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Nonglobal logarithms are low energy correlations between the substructure of a jet and the event in
which it is immersed. We study the leading nonglobal logarithms that arise from soft quark-antiquark
emission and calculate their coefficient as a series in the jet radius, R, in arbitrary processes. We calculate
the exact coefficient through quadratic order in R, and show that this truncation is within 5% of the
complete result for radii up to R ¼ 1. These quark flavor-dependent nonglobal logarithms are also
responsible for the infrared unsafety of a naïve definition of jet flavor that is simply the net sum of quark
flavors in the jet of interest. We propose a small modification of this naïve jet flavor that we call subtractive
jet flavor in which the problematic soft logarithms are explicitly subtracted. We further demonstrate how
our analytic results can be interfaced with automated numerical fixed-order codes to extract subtractive jet
flavor cross sections.
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I. INTRODUCTION

Jets, collimated streams of high energy particles pro-
duced in collider experiments, are manifestations of quan-
tum chromodynamics (QCD). Because of the property of
asymptotic freedom, jets are proxies for the physics at short
distances and through their observable particles, encode
information of the initiating particle or particles. With this
in mind, significant effort has been devoted to development
of observables that are sensitive to and can isolate proper-
ties of jets, and distinguish different classes of jets [1–7].
Though identified as localized regions on the celestial

sphere or in a detector experiment, jets do not exist in
isolation. Jets are simply part of a complete collision event,
and can exhibit correlations between the particles that
compose their substructure and the rest of the event. The
effect of some of these correlations are well understood, like
global momentum conservation, but there are other, more
subtle sources of correlations that spoil the simple picture
that a jet can always be mapped to a unique progenitor.
Because QCD is a weakly coupled gauge theory, the
dominant emissions in a jet are hard and collinear to the
jet’s core, or soft and emitted at wide angles. In particular,
these soft emissions can split further into additional soft and
wide angle emissions, and one of those daughter emissions
can land in the jet of interest and the other outside of it.

These leading soft correlations between the inside of a jet
and the rest of the event in which it is immersed are referred
to as nonglobal logarithms [8], as they exist exclusively
because a jet’s region is not the entire event.
The study of leading nonglobal logarithms has a rather

long history, and are generated by strongly ordered soft
gluon emission. Typically, one considers the scenario in
which a measurement is made on the particles in the jet of
interest, but is sufficiently inclusive over activity outside of
the jet. In this scenario, the evolution equation for non-
global logarithms is nonlinear [9], which greatly compli-
cates a general, all-orders analysis. Nevertheless, there have
been several efforts to calculate these leading nonglobal
logarithms to high orders in perturbation theory [10–14], at
subleading logarithmic accuracy [15–17], or beyond the
leading-color approximation [18–20].
These studies of nonglobal logarithms have typically

been restricted to an evolution that exclusively produces
gluons, but this is not all that can happen. At subleading
accuracy, a soft gluon can be emitted that subsequently
splits into a soft quark-antiquark pair. One of the quarks can
then land in the jet, and the other outside. However, because
of angular momentum or fermion number conservation,
there is no enhancement of the matrix element when a
single quark becomes soft, and so nonglobal logarithms
from soft quark emission are subdominant. A detailed study
of the nonglobal logarithms from soft quark-antiquark
emission is necessary for a precision understanding of a
jet’s structure and substructure. In the context of hemi-
sphere jets produced at a lepton collider, the leading quark-
antiquark nonglobal logarithms have long been known
[21,22], but their generalization to jets in arbitrary proc-
esses has not been studied thoroughly.
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Additionally, there has recently been renewed interest in
robust definitions of jet flavor, theoretically well-defined
techniques for classifying jets as flavors of quarks or as a
gluon [23–29]. Jet flavor is especially relevant for making
predictions for heavy flavor production, to be able to match
and compare a calculation to what is actually measured
in experiment, e.g., a first study in Ref. [30]. In QCD
perturbation theory, the simplest such definition of jet flavor
that one could imagine is to sum together the individual
flavors of quarks that land in the jet of interest. This
definition is well defined at leading and next-to-leading
order, but fails beginning at next-to-next-to-leading order,
when there are two additional emissions in the event [23]. As
they carry no quark flavor, gluon emissions never affect the
flavor label of a jet, but at next-to-next-to-leading order, there
exist soft quark emissions that can. A soft quark-antiquark
pair can be emitted, with one of the quarks landing in the jet,
and the other outside. This soft quark changes the flavor sum
of the particles in the jet, and further the soft quark can be
arbitrarily low energy. As such, this naïve flavor sum suffers
from infrared divergences, and lacks the property of infrared
and collinear (IRC) safety, necessary to ensure predictability
within perturbation theory.
Both a detailed study of nonglobal logarithms and a

robust jet flavor definition motivate understanding the
distribution of soft quark emissions. In this paper, we
bring together these two directions, employing calculations
of the nonglobal logarithms from soft quark-antiquark
emission for establishing an infrared safe jet flavor defi-
nition. To the goal of understanding nonglobal logarithms,
we approach the problem in generality, at leading power in
the soft limit for the emission of a soft quark and antiquark.
The most commonly used jet algorithm at the Large Hadron
Collider (LHC) is the anti-kT algorithm [31], and in the soft
limit, it reduces to a simple angular cut on the soft particles
about the hard jet core. We consider an arbitrary configu-
ration of jets in the event, and calculate possible nonglobal
logarithms emitted from any color dipole.
The probability that a soft quark lands in (or not) a jet

depends on the size of that jet, as quantified by its radius R.
Calculating the complete jet radius dependence in the
nonglobal logarithms is almost certainly not analytically
tractable. However, we are able to calculate order-by-order
in powers of R, and explicitly present exact expressions
through order R2. We compare these exact, though of
truncated accuracy, results to numerical integration on the
complete phase space and show that they agree to within
5% for all R ≤ 1, and to better than 1% for R≲ 0.5.
Therefore, these simplified expressions are likely suffi-
ciently accurate for precision jet studies in which nonglobal
logarithms are present.
With our calculations of nonglobal logarithms in hand,

we can then use them to define jet flavor. Specifically, we
propose a subtractive jet flavor algorithm in which we
determine the net quark flavor of the jet, just as with naïve

jet flavor, however, only those particles with sufficiently
high energy contribute. In the limit that the appropriate
energy cut on the particles in the jet is lowered, the
probabilities for any individual jet flavor are dominated
by exactly these soft quark-antiquark nonglobal logarithms.
To define an infrared safe jet flavor when completely
inclusive over all particles in the jet, we then simply
subtract off the divergences, subtracting off the flavor-
dependent nonglobal logarithms. While we are at present
unable to make high-precision predictions with this flavor
algorithm, we demonstrate the procedure through auto-
mated fixed-order event generation.
The outline of this paper is as follows. In Sec. II, we

introduce flavor-dependent nonglobal logarithms, and our
procedure for calculating them as a series in the jet radius
R. We present compact, analytic expressions for the non-
global logarithms in a jet produced in eþe− → dijets,
pp → V þ jet, and pp → dijets events, where V is an
electroweak boson. In Sec. III, we revisit naïve jet flavor and
present the subtractive jet flavor algorithm, given our results
on nonglobal logarithms. We demonstrate how this algo-
rithm works at next-to-next-to-leading order, and show that
our analytic formulas agree well with the nonglobal loga-
rithms in pp → Wþbuū events, as generated in MadGraph

[32]. In Sec. IV, we present some ideas about how the
subtractive jet flavor can apply at all orders in perturbation
theory, and correspondingly how it can be applied on a
realistic jet consisting of an arbitrary number of particles. We
conclude in Sec. V, summarizing our results and looking
forward to more applications. Appendices contain some
additional results necessary for practical implementation of
the subtractive jet flavor algorithm.

II. CALCULATING NONGLOBAL LOGARITHMS
AS A SERIES IN THE JET RADIUS

Our goal will be to calculate the leading, flavor-depen-
dent nonglobal logarithms as a series in the jet radius, R.
We will consider the case in which a soft qq̄ pair is emitted
from the hard jets in the event, one of the quarks lies in the
jet, and the other lies outside the jet. Further, we make a
measurement of some infrared safe observable τ on the jet
of interest, which constrains the energy of the soft quarks.
Note that the observable we measure on the jet for this
situation does not need to be collinear safe, as all possible
collinear divergences are regulated by the jet requirements.
This configuration we consider is illustrated in Fig. 1.
Given this set-up, the master formula for this calculation is

σð2Þqq̄;NGLðτÞ≡
Z

dΠqq̄jMqq̄j2Θðτ̂ðΠqq̄Þ − τÞΘjet: ð1Þ

Here, we have defined the cumulative cross section for
measuring the observable τ on soft qq̄ phase space Πqq̄ with
squared matrix element jMqq̄j2. To isolate the nonglobal
configuration, we must enforce a jet clustering constraintΘjet
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that forces one of the soft quarks to lie in the jet of interest,
and the other to be outside. We will define or review each
component in this master formula in the following.
Concretely, we will exclusively consider jet finding with

the anti-kT algorithm [31], so that our results can be directly
applied to results from experiments at the LHC. The
pairwise clustering metric of anti-kT at a hadron collider is

dij ¼ min ½p−2⊥;i; p
−2⊥;j�

ðϕi − ϕjÞ2 þ ðηi − ηjÞ2
R2

; ð2Þ

while the metric between a particle i and the beams is

diB ¼ p−2⊥;i; ð3Þ

where R is the jet radius, p⊥ is the momentum transverse to
the beam, ϕ is the azimuthal angle about the beam, and η is
the pseudorapidity along the beam. To extract soft loga-
rithms, we work to leading power in the energy or trans-
verse momentum of the soft qq̄ pair. Jet clustering proceeds
ordered from smallest pairwise metric dij up, summing
together particles’ four momenta, until the beam distance is
the smallest. At this point, all particles that have been
summed together form a jet with characteristic radius R.
Note that the anti-kT metric is minimized when the trans-
verse momenta are large. Two soft particles would have
very large clustering metric dij, and so are not clustered.

Thus, the constraint that one quark lies in the jet, near a
highly energetic particle, and the other lies outside the jet
reduces to exclusively an angular constraint. Specifically,
the in-jet/out-of-jet restriction is simply

Θjet ¼ ΘðR2 − ðηJ − η1Þ2 − ðϕJ − ϕ1Þ2Þ
× ΘððηJ − η2Þ2 þ ðϕJ − ϕ2Þ2 − R2Þ; ð4Þ

where the soft quark and antiquark are labeled as 1 and/or 2,
and the jet of interest is J.
As mentioned above, because we restrict the soft quarks

to not lie in the same jet, there are no collinear divergences.
Additionally, there is no strongly ordered soft limit because
quark number is conserved. Therefore, the simplest pos-
sible observable that regulates the soft divergence is to
measure one of the quark or antiquark’s transverse momen-
tum. As we have focused on a jet of interest J, we will
ignore everything outside of it, and measure the transverse
momentum of the soft particle that lies in the jet. The
observable τ is then

τ̂ðΠqq̄Þ ¼ p⊥;1: ð5Þ
Our observable constraint is to simply require a lower bound
on the transverse momentum in the jet, p⊥;1 > p⊥;cut.

