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The Jeans model is a semianalytical approach to modeling self-interacting dark matter (SIDM) that
works remarkably well to reproduce the spherically averaged halo profiles from observations and
simulations of relaxed galaxies and galaxy clusters. However, SIDM halos are not spherically symmetric
in general since they respond to nonspherical baryon distributions and retain nonsphericity from their
initial collapse. In this work, we generalize the Jeans model to describe SIDM density profiles and halo
shapes beyond spherical symmetry. Observational tests via halo shapes are especially important for testing
SIDM in massive galaxies, M200 ∼ 1012–1013M⊙, where SIDM and collisionless dark matter halos can
have indistinguishable spherically averaged profiles but distinct halo shapes. We validate our model by
comparing to cosmological simulations with baryons for both SIDM with σ=m ¼ 1 cm2=g and
collisionless cold dark matter. Our approach differs from previous work in this direction, taking into
account the fact that multiple scatterings are required to impact the shape of the halo, as well as being
computationally inexpensive to implement. The nonspherical Jeans model can be used in conjunction with
halo shape observations (e.g., from gravitational lensing or x-ray data) to directly constrain dark matter
self-interactions.
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I. INTRODUCTION

Microphysical collisions between dark matter particles
can impact structure formation in the universe on small
scales, a framework known as self-interacting dark matter
(SIDM) [1]. This paradigm has long been motivated to
explain the characteristics of dark-matter-dominated dwarf
and low surface brightness galaxies. These systems are
observed to have halos with flatter inner profiles and/or
reduced central densities [2–9] compared to the predictions
from collisionless cold dark matter (CDM) simulations
[10–12]. To reconcile this discrepancy, elastic DM self-
interactions are introduced, leading to heat transfer across

the halo and forming a core instead of a cusp in the center of
the halo (in dark-matter-dominated systems) [13,14]. The
required scattering cross section per unit mass is in the
range σ=m ∼ 0.5–50 cm2=g [15]. At the same time, SIDM
preserves the successful predictions of CDM for large-scale
structure (see [16,17] for reviews).
Yet, the core-cusp problem remains unresolved, largely

due to the question of baryonic feedback (e.g., from
supernovae) for CDM halos [18–21]. The more pressing
challenge for CDM, however, is whether simulations with
baryons can account for the diverse range of spiral galaxy
rotation curves observed in nature, spanning both cored and
cuspy halos [22–25]. In the SIDM framework, the halo
behaves as a hydrostatic fluid in the total gravitational
potential, forming a core if the central baryon density is low
and a cusp if it is high [26], which is consistent with
observed rotation curves [27,28].
In any case, other astronomical systems with different

systematics are needed to provide complementary tests of
SIDM. For example, halos of larger galaxies (and beyond)
are less impacted by supernova feedback. Several studies of
galaxy groups and clusters have constrained the SIDM
cross section to be around or below ∼0.1 cm2=g [29–33].
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This is accommodated in many dark sector models that
predict velocity-dependent scattering cross sections [34–41].
Since the typical scattering velocity scales with halo mass,
combining dwarf and cluster measurements is a powerful
way to constrain SIDM models.
The predictions of SIDM with velocity-dependent cross

section can be tested on intermediate scales, namely,
massive spiral and elliptical galaxies. On the observational
side, there are no significant discrepancies with CDM.
Mass-modeling studies of spiral galaxy lenses [42,43] and
elliptical galaxies [44–46] prefer cuspy dark matter pro-
files, as predicted from CDM simulations. Halo shapes of
elliptical galaxies, inferred from x-ray observations, are
also nonspherical and show no evidence of becoming
rounder toward their centers [47,48], also in line with
CDM predictions [49]. At face value, the absence of round,
cored halos disfavors SIDM on these scales, leading to the
constraint σ=m≲ 1 cm2=g [48,49]. However, these con-
siderations are based on SIDM-only simulations, whereas
realistic halos have baryons. Due to the response of SIDM
to the baryon potential, SIDM halos need not be cored nor
round in their interiors [26,50–52].
In this paper, we propose a new semianalytic method for

modeling the nonspherical density profiles and shapes of
SIDM (and also CDM) halos. Our setup is based on the
Jeans model of Refs. [26,29]. The Jeans model treats the
collisional inner halo as an isothermal ideal gas in hydro-
static equilibrium (with baryons included as a fixed external
potential) which is smoothly matched onto a collisionless
CDM outer halo. Despite some of the assumptions of the
model being questioned [53], comparisons with simulated
systems have demonstrated that the spherically symmetric
version of the Jeans model can accurately reproduce the
spherically averaged density profiles of simulated SIDM
halos [54,55]. In addition, the spherically symmetric version
has been widely used to model real systems, yielding
excellent agreement with the dark matter density profiles
inferred from many observations [28,29,31,32,56]. Here we
generalize the Jeans model beyond spherical symmetry to
model the nonspherical structure of SIDM halos including
baryons.
Previous work has studied an axisymmetric version of the

isothermal Jeans model [26], in particular, to assess the effect
of baryonic thin disk potentials on dark matter halos and
rotation curves [27,28,57]. However, as we show, this
approach has a boundary condition issue when one tries
to match the inner isothermal profile to an outer CDM
profile. The issue is that hydrostatic equilibrium is imposed
for a given number of scatters per particleN , say, atN ¼ 1,
which leads to a halo shape discontinuity at the matching
surface. In contrast,N-body simulations for SIDM show that
halo shapes have a smooth transition between collisionless
and collisional regions of the halo as a function of N [49].
To avoid this issue, we propose a new setup dubbed the

“squashed” Jeans model, which goes as follows. First, we

solve for the density profile according to the spherical Jeans
model. Next, iso-density spheres are mapped (“squashed”)
to iso-density spheroids (in the axisymmetric case) or
ellipsoids (in the general case). Using kinetic theory argu-
ments, we derive this mapping as a function ofN , which in
turn describes the shape of the halo. This approach yields
a smooth transition at the matching surface where the
isothermal and hydrostatic limits are reached only in the
limit N ≫ 1. In the outer halo, where N ≪ 1, the halo
retains its nonsphericity from its initial collapse, i.e., in the
collisionless limit. We validate our model by comparing to
cosmological N-body simulations with baryons for both
SIDM with σ=m ¼ 1 cm2=g, as well as CDM [55].
Let us mention that Jeans modeling for SIDM is

complementary to N-body simulations, which are the
traditional “from-first-principles” approach for testing the
SIDM paradigm. The current state-of-the-art are cosmo-
logical simulations including both dark matter self-
interactions and baryons to model the interplay between
dark matter and galaxy evolution [50,55,58–61]. Recent
simulations including baryons found that halo shapes
inferred from x-ray and gravitational lensing are very
similar for both CDM and SIDM with σ=m ¼ 1 cm2=g
[61]. However, there are some limitations to this approach.
First, they are computationally expensive, which limits the
number of particle physics models that can be simulated.
Second, the fact that they are fully dynamical means that it
is not possible to choose the final state, say, to fit a particular
observed system. This limitation is alleviated for large
simulation volumes containing many systems spanning the
halo mass range of interest. However, there is no guarantee
that the baryon profiles—which depend on how star
formation, feedback, and other subgrid astrophysics effects
are implemented—match observed systems. This is par-
ticularly important when testing SIDM in systems that are
largely baryon dominated in their interiors. Precise model-
ing of the baryon density is possible for idealized simu-
lations with a fixed baryon potential [51,52], but these
remain intensive as well.
The Jeans model has its advantages and disadvantages

