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We construct symmetry topological field theories using the sandwich construction of Pulmann-Ševera-
Valach that manifest the center symmetries of Chern-Simons theory and Yang-Mills theory as well as
general relativity in the MacDowell-Mansouri formulation. The “filling” of the sandwich is an Alexandrov-
Kontsevich-Schwarz-Zaboronsky sigma model whose target space is a Weil algebra, augmented with
discrete degrees of freedom given by a choice of topological boundary condition.
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I. INTRODUCTION AND SUMMARY

The seminal work of [1] vastly generalized our notion of
symmetry in quantum field theory by shifting to the
perspective that a global symmetry corresponds to a topo-
logical defect operator, as reviewed in [2–7]. This has
revealed a vast menagerie of generalized or categorical
symmetries (which need not be invertible), going far beyond
the traditional group theoretic conception, with important
physical implications and applications. An important class of
such generalized symmetries are the global p-form sym-
metries (also referred to as “higher-form symmetries”),
which abound in quantum field theory and have a long
history [8–19]. In particular, they play a crucial role in the
modern understanding of topological phases [20–24].
More recently, it has been discovered that such gener-

alized symmetries are organized and classified by a
symmetry topological field theory (SymTFT) [25–27],
which is a topological field theory in one higher dimension
that, under appropriate boundary conditions, dimensionally
reduces to the nontopological theory whose symmetries we
are considering, as reviewed in [5,7]. Many applications
and constructions of SymTFTs are now known, and they
remain a topic of intense investigation [25,26,28–43].
In particular, d-dimensional Yang-Mills theory with

gauge group G enjoys a ZðGÞ-valued 1-form electric

symmetry as well as a π1ðGÞ-valued (d − 3)-form magnetic
symmetry [8–10], which plays a crucial role in confinement
(as reviewed in [44,45]; cf. the recent discussions in
[24,46–48]). One can trade the electric symmetry for the
magnetic one or vice versa by gauging the respective
discrete symmetries, and this corresponds to changes in
topological boundary conditions of the SymTFT. Relatedly,
recent works have investigated generalized symmetries in
gravity [49–54], and in particular Einstein gravity enjoys a
1-form symmetry valued in the center of the Lorentz group
similar to Yang-Mills theory [53].
There are many ways to construct such SymTFTs,

cf. [25,35–37,40,55,56], including top-down constructions
from string/M-theory. In this paper, we provide a bottom-
up construction for the center symmetries of Yang-Mills
theory and gravity. The sandwich construction for
SymTFTs originates in [57,58] (see also [59,60]), where
the (dþ 1)-dimensional bulk theory (the “filling” of
the sandwich) belongs to a family of topological field
theories known as the Alexandrov-Kontsevich-Schwarz-
Zaboronsky (AKSZ) model [61] (reviewed in [62,63]).
From this perspective, the powerful apparatus of shifted
symplectic structures [64–67] and symplectic differential
graded geometry provides an elegant account of the
dimensional reduction to the d-dimensional boundary
theory [58]. The resulting d-dimensional boundary theory
is often naturally of the form of a d-dimensional AKSZ
model perturbed by a nontopological quadratic term; this
family of theories is known as Manin-type theories and
appears naturally in many contexts [68–71] and includes
Yang-Mills theory [68,71], two-, three-, and four-dimensional
gravitational models [69,70], the third-way model [68], and
integrable sigmamodels [71]. It is therefore natural to directly
engineer SymTFTs for Manin-type theories such as Einstein
gravity and Yang-Mills theory using the language of
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symplectic differential graded geometry, and it is this con-
struction that we explain in the present contribution.
This paper is organized as follows. Section II reviews the

AKSZ construction, the Pulmann-Ševera-Valach sandwich
construction of SymTFTs, and required elements of differ-
ential graded geometry and stacks. Section III then explains
how one can realize an AKSZ model as the dimensional
reduction of a trivial higher-dimensional theory. Adding in
stacky discrete degrees of freedom, Sec. IV then explains
how to construct the center symmetry of three-dimensional
Chern-Simons theory as the simplest example of an AKSZ
model. Perturbing the AKSZ construction with Manin
terms, Sec. V and Sec. VI then construct sandwich
SymTFTs that capture the center symmetries of Yang-
Mills theory in any spacetime dimension and Einstein
gravity in four dimensions respectively.

II. REVIEW OF THE SANDWICH RECIPE

We first briefly review the mathematical formalism
behind the Pulmann-Ševera-Valach sandwich construction.

A. Graded geometry

Due to the complicated gauge symmetries involved, it is
simplest to work within the formalism of graded geometry
and the Batalin-Vilkovisky formalism (see [72,73] for
reviews of this formalism).
The main geometric objects we work with are differ-

ential graded manifolds M, which are “smooth manifolds”
whose coordinates carry integer degrees and whose ring of
functions C∞ðMÞ carries a differential

Q∶C∞ðMÞ → C∞ðMÞ ð1Þ

of degree 1 that obeys the graded Leibniz rule with respect
to multiplication:

QðfgÞ ¼ ðQfÞgþ ð−1ÞjfjfðQgÞ ð2Þ

for f; g∈ C∞ðMÞ, where jfj∈Z denotes the degree of a
homogeneous element. Since Q obeys the Leibniz rule, it
can be regarded as a vector field of degree 1 on M and is
thus called the homological vector field.
The usual ingredients of differential geometry, such as

vector fields and differential forms, work in the same way
as before except that now objects must carry grading. In the
case of differential forms on a graded manifold, now
objects carry two gradings: the form degree and the
intrinsic degree of the coordinates. A p-form α of intrinsic
degree q and a p0-form α0 of intrinsic degree q0 obey the
bigraded commutation relation

α ∧ α0 ¼ ð−1Þpp0þqq0α0 ∧ α: ð3Þ

For more on the issues of grading, see [74].

To shift degrees of graded objects, we use the suspension
notation ð−Þ½i�, so that if V ¼ ⨁

i
Vi has components Vi of

degree i, then the shifted object V½i� has components with
degrees

ðV½n�Þj ¼ Vnþj: ð4Þ

So, for example, if V ¼ Vi is concentrated in degree i, then
V½n� is concentrated in degree j ¼ i − n.

1. Maps between differential graded manifolds

Between two differential graded manifolds X and Y, one
can consider three classes of maps, depending on how
much structure they preserve:
(1) the class MapsðX; YÞ of all smooth maps X → Y that

do not necessarily preserve the degrees of the
coordinates;

(2) the class of smooth maps MapsgðX; YÞ that preserve
the degrees of the coordinates; and

(3) the class of smooth maps MapsdgðX; YÞ that preserve
the degrees of the coordinates as well as the
homological vector field.

