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One proposal to compute parton distributions from first principles is the large momentum effective
theory (LaMET), which requires the Fourier transform of matrix elements computed nonperturbatively.
Lattice quantum chromodynamics (QCD) provides calculations of these matrix elements over a finite
range of Fourier harmonics that are often noisy or unreliable in the largest computed harmonics. It has
been suggested that enforcing an exponential decay of the missing harmonics helps alleviate this issue.
Using nonperturbative data, we show that the uncertainty introduced by this inverse problem in a realistic
setup remains significant without very restrictive assumptions, and that the importance of the exact
asymptotic behavior is minimal for values of x where the framework is currently applicable. We show that
the crux of the inverse problem lies in harmonics of the order of λ ¼ zPz ∼ 5–15, where the signal in the
lattice data is often barely existent in current studies, and the asymptotic behavior is not firmly established.
We stress the need for more sophisticated techniques to account for this inverse problem, whether in the
LaMET or related frameworks like the short-distance factorization. We also address a misconception that,
with available lattice methods, the LaMET framework allows a “direct” computation of the x-dependence,
whereas the alternative short-distance factorization only gives access to moments or fits of the
x-dependence.
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I. INTRODUCTION

In large momentum effective theory (LaMET) [1,2], the
quasiparton distribution function (quasi-PDF) fðy; PzÞ is
constructed as the Fourier transform of matrix elements of
operators with equal-time spacelike separation, denoted
symbolically by OðzÞ

fðy; PzÞ ¼
Z þ∞

−∞

dzPz

2π
eiyzPzhPjOðzÞjPi; ð1Þ

where zμ ¼ ð0; 0; 0; zÞ. The quasi-PDF is related to the
renormalized light-cone PDF, qðx; μ2Þ, by a matching
procedure with coefficients computable in perturbation
theory [3–5]

qðx; μÞ ¼
Z þ∞

−∞

dy
jyjC

�
x
y
;
μ

xPz

�
fðy; PzÞ; ð2Þ

up to power corrections that vary as OðΛ2=x2ð1 − xÞP2
zÞ,

where Λ is a typical hadronic energy scale [6,7]. A large
momentum Pz is therefore necessary to reduce the size of
power corrections, increase the reliability of the perturba-
tive matching of Eq. (2), and increase the accessible range
of Fourier harmonics λ ¼ zPz in Eq. (1).
However, a drawback of large momenta in lattice QCD is

the exponential loss of signal and the exponentially increas-
ing difficulty of isolating the ground state from hadronic
excitations. While improved operators can enhance the
ground state signal [8–14] [14], the exponential growth in
variance seems to forbid momenta significantly larger than
3 GeV for the foreseeable future with current methods.
In addition, with current renormalization strategies,

including the ratio method [15,16], RI-MOM [17,18],
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hybrid [19], and self-renormalization [20], noise increases
significantly when the length of the Wilson line z increases.
This can be traced to the increase of noise caused by the
ratio of exponentially shrinking noisy numbers.
As a result, the available range of Fourier harmonics

λ ¼ zPz is quite limited, and the largest Fourier harmonics
are often noisy, if not simply unreliable. In fact, state-of-
the-art calculations involving a momentum Pz of the order
of 2 GeV and reasonably light quark masses often lose
signal by λ ¼ zPz of the order of 5–8 (for a far from
exhaustive set of examples, see [21–29]). The construction
of fðy; PzÞ from such a limited range of noisy and possibly
unreliable data is therefore an inverse problem worthy of
particular attention. For the standard definition of “inverse
problem,” see, for example, the preface of Ref. [30] and
Ch. 1 of Ref. [31].
At very large distances z, the renormalized correlation

function decays exponentially. At asymptotic distances, a
nonzero contribution is generated by a meson propagating
along the spacelike distance z, described by a Bessel
function that decays at large jzj exponentially with the pion
mass [23]. At intermediate distances, multiparticle or excited
states could also contribute, and a different effective mass for
the exponential may be appropriate, especially when con-
sidering physical quark masses. The expected exponential
decay with z is therefore given by a distance r ¼ m−1

eff of the
order of 1 fm. For Pz ¼ 2 GeV, this corresponds approx-
imately to an exponential decay in the Fourier harmonics
of λr ≡ rPz ≃ 10. Therefore, the signal in the lattice data
frequently ends considerably before an asymptotic expo-
nential regime is established.
It should be noted that the asymptotic exponential regime

is reached more quickly for heavier-than-physical quark
masses and smaller momenta Pz. On top of that, both heavy
quark masses and smaller momenta exponentially increase
the strength of the signal in the lattice data. It is possible
that studies with particularly low momentum Pz retain
signal until the asymptotic regime is more firmly estab-
lished, but they are faced with stronger power corrections
and perturbative uncertainties in the LaMET formalism.
In the following, we use a dataset with a heavier-than-

