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Neural network field theory (NNFT) represents fields as neural networks and samples field
configurations by drawing network parameters from a probability distribution. We identify a previously
unexplored architectural freedom in NNFT, parametrized by α, that leaves the infinite-width theory
invariant but dramatically affects finite-width errors in the calculation of correlation functions. For a
massive scalar field, we show that α ¼ 0, corresponding to propagator-weighted neuron momenta and
constant neuron amplitudes, is optimal: it minimizes finite-width variance and uniquely removes IR-
sensitive corrections in the interacting theory. Even at α ¼ 0, relative errors from both bias and variance
grow exponentially with distance beyond the correlation length. The bias can be removed by extrapolating
to infinite width, which we demonstrate numerically, while the variance imposes a fundamental bound on
the achievable signal-to-noise ratio as in lattice field theory. These results chart a path toward developing
NNFT into a practical tool for the numerical study of field theories.
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Introduction.Artificial neural networks and Euclidean field
theories can both be viewed as collections of random
variables. A neural network computes a function of its
input, and when the network parameters are drawn from a
probability distribution, the output is a random function of
the input. A field theory, meanwhile, is a prescription for
computing correlation functions of a random field, i.e., a
random function of spatial coordinates, ϕðxÞ, where the
probability distribution over field configurations is deter-
mined by the action S½ϕ�. Given this structural similarity, a
natural question arises: can neural networks with random
parameters be used to simulate field theories?
To answer this question, we need to understand how,

given a field-theory action, one can construct a neural
network architecture and a probability distribution over its
parameters such that the resulting random function repro-
duces the statistics of the field theory, i.e., its correlation
functions. This is the core objective of the emerging neural
network field-theory (NNFT) program [1–3]. Since its
inception, NNFT has been extended in many directions,
including conformal field theories [4–6], fermions and
supersymmetry [7,8], and string theory [9,10]; see also
Refs. [11–18]. In contrast to traditional lattice field theory
which discretizes spacetime, NNFT represents the field as a

neural network and samples field configurations by draw-
ing network parameters. This offers potential advantages:
the fields live directly in the continuum, and exact
Euclidean symmetry can be preserved [19].
The starting point of NNFT is the observation that, by the

central limit theorem, a neural network with infinite width
(i.e., infinitely many neurons per layer) and independently
drawn parameters produces a Gaussian random field, i.e., a
free field. This is a field-theoretic restatement of the
foundational result in machine learning that infinitely wide
neural networks are Gaussian processes [20–25]. To obtain
interacting theories, one can break the statistical independ-
ence of network parameters while staying in the infinite-
width limit [3].
In practice, however, the network width N is finite,

which introduces a systematic bias in the form of 1=N
corrections to the correlation functions. Moreover, the finite
ensemble size of Monte Carlo sampling gives rise to
statistical variance. A precise characterization of these
errors and the limitations they impose is essential for
developing NNFT into a practical computational tool.
In this paper, we identify a previously unexplored

freedom in NNFT architectures that has dramatic conse-
quences for these errors. We focus on a prototypical
massive scalar field theory and parametrize this freedom
by α, which corresponds to different ways of distributing
the momentum-space integrand between the probability
distribution over network parameters and the neuron
amplitude. All choices of α yield the same field theory
in the N → ∞ limit, but they give qualitatively different
predictions at finite N. Previous work [2,3] adopted
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α ¼ −1; this particular choice gives rise to ðΛ=mÞ-
enhanced bias for correlation functions at distances r ∼
1=m [26], whereΛ is the UV cutoff andm is the mass of the
scalar field. Here, we systematically extend these results by
considering both bias and variance, for all α at all r.
We find that, at r≳ 1=m, both bias and variance grow

exponentially with mr relative to the signal. This expo-
nential growth represents a qualitatively more severe
obstacle than the polynomial enhancement previously
identified at r ∼ 1=m. The bias is a systematic error that
can be removed by extrapolating to N → ∞. The variance,
by contrast, represents an irreducible noise floor that
persists even as N → ∞. Nevertheless, we show that
choosing α ¼ 0 minimizes finite-N contributions above
the noise floor. We perform numerical experiments to
demonstrate both the removal of bias via extrapolation
and α dependence of the variance for the free theory. We
also consider the interacting ϕ4 theory in the perturbative
regime and show that α ¼ 0 removes IR-sensitive correc-
tions. Together, these results establish α ¼ 0 as the optimal
architecture for NNFT.

