
c̄2 þ c̄1 log

�
ln

ā1

���
: ð92Þ

C. Improved extremal Kerr black hole

We now specialize the improved expansion of Sec. VA
to the extremal Kerr spacetime. The strong deflection limit
coefficients ā1 and ā2 were already obtained in Eqs. (35)
and (36). Substituting the extremal Kerr metric functions
into Eqs. (80)–(82), we find

c̄1D ¼ −
22

ffiffiffi
3

p

27
; ð93Þ

c̄2D ¼ −c̄1Dð6 − log 3Þ þ 8

3
arcothð

ffiffiffi
3

p
Þ; ð94Þ

b̄D ¼ −2
ffiffiffi
3

p
þ 4

ffiffiffi
3

p

9
logð3Þ

−
4

3
arcothð

ffiffiffi
3

p
Þ þ 2

ffiffiffi
3

p

9
; ð95Þ
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respectively. Then, we have to determine the regular
contribution. Rather remarkably, also at this order the
regular remainder can be computed analytically in the
extremal Kerr case. Applying the matched asymptotic
expansion through linear order in δ, we obtain

b̄R ¼ 1

3
ffiffiffi
3

p
h
28 − 4

ffiffiffi
3

p
þ 4 log 6

þ2ð2 −
ffiffiffi
3

p
Þ logð2 −

ffiffiffi
3

p
Þ
i
; ð96Þ

c̄1R ¼ 32

9
ffiffiffi
3

p ; ð97Þ

c̄2R ¼ 1

27
ffiffiffi
3

p
h
12

ffiffiffi
3

p
− 397þ 30 log 2þ 126 log 3

þð30þ 36
ffiffiffi
3

p
Þ logð2 −

ffiffiffi
3

p
Þ
i
: ð98Þ

Combining the singular and regular contributions, we
obtain the improved strong-deflection expansion for the

extremal Kerr deflection angle as

α̂ðδÞ ¼
ffiffiffi
3

p

δ
−
4

ffiffiffi
3

p

9
logðδÞ þ 4

9

h
3ð

ffiffiffi
3

p
− 1Þ

þ
ffiffiffi
3

p
log

	
18ð2−

ffiffiffi
3

p
Þ

i

−
10

ffiffiffi
3

p

27
δ logðδÞ

þ
�
36−

ffiffiffi
3

p

81
þ 10

ffiffiffi
3

p

27
log ð18ð2−

ffiffiffi
3

p
ÞÞ
�
δ− π: ð99Þ

In Fig. 4, we compare the numerical deflection angle with
the analytic approximation. For ease of comparison, the top
panel reproduces Fig. 2, where only the 1=δ, log δ, and
constant terms are retained. The bottom panel instead shows
the improved expression (99). The improvement is sub-
stantial: once the linear terms are included, the analytic
curve follows the numerical result very closely over the full
range of δ shown.

VI. APPLICATIONS TO OTHER METRICS

Having developed the extremal strong deflection limit
expansion in a general form and applied it to the Kerr
spacetime, we now turn to other extremal rotating black
holes. The purpose of this section is twofold. First, for each
metric we identify the region of parameter space in which
the equatorial prograde critical orbit coincides with the
degenerate horizon, so that the formalism developed above
applies. Second, within this regime we compute the corre-
sponding strong deflection limit coefficients and study how
the additional parameters of the spacetime affect the
deflection angle and the position of the higher-order images.
We begin with the Kerr-Newman spacetime and then

consider the Kerr-Sen black hole.

A. Kerr-Newman

Let us now consider an extremal Kerr-Newman black
hole [78–80]. In units where 2M ¼ 1, the inner and outer
horizons are located at [81]

r� ¼ 1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
− a2 −Q2

r
; ð100Þ

where Q denotes the electric charge. Thus, for a > 0,
extremality requires

a2 þQ2 ¼ 1

4
; ð101Þ

so that the two horizons coincide at rþ ¼ r− ¼ rH ¼ 1=2.
Using Eqs. (3)–(5), from the extremal equatorial Kerr-
Newman metric coefficients we find

BðrÞ ¼ r2

ðr − 1
2
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − ðr − 1

2
Þ2

q ; ð102Þ

FIG. 4. Comparison between the exact deflection angle, com-
puted numerically, and its strong deflection limit approximation
(labeled SDL in the legend). We show both the SDL expression
retaining only the 1=δ, log δ, and constant terms (dark blue curve,
top panel), and the improved SDL including the next-to-leading
corrections (dark blue curve, bottom panel).
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CðrÞ ¼ rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − ðr− 1

2
Þ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2 þ a2

r
−
a2Q2

r2

r
; ð103Þ

DðrÞ ¼ aðr −Q2Þ
a2 − ðr − 1

2
Þ2 ; ð104Þ

from which it follows that

DðrÞ2 − CðrÞ2 ¼
�
r −

1

2

�
2
�

r2

a2 − ðr − 1
2
Þ2
�
2

: ð105Þ

The conformal function BðrÞ has the expected simple pole
at the degenerate horizon, while DðrÞ2 − CðrÞ2 has the
corresponding double root, as in Eqs. (6) and (8).
Restricting to equatorial null geodesics, the circular

photon orbits are known in closed form [81]; besides the
expected horizon root at r ¼ 1=2, the remaining circular
photon orbits are located at

r�ph ¼ 1� 2a; ð106Þ

where, for a > 0, the upper sign corresponds to the
retrograde branch and the lower sign to the prograde branch.
The prograde circular photon orbit lies outside the horizon
only if

r−ph > rH ¼ 1

2
⇔ a <

1

4
: ð107Þ

Consequently, the critical radius relevant for prograde
lensing is

rm ¼
(
r−ph ¼ 1 − 2a; a < 1

4
;

rH ¼ 1
2
; a ≥ 1

4
:

ð108Þ

Thus, once a ≥ 1=4, the prograde photon orbit that would
otherwise lie outside the black hole is pushed to, or inside,
the horizon, and the outermost prograde critical orbit in the
exterior coincides with the degenerate horizon. This is
precisely the regime to which the extremal strong deflection
limit derived in the previous sections applies. Equivalently,
using Q2 ¼ 1=4 − a2, this condition can be written as
jQj ≤ ffiffiffi

3
p

=4. There is therefore a sharp threshold along
the extremal Kerr-Newman family: for sufficiently rapid
rotation, or equivalently sufficiently small charge, the
equatorial prograde critical radius coincides with the hori-
zon. For more weakly rotating, and hence more highly
charged, extremal Kerr-Newman black holes, an unstable
prograde photon orbit remains outside the horizon and the
present extremal expansion does not apply.
The Kerr-Newman black hole is characterized by two

parameters, a and Q. However, after imposing extremality,
one of them can be eliminated. In what follows, we choose

