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We study the production of spin-1=2 particle-antiparticle pairs in curved spacetimes with nontrivial
dependence on more than one coordinate. To this end, we develop two complementary approaches. First,
we extend the scattered-wave-function (SWF) method, originally introduced for pair production in
electromagnetic backgrounds, to curved spacetime backgrounds. Second, we complete the development of
an open-worldline-instanton method by deriving the preexponential factor of the pair-production
probability. We apply both methods to several two-dimensional metrics and find good agreement between
the resulting probabilities. While the SWF approach provides numerically exact results and is particularly
efficient for the examples considered here, the instanton approach offers favorable scaling to higher-
dimensional backgrounds and more extreme parameter regimes. These methods provide new tools for
studying pair production in multidimensional gravitational backgrounds beyond the reach of many existing
approaches.
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I. INTRODUCTION

Pair production in curved spacetimes [1,2] was originally
studied in detail by Parker in the 1960s [3–5] for time-
dependent cosmological spacetimes and by Hawking in the
1970s for black holes [6]. Existing methods for pair
production in curved spacetimes are still typically restricted
to metrics that depend only on a single spacetime coor-
dinate, e.g., a radial coordinate for black holes or time for
Friedmann-Lemaître-Robertson-Walker metrics. In this
paper, we will present two new approaches that can both
deal with spacetimes that depend on more than one
coordinate.
The first approach is exact at leading order in the Furry-

picture expansion and is based on scattered wave functions
(SWF). It was originally developed for QED processes in
strong electromagnetic (EM) background fields Fμν [7,8]
and has proven very efficient when implemented on a GPU,
enabling the first studies of backgrounds depending on
three or all four coordinates, Fμνðt; x; yÞ or Fμνðt; x; y; zÞ.
For comparison, two of the historically most widely used

numerical methods for Schwinger pair production, the
Dirac-Heisenberg-Wigner method [9] and the CQFT

method [10], have recently been extended from EM to
curved backgrounds with dependence on a single spacetime
coordinate [11,12]. In the QED case, several numerical
approaches have been applied to Fμνðt; xÞ backgrounds in a
large number of studies over the past decade; see, e.g.,
Refs. [10,13–32]. It seems likely that at least some of these
methods can be extended to curved spacetimes that depend
on two coordinates, gμνðt; xÞ. Indeed, much of the frame-
work required for such an extension within the CQFT
approach appears to have already been developed in
Ref. [12]. However, despite the obvious motivation to go
beyond Fμνðt; xÞ backgrounds, they have remained the state
of the art for more than a decade.
The second approach provides a semiclassical approxi-

mation and is based on openworldline instantons.1 Like the
SWF approach, it was originally developed for pair
production in EM fields [35–40] and has also been applied
to Fμνðt; x; y; zÞ fields [37]. There exists an older, closed
worldline-instanton approach that was developed already in
Refs. [41–44]. It is a powerful method for obtaining
integrated probabilities, but it does not give the momentum
or spin dependence.
Moreover, the numerical methods in Refs. [10,13–32] are

constructed in a way that naturally yields probability spectra
as functions of a single momentum variable, i.e., PðpÞ, PðqÞ
or Pðp − qÞ, where p and q are the momenta of the particle
and antiparticle. By contrast, both approaches presented here
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1Open worldlines were used to study pair production by a
constant electric field in Refs. [33,34].
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yield the joint probability Pðp;qÞ, thereby retaining the full
particle–antiparticle momentum correlation.
We recently initiated the extension of the open-world-

line-instanton approach from QED to curved spacetime
in Ref. [45], where the exponential contribution to the pair-
production probability was obtained.2 In the present work,
we derive the corresponding pre-exponential factor, thereby
completing the leading-order semiclassical formulation. To
do this, we first derive an exact worldline path-integral
representation of the propagator in general curved space-
times and EM fields, which then serves as the starting point
for deriving the worldline-instanton formulas.
The standard tunneling approach to pair production by

black holes [47–50] is applicable to cases where a certain
1D integral can be performed with the residue method, with
a residue at the horizon that gives an imaginary part in the
exponent and hence Hawking radiation. For the multidi-
mensional backgrounds considered here, the instanton
calculation cannot be reduced to such a 1D residue integral.
Throughout this paper, we focus on metrics with non-

trivial dependence on more than one coordinate. We refer to
metrics of the form gμνðt; xÞ, gμνðt; x; yÞ, and gμνðt; x; y; zÞ
as 2D, 3D, and 4D backgrounds, respectively, even though
the spacetime indices continue to run over μ ¼ 0, 1, 2, 3 in
each case. In this classification, static and spherically
symmetric black holes gμνðrÞ and Friedmann-Lemaître-
Robertson-Walker metrics gμνðtÞ are therefore 1D. We will
apply both the SWF and the instanton approaches to a set of
2D metrics and compare the resulting pair-production
probabilities, finding good agreement.
We use units with c ¼ ℏ ¼ m ¼ 1 and absorb a factor

of the charge into the definition of the EM background
field, eAμ → Aμ. The EM field tensor is given by
Fμν ¼ ∂μAν − ∂νAμ. We use the same conventions as in
Ref. [51] for the metric objects, i.e., the Minkowski metric
is given by ηab ¼ diagð1;−1;−1;−1Þ, the Christoffel
symbols are given by

Γμ
ρσ ¼ 1

2
gμνðgνρ;σ þ gνσ;ρ − gρσ;νÞ; ð1Þ

the Riemann tensor is given by

Rμ
αβγ ¼ Γμ

αγ;β − Γμ
αβ;γ þ Γμ

βρΓ
ρ
αγ − Γμ

γρΓρ
αβ; ð2Þ

Rμαβγ ¼ gμνRν
αβγ , and the Ricci tensor and scalar are

given by

Rμν ¼ Rρ
μνρ R ¼ gμνRμν: ð3Þ

The metric determinant is

g ¼ − det gμν > 0: ð4Þ

We assume spacetimes that are asymptotically flat, but
which can have a nontrivial holonomy.

II. DIRAC EQUATION IN CURVED SPACETIME

We treat the Dirac equation as described, e.g., in Ref. [1],
except we use a different sign convention. The coupling
between spinors and the curved background is expressed in
terms of a tetrad/vierbein eaμðxÞ,

gμνðxÞ ¼ eaμðxÞebνðxÞηab; ð5Þ

and its inverse eμa,

eaμeνa ¼ δνμ eaμe
μ
b ¼ δab: ð6Þ

We use Greek letters for spacetime indices and Latin letters
from the beginning of the alphabet for local Lorentz
indices. Specific local Lorentz components are denoted
by hatted numbers:

μ ¼ 0; 1; 2; 3 a ¼ 0̂; 1̂; 2̂; 3̂

i ¼ 1; 2; 3 î ¼ 1̂; 2̂; 3̂: ð7Þ

We have two different sets of gamma matrices: γa are
constant, while γμ depend on xμ as

fγa; γbg ¼ 2ηab γμ ¼ eμaγa fγμ; γνg ¼ 2gμν: ð8Þ

The Dirac equation is given by

ðiγμDμ − 1Þψ ¼ 0; ð9Þ

where the background covariant derivative,

Dμ ¼ ∂μ −
i
4
ωμabσ

ab þ iAμ σab ¼ i
2
½γa; γb�; ð10Þ

contains both the EM gauge field Aμ and the spin
connection (Ricci rotation coefficients)

ωμab ¼ −ωμba ¼ eaλ½∂μeλb þ Γλ
μνeνb�

ωabc ¼ eμaωμbc: ð11Þ

By multiplying (9) with iγ0 and using ðγ0Þ2 ¼ g00, we
can rewrite the Dirac equation in a form suitable for
numerical integration,

∂tψ ¼ −½iA0 þ αkð∂k þ iAkÞ þW�ψ ; ð12Þ

where
2Worldlines were also recently used in Ref. [46] to obtain wave

functions in a Vaidya metric.
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αk ¼ 1

g00
γ0γk ð13Þ

and

W ¼ 1

4g00
ωabcγ

0γaγbγc þ i
g00

γ0: ð14Þ

The spin-connection term can be decomposed into a
vector and a pseudovector as (see, e.g., Ref. [52])

1

4
ωabcγ

aγbγc ¼ Vaγ
a þ Ṽaγ

aγ5̂; ð15Þ

where γ5̂ ¼ iγ0̂γ1̂γ2̂γ3̂ and

Va ¼
1

2
ωb

ba Ṽa ¼ −
i
4
ϵabcdωbcd: ð16Þ

This allows one to rewrite (12) as

∂tψ ¼ −
�
iA0 þ V0 þ Ṽ0γ

5̂

þ αkð∂k þ iAk þ Vk þ Ṽkγ
5̂Þ þ i

g00
γ0
�
ψ : ð17Þ

This form suggests some degree of symmetry between
the coupling to the EM field and the metric, especially for
2D metrics, gμνðt; xÞ with μ ¼ 0, 1, 2, 3, for which the
pseudovector part vanishes, Ṽμ ¼ 0. However, the metric
also enters in the matrices αk and γ0=g00.
In practice, we can write a Mathematica or SymPy code

that takes as input an analytical expression for eaμ and
outputs simplified analytical expressions for all the terms
on the right-hand side of (12) or (17), and then one will
obtain the same simplified expressions regardless of
whether one starts with (12) or (17).
The observables are invariant under three different types

of transformations:
(i) EM gauge transformation

Aμ
new ¼ Aμ

old þ ∂
μf; ð18Þ

(ii) change of coordinates (diffeomorphism)

xμold ¼ fμðxnewÞ
enewa

μðxnewÞ ¼ eoldaνðf½xnew�Þfν;μ; ð19Þ

(iii) local Lorentz transformation

enewa
μðxÞ ¼ Λa

bðxÞeoldbμðxÞ; ð20Þ

where

ΛTηΛ ¼ η: ð21Þ

Because of (20), eaμ is not uniquely determined by gμν,
but for a 2D metric of the form

ds2 ¼ aðt; xÞdt2 þ 2cðt; xÞdtdx − bðt; xÞdx2 − dy2 − dz2;

ð22Þ

one can choose

eaμ ¼

0
BBBBB@

ffiffiffiffiffiffiffiffiffiffi
abþc2

p ffiffi
b

p 0 0 0

− cffiffi
b

p
ffiffiffi
b

p
0 0

0 0 1 0

0 0 0 1

1
CCCCCA: ð23Þ

We can check that the methods presented below have
been correctly implemented in the code by checking that
the resulting probability spectrum remains invariant under
the transformations in (18), (19), and (20).