1

Phase space for two soft particles has no momentum
conservation constraints, so takes the form
Z

dΠqq̄ ¼
Z

ddp1

ð2πÞd
ddp2

ð2πÞd 2πδðp
2
1Þ2πδðp2

2Þ

¼ 1

4ð2πÞ6−4ϵ
Z

dη1p1−2ϵ⊥;1 dp⊥;1dϕ1sin−2ϵϕ1

× dη2p1−2ϵ⊥;2 dp⊥;2dϕ2sin−2ϵϕ2; ð6Þ

in dimensional regularization, with d ¼ 4 − 2ϵ. In the MS
scheme in which we work, we also will ignore factors of
ð4πÞϵ in the following. The squared matrix element for soft
emission of a qq̄ pair is

jMqq̄j2 ≡ ð4πμ2ϵαsÞ2TRσhard
Xn
i;j¼1

I ijðp1; p2Þ: ð7Þ

Here, σhard is the hard cross section describing the prob-
ability of the configuration of n hard particles in the event,
TR ¼ 1=2 is the normalization of the fundamental repre-
sentation of SU(3) color, and μ is the renormalization scale.
The soft matrix element describing emission from dipole ij
is [33]

I ijðp1; p2Þ ¼ Ti · Tj
ðni · p1Þðnj · p2Þ þ ðnj · p1Þðni · p2Þ − ðni · njÞðp1 · p2Þ

ðp1 · p2Þ2½ni · ðp1 þ p2Þ�½nj · ðp1 þ p2Þ�
: ð8Þ

FIG. 1. Illustration of the configuration we study in this paper in
which nonglobal logarithms from soft quark emission appear. All
particles in the jet of interest are red, and the jet’s region in the
experiment is the dashed cone. A soft gluon is emitted, which
subsequently splits to a quark q and antiquark q̄ pair. The quark
lands in the jet, while the antiquark does not.

1This constraint can be generalized to any IRC safe observable. To the order that we work, all that is affected is the argument of the
soft logarithm, modified from p⊥;cut to the general τ.
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ni ¼ ð1; n̂iÞ is a four-vector for hard particle i, where n̂i is a unit three-vector in the direction of particle i.
Putting these pieces together, our master formula is

σð2Þqq̄;NGLðp⊥;cutÞ ¼
�
αs
2π

�
2 μ4ϵTR

ð2πÞ2 σhard
Xn
i;j¼1

Ti · Tj

Z
dη1p1−2ϵ⊥;1 dp⊥;1dϕ1sin−2ϵϕ1dη2p1−2ϵ⊥;2 dp⊥;2dϕ2sin−2ϵϕ2

×
ðni · p1Þðnj · p2Þ þ ðnj · p1Þðni · p2Þ − ðni · njÞðp1 · p2Þ

ðp1 · p2Þ2½ni · ðp1 þ p2Þ�½nj · ðp1 þ p2Þ�
× ΘðR2 − ðηJ − η1Þ2 − ðϕJ − ϕ1Þ2ÞΘððηJ − η2Þ2 þ ðϕJ − ϕ2Þ2 − R2ÞΘðp⊥;1 − p⊥;cutÞ: ð9Þ

The transverse momenta of both soft quarks can be integrated over. Making the change of variables

p⊥;1 ¼ p; p⊥;2 ¼ up; ð10Þ

the integral is homogeneous in p

σð2Þqq̄;NGLðp⊥;cutÞ ¼
�
αs
2π

�
2 μ4ϵTR

ð2πÞ2 σhard
Xn
i;j¼1

Ti · Tj

Z
dη1

dp
p1þ4ϵ dϕ1sin−2ϵϕ1dη2u−2ϵdudϕ2sin−2ϵϕ2

×
ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðp̃1 · p̃2Þ2½ni · ðp̃1 þ up̃2Þ�½nj · ðp̃1 þ up̃2Þ�
× ΘðR2 − ðηJ − η1Þ2 − ðϕJ − ϕ1Þ2ÞΘððηJ − η2Þ2 þ ðϕJ − ϕ2Þ2 − R2ÞΘðp − p⊥;cutÞ

¼
�
αs
2π

�
2
�

μ2

p2⊥;cut

�
2ϵ TR

ð2πÞ2
σhard
4ϵ

Xn
i;j¼1

Ti · Tj

Z
dη1dϕ1sin−2ϵϕ1dη2u−2ϵdudϕ2sin−2ϵϕ2

×
ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðp̃1 · p̃2Þ2½ni · ðp̃1 þ up̃2Þ�½nj · ðp̃1 þ up̃2Þ�
× ΘðR2 − ðηJ − η1Þ2 − ðϕJ − ϕ1Þ2ÞΘððηJ − η2Þ2 þ ðϕJ − ϕ2Þ2 − R2Þ: ð11Þ

In this final expression, we have introduced the dimensionless vectors p̃ for the soft quarks, which is just their four-vector
stripped of the overall transverse momentum factor

p̃ ¼ ðcosh η; cosϕ; sinϕ; sinh ηÞ: ð12Þ

Further, note that the integrals that remain are completely finite because of the jet restriction, so we can set ϵ ¼ 0 within the
integral. We then have

σð2Þqq̄;NGLðp⊥;cutÞ ¼
�
αs
2π

�
2
�

μ2

p2⊥;cut

�
2ϵ TR

ð2πÞ2
σhard
4ϵ

Xn
i;j¼1

Ti · Tj

Z
dη1dϕ1dη2dϕ2du

×
ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðp̃1 · p̃2Þ2½ni · ðp̃1 þ up̃2Þ�½nj · ðp̃1 þ up̃2Þ�
× ΘðR2 − ðηJ − η1Þ2 − ðϕJ − ϕ1Þ2ÞΘððηJ − η2Þ2 þ ðϕJ − ϕ2Þ2 − R2Þ: ð13Þ

The integral over the transverse momentum ratio u can also be done. The result depends on the structure of the dipole,
where

Z
du

ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ
ðp̃1 · p̃2Þ2½ni · ðp̃1 þ up̃2Þ�½nj · ðp̃1 þ up̃2Þ�

¼
8<
:

2T2
i

ðp̃1·p̃2Þ2 ; if i ¼ j

Ti · Tj
ðni·p̃1Þðnj·p̃2Þþðnj·p̃1Þðni·p̃2Þ−ðni·njÞðp̃1·p̃2Þ

ðp̃1·p̃2Þ2½ðni·p̃1Þðnj·p̃2Þ−ðnj·p̃1Þðni·p̃2Þ� log ðni·p̃1Þðnj·p̃2Þ
ðnj·p̃1Þðni·p̃2Þ ; if i ≠ j

ð14Þ
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By color conservation, we note that

Xn
i¼1

T2
i ¼ −2

X
1≤i<j≤n

Ti · Tj; ð15Þ

so these results can be combined into a single term where

σð2Þqq̄;NGLðp⊥;cutÞ ¼
�
αs
2π

�
2
�

μ2

p2⊥;cut

�
2ϵ TR

2π2
σhard
4ϵ

X
1≤i<j≤n

Ti · Tj

Z
dη1dϕ1dη2dϕ2

×
1

ðp̃1 · p̃2Þ2
�ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðni · p̃1Þðnj · p̃2Þ − ðnj · p̃1Þðni · p̃2Þ
log

ðni · p̃1Þðnj · p̃2Þ
ðnj · p̃1Þðni · p̃2Þ

− 2

�

× ΘðR2 − ðηJ − η1Þ2 − ðϕJ − ϕ1Þ2ÞΘððηJ − η2Þ2 þ ðϕJ − ϕ2Þ2 − R2Þ: ð16Þ
Before working to evaluate the angular integrals, there are a few simplifications that can be exploited. First, note that the

matrix element is invariant to rescalings of the unit four-vectors ni and nj. Also, the integration measure is invariant to
translations in both pseudorapidity (boosts along the beam) and azimuth (rotations about the beam). Therefore, for
evaluation of this soft function, we can boost all hard jets to the frame in which the jet of interest lies at ηJ ¼ ϕJ ¼ 0. The
cross section then simplifies to

σð2Þqq̄;NGLðp⊥;cutÞ ¼
�
αs
2π

�
2
�

μ2

p2⊥;cut

�
2ϵ TR

2π2
σhard
4ϵ

X
1≤i<j≤n

Ti · Tj

Z
dη1dϕ1dη2dϕ2

×
1

ðp̃1 · p̃2Þ2
�ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðni · p̃1Þðnj · p̃2Þ − ðnj · p̃1Þðni · p̃2Þ
log

ðni · p̃1Þðnj · p̃2Þ
ðnj · p̃1Þðni · p̃2Þ

− 2

�

× ΘðR2 − η21 − ϕ2
1ÞΘðη22 þ ϕ2

2 − R2Þ: ð17Þ
For explicit calculations that follow, we also note that the dot products in the integrand are

p̃1 · p̃2 ¼ coshðη1 − η2Þ − cosðϕ1 − ϕ2Þ; ni · p̃ ∝ coshðη − ηiÞ − cosðϕ − ϕiÞ: ð18Þ
Also, in what follows, it will be helpful to have a compact notation for the integrand, so we repurpose the soft matrix
element, where

I ijðp̃1; p̃2Þ≡ Ti · Tj

ðp̃1 · p̃2Þ2
�ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðni · p̃1Þðnj · p̃2Þ − ðnj · p̃1Þðni · p̃2Þ
log

ðni · p̃1Þðnj · p̃2Þ
ðnj · p̃1Þðni · p̃2Þ

− 2

�
: ð19Þ

A. Correlations between the jet of interest and another jet

Now, there are two possibilities for the evaluation of this integral. First, one of jets i or j could be the jet of interest, J, or
both i and j could be other jets in the event. We will consider the case when i ¼ J, say, first, and in the following section
study the (more complicated) case of when i; j ≠ J. Our goal will be to calculate the cross section through second order in
the jet radius,OðR2Þ. Wewill do this through two steps. First, we will expand the matrix element I ijðp̃1; p̃2Þ in the collinear
limit, where we assume that both p̃1 and p̃2 are an angle of order R from the jet of interest. Second, while quark 1 is required
to be close to the jet of interest, quark 2 is not, so we construct the contribution when quark 2 is a large angle from the jet of
interest. Then, the total contribution is simply their sum.
We start with the expansion in the collinear limit. To isolate this region, we rescale all angular coordinates by the jet

radius R, where

η1 → Rη1; ϕ1 → Rϕ1; ð20Þ

η2 → Rη2; ϕ2 → Rϕ2: ð21Þ
Then, with this rescaling, we expand the matrix element through order-R−2, where

IJAðRη1; Rϕ1; Rη2; Rϕ2Þ ¼ R−4I ðcoll;0Þ
JA ðη1;ϕ1; η2;ϕ2Þ þ R−2I ðcoll;2Þ

JA ðη1;ϕ1; η2;ϕ2Þ þOðR0Þ: ð22Þ
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Here, A denotes any other jet in the event. Note that the integration measure scales like R4, so expansion through this order
ensures terms through an overall cross section scaling of R2 are captured. The leading collinear matrix element is rather
simple, where

I ðcoll;0Þ
JA ðη1;ϕ1; η2;ϕ2Þ ¼

8TJ · TA

ððη1 − η2Þ2 þ ðϕ1 − ϕ2Þ2Þ2
�

η1η2 þ ϕ1ϕ2

η21 − η22 þ ϕ2
1 − ϕ2

2

log
η21 þ ϕ2

1

η22 þ ϕ2
2

− 1

�
; ð23Þ

and in particular, note that it is independent of the direction of the other jet A. The subleading collinear matrix element,