A family of architectures. Consider a one-hidden-layer
neural network with cosine activation functions, known as
Cos-Net [2,3] (or random Fourier features in machine
learning literature [27]):

ϕðx; θÞ ¼ 1ffiffiffiffi
N

p
XN
i¼1

wð2Þ
i cosðwð1Þ

i · xþ bð1Þi Þ; ð1Þ

where x∈Rd is the input and θ ¼ fwð1Þ
i ; bð1Þi ; wð2Þ

i gNi¼1 are
the network parameters. When the first-layer weights

wð1Þ
i ∈Rd are drawn from a rotation-invariant distribution

and the biases bð1Þi are drawn uniformly from ½−π; π�,
correlation functions of the network output are Euclidean

invariant. We assume the second-layer weights wð2Þ
i are

drawn from a distribution that is independent of bð1Þi but

may depend on wð1Þ
i . Defining ai ≡ 1

2
wð2Þ
i eib

ð1Þ
i and

ki ≡ wð1Þ
i , we can rewrite Eq. (1) as a sum of plane waves

with random momenta:

ϕðx; θÞ ¼ 1ffiffiffiffi
N

p
XN
i¼1

ðaieiki·x þ c:c:Þ: ð2Þ

By the central limit theorem, ϕðx; θÞ becomes a Gaussian
random field as N → ∞. The 2n-point connected correla-
tors scale as 1=Nn−1, provided the parameters ki and ai
associated with each neuron are drawn independently from
the same distribution. Interactions can be introduced by
breaking the independence of network parameters [3],
PðθÞ ∝ P0ðθÞe−Sint½ϕðθÞ�, or equivalently by reweighting
the free-theory ensemble,

hϕðx1Þ � � �ϕðx2nÞi ¼
hϕðx1Þ � � �ϕðx2nÞe−Sinti0

he−Sinti0
; ð3Þ

where h� � �i0 denotes the expectation value with respect to
the free-theory distribution P0ðθÞ and we have suppressed
the dependence on θ for brevity. In what follows, we first
analyze the bias and variance for correlation functions in
the free theory and then discuss how these results extend to
the interacting theory via Eq. (3).
With independently and identically distributed (i.i.d.)

parameters ki and ai, the two-point function Gð2Þðx1; x2Þ≡
hϕðx1Þϕðx2Þi0 receives identical contributions from each
neuron, yielding

Gð2Þðx1; x2Þ ¼ 2

Z
ddkipðkiÞhjaij2ieiki·ðx1−x2Þ: ð4Þ

Here pðkiÞ is the probability distribution over ki ¼ wð1Þ
i ; the

average over bð1Þi eliminates the a2i and a�i
2 terms, and

hjaij2i denotes the average of jaij2 ¼ ðwð2Þ
i Þ2=4 over wð2Þ

i at

fixed wð1Þ
i . No summation over repeated indices is implied

throughout this paper. We can choose pðkiÞ and hjaij2i to
reproduce the propagator in any (reflection-positive)
Euclidean-invariant field theory. For a free scalar with
mass m, we need

pðkiÞhjaij2i ¼
1

2ð2πÞd
fΛðk2i Þ
k2i þm2

; ð5Þ

where fΛðk2i Þ is a UV regulator that satisfies fΛð0Þ ¼ 1,
fΛð∞Þ ¼ 0; e.g., one can take fΛðk2i Þ ¼ ΘðΛ2 − k2i Þ
or fΛðk2i Þ ¼ e−k

2
i =2Λ

2

.
Equation (5) does not uniquely determine pðkiÞ and

hjaij2i but only their product [28]. We consider a family of
choices parametrized by α:

pðkiÞ ¼
1

ð2πÞdΩα

fΛðk2i Þ
ðk2i þm2Þαþ1

; ð6Þ

hjaij2i ¼
Ωα

2
ðk2i þm2Þα; ð7Þ

where Ωα is a normalization factor defined as

Ωα ≡
Z

ddk
ð2πÞd

fΛðk2Þ
ðk2 þm2Þαþ1

: ð8Þ

All choices of α yield the same two-point function, and
hence the same N → ∞ theory, but they give different
predictions for higher-point correlation functions at finiteN
as we will see shortly.

