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Radiative lepton model in a noninvertible fusion rule
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We propose a radiatively induced lepton mass model introducing a Z, gauging Zs fusion rule. In our
framework, the charged-lepton mass matrix is generated at one-loop level via dynamical breaking of the
fusion rule. On the other hand, the neutrino mass matrix is induced at the one-loop level without breaking
the fusion rule. As a direct consequence of the loop induced charged lepton masses, we can also consider
lepton flavor violations, electron and muon g — 2, and charged-lepton electric dipole moments that
come into our valid phenomenological discussion. Then, we perform numerical analysis and show some
interesting tendency on the Dirac CP phase, two Majorana phases, charged-lepton electric dipole moments
and the neutrinoless double beta decay, all of which depends on their arguments where we fix the absolute
values of our free parameters in order to satisfy experimental data of the lepton masses and mixing angles.
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I. INTRODUCTION

The radiative seesaw model is one of the attractive
scenarios to understand a mechanism of minuscule masses
such as active neutrinos and electrons at low energy scale
beyond the standard model (BSM). In addition, we can
potentially discuss plenty of phenomenology such as lepton
flavor violations (LFVs), electron/muon anomalous mag-
netic dipole moments (electron/muon ¢ — 2), charged-
lepton electric dipole moments (EDMs), and dark matter
(DM), all of which can be connected to such tiny mass
particles inside the loop. To obtain relevant terms in order
to induce loop diagrams as leading contributions, non-
invertible fusion rules are recently applied to these kinds of
models. These selection rules possess some intriguing
natures. The first remarkable nature is that the rules can
forbid undesired terms at tree level but violate at loop level
in a dynamical manner. The second one is that these rules
provide an exact symmetry such as Z, that is never broken
at any orders and plays a role in stabilizing the DM
candidate. The third one is that they give some mass
textures to reduce mass parameters in quark and lepton
sectors, and possibly lead to predictions.' Note here that the

“Contact author: nomura@scu.edu.cn

"Contact author: hiroshi3okada@htu.edu.cn

“Contact author: shigekami@htu.edu.cn

'See Refs. [1-22], which proposed several ways to apply these
rules for phenomenology.
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second and third nature can be replaced by the other
symmetries such as discrete flavor symmetries [23-26].
However, the first one is totally unique for the case of the
noninvertible fusion rule. These natures pave the way for
constructing new models and it is worth exploring appli-
cations of the rules.

In this work, we apply Z, gauging Zs fusion rule ZX!,
which consists of three elements {I, a, b}, where all are
supposed to be real and commutable each other; back-
grounds and rules for Z, gauging Z, symmetry can be
referred to Refs. [9,10]. For these elements, we have

a®@a=1& b,
b®b=16 a,

a®b=a® b,
I® (I,a,b) = (I,a,b). (1)

Here, it is worthwhile to comment on the mathematical
nature of our noninvertible symmetry. Since all the gen-
erators I, a, b, mutually commute, one might naively expect
that Z5' shares the characteristics of Abelian group
symmetries such as Zy or U(1). However, the multiplica-
tion rules given in Eq. (1) exhibit a structure reminiscent of
non-Abelian groups. Nevertheless, the algebraic structure
of ZN' differs fundamentally from that of non-Abelian
groups. In an ordinary Abelian group, the product of two
arbitrary generators always results in a single generator,
i.e., a ® b = c. Therefore, the fusion rule in Eq. (1) cannot
be realized within the framework of conventional Abelian
groups. Consequently, ZX! provides a genuinely new struc-
ture that is not reducible to any standard group symmetry.2

These features can be generalized to other noninvertible
symmetries.

Published by the American Physical Society
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Owing to these distinctive features, it opens up the
possibility of constructing novel scenarios that cannot be
achieved using conventional group-theoretic symmetries.
In the main text, we explicitly demonstrate these differ-
ences in detail. For a radiative lepton mass model, we
introduce left- and right-handed Majorana fermions, iso-
spin doublet inert boson 7, singly charged-boson 52 We
make use of the first and second nature in the ZY" fusion
rules. Therefore, the charged-lepton mass matrix can be
induced at one loop via dynamical breaking of Z3'. On the
other hand, the neutrino mass matrix is generated at the
one-loop level where le\JI provides an accidental Z, sym-
metry that never can be broken at any order. This is the
same as the case of Ma model [27,28]. In addition, through
the charged-lepton sector, we can also discuss LFVs,
electron/muon g — 2 and charged-lepton EDMs.*

This paper is organized as follows. In Sec. I, we review
our lepton seesaw model and explain how to induce the
small charged-lepton masses as well as the neutrino
masses. We also discuss several phenomenology related
to the charged leptons. In Sec. III, we demonstrate several
numerical y? results satisfying neutrino observables, LFVs,
electron/muon g — 2, and charged-lepton EDMs in cases of
normal and inverted hierarchies. In Sec. IV, we summarize
and conclude.