physical pion mass of 358 MeV. Using this pion mass value
as an effective mass for the exponential decay gives a radius
r ∼ 0.6 fm and with a momentum of 2 GeVan exponential
decay in Fourier harmonics λr ≈ 6. Despite the improve-
ment in signal and reduction of the decay length, the signal
in our dataset still ends shortly after one decay length. The
choice of heavier-than-physical pion masses ensures that
our conclusions are conservative: these conclusions are
likely to be strengthened at physical pion masses.
Particular attention must therefore be devoted to the

inverse problem in the transition region between reliable
lattice data and asymptotic decay. Although the numerical
value of λ for this transition region depends on the particular
set of quark masses and the hadron momenta, it broadly

corresponds to λ ∼ 5–15 for studies of phenomenological
relevance. The importance of the inverse problem in the
closely related short-distance factorization (SDF) framework
[32–34] is widely acknowledged, and new techniques to
handle it are still being explored, but not all are of the same
quality. For example, in closure tests applied to multiple
methods of PDF extraction in Ref. [35], the reconstructed
error consistently underestimated the error of the synthetic
data. Simple parametric forms often used to analyze the
matrix elements within the SDF framework likewise do not
produce generally reliable uncertainty quantification [36].
In this paper, we emphasize that the problem extends to

the LaMET framework and make the case for a more
comprehensive study of the uncertainty in the transition
region than that usually proposed in the literature. The ill-
posed nature of the inverse problem in the LaMET frame-
work is only occasionally recognized in the literature (for
instance, in [37]), and many publications propose a narrow
investigation of its uncertainty. Reference [19], which played
an important role in popularizing the use of few-parameter
exponential models to extrapolate the missing data, warned
that “to make the extrapolation under control, the lattice data
must exhibit the exponential decay before the error becomes
too big.” The early loss of the signal makes it unlikely that
this condition can be fulfilled for many lattice datasets, and
the proposed method of fitting the rigid parametric model on
various subsets of points gives only a limited account of the
uncertainty. The inverse problem of constructing a quasi-
PDF from lattice data is therefore ill-posed, not just from a
pedantic mathematical point of view, but also from a very
practical standpoint, as we will show.
Even with the assumption of asymptotic exponential decay

with physically relevant parameters, the quality of the data in
many studies is such that reasonable changes in the treatment
of the extrapolation result in significant changes in the
uncertainty assessment of the x-reconstruction, even in the
moderate x-range.
Therefore, it appears to us that the question of the

x-reconstruction in both LaMET and SDF within the
precision of currently available data is a fundamentally
similar mathematical problem. There exist many different
choices in the analysis of lattice data that have complicated
impacts on the uncertainty propagation in both frameworks.
These choices include, for example, the precise range in
Fourier space, the treatment of renormalization, matching
and power corrections, and the inclusion of additional
assumptions on the λ-space behavior, such as exponential
decay, or the x-space behavior at low and high x. However,
the statement that the LaMET framework allows a direct
calculation of the PDF at a value of x while the SDF only
gives access to Mellin moments or indirect inference of the
x-dependence of the PDF [38] seems inaccurate to us, as we
demonstrate.
In the next section, we explore the connection between

Fourier extrapolation and x-reconstruction beyond the rigid
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few-parameter fit, using a real lattice dataset as a testbed.
We hope that it will give a sense of a path towards more
realistic uncertainty assessment in both frameworks.
Informed by the results in practice, we discuss the role of
exponential suppression in the inverse problems for LaMET
and SDF. Finally we end with concluding statements.

II. NUMERICAL EXPLORATION OF THE
CONNECTION BETWEEN FOURIER AND

x-RECONSTRUCTION

For our numerical exploration, we use matrix elements
of the proton unpolarized isovector PDF computed in
Ref. [39] with a single lattice spacing of 0.094 fm and
a pion mass of 358 MeV. We use a proton momentum
Pz ¼ 2 GeV and nonlocal separations z up to 1.13 fm. We
use the ratio method to construct matrix elements with a
UV-safe limit. Different groups use other strategies to obtain
renormalized or UV-safe matrix elements due to their
different perspective on the best use of the lattice matrix
elements. The ratio method is anticipated to cancel some of
the higher-twist effects [40], preserving the dominance of
the leading-twist contribution up to larger values of z, as
observed using a spectator diquark model in Fig. 19 of
Ref. [15]. An example of an alternative strategy, the hybrid
scheme [19], aims at a minimal removal of the linear
divergence, to preserve the fast decay of the renormalized
matrix element at large z. However, the current range and
precision of the lattice data in most studies are insufficient to
distinguish a clear asymptotic trend in renormalized matrix
elements, regardless of the renormalization scheme. It
should be noted that Ref. [41] criticizes the ratio method
for use in LaMET. Figure 1 shows the comparison of data
generated by some of the authors of Ref. [41] in a previous