Q as the independent parameter and set

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
−Q2

r
; jQj ≤

ffiffiffi
3

p

4
≈ 0.4: ð109Þ

The coefficients controlling the divergent terms in the
strong-deflection expansion are obtained by direct sub-
stitution of the extremal Kerr-Newman conformal functions
into Eqs. (35) and (36). This gives

ā1ðQÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 4Q2Þð3 − 16Q2Þ

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Q2

p
− 1

; ð110Þ

ā2ðQÞ ¼ 4ð1 − 6Q2Þ
ð3 − 16Q2Þ3=2 : ð111Þ

These expressions show explicitly how the power-law and
logarithmic divergences depend on the electric charge. The
remaining coefficients associated with the end point sub-
traction can also be obtained analytically from the general
formulas presented in Sec. VA, but their expressions are
rather lengthy and not particularly illuminating. The regular
coefficients must instead be determined numerically. In
Fig. 5 we show the behavior of the coefficients as functions
of Q.
Finally, Fig. 6 shows how the relative angular positions

of the first three higher-order images change when going
from extremal Kerr to extremal Kerr-Newman, forQ ¼ 0.3.
The Kerr-Newman curves lie systematically below the Kerr
curves over the whole range of φS: at fixed ðn;φSÞ, the
images in extremal Kerr-Newman are closer to the shadow
edge, corresponding to smaller values of sn=θ∞. The
charge-induced shift is largest for n ¼ 1 and becomes
progressively smaller for n ¼ 2 and n ¼ 3, consistently
with the dominant 1=ln scaling in Eq. (92). In Fig. 7, we
also show the image positions as functions of Q at fixed
source azimuth φS ¼ 0. Note that, as Q tends to the critical
value

ffiffiffi
3

p
=4 ≈ 0.4 from below, the higher-order images

move progressively closer to the shadow edge. This reflects
the transition toward the standard logarithmic strong
deflection regime, in which the exponential suppression
of higher-order image separations is recovered.

B. Kerr-Sen

Let us now consider an extremal Kerr-Sen black hole,
denoting by Q its electric charge parameter [82]. In units
where 2M ¼ 1, the horizons radii are [76]

r� ¼ 1 − 2Q2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2Q2Þ2 − 4a2

p
2

: ð112Þ

For the horizon to exist, we must have

ð1 − 2Q2Þ2 − 4a2 ≥ 0; ð113Þ
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which in particular implies Q2 ≤ 1=2. For a > 0, the
extremality condition is

ð1 − 2Q2Þ2 − 4a2 ¼ 0; ð114Þ

from which it immediately follows that

a ¼ 1

2
−Q2: ð115Þ

The degenerate horizon is then located at

rþ ¼ r− ¼ rH ¼ 1

2
−Q2: ð116Þ

On the equatorial plane, for the extremal Kerr-Sen metric
coefficients [76,82], Eqs. (3)–(5) give

BðrÞ ¼ rþ 2Q2

r − rH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

1 − r − 2Q2

r
; ð117Þ

CðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ 2Q2Þ½rðrþ 2Q2Þ þ a2 þ a2

rþ2Q2�
1 − r − 2Q2

s
; ð118Þ

DðrÞ ¼ a
1 − r − 2Q2

: ð119Þ

We then find

DðrÞ2 − CðrÞ2 ¼ ðr − rHÞ2
�

rþ 2Q2

1 − r − 2Q2

�
2

: ð120Þ

FIG. 5. Dependence of the strong-deflection-limit coefficients on the charge Q for an extremal KerrNewman black hole. The panels
show (a) ā1, (b) ā2, (c) c̄1, (d) c̄2, and (e) b̄ as functions of Q.
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FIG. 7. Relative angular position of the first three higher-order
images for extremal Kerr-Newman as a function of the charge Q.
We set φS ¼ 0.

FIG. 8. Dependence of the strong-deflection-limit coefficients on the charge Q for an extremal KerrSen black hole. The panels show
(a) ā1, (b) ā2, (c) c̄1, (d) c̄2, and (e) b̄ as functions of Q.

FIG. 6. Relative angular position of the first three higher-order
images for extremal Kerr and Kerr-Newman black holes. Each
curve corresponds to a certain n.
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Inspecting Eqs. (117) and (120), we can conclude that Kerr-
Sen belongs to the class of geometries considered in Sec. II.
The equatorial circular photon orbits in Kerr-Sen can be

obtained from Eq. (13) after imposing the extremality
condition; besides the horizon circular orbit, expected from
the general argument of Sec. II, the remaining solutions are

r1;2 ¼ 1 − 4Q2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Q2

p
: ð121Þ

Whenever the plus root corresponds to an exterior orbit, it
belongs to the retrograde branch. No additional exterior
prograde root appears: the prograde equatorial circular
photon orbit coincides with the degenerate horizon.
Therefore, throughout the extremal Kerr-Sen family, the
prograde critical radius is rm ¼ rH.
Unlike in the extremal Kerr-Newman case, there is no

additional spin/charge threshold: once the Kerr-Sen black
hole is extremal, the equatorial prograde critical orbit
coincides with the horizon. In other words, Kerr-
Newman extremality does not by itself force the prograde
circular photon orbit to lie on the horizon, whereas Kerr-Sen
extremality does.
As in the extremal Kerr-Newman case, the extremality

condition allows us to eliminate one of the two parameters.
We may either express the lensing quantities in terms of Q,
by substituting a ¼ 1=2 −Q2 into the metric coefficients,
or equivalently in terms of a, using Q2 ¼ 1=2 − a. In what
follows, we choose Q as the independent parameter.
With the extremality condition imposed, the general

expressions of Sec. III can be specialized to the Kerr-Sen
metric; the resulting behavior of the strong deflection limit
coefficients as a function of the charge is shown in Fig. 8.
As in the extremal Kerr-Newman case, the coefficients
controlling the two divergent terms take a compact form

ā1ðQÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2Q2Þð3þ 2Q2Þ

q
; ð122Þ

ā2ðQÞ ¼ 4ð1þ 2Q2Þ
ð3þ 2Q2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2Q2Þð3þ 2Q2Þ

p : ð123Þ

The above formulas clearly illustrate how the 1=δ and log δ
divergences in the deflection angle depend on the Kerr-Sen
charge.
Finally, Fig. 9 shows how the relative angular positions

of the first three higher-order images (n ¼ 1, 2, 3) change
from extremal Kerr to extremal Kerr-Sen, for Q ¼ 0.3. The
Kerr-Sen curves lie systematically below the Kerr ones
across the whole φS range. In Fig. 10, we also plot the
position of the images as a function of Q at fixed φS ¼ 0.