For the purposes of the AKSZ formalism, it is most
convenient to work with the first class, MapsðX; YÞ, most
of the time. For example, let U be a contractible manifold,
and let g be a Lie algebra. Then both T½1�U and g½1�
canonically carry the structure of differential graded mani-
folds, and the three classes of maps between them are
characterized as follows:
(1) MapsðT½1�U; g½1�Þ ¼ ΩðUÞ ⊗ g½1� is the space of all

g-valued differential forms on U, or equivalently
(when U is three-dimensional) the space of fields of
Chern-Simons theory on U in the Batalin-Vilkovisky
formalism including the ghosts and the antifields.

(2) MapsgðT½1�U; g½1�Þ ¼ Ω1ðUÞ ⊗ g½1� is the space of
g-valued 1-forms on U, or equivalently the space of
all g-valued connections on U.

(3) MapsdgðT½1�U; g½1�Þ ¼ fA ∈ Ω1ðUÞ ⊗ g½1�jdAþ
1
2
½A; A� ¼ 0g is the space of flat g-valued connec-

tions on U.

2. Linearization to L∞-algebras

Given a point x∈X in an ordinary manifold X, the
tangent space TxX, which is a real vector space can be
thought of as a linearization of X at x; it is a vector space
which is the “closest approximation” to X at that point.
When X is a graded manifold, the tangent space TxX carries
more structure: it is a graded real vector space. If X is
furthermore a differential graded manifold, then the shifted
tangent space T½−1�xX carries the structure of a curved L∞-
algebra [75]. Finally, if ðX;ωXÞ is a symplectic differential
graded manifold with jωXj ¼ n, then the tangent space
T½−1�xX forms a cyclic L∞-algebra with cyclic structure of
degree n − 2 [75].
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3. Differential graded symplectic structure

A symplectic structure on a differential graded manifold
ðX;QXÞ is a 2-form ωX on X that is closed and non-
degenerate and furthermore is invariant under the Lie
derivative by QX:

LQX
ωX ¼ 0: ð5Þ

The symplectic structure ωX can carry arbitrary intrinsic
degree. A symplectic differential graded manifold
ðX;QX;ωXÞ is a differential graded manifold equipped
with a symplectic structure.
A Lagrangian submanifold of a symplectic differential

graded manifold ðX;QX;ωXÞ is a homogeneous graded
submanifold L ⊂ X that is maximally isotropic (i.e.,ωjL¼0
and L is maximal under inclusion amongst submanifolds
satisfying this) and tangent to the homological vector field
QX. Then the grading of X and the homological vector field
QX restrict to L, making L a differential graded manifold.
(The symplectic structure does not descend to L.)
A resolution [58, §6] of a Lagrangian submanifoldL ⊂ X

is a better-behaved substitute for a Lagrangian submanifold:
it is a differential graded smooth map l∶R → X together
with a quasi-isomorphism of differential graded manifolds
q∶L → R such that the composition

L⟶
q

R⟶
l

X ð6Þ

agrees with the inclusion L ↪ X.

B. AKSZ model

The AKSZ model [61] (reviewed in [62,63]) is a
topological sigma model of the Schwarz type (i.e., explic-
itly independent of any metric on the source tangent space
and not obtained by a topological twist) whose target space
is a differential graded manifold X equipped with a
symplectic form ωX; if the intrinsic degree of ωX is n,
then the dimension of the world volumeM is nþ 1. Special
cases of the AKSZ model include the two-dimensional
Poisson sigma model [76–79], the three-dimensional
Chern-Simons theory [80], and the BF model [81–85]
(reviewed in [86,87]). The AKSZ model serves as the
topological “filling” of the SymTFT in in the Pulmann-
Ševera-Valach sandwich construction.
Let ðX;QX;ωXÞ be a symplectic differential graded

manifold with deg ωX ¼ n. The target space is X. The
source is M, an oriented closed (nþ 1)-dimensional
smooth manifold (the world volume or spacetime). Then
the space of fields of the AKSZ model is the infinite-
dimensional graded manifold

M ≔ MapsðT½1�M;XÞ ð7Þ

of (graded) smooth maps that do not necessarily preserve
the homological vector field.
This space M carries canonically the structure of a

differential graded manifold with differential

QM ¼ QX þQT½1�M: ð8Þ

Furthermore, it carries the canonical symplectic form

ωMðu; vÞ ¼
Z
T½1�M

ωXðu; vÞ ð9Þ

for tangent vectors u; v∈TfM at some f∈M. The form
ωM has intrinsic degree 1, which makes it suitable as input
to the Batalin-Vilkovisky formalism, which produces a
classical action functional (called the akszion in [58]) that is
manifestly topological (a metric on M has not been used)
and gauge-invariant; quantization can then proceed as usual
on the space of classical solutions to the variational
equation of motion.
Note that the AKSZ action functional is gauge-invariant

for small gauge transformations, but this is not automatic
for large gauge transformations. For instance, for the
special case of Chern-Simons theory with a compact simple
gauge group, demanding invariance under large gauge
transformation leads to quantization of the level; fractional
levels are inconsistent.

C. AKSZ boundary conditions as bread
for the sandwich

If ∂M ≠ ∅, ωM is not QM-invariant, and one must
impose suitable boundary conditions. In [58] it is shown
that an appropriate choice of boundary conditions is of the
form

fj
∂M ∈F

for the fields f∈M, where F is a Lagrangian submanifold
of the space of boundary fields

X ≔ MapsðT½1�∂M;XÞ; ð10Þ

which is a differential graded manifold equipped with a
canonical symplectic structure ωX of intrinsic degree 0
given by

ωX ðu; vÞ ≔
Z
T½1�∂M

ωXðu; vÞ: ð11Þ

In general, these boundary conditions F can depend on
geometric data (such as a Riemannian metric) on ∂M and
thus partially break diffeomorphism symmetry. One class
of boundary conditions that is topological (in that it does
not depend on any additional geometric data on ∂M beyond
the topology and the smooth structure) is given by the
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ansatz

FL ¼ MapsðT½1�∂M;LÞ; ð12Þ

where L is a Lagrangian submanifold of the target space X.
Note that, in a general SymTFT, one should consider all

possible topological boundary conditions, which classify
the various (generalized) symmetries of the theory. The
ansatz (12) provides a wide range of topological boundary
conditions, but it is not immediate that these exhaust the set
of all possible such boundary conditions. (For a related
discussion, see [58].)