I ðcoll;2Þ
JA ðη1;ϕ1; η2;ϕ2Þ, by contrast, is not so simple, so we will not write it down here explicitly. However, the integral over

them is rather simple, and we find
Z

dη1dϕ1dη2dϕ2½I ðcoll; 0Þ
JA ðη1;ϕ1; η2;ϕ2Þ þ I ðcoll; 2Þ

JA ðη1;ϕ1; η2;ϕ2Þ�ΘðR2 − η21 − ϕ2
1ÞΘðη22 þ ϕ2

2 − R2Þ

¼ TJ · TA

�
4

3
π2 −

8

9
π4 þ 4R2 þ π2

3
R2 − 2π2R2

cosϕA

cosh ηA − cosϕA
þOðR4Þ

�
: ð24Þ

Now, we turn to the contribution from the region when quark 2 is an order-1 angle from the jet of interest, assuming
R ≪ 1. This region can be isolated by rescaling only quark 1’s direction

η1 → Rη1; ϕ1 → Rϕ1; ð25Þ
in the matrix element. However, we also need to eliminate the double counting from the collinear region already calculated,
so we subtract the collinear matrix elements with the same scaling. That is, the matrix element for a wide-angle quark 2 is

I ðwideÞ
JA ðη1;ϕ1; η2;ϕ2Þ≡ IJAðRη1; Rϕ1; η2;ϕ2Þ − I ðcoll;0Þ

JA ðRη1; Rϕ1; η2;ϕ2Þ − I ðcoll;2Þ
JA ðRη1; Rϕ1; η2;ϕ2Þ

¼ I ðwide;0Þ
JA ðη2;ϕ2Þ þOðR2Þ: ð26Þ

Note that here we need to expand to order-R0 because the integration measure with this scaling is itself order-R2. Further,
because this matrix element scales like R0, it is necessarily independent of the (small) coordinates η1;ϕ1. This subtracted
matrix element is also very simple, where

I ðwide;0Þ
JA ðη2;ϕ2Þ ¼ TJ · TA

�
8

ðη22 þ ϕ2
2Þ2

−
4

3

η22 − ϕ2
2

ðη22 þ ϕ2
2Þ2

−
2

ðcosh η2 − cosϕ2Þ2
�
: ð27Þ

Its integral over all of particle 2 phase space is

πR2

Z
dη2dϕ2I

ðwide;0Þ
JA ðη2;ϕ2Þ ¼ TJ · TA

�
−4R2 −

4

3
π2R2

�
: ð28Þ

Now, putting these pieces together, the complete contribution to the nonglobal cross section from correlations between
the jet of interest J and another jet A is

Z
dη1dϕ1dη2dϕ2IJAðη1;ϕ1; η2;ϕ2ÞΘðR2 − η21 − ϕ2

1ÞΘðη22 þ ϕ2
2 − R2Þ

¼ TJ · TA

�
4

3
π2 −

8

9
π4 − π2R2

cosh ηA þ cosϕA

cosh ηA − cosϕA
þOðR4Þ

�
: ð29Þ

This can be cast in an invariant way, in terms of dot products of direction vectors of the jets. We equivalently have
Z

dη1dϕ1dη2dϕ2IJAðη1;ϕ1; η2;ϕ2ÞΘðR2 − η21 − ϕ2
1ÞΘðη22 þ ϕ2

2 − R2Þ

¼ TJ · TA

�
4

3
π2 −

8

9
π4 − π2R2

n̄J · nA
nJ · nA

þOðR4Þ
�
: ð30Þ

where n̄J ¼ ð1;−n̂JÞ, so that nJ · n̄J ¼ 2.
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B. Correlations between two other jets

We now turn our attention to evaluation of the angular integrals from the dipole consisting of jets A and B, which are both
distinct from the jet of interest, J. As earlier, we consider the collinear expansion, and then the region when quark 2 is
emitted at wide angle. Performing the rescalings established earlier, the collinear matrix element is

IABðRη1; Rϕ1; Rη2; Rϕ2Þ ¼ R−2I ðcoll;0Þ
AB ðη1;ϕ1; η2;ϕ2Þ þOðR0Þ: ð31Þ

Note that now, there is no contribution at order-R−4 because other jets in the event are assumed to lie an order-1 angle from
one another. Additionally, while this expansion is simple enough to take, the resulting matrix element is extremely
unwieldy, and we have not been able to find a compact expression for it. As such, we will not write it down here.
Nevertheless, its integral over phase space does simplify nicely, whereZ

dη1dϕ1dη2dϕ2I
ðcoll;0Þ
AB ðη1;ϕ1; η2;ϕ2ÞΘðR2 − η21 − ϕ2

1ÞΘðη22 þ ϕ2
2 − R2Þ

¼ TA · TB

�
4

3
π2

nA · nB
ðnA · nJÞðnB · nJÞ

�
R2 log

R2

4π2
− R2

�

þ 16

3
π2R2

ℜ
h
sinh2

�
ηA−iϕA

2

�
sinh2

�
ηB−iϕB

2

�
sinh2

�
ηA−ηBþiðϕA−ϕBÞ

2

�i
ðcosh ηA − cosϕAÞ2ðcosh ηB − cosϕBÞ2

þOðR4Þ
�
: ð32Þ

On the second line, the result has been expressed in a coordinate-independent way, while on the third line, we have not found a
coordinate-independent way to express it, and so explicit η;ϕ dependence is presented. Here, ℜ denotes the real part.
For the wide-angle contribution, constructing this matrix element is rather easy. Because jets A and B are a wide-angle

from jet J themselves, to leading power in the small angle limit for quark 1, we simply set its direction to be exactly along
the jet of interest, p̃1 ¼ nJ. To eliminate double counting with the collinear region, we then subtract the collinear matrix

element I ðcoll;0Þ
AB ðp̃1; p̃2Þ, with the same identification for quark 1. That is, the wide angle matrix element for this dipole is

I ðwide;0Þ
AB ðp̃1; p̃2Þ ¼ IABðp̃1 ¼ nJ; p̃2Þ − I ðcoll;0Þ

AB ðp̃1 ¼ nJ; p̃2Þ: ð33Þ
The collinear subtraction matrix element can be integrated on phase space and expressed as an explicit function of all three
relevant jet angular coordinates, J, A and B, using standard symbolic integration software (i.e.,Mathematica). However, this
completely general expression is again unwieldy, so will not be written here explicitly.
By contrast, we were unable to evaluate the integral over IABðp̃1 ¼ nJ; p̃2Þ with the native routines in Mathematica.

However, studying the integral more closely, it can be evaluated. Let us write down the relevant integral, where

πR2

Z
dη2dϕ2IABðp̃1 ¼ nJ; p̃2Þ

¼ πR2

Z
dη2dϕ2

TA ·TB

ðnJ · p̃2Þ2
�ðnA · nJÞðnB · p̃2Þ þ ðnB · nJÞðnA · p̃2Þ− ðnA · nBÞðnJ · p̃2Þ

ðnA · nJÞðnB · p̃2Þ− ðnB · nJÞðnA · p̃2Þ
log

ðnA · nJÞðnB · p̃2Þ
ðnB · nJÞðnA · p̃2Þ

− 2

�
: ð34Þ

The overall factor of πR2 is the area of the jet of interest, where quark 1 lies. The integrand, as written, is technically
divergent (hence the need for the collinear subtraction), but this is a bit of a distraction. The divergence can be regulated by
making any cutoff on integration variables in the region around η2;ϕ2 → 0. Performing the same cutoff prescription on the
collinear subtraction then ensures that the result is independent of the cutoff. What we will do here is to integrate over all
ϕ2 ∈ ½0; 2πÞ, but restrict jη2j > R. Note that this expression is already at order-R2, and so any contribution from the missing
region is further suppressed by R, and beyond our approximation.
Then, with this regularization, the integral is

πR2

Z
dη2dϕ2IABðp̃1 ¼ nJ; p̃2Þ

¼ πR2

Z
jη2j>R

dη2

Z
2π

0

dϕ2

TA · TB

ðnJ · p̃2Þ2

×

�ðnA · nJÞðnB · p̃2Þ þ ðnB · nJÞðnA · p̃2Þ − ðnA · nBÞðnJ · p̃2Þ
ðnA · nJÞðnB · p̃2Þ − ðnB · nJÞðnA · p̃2Þ

log
ðnA · nJÞðnB · p̃2Þ
ðnB · nJÞðnA · p̃2Þ

− 2

�
: ð35Þ

We can then change variables from ϕ2 to complex z, where
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z ¼ eiϕ2 ; ð36Þ
and perform the contour integral about the unit circle. The
nonanalytic structure inside the unit circle is rather simple in
this case. First, there is only a single pole located at
z� ¼ min½eη2 ; e−η2 �, which comes from the overall factor
1=ðnJ · p̃2Þ2. Next, there are two branch cuts from the
logarithms logðnA · p̃2Þ and logðnB · p̃2Þ. These branch cuts
live on the line segments zA;cut ∈ ½0; eiϕA min½eη2−ηA ; e−η2þηA ��
and zB;cut ∈ ½0; eiϕB min½eη2−ηB ; e−η2þηB ��, respectively. The
nonanalytic structure and contour on the z plane we consider
are displayed in Fig. 2. Evaluating the corresponding residues
or integrals along the branch cuts is straightforward, and
can be done analytically. The integral over η2 can then be
correspondingly evaluated; however, again, the final expres-
sion we find is horribly unwieldy and we have not been able
to simplify it, so we do not report it here.
Instead, we will present results for two relevant, simple

cases for the orientation of the jets A and B. First, we
consider A and B to be the colliding beams, which live at
pseudorapidity �∞. The matrix element for this configu-
ration is very simple, where

I ðbeamsÞ
AB ðp̃1 ¼ nJ; p̃2Þ

¼ 2TA · TB

ðcosh η2 − cosϕ2Þ2
�
cosϕ2

sinh η2
η2 − 1

�
: ð37Þ

The integral of the wide-angle matrix element for the beams correlation is

πR2

Z
dη2dϕ2½I ðbeamsÞ

AB ðp̃1 ¼ nJ; p̃2Þ − I ðbeams;coll;0Þ
AB ðp̃1 ¼ nJ; p̃2Þ�

¼ TA · TB

�
−
64

9
π2R2 þ 8

3
π2R2 logð4π2Þ

�
: ð38Þ

The second configuration we consider is between a beam A, at, say, pseudorapidity þ∞, and a second jet J2, back-to-
back in the transverse plane of the jet of interest, J. This second jet then lives at ϕJ2 ¼ π, with arbitrary pseudorapidity ηJ2.
The corresponding matrix element is

I ðbeam-jet2Þ
AJ2

ðp̃1¼nJ;p̃2Þ

¼ TA ·TJ2

ðcoshη2−cosϕ2Þ2
�
coshðη2−ηJ2Þþcosϕ2þðcoshηJ2 þ1Þe−η2 −e−ηJ2 ðcoshη2−cosϕ2Þ

coshðη2−ηJ2Þþcosϕ2−ðcoshηJ2 þ1Þe−η2 log
coshðη2−ηJ2Þþcosϕ2

ðcoshηJ2 þ1Þe−η2 −2

�
:

ð39Þ

Its collinear-subtracted integral over phase space is

πR2

Z
dη2dϕ2½I ðbeam-jet2Þ

AJ2
ðp̃1 ¼ nJ; p̃2Þ − I ðbeam-jet2;coll;0Þ

AJ2
ðp̃1 ¼ nJ; p̃2Þ�

¼ TA · TJ2e
−ηJ2 sech2

ηJ2
2

�
−
16

9
π2R2 −

4

3
π2R2 log

�
1þ eηJ2

2

�
þ 2

3
π2R2 log π2

�
: ð40Þ

As discussed above, this integral can be evaluated by contour integration.