publication [23]. All the large Pz results used for LaMET in
Ref. [23] are clearly in statistical agreement with their ratio
counterpart. The data generated by some of the authors of
Ref. [41] disproves their claim that the ratio “completely
distorts the nonperturbative physics” for the currently
available range of z and statistical precision. While the
convergence is in theory asymptotically different, the large
noise at large zmakes it irrelevant for the present purpose of
studying the inverse problems. Our own ratio matrix
elements do not seem to decay noticeably less quickly than
data with hybrid renormalization, so we believe that our
dataset provides a realistic testbed for the sake of this
numerical exploration.

A. Reconstruction without explicit constraints
on the tail asymptotic decay

Reliable lattice data frequently end before or close to one
decay length in Fourier harmonics for phenomenologically
relevant analyses. Therefore, the use of a rigid exponential
parametric model to complete the missing harmonics
introduces a model dependence that needs careful assess-
ment. Before we study reconstructions with a controlled
asymptotic behavior in Fourier space, it is useful, for the
sake of comparison, to study what happens if no asymptotic
criterion is enforced. Besides simple parametric fits of the
full x-dependence, whose model dependence is acknowl-
edged, several nonparametric methods have been used in
the literature, such as the maximum entropy method [43],
Bayesian reconstruction [44,45], and neural network analy-
ses [35,46–49]. We focus in this section on the Backus-
Gilbert (BG) [50] method because of its regular use, and the
Gaussian process regression (GPR), which we consider as a
particularly promising avenue. The connection between the
two formalisms has been studied recently in [51].
The BG method is a nonparametric strategy used to

handle the inverse Laplace transform for the hadronic tensor
[45,52] or the inverse Fourier transform of parton distribu-
tions, e.g., in [35,37,53–56], and has been widely used in
other fields. Fundamentally, the method constructs an
approximate smeared inverse Fourier operator obtained from
the kinematics of the dataset itself. We refer to Sec. 3.1 of
[35] for a compact presentation of the traditional use of the
method. The inverse Fourier operator is only approximate,
so Fourier transforming the BG x-reconstruction can lead to
significant discrepancies with the lattice dataset: the tradi-
tional use of the BG method in the literature for parton
distributions is biased. With a very precise dataset, the bias
can be of many standard deviations. This was highlighted
in Fig. 5 of [35] and is manifest in our study. To correct for
this bias, an operation known as preconditioning can be
employed. Typically, the data is prefitted by a parametric
model to find a dataset-specific modification of the Fourier
operator that reduces the bias. The impact of precondition-
ing was highlighted in [53], where statistically significant
differences in the final x-reconstruction were reported,

FIG. 1. A reproduction of Fig. 1 of Ref. [23] showing the results
renormalized in the hybrid scheme (squares). Overlaid is data in a
renormalization group invariant ratio (crosses) which are the
same as Fig 21 of Ref. [42] with larger z extent. Only the lowest
two momenta, ignored by subsequent LaMET analysis in
Ref [23], show a statistically resolvable difference in the large
z data. It is clear that the two datasets do not have a significantly
different behavior at large z for relevant momenta.
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depending on the use or not of preconditioning. The use of
a parametric model to attempt to reduce the bias of the
traditional BG method reduces its model-independent
appeal. We note, however, that more sophisticated uses
of the BG method, where the smearing is not an output of
the procedure but rather defined by the user, may provide a
different avenue to control the bias, see, e.g., [57].
Beyond the issue of the bias in the reconstruction,

the uncertainty estimated by the BG method can behave
irregularly. The necessity to regularize ill-conditioned matrix
inverses as an intermediate step introduces an arbitrariness in
the exact choice and intensity of the regularization, and
directly results in differences in the final x-reconstruction
uncertainty. An irregular behavior of the uncertainty in the
BG method, where the uncertainty tightens strongly for
some values of x regardless of the preconditioning, was
reported in [53]. However, it must be noted that the issue of
sharp uncertainty variation at certain values of x is common
across many reconstruction strategies applied to lattice data,
ranging from neural networks (e.g., [58]) to parametric fits
[36]. In contrast, GPR provides a more principled frame-
work for managing such artifacts and offers improved
control over uncertainty estimates.
These difficulties with the BG method appear clearly with

