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Delineating neutral and charged mesons in magnetic fields
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We investigate the properties of neutral and charged mesons in magnetic fields, from weak-field to
strong-field regimes. To develop analytic insights, we employ a nonrelativistic quark model with a
confining potential of the harmonic oscillator type. Short-range correlations, such as Coulomb and color-
magnetic interactions, are treated as perturbations. In particular, we focus on the magnetic field dependence
of the relative and the center-of-mass motions. The qualitative trends differ significantly between neutral
and charged mesons; for neutral mesons, the transverse momenta are conserved and continuous, while
charged mesons exhibit quantized transverse dynamics. The Zeeman effects, arising from intrinsic spins
and orbital angular momenta, are carefully examined. In particular, for charged mesons with spins s > 1,
we discuss how the zero-point energy in the internal quark motion cancels the Zeeman energy from the
orbital angular momentum, ensuring the energetic stability of mesons with high spins. The effectively

reduced dimensionality of these mesons in the strong-field limit is also discussed.
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I. INTRODUCTION

QCD in strong magnetic field regimes has attracted
significant attention because of its importance in heavy-ion
collisions [1-4] and its potential applications to neutron star
physics [5-10], as well as its role as a critical test bed for
theoretical concepts (for reviews, see, e.g., Refs. [11-16]).
Strong magnetic fields couple to quarks and quantize their
transverse dynamics, which in turn affects the vacuum
structure and the properties of hadrons [17-50]. These
phenomena have been extensively studied in lattice
Monte Carlo simulations [51-66], covering aspects such
as confinement/deconfinement transitions, chiral restora-
tion, hadron spectra, and thermodynamics. However, the
physical interpretation of these lattice results is often not
straightforward, triggering renewed interest in the funda-
mental aspects of QCD dynamics in extreme environments.

In this work we study mesonic states in magnetic fields,
from weak (eB < Agcp) to strong field regimes (eB >
AéCD) with Agcp ~0.2-0.3 GeV being a typical non-
perturbative scale in QCD. Both neutral and charged
mesons are analyzed. Our primary interest lies in how
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internal quark dynamics affects the overall behavior of
mesons, which are frequently treated as pointlike particles
in effective models. By isolating the relevant effects one by
one, we discuss how the parameters in hadronic effective
field theories (EFT) should be modified in the presence of
magnetic fields. Specifically, in this paper we focus on the
magnetic-field dependence of the meson masses and their
transverse kinetic terms. For charged mesons, especially for
states with spin and/or orbital angular momenta, the
Zeeman terms tend to be canceled by the zero-point
energies associated with internal quark motion; this can-
cellation is one of the key composite-particle effects
examined in this work. The analysis of hadronic coupling
constants will be presented in a subsequent paper.

Our primary goal is to develop analytic insights and
establish a simple, intuitive physical picture. (See
Refs. [67-71] for comprehensive studies based on
Nambu-Jona-Lasinio or quark-meson models.) To this
end, we adopt a simple nonrelativistic quark model [72—
75], which enables many quantities to be computed analyti-
cally [43,76]. For applications to heavy quarkonia systems,
see Refs. [16,27]. In this work, we stick to the nonrelativistic
framework for several reasons. While it is possible to extend
this framework to a relativistic version [77,78], such an
extension introduces technical complexities that might dis-
tract us from developing a simple and intuitive picture.
Furthermore, for ground-state mesons, the large transverse
kinetic energies at high B (which typically challenge the
validity of the nonrelativistic framework) are largely can-
celed by Zeeman effects, as seen in relativistic frameworks
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(see, e.g., Ref. [22]).] The remaining B-dependence is
relatively weak, suggesting that a nonrelativistic framework
can still effectively capture the key properties of these low-
lying states, to a similar extent as nonrelativistic models
explain low-lying states at B = 0.

This work builds upon and extends our previous inves-
tigations into this topic [24,25]. In this paper, we present a
more comprehensive and conceptually refined analysis
compared to our prior work, laying the groundwork for
forthcoming studies that will encompass multiquark sys-
tems and hadronic media. Specifically, we have signifi-
cantly improved our treatment of the pseudomomentum
and guiding center coordinates, given more systematic and
structured descriptions of charged mesons, and developed
more physically motivated treatments of short-range cor-
relations which require special care in the limit of large
magnetic fields.

This paper is structured as follows. In Sec. II we review
the kinetic motion of charged particles in magnetic fields,
and in Sec. III summarize our modeling of long- and short-
range interactions, and adjust the parameters to reproduce
meson spectra at B = 0. In Sec. IV we study neutral meson
spectra at finite B. In Sec. V we analyze charged mesons.
Section VI is devoted to summary.

II. PREPARATION: KINETIC MOTIONS OF
CHARGED PARTICLES

In this section we summarize our setup, reviewing the
basics of the transverse motion in magnetic fields.
Throughout this paper, the quark mass refers to the
constituent quark mass, and we assume it to be B-
independent. This assumption is supported by the lattice
results for the chiral condensate at B> Ajcp, (gq) ~
leB[(Gq)sp ~ |eB|Aqcp [59], where the overall factor |eB|
comes from the Landau degeneracy and (gq),p is com-
puted from quark propagators with the dimensional reduc-
tion. If the dynamically generated quark masses were
sensitive to the magnetic field, it would be very difficult
to explain the linear scaling with respect to B [21].

A. Single charged particle

First we consider a single charged particle. We consider a
nonrelativistic Hamiltonian,

2

II
Hsingle:m+ﬁ_ﬂ'3’ (1)

'For example, for a free spin-1/2 elementary particle with
charge g > 0, the relativistic Landau energy may be written as
E* = m? + p? + ¢qB(2n + 1 — 5,). For the lowest Landau level,

2
the nonrelativistic expansion gives E = m + % +o
Thus, the apparently large O(B/m) contribution disappears for
o, =1.

where B is constant and applied in the z-direction. The
kinetic momentum and magnetic moment are

p=""6. B=VxA, (2

II=p-—ecA,
p-e 2m

respectively. (We take the Landé g-factor to be g = 2,
treating the constituent quark as an elementary Dirac
fermion.)

We define a pseudomomentum [25,27],

K=II+eBxr=eBxX. (3)
This can be related to the guiding center coordinate,

BxK
X=—-——+—, B = |B|, 4
s B )
which characterizes the center of the cyclotron motion.
The commutation rules among IT and /C are

I, TP'] = ieB, = —[K*, K], (5)

and all the other commutators are zero; in particular,
1%, KP] = 0 = [11%, X”] for any sets of (a, f3).

We note that IT* and IT" do not commute with II> and
hence cannot be used as conserved quantities; indeed, the
Lorentz force keeps changing the direction of kinetic
momentum IT ~ mv. Meanwhile, /C, or the corresponding
guiding center X, commutes with II?, as the location of the
center does not affect the energy spectrum.