A. Tetrad gauge choice

To construct a tetrad automatically from a metric, we
must choose a gauge. A common choice is Schwinger’s
time gauge [53]

e0̂j ¼ 0; ð24Þ

which implies e0
k̂
¼ 0, e0

0̂
¼ 1=e0̂0 and

ek̂je
j
l̂
¼ δkl ei

k̂
ek̂j ¼ δij: ð25Þ

The spatial metric can then be expressed entirely in terms of
the spatial components of the tetrad, −gij ¼ ek̂i e

l̂
jδij or

−g ¼ eTe; ð26Þ

where ekj ¼ ek̂j . However, the condition in (24) fixes only
three of the six gauge degrees of freedom associated with
the local Lorentz transformation. The remaining three can
be used to make eaμ lower triangular.
We assume that the hypersurfaces x0 ¼ const are

spacelike. In the ðþ − −−Þ convention, this is equivalent
to the spatial metric −g being positive definite. The
Cholesky decomposition then provides a unique lower-
triangular matrix e with positive diagonal entries satisfy-
ing −g ¼ eTe. Together with (24), this leads to a fully
lower-triangular tetrad gauge (see, e.g., Refs. [54,55]),

SCATTERED WAVE FUNCTIONS AND WORLDLINE INSTANTONS … PHYS. REV. D 114, 045015 (2026)

045015-3



eaμ ¼

0
BBB@

· 0 0 0

· · 0 0

· · · 0

· · · ·

1
CCCA: ð27Þ

The nonzero components can be expressed in terms of the
minors of gμν, defined by

½g�M;N ¼ det gM;N; ð28Þ

where gM;N denotes the submatrix of gμν obtained by
retaining the rows indexed by M and the columns indexed
by N, so that, e.g.,

½g�123;023 ¼ det

0
B@

g10 g12 g13
g20 g22 g23
g30 g32 g33

1
CA: ð29Þ

Then, (cf. Ref. [54])

e0̂μ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−½g�0123;0123
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−½g�123;123

p ; 0; 0; 0

!

e1̂μ ¼ −
ð½g�123;023; ½g�123;123; 0; 0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−½g�123;123
p ffiffiffiffiffiffiffiffiffiffiffiffiffi½g�23;23

p
e2̂μ ¼

ð½g�23;03; ½g�23;13; ½g�23;23; 0Þffiffiffiffiffiffiffiffiffiffiffiffiffi½g�23;23
p ffiffiffiffiffiffiffiffiffiffi−g33

p

e3̂μ ¼ −
ðg30; g31; g32; g33Þffiffiffiffiffiffiffiffiffiffi−g33

p : ð30Þ

For 2D metrics, this reduces to (23).
We already know that −½g�0123;0123 ¼ − det gμν > 0. The

reality of the other square roots follows from Sylvester’s
criterion for positive-definite matrices applied to −gij. For
this particular case, the criterion can be proved as follows.
Since −g is positive definite,

ðu; v; wÞ · ð−gÞ · ðu; v; wÞ > 0 ð31Þ

for all nonzero ðu; v; wÞ. Canceling the mixed terms by
successive shifts,

w → w −
g31uþ g32v

g33
v → vþ g31g32 − g21g33

g22g33 − g232
u;

ð32Þ

gives

−g33w2 þ g22g33 − g232
−g33

v2 þ − det gij
g22g33 − g232

u2 > 0: ð33Þ

Since the inequality holds for arbitrary u, v, w, each
coefficient must be positive, implying

−g33 > 0; g22g33 − g232 > 0; − det gij > 0: ð34Þ

Thus, all square roots appearing in the tetrad are real
whenever the x0 ¼ const hypersurfaces are spacelike.

B. Holonomy

The methods we present here can be used for 3D and 4D
metrics, but we will focus on 2D examples below. While
this makes the computations faster, 2D fields have a more
nontrivial topology that sometimes prevents one from
making simplifications that one would be able to do in
3D or 4D. The relevant topology here is that of the exterior
(approximately flat-space) region, i.e., the region surround-
ing a compact interior region where spacetime is curved,

interior∶ jxμj < L Rμ
αβγ ≠ 0

exterior∶ jxμj > L Rμ
αβγ ≈ 0: ð35Þ

In 2D, the exterior region jxμj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ x2

p
> L is not

simply connected, whereas in 3D or 4D it is—so, in 2D,
there are loops in the exterior that cannot be contracted to a
point without leaving the exterior, in contrast to exterior
loops in 3D and 4D. This topological distinction can be
made precise in terms of the holonomy.
We first note that the Riemann tensor can be expressed

entirely in terms of the spin connection in the same way as
Fμν is obtained fromAμ for non-Abelian Yang-Mills fields,

Rμν ¼ ∂μων − ∂νωμ þ ½ωμ;ων�; ð36Þ

where ðωμωνÞab ¼ ωμ
a
cων

c
b and Rμν

a
b ¼ eaρeσbR

ρ
σμν.

Consider the Wilson line

Λ0½xðsÞ� ¼ P exp

�
−
Z

1

0

ds ẋμωμ

�
; ð37Þ

where xμðsÞ is some path and P means path ordering. For a
small closed loop, xμð0Þ ¼ xμð1Þ and jxμðsÞ − xμð0Þj ≪ 1,

Λ0 ≈ 1þ 1

2
Rμν½xμð0Þ�

I
dxμxν: ð38Þ

This can be rewritten as a surface integral and the gener-
alization to a large loop is given by the non-Abelian Stokes
theorem [56]. It follows from (38) that Λ0 is path indepen-
dent within any simply connected subset of the exterior
(where Rμν ¼ 0), so

Λ0ðxμÞ ¼ P exp

�
−
Z

xr

x
dxμωμ

�
ð39Þ

becomes a proper function of the starting point xμ (with xμr a
fixed reference point). One can then differentiate to find
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ωμðxÞ ¼ Λ−1
0 ∂μΛ0: ð40Þ

Under the local Lorentz transformation (20), or enewμ ¼ Λeμ,
ωμ transforms as a non-Abelian gauge field,

ωnew
μ ¼ ΛωμΛ−1 þ Λ∂μΛ−1: ð41Þ

With Λ ¼ Λ0, we find ωnew
μ ¼ 0. Thus, Rρ

σμν ¼ 0 implies
that ωμ is pure gauge, so one can locally choose ωμ ¼ 0.
Things are more complicated when the exterior is not simply
connected. For simplicity, we will assume that one can
choose ωμ ¼ 0 everywhere in the exterior without making
eaμ multivalued. This is the case for the examples we have
considered, and it still allows us to consider metrics with
nontrivial holonomy.
The vectors ea ¼ eμa∂μ satisfy ½ea; eb� ¼ fcabec with

anholonomy/structure coefficients given by3

fabc ¼ fdabηdc ¼ −eμaeνbð∂μeνc − ∂νeμcÞ: ð42Þ

By rewriting (11) as

∂μeνa ¼ Γρ
μνeρa þ ωμbaebν ; ð43Þ

one finds the structure coefficients in terms of the spin
connection or vice versa,

fabc ¼ −ωabc þ ωbac

ωabc ¼
1

2
ð−fabc þ fbca − fcabÞ: ð44Þ

In the exterior region, we therefore have

ωμab ¼ 0 ⇔ ∂μeaν − ∂νeaμ ¼ 0: ð45Þ

Poincare’s lemma [57] says that ∂μeaν ¼ ∂νeaμ is equivalent
to the existence of a local coordinate system yaðxÞ such that
∂ya=∂xμ ¼ eaμ and gμν ¼ ημν.
Such coordinates can be constructed as

ya ¼
Z

x

xr

dx̃μeaμðx̃Þ ¼
Z

1

0

ds ẋμðsÞeaμ½xðsÞ�; ð46Þ

where xμðsÞ is some path, in the exterior, from some fixed
reference point xμr to xμ. The integral is locally path
independent due to Stokes theorem: the difference between
integrating along two different paths, γ1 and γ2, is a loop
integral over the 1-form ea ¼ eaμdxμ, which can be con-
verted to a surface integral as

Δya ¼
I

ea ¼
Z
S
dea; ð47Þ

where S is some surface with the loop γ1 − γ2 as boundary.
The exterior derivative is obtained from the structure
constants in (42) according to Cartan’s structure equation

dea ¼ −
1

2
fabce

b ∧ ec; ð48Þ

so if ωμab ¼ 0 on S, then Δya ¼ 0, and the two paths give
the same result. In 3D and 4D, we can always choose a
surface S that stays in the exterior where ωμab ¼ 0, so
that (46) provides coordinates that cover the entire exterior
and that give gab ¼ ηab there. In contrast, in 2D, the
exterior region has a hole, so two paths that go around
the hole clockwise and counterclockwise can give different
results. In other words, the holonomy of the tetrad eaμ is
nontrivial. This is the basic fact that a closed form
(dea ¼ 0) is only guaranteed to be exact (ea ¼ dya) locally,
by Poincaré’s lemma, while globally there can be an
obstruction due to a nontrivial holonomy/De Rham coho-
mology [57]. If Δya ≠ 0, then the coordinates constructed
as (46) will be multivalued.
Thus, in 2D, we may be interested in metrics which are

asymptotically flat in all directions, but for which gμν ≠ ημν
in the exterior. Such cases require additional care compared
with the conceptually simpler situations encountered in 3D
and 4D. Of course, not all 2D metrics have a nontrivial
holonomy. Moreover, suppose we have a spacetime with a
nontrivial holonomy for which we can choose coordinates
so that gμνðt ¼ ∞; xÞ ¼ ημν but then gμνðt ¼ −∞; xÞ ¼
gpastμν ðxÞ cannot be chosen as ημν. Then, it may still be
possible to recover the same pair-production probability as
an adiabatic limit of a spacetime with trivial holonomy.
One way to construct such a limit is to introduce a
sufficiently slow ramp in the far past, interpolating from
limt→−∞ gμν ¼ ημν, to gμνðtp; xÞ ¼ gpastμν ðxÞ at some large
negative time tp, while leaving the metric unchanged for
t > tp. Essentially, no pairs will be produced during the
adiabatic ramp if it is slow enough. However, a slow ramp
may not be numerically convenient.

C. 2D example 1

For a first example, we consider metrics of the form
(omitting the trivial coordinates y and z)

ds2 ¼ dt2 − e2Aðt;xÞdx2: ð49Þ

We consider this metric primarily because it provides a
convenient test case for our methods, but it can also be
viewed as a toy model of a cosmological spacetime with
localized inflation (or deflation). Pair production by a
constant electric field in de Sitter space has been studied

3Compared to the notation in Ref. [52], we have ωabc ¼ Abca
and fhereabc ¼ ftherecab .
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extensively; see, e.g., Ref. [58] for production of spin-1=2
particles. The methods developed here could equally well
be applied to localized versions of such backgrounds, but
for simplicity, we set Aμ ¼ 0 here.
The corresponding Ricci scalar is

Rðt; xÞ ¼ 2
∂
2
t e1̂1
e1̂1

¼ 2ðA2
t þ AttÞ; ð50Þ

where At ¼ ∂tA. In the gauge (23), the tetrad and spin
connection are

eaμ ¼
�
1 0

0 eA

�
ω1̂ab ¼

�
0 At

−At 0

�

ω0̂ab ¼ 0; ð51Þ
so the Dirac equation becomes�

∂t þ
1

2
At þ α1̂e−A∂x þ iβ

�
ψ ¼ 0; ð52Þ

where

β ¼ γ0̂ αî ¼ γ0̂γ î: ð53Þ

In a 4D Friedmann-Lemaître-Robertson-Walker metric
with the same scale factor multiplying all three spatial
directions, we would have ∂tAðt; xÞ → HðtÞ ¼ ȧ=a and
1=2 → 3=2, as expected [4,5].
As a concrete example, consider

Aðt; xÞ ¼ α tanhðωtÞsech2ðkxÞ: ð54Þ

Asymptotically, ωμab → 0 and ∂μeaν ¼ ∂νeaμ, so we could
locally define new coordinates in the exterior by (46) with
e.g., x1r ¼ 0 and tr ¼ 10=ω [so that tanhðωtrÞ ≈ 1].
However, if we consider a loop around the interior, we
find a nonzero holonomy

Δy1̂ ¼
I

dxμe1̂μ ¼
Z

∞

−∞
dx½eAð∞;xÞ − eAð−∞;xÞ� ≠ 0; ð55Þ

so that, e.g., the value of y1̂ at the reference point is given by
y1̂ðxrÞ ¼ nΔy1̂ where n is an integer. Thus, y1̂ðt; xÞ is a
multivalued function.

D. 2D example 2

For a second example, we consider metrics of the
Gullstrand-Painlevé form,

ds2 ¼ dt2 − ½dx − vðt; xÞdt�2; ð56Þ

for which

R ¼ 2ðv2x þ vvxx þ vtxÞ ð57Þ

and

eaμ ¼
�

1 0

−v 1

�
ω1̂ab ¼

�
0 vx

−vx 0

�

ω0̂ab ¼ 0; ð58Þ
so �

∂t þ
1

2
vx þ ðvþ α1̂Þ∂x þ iβ

�
ψ ¼ 0: ð59Þ

The Gullstrand-Painlevé form (56) is ideally suited for
studies of analog black holes [59–62]. Metrics motivated
by such systems typically possess both an outer black-hole
horizon and an inner white-hole horizon. The latter gen-
erally leads to large blue shifts, which may be both
phenomenologically undesirable and numerically demand-
ing. For this reason, we focus on the metric (49) in the
examples below.

III. SCATTERED-WAVE-FUNCTION APPROACH

We will solve the Dirac equation (9) by generalizing the
SWF approach in Refs. [7,8] from QED to general relati-
vity (GR). We assume that the spacetime is flat in the
exterior, but, because of the above discussion, we do not
assume that gμν → ημν.

