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We perform a systematic study of two-meson form factors of the scalar, vector, and antisymmetric tensor
types within the framework of the U(3) resonance chiral theory. The complete perturbative form factors in
both the strangeness-conserving and strangeness-changing channels are calculated by incorporating
one-loop light-flavor pseudoscalar meson contributions and tree-level resonance exchanges. With these
newly calculated chiral results, we construct the corresponding unitarized form factors by incorporating
meson-meson final-state interactions. The parameter values obtained in previous meson-meson scattering
studies are then exploited to predict the corresponding form factors. Different types of form factors are
found to exhibit rather distinct resonance structures across channels.
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I. INTRODUCTION

Light-flavor pseudoscalar meson form factors (FFs),
namely, the meson matrix elements of the quark currents,
are critical objects in particle physics. Not only can they
provide a bridge to probe the properties of electromagnetic
and weak currents in hadron physics, but they are also ideal
objects to investigate the nonperturbative QCD dynamics.
In this work, we will focus on evaluating the two-meson
FFs. The pioneer study of the latter quantities [1] in chiral
perturbation theory (yPT) dates back almost to the same
time as the establishment of yPT [2—4]. The calculations of
the scalar and vector two-meson FFs have been pursued up
to the two-loop order in the SU(2) [5,6] and SU(3) [7,8]
¥PT frameworks. Higher-order yPT calculation is of great
use to precisely pin down the low-energy behavior of the
FFs, especially their values and slopes at zero recoiled
energy. However, in many phenomenological studies, such
as semileptonic and weak decays of the charmed/bottomed
hadrons, the hadronic decays of the 7 lepton, the
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contributions from the hadronic vacuum polarization,
and the light-by-light processes to the muon g — 2, and
so on, one would also need to explicitly incorporate the
hadron resonance contributions in the intermediate energy
ranges, where yPT alone becomes insufficient, since it is
based on a low-energy expansion.

In this regard, resonance chiral theory (RyT) [9], which
constructs the interactions between hadronic resonances
and light pseudoscalar mesons respecting chiral symmetry,
is a valuable approach to extend the yPT FFs to higher-
energy regions. Furthermore, the synthesis of chiral
amplitudes, unitarity, and analyticity offers a remarkable
framework to systematically investigate light-flavor chiral
dynamics of the nonperturbative strong interactions both
in the low- and intermediate-energy regions, especially
when hadron resonances emerge in the system under
study [10-13]. For the elastic two-meson FF, the Omnes
function [14] gives a strict solution that fully respects
unitarity, analyticity, and Watson’s final-state theorem [15].
Nevertheless, when extending to the coupled-channel
case, it is challenging to set up a strictly rigorous formalism
for multichannel FFs; see, e.g., recent progress in
Refs. [16—19]. In this work, rather than pursuing a purely
dispersive analysis, we employ the chiral unitarized
approach [20,21] to carry out a comprehensive study of
the two-meson FFs with scalar, vector, and antisymmetric
tensor (hereafter simply referred to as tensor) structures
within the framework of U(3) resonance chiral theory.
Compared to dispersive methods, the chiral unitarized
approach offers several important advantages. In particular,
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since it incorporates the quark-mass dependence dictated
by chiral symmetry, it provides a natural and reliable
framework for performing chiral extrapolations of lattice
QCD results, which also allows one to make correlated
predictions for related channels within the same theoretical
setup. Furthermore, within the chiral unitarized approach,
the nonperturbative final-state strong interactions of the
meson pairs in the FFs are governed by the same objects
that also appear in the meson-meson scattering amplitudes.
As a consequence, the unitarized FFs can be pure pre-
dictions in the chiral unitary approach, since almost all the
free parameters in the FFs can be fixed by fitting the
scattering amplitudes to the experimental scattering data
and relevant event distributions [22,23].

The vector FFs of pions and kaons are calculated in
Ref. [24] within the unitarized SU(3) RyT by including
the octet pseudoscalar 7z, K,ng and explicit vector reso-
nance states. The calculation of the pion vector FF is
further pursued by including the full 1/N. corrections in
RyT in Refs. [25,26]. The strangeness-changing scalar
FFs of Kz, K, and Ky are computed in Ref. [27] by
combining the tree-level RyT amplitudes and dispersion
relations. In addition, the unitarized FFs are also con-
structed by taking the SU(2) [28] and SU(3) [16] yPT
amplitudes with local higher-order terms accompanied by
low energy constants (LECs). The U(3) chiral framework
explicitly incorporates the QCD U, (1) anomaly effect,
which is the main source of the large mass of the singlet
no- It has been exploited to calculate the strangeness-
conserving scalar FFs in Refs. [22,23] by including the
light pseudoscalar meson one-loop amplitudes within RyT.
In this work, we push forward the computation of both the
strangeness-conserving and -changing FFs of the scalar and
vector types by including the full light pseudoscalar meson
one-loop amplitudes within the framework of RyT.
Meanwhile, the tensor FFs [29] of the light pseudoscalar
mesons are found to play vital roles in searching for
phenomena beyond the Standard Model [30-35]. We will
calculate these interesting objects by completing two-meson
tensor FFs up to the one-loop level in U(3) RyT and also
performing the unitarization.

This work is organized as follows. In Sec. II, we first
introduce the relevant chiral Lagrangians within the frame-
work of U(3) RyT. Then, by taking into account the light-
flavor pseudoscalar meson one-loop contributions and the
tree-level resonance-exchange contributions, we calculate
the complete perturbative amplitudes of the scalar, vector,
and tensor form factors for two-meson systems and further
construct their unitarized counterparts by incorporating the
nonperturbative meson-meson final-state interactions. In
Sec. III, we discuss the phenomenological results of the
various scalar, vector, and tensor FFs, with particular
attention paid to the resonance structures in different
channels. Finally, our conclusions and a brief outlook
are given in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Relevant chiral Lagrangian

We aim at the computation of the full sets of the two-
meson FFs with the scalar, vector, and tensor types within
the framework of RyT developed in Ref. [9]. Comparing
with conventional yPT [4], whose dynamical fields are the
pseudo-Nambu-Goldstone bosons (pNGBs) =z, K, g, the
heavier degrees of freedom, i.e., the bare/preexisting
resonance states, are explicitly incorporated in a chiral
covariant way within the framework of RyT. One could
predict the higher-order yPT LECs in terms of the reso-
nance couplings and masses once the preexisting resonance
states are integrated out. The predictions of the O(p*)
LECs from RyT are found to be in nice agreement with
their phenomenological values [9]. This resonance-satura-
tion strategy is particularly advantageous in the U(3)
framework: extending the pure-pNGB chiral Lagrangian
to higher orders introduces a large number of a priori
undetermined LECs [36], whose determination would go
beyond the scope of the present work. By retaining the
lightest resonances of the spectrum as explicit degrees of
freedom, we instead saturate the dominant higher-order
LECs in terms of a small set of resonance couplings and
masses. On the one hand, this indicates that any amplitude
calculated within the RyT framework will automatically
respect the chiral symmetry in the low-energy region. On
the other hand, the explicit introduction of the heavier
preexisting resonance states also provides an opportunity to
extend the application region of yPT with pure pNGBs to
higher-energy ranges, especially when the resonances start
to contribute. Additionally, it is often necessary to combine
RyT with a unitarization approach. This is a must in order
to fit data to reaction probabilities (e.g., cross sections or
event distributions) as a function of energy. Furthermore,
for some channels, the unitarity corrections to the yPT
series can be even more important than those stemming
from the exchange of preexisting resonances. In particular,
they may become so large that they can generate resonances
dynamically, like the lightest scalar resonances [37,38] or
the A(1405) [39]. Indeed unitarized RyT has been exten-
sively applied to a wide range of phenomenological
processes, such as the meson-meson scattering [38,40—43],
two-photon annihilation into two mesons [44,45], hadronic
7 decays [46—57], electron-positron annihilation into multi-
meson states [58-60], etc.

In this work, not only the preexisting resonance states
will be explicitly included, but we also take into account the
dynamical field of the singlet 7, state, which mixes with the
octet 77g to give the physical states 7 and . The large mass
of the singlet 7, component—which dominantly constitutes
the physical #' and lies around 1 GeV—is widely under-
stood as a consequence of the strong U, (1) anomaly in
QCD. Therefore, the inclusion of the dynamical 7, allows
us to simultaneously study the processes involving z, K, 7,

074042-2



UNIFIED STUDY OF SCALAR, VECTOR, AND TENSOR ...