VII. QUASIEQUATORIAL MOTION

Up to this point, we have restricted photon motion to the
equatorial plane, ϑ ¼ π=2, so that the relevant geometry
was described by the ðt; r;φÞ sector of the metric. In order
to compute the magnification of higher-order images,
however, one must go beyond this one-dimensional lens
map and allow for small deviations from the equatorial
plane. We therefore restore the polar part of the stationary,
axisymmetric line element in Boyer-Lindquist-type coor-
dinates ðt; r; ϑ;φÞ. In the conformal gauge, we write

dŝ2 ¼ −dt2 − Bðr; ϑÞ2dr2 − F ðr; ϑÞ2dϑ2
− Cðr; ϑÞ2dφ2 þ 2Dðr; ϑÞdt dφ: ð124Þ

Here, in analogy with Eqs. (3)–(5), we have introduced the
quantity

F ðr; ϑÞ2 ¼ −
Fðr; ϑÞ
Aðr; ϑÞ ; ð125Þ

where Fðr; ϑÞ denotes the polar metric coefficient in
the original line element, before the conformal rescaling.

FIG. 9. Relative angular position of the first three higher-order
images for extremal Kerr and Kerr-Sen black holes. Each curve
corresponds to a certain n.

FIG. 10. Relative angular position of the first three higher-order
images for extremal Kerr-Sen as a function of the charge Q. We
set φS ¼ 0.
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On the equatorial plane, the metric functions B, C,D reduce
to those introduced in Sec. II. In what follows, whenever no
explicit ϑ-dependence is displayed, all functions are evalu-
ated on the equatorial plane.
The next step is to describe the polar motion. For the class

of spacetimes considered here, we assume Hamilton-Jacobi
separability and, more specifically, a Kerr-type angular
sector. As in the standard quasiequatorial treatment, we
denote by J ≔ L=E the azimuthal angular momentum per
unit energy. Away from the equatorial plane, however, J no
longer coincides exactly with the equatorial impact param-
eter. Introducing also the Carter constant per unit energy
squared, K, the polar first integral can be written as [24,83]

ϑ̇ ¼ � E
F ðr; ϑÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kþ a2 cos2 ϑ − J2 cot2 ϑ

p
: ð126Þ

To describe trajectories displaced from the equatorial plane,
we adopt the geometrical parametrization shown in Fig. 11,
reproduced from Ref. [24]. In the asymptotically flat region,
each incoming photon can be associated with the straight
line it would follow in the absence of the gravitational field.
This asymptotic line is specified by three quantities: the
projected impact parameter u, the height h at the point of
closest projected approach to the black hole, and the
inclination angle Ψ0 with respect to the equatorial plane.
These quantities determine the conserved parameters of the
geodesic as [24]

J ¼ u cosðΨ0Þ; ð127Þ

K ¼ h2 cos2ðΨ0Þ þ ðu2 − a2Þ sin2ðΨ0Þ: ð128Þ

Since J and K are constants of motion, the asymptotic data
ðu; h;Ψ0Þ provide a convenient geometrical way to label the
corresponding deflected geodesic.

We now restrict our attention to trajectories that remain
close to the equatorial plane. To this end, we introduce the
declination Ψ ≔ π=2 − ϑ, so that Ψ ¼ 0 corresponds to
motion on the equatorial plane, while jΨj ≪ 1 describes
quasiequatorial trajectories. The quantity Ψ is a dynamical
variable along the geodesic. On the incoming branch, its
asymptotic value coincides with the initial inclination angle
Ψ0 we introduced before. In the quasiequatorial regime, i.e.,
when jΨ0j ≪ 1, Eqs. (127) and (128) reduce to

J ≃ u; ð129Þ

K ≃ h2 þ ū2Ψ2
0; ū≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − a2

p
: ð130Þ

In order to follow the evolution of the declination Ψ as
the photon winds around the black hole, we take the ratio
between the polar first integral and the azimuthal first
integral. The latter follows from the conserved energy and
angular momentum associated with the Killing fields ∂t and
∂φ [24,83]. In the conformal gauge, it reads

φ̇ ¼ E
Dðr; ϑÞ − J

Dðr;ϑÞ2 − Cðr; ϑÞ2 : ð131Þ

Taking the ratio of Eqs. (126) and (131), and working at
leading order in the quasiequatorial expansion, we can then
write [24]

dΨ
dφ

¼ �ωðrðφÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψ̄2 −Ψ2

p
; ð132Þ

where

ωðrðφÞÞ ≔ ū
F ðrðφÞÞ2

DðrðφÞÞ2 − CðrðφÞÞ2
DðrðφÞÞ − J

; ð133Þ

and

Ψ̄ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

ū2
þ Ψ2

0

s
: ð134Þ

Equation (132) has a very simple interpretation: in the
quasiequatorial regime, the photon oscillates above and
below the equatorial plane with amplitude Ψ̄, while
ωðrðφÞÞ plays the role of an angular frequency for this
polar oscillation.
The solution of Eq. (132) can be written as [24]

ΨðφÞ ¼ Ψ̄ cosðφ̄þ φ0Þ; ð135Þ

φ̄ ≔
Z

φ

0

ωðrðφ0ÞÞdφ0; ð136Þ

where φ0 is fixed by the initial conditions. The quantity
relevant for lensing is the total polar phase accumulated

FIG. 11. Geometrical parametrization of an incoming quasie-
quatorial photon trajectory in the asymptotically flat region. The
parameter u is the minimum distance between the black hole and
the projection of the asymptotic trajectory onto the equatorial
plane. The quantity h is the height of the photon above or below
the equatorial plane at that point, whileΨ0 is the inclination angle
of the asymptote with respect to the equatorial plane. Reproduced
from Ref. [24].
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along the trajectory,

φ̄f ¼
Z

φf

0

ωðrðφ0ÞÞdφ0 ¼ 2

Z
∞

r0

ωðrÞ dφ
dr

dr; ð137Þ

where φf is the total azimuthal shift computed previously in
Sec. III.
Using Eqs. (6), (8), and (10), the product entering

Eq. (137) becomes

ωðrÞ dφ
dr

¼ ū
B̃ðrÞΔ̃ðrÞ

F ðrÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vðr; r0Þ

p : ð138Þ

Notice that the explicit near-horizon factor responsible for
the power-law divergence of the azimuthal shift caþ ncels
in the product ω dφ=dr. The singular structure of the polar
phase is therefore governed only by the factor Vðr; r0Þ.
Thus, unlike the azimuthal shift, the polar phase has the
same type of square-root end point singularity as in
the nonextremal strong deflection limit, in agreement with
the results of Ref. [54].
Introducing the same compact variable used in Sec. III,

z ¼ 1 −
r0
r
; ð139Þ

we can rewrite Eq. (137) as

φ̄f ¼
Z

1

0

Rωðz; r0Þfωðz; r0Þdz; ð140Þ

where

Rωðz; r0Þ ≔ 2ū
r0

ð1 − zÞ2
B̃ðrðzÞÞΔ̃ðrðzÞÞ

F ðrðzÞÞ2 ; ð141Þ

and

fωðz; r0Þ ≔
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VðrðzÞ; r0Þ
p : ð142Þ