A. In and out states

To define the in and out states, we would like to choose
coordinates so that the metric is Minkowski at t → �∞.
Since (46) in general leads to multivalued coordinates ya in
2D, we may not be able to do so globally. However, we can
choose one set of coordinates ŷa to simplify the out states
and another set of coordinates y̌a to simplify the in states.
We define the out coordinates ŷa by replacing eaμðt; xÞ →
eaμð∞;xÞ ¼ ∶ êμðxÞ in (46), and then, since ∂μêaν ¼ ∂νêaμ in
both the exterior and the interior, the integral is globally
path independent, and we can for simplicity choose to
integrate along straight lines,

ŷaðt;xÞ ¼
Z

1

0

ds xμêaμðsxÞ: ð60Þ

We then define the particle and antiparticle out states
as solutions of the full Dirac equation with asymptotic
behavior

lim
t→þ∞

Uoutðs;p; xÞ ¼ usðpÞe−ipŷðxÞ

lim
t→þ∞

Voutðs;q; xÞ ¼ vsðqÞeiqŷðxÞ: ð61Þ

The free spinors u and v satisfy

ðγapa − 1ÞuðpÞ ¼ ðγaqa þ 1ÞvðqÞ ¼ 0 ð62Þ
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and u†rðpÞvsð−pÞ ¼ 0 and are normalized as

u†rðpÞusðpÞ ¼ v†rðqÞvsðqÞ ¼ δrs: ð63Þ

We similarly define in states as

lim
t→−∞

Uinðs;p; xÞ ¼ usðpÞe−ipy̌ðxÞ

lim
t→−∞

V inðs;q; xÞ ¼ vsðqÞeiqy̌ðxÞ; ð64Þ

where y̌a are coordinates based on ěaμðxÞ ¼ eaμð−∞;xÞ,

y̌aðt;xÞ ¼
Z

1

0

ds xμěaμðsxÞ: ð65Þ

In (61), we have assumed that the gauge potential Aμ → 0
as t → þ∞, and in (64), we have assumed that Aμ → 0 as
t → −∞. In 2D, we could have Aμ ≠ 0 asymptotically even
though Fμν → 0. This leads to a problem similar to the one
discussed above, which was dealt with in Ref. [7]. In this
paper, we assume for simplicity that Aμ → 0 asymptotically.

B. Inner product

To obtain the pair production amplitude, we need an inner
product between the in and out states. Current conservation,

∂μð
ffiffiffi
g

p
jμÞ ¼ 0 jμ ¼ ψ̄γμψ ψ̄ ¼ ψ†γ0̂; ð66Þ

implies a time-independent inner product as [63,64]

hψ jφi ¼
Z

d3x
ffiffiffi
g

p
ψ†γ0̂γ0φ: ð67Þ

In the time gauge (24), we have

ffiffiffi
g

p ¼ e0̂0 det e
k̂
j γ0̂γ0 ¼ 1

e0̂0
; ð68Þ

so the inner product simplifies to

hψ jφi ¼
Z

d3x det eîjψ
†φ: ð69Þ

The expectation value of particles or antiparticles in the
state m ¼ ðs;pÞ is given by the well-known formulas [65]

Ne−ðmÞ ¼ inh0ja†outðmÞaoutðmÞj0iin
¼ ½hUoutjV inihVinjUouti�mm

NeþðmÞ ¼ inh0jb†outðmÞboutðmÞj0iin
¼ ½hVoutjUinihUinjVouti�mm; ð70Þ

where a sum over the in states is implied,

jUinihUinj ¼
Z

d3k
ð2πÞ3

X
w

jUinðw;kÞihUinðw;kÞj: ð71Þ

These formulas do not give any information about the
correlation between the particle and antiparticle. Formulas
for the correlation were derived in Ref. [7],

Ne−eþðm; nÞ ¼ inh0ja†outðmÞaoutðmÞb†outðnÞboutðnÞj0iin
¼ Ne−ðmÞNeþðnÞ þ N1ðm; nÞ; ð72Þ

where N1 encodes the particle-antiparticle correlation

N1 ¼ jmhUoutjUinihUinjVoutinj2
¼ jmhUoutjV inihV injVoutinj2: ð73Þ

Since the inner product is time independent, we can
evaluate hUoutðs;pÞjUoutðr;qÞi at t → þ∞, where the
integrability condition ∂μe0̂ν ¼ ∂νe0̂μ implies ∂ie0̂0 ¼ 0 and

hence y0̂ðtÞ is independent of xi. Therefore, changing
integration variables from xi to yî leads to a Jacobian that
cancels det eîj and gives

eiðp0̂−q0̂Þy0̂
Z

d3yeiðp−qÞîyî ¼ ð2πÞ3δ3ðp − qÞ: ð74Þ

Thus, with the free spinors normalized as (63), we have

hUoutðs;pÞjUoutðr;qÞi ¼ ð2πÞ3δ3ðp − qÞδsr
hVoutðs;pÞjVoutðr;qÞi ¼ ð2πÞ3δ3ðp − qÞδsr
hUoutðs;pÞjVoutðr;qÞi ¼ 0 ð75Þ

and similarly for Uout; Vout → Uin; V in.

C. Background and scattered waves

We solve the Dirac equation by splitting the wave
function into a background and a scattered wave,

ψout ¼ ψback þ ψ scat; ð76Þ

where the background waves are given by the future-
asymptotic form of the out states,

Uback ¼ ue−ipŷ Vback ¼ veiqŷ; ð77Þ

and the scattered waves are obtained by numerically
solving

ði=D − 1Þψ scat ¼ −ði=D − 1Þψback

ψ scatðtþ;xÞ ¼ 0 ð78Þ

from the asymptotic future to the asymptotic past, i.e., from
some tþ ≫ 0 to some t− ≪ 0, chosen such that the
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spacetime is approximately flat and Aμ ≈ 0 for t > tþ
and t < t−.
With the Dirac equation expressed as in (12), the

background wave obeys

∂tψback ¼ −½−iϵp̂kα̂
k þ Ŵ�ψback; ð79Þ

where α̂kðxÞ ¼ αkð∞;xÞ, ŴðxÞ ¼ Wð∞;xÞ and

p̂μðxÞ ¼ êaμðxÞpa; ð80Þ

with ϵ ¼ þ1 for UbackðpÞ and ϵ ¼ −1 for VbackðpÞ.
Subtracting (79) from (12) gives

∂tψ scat ¼ −½iA0 þ αkð∂k þ iAkÞ þW�ψ scat

− ½iA0 þ αkiAk − iϵp̂kΔαk þ ΔW�ψback; ð81Þ

where Δαk ¼ αk − α̂k and ΔW ¼ W − Ŵ. Equation (81)
is numerically convenient because all the terms vanish
outside a backward light cone, i.e., for jxj > LðtÞ
with Lðt−Þ > LðtÞ > LðtþÞ ≈ 0.
For the example in (49), we have

∂tψ scat ¼ −
�
1

2
∂tAþ α1̂e−A∂x þ iβ

�
ψ scat

−
�
1

2
∂tA − iϵp1̂α

1̂½e−Aðt;xÞþAð∞;xÞ − 1�
�
ψback:

ð82Þ

For spacetimes with trivial holonomy, it is possible to
choose coordinates so that gμν → ημν everywhere in the
exterior region, and then ŷa ¼ y̌a so Ubackðt−Þ ¼ Uinðt−Þ,

hUinðw;kÞjUbackðs;pÞi ¼ ð2πÞ3δðp − kÞδsw
hUinjVbacki ¼ 0; ð83Þ

and the momentum correlation (73) becomes

N1 ¼ jhUbackðs;pÞjVscatðr;qÞi
þ hUscatðs;pÞjUinihUinjVscatðr;qÞij2; ð84Þ

where the inner products are given by (69) evaluated at t−.
Since all of these inner products involve either Uscat
or Vscat, both of which are negligible outside the backward
light cone, i.e., for jxj > Lðt−Þ, the integrals in (84) receive
contributions only from the finite region jxj < Lðt−Þ.
Consequently, they cannot generate delta functions, and
all ingredients entering (84) are numerically well behaved.
For 2D metrics with nontrivial holonomy, obtaining sim-
ilarly numerically well-behaved formulas requires addi-
tional work; two methods are presented in Appendix A.

D. Numerical examples

We solve (81) by discretizing the spatial coordinates,
computing the spatial derivatives with fast Fourier transform
(FFT) and evolving in time with an adaptive step-size solver.
This can be conveniently implemented in Python using the JAX

library [66], which allows for GPU acceleration with a
simple NumPy interface, and the Diffrax solver [67]. This
approach is described in detail in Refs. [7,8] for the QED
case, and Jupyter notebooks can be found at Ref. [68].
In the plots below, we use p and q for the particle and

antiparticle momenta, or Pi and Δi defined as

FIG. 1. Spectrum of pair production with P ¼ ðq1 − p1Þ=2 andΔ ¼ q1 þ p1, where p and q are the particle and antiparticle momenta,
for the metric in (86) with α ¼ 1 and ω ¼ κ ¼ 0.3. The first plot shows the quadratic-instanton approximation and the second plot the
exact SWF result.
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pi ¼ −Pi þ
Δi

2
qi ¼ Pi þ

Δi

2
: ð85Þ

A space-independent field would give δ3ðΔÞ.
As the first example, we consider a metric of the form (49)

with

Aðt; xÞ ¼ αe−ðωtÞ2−ðκxÞ2 ; ð86Þ

which describes a spacetimewith both inflation and deflation
and with a trivial holonomy. Figures 1 and 2 show the results
for α ¼ 1 and ω ¼ κ ¼ 0.3. Figures 3 and 4 show results for
α ¼ −2 and ω ¼ κ ¼ 0.3. We find good agreement between
the exact SWF results and the quadratic-instanton approxi-
mation, especially given that the small parameter that
justifies the instanton approximation, ω ¼ 0.3, is not par-
ticularly small and one should in general expect a relative
error of OðωÞ.

We next consider

Aðt; xÞ ¼ α exp ð−½DðtÞ þ IðtÞ�ðωtÞ2 − ðκxÞ2Þ; ð87Þ

where

DðtÞ ¼ 1

dþ e4ðωtþ1Þ IðtÞ ¼ 1

1þ e−4ðωt−1Þ
: ð88Þ

With α < 0, this metric describes a spacetime with a period
of deflation controlled by DðtÞ, and subsequently a period
of inflation controlled by IðtÞ. As illustrated in Fig. 5, by
increasing d, we obtain a metric with an increasingly slow
deflation, without changing the inflation. For d ≫ 1, there
will be a wide region around t ¼ 0 where the metric gμνðdÞ
looks like gμνð∞Þ. But limt→−∞gμν ¼ ημν for any finite
value of d, while limt→−∞ limd→∞ gμν ≠ ημν, so these two
limits do not commute. One may therefore wonder
whether the probability Pðd ¼ ∞Þ might be qualitatively
different from Pð1 ≪ d ≠ ∞Þ, but Fig. 6 shows that
Pð1 ≪ d ≠ ∞Þ ≈ Pðd ¼ ∞Þ. This can be naturally under-
stood in the instanton formalism.
There are in general multiple instantons. In its creation

region, an instanton xμðuÞ is complex, but its real part is
close to a region where the curvature has a local maximum.
As seen in Fig. 5, there is one peak for the deflation and one
for the inflation. As d increases, the deflation peak shrinks
and eventually disappears as d → ∞. As the height of the
peak effectively controls the amount of exponential sup-
pression, and since even a factor of 2 can mean a dramatic
change of the exponential expð−Oð1Þ=½ω=2�Þ ≪
expð−Oð1Þ=ωÞ for ω ≪ 1, the contribution from the
deflation peak becomes negligible already for moderately
large d. Since both the particle and the antiparticle ends of
the instanton move toward the asymptotic future, tðuÞ → ∞
as either Re u → þ∞ or Re u → −∞, the instantons

FIG. 2. The line Δ ¼ 0 in Fig. 1.

FIG. 3. Same as Fig. 1 but with α ¼ −2. Note that the colors are scaled relative to the maximum value in each plot.
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created by the inflation peak never enter the t ≪ 0 region
and are therefore insensitive to whether Aðt ¼ −∞; xÞ is
zero or not, as long as the deflation is slow enough.
Thus, the convergence to the d ¼ ∞ result is expected.