For explicit computations it is convenient to choose a
specific gauge. Here we take the symmetric gauge

Bxr
_Bxr 6
. )
with which
B B
mep_© xr. Kepi® xr ™
2 2
Writing II? = p2 + 117, we note
B2
w =p Pl enL. (3)

The first two terms correspond to a usual harmonic
oscillator in two dimensions. We first define the creation
and annihilation operators for the x component through

1
x=——(a, +ai),

VBl

and also for the y component in the same way. Then we
construct the creation and annihilation operators for + and —
circular modes,

p.=~iV/|eB|/2(a;,~a3). (9)
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FIG. 1. Schematic illustration of the Zeeman splitting for
orbital and spin angular momenta of a positively charged particle.
The energy is lowered (raised) when the orbital angular mo-
mentum L, or the spin o, is parallel (antiparallel) to the external
magnetic field B,. In the symmetric gauge, the n, mode
corresponds to the orbital motion aligned with the magnetic field.

(aI :l:ia;), (10)

Q
H—+
I

Sl

with which the angular momentum can be written as
L,=d\a, —dla_. (11)

In our definition, the orbital magnetic moment points to the z
direction for the + mode; see Fig. 1. Now, for later purposes
we generalize the Hamiltonian for the transverse dynamics as
2 2

mo,
H, =PL "%

o > rA —QL.. (12)

For charged particles free from potentials, wy = |eB|/2m
and Q; = eB/2m. The spectrum for H | is

Q
Eﬁl_r.f, :wO(an+1)+w0<|fz|_w0fz>’ (13)
: 0

or equivalently,
Ey n = (09— Qo)ny + (0o + Qo)n_ + wy, (14)

where 2ny = 2n, + |¢,| £ ¢, with n,, n,. being non-neg-
ative integers and ¢/, an integer. The Zeeman energy
associated with the orbital angular motion reduces the energy
when its direction is aligned with that of magnetic fields,
while it costs more energy when the direction is opposite. In
the former case, the increase of £, costs more energy in the
kinetic motion, but the Zeeman coupling tends to cancel such
energy cost.

In particular, for charged particles in the absence of
external potential, we find oy = Qj, so that such

cancellations are exact; this degeneracy for ¢, >0 is
nothing but the usual Landau degeneracy for a given
Landau level. For w, = €, another way to understand
this degeneracy is to interpret n, as a quantum number for
the guiding center coordinates; they should not affect the
spectra because of the translational invariance. When a
charged particle is within an external potential or interacts
with another particle, this degeneracy is lifted, as we
discuss in the following sections.

B. Two charged particles

For two-body systems, the structure of our Hamiltonian
is (i, j are used as a particle label)

I3
H=S"|mj+-L—p; B +V(rp). (15
=12 [m] " 2m; & Vi) 13)

Here we included a potential which depends on the
distance ry, = |y —ry|.

Unlike the single particle case, the potential commutes
with neither /C; nor IC,, but commutes with the total
pseudomomentum KC; + K, = ICk. But in general we can
label eigenstates of the Hamiltonian only by either X} or

»» since K% and Ky do not commute in general,

[ICx, Kx] = —iegB., (er=e +e). (16)
Clearly, the exception is the charge neutral case, e = 0, for
which K} and Ky can be used simultaneously to label the
eigenstates of the Hamiltonian.

III. LONG- AND SHORT-RANGE INTERACTIONS

For two-body forces we separately treat the long-range
and short-range interactions. Following the standard
approach, we treat the long-range confining potential at
leading order and the short-range part as perturbations. In
vacuum, it is essential to have the confining potential in our
unperturbed Hamiltonian; without it quarks would fly away
and the perturbative framework never works.

A. Confining potential

For a confining potential, we use the harmonic oscillator
which is standard in nonrelativistic quark models,
Veont (1) = Ar?, A~ Nep- (17)
Our motivation for using the harmonic oscillator comes
simply from its tractability in analytic computations. More
realistically, the confining potential should be linear at long
distance which is necessary to derive the Regge trajectories.
But in this work we restrict ourselves to low-lying states

so that the impact of this simplification should not be
significant.
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B. Short-range potential

Next we turn to short-range interactions. As in usual
quark models, we focus on the color-electric (Coulomb)
and color-magnetic interaction.

1. Color-electric interaction

The color-electric interaction is

Vel =-3%. (18)

At strong magnetic fields, eB > AéCD, actually the details
of short-range interactions become more important than the
long-range interactions. In fact, the model dependence
largely appears from the treatment of the short-range
correlations.

As we discuss later, we evaluate the expectation values of
the following type,

2 A2
dzdr, e e, (19)

(1/r) NAZB/

2+ (r—r})?

where we assume A, ~ Aqcp and B* ~ B® + Agcp,. The
factor AgcpB and the Gaussian functions for z and r; come
from the wave functions. At large B, the range of r is
strongly limited to ~B~'/2. Here we consider the case
r = 0. If we neglect the small r, in the denominator, we
would encounter the integral

NAZ_] ~B‘|/2 d2 NAZ_] d
B / dz / dry / )
0 0 Z 0 Z

which diverges logarithmically because of the short dis-
tance singularity around z ~ 0. For such small z, the small
1/B term in » must be kept to cut off the UV contributions,
leaving

~Atdz B
1/r) ~ A, —~A, In—. 21
W~ [ Foamy. @

This perturbation grows logarithmically with I3; at very large
Bitwould induce too much attraction between a quark and an
antiquark, driving the meson unstable. Such instability,
however, has not been found in lattice simulations.

Although this observation is based on a perturbative
evaluation, it is unlikely that nonperturbative treatment of
1/r forces cures the inconsistency with the lattice results;
with such improvement the wave function should have
more concentration for smaller |, and the disagreement
would become even worse. Thus, a remedy for the
instability, if it exists, should be found already at the
evaluation in perturbative treatments.

A plausible scenario is that the running of coupling
constants tempers the growth of the attraction [43,76]. At

short distance of ~B~'/2, the typical momentum transfer is
large, and the corresponding value of «; is small. At large
B, we use the one-loop running coupling (N; = 3),

po=11-2N;/3, (22)

taking Q% ~ B. The logarithm in the denominator behaves
as ~In(B/ AéCD), which largely cancels the logarithm
appearing in (1/r). Accordingly the (1/r) does not grow
indefinitely for B> Agcp.

In this paper we parametrize the effective momentum
transfer as (A? = 8ud)

Q% = m? + m3 + A? + cpeB, (23)

and use the coupling a,(Q3%) to evaluate the short-range
interactions. We try to cover the following situations: (i) for
larger quark masses, the wave function tends to be more
compact so that Q” should be larger; (ii) for B — 0 and
small m, 5, the Q? should be characterized by the confining
scale A,, (iii)) for B> A%QCD, the momentum transfer

should be large, Q> ~ B.

Here, the parameter cp is introduced because our results
for neutral mesons, which can have very compact structures
in the transverse direction, are sensitive to which Q2 are
used. In our numerical estimates we vary cg and show how
the results are affected.

2. Color-magnetic interaction

The traditional form of the color-magnetic interaction
takes the form,

_ 32nay

Viid(r) o(r)o, - 63, (24)

9m1m2

where the 5(r) can be the usual §-function or a strongly

. . A2 52
localized function such as ~e~uv'". In momentum space,

its Fourier transform leads to ~e~4"/ A%JV, cutting off the
momenta beyond Apy.

Since the expression (24) is arranged for the low energy
regime with momentum transfer up to ~Agpy, it is not clear
whether the above parametrized form is reasonable also for
the regime of B > Ayy; here the momentum transfer in the
transverse direction can be as large as B, exceeding the
cutoff scale. Also there is a significant asymmetry between
the z- and transverse directions.