Finite-width bias. Turning to higher-point correlation
functions, we define ϕiðxÞ≡ aieiki·x þ c:c: and denote
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the 2n-point functions of ϕ and ϕi as Gð2nÞ and Gð2nÞ
i ,

respectively. For i.i.d. neurons, we can express Gð2nÞ in

terms of Gð2n0Þ
i with n0 ≤ n; for example,

Gð4Þðx1;…; x4Þ ¼
�
1 −

1

N

�
ðGð2Þ

i ðx1; x2ÞGð2Þ
i ðx3; x4Þ

þ � � �Þ3 terms þ
1

N
Gð4Þ

i ðx1;…; x4Þ; ð9Þ

Gð6Þðx1;…;x6Þ¼
�
1−

1

N

��
1−

2

N

�
ðGð2Þ

i ðx1;x2ÞGð2Þ
i

× ðx3;x4ÞGð2Þ
i ðx5;x6Þþ �� �Þ15 terms

þ 1

N

�
1−

1

N

�
ðGð4Þ

i ðx1;…;x4ÞGð2Þ
i ðx5;x6Þ

þ �� �Þ15 termsþ
1

N2
Gð6Þ

i ðx1;…;x6Þ; ð10Þ

where “� � �” denotes all distinct permutations of the
coordinates; see Sec. S1 in Supplemental Material [29]
for details. In each equation, the first term is the free-theory
prediction rescaled by a factor of 1þOð1=NÞ, while the
remaining terms constitute additional contributions to
finite-N bias. The bias from these additional contributions
relative to the free-theory prediction is, schematically,
controlled by the ratios

1

Nn−1
Gð2nÞ

i

½Gð2Þ
i �n

≡ κn; ð11Þ

with n ≥ 2. To determine these ratios, we note that

Gð2nÞ
i ðx1;…;x2nÞ¼

1

2

�
Ωα

2

�
n−1Z ddki

ð2πÞd
hjaij2ni
hjaij2in

fΛðk2i Þ
k2i þm2

× ðk2i þm2Þαðn−1Þ
X
P

eiki·ðxin−xoutÞ; ð12Þ

where the sum runs over all ð2nn Þ balanced partitions P of
the 2n coordinates into “in” and “out” sets, with xin ≡P

j∈ in xj and xout ≡P
j∈ out xj. In what follows, we take

jaij ¼
ffiffiffiffiffiffiffiffiffiffiffi
Ωα=2

p ðk2i þm2Þα=2 to be deterministic, so that
hjaij2ni ¼ hjaij2in [30].
We consider three cases in turn.
(i) For α ¼ 0, Eq. (12) reduces to a sum of propagators,

Gð2nÞ
i ∝

P
P G

ð2Þðxin − xoutÞ, each falling off at large
distances as e−mjxin−xoutj. By the triangle inequality,
jxin − xoutj ≤ jxj1 − xj2 j þ � � � þ jxj2n−1 − xj2n j, where
j1;…; j2n is any permutation of 1;…; 2n. Therefore,

κn ∼
ecmr

Nn−1 ; ð13Þ

where c > 0 is an Oð1Þ constant and r is the
characteristic separation between the points—the
relative bias grows exponentially with mr at
r≳ 1=m. Additional enhancements arise from the
ðΩαÞn−1 prefactor in Eq. (12), as Ω0 ∼ logðΛ=mÞ for
d ¼ 2 and Ω0 ∼ ðΛ=mÞd−2 for d ≥ 3.

(ii) For α < 0, the integrand in Eq. (12) is proportional
to 1=ðk2 þm2Þ1þjαjðn−1Þ, which can be written as
derivatives of 1=ðk2 þm2Þ with respect to m2.
Taking m2 derivatives does not change the expo-
nential falloff of the integral, so Eq. (13) still
holds, with additional enhancements from Ωα∼
ðΛ=mÞd−2þ2jαj.

(iii) For α > 0, it is possible to choose the UV regula-
tor fΛ such that the integral is exponentially sup-
pressed at r ≫ 1=Λ; e.g., fΛðk2Þ ¼ e−k

2=2Λ2

gives

Gð2nÞ
i ∼ e−Λ

2jxin−xoutj2=2. However, we do not expect
the suppression to persist in the interacting theory,
because integrating over internal coordinates of
interaction vertices will pick up contributions from
regions where jxin − xoutj≲ 1=Λ.