FIG. 2. Illustration of the nonanalytic structure within the
contour (solid black) about the unit circle in the complex
z¼eiϕ2 plane. There is a pole located at z� ¼ min½e−η2 ; eη2 �
(cross) and logarithmic branch cuts (dashed) along
the line segments zA;cut ∈ ½0; eiϕA min½eη2−ηA ; e−η2þηA �� and
zB;cut ∈ ½0; eiϕB min½eη2−ηB ; e−η2þηB ��.
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With these results, we can then combine them to present the beam-beam and beam-jet contributions. Combining with
Eq. (32), we have

Z
dη1dϕ1dη2dϕ2I

ðbeamsÞ
AB ðp̃1; p̃2ÞΘðR2 − η21 − ϕ2

1ÞΘðη22 þ ϕ2
2 − R2Þ

¼ TA · TB

�
−
76

9
π2R2 þ 8

3
π2R2 logR2 þOðR4Þ

�
; ð41Þ

for the correlations between the two beams. For the correlation between a beam and the jet back-to-back from the jet of
interest, we find

Z
dη1dϕ1dη2dϕ2I

ðbeam-jetÞ
AJ2

ðp̃1; p̃2ÞΘðR2 − η21 − ϕ2
1ÞΘðη22 þ ϕ2

2 − R2Þ

¼ TA · TJ2e
−ηJ2 sech2

ηJ2
2

�
−
19

9
π2R2 −

4

3
π2R2 log ð1þ eηJ2 Þ þ 2

3
π2R2 logR2 þOðR4Þ

�
: ð42Þ

These two configurations enable evaluation of the flavor-dependent nonglobal logarithms to one- and two-jet processes.
Note also that Eq. (42) agrees with Eq. (41) when the jet J2 becomes the other beam, ηJ2 → −∞.

C. Nonglobal logarithms in three different events

Given these general results, we will apply them to evaluating the flavor-dependent nonglobal logarithms in three different
classes of events. We again note that the bare contribution to the cross section from soft quark emission split across the jet
boundary is

σð2Þqq̄;NGLðp⊥;cutÞ ¼
�
αs
2π

�
2
�

μ2

p2⊥;cut

�
2ϵ TR

2π2
σhard
4ϵ

X
1≤i<j≤n

Ti · Tj

Z
dη1dϕ1dη2dϕ2

×
1

ðp̃1 · p̃2Þ2
�ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðni · p̃1Þðnj · p̃2Þ − ðnj · p̃1Þðni · p̃2Þ
log

ðni · p̃1Þðnj · p̃2Þ
ðnj · p̃1Þðni · p̃2Þ

− 2

�

× ΘðR2 − η21 − ϕ2
1ÞΘðη22 þ ϕ2

2 − R2Þ: ð43Þ

This exhibits an explicit soft divergence in dimensional regularization, but this will be subtracted when combined with the
appropriate virtual contributions. We will thus focus on the renormalized soft cross section

σð2Þqq̄;NGLðp⊥;cutÞ ¼ σhard

�
αs
2π

�
2 TR

2π2
log

μ

p⊥;cut

X
1≤i<j≤n

Ti · Tj

Z
dη1dϕ1dη2dϕ2

×
1

ðp̃1 · p̃2Þ2
�ðni · p̃1Þðnj · p̃2Þ þ ðnj · p̃1Þðni · p̃2Þ − ðni · njÞðp̃1 · p̃2Þ

ðni · p̃1Þðnj · p̃2Þ − ðnj · p̃1Þðni · p̃2Þ
log

ðni · p̃1Þðnj · p̃2Þ
ðnj · p̃1Þðni · p̃2Þ

− 2

�

× ΘðR2 − η21 − ϕ2
1ÞΘðη22 þ ϕ2

2 − R2Þ; ð44Þ

where μ is the renormalization scale, and is also the scale at which the strong coupling αs is evaluated. Additionally, we note
that, as written so far, this cross section only contains the contribution from a single quark flavor, q. This point will be
important in the latter half of this paper. However, in general, one would typically consider the cross section inclusive over
all nf light quark flavors, and so this cross section should be multiplied by a factor of nf in those cases.

1. e+ e− → jj

While our general calculation was formulated for jets produced in pp collisions, our results also apply for dijet
production in eþe− collisions. Nonglobal logarithms from soft quarks split across the event hemisphere have long been
calculated [21,22], so this application is more of a check of our calculation here. In this simple case, there is only a single
dipole between the jet of interest and the other jet in the event, and further, those jets are back-to-back in the center of mass
frame. The nonglobal logarithms for this configuration are then
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σð2Þqq̄;NGLðp⊥;cutÞ

¼ σð0Þeþe−→jj

�
αs
2π

�
2

TRTJ ·TJ2 log
μ

p⊥;cut

�
2

3
−
4

9
π2þOðR4Þ

�
;

ð45Þ

where σð0Þeþe−→jj is the leading order cross section for jet
production in eþe− collisions. This agrees with known
results, and further, there are no order-R2 corrections to the
result in the collinear limit. Again, this is well known and
not surprising, as those earlier calculations used an event’s
hemispheres as jets, and so the jet radius was as large as
possible, R ¼ π=2.

2. pp → V + j

Next, we consider these nonglobal logarithms in pp →
V þ j events, where V is an electroweak boson and j is the
recoiling jet. As it is the simplest nontrivial example, we
will study this event configuration throughout the rest of
this paper, and in particular will test the analytic expression
through order-R2 for these nonglobal logarithms to the
complete numerical integral expression, as well as in event
simulation.
This event has three hard color lines, the two colliding

beams A and B and the jet of interest in the final state, J.

Summing together the various contributions from the
previous sections, we have

σð2Þqq̄;NGLðp⊥;cutÞ

¼ σð0Þpp→Vþj

�
αs
2π

�
2

TR log
μ

p⊥;cut

×

�
TA · TB

�
−
38

9
R2 þ 4

3
R2 logR2

�

þTJ · ðTA þ TBÞ
�
2

3
−
4

9
π2 −

R2

2

�
þOðR4Þ

�
; ð46Þ

where σð0Þpp→Vþj is the leading-order cross section for this
process. Using color conservation, this can be written
exclusively in terms of quadratic Casimirs of SU(3) color.
We note that

TA þ TB ¼ −TJ; ð47Þ

and

TA ·TB ¼ ðTA þTBÞ2 −T2
A −T2

B

2
¼ T2

J −T2
A −T2

B

2
: ð48Þ

The nonglobal logarithms can then be expressed as

σð2Þqq̄;NGLðp⊥;cutÞ ¼ σð0Þpp→Vþj

�
αs
2π

�
2

TR log
μ

p⊥;cut

�
ðT2

A þ T2
BÞ
�
19

9
R2 −

2

3
R2 logR2

�

þT2
J

�
−
2

3
þ 4

9
π2 −

29

18
R2 þ 2

3
R2 logR2

�
þOðR4Þ

�
: ð49Þ

3. pp → jj

From the presented general results, we are also able to construct the nonglobal logarithms for pp → jj events. As
discussed earlier, we have boosted the jet of interest along the beam line to live at 0 pseudorapidity, and rotated about the
beam to be at 0 azimuth. Therefore, at leading order by transverse momentum conservation, the second jet necessarily lies at
azimuthal angle π, but may have nonzero pseudorapidity due to a residual boost along the beams. This configuration then
indicates the necessity of convolving the leading-order cross section for pp → jj events as a function of jet pseudorapidities
with the soft matrix element, with inclusive jet selection. Such a convolution is beyond what we will consider here, but we
can express the nonglobal logarithms differential in the second jet’s pseudorapidity.
With this configuration and jet selection, we can use the result of Eq. (42) to calculate the complete expression for

nonglobal logarithms to this configuration. We have

σð2Þqq̄;NGLðp⊥;cutÞ ¼ σð0Þpp→jjðηJ2Þ
�
αs
2π

�
2

TR log
μ

p⊥;cut

�
TA · TB

�
−
38

9
R2 þ 4

3
R2 logR2

�

þ TJ · ðTA þ TBÞ
�
2

3
−
4

9
π2 −

R2

2

�
þ TJ · TJ2

�
2

3
−
4

9
π2 −

R2

2

cosh ηJ2 − 1

cosh ηJ2 þ 1

�

þ TA · TJ2e
−ηJ2 sech2

ηJ2
2

�
−
19

18
R2 −

2

3
R2 log ð1þ eηJ2 Þ þ 1

3
R2 logR2

�

þTB · TJ2e
ηJ2 sech2

ηJ2
2

�
−
19

18
R2 −

2

3
R2 log ð1þ e−ηJ2 Þ þ 1

3
R2 logR2

�
þOðR4Þ

�
; ð50Þ
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where σð0Þpp→jjðηJ2Þ is the leading-order cross section to this
process as a function of the pseudorapidity of the other jet.
Color conservation can simplify this expression, but knowl-
edge of the full color matrices are needed to completely
evaluate this expression.

D. Numerical comparisons

Given these results as an expansion in the jet radius, we
would like to determine the extent to which this truncation is
a good approximation. Naïvely, we would expect that the
approximation begins to break down for R ∼ 1 as neglected
terms of order R4 would presumably be important by then.
However, in other contexts, it has been demonstrated that a
narrow-jet or small-radius approximation remains accurate
up to R ∼ 1, see, e.g., Refs. [34–39], so the same numerical
coincidences may exist here. First, as already mentioned, the

collinear limit of the nonglobal logarithms is actually the
complete result for eþe− → jj events, and so the truncation
at order R2 is also exactly correct. For a nontrivial test, we
must then go beyond to more complicated events.
We therefore consider pp → V þ j events and will

compare our truncation to the numerical integration of
the soft qq̄ matrix element with complete phase space
restrictions. Specifically, we will compare the truncation
and numerical integration of the nonglobal logarithms
expressed in the form of Eq. (49), with quadratic
Casimirs. In this form, as the cross section must be positive,
each term must also be positive. We will separate this
complete expression into two contributions, depending on
its color structure. First, we consider the contribution
proportional to the jet’s Casimir, which can be expressed
as the integral over the matrix elements

Z
dη1dϕ1dη2dϕ2

�
−IJAðp̃1; p̃2Þ − IJBðp̃1; p̃2Þ þ

1

2
IABðp̃1; p̃2Þ

�
ΘðR2 − η21 − ϕ2

1ÞΘðη22 þ ϕ2
2 − R2Þ

⊃ T2
J

�
−
4

3
π2 þ 8

9
π4 −

29

9
π2R2 þ 4

3
π2R2 logR2 þOðR4Þ

�
: ð51Þ

Second, we consider the contribution proportional to the sum of the beams’ Casimirs, where

Z
dη1dϕ1dη2dϕ2

�
−
1

2
IABðp̃1; p̃2Þ

�
ΘðR2 − η21 − ϕ2

1ÞΘðη22 þ ϕ2
2 − R2Þ

⊃ ðT2
A þ T2

BÞ
�
38

9
π2R2 −

4

3
π2R2 logR2 þOðR4Þ

�
: ð52Þ

To perform the numerical integrals expressed in Eqs. (51) and (52), we use the implementation of the Vegas algorithm [40,41]
in Cuba 4.2 [42], for a range of jet radii R∈ ½0; 1�. We then directly compare the results of that numerical integration to the
expansions through order-R2, as written above. The results of this comparison are plotted in Fig. 3. In general, the order-R2

pp V j Non Global Logarithms: TJ
2 Term

Numerical Integration

0.0 0.2 0.4 0.6 0.8 1.0
40

50

60

70

80

Jet Radius R

N
G

L
C

oe
ffi

ci
en

t

pp V j Non Global Logarithms: TA
2 TB

2 Term

Numerical Integration

0.0 0.2 0.4 0.6 0.8 1.0
0

10

20

30

40

Jet Radius R

N
G

L
C

oe
ffi

ci
en

t

FIG. 3. Comparisons of the order-R2 truncation of the flavor-dependent nonglobal logarithms in pp → V þ j events versus the
complete contribution as calculated through numerical integration, as a function of the jet radius R. Left: the term proportional to T2

J , the
Casimir of the jet. Right: the term proportional to T2

A þ T2
B, the sum of Casimirs of the colliding beams.
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truncation agrees extremely well with the full numerical
integral, even out to R ¼ 1. In particular, the approximation
lies within 5% of the complete result for all R≲ 1, and well
within 1% for R≲ 0.5.
A rather amusing feature of these results is that the

contribution proportional to the jet’s Casimir decreases
with radius R, while the contribution proportional to the
beams’ Casimirs increases with R, such that by about
R ¼ 1, they are equal. Thus, if one just used the collinear
limit R → 0 to approximate these nonglobal logarithms for
jets with R ∼ 1, which are often used in experimental
analyses of high-mass jets, e.g., Refs. [43–47], one would
have a poor approximation of their impact on a phenom-
enological study.