For this reason we examine the original relativistic
expression which eventually leads to Eq. (24) in a certain
limit. We start from the spin dependent term in momentum
space,

034043-4



DELINEATING NEUTRAL AND CHARGED MESONS IN ...

PHYS. REV. D 114, 034043 (2026)

V;?,la B 167za;

 3E(p1)Ex(p2) Pila) (25)

with

Pyq)=06,-6,—(q-61)(q-62)/q* (26)

Here the first factor arises from the vertices for a particle 1
and 2, g the momentum transfer, and p; , the momenta of
the particle 1 and 2. If p;, are small, one can make a
replacement, E;, — m;,, and take the spatial average
q:9; = 6; jq2 /3, with which a constant in momentum space
yields the §-function in coordinate space. Meanwhile, in the
presence of large B, the momentum transfer and typical
particle momenta are large, p7, ~ ¢* > mj,.

In order to capture the trend of large momentum transfer
while keeping the expression as simple as possible, we
consider the following compromised form,

167a;

3

VM<q) = ]:s(ml’ m2)7)s(q>’ (27)

where we introduce a form factor (ug = my> 4+ m5?)

o0 /i 1 — e~9/Hik

Fy(my.my) = Cy (28)

mymy  q*+ c,mim,

The factor Cy, and ¢,, are some factors of O(1). This form
factor behaves as 7, — 1/m;m, forq — 0 and F; — 1/¢>
for ¢ — oo, as requested. The parameter c,, is introduced
just for the second term to vanish for ¢ — 0.

In practice, we need to compute the following expect-
ation value,

Valn) = [ WP [ vy, @9
r q
For the ground state, the wave function is |y (r)[>~

A2
A,Be7% e, and we find

2
q7 2

(Va(r)) ~ / Vil(g)e *emmianr
q
= (Vi)o1 - 65 + (Vij)oios, (30)
where (J = 1, 1I)

167a;

qg 2
o 0
/ e Mem il F P, (31)
q

1 q2 1 3q?

(Vi) =

with

The spin terms were split because the spatial wave
functions are anisotropic. At B =0 and r(i =0, one
recovers the usual expression with P; — 2/3 and Py — 0.

The major modification in the present treatment is the
behavior at large B which are improved by taking into
account the scaling E;, ~ |g| at large g. The integration
over ¢, yields a factor ~Agcp. The integration for ¢, is

divided to |g, | < m;, and m;, < |q,| < V/B. They yield

! B
(V) ~ c1Aqep + c2Agep lan, (33)
12

where ¢;, ~ O(1). As in the color-electric case, we find the
logarithmic enhancement for a large B, which is largely
canceled by using the running coupling a,(B). Thanks to
this, the perturbative corrections remain ~Aqcp.

C. Spectra at B=0

Using the parametrization in the previous sections, we
adjust the parameters to reproduce pseudoscalar mesons
(7, K) and vector mesons (p, K, ¢). The list of parameters is
summarized in Table. I. For this fitting procedure, only the
first five parameters (m,, 4, m;, 4, Agcp, Cpy) are important;
the parameter c¢,, has a minor impact while the term with cp
becomes important only at large B. When we optimize the
parameters, we first fix Agcp = 0.250 GeV for g, and then
consider the range which we believe to be physically
reasonable; m, ;= 0.25-0.35 GeV, m; = 0.40-0.55 GeV,
213 =0.10-0.25 GeV, and C); = 0.1-3.0. Using Agcp =
0.20 GeV or 0.30 GeV affects details of the optimization but
does not change the overall trend.

In Table. II, we examine various contributions to the
spectra by sequentially adding interactions; starting with
the sum of constituent quark masses, we add confining
interactions (4-conf), Coulomb (+CE), and color-magnetic
(+CM) interactions. It is important to notice that the kinetic
energy is large because confinement forces quark wave
function to be compact. This kinetic energy is largely
canceled by the Coulomb interaction, leaving the spectra

TABLE I. Comparison of calculated and experimental meson
masses (in GeV) with model parameters. To reproduce the spectra
of (z,K,p, K., ), the first five parameters are important; mean-
while details of c,, are not very important, and the term with cp is
activated only at finite B.

Value Eq. Comment
my, g 0.264 [GeV]
my 0.425 [GeV]
/3 0.170 [GeV] 17) Confining force
Agcep 0.250 [GeV] (22) Running a;
Cy 1.22 (28) Color-magnetic force
Cm 0.100 (28) Color-magnetic force
Cp 0.1-1.0 (23) Q? at finite B
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TABLE II. Calculated masses include contributions from con-
stituent masses (m; + m,), confinement (4conf), Coulomb
(+CE), and color-magnetic (+CM) interactions. Experimental
values are taken from the Particle Data Group (PDG). Model
results for pseudoscalar meson 7, = s5 are also shown.

my +m, +conf +CE Total (+CM) Exp.(PDG)
Tz 0.528 0.937 0.610 0.147 0.140
p 0.528 0.937 0.610 0.764 0.775
K 0.689 1.06 0.805 0.486 0.494
K* 0.689 1.06 0.805 0.911 0.892
1y 0.850 1.17 0.946 0.698 —
¢ 0.850 1.17 0.946 1.03 1.019

close to the sum of constituent quark masses. Finally, the
color-magnetic interaction splits the spectra into the low-
and high-lying modes. In the following sections, we will
delineate how these trends are affected by large magnetic
fields.

IV. NEUTRAL MESONS

In this section we discuss the properties of neutral
mesons, setting ¢ = —e| = e,. As mentioned, the total
pseudomomentum is conserved. Moreover K% and Ky
commute with each other. It is instructive to express KCg in
terms of the guiding centers,

K=Y eBxX;=-B,x(X,-X,), (34)
12

where we introduced a notation B, = ¢gB. This means that
the distance between two guiding centers, X| — X, is
conserved, so that we expect the impact of interactions to
appear to be (V) ~ V(X — X,).

Below we choose coordinates as

iMmir;
R:ZT, p=r,—r, (35)

with M = m; + m,. The corresponding momenta are

PR:Di,

i

m m
p,= _ﬁzpl + Mlpz (36)

We decompose our leading order Hamiltonian into the
following pieces,

H0:M+HZ+HJ_+VE+Hspin’ (37)

where

P2 2)2
2M 2u
(I} )?
H), = e
];2 2mj
4 o
Ve= =3 r—r
Pz J’_:OJ_
B, (65 ©5
Hg=— (L -—2 V- 38
spin D) (ml m2> +Vu ( )

The most nontrivial part is the treatment of H |, and we will
rewrite it shortly. After deriving the eigenvalues of H,, we
construct perturbation theories for short-range interactions.

A. Transverse motions

It is convenient to label eigenstates of the Hamiltonian by
K| such that

’CRq)KL = Kl_q)KL' (39)

Then, in the symmetric gauge,

B
KR:P,%+7"><,;. (40)

The solution of the eigenvalue equation for ICy is

. B
@k (Ry,p) = exp |:1RL : <KL - 761 X ﬂ)] vk, (P)
=Rl (p), (41)

where the R -dependence is factorized. Using this form,
our eigenvalue equation for the Hamiltonian [27],

H @k (R,.p) = Ex, Pk (R,.p), (42)

can be transformed into

Heﬁf’wmp(ﬂm (p) = Ex ok, (p)- (43)

ff 1 - i - .
where H{'“™ =e7®. [ .. The explicit form is
(reduced mass: p~! = m7! + m3')

J_)2 B2 K2

Heff,temp _ (p/’ —q A 2 -

n —2” + 8u +A)pl+ M
B 1 1

B
Y (R S K)). (44
(e )G <KL

Here we have attached “temp” (temporal) since we will
rewrite it shortly for shifted variables.