PHYS. REV. D 114, 074042 (2026)

and 7’. The QCD U,(1) anomaly effect can be systemati-
cally incorporated in the chiral framework via the U(3)
chiral theory (also dubbed as large-N. chiral theory)
[36,61], which needs to implement the § power counting
scheme by treating the 1/N - expansion in the same way as
the momentum squared and light-flavor quark masses,
namely, O(5) ~ O(p?) ~ O(m,) ~O(1/N¢). The reason
behind this is that, in the large-N¢ limit, the QCD Uj,(1)
anomaly would disappear and the singlet 7, would become
the ninth pNGB in the chiral limit. As a result, the octet
7, K, ng and the singlet 7, would form the pNGB nonet.
The leading order (LO) Lagrangian in U(3) chiral theory
is given by [62-65] |

F? F2 2
Lo =— (wuw") +—(rs) + = M3In? detu, (1)
4 4 3
where the chiral tensors are
U=u?=eP,  y=2B(s+ip),

X = MT)(M% 4 u)ﬁu, u, = l'LtTDMUMT,
D,U=90,U-i(v, +a,)U+iU(v, —a,), (2)

and the matrix of the nonet pNGB fields reads

BT+ Ry 5 mt K"
D = T \_/—lzﬂo‘l—%?’lg —I-%no K° . (3)
K~ K° \_/_%’78 +%’10

The kinetic Lagrangian of the vector resonance nonet
reads [9]

1 1
Ch = =5 (VLI DMV, V)

where the antisymmetric tensor is adopted to describe the
vector resonances. For the scalar (S) and pseudoscalar (P)
resonances, their kinetic Lagrangians are given by

1
Ly, =5 (VFRgV, Ry — My Rg) + 3 (0"R,0,R, — M} RY),

(5)

where Rg and R, with R = (S, P) denote the SU(3) octet
and singlet, respectively. The minimal Lagrangian describ-
ing the interaction of vector resonances consists of two
operators [9]

N[ =

Fy iGy
Lry = ﬁ (V) + % (V' u®). (6)
For the scalar and pseudoscalar resonances, we follow
Refs. [22,23] to separately treat the interaction operators
involving the octet and singlet states

L = ¢ (Ssu,ut) + ¢, (Sgxrs) + S48y {u,u”)
+ EmS1<Z+>7 (7)
Lp = id,(Pyy_) + id,P(y_). (8)

The operators in Eq. (8) will cause mixing terms between
the pseudoscalar resonances and pNGBs, which can be

|
eliminated by performing proper field redefinitions. See
Ref. [23] for details about this procedure, as we do not
repeat it here.

Compared to the vector and scalar sectors, the phe-
nomenology of pseudoscalar resonances remains consid-
erably less understood. This is mainly due to the scarcity
and limited precision of experimental data, the large
widths and strong overlapping among states, and the
complications associated with their mixing with the
pNGBs and with the nontrivial effects of the Uy,(1)
anomaly. Consequently, the pseudoscalar resonance
parameters are affected by sizable uncertainties. To
partially account for these uncertainties, an Lg-like oper-
ator is introduced in Ref. [22],

oL
5 ads +2-1-)- 9)
It is noted that 6Lg is different from Lg in yPT and their
relation can be written as L = LR + §Lg, where LR
corresponds to the resonance contributions at leading N«
and 6Lg can be interpreted as the remnant part subleading
in 1/N¢. Finally, two additional terms in the U(3)
Lagrangian are also considered

F? F?
Ly = A5 DDy — ihy— (UTy = 1 Uy,

12 12 (10

with

w=—ilndetU, D,yy=0d,y—-2a,), a,=(r,—1,)/2.
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The two operators in Eq. (10) are subleading in 1/N and
cannot be generated by the resonance Lagrangians
given above.

To calculate the tensor FF in chiral effective field theory,
it is convenient to introduce the antisymmetric tensor
source #¥ in the QCD Lagrangian go,,#"q. The corre-
sponding formalism in yPT was first studied in Ref. [29].
The LO yPT Lagrangian coupled to the tensor external
source scales as O(p*) and the relevant operator to our
study is given by

£ = =N (), (12)
with
= u"tut + uru,

P = (g~ g e, (13)

For the Levi-Civita tensor e*#, we use the convention of
€"123 = 1 throughout. In addition, we also include the
resonance contributions to the tensor FFs. The correspond-
ing resonance Lagrangian, involving a single resonance
field and the lowest-order couplings to the external tensor
source, reads [31]

‘CT,V = F\T/MV<Vuvtl-li-y>’ (14)

where the tensor coupling F7, has mass dimension. Possible
terms from the axial-vector resonances are expected to be
tiny and hence are neglected.

B. Calculation of the scalar form factors

By including the tree-level resonance exchange together
with the pNGB one-loop diagrams, the strangeness-con-
serving two-meson scalar FFs were computed in
Refs. [22,23]. As one of the main novelties of the present
work, we extend this analysis to the strangeness-changing
channels within the same framework. In addition, our
calculation improves upon Ref. [27], which only accounted
for tree-level resonance exchanges, by incorporating the
full set of pNGB one-loop contributions.

The two-meson scalar FF corresponds to the matrix
element of the scalar quark current, i.e.,

1
Fihols) = 5 (012" a"PQ). (15)

where m and n denote the quark-flavor indices, S in the
subscript refers to the scalar FF, P and Q stand for the two
mesons in the final states, and s is the energy squared of the
PQ system. The results will be presented using the quark-
flavor basis rather than the singlet-octet basis for the quark

currents. In the quark-flavor basis, the combinations (#u +

TABLE I. Relevant two-meson channels coupled to the various
scalar currents.

Isospin, strangeness  Scalar currents ~ Two-meson channels

[=0,8=0 (au+dd)/v2  wm KK g, o'
5s ma, KK, qn.qn' .n'nf

I=1,5=0 ud an, KK, oy

I=1s5=-1 iis K, Ky, Ky

C_I'd) / \/§ and 3s constitute the isoscalar sector, while the
bilinears (ﬁu—t_id)/ V2, @id, and du form an isovector
triplet. For strangeness-changing transitions, the relevant
operators arrange into two isospin-1/2 doublets, namely,
(ds,is) and (5u,5d). Since CP-violating effects are not
considered in this work, these two doublets are related by
charge conjugation and therefore governed by identical
strong interaction dynamics. Furthermore, we work in the
isospin (/) symmetric limit throughout, implying that there
are four independent scalar quark currents, which are
chosen as (@u + dd)//2(I = 0),5s(I = 0),ad(I = 1),
and @s(I =1). In Table I, we summarize the two-meson
channels coupled to the various scalar currents and find that
there are 16 independent two-meson scalar FFs for the four
types of currents. In order to construct the two-meson FFs
in the isospin basis, we follow the same conventions as
those given in Eq. (19) of Ref. [41], which were employed
in the U(3) meson-meson scattering case. For the charged
kaon states, however, we use the phase convention

[K*) = ‘%%> K™) = —'%—%> (16)

in the subsequent analysis of the FFs, in order to be
consistent with Refs. [16,66]. This only amounts to a
different phase convention for the charged kaon isospin
components and does not affect the remaining results
of Refs. [22,23,41]. The isoscalar two-meson states are
given by

T S— 0.0
|7m>1:0:_|ﬂ )+ |nx >+|JTT[>’
V6

|KtK~) + |K°K°)

KK),_, = ,
| >I—O \/z
)
|7]’7>1:0 - \/§ ’
lnn') 1= = '),

1 . |77/’7,>
') =0 = 7 (17)

and the isovector two-meson states are
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— —o< K
A g

FIG. 1.

Feynman diagrams for the two-meson FFs. The wiggly lines denote the scalar/vector/tensor external sources for the scalar/vector/

tensor FFs. The double lines denote the proper resonance fields. Panels (a), (b), and (c) represent, respectively, the leading-order contact
contribution, the two-meson loop contribution, and the tadpole-loop contribution. (d) Only appears in the scalar and vector FFs, and the
circle cross symbol connected to the scalar resonance stands for the vacuum, which is caused by the tadpole contribution from the c,, and
¢,, terms in Eq. (7). The type of the resonance R in (e) depends on the different FFs, R = § for scalar and R = V for vector and tensor.
(f) Arises from the two local next-to-leading-order (NLO) operators in Eq. (10), the pseudoscalar resonance operator in Eq. (8) after
performing the appropriate field redefinitions, and the additional Lg-like operator in Eq. (9), which only enters in the scalar FFs.

|7°7z7) — |7~ 2°)

|mm) ) = ) ’

|KK);_, = —|K°K™),

7)== |77n),

) 121 = 7). (18)

where the symmetry factor of v/2 is introduced for the
identical particle pairs, such as the zz, nn, and #'y/
consistent with the convention of the partial-wave
meson-meson amplitudes in Refs. [22,23,41]. The two-
meson states in the isospin-1/2 case are defined as

V2|K°n7) + |K~a°)

|K”>1=% == V3 ’
[Kn) 1 = —|K™n),
[Kit') s = —|K7n). (19)

The relevant Feynman diagrams to the FFs calculated in
this work are illustrated in Fig. 1, which include both the

tree-level resonance exchanges and the pNGB one-loop
effects. It should also be noted that the wave function
renormalizations of the pNGB fields, as shown in
Fig. 2, are also taken into account. For clarity, let us
indicate that similar diagrams hold for the perturbative
calculations of the meson-meson scattering amplitudes
up to one loop in U(3) RyT, but then the resonance
exchanges and pNGB loops include both the direct s
channel as well as the crossed ones, namely, in the ¢
and u channels [41].