II. MODEL SETUP

Here, we review our model setup in which we introduce
Z, gauging Zs fusion rule Z5. First, the lepton masses at
tree level are forbidden by assigning ZY! charge to lepton
particles. Then, in order to generate the lepton mass matrix
at the one-loop level, we introduce three families of left/
right neutral Majorana fermions Ny /g, an isospin doublet

inert boson #n=[y", (ng +in;)/V/2]" and an isospin
singlet singly-charged-boson S~ in addition to the SM
particles. Moreover, n and S~ do not acquire nonzero
vacuum expectation values (VEVs). Note here that the
charged-lepton mass matrix is generated by dynamically
breaking of this symmetry,’ and LFVs, ¢g—2, and
EDMs have the same origin as the charged-lepton mass

*We can also realize the same interactions by applying
Fibonacci fusion rules that is the minimum fusion ones. However,
this scenario induces terms that are forbidden at tree level, by
radiative corrections. Some of these radiative corrections include
infinity that never be able to be canceled out. We thus do not
adopt the minimal Fibonacci fusion rules to keep predictability of
the model. We briefly show some more detail in the model part.

*Even though we can discuss the nature of DM candidate, we
focus on the other phenomenology such as EDMs in this paper.

It means noninvertible symmetry is broken by radiative
corrections where charged lepton mass is forbidden at tree level
by the symmetry. Note that effective operator inducing neutrino
mass, LLHH, is allowed by the symmetry. These features can be
explicitly observed from diagrams for the radiative lepton masses
in Figs. 1 and 2.

TABLE I. Charge assignments of relevant fermions and bosons
under SU(2), ® U(1), ® ZN. All fermions have to have three
generations, and all new particles are singlet under SU(3)...

LL fR NL NR H n N
sU@), 2 1 1 1 2 2 1
Uy -1 -l Lo
A b a 1 b b

matrix [29-31]. On the other hand the neutrino mass matrix
is obtained without violating the fusion rule, as we will
show later. The particle contents and their charge assign-
ments are summarized in Table I.

Under the symmetry, the renormalizable Lagrangian is
given by

~L; = yiLintr + f&LL N, + fLLL, INT,
+ gc]fiN—l%fR5S+ + 95N, Cr, ST+ (Mp) Ny Np,
+ (Mg) N Ng, + (M) )N, N§, +He., (2)

where 7 = it,n* being 7, the second Pauli matrix. y* and
M, can be diagonal matrices without loss of generality.
The Higgs potential is given by

V= —uh|HP* + i |n|* + u3|S™|* 4+ uo(H” (iry)nS™ + H.c.)
+ 2 H|* + A0+ 2A5|S7I* + Auy [ HP |
+/1’H,7|H+17|2 —l—ﬂ}’,”((HTn)z +H.c.)

+ s HP[S™I? + Ayslnl*1S7 . (3)

Especially, the /1’,’,,7 term contributes to generating the

neutrino mass matrix at one-loop level, and the y, term
contributes to the radiative charged-lepton mass matrix.
Before moving to see the radiative mass generation for
each fermion sector, we comment on the physical phases of
the model. In the Higgs potential in Eq. (3), there are two
possible complex parameters, u, and /1’,’1,7. These phases

can be absorbed into the two phases of H, 5, and S*. Since
other parameters in the Higgs potential are real by defini-
tion, there is no physical CP source from the potential. In
the Lagrangian in Eq. (2), on the other hand, we have lots of
complex parameters. It is clear that all these phases cannot
be removed by considering phase redefinition for remain-
ing fields. As a result, we truly have physical CP sources
which result in nonzero (and nontrivial) predictions for
charged-lepton EDMs. For example, following phases are
invariant under any rephasing for fields:

R L 2
ia9i (MD)

0 s—arg[ o ’“], arg{—“” } 4

phy iLaggz (MR)aa(ML)aa ( )

with no summation for i, a.