By applying the strong deflection limit analysis to
Eq. (140) at leading order, we obtain

φ̄fðδÞ ¼ −â log δþ b̂; ð143Þ

where the coefficient of the logarithmic term is

â ≔
Rωð0; rHÞ

Δ̃HrH
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

H − 1
p ; ð144Þ

while the constant contribution is written as

b̂ ≔ b̂D þ b̂R; ð145Þ

with

b̂D ≔ â log ½2ð1þQHÞrH�; ð146Þ

and

b̂R ≔ lim
δ→0þ

Z
1

0

�
Rωðz; r0Þfωðz;r0Þ

−
Rωð0; rHÞ

Δ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþ ð1þQHÞrHz
p �

dz: ð147Þ

The result (143) completes the leading-order description of
quasiequatorial motion in the strong-deflection regime.
Building on this result and on the equatorial lens equation
derived above, we now turn to the computation of the
magnification of higher-order images.

VIII. MAGNIFICATION AND CAUSTICS

Here we compute the magnification of higher-order
images and determine the associated caustic points. The
magnification is defined as the ratio between the elemen-
tary angular area subtended by an image on the observer’s
sky and the angular area that the unlensed source would
subtend at the observer. In the strictly equatorial treatment
of the previous sections, the lens map was effectively
reduced to one dimension, since both the source and the
image were described only by their equatorial angular
positions. To compute magnifications, however, one must
restore the second angular direction on the observer’s sky.
In the quasiequatorial approximation, the second angular

direction is described by small displacements away from
the equatorial plane. At leading order in these displace-
ments, the backreaction of the polar motion on the
equatorial lens equation can be neglected. The source
azimuth φS is therefore still determined by the equatorial
lens equation derived in Sec. IV, while the source height hS
is determined by the polar motion.
On the image side, a ray is labeled by the angular

position θ in the equatorial direction and by the initial
inclinationΨ0, which determines how the photon leaves the
observer’s sky away from the equatorial plane. Thus, to
leading order, the lens map takes the form

ðθ;Ψ0Þ⟼ ðφS; hSÞ: ð148Þ

The magnification is determined by the Jacobian J of the
lens map. Because the equatorial and polar directions
decouple at leading order, the Jacobian factorizes into a
horizontal derivative, obtained from the equatorial lens
equation, and a vertical derivative, obtained from the polar
lens equation. The latter reads [24]
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hS ¼ hO

�
DLS

ū
S−C

�
−Ψ0

�
ðDOLþDLSÞC−

DOLDLS

ū
S

�
;

ð149Þ

where hO is the observer height, kept fixed, and

S ≔ sinðφ̄fÞ; C ≔ cosðφ̄fÞ: ð150Þ

For sources and observers far from the black hole, the
magnification of the nth image on the prograde branch
takes the form [24]

μ ¼ ðDOL þDLSÞ2
DLS

1

jJ j ; J ¼ ∂φS

∂θ

∂hS
∂Ψ0

: ð151Þ

The relevant derivatives can now be computed from the
polar lens equation (149) and from the image-position
formula (92). Keeping the derivative obtained from the
latter through order l−3

n , we find

∂hS
∂Ψ0

¼ −
Y
ū
;

∂φS

∂θ
¼ 1

θ∞Ξ
; ð152Þ

where

Y ≔ ūðDOL þDLSÞC −DOLDLSS; ð153Þ

Ξ ≔
ã1
l2
n
þ 1

l3
n

�
ã1ā2

�
2 log

�
ln

ā1

�
− 1

�
þ J2;H

JH
ā21

�
: ð154Þ

The formula for the magnification then becomes

μ ¼ ðDOL þDLSÞ2
DLS

ūθ∞jΞj
jYj : ð155Þ

We now identify the source positions at which the Jacobian
of the lens map vanishes and, correspondingly, the mag-
nification diverges. These locations are the caustic points,
i.e., the equatorial-plane restriction of the caustic curves.
For the full caustic structure in Kerr lensing, see Ref. [84].
From Eq. (155), the caustics are determined by the
following condition:

Y ¼ 0 ⇒ S ¼ ūðDOL þDLSÞ
DOLDLS

C: ð156Þ

Using the definitions of S and C, the above equation can be
written as

tan φ̄f ¼
ūðDOL þDLSÞ

DOLDLS
: ð157Þ

Since ū is of the order of the critical impact parameter,
while DOL and DLS are much larger in the lensing
configuration considered here, the right-hand side is small.

Therefore, at leading order in this large-distance expansion,
the caustic condition reduces to

φ̄f ≃ kπ; k∈Z: ð158Þ

Substituting the leading polar phase (143) and the leading
image-position solution δn ≃ ā1=ln, Eq. (158) gives

â log

�
ln

ā1

�
þ b̂ ¼ kπ: ð159Þ

Solving this equation for ln gives

ln ¼ ln;k ¼ ā1 exp

�
kπ − b̂

â

�
: ð160Þ

Therefore, the azimuthal position of the source at the kth
caustic on the nth image branch is

φS ¼ φS;n;k ¼ 2πn − b̄ − ā1 exp

�
kπ − b̂

â

�
: ð161Þ

Following Ref. [24], it is convenient to absorb the winding
number n into an unwrapped source azimuth. We therefore
introduce ΦS ∈ ð−∞; π�, whose value modulo 2π gives the
physical source azimuth φS ∈ ½−π; π�:

φS ¼ ΦS mod 2π: ð162Þ

For the nth higher-order branch, this amounts to choosing

ΦS ¼ φS − 2πn; ð163Þ

and therefore Eq. (161) becomes

ΦS;n;k ¼ −b̄ − ā1 exp

�
kπ − b̂

â

�
: ð164Þ

The above expression represents the leading extremal
analog of Eq. (93) in Ref. [24]. As already noted there,
one must restrict to k ≥ 2. Indeed, k ¼ 1 corresponds to the
weak-field caustic, associated with a trajectory whose total
angular shift is of order π, whereas the derivation above
relies on the strong-deflection expansion near the critical
orbit and is therefore consistent only for relativistic caustics,
i.e., those associated with higher-order images produced by
photons winding around the black hole.
In summary, whereas in the nonextremal case the caustic

positions depend linearly on k, in the extremal case they
obey an exponential law. This difference is a direct
consequence of the near-critical behavior of the two relevant
phases. The equatorial extremal lens equation gives
δn ∼ l−1

n , while the accumulated polar phase remains
logarithmic in δn. Solving the caustic condition therefore
produces an exponential dependence on k.
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A. Caustics in extremal Kerr lensing