compared with N-body simulations. On the plus side, the
Jeans model is much less computationally intensive than
simulations. Also, the nondynamical nature of the method
means that we can completely fix the final state of the
system. This allows us to model individual observed systems
on a one-by-one basis, matching all observables in as much
detail as desired. However, the drawback of being non-
dynamical is that the Jeans model can only assess whether a
given system is consistent with SIDM, not whether such a
system will actually arise dynamically. Nevertheless, the
goal is that once the Jeans model has been tested against
simulations, it can be used to confront SIDM predictions
against observations across a wider range of cross sections
and baryon profiles compared to simulations. (We defer this
to future work.)
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The remainder of this work is organized as follows. In
Sec. II we review the standard spherically symmetric
isothermal Jeans model. Then in Sec. III, we introduce
the characteristics of nonspherical CDM halos, which will
serve as guidance for modeling nonspherical SIDM halos,
and describe two versions of the Jeans model beyond
spherical symmetry: (i) The nonspherical isothermal Jeans
model obtained by solving the isothermal Jeans-Poisson
equations without spherical symmetry. This setup is non-
trivial to solve numerically, and it turns out to be unsat-
isfactory anyway when compared to N-body simulations
due to the discontinuity of the density contours at the
matching surface mentioned above. (ii) We introduce the
squashed Jeans model, which agrees better with simula-
tions producing smooth shapes, and is much easier to
compute numerically. Along the way, we compare the 2D
halo profiles predicted from each model, as well as the
prediction for the spherically averaged density profiles
and halo shapes in the isothermal and squashed model, to
those obtained directly via the spherically symmetric
Jeans model. Next, in Sec. IV, we introduce the EAGLE-50

simulations from Ref. [55], which are cosmological sim-
ulations with baryons for CDM and SIDM with
σ=m ¼ 1 cm2=g, with halos spanning the mass range
3.5 × 1011 − 1.6 × 1014M⊙. In Sec. V, we compare the
halo shapes inferred from the squashed Jeans model to the
simulations. Our conclusions are given in Sec. VI. Further
information about our numerical methods is given in
Appendixes A, B, and C.1 In Appendix D, we provide a
kinetic-theory derivation of the squashed halo-shape func-
tions for SIDM. Finally, we provide in the Supplemental
Material [62] the full sample of simulated halos analyzed in
this work.

II. REVIEW OF THE ISOTHERMAL JEANS
MODEL WITH SPHERICAL SYMMETRY

The spherical Jeans model for SIDM delineates the
halo into two regions: (i) the inner halo where the self-
interaction rate is large and collisions enforce hydrostatic
equilibrium for dark matter particles, and (ii) the outer
halo where the self-interaction rate is small and dark
matter is effectively collisionless. The matching radius rm
between the two regions is implicitly defined via the rate
equation

ρdmðrmÞ
σ

m
vreltage ¼ N m; ð1Þ

where ρdmðrÞ is the spherically symmetric dark matter
density, σ=m is the self-interaction cross section per unit
mass, vrel is the typical relative velocity between dark
matter particles, tage ≈ 5–10 Gyr is the characteristic age
of a given system, and N m is the mean number of scatters

at rm.
2 Henceforth, we follow the typical assumption that

N m ¼ 1, i.e., that dark matter particles within r < rm have
scattered more than once per particle, while those at r > rm
have scattered (on average) less than once each [29,64].
To model the collisional inner halo (r < rm), the starting

point is the (steady-state) Jeans equation [26,29],

σ20
∂ρdm
∂r

¼ −ρdm
∂Φ
∂r

; ð2Þ

which describes an isothermal fluid in spherical hydro-
static equilibrium. Here, σ0 is the 1D velocity dispersion,
assumed to be constant, and the total gravitational potential
Φ (dark matter plus baryons) solves Poisson’s equation,

∇2Φ ¼ 4πGðρdm þ ρbÞ: ð3Þ

The baryon density ρb is also taken to be spherically
symmetric.
In the outer halo (r > rm), the self-interaction rate is

presumed to be small and the profile is approximated as
what the halo would be for collisionless CDM. In CDM-
only simulations, halos are well described by the Navarro-
Frenk-White (NFW) profile [11,12]

ρNFWðrÞ ¼
ρs

ðr=rsÞð1þ r=rsÞ2
; ð4Þ

parametrized in terms of scale radius rs and density ρs, or
equivalently in terms of virial mass M200 and concen-
tration parameter c200 ¼ r200=rs, where r200 is the virial
radius. In cosmological settings, the parameters are
approximately correlated through the mass-concentration
relation (MCR) [65]. With the presence of baryons, CDM
halos can be affected by galaxy formation, e.g., due to
adiabatic contraction (AC) from baryonic in-fall [66–68].
Here we consider an adiabatically contracted NFW profile
following Ref. [68],

MACðrÞ

¼ MNFWðrÞ
�
0.45þ 0.38

�ð1 − fbÞMbðrÞ
fbMNFWðrÞ

þ 1.16

�
0.53
�
;

ð5Þ

where Mb;MNFW;MAC are the enclosed mass profiles for
baryons and dark matter without and with AC, respec-
tively. fb ≈ 0.16 is the cosmological baryon fraction [69].
The full dark matter density profile spanning both

regions is a piecewise function

1Code is available from the authors upon request.

2For velocity-dependent cross sections, one should average
σvrel over the distribution of particles in the halo. There are some
subtleties associated with this averaging, discussed (for example)
in Ref. [63].
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ρdmðrÞ ¼
�
ρisoðrÞ r < rm
ρcdmðrÞ r > rm

; ð6Þ

where ρiso is the (isothermal) solution to Eqs. (2) and (3),
and ρcdm is taken to be an NFW profile with or without AC.3

The two functions are matched at r ¼ rm by imposing that
the DM density and enclosed mass are continuous. This
leads to the matching conditions

ρisoðrmÞ ¼ ρcdmðrmÞ; MisoðrmÞ ¼ McdmðrmÞ: ð7Þ

There are two prescriptions to impose this matching at a
given rm, dubbed “inside-out” and “outside-in” match-
ing [31]. For inside-out matching, the core density ρ0 and
dispersion σ0 are taken as inputs and one solves for ρisoðrÞ
as an initial value problem from r ¼ 0 to rm, with initial
conditions

ρisoð0Þ ¼ ρ0; Misoð0Þ ¼ 0: ð8Þ

Then, the parameters of the outer halo are determined to
satisfy the matching conditions (7). On the other hand, for
outside-in matching, the parameters of the outer halo are
taken as inputs and one solves for ρisoðrÞ as a boundary
value problem subject to all four conditions in Eqs. (7)
and (8). With two extra boundary conditions, the unknown
parameters ρ0, σ0 are determined along with ρisoðrÞ itself.
In practice, this is accomplished, for instance, using the
relaxation method described in the Appendix A, applied to
the spherical Jeans model in the Appendix B. In this work,
we use the outside-in method due to its more natural
implementation beyond spherical symmetry, discussed in
the Appendix C.

III. JEANS MODEL BEYOND SPHERICAL
SYMMETRY

A. Nonspherical CDM halos

To model SIDM halo shapes, we must first consider the
structure of collisionless CDM halos, which are known to
have sizable triaxiality, e.g. [70,71]. Not only are CDM
density profiles a key input to the Jeans model, but the
nonspherical Jeans model must be able to describe the
nonsphericity of CDM halos in the limit σ=m ¼ 0.
In this work, we model axisymmetric departures from

spherical symmetry for CDM as follows: Beginning with a
spherically symmetric CDM profile (e.g., an NFW profile
or its AC variant), we map

ρcdmðrÞ → ρcdmðreffÞ ð9Þ

with the effective spheroidal radius

reffðr; θÞ ¼ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2=3cdm sin2 θ þ q−4=3cdm cos2 θ

q
; ð10Þ

which maps an iso-density sphere to an iso-density sphe-
roid of the same volume. Here, qcdm is the axial ratio of the
halo, which can be oblate (qcdm < 1) or prolate (qcdm > 1).
Furthermore, N-body simulations find CDM halo shapes
that vary with radius [72]. Here we adopt a power-law
ansatz for the axial ratio [73], given by

qcdmðreffÞ ¼ q0

�
reff

0.1r200

�
α

; ð11Þ

where q0; α are constant parameters, and r200 is the virial
radius of the halo. We note that for α ≠ 0, there is a
nonuniform shape profile, and Eq. (10) must be solved
implicitly to determine reff as a function of ðr; θÞ. In Sec. IV,
we demonstrate that our assumptions provide excellent fits
to collisionless halo shapes from CDM simulations with
baryons.