D. Sandwich construction and dimensional reduction

Wenowspecialize to thecasewhere the (dþ 1)-dimensional
bulk is of the form M ¼ Σ × ½0; 1�, where Σ is a closed
d-dimensional manifold. Now there are two boundary
components:

∂M ¼ Σ × f0g ⊔ Σ × f1g:

In the sandwich construction [58], we put a nontopological
boundary condition on Σ × f0g and a topological boundary
condition on Σ × f1g. Now, one can then Fourier expand
the (dþ 1)-dimensional fields satisfying the boundary
conditions to an infinite tower of d-dimensional fields.
However, since the bulk is topological, all but a finite
number of these fields may be integrated out, yielding a
d-dimensional (generally nontopological) field theory on Σ
with finitely many fields. Varying the topological boundary
condition at Σ × f1g leads to theories related by discrete
gaugings, while varying the nontopological boundary
condition at Σ × f0g typically leads to distinct theories.
The dimensionally reduced d-dimensional action on Σ

can be simply computed by choosing an appropriate
resolution of the topological boundary condition. The
detailed method of computation can be found in [58],
which we omit here since we do not need the details.

III. AKSZMODELS AS OPEN-FACE SANDWICHES
WITH TRIVIAL FILLING

The theories we wish to realize as sandwiches, namely
the first-order formulation of Yang-Mills theory and the

MacDowell-Mansouri formulation of four-dimensional
general relativity, are both Manin theories, that is, non-
topological perturbations of AKSZ models. Thus, as a first
step, we first realize an ordinary d-dimensional AKSZ
model as a (dþ 1)-dimensional sandwich theory. In doing
this, we will see that 1) the “filling” theory is, by itself (i.e.,
in the absence of boundaries), trivial in that the fields can be
gauge fixed to be identically zero, even in the presence of
nontrivial topology; 2) only one of the two boundary
conditions will be present: on the topological side, the
boundary condition is effectively absent, so that we only
have an “open-face sandwich” (Fig. 1), similar to the
situation in AdS/CFT where the bulk anti–de Sitter space
only has one boundary component [7, §6.2].
The fact that 2) is possible is a consequence of 1): since

the “filling” is trivial, the target manifold of the bulk AKSZ
model is quasi-isomorphic to a point, which has only trivial
differential graded Lagrangian submanifolds.

A. Weil algebra as trivial filling

Suppose that wewish to realize the d-dimensional AKSZ
model with target space given by the differential graded
symplectic manifold ðY; dY;ωYÞ with jωY j ¼ d − 1. Let

X ¼ T½1�Y ð13Þ

be equipped with the homological vector field

QX ¼ QY þ vi
∂

∂yi
; ð14Þ

where yi are coordinates on Y and vi are the corresponding
coordinates along the tangent directions, and QY is
extended to all of X via

QY

�
vi

∂

∂yi
f

�
þ vi

∂

∂yi
ðQYfÞ ¼ 0 ð15Þ

for arbitrary f∈ C∞ðXÞ. Now, on X there exists a sym-
plectic form ωX of degree d. Explicitly, if locally

ωY ¼ ωijðyÞdyi ∧ dyj; ð16Þ

then we define

FIG. 1. A d-dimensional AKSZ model implemented as a (dþ 1)-dimensional “open” sandwich theory with one trivial boundary
condition (above) and one Dirichlet boundary condition (below).
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ωX ¼ ωijðyÞdyi ∧ dvj: ð17Þ

Locally, this reduces to the Weil algebra as follows. If at
y∈Y the shifted tangent space T½−1�yY≕ g is an L∞-
algebra, then at ðy; pÞ∈X (with p∈T½1�yY) the shifted
tangent space T½−1�ðy;pÞX is canonically identified with the
inner automorphism L∞-algebra (whose associated
Chevalley-Eilenberg algebra is the Weil algebra):

T½−1�ðy;pÞX ≅ innðgÞ: ð18Þ

The cyclic structure of degree d − 3 on g then induces a
cyclic structure of degree d − 4 on innðgÞ as

hyþ v; y0 þ v0iinnðgÞ ≔ hy; v0½−1�ig þ hy0; v½−1�ig ð19Þ

for y; y0 ∈ g and v; v0 ∈ g½1�.
Thus, on a (dþ 1)-dimensional world volumeM, we can

construct a (dþ 1)-dimensional AKSZ model with target
space X, with the space of fields being

M ≔ MapsðT½1�M;XÞ: ð20Þ

By itself, this is a trivial (dþ 1)-dimensional theory on the
world volume M. To recover the d-dimensional AKSZ
model with target space Y, we will need to impose
appropriate boundary conditions on the boundary ∂M of
M, as we explain in the next section.

B. Boundary conditions

Since the target space X is (by construction) cohomo-
logically trivial, the AKSZ theory with target space X has
trivial physics without boundary conditions. Furthermore,
since X is cohomologically trivial, one can (if one so
chooses) not put any boundary conditions. Concretely, this
is implemented by picking the trivial resolution

l ¼ idX∶X → X; ð21Þ

which is just the identity map; this is a resolution of the
(unique) trivial Lagrangian submanifold of the one-point
space • ≃ X.
Let spacetime beM ¼ Σ × ½0; 1�, such that the restriction

of the bulk fields at one of the two boundaries is

X ¼ MapsðT½1�Σ; XÞ
≔ ΩðΣ; X½−1�Þ ¼ T½1�ΩðΣ; Y½−1�Þ: ð22Þ

If one puts the trivial boundary condition given by (21) on
both Σ × f0g and Σ × f1g, then one obtains a trivial theory.
Instead, let us only put the trivial boundary condition on
Σ × f1g and, where there would normally be a nontopo-
logical boundary condition, a topological (since we wish to
realize a topological theory on the boundary) Dirichlet

boundary condition on Σ × f0g given by the Lagrangian
submanifold F ⊂ X , where

F ¼ ΩðΣ; YÞ ⊆ ΩðΣ; XÞ: ð23Þ

This yields a sort of “open-faced sandwich,” as shown in
Fig. 1. Then we claim that this reduces to the ordinary
AKSZ theory on Σ.
The absence of nontrivial topological boundary condi-

tions at Σ × f1g signifies the fact that this sandwich
theory does not capture any higher symmetries of the
AKSZ model.

IV. WARM-UP EXAMPLE: THREE-DIMENSIONAL
CHERN-SIMONS THEORY FROM FOUR

DIMENSIONS

As a simple concrete example, let us consider the
sandwich realization of a three-dimensional Chern-Simons
theory whose gauge algebra is the Lie algebra g with an
invariant metric h ;ig.