our dataset in Fig. 2. In the absence of preconditioning, the
bias is evident: the proposed x-reconstruction is clearly in
strong tension with the lattice dataset. For a regularized
lattice data covariance [59], the correlated χ2 of the
reconstruction divided by the number of points in the dataset
is over 103. With a preconditioning performed thanks to a fit
Nxαð1 − xÞβθð1 − xÞθðxÞ where θ is the Heaviside step-
function, the situation depends on the regularization of the
inverse matrix in the intermediate step of the reconstruction.
When adding a small multiple of the identity matrix (a form
of Tikhonov regularization), the agreement with the dataset
increases in appearance, but the regularized correlated χ2

remains at similar levels. On the other hand, using the data
covariance as a regulator produces extreme discrepancies at
small λ, which worsen even more the χ2. Further explora-
tions on different datasets can be found in Figs. 7.35–7.43 of
[60]. We also observe an irregular reduction of the uncer-
tainty in some of our reconstructions.
Although a more in-depth study of the BG method could

probably solve some of the issues of the traditional
implementation, another nonparametric strategy has been
proposed with a more intuitive control over the quality of
the reproduction of the lattice data and the properties of
the uncertainty in x-space. The GPRwith a kernel in x-space
was explored recently in [36,61]. The general principles are
straightforward: a fine grid is chosen in x offering a very
large number of degrees of freedom for the reconstruction,
here 100 values spanning regularly x∈ ½0; 2� [62]. To select
sensible reconstructions, a Bayesian prior on the covariance
of the points in x is added. One can choose a simple radial-
basis function (RBF) kernel to correlate the values in x,

characterized by a variance σ2 and a correlation length l:

KRBFðx; x0; σ2; l2Þ ¼ σ2 exp

�
−
ðx − x0Þ2

2l2

�
: ð3Þ

Of interest to the physics that we are studying may be a
logarithmic RBF kernel defined by

Klog RBFðx;x0;σ2; l2Þ¼ σ2 exp

�
−
ðlogðxÞ− logðx0ÞÞ2

2l2

�
; ð4Þ

which allows for more flexibility at small x. Then, a simple
correlated least-squares minimization is performed, includ-
ing both the prior covariance kernel and mean function in x
and the dataset of Fourier harmonics. Technical details are
laid out in Ref. [36].
Figure 3 displays the result of two x-reconstructions with

the two different kernels with fixed kernel parameters so
that the prior in x allows an excellent reproduction of the
fitted dataset [63]. The regularized correlated χ2 divided

FIG. 2. Top: various BG reconstructions of the same Fourier
dataset, either using no-preconditioning (dark and light blue) or
with a preconditioning given by the best fit of the data to
Nxαð1 − xÞβθð1 − xÞθðxÞ. The use of preconditioning results in
very significant differences for x ≈ 0.6. We also study different
regularizations of matrix inverses, either by adding a small multiple
of the identity matrix (labeled as “Tikh” followed by the used
multiplicatory factor) or 0.1 times the data covariance (labeled as
“cov 0.1”). Bottom: the corresponding x-reconstructions.
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by the number of points is now below 1 in both cases.
Strikingly, the RBF extrapolation (blue band) is generally
narrower in Fourier space than the logarithmic RBF (red
band), especially in the asymptotically large Fourier har-
monics, but gives rise to a larger uncertainty for x > 0.2.
The uncertainty for x close to 1 of the RBF reconstruction is
seven times larger than that of the logarithmic RBF
reconstruction. The fact that a much narrower tail in λ
does not translate into a smaller uncertainty for large x
indicates that the large λ region plays only a minor role in
the large x reconstruction, a statement that will become
clearer with the next examples. Since the small λ region is
tightly constrained by the fitted dataset and thus nearly
identical across both reconstructions, it is crucial to focus
on the intermediate range, here λ∈ ½8; 15�, where the lattice
data is less precise and multiple plausible tail extrapolations
remain compatible with the data uncertainties.
The comparison with the most sensible BG reconstruction

that we obtained at the previous step (black hatches in
Fig. 3) shows that the GPR method seems less sensitive to

artifacts such as uncertainty tightening, whether in x or
Fourier space. This is not surprising since the GPR precisely
enforces a requirement of correlation length, reducing the
creation of uncertainty nodes which result from strong local
anticorrelations.
Given the challenge of reconstruction without explicit

constraints on the asymptotic decay tail, it is natural to test
whether the addition of explicit constraints changes sig-
nificantly the severity of the inverse problem, as is some-
times claimed in the LaMET literature [23,38].