B. Nonspherical isothermal Jeans model

Next, we attempt to generalize the isothermal Jeans model
to nonspherical halos by relaxing the assumption of spherical
symmetry but otherwise following the same arguments as
above. The collisional inner halo is treated as an isothermal
fluid in hydrostatic equilibrium in a nonspherical potential,
according to

σ20∇ρdm ¼ −ρdm∇Φ; ð12Þ
generalizing Eq. (2). In general, we have two sources
of nonsphericity. First, baryon distributions can exhibit
strong departures from spherical symmetry, e.g., in the
case of galactic disks. Second, the collisionless outer halo
may be nonspherical as well, as expected for CDM halos
as discussed in Sec. III A. The distribution of mass in the
outer halo does impact the gravitational potential in the
inner halo since Newton’s shell theorem does not apply to
a nonspherical system.
To determine the inner profile, we proceed as follows.

First, we formally write the solution to Eq. (12) as

ρdmðrÞ ¼ ρ0 exp

�
−
ΦðrÞ −Φð0Þ

σ20

�
; ð13Þ

where ρ0 ¼ ρdmð0Þ. We separate the total potential into the
sum of dark matter plus baryons, Φ ¼ Φdm þΦb, each of
which satisfies Poisson’s equation by the superposition
principle. Next, we define rescaled dimensionless potentials

ϕdmðrÞ ¼
ΦdmðrÞ −Φdmð0Þ

σ20
; ϕbðrÞ ¼

ΦbðrÞ −Φbð0Þ
σ20

:

ð14Þ
3Whether or not outer halos experience AC can impact the

inner halo profile [26,31]. We address this in Sec. IV by analyzing
CDM simulations.
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Then Poisson’s equation for the dark matter potential can be
written as

∇2ϕdmðrÞ ¼
�
4πGρ0
σ20

�
e−ϕdmðrÞ−ϕbðrÞ: ð15Þ

To proceed further, we expand the dark matter potential in
spherical harmonics

ϕdmðr; θ;φÞ ¼
X
l;m

ϕlmðrÞZlmðθ;φÞ: ð16Þ

Since ϕdm is a real function, we use a basis of real-valued
spherical harmonics Zlm (see Appendix C). Finally, we
project Eq. (15) onto this basis in the usual way, which, after
using the orthogonality conditions for Zlm, gives

∂
2ϕlm

∂r2
þ 2

r
∂ϕlm

∂r
−
lðlþ 1Þ

r2
ϕlm

¼
�
4πGρ0
σ20

�Z
dΩZlmðθ;φÞe−ϕbðrÞe−ϕdmðrÞ: ð17Þ

Unfortunately, this expansion does not provide a full
separation of variables since the right-hand side is nonlinear
in ϕdm. In practice, we truncate the expansion at a given
order lmax. In the case with axial symmetry, this produces a
system of lmax þ 1 coupled second-order equations, since
m ≠ 0 modes vanish, while in the general case there are
ðlmax þ 1Þ2 equations. If the departure from spherical
symmetry in the dark matter potential is gentle, it may be
that only a few l modes are sufficient.
The full dark matter profile spanning both regions is

taken to be a piecewise function

ρdmðrÞ ¼
�

ρisoðrÞ r < rm
ρcdmðrÞ r > rm

; ð18Þ

matched together at a sphere of radius rm. Here, ρisoðrÞ is
the nonspherical isothermal solution to Eq. (12), formally

given in Eq. (13), while ρcdmðrÞ is the outer profile, taken
to be a nonspherical CDM halo as described above.
Generalizing the logic of the spherical Jeans model, we
assume that the spherically averaged density and enclosed
mass are matched at rm,Z

dΩ
4π

ρisoðrm; θ;φÞ ¼
Z

dΩ
4π

ρcdmðrm; θ;φÞ;

MisoðrmÞ ¼ McdmðrmÞ: ð19Þ

We also impose the same boundary conditions (8) at the
origin. Finally, we require the dark matter potential to be
well behaved (finite) at the origin and at infinity, which in
turn fully fixes the boundary conditions for ϕlm for l > 0
without any additional freedom in the model. We use a
relaxation method to solve Eq. (17) in accordance with the
discussed boundary conditions. Further details are given in
the Appendix C.
Although well motivated, a drawback of this model is

that the obtained density profile is not locally continuous
across the matching surface at rm, except in the trivial case
of spherical symmetry. It may be hoped that with many
additional functions ϕlm, we are free to choose the
boundary conditions at rm such that the density profile
is locally continuous for sufficiently high lmax. We discuss
in the Appendix C that this is not possible while also
preserving a potential that does not blow up at the origin or
infinity. It may be possible to fix this issue by matching on a
nonspherical boundary surface, but we do not consider this
idea further.
To illustrate the matching discontinuity, Fig. 1 (left) shows

a representative SIDM halo from the nonspherical isothermal
Jeans model with no baryons, where the outer halo is an
NFW profile (4), with virial mass M200 ¼ 2 × 1012M⊙,
concentration c200 ¼ 10, and constant DM density axial
ratio qcdm ¼ q0 ¼ 0.6. The inner halo is matched at
rm ¼ 26 kpc, which corresponds to σ=m ¼ 1 cm2=g.
The contours and shaded coloring show the 2D dark matter

FIG. 1. Dark matter 2D density profiles are shown for the nonspherical isothermal Jeans model with lmax ¼ 10 (left) and squashed
Jeans model (right) in cylindrical coordinates ðR; zÞ. Both panels show an axisymmetric halo with M200 ¼ 2 × 1012M⊙, c200 ¼ 10,
q0 ¼ 0.6, α ¼ 0, rm ¼ 26 kpc, and no baryons. Iso-density contours are dashed lines, with light (dark) colors as regions of high (low)
density. The squashed model yields a gradual rounding of the halo due to self-interactions, while the isothermal model has an abrupt
transition at rm.
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density profile as a function of azimuthal radius R and
height z. There is an obvious discontinuous transition at the
matching radius between the nonspherical outer halo and
the nearly round inner halo, as the model abruptly enforces
hydrostatic equilibrium within rm.

C. Squashed Jeans model

The nonspherical isothermal Jeans model discussed
above has two main flaws. First, the model yields density
profiles that are discontinuous at rm, which is a conse-
quence of imposing finite asymptotic behavior for the dark
matter potential (see Appendix C). Second, as we show
below, halos tend to be too round compared to those
obtained from the simulations.
Both issues can be fixed by modifying the transition

between self-interacting and collisionless regions across rm,
as a function of the expected number of scatters per particle,
N . This approach is motivated by N-body simulations,
which show that multiple scatterings are required to erase
ellipticity in SIDM halos [49]. The collisionless regime
corresponds toN ≪ 1, while only forN ≫ 1 do we expect
to reach hydrostatic equilibrium. In Appendix D, we provide
an analytic argument to interpolate between the two regimes.
We begin with the spherical isothermal Jeans model

discussed in Sec. II. We denote ρ̄dmðrÞ as the spherical
Jeans model profile of Eq. (6). Next, assuming axial
symmetry, we model the nonspherical 2D SIDM halo
according to

ρdmðrÞ ¼ ρ̄dmðreffÞ; ð20Þ

that is, by “squashing” iso-density spheres into iso-density
spheroids of the same volume, where now the effective
spheroidal radius is

reffðr; θÞ ¼ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qðreffÞ2=3 sin2 θ þ qðreffÞ−4=3 cos2 θ

q
: ð21Þ

The shape of the SIDM halo is modeled through the axial
ratio q, which varies over the halo as a function of reff . In
our setup, q will be a known function, so reff can be solved
for implicitly from Eq. (21) for a given position ðr; θÞ.
Our ansatz for q is the following4:

log q ¼ log qiso þ logðqcdm=qisoÞe−kN ; ð22Þ

where qiso is the shape for an isothermal halo in hydrostatic
equilibrium, qcdm is the outer halo anisotropy in the colli-
sionless limit, and N is the number of scatters. That is,
q ¼ qcdm for negligible scattering (N → 0), while q ¼ qiso
in the collisional limit (N → ∞). In Appendix D, we derive
Eq. (22) from the collisional relaxation rate of an

anisotropic plasma in a simplified setup, in which we
find k ¼ ffiffiffi

2
p

=5.
The radial dependence of q follows from evaluating

Eq. (22) at reff . The radially dependent number of scatters is
calculated from the spherical Jeans model and rate equa-
tion (1),