The LO expressions of the various FFs defined by the is
current, corresponding to Fig. 1(a), are

_ b aslO _ V6eg + 435
0 - \/5’ S’K*” - 6 ’

4\/§C - \/as
is, LO [ 0

Fuv ,LO

where ¢y = cos @ and sy = sin 6, and @ denotes the LO -1/
mixing angle

(a)

©

FIG. 2. Feynman diagrams contributing to the pNGB self-energy. Panels (a), (b), and (c) represent, respectively, the pNGB tadpole-
loop contribution, the scalar-resonance tadpole contribution, and the local counterterm contribution. The meanings of the different

symbols are illustrated in Fig. 1.
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-1

il — \/ - (3M3 — 242 + \/OM{ — 12M3 A% + 36A%)?

32A% ' 1)

with A2 = m2 — mZ, and m; and mg denoting the LO masses of the pion and kaon, respectively. Although the LO

K

expressions of the scalar FFs with isoscalar and isovector quark currents have been given in Ref. [23], we present the results
here for the sake of completeness. The LO results for the isoscalar currents are

autdd LO
A

FS,{z_OnO = V2, F?;}%go =0,
Fibm =75 Fila=1,
Fﬁ’w = —g (C% +2V2¢qsp — 2),
Fﬁ’LO = \/Tj (\/5(:62, — CgSg — \/Esé),
F?TQ::,’LO = \/Ti (—s%) +2V2¢ys + 2),

and the scalar FFs of the isovector current are given by

\/ECQ — 2S9

A

FrdLO _

ud,LO
San T F

The complete expressions for the strangeness-changing
04 :%) scalar FFs are given in Egs. (A1)—(A3) of the
Appendix. The explicit expressions for the remaining scalar
FFs with isoscalar and isovector quark currents have been
provided in Ref. [23].

For the scalar FFs, when restricting the intermediate
states to two-meson channels, unitarity implies the follow-
ing relation above the corresponding thresholds:

ImFé.j(s) = ZT%(S)*/’k(S)Fg.k(S)- (24)
k

Here T% (s) denotes the meson-meson scattering partial-
wave amplitude with isospin / and angular momentum J
(with J = 0 for scalar FFs), while j and & label the coupled
two-meson channels and p;(s) denotes the kinematical
factor

) = VIO TP = =Pl ),

(25)

where m, and m,, are the masses of the two mesons in the
channel k, and g, (s) is the three momentum in the center-
of-mass frame. However, the perturbative FFs and scatter-
ing amplitudes calculated within chiral effective field
theory do not fulfill the unitarity relation in Eq. (24)

S.K'K-

5 2
Fsyr’]lr;o =3 <c§ + 2\/§c959 + l) ,
Ss 2
FS.,’?I,;,O =3 (\/ch, — CpSy — \/Esf)),
Ss 2
FSJ’?,LH(? =3 (sg —2V2¢psg + 1), (22)
_1 ng’]:O’ _ 2¢cy + \/559. (23)
F

V3

|
exactly. Instead, unitarity is satisfied only perturbatively,
namely, order by order in the yPT expansion.

In order to reliably describe the resonance dynamics, one
needs to restore the unitarity relations. For the elastic case
when there is only a single channel, one can strictly solve
Eq. (24) and write the FF in terms of the Omnés function
[14]. However, its rigorous extension to coupled channels is
considerably more involved, since it requires as input the
coupled-channel scattering amplitudes over a broad energy
region, where sizable uncertainties are typically present. In
addition, the Omnés solution requires knowledge of the
phase of the FF up to asymptotically high energies, which
may introduce further important uncertainties. In this work,
instead of relying on the dispersive method, we will follow
Refs. [22,23] to implement the unitarization of the scalar
FFs using the following formula:

Fi(s) = [1+NY(s) - g¥(s)]7" - Rg(s),  (26)

with

N”(S) — TIJ(S)(2)+Res+L00p + TIJ<S)(2) . g”(S) . T”(S)(z),
(27)

Ré(s) _ Fg(s)(2)+Res+L00p 4 NIJ(S)(Z) -g”(s) -Fg(s)&),
(28)
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where J =0 should be taken for scalar FFs. Here,
T (5)2)Reskoop and Fl(s5)2)Resloop denote, respectively,
the O(p?), tree-level resonance-exchange, and pNGB loop
contributions to the perturbative meson-meson scattering
amplitudes and two-meson scalar FFs calculated within
RyT. Furthermore, ¢//(s) is an n x n diagonal matrix
whose kth nonvanishing diagonal entry is given by

m? x, —1
167°g)/ (s) = as.(u) + logﬂ—zb—)@r log=™*

+
-1
—x_log - ) (29)
X

s+ mi—m}

= 2s

1
+

5 —4s(m2 —i0%) + (s + m2 —m32)?,  (30)
s

corresponding to the two-point one-loop function with the
subtraction constant ag; . The imaginary part of gi/ (s) turns
out to be Im g{/ (s) = —py(s). It is then straightforward to
demonstrate that N'/(s) and R%(s) do not contain right-
hand cut (RHC). This follows because the RHC generated
by chiral loops in the first term of Egs. (27) and (28) is
exactly canceled by the RHC from the g/ (s) function in the
second term; the full RHC of the unitarized FF is thus
resumed through the [1+ N/(s)-g¢"(s)]™' factor in
Eq. (26). See Refs. [22,23,41] for details. The unitarized
meson-meson scattering can be similarly constructed as

T9(s) = [1+N(5) - ()" - NU (). G1)

We stress that by construction the unitarized FFs and
scattering amplitudes in Eqgs. (26) and (31) are exactly
reproduced up to the order to which they are perturbatively
calculated. This is guaranteed by the matching procedure
used to calculate N/ (s) in Eq. (27) and R%(s) in Eq. (28).
These equations just originate by expanding up to ¢'/(s),
the one loop calculated at O(p*), the nonperturbative
formulas in Egs. (26) and (31), and then solving for the
functions N'/(s) and RL(s), such that the perturbative
scattering amplitudes 7"/ (s)(?)*Res+Loop and the form factor
Fi(s5)?)+RestLoop are exactly reproduced up to the order
they are calculated. This approach allows proceeding
systematically in the matching procedure with even higher
orders of the strong amplitudes and form factors calculated
in chiral theory.

In this unitarized formalism, the unitarity relation in
Eq. (24) is satisfied as long as Nj{(s) and R{ ;(s) are real
matrices above the upper threshold of each ij channel
coupled. This is always the case if /s is greater than the
highest threshold of the coupled channels. Below it, there
could be a violation of exact unitarity that, with the
final set of free parameters adopted, is typically visible

(appreciable) only in a very narrow range of s, because
some matrix elements of N*/(s) and/or R!(s) turn complex
there due to crossed-channel exchanges. This deficiency
would be improved if these functions were calculated at
higher order in the chiral expansion, and they could be
avoided if other unitarization techniques were imple-
mented, like the once-iterated N/D method. However,
there is a price to pay because of a typically large increase
in complexity and in the number of free parameters
associated with subtractions that should be taken in order
to end with finite dispersion relations. We consider that our
approach is well settled, being very predictive and phe-
nomenologically successful, as it has been probed in many
instances in meson-meson, meson-baryon, and baryon-
baryon scattering. See Refs. [22,23,41,67] for the successful
reproduction of experimental and lattice data in connection
with the topics discussed in this work. Let us also stress that
the algebraic unitarization employed here in Eq. (26) is also
consistent with the asymptotic 1/s falloff dictated by
perturbative QCD in the chiral and large-N limits. See
the detailed discussions in Sec. VI C of Ref. [23].

It should be noted that, compared to the unitarized
scattering amplitude T/(s), no additional unknown
parameters enter in the unitarized FF Fi(s). In other
words, once the unitarized scattering amplitudes are
fixed by the relevant meson-meson scattering data, we
can give pure predictions for the unitarized scalar FFs.
Both the theoretical formulas and phenomenological
results of the strangeness-conserving scalar FFs with
I = 0 have been given in Refs. [22,23]. Here, our focus
is primarily on evaluating the strangeness-changing
scalar FFs. In addition, we also update the strange-
ness-conserving scalar FFs with / =1 by taking the
revised parameters from Ref. [67], which are obtained
by fitting lattice finite-volume energy levels of the z,
KK, and 7' systems.