This expression can be misleading, since it would give
impressions that the spectra depend on K | even in the case
of noninteracting limit, A — 0; for 4 = 0, there should be
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only two independent charged particles which yield only
quantized spectra. The present confusing expression comes
from the failure to eliminate all linear terms in dynamical
variables.

In eliminating the linear terms, shifting p by a constant is
insufficient, since the attempt to eliminate the p x K| term
yields another linear term in pj from L. We need to shift
p, and p/} at the same time, p;, —»p, +p(i and
plf - pj' +pg- This shift with constant terms does not
change the commutation relations for ppl and p | . Explicitly,
the proper shifts turn out to be

0 KxB,
Pl = o
B; +2M2
2
L (45)

2M B +2MJ’

which generate terms that cancel the K3 /2M term. One
should also notice that these shift also affect the coordinates
in Vi and Vy,; at large K |, the pY serves as a cutoff for
short-range interactions.

Now, with new variables the previous Hiff’temp is
replaced with

off _ /IKZL (1’/%)2 +B_tzzp2
OB +2MA o 2 8t
B, L 1 1
4 P ), 46
* 2 <m1 m2> (46)
where we introduced a notation
B; = B2 + 8ul. (47)

In the present expression, it is clear that K i term vanishes
for A = 0; in this case, only discrete spectra appear, as they
should.

The qualitative meaning of the K3 term becomes clearer
if we replace K2 with the guiding center coordinates,
AKX - X,)? 43
B2 +2MA  1+2Mi/B}’ (48)

At large B, this is nothing but the energy from confining
potential whose separation is specified by the conserved
distance between the guiding centers for two particles.
Note also that the limit B, — 0 reproduces the standard
K3 /2M term.

The spectra take the form

AK7 B
1 — L q 2 1
DTV T R AL

B,[£] _B,(1 1
SEen-d) o
2 | u By \my m, (49)

or equivalently,

B K% +Bq +1 {Bq +B < 1 1 >}
= - _ —_ | — —_— n
K, B2 +2MA 2u 2 |p N\m; my)|
1 8B, 11
—|—+4+B,|——— _. 50
+2[ﬂ " q(mz ml)}n G0)

From this expression, it is clear that 4 — 0 yields the
spectra of two independent charged particles. Note that the
coefficients of n, and n_ are manifestly positive definite,
and any internal excitations cost the energy of ~B. Finally
we note that there is a zero-point energy B,/2u which, in
the ground state, is largely canceled by the Zeeman energy
from the intrinsic spins.

B. Perturbative corrections and spin dependence

Using the eigenfunctions for H, + H | with the quantum
numbers n = (n,,n,,¢.), we evaluate the short-range
interactions as the first order of perturbation,

(VE)ns (Viha = (Vidu(o1 - 02) + (Vi)uoios.  (51)
These expectation values are evaluated numerically. The
electric potential may be simply added to the eigenenergy

from H, and H,. The magnetic part appears in the spin
dependent part of the Hamiltonian,

(Hgpin) :ﬁ<"_i_"_3>
spin/n 2

my - np

+ (Vida(o1-62) + (Viuoios.  (52)

Here (6, - 6,) can be diagonalized by a state with the total
spin S, and the corresponding eigenvalue is
2[S(S + 1) — 3/2]. Meanwhile, the Zeeman energy is diago-
nal only for |§ = 1,5, = £1); the Zeeman term converts
|S=0,S,=0)into |S = 1,5, = 0) and vice versa.

For |S =1, S, = £1), the spectra are
_ B 1 1
S.=+1 s s
(ECy ) = i_zq (—ml - _m2> + (Vi +Vi)n.  (53)

For §, = 0 states, we diagonalize the matrix

=3(VDa = (Vi 5 -
123_;1, <Vf>n - <Vfl>n

and find the spectra ((V{, ;) = (V{ + Vi),

(ES0), = (Vi + \/4<Vf>3, n (%) (55)
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Among all these spectra, the S, = 0 state with the energy
(E5:=0), leads to the smallest energy.

C. Spatial wave functions

Short-range interactions are numerically evaluated using
the wave functions of the unperturbed Hamiltonian. The
spatial wave functions take the forms,

;' (z.p1) =y (2)n, (P1). (56)

where each wave function is normalized to one. The wave
function in the z-direction is

Wi (2) = N Hy (20)e5, (57)
with z, = (2ul)'/*z = Az//2, a normalization constant
N, = (A/2"n,V2x)"/?, and H,_ being the Hermite
polilnomials. For the relative motion in the transverse
direction, the unperturbed wave functions for neutral
mesons take the form

o) = NR O (et (58)

where L‘,,i" is the associated Laguerre polynomials and
the normalization constant is N} = [B,n,!/2x(n, +
|£.])!]'/2. The effective transverse coordinate is pg =
p1(B,/2)"* with the parameter B, which was given
in Eq. (47).

We are interested in the modes with n, =n, =1, =0
for which H, _y = 1 and Ll Lo = 1. We use the following

nj; =
wave function,

Dy (z.p1) = ./\/',,Z./\/';‘,‘Le‘ATzzze‘%’i, (59)
to evaluate the color-electric and magnetic interactions. The
analytic structure was examined in Sec. III B.

Now we summarize the integral to be evaluated. The
expressions suitable for numerical evaluations are summa-
rized in the Appendix. B. Including the shift p(j_ ~
O(K,/B) in Eq. (45), the color-electric energy is

(n,=n, =0)
4 =0
(Vi) = = 2N, PN 2 f —
3 r /it (pL+pY)

whose qualitative trend was discussed in Sec. III B 1.
The color-magnetic energy is

(Vi) =

with (J =L II)

(Vi)o, -6, + (Vi)oios, (61)

l6ra, [ _2 7 i o
Vi)=—3— [e ™ W0FP, (62)
q

where F; and P, are given in Eqgs. (28) and (32),

respectively.

D. Spectra
Collecting the energies evaluated so far, the spectra for
neutral mesons can be written as

5.8,

Ey>(K) =M+ Eg + Eg + (Vi) + (Eg),.  (63)

We are particularly interested in the ground state energy
given by the state n =0, S = —, and S, =0,

M+<V>+K2+ st +
oM T B2+ 2Ma

B B,\?
2t Vi) - \/4<Vf>2 (3 o

The numerical evaluation is shown shortly.
We examine how the spectrum changes from weak to
strong magnetic fields. We set K = 0. At B =0,

EE0(0) =M + (Vi)B °+§\/§’1 3(V§)B=0. (65)

At B> Ajcps

2

1
Egs(K) 5 ;

B>N\2 1 /22
Egs *P(0) =M + (Vi) + 31/ e (Vi) (66)

where O(1/B) terms are dropped.