A. Chern-Simons theory with nontrivial bundles

Let us review three-dimensional Chern-Simons theory as
the simplest nontrivial example of an AKSZ model. If one
simply takes as the target space g½1�, then the space of fields
and antifields on spacetime Σ is Ω•ðΣÞ ⊗ g½1�. While this
works perturbatively when Σ is contractible, it requires that
the gauge field A be a globally defined g-valued 1-form for
instance and in particular does not allow for nontrivial G-
bundles on spacetime; more importantly for our purposes, it
does not remember the global topology of the Lie group G
[in particular, the center ZðGÞ or the fundamental group
π1ðGÞ] that gives rise to higher-form symmetry. To rectify
this, we must change the target space to be a suitable stack
that remembers the global topology of G.
For the purposes of Chern-Simons theory in the Batalin-

Vilkovisky formalism, to a sufficiently fine open covering
Σ ¼ ∪iUi of spacetime, we would like to associate the data

Ai ∈ΩðUiÞ ⊗ g½1�; gij ∈ C∞ðUi ∩ Uj;GÞ; ð24aÞ

that patch together as follows:

Ajþd¼ g−1ij ðAiþdÞgij; gijgjk ¼ gik; gii ¼ 1G: ð24bÞ

Thus, gij define transition maps for a principal G-bundle P.
Decomposing the polyform (i.e., differential form of
inhomogeneous degree) A into different form degrees as
A ¼ Að0Þ þ Að1Þ þ Að2Þ þ Að3Þ, we see that, for i ≠ 1, AðiÞ
transforms as differential forms valued in the associated
vector bundle P ×G g, while Að1Þ transforms as a connec-
tion on P. We now define the stack g½1�=G to be the object
that associates to an open covering the data of (24).
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The notation g½1�=G is because of the following reason.
In (24), if we had gij ¼ 1G identically, then such objects
would simply correspond to non-degree-preserving maps
MapsðT½1� ∪i Ui; g½1�Þ, so we could simply take the target
space to be g½1�. Adding the gij amounts to taking a certain
quotient of this stack by an action of G [88].
Prior to quotienting, g½1� carries a symplectic structure of

degree 2 given by the Killing form on g, such that ΩðUiÞ ⊗
g½1� ¼ MapsðT½1�Ui; g½1�Þ carries a symplectic structure of
degree 2 − 3 ¼ −1. Quotienting amounts to adding in the gij
and compatibility conditions, so the symplectic structure (or,
rather, a Poisson structure, since the symplectic structure
does not touch gij) persists on MapsðT½1�Ui; g½1�=GÞ.

B. Naive sandwich construction
for Chern-Simons theory

Let us first discuss the realization of Chern-Simons
theory as a sandwich while ignoring the discrete degrees of
freedom.
For Chern-Simons theory, YCS ¼ g½1� is simply a

(degree-shifted) Lie algebra, where the homological vector
field QX is given by the Chevalley-Eilenberg differential of
g encoding the Lie bracket of g, and the symplectic form
ωYCS

of degree 2 on X is given by the invariant metric h ;ig.
Picking a basis ti of g, the symplectic form and homo-
logical vector field on Y are

ωYCS
¼ ωijdti ∧ dtj; QYCS

¼ 1

2
fjki tjtk

∂

∂ti
; ð25Þ

where ωij are the structure constants for the metric on g and
fijk are the structure constants for the Lie bracket of g.
Then

XCS ¼ g½2� ⊕ g½1� ¼ innðgÞ½1� ð26Þ

is the doubled symplectic differential graded manifold
corresponding to the inner derivation algebra. Let us pick
a basis ðt̃i; tiÞ for X such that t̃i is the shifted copy of ti.
Then the symplectic structure and homological vector field
on X are

ωX ¼ ωijdti ∧ dt̃i; ð27aÞ

QX ¼ 1

2
tjtkf

jk
i

∂

∂ti
− tjt̃kf

jk
i

∂

∂t̃i
þ t̃i

∂

∂ti
: ð27bÞ

The space of fields of the four-dimensional AKSZ theory
on a 4-manifold M with target space X is

MapsðT½1�M;XÞ ¼ ΩðMÞ ⊗ g½1�|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
A

×ΩðMÞ ⊗ g½2�|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
B

; ð28Þ

where we have indicated the coordinates for each of the
components. For instance, A is a sum of differential forms
of different degrees on M; we write A¼Að0ÞþAð1Þþ���þ
Að4Þ for the decomposition into each of the form degrees.
The AKSZ action is then

S ¼
Z
M
B ∧

�
dAþ 1

2
½A;A� þ B

�
; ð29Þ

where implicitly terms of form degree other than four are
projected out in the integral

R
M. The nonghostly part of this

action is then

S ¼
Z
M
B ∧

�
dAþ 1

2
½A; A� þ B

�
; ð30Þ

where A ¼ Að1Þ and B ¼ Bð2Þ are the total (form plus
graded Lie algebra) degree 0 fields in ΩðMÞ1 ⊗ g½1� and
ΩðMÞ2 ⊗ g½2�, respectively. The equations of motion for A
and B are

dBþ ½A;B� ¼ 0; dAþ 1

2
½A; A� ¼ −

1

2
B: ð31Þ

The Batalin-Vilkovisky gauge transformations are

A↦Aþdcþ½A;c�−Λ; B↦BþdΛþ½A;Λ� ð32Þ

for the gauge parameters

c∈Ω0ðΣ × ½0; 1�; gÞ; Λ∈Ω1ðΣ × ½0; 1�; gÞ ð33Þ

with c ¼ Að0Þ and A∈Bð1Þ. If we did not have boundary
conditions, then by tuning Λ one can gauge-fix A ¼ 0, and
the equations of motion then force B ¼ 0, so we obtain a
trivial theory as advertised.
a. Boundary conditions. Let Σ be a closed 3-manifold,

and let the four-dimensional bulk spacetime be Σ × ½0; 1�.
The space of boundary fields on one of the two boundary
components is

X ¼ ΩðΣ; X½−1�Þ ¼ ΩðΣ; gÞ ⊕ ΩðΣ; gÞ½1�: ð34Þ

Let us label the components as A∈ΩðΣ; gÞ and
B∈ΩðΣ; gÞ½1�, with the form degrees understood to be
inhomogeneous (i.e., A and B are polyforms). The Dirichlet
boundary condition at Σ × f0g is

F ¼ fðA; BÞ∈X jB ¼ 0g ⊂ X : ð35Þ

That is, we are considering AKSZ fields on Σ × ½0; 1� such
that, at Σ × f0g, the B field has a Dirichlet boundary
condition B ¼ 0 but A is unconstrained.
With the boundary conditions imposed, we only have

gauge transformations Λ of the form Λðσ; 0Þ ¼ 0. Thus, we
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cannot gauge away the value of A at the boundary Σ × f0g.
However, we can (for example) gauge fix

Aðσ; sÞ ¼ Aðσ; 0Þ ð36Þ

so that A is constant along s. Then the equations of motion
determine B in terms of A, and the dynamics of A are
entirely determined by its boundary value.
Since B vanishes at the boundary Σ × f0g, the equations

of motion (31) imply A is flat along Σ, so that we recover
three-dimensional Chern-Simons theory on Σ, as required.