B. Biases of truncated models for data extrapolation

Before describing them, we wish to give a warning about
the nature of this exponential dependence and how an
inappropriate use where the approximations are invalid
could lead to model bias and underestimated error. Lattice
QCD practitioners handle truncated asymptotic models for
correlation functions in the form of a series of exponentials.
Inferring matrix elements and masses from this series is an
inverse problem which requires a scientist-made choice of
truncation, causing a bias known as “excited state con-
tamination.” If the asymptotic approximation is poor for a
given dataset due to too strong a truncation, the bias can be
significant and errors underestimated. In the case of this
matrix element, the asymptotic z behavior comes from a
series of mesons propagating in the spacelike distance. The
approximation of Refs. [23,41] is to drop all but the lightest
meson’s contribution and further take only the leading
asymptotic form of the Bessel function in the meson
propagator

Gðz;mÞ ¼ −im
4π2jzjK1ðmjzjÞ⟶

z→∞
A
e−mjzj

z3=2
: ð5Þ

Figure 4 shows an effective mass based upon this approxi-
mation

meff ¼ −
d
dz

logðz3=2Gðz;mÞÞ ð6Þ

which should plateau to the mass m ¼ 0.2 GeV at large z
when the approximation is valid. The effective mass for a
single meson is systematically overestimated in the region,
z∈ ½0.75; 1.25� fm, where real lattice data exists, and this
model is applied. The situation worsens when one includes
the subdominant second state with twice the mass of the
lower state. This choice of mass was made for convenience
because a two-particle heavy meson and pion state, or
possibly some low excitation, may have such an energy gap
near 0.2 GeV. The same overlap is used since the point
sources, like those in the “heavy quark” approximation
used for the Wilson line, tend to have similar overlap to all
states.
It was argued in Ref. [64] that overestimation of the mass

can lead to dramatic underestimation of extrapolation error
in Ref. [26] and the inflexibility of a model that cannot

FIG. 3. Top: two GPR reconstructions/extrapolations of the
same Fourier dataset using two different covariance kernels in
x-space corresponding to Eq. (3) in blue and Eq. (4) in red.
Bottom: the corresponding x-reconstructions. The Backus-Gilbert
solution with preconditioning and a Tikhonov regularization of
10−3 is shown for comparison.
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change sign lead to biased results inconsistent with the
trend of the data in Ref. [23].
The methods of enforcing an exponential dependence

through Bayesian priors proposed below would also be
capable of similar underestimation of error or model bias,
as these are generic issues of inverse problems. The advantage
is GPR allows the single meson approximation to have the
flexibility to correctly estimate the subdominant z dependence
removed in the approximation of Eq. (5). More complex
priors than those below can be generated as the subdominant
behavior is better understood to create a systematically
improvable procedure, just as the asymptotic approximation
of Refs. [23,41] while maintaining the advantage of flexibility
to have less model bias than the approximate models. Most
importantly, the method for including asymptotic exponential
convergence provided in our work can be applied in a regime
far away from the precision data if that is what is required.
Asymptotic modeling, as Refs. [23,41] advocate for, can only
be applied where the data exist.

C. Exponential and Gaussian tail reconstructions

Gaussian processes provide a convenient way to add
prior information into a Bayesian inference. Just as a
constraint can be added in x space in terms of the prior
mean and covariance kernel, an additional constraint can be
added to induce decay in ðλ; zÞ. While described as a pair to
indicate the physical origin of the choices, in practice, with
the fixed momentum parallel to the separation, λ and z are
not independent. In this section, we explore three different
types of decay.
For the first exponential strategy, in addition to the

previous prior in x-space, we add a new GPR prior which
is a Gaussian with zero mean and a covariance kernel
characterized by a variance Σ2, a correlation length L, and
an exponential decay rate r

kexpððλ; zÞ; ðλ0; z0Þ;Σ2; L2; rÞ

¼ Σ2 exp

�
−
ðλ − λ0Þ2
2L2

−
jzj þ jz0j

r

�
ð7Þ

to induce a linear exponential decay. Depending on the
quark masses, we expect a radius of the order of 1 fm or less
to be relevant, corresponding to a decay length in Fourier
harmonics λr ¼ rPz of up to 10 for Pz ¼ 2 GeV. Therefore,
the intermediate λ∈ ½8; 15� region that we have identified
earlier is still in the transition region toward asymptotic
behavior. We vary the radius in our numerical applications,
using 0.6 fm, which corresponds to our pion mass, up to
1 fm, which is more appropriate for physical quark masses.
[65] We observe little impact of this radius on the actual
uncertainty in x in the relevant range x > 0.2, as expected
from our observations in the previous section that the
uncertainty at large λ plays a minor role.
The prior covariance in λ is enforced starting from the last