The ground state spectra of uit, ds, and s5 mesons for
K = 0 are shown in Fig. 2. Except for a small enhancement
at small B, the ground state energies substantially decrease
from their vacuum values.

To understand this behavior, it is instructive to switch off
the short-range interactions by setting a, — 0 (Fig. 2,
dashed lines). With increasing B, the zero-point energy
of the transverse motion and the Zeeman energy largely
cancel, so the energy at large B reduces as

3 22 1 22 B,—-B
Y e e 1, (67)
2\ 2\ u 2u

where B, — B, ~ ul/B, is negligible at large B. Hence the
reduction at g, = 0 may be understood as the effective
disappearance of the transverse kinetic energy. For in-
stance, the energy reduction in the large B limitis y/21/p ~
0.272(0.215) GeV for the uit (s5) meson.
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1.2

0.2 VvV —

0.0

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
leB| [GeV?]

FIG. 2. Magnetic field dependence of the ground state energies
for ui, ds, and s5 mesons for K = 0. The solid and dotted lines
represent calculations with and without short-range interactions
[a,(Qp) #0 and a; =0]. For Qp, we use the expression
with ¢ = 1.0.

Now we switch on the short-range interactions, see
Figs. 2 and 3 for uii, ds, and s5 spectra. Their impact
sensitively depend on our choice of Q2 in the running
coupling a,(Q?), as we have emphasized in Sec. Il B. If
we neglect the running of a, at a small transverse distance
of ~B~1/2, the energy reduction caused by the short-range
interactions becomes too large (see the dotted lines in
Fig. 3); the spectrum in the ui channel becomes even

— uu with as(QB)ch:LO

0.8t 03:0'5-2'0 —— ds with as(QB)‘(:B:LO

E, [GeV]

0.0

0.00 0.25 050 075 1.00 1.25 1.50 1.75 2.00
leB| [GeV?]

FIG. 3. Ground-state energy levels of uii, ds, and 55 mesons as
functions of |eB|, with the running coupling a,(Qp) and K = 0.
The colored bands represent the uncertainty originating from the
scale parameter cp € [0.5,2.0], where the solid lines denote the
central value, cz = 1.0. A smaller cp yields more mass reduction.
For comparison, the results for a constant coupling (correspond-
ing to cz = 0) are indicated with the dotted curves. The data
points are taken from the lattice QCD results reported in
Ref. [51].

1.0

0.81

0.4r

Eg(K 1) [GeV]

0.2}

0.0 02 0.4 0.6 0.8 1.0

KJ_ [GGV]

FIG.4. The ground-state energies for the uit meson as functions
of transverse momentum K |, for various |eB|. At larger B, the
spectra become more insensitive to the value of K. cg = 1.0 is
chosen.

unstable. This too large reduction in the mass is tempered
by using a, with Q> ~ B. While it is sensible to set Q> ~ B,
we do not know precisely the numerical coefficient in front
of B. For this reason we vary the parameter cg for Q% in
Eq. (23) for the range to be compatible with the lattice
results. In Fig. 3, the band for the range ¢z €[0.5,2.0] is
shown to display the impact of our choice on Qp. Lighter
mesons are more sensitive to QOp.

Finally we take a look at the ground-state energy for the
un meson at finite transverse momentum K, which is
related to the distance between the two guiding centers as
|X| ~ |K ,|/B,. The energy shift at finite p , originates from
two competing factors: (i) a reduction in the transverse
center-of-mass kinetic energy [Eq. (48)], and (ii) an energy
penalty arising from the weakened short-range attraction at
finite p | . The results are shown in Fig. 4. As the magnetic
field B increases, the energy dependence on K| becomes
less pronounced. In the limit of B — oo, the energy
becomes independent of K | , reflecting the effective dimen-
sional reduction in the energy spectra.

V. CHARGED MESONS

For charged mesons, the analyses of the spectra are much
more involved. /Cp is conserved as in the neutral meson
case, but the x- and y-components do not commute,
[KC%, K%] # 0. Below we choose the eigenvalue of K to
label the eigenstates of the Hamiltonian. We look for the
eigenstates of Kj,

K%(I)KX — KX(I)K.:' (68)
We expect a charged meson to circulate in a closed orbit

with which the spectra should be quantized. Meanwhile,
the eigenvalue equation for K} seems to yield a continuous
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eigenvalue K,. Combining these observations, we expect
that the spectra become independent of K,, making the
spectra discrete. We confirm this expectation shortly.

A. Transverse motions

For charged systems in coordinates R and r, the
pseudomomentum takes the form (in the symmetric gauge),

B
Kr=Pr+ 7% (erR +e,p), (69)

where we write

eymy — en,
ey ="t (70)

We look for the eigenfunctions of K. The equation to be
solved is

.0 B
_la—Rx_§<eRRy + eﬂp}‘) (I)](X = KXCDKI' (71)

The solution takes the form

2
= gy (Ry.p). (72)

. B
q)KX (R’p> =¢&xp le Kx +_<eRRy + epPy) Pk, (R)’p)

As we have done for the neutral meson case, we convert

£,
Hiltemp(ﬂKx (Ry»ﬂ) = Eg ¢k, (Ry,p), (74)

where HS™ = ¢7®k H | ¢k,
In the Hamiltonian, the K, comes out when we act Py on
the phase ©.. We look at IT; (j =1, 2)

. . m; B
e_le)c ngel(ﬁ)(. = MJ [Kx + BeRRy + PJICQ] + Ee/)py
B Bu
=1 |Pp +§epRy +§M9pr , (75)
where #7; = —n, = 1. Now we consider a constant shift of

the operators R, and p; as

e
LK

K,
R, = R, ——* e
Y i 2€R

: . (76
Bex (76)

Py = Dyt
with which the K, term disappears

A . m; B
" Ie® — —7 [BegR, + Py + 5 eop,

. B B u
_ﬂj pp+§epRy+§Mepr . (77)

The other terms in the Hamiltonian do not contain K, terms
and are unaffected by the above constant shifts. Hence, we
verified that the spectra are independent of the value of K.
For this reason, below we no longer attach the subscript K,

Hch)KX (Ry,ﬂ) = EKXCDKX(pr)? (73) to the energy and states.
After some calculations including the above-mentioned
into shifts, we arrive at
|
off _ (Py)? (Beg)? (Be/’>2 2 (P/%)z p(Beg)? (Be/’)z szepeR 1 1 2
HY' = + Ry + + >—t+4+ - ———1|P1
2M 2M 8u 2u 8M 8u aM my  m
Bep Be, (1 1 3(Be,)? 5B%ege, (Be))? (1 1 Be Be
_ K A L? — P 2 r_ P - R. _/’R x _ P P,
J{ w2 <m1 mzﬂ P T em T | T am 4 \omy Ty ) |1 T P T g PR

The terms in the first two lines are axially symmetric and
can be analytically diagonalized. The complication comes
from the third line which is not axially symmetric. The full
Hamiltonian contains anisotropic terms and the coupling
between the center-of-mass and internal motion. In
principle one can diagonalize analytically but the ex-
pression is too complicated. We first consider the ¢, = 0
case for which we can derive the spectra analytically.
Then, we derive the full spectra numerically.