Let us now specialize Eq. (164) to the extremal Kerr
spacetime. The strong deflection limit coefficients entering
the leading caustic law are

ā1 ≈ 1.73; ð165Þ

b̄ ≈ −0.95; ð166Þ

â ¼ 2; ð167Þ

b̂D ≈ 2.20; ð168Þ

b̂R ≈ 0.95; ð169Þ

b̂ ≈ 3.15: ð170Þ

Therefore, for extremal Kerr, Eq. (164) becomes

ΦS;n;k ≈ 0.95 − 0.36 expð1.57kÞ: ð171Þ

We can refine this leading law by including the first
subleading correction to δn. Inserting Eq. (58) into the
caustic condition (158), we obtain

kπ ¼ −â logðδnÞ þ b̂

¼ −â log
�
ā1
ln

�
1þ ā2

ln
log

�
ln

ā1

���
þ b̂; ð172Þ

which gives

ΦS;n;k ¼ −b̄ − ā1 exp

�
kπ − b̂

â

�
−
ā2
â
ðkπ − b̂Þ: ð173Þ

Recalling that, for extremal Kerr, ā2 ¼ 4
ffiffiffi
3

p
=9, Eq. (173)

yields

ΦS;n;k ≈ 2.16 − 1.21k − 0.36 expð1.57kÞ: ð174Þ

A further improvement is obtained by including the first
subleading correction to the polar phase. The derivation is
not reported explicitly, since it follows the same end point-
expansion strategy used throughout the paper: one expands
the smooth factors of the polar-phase integrand one order
beyond the leading approximation, while postponing the
small-δ expansion of the end point-sensitive terms until
after integration. This leads to

φ̄fðδÞ ≃ −â0 logðδÞ þ b̂0 þ δ½−â1 logðδÞ þ b̂1�: ð175Þ

The coefficients â1 and b̂1 are determined by the next-to-
leading end point expansion of Eqs. (141) and (142); the
coefficient b̂1 also receives a contribution from the regular
part of the integral. For extremal Kerr, we find

â1 ¼ 0; ð176Þ

b̂1 ¼
16

9
: ð177Þ

As a result, the caustic law (174) receives the additional
constant contribution

ā1b̂1
â0

¼ 8
ffiffiffi
3

p

9
; ð178Þ

and becomes

ΦS;n;k ≈ 3.71 − 1.21k − 0.36 expð1.57kÞ: ð179Þ

We now compare our results with the ones of Ref. [84].
We first take into account for the different choice of
azimuthal origin. In the present work the angular coor-
dinate is fixed so that φO ¼ π, whereas the convention used
in Ref. [84] sets φO ¼ 0. Therefore, the corresponding
source azimuth is obtained by subtracting π from Eq. (179):

ΦS;n;k − π ≈ 0.57 − 1.21k − 0.36 expð1.57kÞ: ð180Þ

The exponential contribution agrees with the corresponding
term in Eq. (16) of Ref. [84]. The remaining difference lies
in the nonexponential part: our expression contains a
constant plus a linear term, 0.57 − 1.21k, whereas the fit
presented in Eq. (16) of Ref. [84] is purely linear in k. Over
the finite range k ¼ 2, 3, 4, 5, the quantity 0.57 − 1.21k can
be approximated by a purely linear term −beffk. A least-
squares fit gives

beff ¼ −
P

5
k¼2 kykP
5
k¼2 k

2
≈ 1.06; ð181Þ

yk ≔ 0.57 − 1.21k: ð182Þ

This is in very good agreement with the coefficient 1.05
appearing in Eq. (16) of Ref. [84].

IX. SUMMARY AND CONCLUSIONS

In this work we have developed a strong deflection limit
expansion for a class of extremal rotating black holes in
which the equatorial prograde critical photon orbit coin-
cides with the degenerate event horizon. This situation is
qualitatively different from the standard nonextremal case.
Because the critical orbit lies at the horizon, the turning-
point singularity of the deflection integral overlaps with the
near-horizon singular structure of the metric. As a conse-
quence, the deflection angle is no longer dominated only by
a logarithmic divergence: its leading behavior contains a
power-law term proportional to 1=δ, accompanied by a
subleading logarithmic contribution.
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We first formulated the expansion for a generic sta-
tionary, axisymmetric, asymptotically flat metric satisfying
the extremal near-horizon conditions discussed in Sec. II.
We derived the leading strong deflection coefficients and
then extended the calculation by retaining terms linear in
the near-critical parameter δ ¼ r0 − rH. This improved
expansion is important for describing the first higher-order
images, which in the extremal case are pushed farther from
the shadow edge with respect to the nonextremal case.
We then applied the general formalism to explicit

extremal rotating geometries. For extremal Kerr, all coef-
ficients entering the improved deflection angle can be
obtained analytically. For extremal Kerr-Newman, we
identified the region of the extremal parameter space in
which the prograde critical radius coincides with the
horizon, namely a ≥ 1=4, or equivalently jQj ≤ ffiffiffi

3
p

=4.
Within this regime, we computed the strong deflection
coefficients and studied the dependence of the image
positions on the charge. We also considered extremal
Kerr-Sen black holes, for which the prograde critical radius
coincides with the horizon throughout the extremal family.
These examples show how the additional parameters of the
spacetime affect both the strong deflection coefficients and
the location of the higher-order images.
Finally, we extended the analysis beyond strictly equa-

torial motion by considering quasiequatorial photon trajec-
tories. In this regime, the polar motion can be treated
perturbatively while the equatorial lens equation remains
unchanged at leading order. We derived the accumulated
polar phase in the strong deflection limit and used it to
construct the quasiequatorial lens map. This allowed us to
compute the magnification of higher-order images and to
determine the associated caustic points. In particular, we
found that the caustic positions obey an exponential law in
the caustic index k. This behavior is the extremal analog of
the linear caustic structure found in the nonextremal case. In
particular, for extremal Kerr, the resulting caustic law agrees
with the known numerical results obtained in Ref. [84].
Some extensions of this work are quite natural. First,

throughout the present analysis the source and the observer
have been treated in the asymptotic region. For astrophysical
applications, however, the source may be located close to the
black hole, and finite-distance effects are important. It would
therefore be interesting to generalize the present extremal
strong deflection expansion to sources at finite distance,
following the type of formalism developed in Ref. [77].
A second important direction is the extension to near-

extremal black holes. Although exactly extremal Kerr black
holes are special, this does not necessarily prevent a smooth
approach to extremality at the level of lensing observables.
Evidence from near-extremal Kerr indicates that, after an
appropriate scaling of the near-horizon variables, the
corresponding lensing problem admits a smooth limit to
the extremal case [71]. This provides a natural motivation
for extending the present formalism to rapidly rotating but

subextremal black holes, where one expects a crossover
description interpolating between the standard logarithmic
behavior and the extremal asymptotics derived here.
Finally, it would certainly be interesting to go beyond the

quasiequatorial approximation and develop a fully two-
dimensional lensing treatment. This would require allowing
generic photon trajectories, including the backreaction of
the polar motion on the equatorial dynamics, and would
provide a more complete description of the image structure
and caustics around extremal/near-extremal rotating black
holes.
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APPENDIX A: LEADING END POINT
EXPANSION OF THE DEFLECTION