Noise. The finite-N bias discussed above is systematic and
can be removed by repeating the calculation at several
values of N and extrapolating to N → ∞. We now turn to
the variance component of the error, which unlike the bias
cannot be extrapolated away.
Generally, for any Monte Carlo approach that estimates

correlation functions by averaging over M samples of the
random function ϕ,

Ĝð2nÞðx1;…; x2nÞ≡ 1

M

XM
m¼1

ϕðmÞðx1Þ…ϕðmÞðx2nÞ; ð14Þ

the variance of the estimator Ĝð2nÞ is given by

Var½Ĝð2nÞðx1;…; x2nÞ�

¼ 1

M
½hϕðx1Þ2…ϕðx2nÞ2i − hϕðx1Þ…ϕðx2nÞi2�: ð15Þ

The first term is a 4n-point function with coincident points,
which does not fall off exponentially and dominates the
variance at large distances. In NNFTwith i.i.d. neurons, we
can express this 4n-point function in terms of single-neuron
correlation functions similar to Eqs. (9) and (10); see Sec.
S1 in Supplemental Material [29]. In the N → ∞ limit,

Var½Ĝð2nÞðx1;…; x2nÞ� ≃
1

M

Y2n
j¼1

Gð2Þ
i ðxj; xjÞ ¼

ðΩ0Þ2n
M

:

ð16Þ

Equation (16) defines an α-independent noise floor
and implies a signal-to-noise ratio (SNR) that falls off
exponentially with mr at large distances:
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SNR ∼
ffiffiffiffiffi
M

p Gð2nÞ

ðΩ0Þn
∼

ffiffiffiffiffi
M

p
e−nmr: ð17Þ

To achieve Oð1Þ SNR, we therefore need M ≳ e2nmr. This
is the same signal-to-noise problem that was first analyzed
by Parisi and Lepage in the context of lattice field theory
[31,32]. The architecture-independent noise floor repre-
sents a fundamental cost of the NNFT approach.
On the other hand, at finite N, there are additional

contributions to the variance, making Eq. (17) an upper
bound on the achievable SNR. We find that, similar to the
bias, the size of finite-N contributions relative to the noise
floor is controlled by the ratios κn defined in Eq. (11), now
evaluated at an even number of points that are pairwise
coincident to yield

κnoisen ¼
�

1

2N

�
n−1 ðΩαÞn−1Ω−αðn−1Þ

ðΩ0Þn
: ð18Þ

From the definition of Ωα in Eq. (8), it is straightforward to
show that Eq. (18) is minimized at α ¼ 0 for all n ≥ 2; see
Sec. S2 in Supplemental Material [29] for details. For
α ¼ 0, κnoisen ¼ 1=ð2NÞn−1 ≪ 1 and we nearly saturate the
bound in Eq. (17); for either α < 0 or α > 0, it is possible
for the finite-N contributions to dominate over the noise
floor due to enhancements by powers of Λ=m.

Numerical results. To test the analytic predictions above,
we evaluate Gð4Þ for 50 randomly generated four-point
configurations in d ¼ 2 using an ensemble of M ¼ 108

Cos-Nets at each width N ¼ 30, 50, 100. We choose a
Gaussian regulator, fΛðk2Þ ¼ e−k

2=2Λ2

, with Λ ¼ 100m.
For each configuration, we rescale the coordinates of the
four points by a common factor to achieve three character-
istic separations r ¼ 0.3 m−1, m−1, and 3 m−1, where r is
defined as the average of the six pairwise distances between
the four points. Figure 1 shows the ratio of the NNFT result
to the free-theory prediction as a function of 1=N for
different values of α and r for the first five configurations;
the same qualitative behavior is observed for the other 45
configurations. Aweighted linear fit in 1=N is extrapolated
to 1=N ¼ 0. The simulation and plotting code was written
by Anthropic’s Claude Opus 4.5, 4.6 and 4.7, accessed
through the Claude Code interface and directed in natural
language by the author; its correctness was verified by
direct inspection.
The contrast between different α is striking. For α ¼ 0

(center column), the free-theory prediction is reproduced
within much smaller uncertainties than the other two cases
upon extrapolation to 1=N ¼ 0, confirming the optimality
of this choice. For α ¼ −1 (left column), the finite-N ratios
deviate from unity by orders of magnitude, reflecting
ðΛ=mÞ-enhanced bias relative to the α ¼ 0 case. For α ¼ 1
(right column), the ratios are consistent with unity at all N

within large error bars, confirming the suppressed bias but
enhanced variance discussed above. In all cases, we see a
substantial increase in both finite-N bias and variance with
r, consistent with the analytically predicted exponential
growth. Across all 50 configurations and all ðα; rÞ combi-
nations, the extrapolated intercepts are consistent with
unity within uncertainties, validating the N-extrapolation
approach for removing bias. The irreducible noise floor, on
the other hand, presents an obstacle to achieving high
precision at r≳m−1. We have also performed numerical
experiments for d ¼ 1, 3, 4 and observed the same
qualitative behavior as in d ¼ 2.