B. Analytic insights: e, =0 case

The e, = 0 case corresponds to m; = m, = M/2 and
e; = e, = ep/2, which are not realized in physical mesonic
systems. (For diquarks made of identical quarks, this con-
dition can be satisfied [79].) But it is still useful to study this
case as a baseline to diagnose a more general ¢, # 0 case.

The energy spectra take the form

Envi (K.)) =M+ E§ + Eni + (Vi) + (Eg),.  (79)
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The short-range potentials are evaluated using the eigen-
functions of Hy. The Hamiltonian at e, = 0 is

Py)?  (Beg)?
HL:( R R RZ
0 oM + oM Y
2 1\2 B 2
L 205)  [(Bey)
M 32M

Be
H]pi Denys (s0)

which yields the following spectrum,

BeR BR BeR
1 — —_—
(81)

or equivalently,

Be
(Eri)o = 5or g + 1)
B Be
oy (e T e+ 1) =y =), (82)
where

Br = \/(Beg)* + 32Ma. (83)

The angular momentum in a meson tends to cancel the
zero-point energy from the kinetic motion. At large B,
states with £, > 0 are almost degenerate with a small
splitting due to By — Bep ~ AM/B. Thus, at large B, there
are many low energy excitations with £, > 0.

There are also contributions from the spin-dependent
term (Eg)n The spin term is diagonalized by (S, S.),

Be
(B Dn0 = =2 Se + (Vi) 2S(S +1) = 3]

+ 4 Vi), 5755 (84)

Atlarge B, the ground state is given by the § = §, = 1 state
in which the Zeeman energy exactly cancels the zero-point
energy from the center-of-mass motion and almost com-
pletely cancels that from the relative motion.

The low-lying spectra which are insensitive to B are
given by ng = n, = 0 modes with £, > 0,

=n,=0 =0 :
E;’:zo =M+ EnKZ=0 + (Ve + VIY+H>n,:O,t’Z

BR - BeR
+ 2R (1), (85)

The main findings from this special setup for large B are:
(i) for Z, > 0, the orbital kinetic energy and Zeeman energy
tends to cancel, leaving small excitation energies of ~1/B

which vanish for noninteracting limit, 4 — 0; (ii) the zero-
point energy of the center-of-mass motion cancels exactly

with the half of the Zeeman energy; (iii) the zero-point
energy of the relative-motion largely cancels with the half
of the Zeeman energy; (iv) in the limit of 4 — 0, the energy
levels of £, > 0 are all degenerate.

C. Perturbative expansion with respect to e,

For general cases of e; # e, and m; # m,, the expres-
sions become complicated. Still, if ¢ = e¢; — ¢, and om =
my — m, can be regarded as small, one can analytically
compute corrections to the e, = 0 results. The e, may be
expressed as

__egdm e
“=om "2 (86)

which is the sum of de and dm corrections. In the light
quark sector, the former is a good approximation, and the
latter may be regarded as the 1/N. corrections, since
eyq = (£1+1/N,)/2; for charged combinations (u,d)
and (d, it), the charge difference is 6e = ¢/N..

Computing to the second order of these perturbations,
we find the correction to the ground-state energy at large B,
with the quanta ng =n, =7, =0and S = S, = 1, is (for
details, see Appendix. A)

IEAY) £ 3\2
sprn—o _ _ (B [ G=2) G+
=0 2M BR+B€R BR+3BeR
Be: 2410  85m2A
STy P Syt (87)
4Mer & M~Begé

where & = [1 + 32MA/(Beg)?]'/*. In the limit of B — oo,
the scaling of parameters is Bz — Beg, £ — 1. In this limit
the terms of O(B) cancel, leaving

SEF 3"~ 0(2/B) (B~ ). (88)

Hence the insensitivity of the ground-state energy to B, as
seen for the e, = 0 case, remains valid to O(8e?, 5m?). This
conclusion holds also for #, > 0 with ny = n, = 0. This
result indicates that for general cases with e b # 0, the overall
trend of the spectra remains similar as the e, = 0 cases.

D. General spectra for e, # 0

The full Hamiltonian for the transverse kinetic term takes
a complicated form and we derive the spectra numerically.
What we need is the eigenfrequencies and the correspond-
ing wave functions which are utilized to compute the
expectation values of the short-range interactions.

1. Eigenfrequencies

First we define X = (p,. py. Ry, p}. pp, Py) and write the
Hamiltonian as
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1
HY' =S XiAiX),  Aij=Aji (89)

The commutation relations for X’s are

. 0 I
[X“XJ] - 1Jij7 J - |:_13 0:|, (90)

where J is the fundamental symplectic matrix. Our goal is
to convert the Hamiltonian into the form

3

1
HT = w, <b£ba +§>, (91)

a=1

with the constraint [ba,b;] = 0,p. and find the relation
between X and (b, b"),

Xi = Tian l; = (blﬂbZ’b%bI’b;b;)' (92)

We can also express the commutation relation as
[by. 15,;] = J,. This imposes the condition iJ = TJT"
which is satisfied in our ordering of operators in 5. The
rest is the normalization of overall coefficients.

To find the spectra, we examine the Heisenberg equation,

X, = i[H. X, ] = (JA);X;. (93)

We consider a linear transformation X, = V,,X, with
V_l (JA)V = dlag(/ll s ﬂz, ey j‘ﬁ)’

i(l = A’(IX(I - X(l(z‘) = eiatj‘((l(o)' (94)

We note that, if some component has the eigenvalue 4,,
there is also a component having the eigenvalue —1,. We

further note that X}; has the eigenvalue A;,. These conditions
are fulfilled for 1, = iw, so that 4}, = —1,. Now we can set

X125 = (b1, b, b3), Xys6=(b].b5.bY),  (95)

where X,_; and X,_¢ have the eigenvalues —iw,_; and
iw|_3, respectively, and the matrix V turns out to be the
matrix 7 in Eq. (92). These frequencies are nothing but
those in Eq. (91). Now Eq. (91) satisfies the time evolution,

ba([) — e—iw,,tba — eiHil‘l'zbae—iHiﬂ't,
: + Creff, s pyeff
bj,(l‘) = elvalp] — il 'hie iH¢ s (96)

as requested in Eq. (94).

2. Wave functions

To find the ground state wave functions for the transverse
Hamiltonian, we look for the state such that

bol0.) =ToiXi[01) =0.  (a=1.2.3). (97)

Writing x, = (p,.R,) and p, = (p,, P}), this takes the
form

(95}

Z(faﬁxﬂ + 9apPp)|01L) =0, (98)
5=

where fo5 = T and goy = T}, 3 are 3 x 3 matrices. The
form of the solution is

1
(x|0,) = N exp [— ExaMaﬂxﬂ:| ) (99)

where the matrix M(= MT) can be computed as

Mop =ilg™" flap- (100)

with the normalization constant |N|> = y/det M/z,
where M = Re M. The wave functions for excited states

can be created by applying creation operators by,

3. Matrix elements

In our computations of the matrix elements, we evaluate
the expectation values of functions independent of R,. The
electric potential is (N7 = N, o\ |)

VE ( r) e—x,,M apXp —%zz

Ve = IVE [

R,.