III. RESURRECTING NAÏVE JET FLAVOR

Robust definitions of the partonic flavor of a jet has a
long history [23], and has seen significant interest recently
[24–28]. For jet flavor to be useful and a systematically
improvable quantity it must be in particular infrared safe,
insensitive to arbitrarily soft emissions. Collinear safety is
not strictly required, as one can define a jet’s flavor through
the leading partons produced through fragmentation, and
potential divergences can be resummed through a frag-
mentation function. In various ways, modern jet flavor
algorithms ensure infrared safety of jet flavor, and this
robustness is especially important for predicting and
measuring jets with heavy flavor.
Our purpose here will not be to review or compare jet

flavor algorithms. Instead, given the study of flavor-
dependent nonglobal logarithms, we will revisit the issues
with the most naïve jet flavor prescription and present a
simple solution. Further, we are not arguing that this simple
solution is an optimal algorithm, but rather is a baseline or
benchmark for any possible jet flavor definition. As we will
demonstrate, if nothing else, this definition of jet flavor is
simple to calculate in perturbation theory.
In QCD perturbation theory, a jet consists of a collection

of quarks and gluons. The most natural definition for the
“flavor” of the jet is simply as the sum of the flavors of all
particles in the jet. Specifically, a jet J’s flavor vector, f⃗J, is

f⃗J ≡
X
i∈ J

f⃗i; ð53Þ

where f⃗i is the flavor of parton i in the jet. Specifically, f⃗i is
an nf dimensional vector, where nf is the number of relevant

quark flavors. For a quark (antiquark) of flavor i, f⃗i is a one-
hot vector with 1 (−1) in the ith entry. If i ¼ g is a gluon,
then f⃗g ¼ 0⃗, the zero vector. A jet’s flavor vector then counts
the net flavor of each type of quark in the jet.
There are various modifications that one can make to this

general definition (like counting quark flavor mod 2 to
account for neutral hadron oscillations [29,48]), but we will

work with this definition for simplicity. This flavor defi-
nition is exactly what you would call the jet flavor at
leading-order, when the jet has only a single particle in it. At
next-to-leading order, the only possible infrared divergence
arises from soft gluon emission that subsequently lands in
the jet. However, as gluons carry no flavor, this does not and
cannot change the flavor from its leading-order assignment,
virtual and real divergences exactly cancel, and this flavor
sum is infrared safe through this order.
Starting at next-to-next-to-leading order, the picture

changes, however. Still, soft gluon emissions are irrelevant,
but now, a soft gluon can split into a soft quark-antiquark
pair. The quark, say, can land in the jet region, while the
antiquark can be outside. As the simple jet flavor sum has
no energy weighting, the quark-antiquark pair can be
arbitrarily soft and affect the jet’s flavor. As such, this
naïve jet flavor sum ceases to be infrared safe starting at
next-to-next-to-leading order [23]. This configuration of
emissions is exactly as illustrated in Fig. 1, in which flavor-
dependent nonglobal logarithms appear.

A. A subtractive jet flavor algorithm

This observation, that flavor-dependent nonglobal loga-
rithms are exactly what spoils the infrared safety of naïve jet
flavor, then presents an intriguing solution. If the infrared
divergences that plague naïve jet flavor can be isolated, then
we can explicitly subtract them given the known flavor-
dependent nonglobal logarithms. This motivates the follow-
ing algorithm as an infrared safe modification to naive jet
flavor, which we refer to as subtractive jet flavor. The
algorithm is as follows:
(1) Cluster jets in your event with any infrared and

collinear safe jet algorithm. For applications to physics
at the LHC, this is almost always the anti-kT algorithm
[31]. With applications to the LHC in mind, in the
following, we will exclusively reference quantities
appropriate for a hadron collider, but these can be
simply modified to a different collider as appropriate.

(2) On your jet of interest, compute the jet flavor, as a
function of a minimum transverse momentum cut,
p⊥;cut. That is, partons only contribute to the net jet
flavor if their transverse momentum is greater than
p⊥;cut

f⃗Jðp⊥;cutÞ≡
X
i∈ J

p⊥;i>p⊥;cut

f⃗i: ð54Þ

(3) On your event ensemble, now calculate the cross
section for jet flavor given this transverse momen-
tum cut, σf⃗Jðp⊥;cutÞ. In this cross section, as
p⊥;cut → 0, there will be logarithms that would spoil
smooth extrapolation to p⊥;cut ¼ 0. These loga-
rithms are exactly the flavor-dependent nonglobal
logarithms, σf⃗J ;NGLðp⊥;cutÞ. Define the cross section
for subtractive jet flavor (SJF) by their difference
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σSJFðf⃗JÞ≡ lim
p⊥;cut→0

½σf⃗Jðp⊥;cutÞ − σf⃗J ;NGLðp⊥;cutÞ�:

ð55Þ

This cross section is finite in the limit and is therefore
infrared safe.

In step 2., note that individual partonic energy cuts are
not collinear safe, but this is a bit of a distraction, and not a
fundamental limitation. In particular, because we take the
p⊥;cut → 0 limit, collinear divergences vanish at the end,
but may arise in intermediate steps. To eliminate them, one
can introduce an appropriate fragmentation function that
absorbs potential collinear divergences. We construct the
necessary fragmentation functions at one-loop order in the
Appendix. However, we also note that the fragmentation
functions trivialize for p⊥;cut → 0. Additionally, we note
that such intermediate collinear divergences first arise at
next-to-next-to-next-to-leading order (NNNLO) in pertur-
bation theory, where there is a gluon emission, in addition
to the soft quark-antiquark pair. At this order, there is a
single collinear divergence in this final state configuration
when the gluon is collinear to the soft quark that lies in the
jet. Therefore, the one-loop fragmentation functions can be
used to subtract the collinear divergences that arise when
imposing a finite p⊥;cut. At higher orders, fragmentation
functions at higher loops will be necessary to subtract
collinear divergences.
We additionally note that subtractive jet flavor is very

much a fixed-order flavor definition. Specifically, by
definition, possible large logarithms are explicitly sub-
tracted. This subtraction means that there are no large
logarithms that may spoil perturbative convergence and
require all-orders resummation. Therefore, potential col-
linear divergences in intermediate steps in the calculation of
the subtractive jet flavor cross section can be dealt with on a
case-by-case basis, order-by-order in perturbation theory
that one calculates. As mentioned above, this is first an
issue at NNNLO, which is beyond current state-of-the-art
precision calculations relevant for jet physics.
In a practical implementation of this procedure, one

would typically evaluate the jet flavor as a function of
p⊥;cut, for a range of small but finite and nonzero values, in
a numerical fixed-order code. We present a first analysis of
this procedure in Sec. III B using MadGraph, but it is worth
commenting on numerical limitations here. At next-to-
next-to-leading order, when this flavor definition is first
nontrivial, there are only single soft logarithms that need
to be subtracted to extract the finite limiting value as
p⊥;cut → 0. This is therefore much simpler, and corre-
spondingly much more numerically stable, than other cases
in which fixed-order codes are used to extract finite residual
contributions. For example, high-precision fixed-order
codes have long been used to extract two-loop constants
in factorization theorems for infrared and collinear safe
observables, e.g., for thrust in Ref. [49]. However, in the

case of the thrust observable for example, even the next-to-
leading order cross section as the value of thrust goes to 0 is
a fourth-order polynomial in the logarithm of the thrust, and
so a substantially more delicate cancellation is necessary to
extract the finite contribution. In Sec. III B, we demonstrate
that using the default settings in MadGraph can produce
reasonable extractions of subtractive jet flavor cross sec-
tions, even with no attempt at numerical optimization.

1. Construction through NNLO

Before applying this jet flavor definition in a concrete
application, let us observe how it works at the first
nontrivial order. Note that the subtractive flavor algorithm
is identical to naïve jet flavor at leading and next-to-leading
order, while differences first arise at next-to-next-to-leading
order. We will therefore simply enumerate all possible
parton configurations that can be present in the jet of
interest at next-to-next-to-leading order and observe how
the subtractive flavor algorithm works.
At next-to-next-to-leading order, a jet can consist of 1, 2,

or 3 particles. If the jet has 1 particle, its flavor is
unambiguous and is simply the flavor of that one particle.
If the jet has 3 particles, then there are no possible soft final
state emissions outside of the jet, so soft emissions
contribute net 0 flavor to the jet. The nontrivial case then,
is if the jet consists of 2 particles, and there is another
emission that lies outside the jet. The case when the jet
consists of two gluons is unambiguous: the jet is gluon
flavor. The interesting flavor configurations are: qg, qq̄,
and qq0, where q and q0 are quarks with q0 ≠ q̄.
With these two-particle configurations, we can enumer-

ate the possible contributions to jet flavor cross sections,
according to the transverse momenta of the relevant quarks.
We have

σð2Þg ðp⊥;cutÞ ⊃ σð2ÞðqgÞðp⊥;q < p⊥;cutÞ
þ σð2Þðqq̄Þðp⊥;q; p⊥;q̄ > p⊥;cutÞ; ð56Þ

σð2Þq ðp⊥;cutÞ ⊃ σð2ÞðqgÞðp⊥;q > p⊥;cutÞ
þ σð2Þðqq̄Þðp⊥;q̄ < p⊥;cut < p⊥;qÞ
þ σð2Þðqq0Þðp⊥;q0 < p⊥;cut < p⊥;qÞ; ð57Þ

σð2Þðqq0Þðp⊥;cutÞ ⊃ σð2Þðqq0Þðp⊥;q; p⊥;q0 > p⊥;cutÞ: ð58Þ

In these expressions, the superscript (2) denotes the order
in perturbation theory; i.e., next-to-next-to-leading order,
the subscripts of the cross sections at farthest left denote
the flavor bin, and the subscripts of the cross sections
at right denote the jet’s parton content. For example,