data point in the dataset and up to a large asymptotic value,
that is here λ∈ ½13; 70�. When λ becomes larger than 50,
we even replace the GPR in Fourier space by an exact
exponential decay to make sure that we capture the exact
desired asymptotic behavior. We observe that this procedure
only has a minute effect on the reconstruction below x < 0.1,
as depicted by the dotted lines in the x-reconstruction
of Fig. 5.
Beyond the asymptotic exponential decay of the matrix

element, a suppression at large z can arise from the finite
size of the proton and be implemented by the alternative
prior kernel

kgaussððλ; zÞ; ðλ0; z0Þ;Σ2; L2; rÞ

¼ Σ2 exp

�
−
ðλ − λ0Þ2
2L2

þ z2 þ z02

2r2

�
ð8Þ

with spacelike z2; z02 < 0 that force a Gaussian decay at
a rate dictated by the proton radius, r. Here, we choose
r ¼ 0.8 fm for a practical application.
Finally, we consider a third strategy of rigid parametric

extrapolation, where we interpolate the lattice data up to
z ¼ 0.94 fm, or λ ≈ 10, where the data have decayed to
nearly 0 and the uncertainty starts to sharply increase. We
extrapolate to the large harmonics with the simple model
A expð−0.12λÞ where A is fitted for continuity. Since we do
not believe that our data allows us to reliably fit the coefficient
of an exponential decay, we fix the coefficient 0.12 to
correspond to an exponential decay in z of r ¼ 0.8 fm
for Pz ¼ 2 GeV.
The results are displayed in Figs. 5 and 6. Figure 5 shows

that, in the range of interest (x > 0.2) for Pz ¼ 2 GeV, the
effect of the choice of kernel in x matters significantly more
than the choice of asymptotic exponential decay. In fact, the
x-reconstructions share many similarities with those of Fig. 3,
which used the same kernels in x, but for which no explicit
constraint was enforced on the asymptotic tail behavior at all.
In Fig. 6, the GPR reconstructions with Gaussian tails exhibit
once more similar characteristics to those with or without an
exponential tail constraint, provided they use the same kernel
in x-space. On the other hand, the tail extrapolation obtained

FIG. 4. The effective mass of the large z model given a single
state (blue) and two states (orange). The solid line is the input
mass, and the dashed line represents a 20% overestimation.
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by the simple parametric exponential model beyond λ ¼ 10
presents a sufficiently different reconstruction to have some
regions in x with 1-σ tension.
A better way to appreciate that, for x > 0.2, the choice of

methodology (using a given x-space kernel for a GPR or
replacing the tail by a parametric model) matters much

more to the central value than the asymptotic tail decay rate
is the comparison plot of Fig. 7, where the average has been
subtracted for legibility. Assuming an exponential decay,
a Gaussian decay, or playing with the radius within a
reasonable phenomenological range leads to very little
change to the central value. On the other hand, the true
effect of a different kernel in x-space, as can be assessed in
Figs. 3, 5, and 6, is to produce significantly different
behaviors in the intermediate λ∈ ½8; 15� region. Using any
single method would result in an unreliable representation
of the uncertainty, and small parametric variations, such as
using different effective masses, do not appear sufficient to
build a reliable uncertainty quantification. We believe that
the large difference in the uncertainty of the reconstructions
displayed in Fig. 7 demonstrates that there is indeed an
inverse problem that must be handled seriously. We would
like to specifically note that the nature of the exponential
does have a strong impact on the variance of the result.
Incorrect application of the exponential dependence, such
as overestimating the mass by fitting in the subasymptotic
regime, could lead to incorrect uncertainty quantification.

FIG. 5. Top: reconstructions/extrapolations of the same Fourier
dataset enforcing an exponential decay with z of length 1.0 fm or
0.6 fm. The decay prior is represented by the dotted lines. Middle:
the corresponding x-reconstructions. The dotted lines represent the
GPR reconstruction if an exact exponential tail is not used beyond
λ ¼ 50. Bottom: Fourier tail extrapolations displayed in logarithmic
scale and with an overall minus sign (since the extrapolation is
mainly negative). The black dotted line at λ ¼ 50 represents the
threshold where an exact exponential tail replaces the Gaussian
process extrapolation. The colored dotted lines represent the prior
enforcing the exponential decay as in the top plot.