115041-2



RADIATIVE LEPTON MODEL IN A NONINVERTIBLE FUSION ...

PHYS. REV. D 113, 115041 (2026)

Furthermore, we emphasize the role of noninvertible
symmetry. If we use ordinary global symmetry, like Z;, or
global U(1) symmetry, it is not possible to realize the
scenario as explained below. Let us consider Z, symmetry
is used. First, we need to assign Z, charge “—1” for the inert
scalar doublet 7 in any setup, in order to have the (H'n)?
term,” which is necessary for the neutrino mass generation
(SM Higgs should not have charge to generate quark mass).
Then S~ should also have Z, charge —1 for the HnS™
term. In this case, we can write terms {L;nZg, L} i} N,
N&£gS*} by assigning charge “i” for {L;.N .2}
However, we cannot write Majorana mass terms of N L(R)»
and our one-loop diagrams generating lepton masses
cannot be written. As an another option, we can assign
—1 charge for L, as well as 7 and §*, while £ and Ny (¢
do not have charge. In this case, we cannot write the

NSZRrS™ term, and charged lepton masses are not gen-
erated. These difficulties cannot be improved even if we use
a simple Z,, larger Z,;, or global U(1) symmetry, and
therefore, such a usual symmetry cannot be used for our
scenario. By using the noninvertible fusion rule, on the
other hand, we can realize it in use of the rules in Eq. (1).
Therefore our model is a good example to realize the
scenario that cannot be obtained from the usual symmetry.
Indeed, we have many free parameters, since we need
several Yukawa couplings to induce charged lepton and
neutrino masses at loop level. However, our main point in
this paper is to construct a model in which all lepton masses
are generated by radiative corrections rather than getting
specific predictions.

Notice that if we use the Fibonacci rules, 1 ® ¢ = 7 and
T® 7= 1@ 7, assigning 7 to # and S, we can write the
term (H'n)(n'n). This term can induce terms such as
(H'n)(H'H) and n"H through radiative correction. These
loop corrections generate divergences that cannot be
absorbed by renormalization, since the corresponding
tree-level counterterms are absent. Consequently, the diver-
gences cannot be eliminated unless a finite cutoff scale is
introduced. In addition, " H term spoils inert nature of #
and the mechanism of the model does not work. Therefore
we need Z5! as a relevant minimal selection rule where
(H'n)(n'n) is forbidden as b ® b ® b does not contain I.

A. Neutral fermion mass matrix

The mass matrix of the neutral fermion is induced via the
second line of Lagrangian in Eq. (2), and its form is given by

% 7oy oy ) () =% 0
NE N, )\ e ) =V NoMa( e )

(5)

®For this term, it is clear that we cannot use any discrete Z,
symmetry with odd number of M.

where we omit generation indices, and each block is
understood as a 3 x 3 matrix. My is then understood as
a 6 x 6 symmetric matrix. Note that due to our assumption
about absence of VEVs for {r, S™}, neutrinos do not mix
with Ny g. In order to diagonalize the above mass matrix,
we suppose

Mz M; < Mp, (6)

which is an appropriate hypothesis when we consider the
‘t Hooft sense. Then, we first transform M, as follows:

My =V MV

I
VR
- S
S sk
7N
B
=3
S~——
S
S sk
|
S <
SN——

1]

/7~
<

S
+
3

+
3

|
~—

3

where m_ < m, < Mp. M), is then block diagonalized as
follows:

Mp—m, 0
0 MD+m+

Py 1 —IMp'm_ 0 1 9
Y\t v 1 <i-1 0)' ®)

Here, bold number 0(1) represents 3 X 3 zero (unit) matrix.
Finally, the above mass matrix is diagonalized by

UTM//UN:<U£ 0><MD_m+ 0 )
NN 0o Ul 0 Mp+m,

(5 o)
_(DOR 135)' (10)

M y is approximately diagonalized via V = VE\})QP Uy as

VIMyVy ~ diag(Dg, D). Note that we have used an
assumption that Mp should be proportional to the 3 x 3
unit matrix in order to achieve our diagonalization [32,33];

@ryuyar) - ( )=mi ®)

MD%M()Xl. (11)

Then, Mp £ m, is given by
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MO + 51] ZIZ(SIZ :|:5|3
MD + er ~ :l:612 MO + 522 :l:523 . (12)
1013 +0y3 My £ 633

Since the diagonal elements are greater than all the off-diagonal elements, M, & m , is approximately diagonalized by the
following mixing matrices:

R(L) R(L)
1 €12 €13 5
R(L ij .,
Ury | =g 1 S0 e ), (13)
R(L R(L o
_613< ) _623< ) 1
Since (1) is expected to be tiny, we suppose |5; | < 16| fori # jwithi/j=1,2,3. As aresult, we find mass eigenstates
for N, as
6 6
Ng, = Z(VN)aaWR“’ Nf = Z(VN)aJrlal//Ra' (14)
a=1 a=1

Hereafter, mass eigenvalues for yp are indicated by D,

B. Charged-lepton mass matrix

The mass matrix of charged-leptons is induced at one-loop level via the following relevant Lagrangian:
SRLLINR, + gy NLEr ST+ fl,LL INT + gfiNg €, ST +He.,

where uoHT (it,)nS~ plays a role in connecting S* and 5= to construct the one-loop diagram.” Then, these terms are
rewritten in terms of mass eigenstates of N;  [wy_ in Eq. (14)] as follows (summation for a, b are implicitly understood):

ffa(VN)aai - T el + zl'h(VN)a+3,ai — T R C +
4\/5 CLn We, + (VN>a.b+391L7j’//R/R,S +T£L,-’7 YR, T (VN)a,bgbjll’RfR,S

= Fiaf—Li’Y_llfR(, + G(;jl//ﬁ,fR,S+, (15)

where we define Fia = ; [ {SJ(VN)aa + ftl':z(VN>a+3,a]/\/§ and Gaj = ZZ:I [(ng>a,b+3g15j + (V%)a,b bj]' The resultant

a=1
mass matrix for charged-lepton shown in Fig. 1 is given by

( ) o UHIME] FiaDaGaj Dgz 1 Dczx + D(%t 1 D(%t (16)
me)ij = 2 = -2 |F2 20 =3 = 2\ =5
V2(4r)?My D; —m3 |Di —m5 \m3) D i,

a m7’1

where uj, = R g%uo, My is a typical scale of M, [see Eq. (11)], fig, = mg, /My, Dy = D,/M,, F =F/f%, and G =
G/d%, with f%. g% being, respectively, (3, 3) component of f® and ¢f. We define the diagonalization of m,
as D, =Vim,V,,.

C. Active neutrino mass matrix
The active neutrino mass is induced at one-loop level through interaction terms with couplings F and (H'z)?, and

given by [28]

"Hereafter, we compute the loop diagrams with a method of mass insertion approximation. In particular, we do not perform
diagonalization for new scalar particles.
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(H)
n®) T T 5T
1 VR (a) )
Ly, (b) 1 g (a)
FIG. 1. Charged-lepton masses at one-loop level. a,b in the

parentheses are the ZX! assignment for corresponding fields, (H)
denotes the VEV of the SM Higgs doublet, and we omit the
generation indices for fermions. It is clear that these effective
masses have a ® b which does not have I, and therefore, our
fusion rule is radiatively broken by these charged-lepton masses.

(f5)*My - = 0 [ g Mg
(my,);; :WFiaD(zFaj mln 2

_ T, [’"—%H (17)

~2 2
my _Da

Kv(mu)ij’ (18)

where k, = (f%)>M, mg = Mying is the mass of 5z and
m; = My, is that of 5;. Corresponding diagram is shown
in Fig. 2. We define m,, is diagonalized by D, = Ul'm,U,.
Then, the observed mixing matrix U = VZL U, and «, can
be rewritten in terms of rescaled neutrino mass eigenvalues
D,(=D,/k,) and atmospheric neutrino mass-squared dif-
ference Am2,, as follows:

Am? Am?
(NH): 2 = A2l gy o = 8l )
D2 -D2 D2 -D2

where NH and IH, respectively, stand for the normal and
inverted hierarchies, respectively. Subsequently, the solar
neutrino mass-squared difference is determined by the
relation

Ly (b) 'l vn o) :

Ly (b)

FIG. 2. Neutrino masses at the one-loop level, with the same
notation as in Fig. 1. It is clear that these effective masses have
b ® b which include I, and therefore, these do not break our
fusion rule.