σð2ÞðqgÞðp⊥;q < p⊥;cutÞ is the cross section for a jet with a

quark q and a gluon g and contributes to the gluon jet flavor
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bin because the quark’s transverse momentum is sufficiently small. In these expressions, we also suppress implicit sums over
unresolved quarks for compactness.
Now, according to the subtractive flavor algorithm, we take the p⊥;cut → 0 limit of these expressions. We then have

lim
p⊥;cut→0

σð2Þg ðp⊥;cutÞ ⊃ −σð2ÞðgqÞq̄;NGLðp⊥;cutÞ þ ½σð2Þðqq̄Þðp⊥;q; p⊥;q̄ > p⊥;cutÞ − σð2Þðqq̄Þq;NGLðp⊥;cutÞ� þ σð2Þðqq̄Þq;NGLðp⊥;cutÞ; ð59Þ

lim
p⊥;cut→0

σð2Þq ðp⊥;cutÞ ⊃ ½σð2ÞðqgÞðp⊥;q > p⊥;cutÞ − σð2ÞðgqÞq̄;NGLðp⊥;cutÞ� þ σð2ÞðgqÞq̄;NGLðp⊥;cutÞ

− σð2Þðqq̄Þq;NGLðp⊥;cutÞ − σð2Þðqq0Þq̄0;NGLðp⊥;cutÞ; ð60Þ

lim
p⊥;cut→0

σð2Þðqq0Þðp⊥;cutÞ ⊃ ½σð2Þðqq0Þðp⊥;q; p⊥;q0 > p⊥;cutÞ − σð2Þðqq0Þq̄0;NGLðp⊥;cutÞ� þ σð2Þðqq0Þq̄0;NGLðp⊥;cutÞ: ð61Þ

Here, we have explicitly isolated the nonglobal logarithm contributions. In particular, the flavor subscripts denote the flavor
structure in the jet and event; for example, ðgqÞq̄means that the jet consists of a gluon g and a quark q, and outside the jet is the
antiquark q̄. In this particular form, the quantities in the square brackets are finite as p⊥;cut → 0. Further, note that all of the
explicit nonglobal logarithmic contributions, those outside the square brackets, explicitly cancel in an inclusive sum over all
individual jet flavor cross sections. Of course, this must be true, as a sufficiently inclusive cross section has no large logarithms.
Finally, to construct the subtractive jet flavor algorithm, we subtract all those bare nonglobal logarithmic contributions.

We then have

σSJFðgÞ ⊃ lim
p⊥;cut→0

½σð2Þðqq̄Þðp⊥;q; p⊥;q̄ > p⊥;cutÞ − σð2Þðqq̄Þq;NGLðp⊥;cutÞ�; ð62Þ

σSJFðqÞ ⊃ lim
p⊥;cut→0

½σð2ÞðqgÞðp⊥;q > p⊥;cutÞ − σð2ÞðgqÞq̄;NGLðp⊥;cutÞ�; ð63Þ

σSJFðqq0Þ ⊃ lim
p⊥;cut→0

½σð2Þðqq0Þðp⊥;q; p⊥;q0 > p⊥;cutÞ − σð2Þðqq0Þq̄0;NGLðp⊥;cutÞ�: ð64Þ

As constructed, all of these contributions to individual jet
flavor bins are finite. Again, these configurations are
responsible for the infrared unsafety of naïve jet flavor,
and all other contributions to the appropriate jet flavor can
be identified by simply performing the flavor sum as
discussed earlier.
One important point to note is that even after taking the

p⊥;cut → 0 limit, the infrared poles of the real emissions are
still (implicitly) present in the subtractive flavor cross
sections. However, the transverse momentum cut and limit
ensures that the real poles are associated with the correct
flavor prescriptions such that they will cancel exactly with
the corresponding virtual divergences. Additionally, there
will be finite low-scale matrix element contributions that
remain from the p⊥;cut → 0 limit that are implicit. Because
these finite contributions arise from real, soft emission, they
can be calculated once and for all and applied to a general
process, just as we calculated the nonglobal logarithms in a
general process. In a practical implementation of this
algorithm, one has to take finite values of p⊥;cut and then
extrapolate to 0. As such, these finite low-scale constants
will always be included, and one can safely just subtract off
the logarithmic divergence accordingly.

B. Subtractive jet flavor at fixed-order

To fully validate and test the subtractive flavor algorithm
requires complete predictions through next-to-next-to-lead-
ing order. While there are now several studies with these
modern flavor algorithms at this order [50–54], we will
restrict an analysis here to a sufficiently simple flavor
configuration that illustrates the subtleties with nonglobal
logarithms, but does so only at next-to-leading order.
Specifically, we will consider the process pp → Wþ þ j
at the 13 TeV LHC, and focus on the jet flavor fj ¼ ðbuÞ,
a composite flavor in which there is both a sufficiently hard
bottom and up quark. This jet flavor configuration is chosen
so that there is a single nonglobal logarithmic contribution,
from the final stateWþbuū. In particular, note that the final
state Wþbb̄u is not possible at tree level which simplifies
our analysis here.
To study this process, we generate fixed-order events in

MadGraph v3.6.4 [32] with default settings, except for what we
discuss below. By default, the bottom quark is too massive
to have a distribution in the proton, so the process pp →
Wþbu is only nonzero with a nontrivial CKM matrix. For
extraction of the nonglobal logarithms and comparison to
our calculations, we need the leading-order cross section

ANDREW J. LARKOSKI PHYS. REV. D 113, 034013 (2026)

034013-14



for the process pp → Wþb. We will further impose
a transverse momentum cut on the Wþ boson of
p⊥;W > 1000 GeV, which is inclusive over the hadronic
activity, and so is especially simple to impose at higher
orders. In MadGraph, we find the leading-order cross section
to be

σð0Þpp→Wþbðp⊥;W > 1000 GeVÞ ¼ 1.14 × 10−3 fb: ð65Þ

Numerical uncertainty on the cross section is beyond the
reported digits, and here, we will not worry about scale or
theoretical uncertainties.

1. Leading order analysis

We can calculate the leading-order cross section for
ðbuÞ flavor production in this process, as a function of the
jet radius R. With only two particles, any kT-style
algorithm [31,55–58] just imposes an angular cut on
the particles, and at this order, there are also no soft
divergences. Thus, we can calculate the cross section for
this jet with mixed-quark flavor straightforwardly. The

cross section σð1Þpp→WþðbuÞðR; p⊥;W > 1000 GeVÞ as a func-
tion of radius R is plotted in Fig. 4. Here, note that we use
the superscript (1) to denote that this is at next-to-leading
order with respect to inclusive jet production. However, this
jet flavor configuration is calculated from tree-level dia-
grams. As the matrix element is smooth in the limit that the
b and u become collinear, the leading-order cross section
for this flavor configuration decreases as the jet radius R

decreases. The particular value of the cross section here is
not so important, but will be a benchmark for higher-order
contributions to validate convergence of the perturbative
expansion.

2. Next-to-leading order analysis

At next-to-leading order, the cross section

σð2Þpp→WþðbuÞðR; p⊥;W > 1000 GeVÞ of course receives con-
tributions from virtual diagrams and real gluon emissions.
As long as the jet contains the b and u quarks, both of these
contribute exclusively to the ðbuÞ flavor cross section.
Additionally, there are two other real emission contribu-
tions to this jet flavor channel: pp → Wþbuū, as already
discussed, and pp → Wþbuc̄. This latter process has no
final state infrared or collinear divergences, and so this
flavor channel’s cross section can be evaluated from tree-
level event generation, and then appropriate jet finding with
FastJet [59], for example.
Unfortunately, accessing individual parton flavor infor-

mation in inclusive event generation at next-to-leading
order is not directly possible in many public, all-purpose
programs like MadGraph or MCFM [60].2 This will limit our
ability to make general predictions at next-to-leading order
for the cross section for generation of ðbuÞ flavored jets.
Nevertheless, with our limited goal of validating our
calculations of the flavor-dependent nonglobal logarithms,
we can approach this problem in a roundabout way, without
the need for generating exclusive events. In MadGraph, we
can easily implement cuts on the minimum or maximum
distance between the bottom quark and a light parton,
as measured by the distance ΔR2 ¼ Δη2 þ Δϕ2, where
Δη and Δϕ are the differences in pseudorapidity and
azimuthal angle, respectively. We can exploit this feature
and properties of the cross section in the soft limit to extract
the desired information.
Specifically, this enables us to calculate the fol-

lowing three cross sections for the underlying proc-
ess pp → Wþbuū:
(1) the total cross section σðp⊥ > p⊥;cutÞ for u; ū

emission anywhere, with both of their transverse
momenta to be larger than p⊥;cut,

(2) the cross section σðp⊥ > p⊥;cut;ΔR > RÞ for both
u and ū to lie at a distance ΔR > R, with both of
their transverse momenta to be larger than p⊥;cut,

(3) and the cross section σðp⊥ > p⊥;cut;ΔR < RÞ for
both u and ū to lie at a distance ΔR < R, with both
of their transverse momenta to be larger than p⊥;cut.

From these three cross sections, we can then evaluate the
cross section for the u quark to lie in the jet of radius R and
the ū to lie outside, and vice-versa, where
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FIG. 4. Plot of the leading order cross section for ðbuÞ jet flavor
from pp → Wþbu events with p⊥;W > 1000 GeV, as generated
in MadGraph v3.6.4. The jet contributes to the cross section for this
flavor if the b and u are clustered within the jet radius R.

2I thank Rikkert Frederix and Olivier Mattelaer for clarification
of accessible information in MadGraph.
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σðp⊥ > p⊥;cut;ΔRbu < R < ΔRbūÞ þ σðp⊥ > p⊥;cut;ΔRbū < R < ΔRbuÞ
¼ σðp⊥ > p⊥;cutÞ − σðp⊥ > p⊥;cut;ΔR > RÞ − σðp⊥ > p⊥;cut;ΔR < RÞ: ð66Þ

In the soft limit, the matrix element is symmetric under
u ↔ ū exchange, and so the infrared divergences of the two
cross sections σðp⊥ > p⊥;cut;ΔRbu < R < ΔRbūÞ and
σðp⊥>p⊥;cut;ΔRbū <R<ΔRbuÞ are equal, as p⊥;cut→0.
As such, we will be able to validate the nonglobal
logarithms in this process. However, the finite remainders
may not necessarily be equal, and so this procedure is not
sufficient to calculate the cross section of this contribution,
according to the subtractive flavor algorithm.
Additionally, this angular cut to the bottom quark is not

the anti-kT algorithm for arbitrary kinematics. As discussed
in the calculation of the flavor-dependent nonglobal loga-
rithms, the anti-kT algorithm does reduce to such a simple
angular cut on the soft particles about the hard particle.
However, this is another limitation of our analysis that
prohibits a complete and self-consistent prediction of the
subtractive flavor algorithm cross section. We will work to
address and solve this incompleteness in future work to
make direct predictions with the subtractive flavor algorithm.
In MadGraph, transverse momentum cuts on partons can

only be applied universally. This is in contrast to our
approach to defining and calculating the nonglobal log-
arithms, where we only measure quantities on the jet of
interest, and are ignorant as to anything outside the jet.
Specifically, in MadGraph, we can impose the constraints
p⊥;1; p⊥;2 > p⊥;cut, while in our calculation we only
imposed p⊥;1 > p⊥;cut, where particle 1 is the soft quark
that lies in the jet, and particle 2 is the soft quark outside
the jet. However, the difference between these two
constraints is beyond the logarithmic accuracy we work.
In particular, note that the difference of the constraints is

Θðp⊥;1 − p⊥;cutÞ − Θðp⊥;1 − p⊥;cutÞΘðp⊥;2 − p⊥;cutÞ
¼ Θðp⊥;1 − p⊥;cutÞΘðp⊥;cut − p⊥;2Þ: ð67Þ

With the variables we introduced in Sec. II, where

p⊥;1 ¼ p; p⊥;2 ¼ up; ð68Þ

we have to evaluate the integral over p of the form

Z
dp

p1þ4ϵΘðp − p⊥;cutÞΘðp⊥;cut − upÞ ¼ log
1

u
þOðϵÞ:

ð69Þ

The difference between the constraints we impose and what
can be imposed in MadGraph has no soft divergence, and
is therefore subleading to the logarithmic accuracy we
calculate. Therefore, the MadGraph constraints will result

in the equivalent nonglobal logarithms, to the order we
calculate.
This process has a single hard jet in the final state, so to

calculate the nonglobal logarithms that contribute to the
ðbuÞ flavor channel, we can use Eq. (49). For this final
state, the Casimir of the b jet is T2

J ¼ CF ¼ 4=3 in QCD,
while one beam must be a quark and the other a gluon.
Therefore, the sum of the Casimirs of the initial state is
T2
A þ T2

B ¼ CF þ CA, where CA ¼ 3 in QCD. With these
color factors, the nonglobal logarithms are

σð2Þuū;NGLðp⊥;cutÞ

¼ σð0Þpp→Wþb

�
αs
2π

�
2

TR log
μ

p⊥;cut

�
CA

�
19

9
R2 −

2

3
R2 logR2

�

þCF

�
−
2

3
þ 4

9
π2 þR2

2

�
þOðR4Þ

�
: ð70Þ

Not that, in particular, both terms proportional to CA and
CF increase with increasing jet radius. This expression still
contains the renormalization scale μ, which is also the scale
at which the running coupling αs is evaluated. As the
W boson’s transverse momentum is required to be larger
than 1000 GeV, this is the order of the hard scale of the
process, and therefore the natural choice for μ. Specifically,
we take μ ¼ 1000 GeV, and determine the value of αsðμÞ at
that scale through one-loop running.
With these considerations, we can test this expression for

the nonglobal logarithms to the output of MadGraph, which is
shown in Fig. 5. In these plots, results from MadGraph are
determined by the procedure of Eq. (66), for three values of
the jet radius R ¼ 0.8, 0.5, 0.2. The resulting cross section
is then plotted for various values of p⊥;cut applied on both
the u and ū. Additionally, we note that there is a collinear
singularity between the u and ū if they are both in the jet or
both are outside the jet. Therefore, we must also impose a
minimal angular cut between the u and ū in MadGraph, which
we set to be ΔRuū > 0.01. This is significantly smaller than
the jet radii we consider and in the subtraction of Eq. (66),
the collinear divergence cancels anyway. Finally, we also
maintain the numerical uncertainties on the cross section to
demonstrate some sense of the goodness-of-fit by eye, at
least.3

3While with this approach we do not need to analyze exclusive
events in MadGraph, the numerical accuracy of the cross sections
calculated by MadGraph does depend on the requested number of
events. As this is a validation and not a precision study, our results
use the default 104 events for each cross section calculated in
MadGraph.
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On these plots, we also show our prediction of Eq. (70).
Because of the inclusive cuts imposed in MadGraph, either
the u or ū is allowed to be the quark in the jet. Therefore, we
must multiply Eq. (70) by a factor of 2 to account for this
inclusivity. With default parton distributions, the value of
the strong coupling at the Z pole in MadGraph is set to be
αsðmZÞ ¼ 0.13, which is what we use and then run to the
scale μ ¼ 1000 GeV. Equation (70) also only describes the
logarithmic dependence on p⊥;cut, and residual constant
terms as p⊥;cut → 0 are not included. As such, we add a
constant off-set to the nonglobal logarithms that is deter-
mined by matching the MadGraph output. With these con-
siderations, good agreement between the output of MadGraph

and our prediction for the nonglobal logarithms is
observed. In particular, the decrease in the slope as the
jet radius decreases is matched well between our prediction
and MadGraph. On these figures, the cross sections are
plotted as a ratio to the leading order cross section for
pp → Wþb production, Eq. (65).

Again, while the cuts we imposed in MadGraph are
insufficient to make a concrete prediction for the subtrac-
tive jet flavor for anti-kT jets at next-to-leading order, it is
nevertheless interesting to observe how the procedure
would work in the case at hand. Specifically, with the
predictions for the nonglobal logarithms, the contribution
to the subtractive jet flavor cross section would be exactly
that constant offset that we fit from MadGraph. To make the
plots of Fig. 5, the constant offset cross sections that remain
after subtracting the nonglobal logarithms as p⊥;cut → 0

are:

σðR¼0.8Þ
fit ¼ −6.84 × 10−6 fb; ð71Þ

σðR¼0.5Þ
fit ¼ −5.24 × 10−6 fb; ð72Þ

σðR¼0.2Þ
fit ¼ −3.65 × 10−6 fb: ð73Þ

pp W bu Flavor NGLs, R 0.8
2 NGL p ,cut fit

MadGraph

0.5 1 5 10 50
0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

p ,cut GeV

R
at

io
to

pp W bu Flavor NGLs, R 0.5
2 NGL p ,cut fit

MadGraph

0.5 1 5 10 50
0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

p ,cut GeV

R
at

io
to

pp W bu Flavor NGLs, R 0.2
2 NGL p ,cut fit

MadGraph

0.5 1 5 10 50
0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

p ,cut GeV

R
at

io
to

FIG. 5. Plots comparing the cross sections for nonglobal quark configurations in the process pp → Wþbuū, as a function of the
transverse momentum cut p⊥;cut on the light quarks. Three values of the jet radius about the direction of the b quark are considered:
R ¼ 0.8 (upper left), R ¼ 0.5 (upper right), and R ¼ 0.2 (bottom). Cross sections calculated from MadGraph sampling 104 phase space
points are plotted in blue with numerical uncertainty included, while the solid red line is two times the nonglobal logarithm prediction of
Eq. (70), plus a constant offset cross section. All quantities are expressed as a fraction of the leading-order cross section of the process
pp → Wþb, Eq. (65).
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Note that all of these residual cross sections are negative,
suggesting that these nonglobal contributions work to reduce
the nonpartonic jet flavor assignments. Again, as discussed
earlier, to quantitatively show this requires honestly includ-
ing the correct jet algorithm, disambiguating contributions
from u versus ū flavor, and matching transverse momentum
constraints. We look forward to detailed predictions with the
subtractive flavor algorithm in future work.

IV. LOOKING TOWARD AN ALL-ORDERS
SUBTRACTIVE FLAVOR ALGORITHM

Our focus in this paper has been a fixed-order analysis
of flavor-dependent nonglobal logarithms and subtractive
jet flavor. However, in a realistic application of a flavor
algorithm, events and jets within them will consist of an
arbitrary number of particles. As such, we need to describe
how the subtractive jet flavor algorithm can be applied and
used in these cases, especially looking forward to potential
experimental applications of this procedure. Our discus-
sion here will be very limited, just to illustrate how this
might work.4

In particular, we will just consider the possible partonic
configurations for a jet to be labeled as a gluon, according
to subtractive jet flavor. Specifically, this means that all
quarks in the jet are either (1) sufficiently high energy and
paired with their antiquark, or (2) sufficiently low energy if
not paired with their antiquark inside the jet. There is some
subtlety with the issue of identical quark flavors, as we
addressed in the previous section, but for this discussion we
will ignore this. Further, a quark-antiquark pair in the jet
contributes 0 net flavor anyway, so taking the p⊥;cut → 0
limit does not matter to these quarks. So, to ensure that the
jet is labeled as gluon flavor, we only need to ensure that all
unpaired quarks are unresolved, with transverse momentum
below p⊥;cut.
With this observation, we can employ a few simplifying

assumptions to actually directly calculate the cross section
for all unpaired quarks in a jet to be unresolved. First, we
will work in the large number of quark flavors nf → ∞
limit, in which there are many individual flavors of quarks
and so a jet never has more than 1 pair of a given flavor of
quarks. This is similar to simplifications that arise in the

large number of colors limit, Nc → ∞, when considering
correlated gluon emissions. Next, we will work to leading
order in the small radius R → 0 limit. In this limit, we can
ignore contributions to nonglobal logarithms that scale as
positive powers of R. This means that the corresponding
nonglobal logarithms are universal, and only depend on the
net color of the jet of interest. With these approximations,
the cross section for the nonglobal configuration when a
quark is unresolved in the jet is

σð2Þqq̄;NGLðp⊥;cutÞ

¼ −2CAnfTRσ
ð0Þ
pp→g

�
αs
2π

�
2

log
μ

p⊥;cut

�
−
2

3
þ 4

9
π2
�
: ð74Þ

Here, σð0Þpp→g is the leading-order cross section for produc-
ing the gluon jet of interest, the factor of 2nf accounts for
any quark (or antiquark) that could land in the jet, and the
overall minus sign is because we require that the quark has
sufficiently small transverse momentum, rather than suffi-
ciently large transverse momentum.
Our assumptions actually enable us to very simply resum

the contribution from an arbitrary number of unresolved
quarks or antiquarks. With these approximations and in the
limit in which all soft quark-antiquark pairs are emitted off
of the hard jet strongly ordered in energy and collinear to
the jet direction, we can easily write down a differential
equation that describes the evolution of the nonglobal quark
flavor, as a function of p⊥;cut. As p⊥;cut is decreased by a
small amount δp⊥, there are two possibilities: either the net
quark flavor is unchanged or a new soft quark pair is
emitted (or newly resolved) that is split across the boun-
dary. As gluons carry no flavor the net quark flavor is
completely blind to arbitrary gluon emission, and so
resolved gluons do not appear in the evolution equation.
Similarly, if both quarks in a soft qq̄ pair stay in the jet or
leave the jet, the net quark flavor is also unchanged. That is,
for both gluon emission and soft quark pairs that both land
in (out of) the jet, there is exact real-virtual cancellation and
no large logarithms are generated.
These observations motivate first the finite difference

equation for the strongly ordered gluon jet flavor cross
section σðsoÞg ðp⊥;cutÞ, where

σðsoÞg ðp⊥;cut − δp⊥Þ ¼ σðsoÞg ðp⊥;cutÞ − δp⊥
2CAnfTR

�
αs
2π

�
2
�
− 2

3
þ 4

9
π2
�

p⊥;cut
σðsoÞg ðp⊥;cutÞ: ð75Þ

The first term on the right represents no new quark flavor resolved as p⊥;cut is decreased, while the second term describes
the gluon flavor cross section lost by a newly resolved nonglobal qq̄ pair in the interval ½p⊥;cut − δp⊥; p⊥;cut�. This follows
from differentiating Eq. (74). The solution of the resulting differential equation for gluon flavor with unresolved quarks split
across the jet boundary is

σðsoÞg ðp⊥;cutÞ ¼ σð0Þpp→g exp

�
−2CAnfTR

�
αs
2π

�
2

log
μ

p⊥;cut

�
−
2

3
þ 4

9
π2
��

; ð76Þ

4I thank Gavin Salam for suggesting this analysis.
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where σð0Þpp→g is the cross section for gluon jet flavor at the high scale μ. Next, according to our prescription of subtractive
jet flavor, we must subtract the nonglobal logarithm contribution to all orders. With these approximations, the nonglobal
contribution is

σðsoÞNGL;gðp⊥;cutÞ ¼ σð0Þpp→g

�
exp

�
−2CAnfTR

�
αs
2π

�
2

log
μ

p⊥;cut

�
−
2

3
þ 4

9
π2
��

− 1

	
: ð77Þ

Note that we must subtract off the first term of the
exponential because that configuration has no emitted soft
quarks and therefore also no nonglobal logarithms.
With these results, we then take the difference and the

limit that p⊥;cut → 0. The subtractive jet flavor in this limit
to all orders simplifies dramatically