INTEGRAL

In this appendix, we derive the leading singular approxi-
mation used in Eq. (23). The divergence is controlled by
the end point z ¼ 0 in the near-critical limit δ → 0þ, with
δ defined in Eq. (19). We therefore retain the z- and
δ-dependence of the factors that control the boundary
region z ∼ δ. By contrast, all prefactors that remain regular
as z → 0 and r0 → rH can be evaluated directly at the
horizon.
We start from Eq. (18), namely

dφ
dz

¼ r0B̃ðrðzÞÞ½DðrðzÞÞ − J�
ðδþ rHzÞ2Δ̃ðrðzÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðrðzÞ; r0Þ

p ; ðA1Þ

where we recall that

rðzÞ ¼ r0
1− z

; δ¼ r0 − rH; J ¼D0 − Δ̃0δ;

VðrðzÞ; r0Þ ¼ CðrðzÞÞ2 þ J½J − 2DðrðzÞÞ�: ðA2Þ

Let us first consider the factors that are innocuous in the
end point region. At leading order, we write

r0
B̃ðrðzÞÞ
Δ̃ðrðzÞÞ ≃ rH

B̃H

Δ̃H
: ðA3Þ

We now turn to the quantityDðrðzÞÞ − J in Eq. (A1). Using
the expression for J− ¼ J in Eq. (12), we have

DðrðzÞÞ − J ¼ DðrðzÞÞ −D0 þ Δ̃0δ: ðA4Þ
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Expanding first in z gives

DðrðzÞÞ−D0 ¼D0
0ðrðzÞ− r0Þ þOðz2Þ ¼D0

0r0zþOðz2Þ:
ðA5Þ

The coefficients multiplying the end point-sensitive com-
bination can now be safely evaluated at r0 ¼ rH, yielding

DðrðzÞÞ − J ≃ Δ̃HδþD0
HrHz: ðA6Þ

For later convenience, using the quantityQH defined in the
main text, we rewrite the above equation as

DðrðzÞÞ−J≃ Δ̃HðδþQHrHzÞ; QH ¼D0
H

Δ̃H
¼ C0H
Δ̃H

: ðA7Þ

We proceed by expanding the square-root argument in
Eq. (A1). We first rewrite VðrðzÞ; r0Þ as

VðrðzÞ; r0Þ ¼ ðDðrðzÞÞ − JÞ2 − ðDðrðzÞÞ2 − CðrðzÞÞ2Þ:
ðA8Þ

The expansion of the first term is obtained from Eq. (A7).
As for the second term, using Eq. (8), the leading end point-
sensitive contribution is given by

DðrðzÞÞ2 − CðrðzÞÞ2 ≃ Δ̃2
Hðδþ rHzÞ2: ðA9Þ

Therefore, VðrðzÞ; r0Þ is finally written as

VðrðzÞ;r0Þ≃ Δ̃2
H½ðδþQHrHzÞ2 − ðδþ rHzÞ2�

¼ Δ̃2
HðQH − 1ÞrHz½2δþð1þQHÞrHz�: ðA10Þ

Putting the pieces together, the leading end point approxi-
mation of the integrand is

dφ
dz

≃ rH
B̃H

Δ̃H

δþQHrHz

ðδþ rHzÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþð1þQHÞrHz�

p :

ðA11Þ

Multiplying by the factor 2 that accounts for the ingoing
and outgoing parts of the trajectory gives precisely the
singular contribution displayed in Eq. (23).

APPENDIX B: SUBLEADING END POINT
EXPANSION OF THE DEFLECTION INTEGRAL

In this appendix, we derive the first subleading correction
to the end point approximation obtained in Appendix A.
This correction is responsible for the logarithmic divergence
in the deflection angle. The strategy is the same as in
Appendix A. We start again from Eq. (A1). We first
consider the regular prefactor. Expanding it around z ¼ 0
gives

B̃ðrðzÞÞ
Δ̃ðrðzÞÞ ≃

B̃H

Δ̃H

�
1þ rH

�
B̃0
H

B̃H

−
Δ̃0

H

Δ̃H

�
z

�
: ðB1Þ

Here, as throughout this appendix, the coefficients of the
subleading terms have been evaluated at δ ¼ 0, since they
are smooth in the end point region. Next, the end point
expansion of DðrðzÞÞ − J results in

DðrðzÞÞ−J≃ Δ̃HðδþQHrHzÞþ Δ̃HQHrH

�
1þ rHD00

H

2D0
H

�
z2:

ðB2Þ

Finally, the expansion of the inverse square-root factor
yields

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðrðzÞ; r0Þ

p ≃
1

Δ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþ ð1þQHÞrHz�
p

×

�
1 −

�
1þ rHV3

2V2

�
z

�
; ðB3Þ

with V2 and V3, already defined in the main text, given by

V2 ¼ D02
H − Δ̃2

H; V3 ¼ D0
HD

00
H − 2Δ̃HΔ̃0

H: ðB4Þ

We can now multiply Eqs. (B1), (B2), and (B3). Keeping
only the terms that multiply the leading end point kernel at
relative order z, we obtain

dφ
dz

≃ rH
B̃H

Δ̃H

δþQHrHz

ðδþ rHzÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH−1ÞrHz½2δþð1þQHÞrHz�

p
× ð1þqzÞ; ðB5Þ

where the correction coefficient is read off as

q ¼ rH

�
B̃0
H

B̃H

−
Δ̃0

H

Δ̃H

�
þ rH

2

�
D00

H

D0
H
−
V3

V2

�
: ðB6Þ

This is the coefficient used in Eq. (29) of the main text.