However, while the instanton approach is much simpler for
d ¼ ∞ compared to d ¼ 1 (because there are fewer instan-
tons to consider for d ¼ ∞), the SWF approach is simpler
for d ¼ 1. To use (84), we need to integrate the Dirac
equation from tþ backwards in time to t−, where t− must be
chosen such that gμνðt < t−Þ ≈ ημν. But if the deflation

period is slow, then jt−j has to be large, which can mean
many more time steps and hence a slow code. However, for
d ¼ ∞, we can instead use the methods presented in
Appendix A, which work also for metrics with a nontrivial
holonomy, where t−, chosen such that gμνðt < t−; xÞ≈
gμνð−∞; xÞ, does not have to be very large. The d ¼ 4, 8
results in Fig. 6 have been obtained using (84), while the
d ¼ ∞ (SWF) result has been obtained using either of the
two methods in Appendix A. The fact that the d ¼ 8 and
d ¼ ∞ results are close is a nontrivial check of these three
different SWF methods.
Finally, Fig. 7 shows the 2D spectra for d ¼ ∞ obtained

using the quadratic instanton approximation and the SWF
approach.

E. Exchange antisymmetry

In the examples above, the pair-production spectrum
vanishes when the particle and antiparticle have identical
momenta. This can be traced to the fact that gravity does
not distinguish particles from antiparticles, while the
underlying field remains fermionic. The resulting suppres-
sion is reminiscent of the Pauli exclusion principle. We can
demonstrate this as follows.
The amplitude in (73) can be expressed in two ways,

Mðm; nÞ ¼ mhUoutjUinihUinjVoutin
¼ −mhUoutjV inihV injVoutin; ð89Þ

where we used the completeness relation

jUinihUinj þ jV inihV inj ¼ 1 ð90Þ

together with mhUoutjVoutin ¼ 0. In a Majorana represen-
tation of γa, Reγa ¼ 0, and in the absence of any EM field,
Aμ ¼ 0, the antiparticle solutions to the Dirac equation are
simply the complex conjugate of the particle solutions,
V in=outðs;p; xÞ ¼ U�

in=outðs;p; xÞ. Substituting this into (89)
shows that the amplitude is antisymmetric under exchange

FIG. 4. The line Δ ¼ 0 in Fig. 3.

FIG. 5. The function in (87) with α ¼ −1 and d ¼ 4; 8;∞.

FIG. 6. The spectrum for the metrics in Fig. 5.
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of the particle and antiparticle quantum numbers,
Mðm; nÞ ¼ −Mðn;mÞ, and consequently vanishes when
these quantum numbers coincide.
In the 2D examples above, the spin states decouple into

two independent sectors with either s ¼ r ¼ −1 (particle
with spin down and antiparticle with spin up) or s ¼ r ¼ þ1
(particle with spin up and antiparticle with spin down).
Within each sector, the spectrum therefore vanishes along the
diagonal p ¼ q (P ¼ q − p ¼ 0).

IV. DERIVATION OF PATH INTEGRAL

In the next section, we develop a worldline instanton
formalism that provides a semiclassical approximation to
the exact SWF result described in the previous section.
Before turning to the instanton approximation, we first
derive an exact worldline-path-integral representation for
the fermion propagator in a general curved spacetime. Such
worldline integrals have a long history; see Refs. [69–71]
for reviews. They almost always (as far as we are aware)
involve Grassmann path integrals for the spin degrees of
freedom as well as ghost integrals arising from exponen-
tiating factors of

Q
0<τ<1

ffiffiffi
g

p
in the path-integration mea-

sure Dx. While such representations are convenient for
many applications, for instanton calculations, it is more
useful to work with path-ordered exponentials of gamma
matrices, since these become straightforward to evaluate on
the instanton solutions. In this section, we present a detailed
derivation of such a representation. Although most steps are
standard, none of the references we are aware of uses
exactly the same conventions, so we reproduce the deri-
vation here in order to fix signs and normalizations.

A. Squaring the Dirac operator

The goal in this section is to derive a worldline repre-
sentation of the propagator

ði=Dx − 1ÞGðx; yÞ ¼ 1ffiffiffi
g

p δ4ðx − yÞ; ð91Þ

which can then be used in a Lehmann–Symanzik–
Zimmermann (LSZ)-reduction approach to obtain the
pair-production amplitude. The first step is to Klein-
Gordonize the Dirac operator by writing

Gðx; yÞ ¼ ði=Dx þ 1ÞG̃ðx; yÞ ð92Þ

so that G̃ obeys an equation,

−KxG̃ðx; yÞ ¼
1ffiffiffi
g

p δ4ðx − yÞ; ð93Þ

with a squared Dirac operator,

K ¼ −ði=D − 1Þði=Dþ 1Þ ¼ γμDμγ
νDν þ 1: ð94Þ

In the literature, the symbol Dμ is often used with different
meanings depending on what object it acts on. In this
section, however,Dμ is always defined precisely by (10). In
particular,

½Dμ; γν� ¼ −Γν
μργ

ρ ð95Þ
and using γμγν ¼ gμν − iσμν, we obtain

K ¼ gμνðDμDν − Γρ
μνDρÞ −

i
2
σμν½Dμ; Dν� þ 1: ð96Þ

To simplify the commutator, we first calculate

∂μωνab − ðμ ↔ νÞ ¼ eρaeσbRρσμν

− ðωμa
cωνcb − ωνa

cωμcbÞ: ð97Þ
The ωω terms cancel against the terms coming from
½ωσ;ωσ�, so

FIG. 7. Similar to Fig. 1 but for the field in (87) with d ¼ ∞, which gives a nontrivial holonomy.
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½Dμ; Dν� ¼
1

4
Rμνρσγ

ργσ þ iFμν: ð98Þ

From the cyclic identity of the Riemann tensor, we have

0 ¼ ðRμνρσ þ Rμρσν þ RμσνρÞγμγνγργσ
¼ Rμνρσðγμγνγργσ þ γμγσγνγρ þ γμγργσγνÞ
¼ 3Rμνρσðγμγνγργσ þ 2gνσγμγρÞ; ð99Þ

where in the third step we rewrote γσγνγρ ¼ γνγργσ þ � � �
and γργσγν ¼ γνγργσ þ � � � and used Rμνρσ ¼ −Rμνσρ. With
Rμνρσ ¼ −Rνμρσ and Rμν ¼ Rνμ ¼ Rρ

μνρ, we then find

Rμνρσγ
μγνγργσ ¼ 2Rμνγ

μγν ¼ 2R: ð100Þ

Thus, the squared Dirac operator becomes

K ¼ gμνðDμDν − Γρ
μνDρÞ þ

R
4
þ 1

2
σμνFμν þ 1: ð101Þ

B. Schwinger proper time integral

We introduce operators x̂μ and p̂ν that satisfy [72]

½x̂μ; p̂ν� ¼ iδμν : ð102Þ

One could choose p̂μ ¼ −i∂μ [73], but it is more common
to choose [70,74]

p̂μ ¼ −
1

g1=4
i∂μg1=4 ¼ −i

�
∂μ þ

1

2
Γρ
ρμ

�
ð103Þ

so that both x̂μ and p̂μ are Hermitian with respect to the
inner product

hφjϕi ¼
Z

d4x
ffiffiffi
g

p
φ†ϕ: ð104Þ

The equivalence of the two expressions for p̂μ follows from

∂μ ln g ¼ gαβgαβ;μ
∂μga

ga
¼ agαβgαβ;μ ¼ 2aΓρ

ρμ: ð105Þ

The eigenstates

x̂μjxi ¼ xμjxi p̂μjpi ¼ pμjpi ð106Þ

are normalized as

Z
d4x

ffiffiffi
g

p jxihxj ¼
Z

d4p
ð2πÞ4 jpihpj ¼ 1; ð107Þ

which implies

hxjyi ¼ 1ffiffiffi
g

p δ4ðx − yÞ hxjpi ¼ eipμxμ

g1=4
: ð108Þ

We can view (93) as the hxj…jyi matrix element of the
operator equation

−KG̃ ¼ 1; ð109Þ

where K is given by (101) but with x → x̂ and ∂μ →
g1=4ip̂μg−1=4, and then solve it by introducing a Schwinger
proper-time integral,

G̃ðx; yÞ ¼
Z

∞

0

dT
2i

G GðT; x; yÞ ¼ hxje−iT
2
Kjyi: ð110Þ

C. Feynman path integral

The next step is to turn (110) into a Feynman path
integral using Dirac’s idea of splitting the “time” (T in our
case) into many smaller steps [75], i.e., the N → ∞ limit of

Gðx; yÞ ¼
YN−1

i¼1

d4xi
ffiffiffiffiffiffiffiffiffiffi
gðxiÞ

p YN
j¼1

hxjje−iδ
2
Kjxj−1i; ð111Þ

where δ ¼ T=N, xμ0 ¼ yμ and xμN ¼ xμ. A common
approach [70] for the next step is to Weyl order and insertR
d4pijpiihpij between the xi integrals. However, given

existing results in the literature, it is not too difficult to
guess the form of hxjje−iδK=2jxj−1i for δ ≪ 1. We make the
ansatz

hxjje−iδ
2
Kjxj−1i

¼ 1

ð2πδÞ2
ffiffiffiffiffiffiffiffiffiffi
gðx̃jÞ

p
½gðxjÞgðxj−1Þ�1=4

× exp

�
−
iδ
2

�
gμν

ΔxμjΔxνj
δ2

þ 2
Δxμj
δ

aμ þ b

��
; ð112Þ

where

x̃μj ¼
xμj þ xμj−1

2
Δxμj ¼ xμj − xμj−1 ð113Þ

and aμ and b are functions to be determined by matching

2i∂TGðT; x; yÞ ¼
2i
δ
lim
δ→0

�
−GðT; x; yÞ

þ
Z

d4z
ffiffiffiffiffiffiffiffiffi
gðzÞ

p
hxje−iδ

2
KjziGðT; z; yÞ

�
ð114Þ

with
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2i∂TGðT; x; yÞ ¼ KxGðT; x; yÞ: ð115Þ

This is the approach that Feynman took in his original
paper [76]. The determinants in the prefactor of (112) give
1þOðδÞ, so we could absorb them into the definition of b,
but keeping them in the prefactor makes it easier to compare
with the literature; see, e.g., Eq. (2.25) in Ref. [74]. There are
similar changes [74] depending on different choices of x̄μj in
gμνðx̄μj Þ and aμðx̄μj Þ. We will ultimately choose the mid-
point x̄μj ¼ x̃μj .
To calculate the z integral in (114), we change variable

from zμ ¼ xμ −
ffiffiffi
δ

p
uμ to uμ, expand the integrand in powers

of
ffiffiffi
δ

p
, and then perform the resulting Gaussian u integrals.