Interacting theory. We can extend the bias and variance
analysis to the interacting theory via Eq. (3). Consider ϕ4

theory as an example, with Sint ¼ λ
4!

R
ddxϕðxÞ4. To

analytically probe the α dependence, we focus on the
perturbative regime and expand the right-hand side of
Eq. (3) in λ. The leading correction to the two-point
function is given by

hϕðx1Þϕðx2Þi
��
OðλÞ ¼ −

λ

4!

Z
ddx½Gð6Þðx1; x2; x; x; x; xÞ

−Gð2Þðx1; x2ÞGð4Þðx; x; x; xÞ�; ð19Þ

where Gð2Þ, Gð4Þ and Gð6Þ are the free-theory correlation
functions. Substituting in Eqs. (9) and (10) and integrating
over the vertex position x, we find that a subset of the finite-
N corrections have integrands independent of x, yielding
contributions proportional to the spatial volume [26]. At
Oð1=NÞ, these are proportional to

ΩαΩ−αðx1 − x2Þ −Ω0Ω0ðx1 − x2Þ; ð20Þ

where ΩαðrÞ≡
R

ddk
ð2πÞd

fΛðk2Þ
ðk2þm2Þαþ1 eik·r generalizes Ωα in

Eq. (8) to nonzero r. These and analogous contributions
at Oð1=N2Þ vanish if and only if α ¼ 0; see Sec. S3 in
Supplemental Material [29] for details. This provides an
independent argument for the optimality of α ¼ 0, com-
plementing the free-theory analysis. Even for α ¼ 0, the
remaining finite-N corrections include contributions that
fall off more slowly than the field-theory prediction, and the
relative bias grows exponentially with mr as in the free
theory. We have verified that both the cancellation of
IR divergences at α ¼ 0 and the exponential growth
of relative bias persist for the four-point function up to
Oðλ2Þ; a detailed analysis will be presented in a forth-
coming paper.

Summary and outlook. In this paper, we have identified
a previously unexplored architectural freedom—
parametrized by α—in NNFT, a recently proposed
approach for simulating field theories using neural
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network ensembles. While all choices of α yield the same
field theory in the limit of infinite network width N → ∞,
they give rise to drastically different finite-N behaviors.
We have shown that α ¼ 0, corresponding to sampling
neuron momenta in direct proportion to the propagator
while keeping the neuron amplitudes constant, is optimal
for minimizing finite-N errors in the evaluation of
correlation functions.
Even for the optimal α ¼ 0 architecture, relative errors

from both bias and variance grow exponentially with
distance r at r≳ 1=m—a qualitatively more severe limi-
tation than the polynomial Λ=m enhancement previously
identified at r ∼ 1=m. The bias can be removed by
extrapolating to N → ∞, as we have demonstrated numeri-
cally. The variance, on the other hand, sets an upper bound

on the achievable SNR and imposes an exponential cost for
measuring correlation functions at large distances, just as in
lattice field theory.
Together, these results establish a practical strategy for

turning NNFT from a proof-of-principle construction into
a computational tool: adopt the optimal α ¼ 0 architecture,
extrapolate to N → ∞ to remove bias, and maximize the
ensemble size to suppress the noise floor. That the signal-
to-noise problem is shared with lattice field theory sug-
gests that techniques developed in that context, such as
variance reduction methods, may be applicable to NNFTas
well. The combination of these techniques with the
continuum formulation intrinsic to NNFT may ultimately
open a new frontier in nonperturbative field-theory
computations.

FIG. 1. Ratio of the NNFT four-point function to the free-theory prediction as a function of 1=N, for five random configurations.
Columns correspond to α ¼ −1, 0, 1; rows to characteristic separations r ¼ 0.3m−1; m−1; 3m−1. Shaded bands indicate weighted linear
fits and open circles mark the extrapolated intercepts at 1=N ¼ 0. Dotted line marks NNFT/theory ¼ 1. While previous work adopted
α ¼ −1, we find that α ¼ 0 is optimal in minimizing finite-N errors. The simulations and this figure were produced with code written by
Claude Opus 4.5, 4.6 and 4.7 under the author’s direction, as described in the text.
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