,
2
4a T e~ T 57
—-SPwte e [ S o
r

where integrating R, renormalizes the matrix for p,

Zop = Mgy — Mﬁ*ﬁzm, (a,b=x,y). (102)
For the magnetic potential, we find (for J = I, 1I)
<w@=/W@wW@%W%
q
_ 16’3’“S /q e~ %ty F P, (103)

where F; and P, are given in Eqgs. (28) and (32),
respectively, and £ =X"'/4 4+ I__/2A%. Useful formulas
to reduce the three-dimensional integral over (z, p,,p,) to
one-dimensional integral is given in the Appendix. B.

4. Spectra

Now we examine numerical results for the ground state
spectra for ud and us mesons.
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FIG. 5. Eigenfrequencies w, (@ =1, 2, 3) for the transverse
Hamiltonian H", see Eq. (91). The ud meson is considered.
These eigenmodes are the mixtures of the center-of-mass, +, and
— modes. The level repulsion occurs around |eB| =~ 0.12 GeV?2.

We begin with the eigenfrequencies w, (@ = 1, 2, 3) of
the transverse Hamiltonian H¢T; see Eq. (91) and Fig. 5. In
the limit of e, = 0 (see Sec. V B), we have already seen the
center-of-mass motion with the energy cost ~|B|/M, and
two orbital angular motions with the magnetic moments
parallel and antiparallel to the magnetic field, with the
energy cost of ~|B|/M and ~A/|B]|, respectively. The small
energy in the latter is the consequence of the orbital
Zeeman energy that tends to cancel the zero-point energy
of the orbital motion.

At e, # 0, all these modes can mix, but the large B
behaviors are similar to the trend found in the ¢, = 0 case;
we have two energetic modes (@, and w3 modes) with the
linear dependence on B, and one low-energy mode (@,
mode) which decreases with B. Extrapolating the assign-
ment of quantum numbers for the ¢, = 0 case, one can
regard the w; mode to be dominated by the £, = +1
excitation. Meanwhile, for small B, the lowest energy mode
is dominated by the center-of-mass motion but it is
eventually dominated by one of the orbital modes. When
these modes (w; and @,) approach, the level repulsion
occurs, see ; around |eB| ~0.12 GeVZ.

Shown in Fig. 6 is the magnetic field dependence of the
ground state energies for ud and u5 mesons, with and
without short-range interactions [a,(Qp) # 0 and a, = 0].
For Qp, we chose ¢z = 1.0. For a;, = 0, as in the neutral
meson cases, the mass reduction occurs due to the effective
disappearance of the transverse zero-point energy. With the
short-range interactions added in, this trend does not
change much.

In Fig. 7, we show the ground state energies for ud and
us mesons calculated with the running a,(Qjp). The colored
bands represent the uncertainty originating from the scale
parameter cg € [0.5,2.0], where the solid lines denote the

1.2
1.0}
S S~ T e
[«5]
O 06
m%’o
0.4 —_— ud
"""" (as :O)
0.2 cp— 1.0 us
....... (g =0)
0.0

025 050 075 1.00 1.25 150 1.75 2.00
|eB] [GeV?]

FIG. 6. Magnetic field dependence of the ground state energies
for ud and u5 mesons. The solid and dotted lines represent
calculations with and without short-range interactions
(a,(Qp) #0 and a; =0). For Qp, we use the expression
with ¢z = 1.0.

results for the intermediate value, cg = 1.0. The results for
a constant «, are also shown as dotted lines. For compari-
son with lattice results, we plot the vacuum masses
multiplied by the ratio Ci%;, = m, (B)/m,(0) measured
on the lattice for m, = 0.415 GeV [56]. Since previous
lattice analyses have shown that the pion mass dependence
is mild between m, ~ 0.42 GeV and 0.81 GeV, we applied

the same ratio to the vacuum masses of m, and my,.

1.1
—_— ud witha.(QB)l =1.0
1.0 cp=0.5-2.0 5 wi : .
) — u§ with o, (Qp)|c, =10
meCrlaattio
mg, XCrlgti()
* ........................... !
f
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
leB| [GeV?]

FIG. 7. Ground-state energy levels of ud and u5 mesons as
functions of |eB|, calculated with the running coupling a,(Qp).
The colored bands represent the uncertainty originating from the
scale parameter cg € [0.5,2.0], where the solid lines denote the
results for the central value, cy = 1.0. For comparison, the results
for a constant coupling (corresponding to ¢z = 0) are indicated
with the dotted curves. We also plot the vacuum meson multiplied
by the ratio m,(B)/m,(0) measured on the lattice for m, =
0.415 GeV [56].
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FIG. 8. Same as Fig. 7, but the color-magnetic interaction is
switched off (C,; = 0). The range of ¢y for the band is shifted to
the lower values (cz = [0.1,1.5]) to explore the range for a
better fit.

Compared with the lattice data, our model calculations
seem to underestimate the mass reduction. Increasing the
value of a,, which affects both the color-electric (attractive)
and magnetic (repulsive) interactions, does not resolve the
discrepancy. One possible resolution is to assume that
the color-magnetic interaction is weaker for p and K, , at
the relatively large current quark masses used in the lattice
calculations [56]. Indeed, if we switch off the color-
magnetic interaction in our quark model (by setting
Cyr = 0), the loss of the repulsive term leads to a significant
mass reduction, bringing the resulting mass ratio into better
agreement with that obtained in the lattice calculation, as
shown in Fig. 8. At present, however, we have not yet
identified a definitive physical mechanism to explain the
significant mass reduction observed on the lattice. Further
studies are called for.

VI. SUMMARY

We studied the properties of neutral and charged mesons
within a simple constituent quark model. We first inves-
tigated how the confining potential affects the dynamics of
charged particles in magnetic fields, and then delineated the
impact of the short-range interactions. The qualitative
trends in the mass reduction of neutral and charged mesons,
as found in the lattice simulations, are reproduced. The
agreement with the lattice results can be improved to a
semiquantitative level if a proper scale for the running
coupling is chosen for the short-range interactions.

In addition to the ground-state energies, we also argue
that the transverse kinetic terms of neutral mesons have
nontrivial behavior at finite B which are substantially
different from those obtained by extrapolating from a
hadronic effective Lagrangian at B = 0 [20,24,25]. The
impact of transverse momenta is suppressed by a factor of

~1/B, and hence at large B there are many low-energy
states. This may be interpreted as an effective dimensional
reduction of the meson dynamics. Similar trends can be
found for charged mesons with excitations of #, > 0. In a
hadron resonance gas with these low-lying mesons, thermal
contributions at low temperature are significantly
enhanced, and this trend is consistent with the findings
on the lattice [57].

In this study we found that the details of the running of
a, are crucial for quantitative description of the hadronic
spectra within the present framework, especially for states
with the spatially compact wave functions. Unfortunately
our choice of Q7 remains largely heuristic and should be
improved by more rigorous arguments [80]. Also, quanti-
tatively, our description of charged mesons are not sat-
isfactory. Considering the sensitivity of hadronic spectra to
the choice of «;, the B-dependence of the hadronic spectra
should allow us to gain more insights on the running of a;
at the hadronic scale.