For the scalar FFs of the physical states with isoscalar
quark currents, their relations can be easily obtained as

ﬁu\}rﬁcl i«l¢\7_¢7d ﬁujj{l l?u\}r_;ici l?u\}r_gid
2 _ 2 _ 2 2 _ 2
FSJZOIL'U - Fs,ﬂ+7t_ - FS,ﬂ_ﬂ+’ FS,K*K‘ - FS,KUI_(U’ (32)
and
Ss __ 7SS . A ss __ ISs
FS,ﬂ:Oﬂ0 - FS,n'*rr’ - FS,r:’ﬂ*’ FS,K*K’ - FS,KOI_(O' (33)

For the scalar FFs with isovector currents, we have the
following relations:

au—dd

V2 __ rind _ pdu
s.a2%) F sV F Saty’)’
L?u\;gd m;_[fd 1 i 1 5
2 2
Fogg- = —Fgpopo = Fg = e (34)

\@ S,KOK~ _\/§ S.KTK*"
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For the scalar FFs with isospin-1/2 quark currents, their
relations are given by

Su __ s _ sd _ pds _ Su
FS,KOIE+ - FS,I_(()IL'_ - FS.K+7[_ - FS.,K'/!+ - \/EFS.K+7[0
— is - _ sd _ Zis_
- \/EFS,KVIO o \/EFS.KOIIO - \/EFS,KOIEO’
Su __ ps _ sd _ pds
S.K+i7(/) - S,[(—yl(’) - FS’](U”(/) - FS,]_(OVI(,). (35)

C. Calculation of the vector form factors

In this part, we calculate the vector FF, and it can be
extracted from the matrix element of the vector current via

0[g"r"q"|P(p1)Q(p2)) = (P2 = P1)'FVY po(s)
+ (P2 + P )”F?}f,PQ(S)’ (36)

where F'! p,(s) corresponds to the vector FF [hereinafter
abbreviated as F'}"p(s) in this work] and F/" p, (s) is the
scalar component of matrix element. The scalar FFs
discussed previously can be related to the quantities of
Fyl po(s) and F” p () [1]. After taking into account the
charge-conjugate and isospin symmetries, there are seven
types of independent two-meson vector FFs, as illustrated
in Table II. The perturbative vector FFs in RyT can be
obtained by calculating the corresponding Feynman dia-
grams in Fig. 1, where wavy lines should be taken as the
vector external sources. The explicit LO expressions of the
seven independent vector FFs read

IZWZM,LO 1 _
Flhiv =——F7. FOe =1,
+,KTK \/§ +,KTK
- - - 1
ad 1O __ id,LO as O ~
F+,7t‘7z0 - \/E F+,K0K- =-L +.K 2% ﬂ’
Fﬁs,LO _ _@C Fﬁs,LO _ _ig (37)
+.Kn 2 s +.K77[, - 2 SH'

Because of the lengthy formulas, the complete expressions
for these seven perturbative vector FFs are not displayed in

TABLE IL
currents.

Relevant two-meson channels coupled to vector

Isospin, strangeness  Vector currents ~ Two-meson channels

I1=0,S=0 iyt ut-dy'd KK
V2 _
Syhs KK
I=1,85=0 uytd am, KK
1= %,S =-1 uyts Kz, Kn, K/

the main text, but, instead, are presented in Egs. (A4)—(A10)
of the Appendix.

Next, we perform the unitarization of the vector FF
F' (s) with definite isospin /, whose unitarity relation can
be expressed in the matrix form as [24]

Im F(s) = O(s)™" - T (5)" - p(s) - O(s) - Fi(s).  (38)

where the diagonal matrix Q is defined by Q,;(s) =
q;(s)6;; and J =1 should be taken for vector FFs.
Following the unitarization procedure presented in the
previous subsection, we build the unitarized vector FFs

Fli(s) = 0(s)™" - [1+N"(s) - g"(s)]7" - O(s) - RL. (),
(39)

Ri(s) _ Fi(s)(2)+Res+L00p =+ Q(s)_l ~N”(S)(2)
g7 (s) - O(s) - Fl(5)®, (40)

where N/ has been given in Eq. (27) and the super-
scripts (2), Res, and Loop stand for the contributions
from the LO, tree-level resonance exchange, and
pNGB one-loop diagrams, respectively, to the vector
FFs in RyT. Notice that we have factorized out the
matrix of momenta in Eq. (39) because the interactions
of the meson-meson channels with the vector sources
always involve it, which is actually a basic step to end
with the standard definition of form factors. It is
straightforward to verify that the unitarized vector
FF of Eq. (39) and the unitarized meson-meson
scattering amplitude of Eq. (31) satisfy the unitarity
relation shown in Eq. (38).

By using the seven independent types of unitarized
vector FFs in the isospin bases as given in Table II, one
can straightforwardly compute the two-meson vector FFs
of different physical states. The relations of the vector FFs
with isoscalar quark currents for different physical states
are

au-tdd autdd

FT — FT s

__ ISs
+,KTK~ +,K°K0° +KtK- — F

S oge (41)

The vector FFs associated with isovector quark currents for
different physical states satisfy the following relations:

iu—dd
V2 __ prad _ _pdu
F+, AR SR U F+. a0’
au—dd au—dd 1 1 _
F\/i ~ :_F\/i :__Fﬁd :__qu
+, K°K° +, KK~ \ﬁ +, KOk~ \@ +,KTK°
(42)
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And for the vector quark currents with I = 1/2, we have
the following relationships:

- 1
Su _ Su iis — _ iis
+.Kta® T \/—F+K0z+* F+K;z - \/§F+,K0ﬂ‘

__ _rsd — sd __ rds

- +.K'2° \/_F+K+ - F+,I_(0ﬂ°

1 -
— ds
= \/§F+~K_”+,
FEu — _Fﬁs — Fid — _Fc_ls (43)

+.Ktn") +.k7") +.K%0") +.K0%0)"

D. Calculation of the tensor form factors

The tensor FFs are defined by the following matrix
elements of the tensor currents:

- AT mn
(0|7 q"|P(p1)Q(p2)) = lF—i (PYPs = PYPh) Fipp(s),
(44)

where F7,(s) stands for the tensor FFs. After calculating
the Feynman diagrams in Fig. 1 by taking the external
sources as the tensor ones, one can obtain the perturbative
results of the various tensor FFs. The relevant two-meson
channels coupled to the various tensor quark currents are
the same as the vector cases in Table II. The LO results for
the seven independent tensor FFs are

iwtdd | 1
V2 o 5s,LO
FT,I?*K’ - _E’ FTK*K’ 1,
ad,LO __ dLo __
;,ﬂ_ﬂ'o - _\/E’ F;‘" K'K- — _1’
FMYLO _ _L FmLO @ce
T.K 2% \/z’ T.K™n — 2 &
V6
F;‘Yl?_(; = —75‘9. (45)

The full expressions of these seven independent perturba-
tive tensor FFs can be found in Egs. (A11)—(A17) in the
Appendix.

To account for the nonperturbative meson-meson inter-
actions, one can use a similar formalism as the vector case

= (19.8729) MeV,
Mg, = (110013)) MeV,
Gy = (62.17)7) MeV,

0.Kz +0.12 -0K71 +1.11

ag, = —L12%57, ag, = —1.2573,

OKﬂ +0.38 _ +0.29 —3
ag; —-0.08% 54, o0Lg = 0.23%575 x 10

= (41.9737) MeV,
M, = (801.2783) MeV,
= (95113)) MeV,

in Eq. (39) to perform the unitarization for the tensor
FFs, i.e.,

Fi(s) = 0(s)™" - [L+ NY(s) - g (s)]7" - O(s) - RY:(s),
(46)

with

Ré_(s) — FIT(S)< )+Res+Loop + Q( ) 1 'N”<S>(2>

g7 (s) - O(s) - Fi(s)®.

The unitarized tensor FFs in Eq. (46) satisfy the unitarity
relations

(47)

Im Fh(s) = O(s)™ - T(s)" - p(s) - O(s) - F4(s).
It is noted that J = 1 has been taken when building the
unitarized tensor FFs. The tensor FFs in the isospin bases
used in the unitarization procedure are constructed
according to the conventions of Eqs. (17)—(19). It turns
out that the relations among the tensor FFs for the physical
states are the same as those in the vector case, given
in Egs. (41)-(43); see, for example, the discussion
in Ref. [35].