To see what would change if the fields are not evaluated at
the midpoint, we perform the initial steps of the calcu-
lations with x̃ ¼ ðxþ zÞ=2 replaced by xþ λðz − xÞ ¼
x − λ

ffiffiffi
δ

p
u, where λ ¼ 1=2 corresponds to the mid-

point. We also allow λ to be different in the dif-
ferent factors, gμνðx − λ0

ffiffiffi
δ

p
uÞ and aμðx − λ1

ffiffiffi
δ

p
uÞ

[δbðx − λ2
ffiffiffi
δ

p
uÞ ≈ δbðxÞ]. We have to Oðδ2Þ

e−iδb=2 ¼ 1 −
iδb
2

; ð116Þ

e−i
ffiffi
δ

p
uμaμðx−λ1

ffiffi
δ

p
uÞ

¼ 1 − i
ffiffiffi
δ

p
uμaμ þ δuμuν

�
iλ1aμ;ν −

aμaν
2

�
; ð117Þ

ffiffiffiffiffiffiffiffiffi
gðx̃Þp

½gðxÞgðzÞ�1=4 ¼ 1 −
δ

8
uμuνΓρ

ρμ;ν; ð118Þ

e−
i
2
uμuνgμνðx−λ0

ffiffi
δ

p
uÞ

¼
�
1 − λ0

ffiffiffi
δ

p
uμ∂xμ þ

λ20δ

2
uμuν∂xμ∂xν

�
e−

i
2
uμuνgμν ð119Þ

and

ffiffiffi
g

p
GðzÞ ¼

�
1 −

ffiffiffi
δ

p
uμ∂xμ þ

δ

2
uμuν∂xμ∂xν

� ffiffiffi
g

p
GðxÞ: ð120Þ

There are gamma matrices in aμ and b, so one might at
first worry about the ordering of products of a and b
in (112), but we see from the above expansions that there
is only one such product, uμuνaμðxÞaνðxÞ, and it is just the
square of a, so there is no ambiguities in the ordering of a
and b in (112). However, when multiplying all the short-
time-step elements hxjje−iδK=2jxj−1i in (111), we need to
proper-time order the products of (112).
By performing the u integral before taking the deriva-

tives in (119), we avoid integrals with uαuβuγuδ and
uαuβuγuδuϵuζ in the preexponential factor, so we only
need the two integrals

Z
d4u
ð2πÞ2 ð1; u

μuνÞe−i
2
gαβðxÞuαuβ ¼ 1ffiffiffi

g
p ð1;−igμνÞ: ð121Þ

Plugging this into (114) gives

2i∂TG ¼
�
b −

1

4
gμνΓρ

ρμ;ν

�
Gþ gμνffiffiffi

g
p Kμν

ffiffiffi
g

p
G; ð122Þ

where

Kμν ¼ DμDν þ ð2λ1 − 1Þiaμ;ν þ 2λ0∂⃖μDν þ λ20∂⃖μ∂⃖ν ð123Þ

and Dμ ¼ ∂μ þ iaμ. This already suggests that we should
choose aμ so that Dμ ¼ Dμ, i.e.,

aμ ¼ −
1

4
ωμabσ

ab þ Aμ; ð124Þ

and wewill see that this does indeed work. From the second
term, we see that λ1 ¼ 1=2 is a natural choice, so we
evaluate aμ at the midpoint. By commuting

ffiffiffi
g

p
past the

derivatives using (105), we find

gμνffiffiffi
g

p Kμν
ffiffiffi
g

p ¼ gμνf½Dμ þ Γρ
ρμ�½Dν þ Γσ

σν�

þ 2λ0½∂⃖μ − Γρ
ρμ�½Dν þ Γσ

σν�
þ λ20½∂⃖μ − Γρ

ρμ�½∂⃖ν − Γσ
σν�g; ð125Þ

and after simplifying the ∂⃖μDν term using

∂ρgμν ¼ −gμαΓν
αρ − gναΓμ

αρ; ð126Þ

we are also led to choosing λ0 ¼ 1=2. Thus, we evaluate
all the fields in the exponent of (112) at the mid-
point x̃ ¼ ðxþ zÞ=2.
We then find

gμνffiffiffi
g

p Kμν
ffiffiffi
g

p ¼ gμνðDμDν − Γρ
μνDρÞ þ B; ð127Þ

where

B ¼ gμν
�
3

4
Γρ
ρμ;ν − Γρ

ρμΓσ
σν − Γρ

μνΓσ
σρ

�
þ

ffiffiffi
g

p
4

∂μ∂ν
gμνffiffiffi
g

p

¼ 1

4
ðRþ gμνΓρ

σμΓσ
ρνÞ: ð128Þ

Comparing this with (101) shows that the choices we have
made do indeed work, provided that we finally choose

b ¼ R
4
þ 1

2
σμνFμν þ 1þ ΔK; ð129Þ

where ΔK is a DeWitt term [77],
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ΔK ¼ −B ¼ −
1

4
ðRþ gμνΓρ

μσΓσ
νρÞ: ð130Þ

This is a term that one would not have guessed if one just
followed the usual rule of thumb, which suggests that the
exponent in a path integral,

R
Dxe−iS, is just the classical

action, S½x� ¼ Scl½x�. When comparing with the literature,
note that ΔK depends on the regularization scheme
[70,74,78,79]. However, when we turn to the instanton
approximation in the next section, wewill be able to neglect
the DeWitt term to leading order.

D. Final result

Inserting (112) into (111) gives

Gðx; yÞ ¼ 1

½gðxÞgðyÞ�1=4
YN−1

i¼1

d4xi
YN
j¼1

ffiffiffiffiffiffiffiffiffiffi
gðx̃iÞ

p
ð2πδÞ2 Pe−iS; ð131Þ

where P means proper-time ordering,

S ¼
XN
j¼1

δ

�
gμνðx̃jÞ

ΔxμjΔxνj
2δ2

þ Δxμj
δ

aμðx̃jÞ þ
bðx̃jÞ
2

�
; ð132Þ

and aμ and b are given by (124) and (129).
In the continuum limit, we have

S ¼
Z

T=2

−T=2
du

�
1

2
gμνẋμẋν þ aμẋμ þ

b
2

�
ð133Þ

and the full propagator, obtained from (92) and (110), is
given by

Gðxþ; x−Þ ¼ ði=Dþ þ 1Þ
Z

∞

0

dT
2

Z
xþ

x−

DxPe−iS: ð134Þ

The amplitude for pair production is obtained by
applying the LSZ reduction formula to the propagator,

M¼ lim
t�→∞

Z
d3x−d3x−eipxþþiqx− ūγ0Gðxþ;x−Þγ0v: ð135Þ

We have assumed that the particles eventually end up in flat
space at asymptotic times and that it is possible to choose
coordinates so that gμν ¼ ημν there, so uðpÞ−ipx and
vðqÞeiqx are free/vacuum wave functions for the particle
and antiparticle. We can also replace =Dþ → =∂þ and
½gðxþÞgðx−Þ�−1=4 → 1 for the same reason.
This assumption is less restrictive than in the SWF

approach, because even if we consider metrics with
gμνð∞; xÞ ≠ ημν, such as (54), in the instanton approxima-
tion, we still have limu�∞ gμν½tðuÞ; xðuÞ� → ημν as long as
ẋð�∞Þ ≠ 0 and gμνð∞;�∞Þ ¼ ημν.

V. WORLDLINE INSTANTONS

Having derived a convenient worldline representation
in the previous section, we are now ready to turn to the
instanton approximation. To leading order in the semi-
classical expansion, we can neglect the DeWitt terms R
and gΓΓ in (129),

S ¼ T
2
þ
Z

T=2

−T=2
du

�
1

2
gμνẋμẋν þ Aμẋμ

þ 1

4
ðFμνe

μ
aeνb − ẋμωμabÞσab

�
; ð136Þ

where the first row is S−1 ¼ Oð1=ℏÞ and the second row
S0 ¼ Oðℏ0Þ, while the neglected terms are higher orders.
All the integrals will be performed with the saddle-point
method (except for those integrals that give delta functions
in case gμν and Aμ do not depend on all coordinates). The
saddle point for the path integral is referred to as an
instanton. Only S−1 contribute to the saddle-point equa-
tions, while S0 is simply evaluated on the saddle points.
We begin with the path integral. We change variables and

notation as xμðuÞ → xμðuÞ þ δxμðuÞ, where δxμðuÞ is the
new integration variables and xμðuÞ a saddle point, i.e., an
instanton, which is a (complex) solution to the geodesic-
Lorentz-force equation,

ẍμ þ Γμ
ρσ ẋρẋσ ¼ Fμ

ν ẋν Fμ
ν ¼ gμρFρν: ð137Þ

To perform the T integral with the saddle-point method,
we change parametrization from proper time u to a
normalized proper time τ so that

S−1 ¼
T
2
þ
Z

1

0

dτ
gμνẋμẋν

2T
þ Aμẋμ: ð138Þ

The saddle-point equation for T is then the on-shell
condition

T2 ¼
Z

dτ gμνẋμẋν ¼ gμνẋμẋν; ð139Þ

which after changing back from τ to u becomes

gμνẋμẋν ¼ 1: ð140Þ

The saddle-point equations for x− and xþ give the boundary
conditions that determine the instanton solution from the
asymptotic momenta of the particle (pμ) and antiparticle (qμ),

ẋμð−∞Þ ¼ −qμ ẋμð∞Þ ¼ pμ: ð141Þ

These boundary conditions do not determine the instanton
uniquely, so there is a great deal of freedom to choose
different instantons (and still obtain the same results).
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Plugging the instanton into

φ ¼ ipxþ þ iqx− − iS−1; ð142Þ

performing partial integration, and using the instanton
equation (137) gives

φ ¼ i
Z

du xμ
�
1

2
gρσ;μẋρẋσ þ Aρ;μẋρ

�
: ð143Þ

Each instanton gives one term, so the amplitude is given
by a sum over all instantons with the same asymptotic
momenta (pμ and qμ),

M ¼
X
j

prejeφj ; ð144Þ

which can lead to interference effects. The prefactors are
obtained by expanding to second order around the saddle
points/instantons and performing the resulting Gaussian
integrals, to which we now turn.

A. Functional determinant and geodesic deviation

Expanding the exponent S−1 to second order in δxμ gives
a Gaussian path integral

Z
Dδx exp

�
−
i
2

Z
du δxμΛμνδxν

�
; ð145Þ

where

Λμν ¼ −∂ugμν∂u þ gρν;μẋρ∂u − ∂ugρμ;νẋρ þ
gρσ;μν
2

ẋρẋσ

þ ∂μAν∂u − ∂u∂νAμ þ Aρ;μνẋρ ð146Þ

and the u derivatives act on everything to the right. This
form shows that Λμν is symmetric, i.e., for general aμðuÞ
and bμðuÞ, we haveZ

du aμΛμνbν ¼
Z

du bμΛμνaν: ð147Þ

Expanding the derivatives and using (137) for the −gρμ;νẍρ
term gives

Λμν ≕ gμαΛα
ν ; ð148Þ

where

Λμ
ν ¼ −ðδμν∂2u þ 2Γμ

ρνẋρ∂u þ Γμ
ρσ;νẋρẋσÞ

þ Fμ
ν∂u þ Fμ

ρ;νẋρ; ð149Þ

where Fα
ρ;ν ¼ ½gασFσρ�;ν. By comparing (149) with (137),

we see that Λμ
ν is the same operator that gives the Jacobi

or geodesic deviation equation; i.e., if xμ and xμ þ ϕμ are
two solutions to the geodesic equation (137), then to OðϕÞ
we have

Λμ
νϕν ¼ 0

ϕ̈μþ 2Γμ
ρσ ẋρϕ̇σ þΓμ

ρσ;νẋρẋσϕν ¼Fμ
νϕ̇νþFμ

ρ;νẋρϕν: ð150Þ

This relation to the geodesic deviation equation is also
relevant when we expand the probability around the saddle-
point values of the momenta.
As an aside, we note that the geodesic and deviation

equations can be expressed in terms of covariant deriv-
atives as

Dẋμ ¼ Fμ
ν ẋν

D2ϕμ ¼ Rμ
αβγ ẋ

αẋβϕγ þ Fμ
νDϕν þDνF

μ
ρẋρϕν; ð151Þ

where

DνF
μ
ρ ¼ Fμ

ρ;ν þ Γμ
νσFσ

ρ − Γσ
ρνF

μ
σ

Dvμ ¼ v̇μ þ Γμ
ρσ ẋρvσ: ð152Þ

The Gaussian path integral (145) is proportional to
1=

ffiffiffiffiffiffiffiffiffiffiffi
DetΛ

p
, where DetΛ is a functional determinant. With

Λμν factorized as (148), the determinant also factorizes

DetΛμν ¼ DetgμνDetΛ
μ
ν ; ð153Þ

and then 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Detgμν

p
cancels against

Q ffiffiffi
g

p
in (131). This is

an important point; in other applications of path integrals in
curved spacetimes, the standard approach involves expo-
nentiating

Q ffiffiffi
g

p
in (131) by introducing additional path

integrals [70], but we see now that this is not necessary in
this instanton approach.
Multiplying and dividing by the free path integral then

gives

ð145Þ ¼ 1

ð2πTÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DetðΛfreeÞμν
DetΛμ

ν

s
ðΛfreeÞμν ¼ −δμν∂2:

ð154Þ

The functional determinants can be computed with the
Gelfand-Yaglom method [43,44],

ð145Þ ¼ 1

ð2πTÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det δxμfreeðνÞ
det δxμðνÞ

vuut
							
u¼T=2

; ð155Þ

where ϕμ ¼ δxμðνÞ are four solutions to the deviation

equation (150) with initial conditions
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δxμðνÞð−T=2Þ ¼ 0 δẋμðνÞð−T=2Þ ¼
δμν
T
: ð156Þ

We have chosen the normalization so that
det δxμfreeðνÞðT=2Þ ¼ 1.