C. Sandwich for center symmetry
of Chern-Simons theory

We now modify the open sandwich to allow for discrete
degrees of freedom in the four-dimensional bulk. This
yields a SymTFT that captures the center symmetry of
Chern-Simons theory.
Let G be the simply connected compact Lie group with

Lie algebra g, so that its center group ZðGÞ ¼ π1ðG̃Þ is the
fundamental group of the centerless form G̃ ≔ G=ZðGÞ.
In order to account for the center symmetry, we now

take the target space of the bulk four-dimensional theory to
be the stack XCS=G̃, where the action of G̃ is now such
that, if spacetime is covered by Σ ¼ ∪iUi and hence
Σ × ½0; 1� ¼ ∪iUi × ½0; 1�, then one has the data

ðAi;BiÞ∈ΩðUiÞ ⊗ g½1� ⊕ g½2�; ð37Þ

gij∶Ui ∩ Uj → G; ð38Þ

with

gijgjk ∈ZðGÞgik; gijgji ¼ 1G; ð39Þ

Aj þ d ¼ g−1ij ðAi þ dÞgij; Bj ¼ g−1ij Bigij: ð40Þ

Thus, gij is allowed to violate the triple overlap condition
up to ZðGÞ such that, effectively, the cosets gijZðGÞ define
the transition maps of a principal G̃-bundle P over
Σ × ½0; 1�. The fields A and B transform as differential
forms valued in the associated bundle P ×G̃ g except for
Að1Þ, which transforms as a connection on P.
Now, on a local patch, all fields can be gauge fixed to be

zero. Globally, however, the theory retains a discrete degree
of freedom, namely the choice of a principal G̃-bundle on
Σ × ½0; 1� (or, since Σ × ½0; 1� deformation retracts to Σ, a
choice of a principal G̃-bundle on Σ).
The nontopological boundary condition at Σ × f0g is as

before. However, now that the (dþ 1)-dimensional bulk
theory is nontrivial, we now have more interesting choices
for the topological boundary Σ × f1g. One can change the
gauge group from the centerless form G̃ to the simply
connected form by imposing, at the boundary Σ × f1g,

gijgjk ¼ gik ð41Þ

(at least if the large gauge transformations allow this;
see note at the end of the section). Then at the boundary gij
actually define a principal G-bundle (i.e., the G̃-bundle
PjΣ×f1g lifts to a G-bundle), and the time parameter
t∈ ½0; 1� defines a homotopy of this G-bundle structure.
However, since the space of topological principal
G-bundles is discrete, at Σ × f0g we must also have a
lift of the G̃-bundle PjΣ×f1g to a G-bundle. Thus, after
dimensional reduction, the boundary condition (41) defines
a G-valued Chern-Simons theory on Σ.
More generally, given any subgroup Γ of ZðGÞ, one can

impose, again assuming consistency with large gauge
transformations,

gijgjk ∈Γgik; ð42Þ

which yields a G=Γ-valued d-dimensional Chern-Simons
theory on Σ. This corresponds to gauging a Γ subgroup of
the ZðGÞ-valued electric 1-form symmetry of G-valued
Chern-Simons theory.
Note that the above discussion has assumed that in fact

(42) is consistent with the large gauge transformations of
the AKSZ model. This is not always the case; for instance,
for G compact and for certain levels, demanding invariance
under large gauge transformations implies that (42)
requires gij to be trivial, as discussed in [1].

V. SYMMETRY TOPOLOGICAL FIELD THEORY
FOR THE CENTER SYMMETRY OF YANG-MILLS

A. Naive open sandwich for Yang-Mills theory

An open-sandwich construction for pure Yang-Mills
theory was given in [58, §10.4] [see Fig. 2(a)]. This
construction has a trivial filling (i.e., the AKSZ theory
in the bulk is trivial), and hence there are no nontrivial
topological boundary conditions (i.e., this is an open
sandwich), so this construction by itself does not capture
any higher symmetries of Yang-Mills theory, such as the
center symmetry. Nevertheless, it serves as a convenient
base to start from, so we review this construction.
A first-order formulation of d-dimensional Yang-Mills

theory with gauge group G (with Lie algebra g and
invariant metric h−;−ig) is given by the action

S ¼
Z
Σ
B ∧

�
dAþ 1

2
½A; A�

�
þ 1

2
B ∧ ⋆B; ð43Þ

where B is an auxiliary g�-valued 2-form on spacetime Σ;
upon integrating out B, one recovers the familiar second-
order action S ¼ R

1
2
F ∧ ⋆F. This is a Manin theory

[68–71], i.e., an AKSZ model (in this case, a BF model)
perturbed by a nontopological quadratic term; it can be
realized as an open sandwich similar to the pure AKSZ

SANDWICH CONSTRUCTION OF SYMMETRY TOPOLOGICAL … PHYS. REV. D 113, 125027 (2026)

125027-7



model but with a modified nontopological boundary
condition.
The d-dimensional BF model is given by the gauge L∞-

algebra g ⋉ g�½d − 3�, which is a graded Lie algebra (the
differential vanishes) whose Lie bracket is given by the
coadjoint representation of g; it comes with the obvious
canonical cyclic structure of degree d − 3. This corre-
sponds to the symplectic differential graded manifold

YYM ¼ ðg ⋉ g�½d − 3�Þ½1�; ð44Þ
whose underlying graded vector space is simply
g½1� ⊕ g�½d − 2�. Its double is then

XYM ¼ T½1�YYM; ð45Þ

whose underlying graded vector space is g½1� ⊕ g½2� ⊕
g�½d − 2� ⊕ g�½d − 1�.
We then consider the (dþ 1)-dimensional AKSZ model

with target space XYM and (dþ 1)-dimensional world
volume Σ × ½0; 1�, so that the space of fields at one of
the two boundary components is

X ¼
�
ΩðΣ; gÞ

A
⊕ ΩðΣ; gÞ½1�

Ã

⊕ ΩðΣ; g�Þ½d − 3�
B

⊕ ΩðΣ; g�Þ½d − 2�
B̃

�
½1�; ð46Þ

where we have indicated the coordinates for each of the
components. So, for instance, Ã is a sum of differential

forms of different degrees on Σ; we write Ã ¼ Ãð0Þ þ
Ãð1Þ þ � � � þ ÃðdÞ for the decomposition into each of the
form degrees.
At Σ × f1g we put no boundary conditions; at Σ × f0g,

we put the boundary condition given by

F ¼

8>>><
>>>:

0
BBB@

A

Ã

B

B̃

1
CCCA∈X

��������
Bð0Þ ¼ � � � ¼ Bðd−3Þ ¼ 0

Ãð0Þ ¼ Ãð1Þ ¼ 0

⋆Bðd−2Þ♯ ¼ B̃ð2Þ

9>>=
>>; ð47Þ

where ð−Þ♯∶g� → g is the bijection induced by the invariant
metric h−;−ig on g, as shown in Table I.
Then one can identify

c ¼ Að0Þ; A ¼ Að1Þ; Bþ ¼ Að2Þ; ð48aÞ

B ¼ Bðd−2Þ; Aþ ¼ Bðd−1Þ; cþ ¼ BðdÞ ð48bÞ

as the familiar fields of the Batalin-Vilkovisky formulation
of first-order Yang-Mills theory as given in, e.g., [75, §5.4].
The field Ãð2Þ is constrained by the boundary condition to
be ⋆B♯ and is not independent. The fields Að3Þ;…;AðdÞ

form trivial pairs with Ãð3Þ;…; ÃðdÞ respectively and may
be trivially integrated out [89].