N ðrÞ ¼ N mρ̄ðrÞvrelðrÞ
ρ̄ðrmÞvrelðrmÞ

≈
N mρ̄ðrÞ
ρ̄ðrmÞ

; ð23Þ

where the last step follows by approximating the typical
scattering velocity to be uniform (corresponding to the
assumption that the inner halo is isothermal). The collision-
less shape profile qcdm is given in Eq. (11). The isothermal
shape profile qiso depends on the baryon potential and outer
halo shapes, as discussed in Sec. III B.While in principle this
can be obtained from the full numerical solution of the
nonspherical isothermal Jeans model, it is also possible to
calculate qiso directly semianalytically [see in particular
Eq. (C52)]. The latter provides a much faster calculation
and is the one used for the squashed Jeans model. Both
methods are discussed and compared in the Appendix C.
Returning to Fig. 1, we contrast the 2D dark matter

density profile from the nonspherical isothermal Jeans
model (left panel) to that of the squashed Jeans model
(right panel). The latter yields a smooth transition across
the matching region from nonspherical outer halo to round
inner halo, as is built into the model, unlike the former,
which has a discontinuity from nonspherical to (nearly)
spherical at rm, as already discussed.

D. Halo shapes and model comparison

Here, we discuss our method for quantifying and compar-
ing dark matter halo shapes obtained from Jeans modeling
and numerical simulations. For a given DM density function
ρdmðrÞ, we start by computing the (nontraceless) quadrupole
moment

Mij ¼
Z
shell

d3rrirj ρdmðrÞ; ð24Þ

where i, j label the three Euclidean axes (x, y, z). The
integral is performed over a thin spheroidal shell that
approximates an iso-density contour for the halo. The
equation for a spheroid is

R2

A2
þ z2

C2
¼ 1: ð25Þ

Next, we define the axis ratio q ¼ C=A, where q < 1
(q > 1) for an oblate (prolate) spheroid, and the effective
spheroidal radius

reff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2q2=3 þ z2q−4=3

q
; ð26Þ

4In this paper, log refers to the natural logarithm, unless a
different base is explicitly indicated.
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such that the volume of the spheroid is 4π
3
A2C ¼ 4π

3
r3eff . It is

also customary to define the semimajor and semiminor
axes, which here are a ¼ maxðA;CÞ and c ¼ minðA;CÞ,
respectively. The ratio of semiminor to semimajor axes is

c=a ¼ min ðq; q−1Þ: ð27Þ

In the case the system has azimuthal symmetry, Mij can
be diagonalized with only two independent nonzero
components, Mxx ¼ Myy ≡MRR and Mzz. They are com-
puted as

MRR ¼ π

Z
shell

dr dθ r4 sin3θ ρdmðr; θÞ

¼ πΔreff
reff

Z
π

0

dθ rðθÞ5sin3θ ρdmðrðθÞ; θÞ; ð28Þ

Mzz ¼ 2π

Z
shell

dr dθ r4 sin θ cos2θ ρdmðr; θÞ

¼ 2πΔreff
reff

Z
π

0

dθ rðθÞ5 sin θ cos2θ ρdmðrðθÞ; θÞ; ð29Þ

for fixed reff , where Δreff is the thickness of the shell, and
the dependence on q is implicit in

rðθÞ ¼ reffffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2θ q2=3 þ cos2θ q−4=3

p : ð30Þ

Finally, the halo shape, at a given reff , is computed from
the ratio

q ¼
ffiffiffiffiffiffiffiffiffi
Mzz

MRR

s
: ð31Þ

This equation must be solved implicitly since q enters
Eqs. (28) and (29), i.e., through the nonsphericity of the
shell over which Mij is computed.5

The solution to Eq. (31) for q provides exactly the radially
dependent shape of the halo in the case where iso-density
contours are spheroidal. We prove this analytically by taking
a spheroidal shell coincident with an iso-density contour,
with a given reff . The integrals in Eqs. (28) and (29) can be
performed analytically to yield

MRR ¼ 4π

3
ρdmðreffÞr4effΔreffq−2=3; ð32Þ

Mzz ¼
4π

3
ρdmðreffÞr4effΔreffq4=3; ð33Þ

since ρdm depends only on reff and can be brought outside
the integral. Taking the ratio yields Mzz=MRR ¼ q2,

satisfying Eq. (31). Thus, we conclude that the shape profile
qðreffÞ introduced for the squashed Jeans model is the same
q computed here. In general, for the nonspherical isothermal
model, the density profile is not spheroidal and the halo
shape profile qðreffÞ has to be computed numerically using
Eqs. (28), (29), and (31).
We can now compare the predictions of the different

Jeans models discussed so far, as shown in Fig. 2. In the left
panel, we have an SIDM-only halo (no baryons) with
σ=m ¼ 1 cm2=g (rm ¼ 26 kpc) and outer halo parameters
c200 ¼ 10, M200 ¼ 2 × 1012M⊙, qcdm ¼ 0.6. In the right
panel, we consider an SIDM halo with baryons, with
σ=m ¼ 1 cm2=g (rm ¼ 28 kpc), and outer halo parameters
c200 ¼ 10, M200 ¼ 2 × 1012M⊙, qcdm ¼ 0.8. We take a
mildly oblate baryon potential described by a Miyamoto-
Nagai disk [74] with disk mass Md ¼ 5 × 1010M⊙ and
scale parameters ðad; bdÞ ¼ ð2; 3Þ kpc.
Figure 2 (upper panels) shows that spherically averaged

density profiles for the nonspherical isothermal (dashed)
and squashed (dot-dashed) Jeans models are nearly iden-
tical to those of the spherical isothermal Jeans model
(solid). CDM profiles for the outer halo (squashed NFW
profiles) are also shown (dotted). On the left, we have the
usual cored profiles of SIDM-dominated halos with
modest cross sections [1,13]. On the right, we have cuspy
SIDM profiles, similar to the collisionless halo, owing to
the gravitational potential of baryons [26]. The conclusion
from the upper panels is that nonsphericity in Jeans
modeling does not alter the success of the spherical
Jeans model in describing the spherically averaged proper-
ties of dark matter halos in N-body simulations and
observations.
The halo shape profiles, c=a, predicted by the two

models are shown in Fig. 2 (lower panels). The non-
spherical isothermal model exhibits an abrupt change from
an oblate outer halo to a nearly spherical inner region at
the matching radius rm, whereas the squashed model
transitions smoothly between the two limits. Physically,
a sharp discontinuity in shape is not expected: although a
single scattering can isotropize a particle’s velocity, the
spatial density—and hence the halo shape—responds only
after many scatterings as particles orbit and redistribute,
leading to a gradual rounding of the halo toward smaller
radii. This qualitative behaviur is borne out in N-body
simulations, where the axis ratio c=a typically varies
smoothly with radius for individual halos. For comparison,
the orange bands in Fig. 2 show the median and 20%–80%
range of c=a from ensembles of 65 SIDM-only halos [49]
(left) and 116 SIDM-plus-baryon halos [55] (right) with
M200 ∈ ½1012; 1013�M⊙. Their overall smooth profiles are
consistent with the squashed-model prediction and incon-
sistent with the discontinuous transition of the nonspheri-
cal isothermal model. We therefore adopt the squashed
Jeans model as our physically motivated description of
SIDM halo shapes.