(48)

III. PHENOMENOLOGICAL DISCUSSIONS

In this section, we present the phenomenological results
for the scalar, vector, and tensor FFs. All the unknown
parameters entering the various FFs have already been
determined in previous studies of U(3) meson-meson
scattering [23,41], except for Fy in Eq. (6), which enters
the vector FFs, and the tensor-current couplings A in
Eq. (12) and F ‘T, in Eq. (14). For the vector sector, we take
Fy =130 MeV, which is close to the large-N, estimate
V2F , [9]. For the tensor sector, the couplings are fixed to
Al =12 MeV and F}, = Fy,/v/2 in order to facilitate a
direct comparison with the results of Ref. [31]. For all
remaining parameters, we adopt the results obtained from the
best fit in Ref. [23], including both the central values and the
associated uncertainties, as our baseline setup. This choice
will be referred to as fit I in the following discussions. For
comparison purposes, we also consider the parameter set
determined in Ref. [41], which we denote as fit II.

To be specific, we explicitly give the values of the
different parameters in fit I below,

= (13971]}) MeV,

Mg = (910.0147) MeV,
@y = 12743

10,71 +3.3 00,KK
so = 20573, asp

Ay = —0371045.

= —09573,
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See Ref. [23] for details about the way they are determined.
It should be noted that we use M, to estimate the numerical
value of the parameter My. The large-N. relation is
imposed for the scalar resonance couplings in this fit,
namely, ¢; = % and ¢, = C—\/”g The parameters related to

the pseudoscalar resonances are fixed at d,, = v/3d,, =
30 MeV and Mp, = Mp = 1350 MeV [23]. The relation-

ships between the remaining subtraction constants used in
the former reference read

00 mo_ 00.1117’ 00 N )1’ OO KK
asy agp agp asp >
20 ar 00,77 30 Kn ‘0 Kn
dg;, = dsp > ag, =ag
10,71/ 10,.KK 00.KK
as; =dag = dg - (50)

Moreover, all subtraction constants for the vector channels

are taken to be equal to a SL”” Reference [23] also includes
an additional multiplet of bare scalar resonances above
2 GeV. Although these states primarily serve as a smooth
background contribution in the energy region below
1.5 GeV, they are included in our analysis to maintain
consistency with the original fitting setup; we refer the
reader to Ref. [23] for further details. For fit II, we do not
explicitly list the corresponding parameter values here and
instead refer to Ref. [41] for the complete setup.

The determinations of the subtraction constants in the
isovector scalar scatterings with 777, KK, and 71 coupled

channels, i.e., aé%”” = 0.56 and a 0¥k — aég”” -1.62,
are later updated in Ref. [67] by introducing in the fit the
precise finite-volume energy levels from the lattice QCD
simulations [68]. We will denote such a fit as fit III in later
discussions.

— Fit I: Abs
3 — - Fit I: Re
o - Fit I:Im

--- Fit II: Abs

400 600 800 1000 1200 1400 1600
Energy(MeV)

FIG. 3. Scalar zz FFs of the isoscalar quark currents: F “Hdd 2 (left) and F$*

With the aforementioned parameters from the fits of
Refs. [23,41,67], a plethora of resonances have been found
in the meson-meson scattering amplitudes, including the
isoscalar scalars f(500), f(980), and f(1370), the
isospin-1/2 scalars K(700) and K;(1430), the isovector
scalars a((980) and a((1450), and the vectors p(770),
K*(892), and ¢(1020). Interestingly, these resonances
manifest themselves in rather different ways for the various
two-meson FFs, as we will discuss below.

A. Results of the scalar form factors

For the scalar FFs with the isoscalar quark currents,
although the curves have been explicitly provided for the
zz channel in Ref. [23], we repeat the results here for the
sake of completeness, and the error bands are further
included in Fig. 3. The f,(500) shows up as the mild

bump in F(S'?Z;ad)/ﬁ, i.e., the zz scalar FF of the (uir +

dd)/ /2 current, while it is barely seen in F _‘g‘,m, viz. the 7z

scalar FF of the s5 current. The f(;(980) shows rather

different signals in F S“,':; IV and F B

nent kink structure emerges in the former case and an
obvious narrow peak manifests in the latter. Broad bumps
appearing in both of them around 1.4 GeV are caused by the
f0(1370) resonance.

The curves corresponding to the KK scalar FFs of the
isoscalar quark currents (uit + dd)/ /2 and s5 are given in
Fig. 4. Prominent peaks around the KK thresholds, where
the f,(980) resonance resides, show up in both FFs;
whereas the f((1370) signal is not profound in these
two FFs. For the nn scalar FFs, as illustrated in Fig. 5,
(au-+dd) /2

where a promi-

similar magnitudes are seen for Fg,, and F gﬁm
4
— Fit I: Abs
3 — - Fit I:Re
[ - Fit I: Im
2
--- Fit II: Abs

F§5(s)

400 600 800 1000 1200 1400 1600
Energy(MeV)

(right). In each panel, the black solid curve shows the

S.nm

modulus as a function of the zz energy, obtained with the pararneter set of fit I. The light-gray shaded areas indicate the corresponding
error bands obtained by propagating the parameter uncertainties of fit I. The real and imaginary parts from fit I are denoted by the green
long-dashed and red dot-dashed curves, respectively; the light-green and light-pink shaded areas indicate the corresponding error bands,
also propagated from the fit I parameter uncertainties. The blue dashed curve in each panel shows the modulus obtained with
the parameter set of fit II. In order to avoid the overloading of the figures, only the central curves for the modulus from fit II are

provided.
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6 — Fit I: Abs
— - Fit I: Re
-+ Fit I: Im
---- Fit 1I: Abs
—4
6 900 1000 1100 1200 1300 1400 1500 1600
Energy(MeV)
_ . a3
FIG. 4. Scalar KK FFs of the isoscalar quark currents: F if’;;dd)/ v2

same conventions as in Fig. 3.

The scalar 77, KK, and 7' FFs of the isovector quark
current id are illustrated in Fig. 6, where we show the
results of fit I and fit III, corresponding to the best fits of
Refs. [23,67], respectively. For the isovector scalar 77 and
KK FFs, the most obvious structures appear around the KK
threshold, where the a(980) resonance resides. The higher
ao(1450) resonance manifests as a clear bump around
1.4 GeV in the zn channel, while its signal is not very
visible in the KK case. The 75 FF is smooth around the 1/
threshold, since the a((980) resonance lies below this
threshold. The excited ay(1450) does not behave as a bump
in the zx' FE.

The Kz, Kn, and Kn' scalar FFs of the isospin-1/2 quark
current iis are exhibited in Fig. 7. The magnitude trends of
the three different FFs with respect to the two-meson
energies seem roughly similar; namely, the excited scalar
K{(1430) manifests like a shoulder around 1.4 GeV in all
of them. The low-lying broad K{(700) scalar resonance is
not very apparent in the Kz FF.

B. Results of the vector form factors

In this section, we perform the phenomenological
analyses of the various two-meson vector FFs. The plots
— Fit I: Abs ==+ Fit I: Im

---- Fit II: Abs

1.0 — - Fit I:Re

Moo 1200 1300 1400 1500 1600
Energy(MeV)

(wu+dd) /2

FIG. 5. o

Scalar nn FFs: F

10 — Fit I: Abs
— - Fit I: Re
5 ~==+ Fit I: Tm
~ ---- Fit II: Abs
% g
h‘: 0 | T ————
nwy K I
-5 D
-10
900 1000 1100 1200 1300 1400 1500 1600
Energy(MeV)
(left) and F* ;‘K  (right). The line styles and shaded bands follow the

corresponding to the zz and KK vector FFs of the isovector
quark current #y*d are illustrated in Fig. 8. The p(770)
resonance peak is prominent and also dominates the line
shapes of both Fi% and F"’ . in the focused energy

+.
region below 1.2 GeV, though the p(770) lies far below the
KK threshold.

The curves representing the vector Kz and K7 FFs of the
isospin-1/2 quark current #y*s are given in Fig. 9.
Similarly, the K*(892) resonance peak is noticeable and
rules the spectra of both F%'; and F* &y in the focused
energy region below 1.2 GeV, albeit the K*(892) lies below
the K7 threshold.