We will take the limit t� → ∞ before starting with any
numerical computation. In this limit, we also have

T ¼ u1 − u0 ≈
t−
q0

þ tþ
p0

→ ∞; ð157Þ

so we have to replace (156) with something that does not
involve T. An approach for doing that was developed in
Refs. [8,36,37] for the QED case. Two important ingredients
in that approach are the following two facts: 1) ϕμ ¼ ẋμ is a
solution to the deviation equation [Eq. (150) with gμν ¼ ημν],
and 2) ν ¼ ημνẋμϕ̇

ν is a constant of motion (∂uν ¼ 0). In the
GRþ QED case,ϕμ ¼ ẋμ is still a solution to (150), but now
the constant of motion is given by

ν½ϕ� ¼ gμνẋμðϕ̇ν þ Γν
ρσ ẋρϕσÞ: ð158Þ

However, at asymptotic times, we still have

ν½ϕ� ¼ ημνẋμϕ̇
νð−∞Þ ¼ ημνẋμϕ̇

νð∞Þ; ð159Þ

so the formulas below take the same form as in the
QED case.
In this approach, the solutions with initial conditions

(156) at u ¼ −T=2 are replaced with a basis of Dirichlet
and Neumann solutions defined by

Dν
μðũ0Þ ¼ δνμ Ḋν

μðũ0Þ ¼ 0

Nν
μðũ0Þ ¼ 0 Ṅν

μðũ0Þ ¼ δνμ; ð160Þ

where ũ0 is chosen so that ẍμ ≈ 0 for Reu < Reũ0, and the
lower index is part of the name, so that a general solution
can be expressed as a superposition as

ϕμðuÞ ¼ Dμ
νðuÞaν þ Nμ

νðuÞbν; ð161Þ

where aν and bν are some constant coefficients. In
particular, the instanton velocity is a superposition of the
Dirichlet solutions alone,

ẋμðuÞ ¼ −Dμ
νðuÞqν: ð162Þ

These properties allow one to factor out the divergent part
from the determinant as [8,36,37]

detΛ ¼
�

t−tþ
Tq0p0

�
D−1 h̃

q0p0

; ð163Þ

where D ¼ 2, 3, 4 is the number of nontrivial spacetime
dimensions (gμνðt; xÞ, gμνðt; x; yÞ, gμνðt; x; y; zÞ) and in 4D

h̃ ¼ −p0 det ½pμ; Ḋμ
1; Ḋ

μ
2; Ḋ

μ
3�

¼ − det½Ḋ1; Ḋ2; Ḋ3�; ð164Þ

where Ḋ1 ¼ ðḊ1
1; Ḋ

2
1; Ḋ

3
1Þ. TheD ¼ 1 case gμνðtÞ is special

and is treated in Appendix B.

B. Functional determinant in 2D

Equation (164) is already suitable for numerical evalu-
ation, but in 2D, we can rewrite it as follows, which
provides some additional insight. We will basically repeat
what was done in Refs. [36,37] for the QED case. We can
express an arbitrary solution to the deviation equation as

ðδt; δxÞ ¼ ðṫ; ẋÞχ þ ð−ẋ; ṫÞ αffiffiffi
g

p η

ṫ2 þ ẋ2
ð165Þ

and then work with χðrÞ and ηðrÞ instead of δt and δx. α is a
constant. Wewill see below that choosing α ¼ ṫðũ0Þ ¼ −q0
makes the resulting formulas neat and manifestly symmet-
ric. If we substitute (165) into the equation δ̈t ¼ …, solve it
algebraically for χ̈ and substitute that into δẍ ¼ …, then we
obtain a second-order equation for η that does not involve χ.
The coefficient 1=½ ffiffiffigp ðṫ2 þ ẋ2Þ� in (165) has been chosen
to remove any η̇ term. We find

η̈ ¼ R
2
η; ð166Þ

where R is the Ricci scalar.
We have proven (166) using Mathematica, by starting

with a general 2D metric of the form (with −dy2 − dz2)

ds2 ¼ aðt; xÞdt2 þ 2cðt; xÞdtdx − bðt; xÞdx2; ð167Þ

finding χ̈ using Solve½…�, making an educated guess for the
coefficient of η in (166) and then confirming it using
Simplify½…�. R involves ða; b; cÞ and their first and second
derivatives with respect to t and x. The general expression
is long, so we will not present it here, but it simplifies
considerably for the two classes of metrics in (50) and (57).
From (164), we find that the functional determinant only

involves η,

h̃ ¼ −p0ðṫδẋ − ẋδṫÞ ¼ −p0αη̇ðũ1Þ; ð168Þ

so we do not need to find χ. Asymptotically, we have

αη ¼ ð−ẋ; ṫÞ · ðδt; δxÞ; ð169Þ

so with ðδt; δxÞ given by Dμ
1 and α ¼ −q0, the initial

conditions for η are

ηðũ0Þ ¼ 1 η̇ðũ0Þ ¼ 0; ð170Þ

and the functional determinant becomes
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h̃
q0p0

¼ η̇ðũ1Þ: ð171Þ

Since we use initial conditions at u ¼ 0 for xμðuÞ, it is
convenient to write η as a superposition,

ηðuÞ ¼ aηDðuÞ þ bηNðuÞ; ð172Þ

of two solutions to (166) with initial conditions at u ¼ 0
rather than at ũ0,

ηDð0Þ ¼ 1 η̇Dð0Þ ¼ 0

ηNð0Þ ¼ 0 η̇Nð0Þ ¼ 1: ð173Þ

The constants a and b are found by imposing (170).
We find

η̇ðũ1Þ ¼
1

Wðũ0Þ
½η̇Dðũ1Þη̇Nðũ0Þ − η̇Dðũ0Þη̇Nðũ1Þ�; ð174Þ

where W is the Wronskian

WðuÞ ¼ ηDðuÞη̇NðuÞ − η̇DðuÞηNðuÞ: ð175Þ

It follows from (166) that Ẇ ¼ 0, so

Wðũ0Þ ¼ Wð0Þ ¼ 1: ð176Þ

We arrive at a manifestly symmetric formula for the
functional determinant,

h̃
q0p0

¼ η̇Dðũ1Þη̇Nðũ0Þ − η̇Dðũ0Þη̇Nðũ1Þ: ð177Þ

C. Ordinary integrals

The ordinary integrals over X ¼ ðT;x−;xþÞ only
depend on the asymptotic energies of the particles and
are therefore exactly the same as in the QED case. The
calculation is described in Appendix B of Ref. [37].
Expanding around the saddle point, δX ¼ X −Xs, gives
a Gaussian integral

Z
d2D−1δXe−δX·H·δX ¼ πð2D−1Þ=2ffiffiffiffiffiffiffiffiffiffiffi

detH
p ; ð178Þ

where

detH ¼ ðq0p0ÞDþ1

22D−1ðt−tþÞD−1T
: ð179Þ

If the field does not depend on xl, then we have a factor of

ffiffiffiffiffiffiffiffiffi
2πT

p
2πδðp0

l þ plÞ ð180Þ

on the amplitude level. The 1D case is somewhat special
but can be calculated in the same way [35].

D. Spin part

The spin part of the propagator is given by i=Dþ þ 1
in (134) and the second row in (136),

Σ ¼ ð=pþ 1ÞP exp

�
−
i
4

Z
duMabσ

ab

�
; ð181Þ

where

Mab ¼ Fμνe
μ
aeνb − ẋμωμab ð182Þ

is evaluated on the instanton solution (so both u and Mab
are in general complex). At first glance, Eq. (181) does not
look symmetric: =pþ 1 contains the asymptotic particle
momentum, but there is no similar term for the antiparticle.
We can prove that it is in fact symmetric as in Ref. [8], i.e.,
by defining

Σðu; u0Þ ¼ ½γμẋμðuÞ þ 1�P exp

�
−
i
4

Z
u

u0

Mabσ
ab

�
ð183Þ

and studying ∂uΣ.
In the following formulas, vμ is either the instanton

velocity vμ ¼ ẋμ or a spin vector vμ ¼ αμ. We have [D is
given by (152)]

∂u=v ¼ ∂uðvμeμaγaÞ ¼ γμDvμ þ ẋμωμabvaγb; ð184Þ

which we obtained using (43). From the derivative of the
exponential, we have a factor of Mabσ

ab, which we
commute to the left using

�
=v;−

i
4
Mabσ

ab

�
¼ −γμF

μ
νvν − ẋμωμabvaγb: ð185Þ

Since xμðuÞ is a solution to (137), the right-hand sides
of (184) and (185) cancel, and we find

∂uΣðu; u0Þ ¼ −
i
4
MabðuÞσabΣðu; u0Þ; ð186Þ

which allows us to express Σðu; u0Þ as

Σðu; u0Þ ¼ P exp

�
−
i
4

Z
u

u0

Mabσ
ab

�
Σðu0; u0Þ: ð187Þ

But

Σðu0; u0Þ ¼ γμẋμðu0Þ þ 1 → −=qþ 1 ð188Þ

as Reu0 → −∞, so (181) can also be expressed as
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Σ ¼ P exp

�
−
i
4

Z
duMabσ

ab

�
ð−=qþ 1Þ; ð189Þ

which shows that we do indeed have a particle-antiparticle
symmetry, even though it is not immediately obvious. The
fact that the cancellations in this calculation worked out
also provides a check of the spin term in (136).
Using ð1þ =pÞ2 ¼ 2ð1þ =pÞ, we can write

Σ ¼ 1

2
ð1þ =pÞPe−i

4

R
Mσð−=qþ 1Þ ð190Þ

and plugging this into (135) gives

ūγ0Σγ0v ¼ −2p0q0ūPe
−i
4

R
Mσv: ð191Þ

In some cases, one can simplify the path-ordered expo-
nential analytically. Even if this is not possible, Eq. (186) is
trivial to solve numerically. There is therefore no reason
to try to avoid path-ordered exponentials by introducing
Grassmann path integrals for these instanton calculations.
We can find simple explicit expressions for any metric of

the form (49), because the integrand in (181) can be written
as a total derivative (cf. the QED case in Ref. [36])

ẋ1ω10̂ 1̂ ¼ −s∂u ln½ṫþ se11ẋ
1� s ¼ �1; ð192Þ

so

i
4
2

Z
du ẋω10̂ 1̂σ

0̂ 1̂ ¼ γ0̂γ1̂ lnL; ð193Þ

where

lnL ¼ s
1

2
ln ðṫþ se11ẋÞj∞−∞

¼ ln

2
4iϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0 þ p1

q0 þ q1

s 3
5 ¼ ln

2
4iϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0 − q1

p0 − p1

s 3
5; ð194Þ

where ϵ ¼ �1. This is exactly the same as in QED, so, with
spinors chosen as

usðpÞ ¼
ð1þ =pÞRsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p0ðp0 þ p1Þ

p vsðpÞ ¼
ð1 − =pÞRsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p0ðp0 þ p1Þ

p ;

ð195Þ

where

γ0̂γ1̂Rs ¼ Rs iγ2̂γ3̂Rs ¼ sRs R†
rRs ¼ δrs; ð196Þ

we find a simple background-independent result,

ūrγ0Σγ0vs ¼ −2
ffiffiffiffiffiffiffiffiffiffi
p0q0

p
iϵδrs: ð197Þ

Motivated by this 2D result (197), we define a conven-
iently normalized spin factor as

Srs ¼
1

2
ffiffiffiffiffiffiffiffiffiffi
p0q0

p ūrγ0Σγ0vs

¼ −
ffiffiffiffiffiffiffiffiffiffi
p0q0

p
ūrPe

−i
4

R
Mσvs ð198Þ

and now return to a general 4D background. We can
describe the spin in terms of a 4-vector αμðuÞ, which is
orthogonal to the instanton velocity and normalized as

gμνẋμαν ¼ 0; gμναμαν ¼ −1; ð199Þ

and evolves according to the generalization of the
Bargmann-Michel-Telegdi (BMT) equation [80] to curved
spacetime,

α̇μ þ Γμ
ρσ ẋρασ ¼ Fμ

ναν: ð200Þ

Since ½ẋμγμ; γ5=α� ¼ 0 and ðγ5=αÞ2 ¼ 1, we can choose the
spinors to be eigenstates with eigenvalues s ¼ �1 as