5ForN-body simulations, the integral in Eq. (24) is replaced by
a sum over particles, discussed in Sec. IV below.
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IV. N-BODY SIMULATIONS

To rigorously test the nonspherical Jeans model, we
consider halos from the EAGLE-50 simulations from
Ref. [55] for two models, SIDM with σ=m ¼ 1 cm2=g
(SIDM1) and collisionless dark matter with σ=m ¼ 0 (CDM).
These are high-resolution cosmological simulations for dark
matter and baryons, with particle masses 9.7 × 106 and
1.8 × 106M⊙, respectively, and spanning a periodic volume
of ð50 MpcÞ3. Baryonic physics (gas cooling, star forma-
tion, stellar feedback, black hole feedback, etc.) is included
following the EAGLE galaxy formation model [75,76]. For
self-interactions, we consider hard-sphere scattering, i.e.,
with a differential scattering cross section that is constant in
velocity and isotropic in angle. In the simulations, scattering
is treated using a Monte Carlo approach, where at each time
step nearby pairs of particles have a probability for scattering
given by the rate equation [77]. Reference [78] describes
further details of the implementation of SIDM within the
EAGLE code.
Within the simulation volume, we consider the 250 most

massive halos at redshift z ¼ 0,6 defined using a friends-of-
friends algorithm [79], which span a range of virial masses
M200 between 3.5 × 1011 − 1.6 × 1014M⊙. We further
require a clear one-to-one correspondence between CDM
and SIDM1 halos, such that the centers of halos (position of
the most bound particle) are within 10 kpc and the virial
masses are the same within 0.1 dex, which leaves 227
halos. Lastly, we omit the most massive halo in our sample
since it lies above the galactic scales considered in this

work, leaving us with a sample of 226 halos span-
ning 4 × 1011 − 4 × 1013M⊙.
2D mass distributions: We focus on the 2D distribution

of dark matter under the assumption of axial symmetry,
which is to say that the density depends on cylindrical
coordinates ðR; zÞ, but is symmetric with respect to the
azimuthal angle. Of course, simulated halos need not
follow this symmetry, but we impose this assumption here
to enable a comparison to the axisymmetric squashed
Jeans model.
We calculate the azimuthally averaged density distribu-

tions from the simulations as follows. First, we define the
halo origin as the position of the most gravitationally bound
particle and the z-axis as the stellar angular momentum
vector, about which we model the distribution as axially
symmetric. Next, we take a regular grid of R and z values
over the intervals ½0; 100� kpc and ½−100; 100� kpc, respec-
tively, with grid spacing ΔR ¼ Δz ¼ 1 kpc. For each
particle species (dark matter, stars, gas and black holes),
we calculate the azimuthally averaged density ρðR; zÞ as
the mass within a given pixel divided by the 3D pixel
volume (which is an annular cylinder of mean radius R,
radial thickness ΔR, and height Δz).
2D halo shapes:We calculate azimuthally averaged halo

shapes from our N-body simulation data following similar
approaches in the literature [13,49,72,80]. The integral in
Eq. (24) is estimated by a sum over particles a, with
mass ma, within a given spheroidal shell

Mij ¼
X

a∈ shell

ri;arj;ama: ð34Þ

Recalling that we defined Mxx ¼ Myy ≡MRR for the case
of azimuthal symmetry, we can define an azimuthally

FIG. 2. Spherically averaged density (upper panels) and halo shape (lower panels) profiles for spherical isothermal (solid lines),
nonspherical isothermal with lmax ¼ 10 (dashed), and squashed (dot-dashed) Jeans models for SIDM with σ=m ≈ 1 cm2=g, and
collisionless CDM (dotted) for a representative 2 × 1012M⊙ halo and other model parameters given in the text. Left side represents the
SIDM-only halo with no baryons; right side represents the SIDM halo with a baryonic disk. Orange bands show shape profiles (20%–
80%) from N-body simulations for SIDM halos with 1 cm2=g both without baryons (left) [49] and with baryons (right) [55].

6The simulation data described throughout this section is
publicly available and can be found at https://doi.org/10.5281/
zenodo.16331984.
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averaged estimate of MRR as MRR ¼ 1
2
ðMxx þMyyÞ. The

axis ratio of an iso-density surface of the halo is estimated
as q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Mzz=MRR

p
. However, as described in Sec. III D,

the shell within which we include particles in the sum in
Eq. (34) must itself be an approximate iso-density surface,
which means it depends on q. We therefore use an iterative
procedure, described as follows.
First, we consider a shell spanning radii ½rmin; rmax� and

with an initial guess for q: qð0Þ ¼ 1. That is, the shell for
evaluating Eq. (34) is initially spherical and the sum is
evaluated including particles satisfying rmin < ra < rmax.
With Mzz and MRR calculated from these particles,
we obtain a new shape estimate qð1Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Mzz=MRR

p
. The

process is further repeated. For subsequent stages of the
iteration, we use the previous shape qðiÞ to calculate Mzz
and MRR by including all particles satisfying

rmin <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
aðqðiÞÞ2=3 þ z2aðqðiÞÞ−4=3

q
< rmax; ð35Þ

which is then used to obtain the next guess qðiþ1Þ. We stop
this procedure when subsequent iterations converge within
some tolerance, in particular, when qðiþ1Þ and qðiÞ agree to
within 1%. We note that this procedure is similar to that
used for fitting 3D ellipsoids to measure halo shapes in
N-body simulations (such as in Ref. [72]), but specialized
to the case of azimuthal symmetry about a fixed axis.
Next, the algorithm is applied across a series of radial bins

to obtain the shape profile for a given halo. For our
simulations, we define 35 logarithmically spaced shells in
spheroidal radius reff , covering a range of scales from 1 kpc
to 3.2 Mpc (though no halos extend out this far). To make
full use of the particles, without introducing strong covari-
ance between the shape measurements in neighboring shells,
we use a shell width that is approximately equal to the
spacing between shells. Our shell spacing leads to neighbor-
ing shells with radii that differ by a factor of f ≈ 1.27.
Therefore, for each bin, we take rmin ¼ reff=

ffiffiffi
f

p
≈ 0.89reff

and rmax ¼ reff
ffiffiffi
f

p
≈ 1.13reff .

In addition to evaluating qðreffÞ from the full particle
distribution, we estimate the statistical uncertainty σqðreffÞ
from the standard deviation of qðreffÞ values calculated
from bootstrap samples of the particles. For N total
particles in the halo, each bootstrap sample of particles
is created by selecting N particles (with replacement).
Selection of relaxed halos: To ensure that our model

accurately represents the average properties of a halo
ensemble, we restrict our analysis to systems that are relaxed.
We follow the criteria outlined in Ref. [81] for determining
relaxed versus unrelaxed systems. The Neto criteria evaluate
three metrics: (i) fsub, the mass fraction of substructure
whose centers lie within r200; (ii) s, the normalized offset
between the center of mass and the potential center of the
halo; and (iii) 2T=jUj, the virial ratio where T is the kinetic
energy and U the gravitational self-potential energy of

particles within r200. A system is considered relaxed if it
satisfies all three of the conditions: fsub < 0.1, s < 0.07, and
2T=jUj < 1.35. Applying the Neto criteria reduces our
simulation suite further to 180 SIDM1 halos and 176
CDM halos.7

A. CDM vs SIDM simulated halos

First, we discuss how CDM and SIDM1 simulated halos
compare to each other. Figure 3 shows the distribution of
dark matter for five representative halos, across a range of
M200 values. The left panels compare the spherically
averaged density profiles for SIDM1 (red dots) and CDM
(blue diamonds). For M200 ≳ 1013M⊙, self-interactions
typically reduce the central density and flatten the inner
slope, which is evident in the uppermost panel (Galaxy 3).
In the remaining panels, for 1012M⊙ ≲M200 ≲ 1013M⊙,
the spherically averaged profiles for SIDM and CDM are
virtually identical. This is due to the fluidlike behavior
of SIDM responding to the baryon potential to form a
cusp [26]. For the purposes of constraining self-inter-
actions on these intermediate halo mass scales, it is clear
that questions of cores versus cusps and the slopes of inner
profiles are not sufficient.
Therefore, turning to halo shapes, we ask to what extent

the angular distribution of dark matter can be different
between SIDM and CDM, even for halos where the spheri-
cally averaged densities look identical. In Fig. 3, the center
panels show the azimuthally averaged 2D density profiles
ρdmðR; zÞ for both SIDM1 (red) and CDM (blue). By eye, we
can see that SIDM1 and CDM halos have different shapes,
with the former appearing somewhat rounder, even in halos
below 1013M⊙ where the spherically averaged profiles are
nearly identical.
The difference between SIDM1 and CDM halos is even

more apparent in their shape profiles, shown in the right
panels. Here, we show the radially dependent axis ratio q,
along with the shape uncertainties, computed as discussed
above.8 Again, we see that SIDM1 halos appear rounder
than their CDM counterparts, despite similar density profiles
below 1013M⊙.