In Fig. 10, we present the results of the vector KK FFs
associated with the isoscalar quark currents (&y*u +
dy"d)//2 and 5y*s. In the case of F%' ;. a pronounced
$(1020) symmetric peak appears and provides the dom-
inant contribution in the energy region below 1.2 GeV. By

contrast, an asymmetric peak around 1 GeV is observed in

(au+dd)/ V2. .
F VKK ; also, a zero appears just above 1 GeV, a feature

not seen in the other vector FFs. This zero originates from
the inclusion of the bare ¢ resonance in N%/(s) and enters
this form factor indirectly through a kaon loop, owing to the

— Fit I: Abs ==~ Fit I: Im

1O — - Fit I: Re

---- Fit II: Abs

F§j7,7(s)

1100 1200 1300 1400 1500 1600
Energy(MeV)

(left) and F ?nn (right). The line styles and shaded bands follow the same conventions as in Fig. 3.
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— Fit I Abs 15 — Fit I: Abs — Fit :Abs - Fit [:Im
. . 1.0
5 —— Fit I: Re —~= Fit I: Re — = Fit I: Re  ---- Fit III: Abs
10
- Fit I:Im - Fit T:Tm
4 ;
—-- Fit TII: Abs 5 ~--- Fit TIT: Abs
—_ /
2 =
Z
[}
s
IS 0

800 1000 1200 1400 1600 900 1000 1100 1200 1300 1400 1500 1600 70'15100 1200 1300 1400

1500 1600
Energy(MeV) Energy(MeV) Energy(MeV)

FIG. 6. Scalar zn (left), KK (middle), and 7’ (right) FFs of the isovector quark current iid: Fi¢ . F sz g and F g‘ﬁ, .. The blue dashed
curves show the modulus using the parameter set of the NLO fit obtained in Ref. [67]. All other line styles and shaded bands follow the
same conventions as in Fig. 3.

— Fit I: Abs ==+ Fit I: Im — Fit I:Abs - Fit I: Im — Fit I:Abs - Fit I: Im
1.0

— - Fit I: Re

---= Fit II: Abs

— = Fit I:Re  ---- Fit II: Abs — = Fit :Re ---- Fit II: Abs

P
wn
z
&
ik y N
[N
R0 y
//
-
1
T
>
\ e —
72 e
800 1000 1200 1400 1600 1100 1200 1300 1400 1500 1600 2 0100 1200 1300 1400 1500 1600
Energy(MeV) Energy(MeV) Energy(MeV)

FIG.7. Scalar Kz (left), Ki (middle), and K#' (right) FFs of the isospin-1/2 quark current @s: F%, , F%_  and F%._ ,. The line styles

i R . S, Kz’ " S,Kn S.Kn'*
and shaded bands follow the same conventions as in Fig. 3.
10 6
— Fit I: Abs — Fit I: Abs
8 — - Fit I: Re — - Fit I: Re
6! -+ Fit I: Im ] 4 -+ Fit I: Im
---- Fit II: Abs — ---- Fit II: Abs
~ 4 7
< X 2
<K
i 4 3%
\ K
0 \ 0 \
\ _— - \ _— —_
-2 \ - ~ W\ o
—4 - -2 \ S -
400 600 800 1000 1200 700 800 900 1000 1100 1200
Energy(MeV) Energy(MeV)

FIG. 8. Vector zx (left) and KK (right) FFs of the isovector quark current ty*d: F?;, and F", .. The line styles and shaded bands
follow the same conventions as in Fig. 3. ’
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20 . — Fit I: Abs ] 20 — Fit I: Abs
i — - Fit I: Re — - Fit I:Re
. -~ Fit I: Tm 15 - Fit I: Tm
10 ’_,' ---- Fit II: Abs 10 ---= Fit II: Abs
@2 1 Z
i 3 :
I & I
\2 +m 5 \ \: 4: 5
R | R
0 . ‘ T — )i O (=" ol \ — —'
| _—— | _—
~ \ -~
-5 \ 7 -5 s
\ 7 \ 7
/ A
~10 -10 :
700 800 900 1000 1100 1200 700 800 900 1000 1100 1200
Energy(MeV) Energy(MeV)

FIG.9. Vector Kz (left) and K7 (right) FFs of the isospin-1/2 quark current iy*s: F i‘ i, and F i" R The line styles and shaded bands
follow the same conventions as in Fig. 3. "

4 : 300 : —_—
— Fit I: Abs — Fit I: Abs
— - Fit I: Re 200 — - Fit I: Re
2 - Fit&Im . fbr e Fit I: Im
12}
o ---= Fit II: Abs —_ 100 | ---- Fit 1I: Abs
2 ! < |
= i
S 0 ¥ E U
T e O | v Th ~
+ e~ —_—— 1\ + \ '
= o B,
B HH
I ~100 \
RN
i v 200
4 J -300 !
4 1000 1050 1100 1150 1200 1000 1050 1100 1150 1200
Energy(MeV) Energy(MeV)

FIG. 10. Vector KK FFs of the isoscalar quark currents (@iy*u + dy*d)/ V2 (left) and 5y*s (right): F f';;{ad)/ V2 and F fﬁ xi- The line
styles and shaded bands follow the same conventions as in Fig. 3. ’ ’

10 ' s 6
— Fit I: Abs 4 o — Fit [: Abs mxm:
8 — - Fit I:Re 2\/ e 5\/
- Fit I: Im , TN 4 =+ Fit I: Im
6 A 3 0, 5
--== Fit II: Abs S\ W\¢- Fit Abs
/;)\ -2 e »n \ %
N 4 / ~
~ & A S \
N 2 \1022.8 1023.2 1023.6 = 54“ y
LL 5 IS 4 \
2 R I NS
0 \ T
0 \ \ ~
e -
\ s \ 7
-2 \ 7/ ) =
-
400 600 800 1000 1200 700 800 900 1000 1100 1200
Energy(MeV) Energy(MeV)

FIG. 11. Tensor zz (left) and KK (right) FFs of the isovector quark current #ic**d: Fi¢ and F ‘;d . The insets in the upper-right

T.nnw N
corners show magnified views in the energy regions where the FFs approach zero. The line styles and shaded bands follow the same
conventions as in Fig. 3.
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— Fitl

= - Shietal.[16], Sol. T

0l

«= Shietal. [16], Sol. Il

ud
Tnnm
|
1

+ Miranda and Roig [31]

(s)/F

ud
Tan

|F

400 600 800 1000
Energy(MeV)

FIG. 12. Comparison of the normalized |F§¢ (s)/Fi (0)]
obtained using different approaches. The black solid line shows
the result of fit I from the present work, while the light-gray
shaded band indicates the uncertainty range obtained from the
parameter errors of fit I. The red dashed line and the blue dash-
dotted line represent the curves obtained using the parameter
values from original fit and fit 2 in Ref. [16], respectively, and are
labeled as Sol. I and Sol. IT in the figure. The magenta dotted line
corresponds to the result of Ref. [31], obtained using dispersive
representation.

product N/(s)g"(s) appearing in the denominator of
Eq. (39). At higher orders in the approach, one expects
this zero to be replaced by a minimum once the perturbative
calculation of the form factor is extended to include the full
one-loop contribution with bare resonances in the vertices.

C. Results of the tensor form factors

In this subsection, we analyze the phenomenological
consequences of the two-meson tensor FFs. In the
energy region considered here, below approximately
1.2 GeV, the dominant underlying dynamics governing
the various tensor FFs are similar to the vector ones,
since they are largely ruled by the ground-state vector
resonances. However, for the isovector and isospin—%
channels, some obvious differences are evident between

: ‘
15 — Fit I Abs : kS
4 10
— - Fit I: Re £
: 5.
10 -+ Fit I Im n N
¥
,

---- Fit II: Abs

(s)

/
a

-0,

1140 1141 1142 1143

T.Kn

us

F

700 800 900 1000 1100 1200
Energy(MeV)

the vector and tensor FFs, being the presence of the
approximate zeros in the latter case above 1 GeV.
Likewise, for the isoscalar channel of the (au+
dd)/ V2 quark current, the tensor FF develops an addi-
tional zero around 1.1 GeV compared with the vector
one. For the tensor FFs, we verify that the perturbative
expressions give zeros in the region around 1.0-1.1 GeV.
Such perturbative zero points are only marginally
affected by the unitarization procedure.

In Fig. 11, we show the plots of the zz and KK tensor
FFs for the isovector quark current ito** d, both of which are
dominated by the p(770) for E < 1.2 GeV. It is noted that
the two FFs exhibit near-zero structures in the energy
region around 1 GeV. Magnified views of these near-zero
regions are shown in the insets of Fig. 11. In Fig. 12, we
compare the normalized quantity |F&_(s)/F3 _(0)| from
our study with those in Refs. [16,31]. The magnitude
obtained in Ref. [31] is clearly larger than others. The
results of Ref. [16] from the SU(3) inverse amplitude
method (IAM), by taking different parameters, look
roughly similar to ours from the unitarized Ry T amplitude.
However, differences are also seen: (1) the magnitudes of
the FF in Ref. [16] are a bit larger than ours; (2) slight
variations are observed for the positions of the near-zero
points in |Fi?_ (s)|. Regarding the quantity of F7<_(0),
somewhat different values arise from different approaches;
e.g., our prediction of F9_(0) =29 £0.1 is larger than
the value of 1.8 from the IAM calculation in Ref. [16] and
the LO value of 1.4 used by the dispersive method in
Ref. [31]. Nevertheless, it is pointed out that the result of

F&_(0) in the IAM approach [16] depends on the poorly

T.wm
determined O(p®) LECs, which, in principle, bear rather
large uncertainties.