A’nzol = KI%(D 1%2 - Dlz/]) (20)

The effective mass for neutrinoless double beta decay can
be written by

(m,.) = k,|D, cos?01,c0s°0,3 + D, sin*@;,c08%0; ;'

+ D, sin?@,3ei(@=20cr)|, (21)

where 6,,3 3 are mixing angles for U in the standard
parametrization, dcp is a Dirac CP phase, and a,3 are
Majorana phases, defined in Majonara phase matrix P as
P = diag(1,e®/?,e%/?). A predicted value of (m,,) is
constrained by the current KamLAND-Zen data; (m,,) <
(28-122) meV at 90% confidence level [34]. Furthermore
the sum of neutrino masses is constrained by the minimal
standard cosmological model Acpy + Y D, that provides
the upper bound > D, < 120 meV [35,36], although it
becomes weaker if the data are analyzed in the context of
extended cosmological models [37]. Recently, DESI and
CMB data combination provides more stringent upper
bound on the sum as » , D, <72 meV [38]. Direct search
for neutrino mass is done by the Karlsruhe Tritium
Neutrino (KATRIN) experiment [39], which is the first
sub-eV sensitivity on m? = (0.26 + 0.34) eV? at 90% CL.

Here, m?, is defined by

k2[(D,, cos 013 cos01y)* + (D, cos 6,3 sin6;,)?

+ (D, sin6)3)?]. (22)

In numerical analysis, we will adopt NuFit 6.0 [40] to
experimental ranges of neutrino observables in addition to
the above constraints of neutrino masses.

D. LFVs, charged-lepton g —2 and EDMs

In this subsection, we will discuss LFVs, charged-lepton
g — 2 and EDMs, in order to compare with the experimental
constraints in the numerical analyses. These contributions
are arisen from the one-loop diagram adding external
photon to charged scalar line in the diagram of Fig. 1.
Therefore, these contributions also violate our fusion rule
of ZN. The dominant LFVs and charged-lepton g — 2 and
EDMs are induced via the following terms:

Fllowr ™ + Gy £r St +He.,  (23)

where F' = V[, F, G'=GV,,, and all the above particles
are supposed to be mass eigenstates. Then, the branching
ratios for LFVs, charged-lepton g—2 and EDMs are,
respectively, given by

4871'3 C,’j(lem

BR(¢Z, - ¢y)~
(l_) ﬂ/) G%m?}’

lag,* +lac, Pl (24)
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e
Aay = —mylag. +ag ], dy = EIm lag, —ay,]. (25)

where Gy is Fermi constant, a.,~ 1/137 is fine structure constant, and C,; ~ 1, Cz; ~0.1784, Cs, ~0.1736,
(£1,6,,63) = (e,u, 7). ag and a; in our model are, respectively, computed as follows:

\/_'UHﬂo 7 o \/E Hﬂo "t It
ag,; = (4n’)2M3 / D G Flfvs’ ar,; ~ (4ﬂ)2M3Gj(lD FmFlfLw (26)
3 mi+m;
F?}“ = /dxldxzdx3dx4x55(l — X — Xy — .X3 — X4 — X5) (p +%> s (27)

where A, = x; D% + (x, + x4)m 3 + (x3 + x5)M 3 and x;s are Feynman parameters.
Experimental upper bounds and future prospects for the branching ratios of the LFV decays are given by [41-44]

Current: BR(u — ey) <3.1 x 10713, BR(z — ey) $3.3x 1078, BR(z = uy) $4.4 x 1078, (28)
Future: BR(u — ey) <6.0 x 10714, BR(7 — ey) £9.0 x 107°, BR(7 — uy) 6.9 x 107°. (29)

Here, we estimate our input parameters to satisfy the LFVs to prepare the range of numerical analysis in the next section,
focusing on the most stringent bound on i — ey for safety. When we simply fix the following values £/ = G’ = 0.01,

D oF s = 1, o =1 GeV and My = 1000 GeV, BR(u — ey) ~ 6.95 x 107" that is larger by factor of ~2.24 than the

experimental upper bound. However, as one can understand from Eq. (26), the branching ratio hardly depends on the value
of My, BR(u— ey) «1/M§. Using this fact, BR(u — ey) $3.1x107!* can be easily obtained by setting
My Z 1144 GeV, and thus, it is easy to satisfy the LFVs as well as other bounds. Experimental results for charged-
lepton g — 2 at 1o are given by [45-52]®

Current: Aa, ~ (3.41 4+ 1.64) x 10713, Aa, ~ (38 £ 63) x 107!, (30)

Past: Aa, ~ (4.8 £3.0) x 10713, Aa,~(251+£59)x 107" or (24.9+4.8)x 1071, (31)
Experimental upper bounds for EDMs are, respectively, given by [54]

|d,| < 4.1 x 107 ecm (JILA), |d,| <1.9%x107" ecm (Muon g —2), (32)