γ5=αðu0ÞvsðqÞ ¼ svsðqÞ
γ5=αðu1ÞusðpÞ ¼ susðpÞ: ð201Þ

We can choose an arbitrary antiparticle spin vector αμð0Þ ¼
αμðu0Þ, restricted only by α2ð0Þ ¼ −1 and qαð0Þ ¼ 0, but

then the particle spin vector αμðu1Þ in (201) is determined
by transporting αμð0Þ along the instanton trajectory accord-

ing to (200), or vice versa. To show that this is indeed a
convenient choice, we first use (184) and (185) with
vμ ¼ αμ to show that Σ transforms γ5=αðu0Þ to γ5=αðu1Þ as

Σðu1; u0Þγ5=αðu0Þ ¼ γ5=αðu1ÞΣðu1; u0Þ: ð202Þ

Using this in (191) gives

ūrPe
−i
4

R
Mσvs ¼ sūrPe

−i
4

R
Mσγ5=αvs

¼ sūrγ5=αPe
−i
4

R
Mσvs

¼ rsūrPe
−i
4

R
Mσvs ∝ δrsfðsÞ: ð203Þ

From this, we can conclude that the spin factor is diagonal
in a basis chosen as (201),

SrsðαÞ ¼
�
aðαÞ 0

0 bðαÞ

�
; ð204Þ
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for some a and b. This holds for any choice of αμðu0Þ.
Denote two arbitrary spin vectors as αμ and α0μ. The spinors
u0 and v0 defined using α0μ must be related to the spinors u
and v defined with αμ via a unitary transformation; i.e.,
there must exist a unitary matrix UðuÞ such that

v0s0 ¼ Us0sðu0Þvs u0s0 ¼ Us0sðu1Þus: ð205Þ

This transforms the spin factor as

Srsðα0Þ ¼ ½U�ðu1ÞSðαÞUTðu0Þ�: ð206Þ

But Srsðα0Þ must still be diagonal. Demanding that the off-
diagonal elements of (206) vanish gives conditions that
allow us to determine some of the elements of Uðu0Þ in
terms of Uðu1Þ. This is enough to simplify the diagonal
elements, and we find

Srs ¼ S0

�
eiϕ1 0

0 eiϕ2

�
; ð207Þ

where S0 is independent of α and the phases ϕi ∈R are
undetermined. We can absorb these phases into the unde-
termined phases of the particle or antiparticle states, e.g.,
eiϕsvs → vs. Thus, up to an arbitrary choice of phases for
the states, we find for any α

Srs ¼ S0δrs: ð208Þ

Remembering the extra minus sign that comes from normal
ordering the antiparticle mode operators, Nðdd†Þ ¼ −d†d,
vþ actually corresponds to spin down, and v− corresponds
to spin up, so Srs ¼ S0δrs means equal probability to
produce j↑↓i and j↓↑i and zero probability to produce
j↑↑i or j↓↓i. This holds for any choice of spin basis, as
long as the spin axes for the particle and antiparticle are
related according to the BMT equation (200).

E. Final formulas

Thus, given a set of instantons, which in general have to
be found numerically, the pair-production spectrum is
obtained with the same formulas as in the QED case,
namely,

3þ 1∶ P ¼
Z

d3pd3q
ð2πÞ3 jM̂j2

2þ 1∶ P ¼ Vz

Z
d3pdq1dq2

ð2πÞ3 jM̂j2jq3¼−p3

1þ 1∶ P ¼ VyVz

Z
d3pdq1
ð2πÞ3 jM̂j2jq2;3¼−p2;3

0þ 1∶ P ¼ VxVyVz

Z
d3p
ð2πÞ3 jM̂j2jq¼−p; ð209Þ

where p and q are the particle and antiparticle momenta;
Vi is a volume factor for xi; the (normalized) amplitude is a
sum with one term for each instanton,

M̂ ¼
X
j

M̂j ¼
X
j

Sjeφj

h̃1=2j

; ð210Þ

where h̃ comes from the functional determinant (181),
except for the special 0þ 1D case where h̃ → 1 in (210), as
shown in Appendix B; and the spin factor is given by (198).

F. Grid vs quadratic instanton approaches

We have two approaches to study the momentum spec-
trum: the grid approach, where we make a grid in the ðp;qÞ
space and calculate instantons at each grid point, xμðu;p;qÞ,
and the quadratic approach, where we calculate instantons
only for the saddle-point values of ðp;qÞ, xμðu;ps;qsÞ, and
expand the exponential parts of the amplitude terms in (210)
to second order in Π −Πs, where Π ¼ ðp;qÞ,

MjðΠÞ ≈ Sj
h̃1=2j

ðΠsÞeφjðΠsÞþ∇φj·ðΠ−ΠsÞþ1
2
ðΠ−ΠsÞ·∇∇φj·ðΠ−ΠsÞ:

ð211Þ

We choose Πs such that Re∇φðΠsÞ ¼ 0, so Πs is not
actually a saddle point, unless there is only one instanton, in
which case the imaginary part of φ drops out in jMj2. The
actual saddle points for φj are in general complex [40].
Since we assume that the particles end up in Minkowski

space, the formulas for ∇φ and ∇∇φ in (211) are identical
to the QED case [36,37], so the following equations have
been simply copied from Ref. [8]. For the first-order
derivatives, we only need the instanton xμ but not any
deviation solution δxμ,

∂φ

∂qk
¼ −i

�
xk −

qk

q0
t

�
ðũ0Þ

∂φ

∂pk ¼ −i
�
xk −

pk

p0

t

�
ðũ1Þ: ð212Þ

For the second-order derivatives, we also need solutions to
the geodesic-deviation equation with boundary conditions

δẋk½l�ð−∞Þ ¼ δkl δẋk½l�ð∞Þ ¼ 0

δẋkflgð−∞Þ ¼ 0 δẋkflgð∞Þ ¼ −δkl: ð213Þ

We have

∂
2φ

∂qk∂ql
¼ i

�
δxk½l� −

qk

q0
δt½l� þ

q20δkl − qkql

q30
t

�
ðũ0Þ

¼ i

�
δxl½k� −

ql

q0
δt½k� þ

q20δkl − qkql

q30
t

�
ðũ0Þ ð214Þ
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∂
2φ

∂pk
∂pl ¼ i

�
δxkflg −

pk

p0

δtflg þ
p2
0δkl − pkpl

p3
0

t

�
ðũ1Þ

¼ i

�
δxlfkg −

pl

p0

δtfkg þ
p2
0δkl − pkpl

p3
0

t

�
ðũ1Þ

ð215Þ

∂
2φ

∂qk∂pl ¼ i

�
δxkflg −

qk

q0
δtflg

�
ðũ0Þ

¼ i
�
δxl½k� −

pl

p0

δt½k�

�
ðũ1Þ: ð216Þ

The results obtained with this quadratic-instanton
approximation are compared with the exact SWF results
in Figs. 1–4, 6, and 7. The relative errors are consistent with
the general expectation that they scale as OðωÞ, corre-
sponding to Oð10%Þ for the values of ω considered. For
more complicated backgrounds, it may be advantageous to
construct a grid-based instanton approximation before
resorting to SWF. However, for the 2D examples consid-
ered above, the full 2D spectra (e.g., Figs. 1 and 3) can be
computed in less than a minute on an A100 GPU, which is
significantly faster than the time required to set up the grid-
instanton calculation. In fact, even the quadratic-instanton
approximation is slower than the SWF computation in these
cases, since each new background requires determining
suitable initial guesses for ẋμð0Þ to ensure convergence of
the Newton-Raphson method, as well as choosing appro-
priate contours to navigate branch points in the complex
u plane. By contrast, in the SWF approach, one only needs
to ensure sufficiently dense and wide grids in x and k. The
advantage of the instanton approximation becomes appar-
ent in higher-dimensional settings, or when parameters
are taken away from Oð1Þ, since in those cases the wave
functions can vary rapidly, making the SWF approach more
challenging.
Even when the grid-instanton approach requires sub-

stantially more manual effort, it would still be desirable to
demonstrate that it provides better agreement with the SWF
results than the quadratic-instanton approximation, as was
done in Refs. [7,8] for the QED case. This turned out to be
more challenging for the GR examples considered here.
Here, there are always at least two instantons for each
ðp;qÞ because gravity does not distinguish particles and
antiparticles. The two classes of instantons correspond to
the choices ẋð0Þ ¼ þi or ẋð0Þ ¼ −i. For the simplest
metrics, this leads to a decomposition of the amplitude,
MðP;ΔÞ ¼ M−ðP;ΔÞ þMþðP;ΔÞ, where M�ðP;ΔÞ are
peaked at P ¼ �Ps,Δ ¼ 0. If these peaks were sufficiently
well separated, so that jMj2 ≈ jM−j2 þ jMþj2, it would be
straightforward to compute the grid-instanton approxima-
tion. However, in most of the examples considered here,
there is significant overlap, so the cross-term cannot be
neglected. As a consequence, one must evaluate M−ðP;ΔÞ

not only for P < 0 but also for P > 0. It has turned out to be
nontrivial to continue across P ¼ 0. Typically, when
moving in ðP;ΔÞ space, one can use the same u contour
or deform it smoothly when branch points approach the
contour. However, at P ¼ 0, it may be necessary to change
the contour discontinuously, without guidance from the
previous contour. This issue is left for future work.

VI. CONCLUSIONS

We have shown that the SWF approach, originally
introduced in Refs. [7,8] for pair production in electro-
magnetic background fields, can also be applied to pair
production in curved spacetimes with nontrivial depend-
ence on two or more coordinates. We have also completed
the development of an open-worldline-instanton method
by calculating the preexponential part of the probability,
complementing the calculation of the exponential contri-
bution presented in Ref. [45]. We have compared the
results obtained with these two methods and found good
agreement.
Although more involved than 1D backgrounds, the 2D

examples studied in this work remain relatively simple and
were chosen primarily to test the new formulas and their
implementation. To facilitate a direct comparison between
the two approaches, we have focused on parameter regimes
in which both methods are comparatively straightforward
to apply. For the SWF approach, this meant restricting
attention to parameter values of Oð1Þ, while for the
instanton approach, we selected cases with only a small
number of relevant instantons. In this regime, the exact
SWF method can in fact be faster than the approximate
instanton approach.
The computational cost of the instanton method itself

is typically low. The equations to be solved are ordinary
differential equations for xμðuÞ and δxμðuÞ, and the
Newton-Raphson procedure used to determine xμð0Þ
(and ẋμð0Þ in higher dimensions) generally converges
within only a few iterations when supplied with suitable
starting points. However, identifying such starting points
often requires a non-negligible amount of manual work.
One possible strategy is to introduce a deformation
gμνðt; xÞ → gμνðt; βxÞ and begin with β ¼ 0, where the
relevant instantons are much easier to identify. The
solutions obtained in this limit can then serve as initial
guesses for β ¼ 1, possibly through a sequence of inter-
mediate values of β if required.
A further challenge is the choice of contour for the

proper time u. In general, the contour cannot simply
coincide with the real axis but must instead pass around
branch points in the complex plane in an appropriate
manner. As long as the contour remains on the same side
of these branch points, it may be continuously deformed
without affecting the resulting probability. We have found it
convenient to represent the contour as a sequence of
straight-line segments,
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uðrÞ ¼ uðrjÞ þ ðr − rjÞeiϕj rj < r < rjþ1; ð217Þ

with constant angles ϕj. For the QED examples studied so
far, a three-segment contour has usually been sufficient, with
ϕ ¼ 0 for the antiparticle asymptotic region (Reu → −∞),
ϕ ¼ −π=2 in the creation region, and ϕ ¼ 0 again for the
particle asymptotic region (Reu → þ∞). For the gravita-
tional examples considered here and in Ref. [45]; however, it
has often been necessary to choose ϕ ≠ −π=2 or even
introduce additional contour segments in the creation region.
Moreover, changes in the background parameters can shift
the locations of branch points, requiring corresponding
modifications of the contour.
By contrast, applying the SWF method to different

metrics requires comparatively little manual work. One
just needs to adjust the density and width of the grids in
x and k to achieve convergence and the desired numerical
precision. For the simple 2D examples considered here,
the SWF code runs very efficiently on modern hardware;
on an NVIDIA A100 GPU (which we have used via
Google Colab), a typical calculation for 2D plots such
as Figs. 1 and 3, requires less than a minute. For such
backgrounds, the SWF approach can therefore outper-
form the instanton method in terms of overall turn-
around time.
The situation changes, however, when moving away

from Oð1Þ parameter values or extending the problem to
3D or 4D. Although additional integration constants [xμð0Þ
and ẋμð0Þ] must be determined in 3D and 4D, the instanton
equations still depend on only a single independent variable
(proper time u). In contrast, large parameter values can lead
to rapidly oscillating wave functions, making the SWF
approach increasingly demanding. Furthermore, the tran-
sition from 2D to 3D or 4D increases the dimensionality of
the grids in both x and k, leading not only to longer run
times but also to substantial memory requirements. In
Ref. [8], this issue was addressed in the QED case by
splitting the ðp1; q1Þ grid into smaller batches. Unlike the
Dirac-Heisenberg-Wigner method [9], each point on the
ðp1; q1Þ grid corresponds to an independent computation in
the SWF approach, naturally lending itself to parallelization
over multiple GPUs in future implementations.
Several directions for future work therefore suggest

themselves. On the instanton side, it would be desirable
to automate the identification of initial conditions and
contour choices, thereby reducing the amount of manual
input required. On the SWF side, further development of
memory-efficient implementations, including paralleliza-
tion strategies and techniques inspired by recent advances
in machine learning, could significantly extend the range of
tractable multidimensional problems.
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APPENDIX A: TWO METHODS FOR METRICS
WITH NONTRIVIAL HOLONOMY