FIG. 2. A naive open-sandwich construction (a) of Yang-Mills theory with one trivial boundary condition (above) and one Dirichlet
boundary condition (below) does not capture the electric center symmetry and does not allow for nontrivial principal bundles. A more
refined construction (b) with a nontrivial filling does capture the center symmetry, and subgroups of the center symmetry can be gauged
by putting different topological boundary conditions (above).
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B. A Yang-Mills center symmetry sandwich

We now modify the open sandwich to allow for
discrete degrees of freedom in the (dþ 1)-dimensional
bulk [Fig. 2(b)]. This yields a SymTFT that captures the
center symmetry of Yang-Mills theory.
As before, let G be the simply connected compact

Lie group with Lie algebra g, so that its center group
ZðGÞ ¼ π1ðG̃Þ is the fundamental group of the centerless
form G̃ ≔ G=ZðGÞ.
In order to account for the center symmetry, we now

take the target space of the bulk (dþ 1)-dimensional
theory to be the stack XYM=G̃. The action of G̃ is now
such that, if spacetime is covered by Σ ¼ ∪iUi and hence
Σ × ½0; 1� ¼ ∪iUi × ½0; 1�, then one has the data

ðAi; Ãi;Bi; B̃iÞ∈ΩðUiÞ ⊗ ðg½1� ⊕ g½2� ⊕ g�½d − 2�
⊕ g�½d − 1�Þ; ð49Þ

gij∶Ui ∩ Uj → G; ð50Þ

with

gijgjk ∈ZðGÞgik; ð51aÞ

gijgji ¼ 1G; ð51bÞ

Aj þ d ¼ g−1ij ðAi þ dÞgij; ð51cÞ

Ãj þ d ¼ g−1ij ðÃi þ dÞgij; ð51dÞ

Bj ¼ g−1ij Bigij; ð51eÞ

B̃j ¼ g−1ij B̃igij: ð51fÞ

Thus, gij is allowed to violate the triple overlap condition
up to ZðGÞ such that, effectively, the cosets gijZðGÞ define
the transition maps of a principal G̃-bundle P over
Σ × ½0; 1�. The fields A, Ã, B, and B̃ transform as differ-
ential forms valued in the associated bundle P ×G̃ g except
for Að1Þ, which transforms as a connection on P. The

(dþ 1)-dimensional AKSZ action is then

SΣ×½0;1� ¼
Z
Σ×½0;1�

�
dAþ 1

2
½A;A� þ Ã

�
∧ B̃

þ
�
dÃþ 1

2
½A; Ã�

�
∧ B: ð52Þ

On a local patch, all fields can be gauge fixed to be zero.
Globally, however, the theory retains a discrete degree of
freedom, namely the choice of a principal G̃-bundle on
Σ × ½0; 1� (or, since Σ × ½0; 1� deformation retracts to Σ, a
choice of a principal G̃-bundle on Σ).
The nontopological boundary condition at Σ × f0g is as

before. However, now that the (dþ 1)-dimensional bulk
theory is nontrivial, we now have more interesting choices
for the topological boundary Σ × f1g. One can change the
gauge group from the centerless form G̃ to the simply
connected form by imposing, at the boundary Σ × f1g,

gijgjk ¼ gik: ð53Þ

Then at the boundary gij actually define a principal G-
bundle (i.e., the G̃-bundle PjΣ×f1g lifts to a G-bundle), and
the time parameter t∈ ½0; 1� defines a homotopy of this G-
bundle structure. However, since the space of topological
principal G-bundles is discrete, at Σ × f0g we must also
have a lift of the G̃-bundle PjΣ×f1g to a G-bundle. Thus,
after dimensional reduction, the boundary condition (53)
defines a G-valued d-dimensional Yang-Mills theory on Σ.
More generally, given any subgroup Γ of ZðGÞ, one can

impose

gijgjk ∈Γgik; ð54Þ

which yields a G=Γ-valued d-dimensional Yang-Mills
theory on Σ. This corresponds to gauging a Γ subgroup
of the ZðGÞ-valued electric 1-form symmetry of G-valued
Yang-Mills theory.

VI. SYMMETRY TOPOLOGICAL FIELD THEORY
FOR THE CENTER SYMMETRY OF FOUR-

DIMENSIONAL GRAVITY

The Pulmann-Ševera-Valach sandwich construction can
easily produce theories of Manin type (i.e., AKSZ theory
perturbed with a quadratic term). Such a formulation exists
in four dimensions (but not, to the best of the authors’
knowledge, in higher dimensions): the Friedel-Smolin-
Starodubtsev variant [90–92] of the MacDowell-
Mansouri formulation [93–95] of gravity (for reviews
see [96,97]); its properties as a Manin theory were
discussed in [70].
There exists a 1-form symmetry of Einstein gravity

valued in the center of the Lorentz group Spinð1; 3Þ [53].

TABLE I. The nontopological boundary condition F for
realizing Yang-Mills theory. Cells colored black are constrained
to vanish at the boundary Σ × f0g (Dirichlet condition); cells
colored white are unconstrained; cells colored gray have a
nontrivial constraint.
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Depending on the signature, this center symmetry is
given in Table II. In this section, we lift the Friedel-
Smolin-Starodubtsev variant of the MacDowell-Mansouri
formulation of Einstein gravity to a sandwich theory with a
five-dimensional filling that provides a SymTFT that
captures this ZðSpinðp; 4 − pÞÞ 1-form center symmetry
of gravity.