APPENDIX C: CALCULATION OF THE
REGULAR REMAINDER IN KERR VIA
MATCHED ASYMPTOTIC EXPANSION

As already anticipated, in the extremal case the evalu-
ation of the deflection integral involves a nonuniform
small-δ limit, so that a naive Taylor expansion in δ at
fixed z cannot be interchanged with the z-integration. Here
we will focus on the calculation of b̄R. Schematically, let us
consider the integral

JðδÞ ¼
Z

1

0

fðz; δÞdz; ðC1Þ
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where the integrand contains δ through combinations such
as ðzþ l1δÞ−2 and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zðzþ l2δÞ

p
, with l1, l2 finite con-

stants. Expanding at fixed z, we would implicitly assume
δ=z ≪ 1; for instance,

1

ðzþ l1δÞ2
¼ 1

z2

�
1þ l1δ

z

�
−2

¼ 1

z2

�
1 − 2

l1δ

z
þ 3

�
l1δ

z

�
2

þ � � �
�
; ðC2Þ

which is valid only for z ≫ δ. Since the integration domain
in Eq. (C1) includes the boundary layer z ∼ δ, the series
(C2) is not uniformly valid on z∈ ½0; 1�, and term-by-term
integration would lead to an incorrect result. One way to
proceed is to use a matched asymptotic expansion; we first
introduce

z� ¼ δm; 0 < m < 1; ðC3Þ

and then split the integral (C1) as

JðδÞ ¼ JinðδÞ þ JoutðδÞ; ðC4Þ

JinðδÞ ≔
Z

z�

0

fðz; δÞdz; ðC5Þ

JoutðδÞ ≔
Z

1

z�
fðz; δÞdz: ðC6Þ

As far as JinðδÞ is concerned, we proceed by changing
variables to

z ¼ δy; ðC7Þ

which immediately yields

JinðδÞ ¼
Z

z�=δ

0

δfðδy; δÞdy ¼
Z

δm−1

0

δfðδy; δÞdy: ðC8Þ

The choice z� ¼ δm with 0 < m < 1 places the splitting
point in the intermediate range δ ≪ z� ≪ 1 as δ → 0þ.
Indeed, since z� ¼ δm → 0 as δ → 0þ (m > 0), the δ → 0þ
asymptotics of the outer integral is sensitive to the behavior
near its lower end point within δ ≪ z ≪ 1; as for the inner
integral, we have that

y� ¼
z�
δ
¼ δm−1 → ∞ as δ → 0þ ðm < 1Þ; ðC9Þ

so z� is much larger than δ. In other words, the inner
description covers not only y ¼ Oð1Þ (i.e., z ∼ δ), but also
y ≫ 1, which corresponds to z ≫ δ. Consequently, the
inner approximation (large y ¼ z=δ) and the outer approxi-
mation (small δ=z) are simultaneously valid in the overlap
regime δ ≪ z ≪ 1 and, when truncated at the same order,

agree on a common asymptotic expansion of the exact
integrand. Therefore, any explicit z�-dependence produced
by the split can only enter through terms evaluated at the
splitting point when the overlap expansion is integrated.
Such z�-dependent terms (e.g., log z� or powers of z�)
appear with opposite signs in JinðδÞ and JoutðδÞ and cancel
in JðδÞ ¼ JinðδÞ þ JoutðδÞ, leaving an expansion indepen-
dent of m up to the truncation error.
We can now safely expand the inner integrand because

the rescaling z ¼ δy absorbs the nonuniform dependence
on the ratio δ=z: on the inner domain z ¼ OðδÞ the shifted
factors become ðzþ lδÞ ¼ δðyþ lÞ (with l being a finite
constant) and δ=z ¼ 1=y, so that the scaled integrand
Fðy; δÞ≡ δfðδy; δÞ admits an expansion for small δ for
each fixed y, without requiring δ=z ≪ 1. We then integrate
the resulting coefficient functions in y up to y� ¼ δm−1,
thereby retaining the full overlap/tail contribution (e.g.,
terms ∝ log y� ∼ log δ). Naturally, term-by-term integration
of the inner δ-expansion is then justified provided the
integrated remainder satisfiesZ

y�

0

RNðy; δÞdy ¼ oðδNÞ as δ → 0þ; ðC10Þ

where N ≥ 0 is the highest order kept in the integrand
expansion (this condition can be easily verified a posteriori
for the specific integrand). In other words, integrating to
y� ¼ δm−1 → ∞ as δ → 0þ is fine provided the growth of
the integration range does not magnify the remainder. In the
outer region z∈ ½z�; 1� we instead have a uniform small
parameter, namely

δ

z
≤

δ

z�
¼ δ1−m → 0; ðC11Þ

so we can safely expand the integrand at fixed z and then
integrate term by term on ½z�; 1�.
Let us now apply this strategy to compute the strong

deflection limit coefficient b̄R in the Kerr case. From
Eq. (38), we obtain

φf;RðδÞ ¼
Z

1

0

0
B@4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðzþ δÞ2ð1þ 2δÞ3

zðzþ 2δÞ4½zð3 − 2zÞ þ 2δð2 − zÞ�

s

−
4ð3þ zÞðzþ δÞ

3ðzþ 2δÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð3zþ 4δÞp

1
CAdz ≔

Z
1

0

gðz; δÞdz:

ðC12Þ

Now, we split the above integral as

φf;RðδÞ ¼ φin
f;RðδÞ þ φout

f;RðδÞ; ðC13Þ
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φin
f;RðδÞ ≔

Z
z�

0

gðz; δÞdz; ðC14Þ

φout
f;RðδÞ ≔

Z
1

z�
gðz; δÞdz; ðC15Þ

where z� is chosen as in Eq. (C3), with m ¼ 1=2. We
proceed by computing φin

f;RðδÞ. Changing variables to
z ¼ δy, we can write

φin
f;RðδÞ ¼

Z
z�=δ

0

δgðδy;δÞdy¼
Z

1=
ffiffi
δ

p

0

δgðδy;δÞdy: ðC16Þ

Expanding δgðδy; δÞ about δ ¼ 0 and retaining the leading
term yields

δgðδy; δÞ ≃ 8ð1þ yÞð18þ 13yÞ
3

ffiffiffi
y

p ðyþ 2Þ2ð3yþ 4Þ3=2 : ðC17Þ

Integrating the above expression from y ¼ 0 to y ¼ 1=
ffiffiffi
δ

p
and expanding the result about δ ¼ 0 gives

φin
f;RðδÞ ≃

2

9

	
11

ffiffiffi
3

p
þ 6arcothð

ffiffiffi
3

p
Þ


≡ b̄R;in: ðC18Þ

Let us now compute φout
f;RðδÞ. Expanding gðz; δÞ and

keeping only the leading-order term gives

gðz; δÞ ≃ 4
9ð3 − 2zÞ−1=2 − 3

ffiffiffi
3

p
−

ffiffiffi
3

p
z

9z2
: ðC19Þ

Integrating Eq. (C19) from z ¼ ffiffiffi
δ

p
to z ¼ 1 and then

expanding about δ ¼ 0 results in

φout
f;RðδÞ ≃

2

9

h
4

ffiffiffi
3

p
ð1þ logð3 −

ffiffiffi
3

p
ÞÞ − 6

i
≡ b̄R;out: ðC20Þ

Adding Eqs. (C18) and (C20) finally leads to

b̄R ¼ b̄R;in þ b̄R;out ¼
2

9

	
4

ffiffiffi
3

p
logð3 −

ffiffiffi
3

p 

þ 6arcothð

ffiffiffi
3

p
Þ − 6þ 15

ffiffiffi
3

p
Þ: ðC21Þ

This is the result presented in the main text. Note that the
cutoff z� can enter in two qualitatively different ways. First,
the overlap contribution may generate end point-singular
terms (power-law, logarithmic), which are removed by
construction in the definition of the finite remainder
coefficient b̄R. Second, there are genuinely artificial
z�-dependent contributions that are integrable at z ¼ 0
and therefore appear as positive powers of z�; after setting
z� ¼ δm, these become higher-order terms in δ and may be
discarded if one truncates the small-δ expansions of JinðδÞ
and JoutðδÞ separately, so their cancellation is not neces-
sarily visible term-by-term. Let us try to be more explicit

about this. We first consider the inner piece. Define
Finðy; δÞ≡ δgðδy; δÞ. Expanding to leading order about
δ ¼ 0, we have

Finðy; δÞ ≃ F0ðyÞ: ðC22Þ

Then, we can writeZ
δm−1

0

F0ðyÞdy ¼
Z

∞

0

F0ðyÞdy −
Z

∞

δm−1
F0ðyÞdy

¼ 2

9
ð11

ffiffiffi
3

p
þ 6arcothð

ffiffiffi
3

p
ÞÞ −

Z
∞

δm−1
F0ðyÞdy: ðC23Þ

The only m-dependence lies in the tail from y� ¼ δm−1 to
∞. Estimating that tail requires the y → ∞ asymptotics of
F0ðyÞ (note that we are not claiming the whole integral is
controlled by large y, only that the difference on the left-
hand side of the first equality in the above expression is
controlled by large y). Therefore, let us expand F0ðyÞ for
large y, obtaining

F0ðyÞ ≃
104

9
ffiffiffi
3

p 1

y2
−

376

9
ffiffiffi
3

p 1

y3
þOðy−4Þ: ðC24Þ

Therefore, the tail evaluates toZ
∞

δm−1
F0ðyÞdy ≃

104

9
ffiffiffi
3

p δ1−m −
376

18
ffiffiffi
3

p δ2ð1−mÞ: ðC25Þ

As we can see, the firstm-dependent term is proportional to
δ1−m, i.e., beyond leading order. As far as the outer piece is
concerned, we writeZ

1

δm
g0ðzÞdz¼

Z
1

0

g0ðzÞdz−
Z

δm

0

g0ðzÞdz

¼ 2

9

h
4

ffiffiffi
3

p
ð1þ log ð3−

ffiffiffi
3

p
ÞÞ− 6

i
−
Z

δm

0

g0ðzÞdz; ðC26Þ

where g0ðzÞ is the leading-order coefficient function in the
δ-expansion of gðz; δÞ. So the only m-dependence lies in
the small strip from z ¼ 0 to z ¼ δm. Expanding g0ðzÞ
about z ¼ 0 and evaluating the strip givesZ

δm

0

g0ðzÞdz ≃
2

3
ffiffiffi
3

p δm þ 10

27
ffiffiffi
3

p δ2m: ðC27Þ

The first m-dependent term is proportional to δm.

APPENDIX D: END POINT EXPANSION
AT LINEAR ORDER IN δ

In this appendix, we derive the end point expansion
needed to obtain the improved deflection angle of Sec. VA.
At logarithmic order, the leading end point integrand was
multiplied by the correction 1þ qz. To reach linear order in
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δ, we must extend the end point expansion by one further
order and write the multiplicative correction as

1þ qzþ wz2: ðD1Þ

The quantities q and w, together with their separate
contributions qBΔ; qD; qV and wBΔ; wD; wV , were defined
in Sec. VA. Here we detail the origin of these coefficients.
We proceed as in Appendixes A and B: the end point-
sensitive leading structure is kept with its full z- and
δ-dependence, while the coefficients of the subleading
z-corrections are evaluated at δ ¼ 0. The expansion of
the regular prefactor gives

B̃ðrðzÞÞ
Δ̃ðrðzÞÞ ≃

B̃H

Δ̃H
ð1þ qBΔzþ wBΔz2Þ; ðD2Þ

where

qBΔ ¼ rH

�
B̃0
H

B̃H

−
Δ̃0

H

Δ̃H

�
; wBΔ ¼ qBΔþ

r2H
2

��
B̃

Δ̃

�00 Δ̃
B̃

�
H
:

ðD3Þ

Next, the end point expansion of the factor DðrðzÞÞ − J
gives

DðrðzÞÞ − J ≃ Δ̃HðδþQHrHzÞð1þ qDzþ wDz2Þ; ðD4Þ

with

qD ¼ 1þ rHD00
H

2D0
H

; wD ¼ 1þ rHD00
H

D0
H

þ r2HD
000
H

6D0
H

: ðD5Þ

Finally, the expansion of the inverse square-root factor
yields

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðrðzÞ; r0Þ

p ≃
1

Δ̃H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþ ð1þQHÞrHz�
p ð1þ qVzþ wVz2Þ; ðD6Þ

where

qV ¼ −
�
1þ rHV3

2V2

�
; wV ¼ r2H

�
3V2

3

8V2
2

−
V4

2V2

�
: ðD7Þ

In the expression above, V2 and V3 are given in Eq. (B4), while V4, already defined in the main text, is

V4 ¼
D002

H

4
þD0

HD
000
H

3
− ðΔ̃02

H þ Δ̃HΔ̃00
HÞ: ðD8Þ

Multiplying the three corrections and expanding up to second order in z, we find

ð1þ qBΔzþ wBΔz2Þð1þ qDzþ wDz2Þð1þ qVzþ wVz2Þ
¼ 1þ ðqBΔ þ qD þ qVÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼q

zþ ðwBΔ þ wD þ wV þ qBΔqD þ qBΔqV þ qDqVÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼w

z2 þOðz3Þ: ðD9Þ

This reproduces the coefficient q used in Appendix B and the quadratic coefficient w entering the improved expansion.
Putting everything together, we then obtain

dφ
dz

≃ rH
B̃H

Δ̃H

δþQHrHz

ðδþ rHzÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðQH − 1ÞrHz½2δþ ð1þQHÞrHz�

p ð1þ qzþ wz2Þ: ðD10Þ
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