[Re(d,)| < 4.5x 10717 ecm (Belle), |Im(d,)| < 2.5 x 1077 ecm (Belle). (33)

Furthermore, indirect bounds for the muon and tau EDMs provide more stringent constraints than the direct experimental
ones, which are obtained by evaluating the muon-loop induced light-by-light CP odd amplitude [55,56]:

|d,| <63 %1072 ecm, |d.| <4.1x107!° ecm, (34)

by using the latest electron EDM bound. Note that these bounds are obtained by the current electron EDM bound, and
therefore, an improvement of the electron EDM bound will also push down these upper bounds.

III. NUMERICAL RESULTS

Here, we perform Ay? numerical analysis and investigate our allowed regions to satisfy whole the experimental results
discussed above. Here, we assume all the relevant observables to be the Gaussian distribution under the Ay? analysis, and
hence,

O?bs _ OEh 2
A = Z(W) , (35)

where O; is observed (theoretically obtained) value of corresponding observables and §O;" indicates the experimental
error at 10. We adopt four reliable observables; {sin” 6, sin® 63, Am2,,,, Am2, }, to estimate the Ay? analysis and take our

obs (th)

¥For Aa,, there is another result by using the fine-structure constant a determined by '3*Cs, whose result has opposite sign,
Aa, = (—=10.1 £2.7) x 10713 [53].
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TABLE II.  Best-fit experimental values in the NH case, corresponding to Ay, & 1.06. Here we display these values that only depend
on absolute values.

Parameter BF Parameter BF Parameter BF

S12 0.553 8§23 0.763 8513 0.147
Am2, 7.32 x 1072 GeV? Amgy, 2.54 x 1072 GeV?

m,, 27.9 meV > D, 111 meV D, 26.5 meV
m, 0.000511 GeV m, 0.106 GeV m, 1.777 GeV
Aa, 8.74 x 10717 Aa, 2.52 x 10712

BR(u — ey) 3.54 x 107 BR(7 — ey) 2.35x 1077 BR(7 — uy) 4.08 x 1072
allowed regions up to 56.° On the other hand, we A. NH

independently request sin’6@,; to be within 3¢ level of
Nufit 6.0, since the experimental error is deviated from
Gaussian distribution. In our parameter space, we fix
R = fL and gk = ¢* for simplicity.'® Then, we randomly
select our input parameters as follows:

103 < 6112233 <01 1075 < 612,133 <107,

- GevV T 77 GeV
107> <M<0.1, 36
~GeV "~ (36)
1077 < 6m < 1073, 1075 < |zl €1,
107 < |gg| < 0.1, (37)
M, H
100 < —<10°,  0.1<2 <10,
~ GeV ™~ ~ GeV ™~
0.1 <7y <10, 1076 < 7ng < 1074, (38)

where §;; is the component of m., 7y = + 6,
, = ;. Arguments run over -z, +z]."' Note that arbi-
trary three components of ¢¥ can directly be determined by
charged-lepton mass matrix putting experimental results for
charged-lepton masses. Here, we select gf ,, 5,. Starting at
the above regions in our input parameters, we specify the
parameter space of their absolute values to fit the neutrino
mass-square differences, three mixing angles, LFVs, and
lepton g — 2.2 But, we keep the wide ranges of their
arguments that play a crucial role in determining the Dirac
CP phase 6¢p, two Majorana phases a, 3 and EDMs d, , ..

m

3¢ with four of freedom
Ay? ~34.555 [57].

""Note that, this simplification does not eliminate all physical
CP phases in our model: As mentioned in Eq. (4), we still have
second example of the physical CP phase, as well as other ones
which coming from, e.g., off-diagonal elements of fRL) gR(L)
and Mp ;. Therefore, we can discuss predictions for charged-
lepton EDMs in our models.

'If there are no symbols of absolute values | - - - | in Eqs. (36)—
(38), such parameters are considered as real parameters.

This is because there are too many parameters and too much
time to find out all the allowed regions.

degrees corresponds  to

At first, we show our benchmark point that does not
depend on phases in Table II. The best fit (BF) value
corresponds to Ay, & 1.06. It is clear that the branching
ratios for LFVs are enough small to satisfy current bounds.
Moreover, the prediction of Aa, is within 1o of current
results, while that of Aa, is within 3.