B. Modeling simulated CDM halos

Since the outer halo profile is a key input for the Jeans
model, we test our assumptions for collisionless halos by
comparing to CDM simulations. The outskirts of SIDM

7We note that relaxedness is a continuum and there is no
bimodal separation between relaxed and unrelaxed systems. More-
over, the relaxedness criteria adopted from Ref. [81] relate to the
entire halo. As such, we find that some halos entering our relaxed
sample do exhibit unrelaxed features, especially close to their
centers (where our analysis is focused), which in turn impacts our
cross-section inferences.

8To be precise, the abscissa in the right panels is the effective
spheroidal radius reff defined in Eq. (26), not the circular radius r.
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FIG. 3. Simulated SIDM vs CDM halos. Spherically averaged density profiles (left), azimuthally averaged iso-density contours
(center), and halo shape profiles (right) for five systems from EAGLE-50 simulations for SIDM1 (red) and CDM (blue). For virial
mass in the range M200 ∼ 1012–1013M⊙, SIDM systems can have similar spherically averaged density profiles, but different halo
shapes.
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halos, where collisions are negligible, should match expect-
ations from cosmological structure formation for CDM.
For modeling CDM halos, we consider two profiles:

(i) an NFW profile, motivated from CDM-only simulations
[11,12], and (ii) in the presence of baryons, an NFW profile
modified by adiabatic contraction during galaxy formation,
following Cautun et al. [68]. In both cases, we allow for
nonsphericity with a power-law radial dependence as per
Eq. (11). Each profile is determined by its virial massM200,
concentration c, and shape parameters q0; α, as described in
Sec. III A.
We perform Markov chain Monte Carlo (MCMC) fits to

the relaxed 176 galaxy-scale halos from the CDM simula-
tions. We assume logarithmically flat priors on M200; c; q0
and a linearly flat prior on α. To assess the goodness of fit,
we calculate the total χ2 between the model and simulation
data for both the spherically averaged density and shape (q)
profiles given by

χ2 ¼
X

i∈ r bins

 
ρsimi − ρmodeli

Δρsimi

!
2

þ
X

i∈ r bins

min

" 
qsimi − qmodel

i

Δqsimi

!
2

; 9

#
; ð36Þ

evaluated for radial bins i spanning ½3 kpc; r200�. (Density
and shape profiles have different assumed radial bins.) For
the density profile, we take a 0.1 dex systematic error, while
the statistical error is negligible. For the shape profile,
we take the statistical error σq (defined above), due to the
finite number of particles in each spheroidal shell, added in
quadrature with a systematic error 0.05 to reflect local small
variation from small substructures not captured in the model.
To avoid larger substructures biasing our shape fits, we also
truncate outlier contributions to the χ2 at 3-sigma.
Figure 4 shows representative examples of our fits.

The spherically averaged density profile (left, shown
r2-weighted) and shape profile (center) are the fitted data
(blue data points) in our χ2 function, with error bars
representing the total uncertainties assumed in our fit.
The shaded bands represent 80% posterior intervals for
our fitted CDM model with (blue) and without (green) AC.
The right panels show the 2D iso-density contours from
CDM simulations (solid) and our best-fit model with AC
(dashed). For both systems, our fitting is able to provide a
good description of the main halo with AC.
Although our model is fit to 1D density and shape

profiles, we also quantify how well our fit is able to
describe the 2D azimuthally averaged density. We quantify
the 2D goodness of fit as

FIG. 4. CDM halos. Spherically averaged density profiles (left), halo shape profiles (center), and azimuthally averaged iso-density
contours (right) for two example systems from the EAGLE-50 simulation of CDM plus baryons. The points show the measured density
and shape profiles for the simulated halos, with the error bars denoting the adopted uncertainties, Δρ and Δq in equation (36). The
shaded bands show the 10th to 90th percentiles of the model posterior distributions for ρðrÞ and qðrÞwhen fitting to this data, adopting a
fit with adiabatic contraction in blue, and without AC in green. The addition of AC improves the match to ρðrÞ at small radii. Reduced
χ22D values are shown in (right).
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χ22D ¼
X

i∈R bins

X
j∈ z bins

 
ρsimij − ρmodel

ij

Δρsimij

!
2

ð37Þ

where ρsimij is the density in a given cylindrical bin i, j
in ðR; zÞ, spanning [0, 100] and ½−100; 100� kpc, respec-
tively,Δρsimij is taken to be a 0.1 dex uncertainty for each bin,
and ρmodel

ij is the prediction from our best-fit model mini-
mizing Eq. (36). In Fig. 4 (right panels), we provide the
values of χ22D per degree of freedom with and without AC.

Thus, we see that the profiles with AC yield better
descriptions of the 2D profiles of the relaxed CDM halos,
not just their 1D spherically averaged profiles.
On the other hand, Fig. 5 shows some of the counter-

examples to illustrate the shortcomings of our model.
Galaxy 1 is an example with substructure. Our fit procedure
provides a good description of the overall smooth main
halo, although the subhalo around 60 kpc is not described
in our model. Galaxy 16 exhibits an obvious asymmetry
about the assumed galactic plane (z ¼ 0), indicative of
nonrelaxedness or other systematic mismodeling effects.

FIG. 5. CDM halos. Example CDM halos with features not described in our CDM model, i.e., substructure, asymmetries, and steep
inner slopes. Panels as in Fig. 4.
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Galaxy 49 exhibits a ∼1=r2 inner density profile that is
steeper than can be explained in our AC model. Galaxy 78
has both a steep inner density slope and an obvious
substructure. These examples illustrate that there are
aspects of the simulated halos lying outside the scope of
our analysis, for which Jeans modeling may yield incorrect
cross-section inferences. Whether the situation could be
improved by improvements in the model or halo selection
is deferred to future work.
On the whole, spheroidal NFW halos with AC provide a

good description of azimuthally averaged 2D density
profiles. The left panel of Fig. 6 shows the distribution
of (reduced) χ22D values for all 176 relaxed CDM halos.
Halo models with AC provide better fits compared to
uncontracted halos. In Fig. 6 (right), we show the
distribution of best-fit model parameters both without
AC (green) and with AC (blue) for the 176 relaxed CDM
systems. The means and standard deviations for each
parameter and model are quoted in Table I. We normalize
c relative to the value obtained from the mass-concen-
tration relation, cMCR [65], and M200 to the virial mass
directly inferred from the simulations, Msim

200. The values

for c;M200 obtained from our AC model fits are in much
better agreement with these physically motivated values
compared to our fits without AC. Thus, our AC model for
CDM is the clear winner, and we adopt it hereafter as the
outer halo in the Jeans model.

C. Baryon potential

Lastly, we discuss the baryon potentialΦb for the simulated
halos, which is also a required input for the Jeans model. For
the spherical Jeans model, we use the spherically symmetric
baryon potential ΦbðrÞ computed from the spherically aver-
aged density of stars and gas. For the nonspherical Jeans
model, since we focus on the axisymmetric case, we calculate
the baryon potential ΦbðR; zÞ from the azimuthally averaged
mass distribution for stars and gas. This calculation effectively
treats particles as rings, making use of the analytic form for
the gravitational potential of a uniform density ring (see,
e.g. [82]).
The gravitational potential of a uniform density ring,

with total mass M and radius Rr, centered at the origin and
lying in the z ¼ 0 plane, is

ΦringðR; zÞ ¼ −
2GM

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRþ RrÞ2 þ z2

p K

�
4RRr

ðRþ RrÞ2 þ z2

�
;

ð38Þ

expressed in terms of the complete elliptic integral of the
first kind

KðmÞ ¼
Z

π=2

0

dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m sin2ðθÞ

p : ð39Þ

FIG. 6. Comparison of CDM halo fits with and without adiabatic contraction for 176 relaxed systems. Left: distribution of reduced χ22D
values computed from comparing the azimuthally averaged ρðR; zÞ from the simulations with the best-fitting model; AC models (blue)
systematically yield lower χ22D=dof than no–AC models (green). Right: distributions of best-fit halo parameters for the same sample. We
show log10ðc=cMCRÞ, log10ðM200=Msim

200Þ, log10ðq0Þ, and the shape parameter α. AC fits (blue) bring c and M200 into closer agreement
with the physically motivated values (cMCR and Msim

200) than the no–AC fits (green).