In Fig. 13, we illustrate the results of the Kz and Ky
tensor FFs for the isospin-1/2 quark current ic*’s,
both of which are mostly ruled by the K*(892)
resonance for E < 1.2 GeV. Similar to Fig. 11, the

15— Fit I: Abs J ,
== B LR ‘\\/
10 === Fit I: Im I //
---- Fit II: Abs

700 800 900 1000 1100 1200
Energy(MeV)

FIG. 13. Tensor K (left) and K7 (right) FFs of the isospin-1/2 quark current itc**s: F ;‘ %, and F [;Si(q' The insets in the upper-right
corners show magnified views in the energy regions where the FFs approach zero. The line styles and shaded bands follow the same

conventions as in Fig. 3.
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FIG. 14. Tensor KK FFs of the isoscalar quark currents (iio* u + do**d)/~/2 (left) and 56**s (right): F (et dd) [V o g s
styles and shaded bands follow the same conventions as in Fig. 3.

two FFs exhibit near-zero structures around 1.1 GeV.
Magnified views of these near-zero regions are shown
in the insets of Fig. 13.

Figure 14 displays the tensor FFs for the KK

channel induced by the isoscalar quark currents (6" u +

dot*d)/+/2 and 56**s. A clear symmetric resonance peak

from the ¢(1020) is found in F3’, -, which dominates the

behavior of this FF throughout the region below 1.2 GeV.
On the other hand, an asymmetric peak structure is seen in
two zeros in the energy range between 1.0 and 1.1 GeV.
The lighter one originates because of the same mechanism
as explained with respect to the analogous vector FF in
Fig. 10. The higher zero has its origin due to the zero in the
perturbative calculation of the FF.

around 1 GeV. This latter tensor FF develops

IV. SUMMARY AND CONCLUSIONS

In this work, we have performed a thorough study
of the two-meson FFs of light pseudoscalar mesons within
the framework of U(3) resonance chiral theory. At
the perturbative level, we have calculated the complete
two-meson scalar, vector, and tensor FFs for both
the strangeness-conserving and strangeness-changing
channels by taking into account both the tree-level
resonance-exchange contributions and the pNGB one-
loop contributions.

Next, to account for the meson-meson final-state inter-
actions, we have further constructed the unitarized scalar,
vector, and tensor FFs by matching the unitarized meson-
meson scattering amplitudes to the perturbative results. An
important feature of this approach is that the same
dynamical ingredients governing meson-meson scattering
also play a crucial role in determining the final-state
interactions in the FFs. Therefore, once the scattering
amplitudes are constrained by the experimental data and
relevant event distributions, most of the parameters entering
the FFs can be fixed accordingly, so that many of the FFs

150 — Fit I: Abs
— - Fit I: Re
100
=== Fit I: Im
50 ---- Fit II: Abs

-100

~150 ]
1000 1050 1100 1150 1200
Energy(MeV)

The line

T.KK T.KK*

are already strongly constrained and can, in many cases, be
predicted.

In the numerical calculations, we have mainly
employed parameter sets from previous U(3) meson-
meson scattering studies, using the best-fit values from
Ref. [23] as the baseline input. Based on this fit, all the
FFs have been evaluated, and the corresponding uncer-
tainty bands have been provided. For comparison, we
have also evaluated the FFs using the parameter values
given in Refs. [41,67]. Phenomenologically, we have
discussed the main features of various scalar, vector,
and tensor FFs in the isoscalar, isovector, and isospin-
1/2 channels. In the scalar sector, the scalar resonances
f0(500), £0(980), fo(1370), ay(980), ay(1450), K;(700),
and Kj(1430) manifest themselves rather differently
depending on the quark current and final-state channel.
In the vector sector, the low-energy behavior below
1.2 GeV is largely governed by the ground-state vector
resonances, with the p(770) dominating the isovector zz
and KK FFs, the K*(892) controlling the Kz and K7
channels, and the ¢$(1020) producing a pronounced
enhancement in the vector FFs of the isoscalar KK
channel. The tensor FFs exhibit a resonance pattern
qualitatively similar to the vector case, again being mainly
controlled by the p(770), K*(892), and ¢(1020) in the
low-energy region. We have further compared our zz
tensor FF F¢_(s) with previous results obtained using a
dispersive approach and the inverse amplitude method,
finding overall agreement with the latter. However, small
differences remain in both the overall magnitude and the
positions of the corresponding near-zero structures.

Our results for the various FFs are expected to provide
useful theoretical input for future studies of the hadronic =
decays and the semileptonic D meson decays.
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APPENDIX: FULL EXPRESSIONS FOR FORM
FACTORS IN U(3) RyT

In this appendix, we present the complete expressions for the
perturbative FFs, including the strangeness-changing scalar
FFs as well as all the vector and tensor FFs. The explicit
expressions for the isoscalar and isovector scalar FFs can be
found in Ref. [23]. It should be particularly noted that, although
the original expressions of the FFs are written in terms of the
bare decay constant F, the final results are reexpressed in terms
of the physical pion decay constant F',. The relation between
the decay constant F in the chiral limit and F, has been
explicitly given in Eq. (C2) of Ref. [41]. The higher-order n-1/
mixing matrix elements, §; and 55 = sin @5, which characterize
the mixing between the # and 7’ states beyond LO, are
explicitly given in Refs. [23,41] and will not be discussed
further here. The explicit expressions of the one-loop functions
Ao(m?) and By(s, m%, m?) can also be found in Ref. [41].

The expressions of the strangeness-changing scalar FFs
read

s Pk _ 1 { Acycpn(mi +m3) — ca(mi +m3 —s)]
STV TR FA(M§, =)
S(Ed - Z’m)ém<2m%( + mfzr) + 4(Cd - Cm)cm(m%{ - m%) 86{5”(771%( + mlzl')
FM3, 3FLMS, FIM3,
| 16(m + 2oLy 1 f(mk = m)Ag(m) (3 = 3m3 + 25)Ag(m3)
F2 V2 64F27’s 128F27°s

[c2(=9m% + 9m?2 + 65) + 6V 2co(—3m% + 3m2 + )59 — 24553|Ag(m2)

1152F27%s

N [8cis + 2\/509(—3m% +3m2 + 5)sg + (3m% — 3m2 — 2s)s%]A0(mi/) By(s, m2, m%)

n°

384F2 s

1152F27°s

X {cg[—9m‘}( + (TmZ — 9s)s + 3m;(3my — 3mz + 5) + mz (9m3 + 25)] — 16(2m% + m3)ss;

+ 2V 2¢h[~9m + m¥ (9m2 — 25) + (Sm2 = 9s)s + 3m2(3my — 3m2 + s)}s,g}

Bo(s, my, mg)

1152F27%s

{16¢3(2m% + m2)s + 2V 2co[-9my + m%(9m2 — 2s)

+ (5m2 = 9s)s + 3m% (3m% — 3m2 + 5)]sg + [9m% — (Tm2 = 9s)s — 3m? (3m% — 3m2 + s)

n/

n/

— m%(9m?2 + 2s)]s3} —

[3m% + 3mk + 2m2s — 552 + m%(—6m2 + 25)]|By(s, m%, m,z,)}

128F2xs (A1)

2

. 2 4(¢y = )T (2my +m3)(co + 22
Fox-y = \/;{_<@+ \/ESH) + (84 = &) 2 (2 + mz)(co + 2V259)

FIM3,

N 2, [ca(m2 + m% = 5)(cg +2v2s9) + ¢,y (=S5com%k + 3cgm? — 4v/2m%s)]

FR (M5, = 5)
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2¢,,(my —m2)[=c,u(11cy +4v/2sy) + cq(cg + 2¢} + 2259 + 8V2cksg + 16¢453)]
3FIMS,

—_—

1
7 (s0 — 2v/2¢) (8 + 255) + 155(09 +2v2s0) A1 = V259,

4d2 (Scomy — 3com2 +4/2mYsg)  8(Scomy — 3comZ + 4v/2m%s9)SLg
* F2M> - F2
" pg T

1 {[cg(—9m% +9m% — 10s) — 63/2c2(3m2 — 3m% + 4s)sp — 24cpss3 — 1612553 Ao(2)
0 mn

* NG 384F272s
N [—8c3s + 67/2c3(3m2 — 3m% + 5)sg + 3cg(—3m2 + 3m% + 25)53 — 21/2s5})]
384F 2%