Under Table II, we figure out the neutrinoless double
beta decay in terms of phases d.p, a,, and a5 in Fig. 3, as
blue, red, and green points, respectively. The maximum
value of neutrinoless double beta decay just reaches the
upper limit of 28 meV. We find the following allowed
region-tendencies of phases; 30° < dcp < 60°, 200° <
bcp S240° —10° S a, S0° and —10° < a3 < 20°.

Next, we show our EDM predictions of |d,| (left), |d,,|
(center) and |d,| (right) for the case of NH in Fig. 4, in term
of three phases, where each of color plots are the same as
the one in Fig. 3. These figures suggest that |d, | reaches the
experimental upper bound 4.1 x 1073° ¢ cm, while typical
values of muon and tau EDM are |d,,| ~ (1-4) x 107 ecm
and |d,|~(2-6) x 1072* ecm. Interestingly, the con-
straint |d,| < 4.1 x 107% ¢ cm results in (m,,) < 28 meV,

NH
100 TR
o~ 50}
Q
E
%
3
\"/
5,
0 50 100 150 200 250 300 350

Ocp(blue), az(red),asz(green)

FIG. 3. Allowed regions for (m,,) in terms of phases &¢p
(blue), a, (red), and a3 (green) in case of NH. Brown (lower) and
purple (upper) dashed lines correspond to (m,,) =28 and
122 meV, respectively.
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NH NH
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10722
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e

107"
10720
.E 10-21
10—22
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o g Y
1072 )

Ocp(blue), ay(red),asz(green)

0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350 0 50
Ocp(blue), as(red),az(green)

100 150 200 250 300 350
O¢p(blue), ay(red),az(green)

FIG. 4. Allowed regions for EDMs in terms of phases §cp, @, and a3 in case of NH, with same color manner as in Fig. 3. The black
dashed line is the direct experimental upper bound, while brown corresponds to the indirect upper bound.

100

<Mge>[MeV]
N
o

N
o

0 50

100
Ocp(blue), as(red),asz(green)

FIG. 5.
are the same as in Fig. 3.

which is more stringent upper limit of the neutrinoless
double beta decay. It is also emphasized that the predictions
of |d,| and |d.| are several orders of magnitude larger
than those from the minimal-flavor violation relation:

150 200 250 300 350

Allowed regions for (m,,) in terms of phases 5¢p (blue), a, (red), and a3 (green) in case of IH. The meanings of dashed lines

\d,| ~ |d,|(m,/m,) <85x 1078 ecm and |d|=~
|d,|(m,/m,) < 1.4 x 10726 ¢ cm. This is because origins
of physical CP phases for d,, . are different from each
other. Another interesting point is mostly fixed predictions

TABLE III. Best-fit experimental values in the IH case, corresponding to Ay, = 0.539. Here we select the above values that
dominantly depend on absolute values.

Parameter BF Parameter BF Parameter BF

S12 0.557 8§23 0.695 S13 0.150
Am?, 7.60 x 1072 GeV? Amgy, 2.47 x 107 GeV?

m, 48.6 meV > D, 98.6 meV D, 0.0166 meV
m, 0.000511 GeV m, 0.106 GeV m, 1.777 GeV
Aa, 7.35 x 10~1° Aa, 2,95 x 10711

BR(u — ey) 3.93 x 1072 BR(7 — ¢y) 1.78 x 10723 BR(zt — py) 2.64 x 10717
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FIG. 6. Same plot as Fig. 4, but for the case of IH.

of |d,| and |d,| are obtained by the focused benchmark
point. This is because they tend to be determined by the
arguments whose allowed region is narrow for our input
parameters, while |d,| tends to be predicted by wide ones."

B. IH

Next, we show our benchmark point that does not
depend on phases in Table III. The BF value results in
Ay in & 0.539. Compared with the case of NH, we obtain
about one order of magnitude larger Aa, and Aq,. On the
other hand, we found that the IH case predicts about 4
orders of magnitude larger LFVs than those in the NH case,
which still satisfy the current bounds.

Under Table III, we figure out the neutrinoless double
beta decay in terms of phases d.p, o, and @3 in Fig. 5, with
same color manner as in Fig. 3. The several points exceed
the upper limit of 28 meV, and the maximum value reaches
33.5 meV. We find dp is localized at nearby 0° and 180°,
while Majorana phases are a, ~ 355° and —20° < a3 < 0°.