TABLE I. Mean and standard deviations of best-fit model
parameters for cases with and without AC.

Parameter No AC With AC

logðc=cMCRÞ 0.10� 0.08 0.01� 0.08

logðM200=Msim
200Þ −0.06� 0.02 0.02� 0.02

log q0 −0.09� 0.08 −0.09� 0.08
α 0.03� 0.06 0.03� 0.06
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The inner baryon potential of a given halo is computed as
a sum over contributions from star and gas particles i,
each with mass mi and located at position ðRi; ziÞ, within a
radius 100 kpc of the halo center. Thus, the total baryon
potential is given by

Φin
b ðR; zÞ ¼ −

X
i

2Gmi

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRþ RiÞ2 þ ðz − ziÞ2

p
× K

�
4RRi

ðRþ RiÞ2 þ ðz − ziÞ2
�
: ð40Þ

Note that by construction, this potential satisfies Poisson’s
equation for baryons, as required by the Jeans model. We
evaluate Eq. (40) on the same pixel grid given above, from
which we make a cubic interpolation function in ðR; zÞ to
evaluate the potential at any position r < 100 kpc.
Our choice of 100 kpc is motivated by being far larger

than the baryonic scale radii of our simulations. However, it
is necessary to extrapolate Φb beyond our grid since for
large cross sections, we may have rm > 100 kpc. For this,
we adopt a multipole expansion for the outer baryon
potential (truncated at 10th order). In the general case,
this is

Φout
b ðrÞ ¼ −

GMbðrÞ
r

þ
X10
l¼1

Xþl

m¼−l

clmZlmðθ;φÞ
rlþ1

; ð41Þ

where Zlmðθ;φÞ are real-valued spherical harmonics dis-
cussed in the Appendix C, and the multipole coefficients
are matched to the inner potential by imposing continuity of
the potential at r ¼ 100 kpc,

clm ¼ rlþ1

Z
dΩZlmðθ;φÞΦin

b ðrÞ
����
r¼100 kpc

: ð42Þ

With azimuthal symmetry, only m ¼ 0 terms contribute.
Our complete formula for the baryon potential is thus

ΦbðrÞ ¼
�
Φin

b ðrÞ þ ΔΦ; r ≤ 100 kpc;

Φout
b ðrÞ; r > 100 kpc;

ð43Þ

where we include an additional constant

ΔΦ ¼ −GMbðrÞ
r

−
Z

dΩ
4π

Φin
b ðrÞ

����
r¼100 kpc

; ð44Þ

to ensure a continuous monopole term at r ¼ 100 kpc.

V. JEANS MODEL HALO SHAPES

To confront the spherical and squashed Jeans model
against data from simulated halos, we determine the halo-
model parameters by sampling the posterior with MCMC
using the Metropolis algorithm. Our fits comprise all relaxed
galaxy-sized halos in our sample from both SIDM1 and CDM

simulations. The goal is to determine to what extent Jeans
modeling can infer the “true” self-interaction cross section
σ=m in both cases, and whether the inference is improved by
shape information. Simultaneously, we also test to what
extent the minimal shape function ansatz [Eq. (22)] can
successfully recover the 2D shapes of SIDM1 halos.
For the spherical Jeans model, there are three parameters:

ðM200; c; rmÞ. The virial massM200 and concentration c fix
the outer collisionless halo profile, assumed to be an
adiabatically contracted NFW profile, which is matched
at rm to determine the collisional inner profile using the
“outside-in” procedure, described in Sec. II. We take
logarithmically flat priors on these parameters. Since the
baryon potential is calculated on a discrete spatial grid of
spacing 1 kpc, we impose an additional prior rm > 1 kpc to
avoid modeling below this scale.
For the squashed Jeans model, there are five input

parameters: ðM200; c; rm; q0; αÞ where q0 and α describe
the outer halo shape normalization and slope as per
Eq. (11). Guided by the expectation that the outer halo
shape for SIDM halos should be similar to CDM halos, we
adopt Gaussian priors on log10 q0; α to match the means
and widths inferred from our CDM-fits (see Table I):
log10 q0 ¼ −0.09� 0.08 and α ¼ 0.03� 0.06. From these
parameters, the full halo shape profile qðrÞ is computed
following the discussion surrounding Eq. (22).
To quantify the goodness of fit relative to the simula-

tions, we compute the total χ2 for both spherically averaged
density and shape profiles following Eq. (36). (For the
spherical Jeans model, the shape term is neglected since it
contributes an overall constant.) Lastly, we determine σ=m
from our posterior distributions and the rate equation (1).

A. Squashed vs spherical Jeans model

1. SIDM halos

In Figures 7–9, we show the results of our Jeans model
fits to several representative SIDM1 halos among our
sample of 180 relaxed systems. Each row corresponds to
one system, and the panel columns are as follows, from left
to right:
(a) Density profiles (r2-weighted). Data points represent

the spherically averaged density from SIDM1 simu-
lations, with our assumed uncertainties. The bands are
profiles from our fits (80% quantiles). Squashed and
spherical Jeans models yield nearly identical profiles,
except for some systems that show a small difference
at the innermost radii.

(b) Halo shape profiles. Data points represent the sphe-
roidal axis ratio q from SIDM1 simulations, with
our assumed uncertainties. The squashed model band
(80% quantile) from our nonspherical fits describes
the general trend of the radially dependent shape, but
not outlier points from substructure. The spherical
model has a trivial shape (q ¼ 1).
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(c) Density contours. Solid lines show the 2D azimuthally
averaged iso-density contours from SIDM1 simula-
tions, while the dashed lines show those for the best-fit
squashed Jeans model. By eye, we see generally good
agreement, except for occasional substructures that are
not captured in our model.

(d) Scattering cross section. Histograms show the mar-
ginalized posteriors for σ=m for squashed and spheri-
cal Jeans models. We expect the posterior to be
localized around the true value, σ=m ¼ 1 cm2=g.

First, Fig. 7 shows our results for five representative
higher-mass halos, between ð1–4Þ × 1013M⊙. We find that

FIG. 7. High–mass SIDM halos: squashed vs spherical Jeans fits. Comparison of SIDM1 simulations to squashed and spherical Jeans
fits for higher-mass systems (M200 > 1013M⊙). Panels (left-to-right) show (a) spherically averaged density and (b) halo shape profiles,
where red (purple) bands denote 80% confidence region from our nonspherical (spherical) fits; (c) azimuthally averaged 2D iso-density
contours for SIDM1 simulations (solid) and our best-fit squashed Jeans model profile (dashed); and (d) red (purple) posterior
distribution for σ=m for squashed (spherical) model.
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FIG. 8. Example lower-mass SIDM systems with informative shapes. Comparison of SIDM1 simulations to squashed and spherical
Jeans model fits for lower-mass systems (M200 < 1013M⊙). Panels as in Fig. 7.
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our spherical fit is able to infer a nonzero cross section for
most higher-mass systems (Galaxies 1, 3, 11), but a few
systems (Galaxies 13, 27) are also consistent with σ=m ≪ 1,
i.e., CDM. Our nonspherical fit improves our fits in some
cases (Galaxies 11, 13, 27), with σ=m more peaked around
σ=m ¼ 1 cm2=g, while the others (Galaxy 1, 3) show no
improvement with shape data.
Next, we turn to lower-mass halos, between 1012–1013M⊙.