σðsoÞSJF;gðp⊥;cutÞ ¼ lim
p⊥;cut→0

½σðsoÞg ðp⊥;cutÞ − σðsoÞNGL;gðp⊥;cutÞ�

¼ σð0Þpp→g: ð78Þ
The subtractive jet flavor prescription eliminates the con-
tribution from nonglobal logarithms to all orders, reducing
the gluon flavor cross section to its leading-order value.
Within these approximations, it is easy to see how higher
fixed orders can be incorporated. We just need to increase
the accuracy of the overall cross section, and identify the
nonglobal logarithms to all orders appropriately.
From general arguments for the all-orders structure of

cumulative cross sections of infrared and collinear safe
observables [61], we can write the general cross section
for gluon flavor when all large logarithms of p⊥;cut are
resummed as

σgðp⊥;cutÞ ¼ CðαsÞR
�
αs;αs log

μ

p⊥;cut

�
þDðp⊥;cutÞ: ð79Þ

In this expression, all large logarithms of p⊥;cut are
resummed in Rðαs; αs log μ

p⊥;cut
Þ. This also has the limiting

behavior that

lim
p⊥;cut→0

R

�
αs; αs log

μ

p⊥;cut

�
¼ 0; ð80Þ

and it has the perturbative expansion

R

�
αs; αs log

μ

p⊥;cut

�
¼ 1þO

�
α2s log

μ

p⊥;cut

�
: ð81Þ

The coefficient CðαsÞ is the hard matching coefficient and
encodes fixed-order corrections to the resummation, and
has the perturbative expansion

CðαsÞ ¼ σð0Þpp→g þOðαsÞ: ð82Þ
Finally, the function Dðp⊥;cutÞ is regular as p⊥;cut → 0, and
vanishes in that limit. Note that all of these factors in this
general cross section for the gluon flavor are well defined
and can be evaluated in (resummed) perturbation theory.

Now, according to subtractive jet flavor, we subtract
those large logarithms from nonglobal soft quark emission.
This exclusively nonglobal contribution is just a part of the
first term; namely,

σNGL;gðp⊥;cutÞ ¼ CðαsÞ
�
R

�
αs; αs log

μ

p⊥;cut

�
− 1

�
: ð83Þ

For subtractive jet flavor, we then take the difference
between the full cross section, and its nonglobal contribu-
tion, where

σSJF;gðp⊥;cutÞ ¼ lim
p⊥;cut→0

½σgðp⊥;cutÞ − σNGL;gðp⊥;cutÞ�

¼ CðαsÞ: ð84Þ

That is, the subtractive gluon jet flavor is exactly just the
hard matching coefficient for this jet production process.
As mentioned earlier, each of these components can be
calculated in perturbation theory to whatever accuracy one
is able.

V. CONCLUSIONS

A naïve definition of jet flavor, the inclusive sum of
quark flavors in a jet of interest, is not infrared and collinear
safe, first becoming ill defined at next-to-next-to-leading
order. The emissions responsible for this unsafety corre-
spond to a soft qq̄ pair that deposits a nonzero contribution
to the jet flavor. This emission configuration is exactly that
which corresponds to nonglobal logarithms of an observ-
able measured exclusively on the jet. By appropriate
isolation of the soft nonglobal contributions to the jet
flavor, we can explicitly subtract the divergent logarithms,
rendering the jet flavor well defined and infrared safe.
These nonglobal logarithms can be calculated in full
generality at next-to-next-to-leading order, as a series in
powers of the jet radius R. Only including terms in the
expansion through order R2 is accurate to within 5% of the
complete result for all R ≤ 1, sufficient for many precision
studies. We call this procedure subtractive jet flavor, and
using our nonglobal logarithm calculations, we demon-
strated how to extract cross sections of jets with this flavor
definition in fixed-order event generation codes.
In a realistic experimental analysis, of course partons are

not observable; only hadrons are. Further, hadron flavor is
in general very challenging to identify at a modern collider,
with bottom (or possibly charm) the exception. Like other
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recent jet flavor definitions, subtractive jet flavor would be
most practically useful for precision studies of heavy flavor,
specifically for jets in which bottom hadrons are present.
Perturbatively, nonglobal soft quarks spoil the IRC safety
of naïve jet flavor, but at the hadronic level, such soft
quarks would be bound in color-singlet hadrons. Further,
unlike perturbation theory with massless quarks, hadrons
all have finite masses and must have nonzero momentum
to be detected. Because of this, there are no nonglobal
divergences of flavor at hadron level, and so there is
nothing to subtract.5 This suggests that the implementation
of subtractive jet flavor on hadronized events is identical to
the implementation of naïve jet flavor, to simply sum
together the net flavors of the hadrons in the jet, as all
observed hadrons would satisfy the p⊥;cut → 0 cut. In some
previous studies, naïve flavor jets have been shown to be
very similar at the hadron level to fully IRC safe flavor
definitions [28,29]. More study of fixed-order, resummed,
and hadronized predictions of subtractive jet flavor are
necessary, but this observation may provide justification for
why naïve jet flavor seems to work reasonably well in
practice.
The biggest limitation of our numerical study of sub-

tractive jet flavor in MadGraph was imposing appropriate
phase space constraints on individual partons, in a flavor
sensitive way. For tree-level processes, this can be accom-
plished by event analysis and jet finding on unweighted
events. However, using public, open-source next-to-leading
order event generators, this cannot obviously or simply be
extended to analysis at higher orders. Nevertheless, there
are many constraints on the jet flavor cross sections, such as
sum rules for total cross sections, and it is possible these
can be exploited to completely constrain the flavored cross
sections through next-to-leading order. Nonpartonic jet
flavor, jets whose flavor is identified as a diquark for
example, has infrared divergences starting at next-to-next-
to-leading order from inclusive jet production, as studied
here. While we were able to extract subtractive jet flavor
cross sections, uncertainties were still large, and signifi-
cantly higher precision fixed-order calculations may be
needed.
Nonglobal emission configurations and their contribu-

tion to the jet flavor can of course be identified order-by-
order in perturbation theory. However, if these flavor-
dependent nonglobal logarithms could be systematically
accounted for at fixed logarithmic accuracy but to all orders
in the coupling through a factorization theorem, this would
significantly simplify extraction of subtractive jet flavor
cross sections. It is possible that factorization and corre-
sponding resummation is not too complicated, e.g., along
the lines of Ref. [17] and related. In particular, note that
flavor-dependent nonglobal logarithms, where a pair of soft

quarks are separated by a jet boundary, has a probability
that scales like α2s log

μ
p⊥;cut

. As such, each time a soft quark

pair is split across a jet boundary, the logarithmic accuracy
of that contribution is pushed to a higher order. Therefore,
at fixed logarithmic accuracy, one only needs to consider a
fixed number of split soft quark pairs, and then an arbitrary
number of gluon emissions about them. Of course, leading
nonglobal logarithms in the leading color approximation are
subtle and challenging enough to resum, but including soft
quarks may be only a minor modification to that framework.
Along these lines, there are now many efforts to develop

parton showers accurate to next-to-leading logarithm
[63,64], and even accurate to next-to-next-to-leading log-
arithmic order [65]. Nonglobal logarithms arising from soft
gluon splitting that is separated by a phase space boundary
arise first at next-to-leading logarithmic accuracy for a wide
range of observables, and tests to validate that these non-
global logarithms are correctly generated by these parton
showers exist [16]. However, the accuracy of nonglobal
logarithms within these general parton shower programs is
limited to the leading color approximation, and so the flavor-
dependent nonglobal logarithms we consider here are not
guaranteed to be accurately described. Even without an all-
orders factorization theorem, our fixed-order results for jet
radius dependence in quark-antiquark nonglobal logarithms
can provide an important and necessary accuracy benchmark
for these programs. We look forward to application of these
results and a deeper understanding of flavor-dependent
nonglobal logarithms.
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APPENDIX: COLLINEAR FRAGMENTATION
FUNCTIONS

A finite energy cut on particles is not IRC safe, but this is
a triviality that can be dealt with by absorbing collinear
divergences into fragmentation functions and their renorm-
alization factors. We just illustrate how this is done here for
one case, but this can be extended to all flavor configu-
rations. Consider a quark flavor jet in the collinear limit.

5Another recent jet flavor proposal is similar in this way to
subtractive jet flavor on hadronized events [62].
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The quark and gluon that collinearly split are unresolved if they lie within an angle R, and are resolved if they are outside
that. If they are outside R, then the entire jet is tagged as quark flavor if its energy is sufficiently large. With one-loop
splitting functions, the corresponding calculation of the bare jet function is

Jð1;bareÞq ðμ0; R; p⊥;cutÞ ¼
αsCF

2π

�
μ20
p2⊥

�
ϵ 1

Γð1 − ϵÞ
Z

dθ2

ðθ2Þ1þϵ dzz
−2ϵð1 − zÞ−2ϵ

�
1þ z2

1 − z
− ϵð1 − zÞ

�

× ½ΘðR2 − θ2Þ þ Θðθ2 − R2ÞΘðzp⊥ − p⊥;cutÞ�

¼ αsCF

2π

�
μ20

p2⊥R2

�
ϵ 1

ϵ

�
1

2

p⊥;cut

p⊥

�
2þ p⊥;cut

p⊥

�
þ 2 log

�
1 −

p⊥;cut

p⊥

�
þOðϵÞ

�
: ðA1Þ

To renormalize this jet function through one-loop accuracy, we introduce the renormalization factor

Zqðμ; μ0Þ ¼ 1 −
αsCF

2π

�
μ20
μ2

�
ϵ 1

ϵ

�
1

2

p⊥;cut

p⊥

�
2þ p⊥;cut

p⊥

�
þ 2 log

�
1 −

p⊥;cut

p⊥

��
: ðA2Þ

Then, the renormalized jet function through one-loop is

JðrenÞq ðμ; R; p⊥;cutÞ ¼ Zqðμ; μ0ÞJðbareÞq ðμ0; R; p⊥;cutÞ

¼ 1þ αsCF

2π

�
1

2

p⊥;cut

p⊥

�
2þ p⊥;cut

p⊥

�
þ 2 log

�
1 −

p⊥;cut

p⊥

��
log

μ2

p2⊥R2
þ � � � ; ðA3Þ

where the ellipses ignore constants/terms nonlogarithmic in the jet radius. Importantly, note that logarithms of R vanish as
p⊥;cut → 0. That is, subtractive jet flavor becomes IRC safe in that limit.
For completeness, we present the corresponding calculation for gluon flavor jets. In this case, the bare jet function is

Jð1;bareÞg ðμ0; R; p⊥;cutÞ ¼
αsTR

2π

�
μ20
p2⊥

�
ϵ 1

Γð1 − ϵÞ
Z

dθ2

ðθ2Þ1þϵ dzz
−2ϵð1 − zÞ−2ϵ

�
1 −

2zð1 − zÞ
1 − ϵ

�

× ½ΘðR2 − θ2Þ þ Θðθ2 − R2ÞΘðzp⊥ − p⊥;cutÞΘðð1 − zÞp⊥ − p⊥;cutÞ�

¼ −
αsTR

π

�
μ20

p2⊥R2

�
ϵ 1

ϵ

�
p⊥;cut

p⊥
−
�
p⊥;cut

p⊥

�
2

þ 2

3

�
p⊥;cut

p⊥

�
3

þOðϵÞ
�
: ðA4Þ

Note that this too vanishes for p⊥;cut → 0, and agrees with the winner take all jet flavor [25] results for 2p⊥;cut ¼ p⊥.
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