FIG. 6. Top: reconstructions/extrapolations of the same
Fourier dataset, either replacing directly the data by an exact
exponential tail or using a Gaussian process reconstruction with
a Gaussian decay with radius 0.8 fm. Bottom: the correspond-
ing x-reconstructions.
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The real component of the matrix element, studied
above, is significantly more convergent than the imaginary
component, as seen in Fig. 8. It was suggested in Ref. [41]
that LaMET should only be performed when data have
satisfied a sufficient level of convergence, which is hardly
ever obtained to date in lattice QCD calculations of the
imaginary component of the matrix element. Soon after-
ward, in Ref. [66], some of the authors of Ref. [41]
suggested that methods which can handle imprecise data
are actually useful, even proposing a special case of GPR
previously provided in this manuscript. The imaginary
component is a clear example of such a setting, as
neglecting half of one’s dataset would be a large waste
of computing resources and an unfortunate physical choice.
In Fig. 8 we show the results of the Gaussian process with

exponentially decaying prior distributions to demonstrate
how the physical decay behavior could be applied with highly
nonconvergent data. To account for the larger uncertainty in
the data, we have doubled the size of the prior, enforcing
the exponential decay at large λ while keeping every other
parameter unchanged compared to the real part. Once again,
we observe very little importance of the exact rate of
exponential decay, while the choice of regularization in
x-space generates large discrepancies in the large x region
where LaMET is meant to be most precise.

III. x-RECONSTRUCTION IN LAMET AND SDF

The quasi-PDF definition uses matrix elements with a
large value of z that SDF discards due to off light cone

contamination and the breakdown of perturbation theory.
While this reduces the severity of the ill-posedness in the
Fourier inverse problem within LaMET, the range of
Fourier harmonics accessible with sufficient signal quality
in current studies remains too limited to disregard the
problem, even at large values of x. Since the asymptotic
behavior of Fourier harmonics has a minimal effect on the
reconstruction at large x, the mathematical problem that
both frameworks face is of a similar nature.
An interesting development toward uncertainty quanti-

fication is the derivation of a “rigorous upper-bound” on the
uncertainty of x-reconstruction for the case of an expo-
nential decay in Appendix B of Ref. [23]. This “upper-
bound” depends on a number Nx of periods of the Fourier
weight expðixλÞ beyond which the authors consider that the
oscillating weight effectively suppresses contributions from
the large Fourier components for a given value of x. They
recommend using Nx ¼ 1 for a phenomenologically rel-
evant exponential decay of the Fourier components. It
appears that any single extraction we have studied in Fig. 7
produces uncertainties significantly below that of this upper
bound for Nx ¼ 1, but the general envelope of all our
reconstructions follows fairly well this rule-of-thumb in the

FIG. 7. Various x reconstructions with controlled asymptotic
tail behavior discussed in this document, where all curves have
been subtracted by the same mean function fðxÞ—the mean of
the envelope of all curves—to better gauge the absolute size of
the uncertainty and the compatibility of the various reconstruc-
tions. The dotted lines represents the “upper-bound” on uncer-
tainty derived in Ref. [23], namely 4NxjhðλLÞj=ðπxÞ where we
used Nx ¼ 1, λL ¼ 10 and jhðλLÞj ¼ 0.07.

FIG. 8. Top: reconstructions/extrapolations of the imaginary
part of the Fourier dataset enforcing an exponential decay with
z of length 1.0 fm or 0.6 fm. The decay prior, represented by the
dotted lines, has a standard deviation twice as large as that
used for the real part in Fig. 5. Bottom: the corresponding
x-reconstructions. Notice that the exponential suppression of the
large Fourier components for an odd function of x makes the
function go smoothly to 0 at x ¼ 0.
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region of x of interest. Unlike how Ref. [41] seems to have
understood our work, we have never pretended that uncer-
tainty quantification is impossible due to the inverse problem.
Rather, we have pointed out the necessity to acknowledge
the existence of the inverse problem and stressed that
rigid parametric extrapolation, or the BG method, does
not faithfully depict that uncertainty when lattice data is
limited. We have additionally underlined that the importance
attributed to the precise asymptotic decay in LaMET does not
appear to be grounded in concrete evidence, as enforcing or
not this decay does not change crucially the picture of
uncertainty propagation.
This excessive importance devoted to the asymptotic

behavior leads to a surprising uncertainty assessment by the
authors of Ref. [23] when it comes to evaluating the upper
bound on uncertainty in the situation of the SDF frame-
work. Having concluded that the quasi-PDF could have an
absolute uncertainty of “less than 0.15 at x ¼ 0.5” by
assuming a specific exponential convergence to zero, the
authors apply their reasoning to a power-decaying tail and
conclude that “the uncertainty in the FT is of orders of
magnitude larger than that of extrapolation with exponen-
tial decay.” This claim was made despite the fact that earlier
published studies [35,67] of nonparametric methods with-
out exponential assumptions show in closure tests to fall
within their stated bound with Nx ¼ 1 or 2 in some cases.
It seems unlikely that the absolute uncertainty of any