As mentioned in the Introduction, this work is aimed to
establish a reasonable (qualitative) baseline to study multi-
quark systems and hadronic matter in magnetic fields. In
subsequent papers, we discuss hadronic scattering at large
B and how such scattering processes can be used to
describe multiquark systems. These results provide a useful
framework for understanding hadronic dynamics in strong
magnetic fields.
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APPENDIX A: PERTURBATIVE EVALUATION

To compute the corrections to the analytic expression in
the e, =0 (see Sec. V), we split the Hamiltonian by
classifying terms by the order of e,

H" =H§ + H{ + Hy +---. (A1)
Below the reduced mass is expanded as p~! = 4M~'+
4sm*M=3 +---, and  my' —my! = —45m/M? + - - -.
Explicitly,
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PR)?  (Beg)?
HJ_ :( R R R2
Y oM
2(1’ (Be )2 Bep
Alpt ——=L%, (A2
M+[32M+pL om b (A2)
is O(eY), and
2Be, 5B%ege Be,
i = =3 Roph + 5 R = g b (A9
is O(e}), and
(Be,)? 26m?
(Be,)*  Bege,dm _(Beg)*sm’ p
2M 4M> M |t
3(Be,)* , 2Be,s
_3(Be,)” , 2Be,bm . (A4)

8M mM* "

is regarded as O(e%). Finally, we also split the Zeeman
term as

elB €2B
H, — z z
Zm 2m1 m, 1T 2m2 2m, 2
Beg

Be
= ZM( ?+0§)+Vp(07—05)

Be,om
- ](42 (65 +05) + O (6m*),

(AS)

where the first, second, and third terms correspond to
0(€9), O(e}), and O(e3), respectively.
For the transverse Hamiltonian of O(e,), the first-order
perturbation is
(HE) =0, (A6)
so that the corrections start from O(e?).
correction to the nth level is as

The O(e3)

(n|Hi|n') (n'|Hi |n)
(Eng)y =
2 (E’”)

= 81Ent + 8,Ent + 8y ymEnt.

+ (n|Hy |n)
wn (Eng)o =

(A7)

To evaluate p, Py, Ry py and p,R, in Hf, it is convenient to
use the creation and annihilation operators

1 Be
R, = b+b"),  Py=—i\/—2(b—-b' A8
y \/m( + ) R 2( ) ( )

1 , . |K
pPi = \/72_’((61,- + aj)v p;) = _1\/;(ai - aj—)’ (Ag)

where i = x, y and k = Begu/2M.

For perturbation treatments for (p,.p;), it is useful to
label the unperturbed states by (., n_) which is related to
(n.,¢.) by ni=n,+(|¢,|£¢,)/2. The first order

Hamiltonian is (7, = —n, = 1)
.Be, E S 1
HL >_~Tly_ = Tb'f
! ZMZ{z 2¢ J“f
Be & S5np; 1
——— ab’ + (Hec. Al0
2M |:2 2£+§ J +( C)’ ( )

where & = [1 + 32MA/(Beg)?]"/*.

For the ground state, only a;b+ type terms yield non-
zero contributions. The )b’ increases the quanta
(ny,n_,ng) = (n, +1,n_,ng+ 1) with the excitation
energy,

An, =1 BeR BR—BER
EAnR:I ZW—FT, (All)

while the alb’ increases the quanta (n.,n_,ng) —
(ny,n_+1,ng + 1) with the energy

an -1 _ Ber B+ Beg
Fanmt =T (A12)
Hence, the energy shift 6, F for the ground state is
O i e P - NS
1+gs 2M BR —|— BeR BR + 3BeR .

Next we evaluate 0,FE. The straightforward calculations
yield

8
(nilpin.) = Bexl: (ny+n_+1),
Begé?
(01 1(pfPlm) = =5 (44 1),
1
(ng|R3|ng) = m(an +1). (Al4)
The corresponding energy shift is
Be: £24+10 2Be,om  85m?A
0 E. = 2 2 , Al5
TS T AMey &2 M2E M7Berd (A13)

where we used & —1 =32M1/(Beg)?. Including the
corrections to the Zeeman energy, the results are summa-
rized as
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(Be,* [ G=%7 G+

01 By = — ,
1%es 2M BR +B€R BR+3B€R
5 E. — 2 2410 2Be,om  85m*) ,
& dMey £ MPE | MPBepd
P 2Be,6m (A16)
2,Zmi=gs — M2§2 ’
where & = [1 +32MA/(Beg)?]"/* and we have used &* —

1 = 32MJ/(Beg)* in computations of 5,E,

In the limit of B — oo, the scaling of parameters is
Bg = Beg, & — 1. The perturbative corrections of O(Be3)
are assembled to cancel,

11Be;
51Eg - — s
4M8R
52E,, 11Bep 2Be,6m
2P 7 AMey, M*
2Be,6m
52,ZrnEgs - = M2 (A17)

and hence the B-dependence appears only through
O(MA/B?).

APPENDIX B: FORMULAS FOR MATRIX
ELEMENTS

For perturbative evaluation of short-range potentials for
neutral and charged mesons, here we summarize some
useful formulas. We begin with

oo e_s(fz""az)

dsﬁ (B1)

1
NEET

In computations of Vg, the three-dimensional integral is
reduced to the one-dimensional integral,
e—xTZx

12| = | ——
E[] rlx_x0|

/ o ds
0 VS Jr
s2x] (Z+sI) ™ xg—sx}

e~x Zr—s(x=—xo)*

© - ze
s :
/s det(Z + sT)

For the magnetic potential, we encounter the following
types of integrals,

(B2)

- - 1 wiY)
ME) = / e a7 = L, (B3)
0 q 87[3/2 VdetX

—q,3 —ig, 1)

- e 9a=arqp—19 1T
IOM[A] :/ 2 2
g 9 +m

/ —sm 0
B4)
37 (
8 \/det(E + sI
where
w(r)) = e )= (BS)
We also compute the integral
3 L
]ﬁ” 2] = / e—4"Sq-iq, 1 %
:_T ds/ =4 Zq—sq’~iq 1
a w(r
T 0%, 3/2/ ek (56)
jj O J0 det(Z + s7)
and
2
Mg _/ —q"Eq—iq, 1) > 1 q_
! p ¢ +m’q’
— /oo dt/e—qTZq 1(g*+m?)—ug*—iq -+,
0 q
:__ dS/ dt/e q" [E+sl)qg—tm®—iq, -r
0 q

p / (1-
g ds .
" 0A; 87 Jy m?,/det(E + s1)

In particular, when A is diagonal,

]M[i} _ W(r(j_)

0 1 1
- ds = _ ., (BS)
167°/? A Ljjts 1:[ Vgt s

0 0 1= e—smz 1
Mg wry) / ds —— . (B9
[ ] 16”3/2 § mZ(zu + S) : /ikk T ( )

With these formulas and setting ¥ = ¥ + p21, we com-
pute the integrals appearing in the magnetic energy as

—aTSa—ia  1°
goz/e q'2q lqulj:s
q

B
myny

+ I [E] - IY'E. (B10)
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612

= [ edSg-ig g 9

g/_/eqzq TE
q

q
mME
:mﬂy[z] — M5, (B11)
The magnetic energy can be written as
167a; s o0 Fy 2 8ra
(Vi) = ;’“‘ / e1"Saig. 7" (1+%> = ’;“‘ (Go +G-). (B12)
q
167a; F 3¢? 8rag
(Vi) = /e qTZq—u.urﬂ7 (1 _%> = (Go —3G.) (B13)
q
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