A. Lightning review of the MacDowell-Mansouri
formulation of gravity

The input data of the MacDowell-Mansouri formulation
is a Lie group G whose Lie algebra g admits an invariant
metric h−;−ig, a closed subgroup H ⊆ G (whose Lie
algebra is h ⊂ g), and a linear map

⊛∶g → g�: ð55Þ

(This map is called the “internal Hodge dual” in [96,97],
and the notation follows that in [96].) These satisfy the
following compatibility conditions:

g¼ hþ ker⊛; h ∩ ker⊛¼ f0g; ðker⊛Þ♭ ¼ coker⊛;

⊛½h;x�ðyÞ ¼⊛xð½h;y�Þ ∀h∈h; x;y∈g; ð56Þ

where ð−Þ♭∶g → g� is the musical isomorphism induced
by h−;−ig. In particular, the last condition states that ⊛ is
h-equivariant.
Using this data, one can write down the action

S ¼
Z
Σ
B ∧ F −

1

2
B ∧ ⊛⊤B ð57Þ

in terms of the fields A∈Ω1ðMÞ ⊗ g and B∈Ω2ðMÞ ⊗ g�,
where ⊛⊤∶g� → g is the transpose of ⊛ and where F ¼
dAþ 1

2
½A; A� is the usual field strength of A.

To obtain four-dimensional Einstein gravity with a
negative cosmological constant, we take G ¼ Spinð2; 3Þ
to be the anti–de Sitter isometry group, where H ¼
Spinð1; 3Þ is the Lorentz subgroup thereof. Then we have
the decomposition

g ¼ h ⊕ 4; ð58Þ

where 4 is the four-vector representation of the Lorentz
algebra h. Using this, we have

⊛∶tij ↦ ð3GΛÞ 1
2
ϵð−1Þijkltkl ð59Þ

for a suitable basisftijg ofgwhere i; j∈ f−1; 0; 1; 2; 3gwith
corresponding dual basis ftijg of g� and ϵijklm is the Levi-
Civita symbol. Then ker⊛ ¼ Spanftð−1Þiji∈ f0; 1; 2; 3gg
and coker⊛ ¼ Spanftð−1Þiji∈ f0; 1; 2; 3gg are the four-
vector and four-covector representations of h. (The coef-
ficient 3GΛ can be matched to the cosmological constant.)
To obtain four-dimensional gravity with a positive

cosmological constant, one takes g ¼ oð1; 4Þ to be the
de Sitter isometry algebra, with h ¼ oð1; 3Þ as before and
⊛ defined by the decomposition g ¼ h ⊕ 4.
(As an aside, let usmention some other possible choices of

the data ðg; h;⊛Þ. Ifh ¼ f0g and⊛ ¼ 0, thenwe recover the
pure four-dimensional BF model S ∝

R
Σ B ∧ F; if h ¼ g

and ⊛ ¼ ð−Þ♭ is the musical isomorphism, then we have
S ∝

R
Σ F ∧ F after integrating out B.)

If we had a pure BF theory without the term B ∧ ⊛B,
then the gauge symmetry would be parametrized by a ghost
field c∈Ω0ðMÞ ⊗ g. However, the B ∧ ⊛B term breaks
the gauge symmetry down to ker⊛. That is, the complete
field content of the Batalin-Vilkovisky action is (ignoring
complications about nontrivial bundles)

c∈Ω0ðMÞ⊗ ðker ⊛Þ½1�; cþ∈Ω4ðMÞ⊗ ðcoker⊛Þ½2�;
A∈Ω1ðMÞ⊗ g½1�; Aþ∈Ω3ðMÞ⊗ g�½2�;
B∈Ω2ðMÞ⊗ g�½2�; Bþ∈Ω2ðMÞ⊗ g½1�; ð60Þ

where c and cþ are the ghost and the ghost antifield
respectively and ð−Þþ denotes the corresponding antifield
of a field. This field content is summarized in Table III.
a. Reduction to gravity. For completeness, let us briefly

indicate how the action (57) reduces to Einstein gravity, as
already explained in [90–92]. Under the branching (58), the
field A decomposes into

A ¼ ðω; eÞ;

where ω∈Ω1ðMÞ ⊗ g is the spin connection and
e∈Ω1ðMÞ ⊗ 4 is the vierbein; similarly, the field strength
F ¼ dAþ 1

2
½A; A� decomposes into

TABLE II. The center 1-form symmetry group ZðSpinðp; 4 − pÞÞ of Einstein gravity in four dimensions with
various spacetime signatures (Euclidean, Lorentzian, split). Here the spin group Spinðp; 4 − pÞ is always taken to be
connected and simply connected.

Spacetime signature (0, 4) (1, 3) (2, 2)

Spin group SUð2Þ × SUð2Þ SLð2;CÞ SLð2;RÞ × SLð2;RÞ
Center of spin group Z2 × Z2 Z2 Z2 × Z2
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F ¼
�
dωþ 1

2
ω ∧ ω

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{Riemann curvature

þ 1

2
e ∧ e; deþ ω ∧ e

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{torsion �

where the second component dωþ 1
2
ω ∧ ω is the torsion of

the spin connection (regarded as a vector-valued 2-form),
while the first term contains the Riemann curvature
(regarded as an g-valued 2-form). The structure of the
B ∧ ⊛B term means that B acts as a Lagrange multiplier
for the component of F in ker⊛, namely the torsion, so that
we have a torsion-free connection; assuming the inverti-
bility of e, then ω is fixed in terms of e. Integrating out B
then produces the Palatini action for gravity,

S¼
Z

ϵabcd

�
ðdωþ1

2
½ω;ω�Þab−1

6
ΛGea ∧ eb

�
∧ ec ∧ ed:

In comparison to gravity, we note two possible non-
perturbative issues. First, this construction does not require
the vierbein e to be invertible. In the regime where e is not
invertible, the theory behaves more like Yang-Mills theory
[69,70]. Similarly, by default this construction allows
arbitrary Spinð1; 3Þ-bundles on spacetime Σ, whereas
in gravity one often restricts this bundle to the frame
bundle. This does not affect the perturbative theory, but
nonperturbatively one may wish to include nontrivial
bundles [98].