2
Ao(mr’/)

1
7128F2 —{3ch(m; — m¥ +s) + co[3my (=3 + 53) — 3m¥ (=3 + 53) — 5(3 + 55)]
(909m — 9cym% + 6¢ys — 6\/§ss9)

128F27%s

— 122559 + 8V 22559} Ag(m) +

1
* 35
+2V2C3(9md + 9mly — 26mYs + 8mls + 95> — 6m2(3m% + 5)]sg + 16co(—=Sm% + 2m2)ss3
1

+ 6V2c3[-3my + 2m%s — 2m2s — 3s% + miy (3my + s) + my(=3m, +3mg + 5)]sg

AO(m72Z)

[Om;} + 9m — 18m%s + 4m?s + 9s* — 6m2(3m% + s)]

—32V2m%ss)} By (s, mg, my) +

+ 3cq[3my + my(3my, — 3my — ) + 10mys — dmgs + 35> — m?, (3my + 5)]s5

1
+ 4V2(=2m% 4 m2)ss3 )} By (s, m;f;,, m%) + T28F {=4V2(2m3% + m2)ss,
+ co[=9my + (Tm2 = 9s)s + 3m2(3m% — 3m2 + s) + my (9Im% + 25)|} By (s, m%. m%)}, (A2)

e _ \@{\/Ecg_%ﬂ_ét(cd—cm)cm(ZmK—#m )(2\/—65—sa)+1( 5 = 255)(co +2/255)

S.K™n };'2]‘4§1

2¢,[cm (4 2comy — Smsg + 3m2sy) — Cd(mi, +m% = 5)(2v2¢h — 59)]
+

FX(M3 —s)
8
2, (my — m2)[em(4v/2¢o — 11sg) + cq(sg + 16355 + 255 — 20/2¢c9 — 8v/2¢4s3)]
* 3F>M?
Sg
8(4V2comy — Smysg 4 3m2sg)oLg  4d% (4 2comk — Smi-sy + 3m2sy)
* F2 - F2M?3,
8

c2(=2v2cy + sg)A 1 Ao(my)
L < Z DAL, en, %{%iﬂ - [2V2chs = 632y (3, = 3k + 5)5}

1
— 8ss) + cg(—9m2,s9 + 9m%sg + 6559)] + A [16V2c)s — 24ckss,
Ay(m2
+ 6\/_2.0,9(3m5, — 3mp + 4s)s + (=9my, + 9my — 10s)s5]Ag(m7) + %
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X {c§(3m§, —3m% — 5)sg + 4V2cys(3 — 252) + 35, [mi,(—?) +53) —m% (=3 +s2) — cés} }

N (67/2cys + 9m§,59 — 9m% sy + 6559)Ag(m2) ~ 1
128F%n%s 384F%n%s

+3c5[=3my — 10mgs + 4mzs — 35 + m, (3mg + 5) + my(=3my, + 3mi + 5)]sg

263 (=2m3 + m2)s
9 K

+ 6V 2¢o[-3mi + 2ms — 2m2s — 3% + mi,(3m%( +5) + m%(—3m5, +3m% + s5)|s3
Bo(s, i %)
384F2n’s
—2V2¢, [9my, + 9miy — 26mies + 8mzs + 9s* — 6my (3my + 5)]s5 + 32V2cimks

+ 16(2m% — m2)ssy}By(s, mi, m%) + {16¢5(=5m% + 2m2)ssy

Bo(s. mi. mz)

+ [9my + 9my — 18mis + dmzs + 9% — 6my, (3mg + 5)|sp} + 198225

X {4ﬂc9(2m§( + mz)s + [(Tmz — 9s)s — Omi + 3my (3my — 3mz + 5) + mg (9mz + 2s)]s9}}. (A3)

The explicit expressions of the various vector FFs are

F’-‘“;\/g‘l — _i 1 + FVGVS §—= 6m%( Ao(m%() (S - 4m%()BO(S’ m%{’ m%{) (A4)
+KTK" V2 FZ(M%2 —s) 96Fiz> = 16F2xn’ 64F2 7 '
Jad . FyGys  s—6mg Ag(mg) (4mg — s)Bo(s, mg, my) (AS)
KK FA(M3—5)  96Fix*  16Far* 64F2n° ’
Fid — /21 + FyGys s =2my —4my | Ao(mg)
A F2(M2 —s) 96F27° 48F27°
N Ao(mz) (s —4mg)Bo(s.mg.mi) (s — 4m3)By(s. mz, m3) (A6)
24F27 192F222 96F2 72 ’
=14 FyGys s—2m% —4m2  Ag(m%)
KK F2(M? —5) 9621 48F27”
LA (s = 4mR)Bols, ) | (s = 4md)Bols, w2, m2) a7
24F27? 192F27° 96F27? ’
[ N FyGys 1 | 3mg +3m; — s+ c5(3m; +3mz — )
ALY R S N} F2(M%. —s5)) 2 192F2 7>
N (3my +3mg = 5)s5  2(m2 —mk —25)Ag(m2)  (mi, —mi = 2s)s5A0(m;,)
192F27? 128F27%s 128F27s
my —ma — 55 + cj(—mj + mx + ) + (—mz, + m% + 5)s5 5
128F27%s Ao(mi)
_ (mg —mg +25)Ag(mz)  cjlmy + (mg — 5)* = 2my(m + 5)|Bo(s. my. mi)
128F2x%s 128F2n%s
~ sglmy, + (mg — 5)* = 2my, (mg + s)|Bo(s, my,, my)
128F27s
[m + (m3 — 5)* = 2m (m3 + )| By (s, mi. m3)
B 128F27%s ’ (A8)
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FI?S

3 | FyGys deyepm(my —m2)(=v2cy +V2c) — 259 + 4cksy)
+k = T\ T +

(M. —s) V3FIM3,

1 /3 3| co[3m% + 3m2 + c3(3m2 + 3m% — 5) — 5]
+2\/;{s9(2s5+5k) +C9S§A1} + \/;{ 192F,2[7:2

co(3my, + 3my — s)s5 N cy(m2 —my —25)Ag(m2)  co(my —my —25)s5Ao(m7)
192F27° 128F2n%s 128F27s
colmy — mz —9s + c(=my + my + 55)] + co(=my + mg +5)s5
128F27%s
ol — 2+ 29)Ao(n2) el + (= 5)? = 22+ 5)Bols, )
128F2725 128F27%s
cosglmy + (mg = s)* = 2my, (mg, + s)|Bo (s, my,, my)
128F2x%s

colm + (m2 — ) = 2m (m2 + 5)]By (s, m, m%)}

+

o(m%)

A9
128F2n2s (A9)

s \/§ - FyGys " 4eqen(my —mz)[co(2 = 455) + V259(=1 + 57)]
P L
+K 2! FX(M%. —s) V3F2M?,

1 {[3m%¢ +3m: + c}(3m} +3my — 5) — s)sp

1\f
+54/5{co(=255 + 6¢) + cgsoM } +—=
2 2{ 9( ) k) 020 1} \/E 64\/§F,2777:2

(3my, +3mi = 5)sp  /3ch(m2 — my — 25)s9A0(m2) N \/§(m$, — mi = 25)spA0(m;)
64+/3F2n2 128FZn%s 128F27%s

V3m% —m? = 9s + c3(—m2 + m% + 5)]sg \/g(—mi, + m% + 5s)s; )
+ Ag(my)

128F27s + 128F27s
VA, — 12 1 25)50Ag(m2) VAl (m — 5)? = 220 + 5)]syBols, i )
128F27%s 128F2 2%
\/g[mi, + (mg = $)* = 2m (mg + 5)]sgBo (s, my,, my)
128F22s

V3[mi + (m = 5)* = 2mg (m3 + 5)]s9Bo (s, m. mz)
128F2n°s ’

(A10)

The explicit expressions of the tensor FFs are given by

F%dd 1 ! V2FLGyMy  8cyc,(m2 —m%) s —6mk n (c3—2v2cpsy + 255)Ao(my)
rKKS P AL (M2 —5) FIM3, 96 F 2> 96 F 2>
(205 + 2\/26'939 + S%)Ao(mi/) 7A0(m,2[) (S - 4m%()B()(S, m%(, m%()
96 F2 1 32F27? 64F27? ’

(Al1)
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F5s =1+ \/EFgGVMV _ Scdcm(m%( - mfzr) _ 6m%( —S
TRk AL (M3 —s) FIM3, 96F27°
B (2¢3 +2V2cpsp + 53)Ag(m2) B (¢ —2v2¢cos0 + 255)Ao(m;,)
48F2 72 48F2 72
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" 16F2n2  8Fr? 64F2n2 ’ (A12)

T
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(s = 4m3)Bo(s,m¥k.m%) . (s —4m2)By(s, m2, m%)}

(A13)
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