1. Method 1

When the holonomy is trivial, i.e., when we can choose
coordinates so that gμν → ημν everywhere in the exterior
region, then we can compute the inner products by first
separating out a delta-function part as in (83). If instead
ŷa ≠ y̌a, then it is more nontrivial to extract the delta-
function parts of hUinjUouti and hV injVouti. As an integral
over a finite interval of x cannot give a delta function,
there cannot be any delta function in hUinjUscati or
hV injVscati, because ψ scatðtin; xÞ is approximately zero
for jxj larger than some finite L, and the delta functions
in hUinjUbacki and hV injVbacki must come from the
asymptotic regions jxj ≫ 1.
Consider for simplicity the example in (49), and let

h ¼ eAðt;xÞ; then, (suppressing the spin indices)

hUinðk1ÞjUbackðp1Þi ¼ u†kupe
iðk0−p0Þt−Jðk1; p1Þ

hUinðk1ÞjVbackðq1Þi ¼ u†kvqe
iðk0þq0Þt−Jðk1;−q1Þ

hV inð−k1ÞjUbackðp1Þi ¼ v†−k1upe
ið−k0−p0Þt−Jðk1; p1Þ

hV inð−k1ÞjVbackðq1Þi ¼ v†−k1vqe
ið−k0þq0Þt−Jðk1;−q1Þ;

ðA1Þ

where

Jðk1; p1Þ ¼
Z

dx̌ exp½iðk1 − p1Þx̌þ iPðx̌; p1Þ�; ðA2Þ

x̌ðxÞ ¼
Z

x

0

dx̃ hð−∞; x̃Þ ðA3Þ

and

P ¼ p1½x̌ − x̂ðx̌Þ�: ðA4Þ

This J is of the same form as that in Ref. [7], but with a
different P, so we can reuse the result from Ref. [7],

Jðk; pÞ ¼ 2πδðΔÞ 1
2
½eiPð−∞Þ þ eiPð∞Þ� − p:v:

J̃
Δ
; ðA5Þ

where Δ ¼ k1 − p1, p.v. means principal value, and

J̃ ¼
Z

∞

−∞
dx̌P0ðx̌Þ exp fiΔx̌þ iPðx̌Þg: ðA6Þ
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For (A4), we have

Pð�∞; p1Þ ¼ p1

Z �∞

0

dx½hð−∞; xÞ − hð∞; xÞ� ðA7Þ

and

P0ðx̌Þ ¼ p1½1 − x̂0ðx̌Þ� ¼ p1

�
1 −

hð∞; x½x̌�Þ
hð−∞; x½x̌�Þ

�
; ðA8Þ

where xðx̌Þ, the inverse of (A3), can be obtained by solving
the differential equation

x0ðx̌Þ ¼ 1=h½−∞; xðx̌Þ� xð0Þ ¼ 0: ðA9Þ

Thus, the inner products split into

hUinðw; kÞjUoutðs; pÞi

¼ 2πδðk1 − p1Þδws
1

2
½eiPð−∞;p1Þ þ eiPð∞;p1Þ�

− p:v:
J̃ðk1; p1Þ
k1 − p1

u†kupe
iðk0−p0Þt−

þ hUinðw; kÞjUscatðs; pÞi; ðA10Þ

hV inðw;−k1ÞjUoutðs; p1Þi ¼ −
J̃ðk1; p1Þ
k1 − p1

v†−kupe
ið−k0−p0Þt−

þ hV inðw;−k1ÞjUscatðs; p1Þi;
ðA11Þ

hUinðw; kÞjVoutðr; qÞi ¼ −
J̃ðk1;−q1Þ
k1 þ q1

u†kvqe
iðk0þq0Þt−

þ hUinðw; kÞjVscatðr; qÞi; ðA12Þ

and

hV inðw;−k1ÞjVoutðr; q1Þi

¼ 2πδðk1 þ q1Þδwr
1

2
½eiPð−∞;−q1Þ þ eiPð∞;−q1Þ�

− p:v:
J̃ðk1;−q1Þ
k1 þ q1

v†−kvqe
ið−k0þq0Þt−

þ hV inðw;−k1ÞjVscatðr; q1Þi: ðA13Þ

For hUinjVouti and hV injUouti, there is no need for p.v.
because

lim
k1→p1

v†−kup
k1 − p1

¼ 1

2p2
0

lim
k1→−q1

u†kvq
k1 þ q1

¼ 1

2q20
: ðA14Þ

After computing ψ scat, Fourier transforming and computing
(A10), (A11), (A12), and (A13), we can now perform the
k1 integral in

Z
dk1
2π

½hUinðkÞjUoutðpÞi�†hUinðkÞjVoutðqÞi

¼ −
Z

dk1
2π

½hV inðkÞjUoutðpÞi�†hV inðkÞjVoutðqÞi: ðA15Þ

Computing both lines gives a useful check of the numerical
implementation. The principal-value integrals can be com-
puted as

p:v:
Z

∞

−∞

dΔ
Δ

fðΔÞ ¼
Z

∞

0

dΔ
Δ

½fðΔÞ − fð−ΔÞ�: ðA16Þ

2. Method 2

For the second method, we begin by defining

fUinjψgðx̌Þ ¼
Z

dk1
2π

e−ik1x̌u†k

Z
dy̌eik1y̌ψðy̌Þ

fV injψgðx̌Þ ¼
Z

dk1
2π

e−ik1x̌v†−k

Z
dy̌eik1y̌ψðy̌Þ; ðA17Þ

which is a Fourier transform, projection with u†k or v
†
−k and

then an inverse Fourier transform. This allows us to express
the inner products as

hUinðkÞjψi ¼
Z

dx̌ eik0t−þik1x̌fUinjψgðx̌Þ

hV inð−kÞjψi ¼
Z

dx̌ e−ik0t−þik1x̌fV injψgðx̌Þ ðA18Þ

and transform the k1 integral into a x̌ integral,

Z
dk1
2π

hUoutjUinihUinjVouti

¼
Z

dx̌fUinjUoutg†ðx̌ÞfUinjVoutgðx̌Þ: ðA19Þ

The x̌ integral in (A19) has no singularities and can be
performed simply with, e.g., the Simpson’s rule. For
ψ ¼ Uscat and ψ ¼ Vscat, we can compute the Fourier
and inverse-Fourier integrals in (A17) with FFT.
The background terms can be computed as follows.

We split fUinjUbackg into two terms by writing u†kup ¼
δws þ ðu†kup − δwsÞ. We have again written out δws as a
suggestion for how to generalize to higher dimensions, but
for 2D fields and with 2D spinors, we only have one spin
state and δws → 1. The first term has trivial integrals, and
the second can be rewritten using partial integration, which
gives
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fUinjUbackgðx̌Þ

¼ δwse−ip0t−−ip1x̂ðx̌Þ þ
Z

dk1
2π

e−ik1x̌p1

u†kup − δws
k1 − p1

×
Z

dy̌eik1y̌ðx̂0ðy̌Þ − 1Þe−ip0t−−ip1x̂ðx̌Þ: ðA20Þ

The integrals in (A20) can be performed by FFT, multi-
plication by p1ðu†kup − δwsÞ=ðk1 − p1Þ and then inverse
FFT. Since u†−qvq ¼ 0, we have

fUinjVbackgðx̌Þ ¼
Z

dk1
2π

e−ik1x̌ð−q1Þ
u†kvq

k1 þ q1

×
Z

dy̌eik1y̌ðx̂0ðy̌Þ − 1Þeiq0t−þiq1x̂ðx̌Þ:

ðA21Þ

Similar expressions hold for fV injUbackg and fV injVbackg.

APPENDIX B: detΛ FOR gμνðtÞ
In this appendix, we calculate detΛ for the special 1D

case where Aμ ¼ 0 and

ds2 ¼ dt2 − e2AðtÞdx2: ðB1Þ

This 1D metric has a couple of peculiar features that are not
present in higher-dimensional metrics, gμνðt; x;…Þ.
We can integrate the geodesic equation to find the

velocity ẋμ in terms of t as in Ref. [45],

ṫ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2e−2AðtÞ

q
ẋ1 ¼ ẋ ¼ pe−2AðtÞ: ðB2Þ

The instanton goes around a branch point so that Reṫ < 0
for u → u0 and Reṫ > 0 for u → u1, so

ffiffiffi::p . in (B2) denotes
the double-valued square root. The reason for the change in
sign of Reṫ is that both particles are final-state particles, so
both Ret− → þ∞ and Retþ → þ∞.
Since the instantons and geodesic deviations for gμνðtÞ

have a different asymptotic behavior compared to
gμνðt; x; ;…Þ, we cannot use (163) for this case. Instead,
we go back to the deviation equation (150) and solve it with
the ansatz

ϕμ ¼ aẋμ þ bδμ1; ðB3Þ

where δμ1 is a Kronecker delta. ẋ
μ is always a solution, and

δμ1 is a solution since gμνðtÞ does not depend on x, which

implies that the differential equations for ϕ will only
involve terms with derivatives on a and b. The constant
of motion (158) becomes

ν ¼ ȧ − pḃ; ðB4Þ

so

aðuÞ ¼ νðu − u0Þ þ pbðuÞ: ðB5Þ

From the μ ¼ 1 component of (150), we then find

ḃ ¼ β
e−2AðtÞ

ṫ2
; ðB6Þ

where β is an integration constant. Changing integration
variable from u to t and imposing bðt−Þ ¼ 0 at t− ¼ tðu0Þ
gives

b ¼ β

Z
t

t−

dt̃
e−2A

ð1þ p2e−2AÞ3=2 : ðB7Þ

The initial conditions

ϕ̇μ
0ðu0Þ ¼

δμ0
T

ϕ̇μ
1ðu0Þ ¼

δμ1
T

ðB8Þ

determine the remaining two integration constants,

ϕ0∶ ðν0; β0Þ ¼
ṫðu0Þ
T

ð1;−pÞ ðB9Þ

and

ϕ1∶ ðν1; β1Þ ¼
1

T
ð−p; p2 þ e2A∞Þ; ðB10Þ

where A∞ ¼ Aðt−Þ ¼ AðtþÞ.
In the limit t� → ∞, we have

bðu1Þ ≈ βðt− þ tþÞ
e−2A∞

ð1þ p2e−2A∞Þ3=2 ; ðB11Þ

and hence

detΛ ¼ ϕ1
1ϕ

2
2 − ϕ2

1ϕ
1
2 ¼

t− þ tþ
Tṫð∞Þ ¼ 1: ðB12Þ

This is the same result as inRef. [35] for theQEDcase forEðtÞ.
Thus, the functional determinant is trivial for gμνðtÞ.
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