In Fig. 6, we show EDMs |d,| (left), |d,| (center), and
|d.| (right), in term of three phases, where each of color
plots are the same as the one in Fig. 3. These figures
suggest that |d,| can reach the experimental upper bound
4.1 x 107 ecm, but typical values of |d, | are, respec-
tively, 1072* and 10723 e cm. Interestingly, the constraint
|d,| <4.1x 1073 ecm leads us to the similar result of
the NH case; (m,,) < 33.5 meV which is just above the
stringent upper limit of the neutrinoless double beta decay.
The EDM dependencies are similar to those in the NH case.

IV. SUMMARY AND DISCUSSION

We have proposed a radiatively induced lepton mass
model by introducing a Z, gauging Zs fusion rule to forbid
tree-level lepton masses while keeping relevant inter-
actions to induce them via radiative corrections. The

BIn fact, we found that some arguments are required to be
narrow range for fitting the experimental observables, while some
of them are not so strictly constrained. Although it might be
interesting to explore its dependence, we will not show them in
detail, since we have a lot of parameters. Note here that absolute
values of d, and d, are much larger than those of d,.

charged-lepton mass matrix is generated at one loop level
via dynamical breaking of the fusion rule. On the other
hand, the neutrino mass matrix is induced at the one-loop
level without breaking the fusion rule. These facts lead us to
discuss LFVs, electron and muon g — 2, and charged-lepton
EDMs, where these phenomenology originate from the
charged-lepton sector.

Due to too many free parameters, we have specified the
absolute values of parameter set in order to fit the neutrino
oscillation data and the charged-lepton mass observables.
In addition, we have fixed the set of best fit values in cases
of NH and IH. Then, once we have randomly selected the
arguments of our free parameters and scanned whole their
ranges, we have obtained our observables such as the Dirac
CP phase, two Majorana phases, charged-lepton EDMs
and the neutrinoless double beta decay, all of which
depends on their arguments. As results of our numerical
analyses, we have found several interesting tendencies;
30° < 6cp S 60°% 200° < 6cp < 240°, —10° S ap S0° and
—10° £ a3 £20°in NH, and §p ~ 0°, 180°, a, ~ 355° and
—20° < a3 £0° in IH. We have also discovered that the
constraint |d,| < 4.1 x 1073° ¢ cm has led us to the maxi-
mum prediction of (m,,) to be 28 meV for NH and
33.5 meV for IH, both of which are around more stringent
upper limit of the neutrinoless double beta decay. Further-
more, the predictions of the muon and tau EDMs are
several orders of magnitude larger than those obtained by
the rough minimal-flavor violation relation, due to different
origin of the CP phase.

We would like to mention the application of our
mechanism to the quark sector. Although we did not focus
on the quark sector in this work, we can construct the model
for radiative quark masses by assigning the proper non-
invertible fusion rule to quarks. The simplest model is to
assign b to Q; and a to dy so that the tree-level down-type
Yukawa couplings are forbidden. Then, one would obtain
the same structure as in the case of our charged-lepton
sector. Note that the up-type quark sector is not favored to
apply this mechanism, since top-Yukawa coupling is order
one,'* and its radiative generation will cause the issues, e.g.,

"The radiative masses for up and charm quarks are acceptable,
due to small Yukawa couplings.
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requiring too large couplings which is not allowed in the
sense of perturbativity. Therefore, down-type quark masses
are generated via one-loop level after radiative breaking of
the fusion rule. In this case, b — s£7 anomalies can be
taken into account through 7, as well as several constraints
such as neutral meson mixings and b — sy. Detailed
analysis is beyond our scope, but it is also worth con-
structing a radiative quark mass model in future.

Before closing our paper, we comment on a possible
dark matter candidate in the model. Potentially, we have
two dark matter candidates; the lightest neutral fermion yg,
or the lightest neutral component of # which are similar to
the case of the Ma model. However, our allowed mass
region through the numerical analysis suggests that these
masses are O(1) PeV scale in case of mg ~ 100 GeV, and
DMs decay so quickly that they cannot be DM candidates.
In case of the bosonic one, it decays into, e.g., pairs of ¢
through y’. In case of the fermionic one, it decays into
¢£~Wy through ¢g“/® and kinetic term of 5 due to mixing

between ST and x*. Thus, we concentrate on the other
phenomenology in the current paper, instead of dark matter
phenomenology. In a different parameter set, however, it
would be a promising dark matter candidate which would
be discussed elsewhere.
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