B. Naive open sandwich for gravity

First, we present the open-sandwich construction
[Fig. 3(a)] for the MacDowell-Mansouri formulation of
gravity ignoring the nontrivial H-bundle structure as in
Sec. VA. This produces an open sandwich with a five-
dimensional filling that is trivial and does not capture any
symmetries.
The target space of the four-dimensional BF model

without the B ∧ ⊛B term is the symplectic differential
graded manifold

YGR ¼ ðg ⋉ g�½1�Þ½1� ð61Þ

with the homological vector field Q defined by the graded
Lie algebra structure on g ⋉ g�½1� (a semidirect sum of the
Lie algebra g and the Abelian graded Lie algebra g�½1�
using the coadjoint action of the former on the latter) and a
symplectic structure of intrinsic degree 3 [given by the
identification ðg ⋉ g�½1�Þ½1� ≅ T�½3�ðg½1�Þ as a cotangent
bundle]. The five-dimensional filling theory is the AKSZ
model with target space given by the double

X ¼ T½1�Y ≅ g½1� × g½2� × g�½2� × g�½3�: ð62Þ

This has trivial cohomology, so the five-dimensional filling
theory is trivial if no boundary conditions are imposed.
The space of boundary fields at Σ × f0g ⊂ Σ × ½0; 1� is

then

X ¼ ΩðΣ; gÞ½1�
A

⊕ ΩðΣ; gÞ½2�
Ã

⊕ ΩðΣ; g�Þ½2�
B

⊕ ΩðΣ; g�Þ½3�
B̃

ð63Þ

where we have indicated polyform coordinates A; Ã;B; B̃
for each component. On the topological end Σ × f1g,
we impose no boundary conditions (i.e., we have an
open sandwich). On the nontopological end Σ × f0g, we
impose the boundary condition given by the Lagrangian
submanifold

F ¼

8>>>>>>>>><
>>>>>>>>>:

0
BBB@

A

Ã

B

B̃

1
CCCA∈X

���������������

B̃ ¼ 0

Ãð0Þ ¼ Ãð1Þ ¼ 0

Bð0Þ ¼ Bð1Þ ¼ 0

⊛Ãð2Þ ¼ Bð2Þ

Að0Þ ∈Ω0ðΣÞ ⊗ ðker ⊛Þ
Bð4Þ ∈Ω0ðΣÞ ⊗ ðcoker⊛Þ

9>>>>>>>>>=
>>>>>>>>>;

ð64Þ

as shown in Table IV.
After dimensional reduction, then, it is straightforward to

see that one obtains the action (57) together with ghosts.

C. Sandwich for center symmetry of gravity

We now modify the open sandwich to allow for discrete
degrees of freedom in the five-dimensional bulk [Fig. 3(b)].
This yields a SymTFT that captures the center symmetry of
gravity.
Let H̃ be the centerless form PSOðp; 4 − pÞ of the

simply connected Lorentz group H ¼ Spinðp; 4 − pÞ.
In order to account for the center symmetry, we now

take the target space of the bulk (dþ 1)-dimensional
theory to be the stack XGR=H̃. The action of H̃ is such
that, if spacetime is covered by Σ ¼ ∪iUi and hence
Σ × ½0; 1� ¼ ∪iUi × ½0; 1�, then one has the data

TABLE III. Field content of the MacDowell-Mansouri formu-
lation of Einstein gravity. The blacked out cells correspond to
those fields of theBatalin-Vilkovisky formulation of theBFmodel
that are not present in the MacDowell-Mansouri formulation due
to the reduced gauge symmetry. The gray cells correspond to those
fields of the Batalin-Vilkovisky formulation of the BF model
that are constrained (but nonzero) in the MacDowell-Mansouri
formulation due to the reduced gauge symmetry.
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ðAi; Ãi;Bi; B̃iÞ∈ΩðUiÞ ⊗ ðg½1� ⊕ g½2�
⊕ g�½2� ⊕ g�½3�Þ; ð65Þ

gij∶Ui ∩ Uj → H; ð66Þ

with

gijgjk ∈ZðHÞgik; ð67aÞ

gijgji ¼ 1H; ð67bÞ

Aj þ d ¼ g−1ij ðAi þ dÞgij; ð67cÞ

Ãj þ d ¼ g−1ij ðÃi þ dÞgij; ð67dÞ

Bj ¼ g−1ij Bigij; ð67eÞ

B̃j ¼ g−1ij B̃igij: ð67fÞ

Thus, gij is constrained to lie in H (not G) and allowed to
violate the triple overlap condition up to ZðHÞ such that,
effectively, the cosets gijZðHÞ define the transition maps of
a principal H̃-bundle PH̃ over Σ × ½0; 1�, which trivially
extends to a principal G̃-bundle PG̃ over Σ × ½0; 1�. The
fields A, Ã, B, and B̃ transform as differential forms valued
in the associated bundle PG̃ ×G̃ g except for Að1Þ, which
transforms as a connection on PG̃. The (dþ 1)-dimensional
AKSZ action is then

SΣ×½0;1� ¼
Z
Σ×½0;1�

�
dAþ 1

2
½A;A� þ Ã

�
∧ B̃

þ
�
dÃþ 1

2
½A; Ã�

�
∧ B: ð68Þ

On a local patch, all fields can be gauge fixed to be zero.
Globally, however, the theory retains a discrete degree of
freedom, namely the choice of a principal H̃-bundle on
Σ × ½0; 1� (or, since Σ × ½0; 1� deformation retracts to Σ, a
choice of a principal H̃-bundle on Σ).
The nontopological boundary condition at Σ × f0g is as

before. However, now that the (dþ 1)-dimensional bulk

FIG. 3. A naive open-sandwich construction (a) of the MacDowell-Mansouri formulation of Einstein gravity with one trivial boundary
condition (above) and one Dirichlet boundary condition (below) does not capture the electric center symmetry and does not allow for
nontrivial principal bundles. A more refined construction (b) with a nontrivial filling does capture the center symmetry of gravity, which
can be gauged by putting different topological boundary conditions (above).

TABLE IV. Nontopological boundary condition for the sand-
wich realization of the MacDowell-Mansouri of Einstein gravity.
Cells colored in black are constrained to vanish at the boundary
(Dirichlet condition); cells colored in gray are constrained in
more complicated ways. After dimensional reduction, the cells
labeled “(trivial pairs)” correspond to trivial pairs that can be
eliminated.
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theory is nontrivial, we now have more interesting choices
for the topological boundary Σ × f1g. One can change the
gauge group from the centerless form G̃ to the simply
connected form by imposing, at the boundary Σ × f1g,

gijgjk ¼ gik: ð69Þ

Then at the boundary gij actually define a principalH-bundle
(i.e., the G̃-bundle PjΣ×f1g lifts to a H-bundle), and the time
parameter t∈ ½0; 1� defines a homotopy of this G-bundle
structure. However, since the space of topological principal
G-bundles is discrete, at Σ × f0g we must also have a lift of
the H̃-bundlePjΣ×f1g to aH-bundle (that is, a spin structure).
Thus, after dimensional reduction, the boundary condition
(69) defines ordinary Einstein gravity on Σ with a spin
structure.
More generally, given any subgroup Γ of ZðHÞ, one can

impose

gijgjk ∈Γgik: ð70Þ

This corresponds to gauging a Γ subgroup of the
ZðHÞ-valued electric 1-form symmetry of Einstein gravity
theory.

Note added. While this paper was in its final stages of
editing, the paper [99] appeared, which addresses the same
topic of SymTFTs for gravity (with a complementary
framework and focus).
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