sensible reconstruction for x > 0.2 in SDF, where a power-
decaying tail is an appropriate assumption, could be orders
of magnitude larger than 0.15. It is certainly true that a
power-decaying tail will become orders of magnitude larger
than an exponentially decaying one for large enough λ. But
as we have stressed before, the asymptotic behavior of the
tail represents only a minor contribution to the Fourier
transform uncertainty at large x. A more realistic bound in
Ref. [23] can be obtained by considering that (at least
ordinary) PDFs are known to be smooth functions of x. The
contribution of Fourier harmonics that are much larger than
the inverse of the length-scale of fluctuations of the PDF at
a certain value of x is then physically suppressed [68].
This perspective offers a useful way to examine the claim

that LaMETenables the direct computation of PDFs at fixed
values of x [38,69]. Suppose the light cone PDF exhibits a
sharp feature at some specific value of x. In that case,
accurately capturing this behavior would require reliable
information in the Fourier domain at scales corresponding to
the inverse of the feature’s spatial width. However, the quasi-
PDF is exponentially suppressed in Fourier modes beyond a
cutoff scale roughly proportional to Pz=ΛQCD. This sup-
pression is rooted in the spacelike behavior of the correlation
function at large distance, which is not relevant to the light
cone PDF itself. As a result, LaMET reconstructions are
effectively filtered through a smearing kernel with a width
on the order of ΛQCD=Pz, limiting the sensitivity to rapid
variations in the light cone PDF. There is no reconstruction

of the light cone PDF at a well-defined value of x possible in
LaMET. Reliable results can only be obtained through the
assumption of smoothness of the target function, a limita-
tion common to any other framework of lattice calculation
of parton distributions. In other words, while improved
lattice data that extend to higher Fourier harmonics may
largely resolve the inverse problem for quasi-PDFs within
the relevant x-range, reconstructing the true x-dependence
of the light cone PDF remains obstructed. The practical
impact of this complication depends on the exact shape of
the distribution in question, how the exact behavior of the
most rapidly changing regions, and the ranges of x in which
those regions occur. This obstruction arises from missing
information at large z, a limitation analogous to that
encountered in the SDF approach. We note that the notion
that the exponential fall-off at large z of the quasi-PDF is an
obstruction to the reconstruction of the light-cone PDF has
been presented in Ref. [19] before.

IV. CONCLUSIONS

The various procedures described above are just a few
ways to enforce a desired asymptotic decay among many
other kernels or procedures that can be tested to thoroughly
study the reconstruction dependence. The observation that
the asymptotic behavior is of little relevance compared to the
transition region for large x reconstruction helps understand
the great confidence that has been derived from fixed
parametric tail extrapolations in several recent LaMET
studies: they generally produce a very minimal exploration
of the transition region. Whereas Gaussian processes provide
a simple strategy to explore plausible extrapolations more
thoroughly than parametric fits, they are not better than the
relevance of their priors, and their model dependence still
deserves study. Likewise, the nonparametric Backus-Gilbert
method routinely used by some groups to perform the
x-reconstruction is very sensitive to the preconditioning
and performs poorly on a limited dataset. Nonetheless, it
can be one of several procedures for obtaining reliable
uncertainties.
In this work, we have selected only two prior covariance

kernels, a single prior mean function, and performed analysis
with fixed hyperparameters. These of course are not the only
reasonable options. Reference [70] studies a wider set of
kernels and provides a comparison of fixing and integrating
hyperparameters. Generally, the results of reasonable kernels
were quite similar. Future study of the exponential priors
used in this work could use the same information criteria to
study the choice of exponential rate and form.
The uncertainty linked to the inverse problem of Fourier

extrapolation is just one of the many challenges to
establishing a full uncertainty budget in the computation
of parton distributions on a lattice. Few, if any, studies of
nonlocal matrix elements on the lattice demonstrate simul-
taneous control of the continuum limit, infinite volume
limit, physical pion mass limit, control of higher twist
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contamination, of excited state contamination, and pertur-
bative matching uncertainties. Therefore, the shortcuts that
have been used in many exploratory works regarding the
question of the Fourier extrapolation should not be seen as
particularly concerning. However, until the technology has
evolved sufficiently to obtain a good signal beyond λ ≈ 15,
we believe that an acknowledgment and a serious assess-
ment of uncertainty propagation in this inverse problem is
necessary. It is interesting to note how the errors in λ space
relate to those in x space. Specifically, these spaces are the
Fourier transform of each other. Future studies can analyze
the eigenstructure of the covariance in λ to identify precise
and imprecise degrees of freedom and how they manifest
themselves in Ioffe time and momentum fraction spaces.
The software codes CHROMA [71], QUDA [72,73],

QPHIX [74], and REDSTAR [75] were used in our work.
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