Here, CDM and SIDM halos have similar spherically

averaged profiles, making it difficult to distinguish between
them using spherical data alone (see Fig. 3). However,
CDM and SIDM halos have distinct shape profiles, and our
nonspherical analysis can distinguish between models for
some but not all systems. Figure 8 shows five successful
examples along these lines. For these halos, our spherical fit
yields σ=m posteriors consistent with a wide range of cross
sections, including CDM-like halos with σ=m ≪ 1 cm2=g.
However, shape information breaks the degeneracy. Our

FIG. 9. Example lower-mass SIDM systems with uninformative shapes. Comparison of SIDM1 simulations to squashed and spherical
Jeans model fits for lower-mass systems (M200 < 1013M⊙). Panels as in Fig. 7.
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squashed fits favor SIDM, with posteriors consistent
with σ=m ¼ 1 cm2=g.
On the other hand, some systems do not benefit from a

nonspherical analysis, such as those shown in Fig. 9. These
systems are consistent with a wide range of cross sections
in both spherical and nonspherical fits. Evidently, not all
shape profiles (even those that are radially dependent)
escape the degeneracy between CDM and SIDM. For such
cases, only an upper limit on σ=m is possible.
To compare the spherical and squashed Jeans model fits

across all 180 relaxed SIDM1 halos, we calculate χ2D,
comparing the azimuthally averaged 2D density profiles for
our models and simulations, following Eq. (37). Figure 10
shows the distribution of reduced χ2D values evaluated for
each of our best-fit MCMC points for each system. The
squashed models provide lower values of χ2D compared to
spherical models. Our conclusion is that despite being fit to
1D density and shape profiles, the squashed model does
provide an improvement in modeling the true 2D density of
the halos as expected.

2. CDM halos

Next, in Figs. 11 and 12, we show the results of our Jeans
model fits to several representative systems among our
sample of 176 relaxed CDM halos. The panels are as in the
preceding Figs. 7–9 for SIDM1 halos. Here, however, the
data is from collisionless CDM simulations and we expect
inferred cross sections σ=m ≪ 1 cm2=g. (We note that
posterior distribution for σ=m does not extend to zero due
to our prior rm > 1 kpc.)
Figure 11 recalls the same CDM halos shown previously

in Fig. 3. There, we argued that higher-mass halos above
1013M⊙ (Galaxy 3) exhibit different density profiles
between SIDM and CDM halos, while lower-mass halos

between 1012–1013M⊙ have degenerate density profiles but
different shapes (Galaxies 41, 54, 116, 170). The implica-
tion for the Jeans model is as follows:

(i) For higher-mass CDM halos, the spherical Jeans model
is sufficient to constrain SIDM below 1 cm2=g. For
example, for Galaxy 3, our spherical fit yields σ=m <
0.14 cm2=g (90%), while including shape informa-
tion does not much impact the constraint.

(ii) For lower-mass CDM halos, including shape data
dramatically improves our constraints on σ=m com-
pared to a spherical analysis. For Galaxies 41, 54, 116,
170, for example, our nonspherical analysis yields
upper limits spanning 0.07–0.17 cm2=g (90%), com-
pared to upper limits 0.3–1.8 cm2=g from our spheri-
cal analysis.

Lastly, shown in Fig. 12, there are a few systems that are
“false positives.” For these halos, contrary to expectations,
a sizable nonzero cross section is inferred from CDM data in
our nonspherical analysis. Galaxy 16 is asymmetric about
the z ¼ 0 plane, while Galaxies 49 and 78 have prominent
substructures around r ≈ 150 and 100 kpc, respectively.
Moreover, in Fig. 5, we see that none of their density
profiles are well fit by NFW profiles with or without AC.
This may indicate that Galaxies 16, 49, and 78 are not
sufficiently relaxed, despite passing the criteria of Neto
et al. [81]. On the other hand, for Galaxy 46, none of these
explanations seems to apply. This halo appears smooth by
eye, has a low degree of nonrelaxedness according to the
Neto et al. [81] metrics, and moreover its spherically
averaged density is well fit by an NFW profile with AC
as for most relaxed halos in our sample (see Fig. 4).
Evidently, the azimuthally averaged shape profile for this
halo is different than our ansatz for CDM in such a way as
to mimic an SIDM halo.

B. Inference for cross section and other parameters

Here we assess how well Jeans modeling is able to infer
the true cross section from simulation data, with our results
shown in Fig. 13. The upper panel shows our spherical
Jeans model results for SIDM1 (purple) and CDM (green)
relaxed halos. The lower panel shows our nonspherical
results using the squashed Jeans model, combining both
density and shape profiles, again for both SIDM1 (red) and
CDM (blue) relaxed halos.
Each data point represents 68% posterior values for σ=m

and M200 for a given halo. Bold (faint) data points indicate
halos with a relatively strong (weak) inference on σ=m. We
have quantified our confidence in our cross section infer-
ence by comparing the maximum likelihoodL calculated in
our MCMC algorithm for samples with rm > 3 kpc against
that with rm < 3 kpc, which are effectively CDM for the
purposes of our fit. Defining the difference in maximum
log-likelihoods

FIG. 10. Comparison of χ22D per degree-of-freedom (dof) values
for best-fit spherical and squashed models from our MCMC for
SIDM1 halos.
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Δχ2 ¼ 2 logLmaxðrm > 3 kpcÞ − 2 logLmaxðrm > 3 kpcÞ;
ð45Þ

we take Δχ2 > 9 to be a strong inference and 4 < Δχ2 < 9

to be a weak inference. For Δχ2 < 4, we obtain no cross

section inference. Such halos are indicated as down-
pointing triangles representing 90% upper limits on
σ=m. The shaded gray region shows the 3 kpc resolution
limit in our simulated halos, expressed in the M200 − σ=m
plane. This approximate boundary is calculated using the
spherical Jeans model without baryons with an outer halo

FIG. 11. Example CDM systems with upper limits on σ=m. Comparison of CDM simulations to squashed and spherical Jeans model
fits. Panels (left-to-right) show (a) spherically averaged density and (b) halo shape profiles, with blue (green) bands denoting
80% confidence region from our nonspherical (spherical) fits; (c) azimuthally averaged 2D iso-density contours from CDM simulations
(solid) and our best-fit squashed Jeans model profile (dashed); and (d) posterior distribution for log σ=m (in cm2=g) for squashed (blue)
and spherical (green) Jeans models.
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satisfying the mean mass-concentration relation [83] and
modifying these assumptions can shift its position.
First, we focus on higher-mass halos, M200 > 1013M⊙,

and compare the upper and lower panels of Fig. 13.
(i) The spherical analysis (upper panel) infers a nonzero

σ=m for 13=16 simulated SIDM1 halos, with median
values that span 0.4–8.8 cm2=g. For CDM halos, only
upper limits on σ=m are inferred for most systems,
as expected. These constraints are at or below
0.3 cm2=g (90%) for 13=17 systems.

(ii) The nonspherical analysis (lower panel) infers a
nonzero σ=m for 16=16 simulated SIDM1 halos,
with median values that span 0.5–3.4 cm2=g. For
CDM halos, again, most systems yield only upper
limits on σ=m, which are at or below 0.3 cm2=g
(90%) for 12=17 systems.

Our conclusion for higher-mass halos is that the spherical
Jeans model generally does well in distinguishing CDM
versus SIDM at 1 cm2=g, albeit with a large scatter in
inferred values of σ=m for SIDM. The squashed Jeans
model provides a modest improvement, narrowing the
posterior distributions on σ=m for some SIDM1 systems
(see Fig. 7), and reducing the overall scatter in σ=m
across halos. For high-mass CDM halos, the spherical and
squashed models yield similar results. We note there is
one false positive CDM halo, Galaxy 16, where we
strongly infer σ=m ≈ 1 cm2=g in both spherical and
nonspherical fits. Shown in Fig. 5, this halo is asymmetric
about the z ¼ 0 plane and its spherically averaged density
is not well fit by NFW profiles with or without AC, which
could signal nonrelaxedness beyond the criteria we have
assumed.

FIG. 12. Example CDM systems with spurious inference for σ=m. Comparison of CDM simulations to squashed and spherical Jeans
model fits, for example, relaxed halos for which the squashed Jeans model infers a nonzero value of σ=m. Panels as in Fig. 11. Compare
to Figs. 4 and 5.
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Next, we turn to lower-mass halos, M200 < 1013M⊙,
again comparing the upper and lower panels of Fig. 13.

(i) In the spherical analysis, only 3=164 (29=164)
simulated SIDM1 halos yield a strong (weak)
inference for nonzero σ=m. For CDM halos, only
15=159 systems yield stringent upper limits at the
level of 0.3 cm2=g (90%) or less, but 123=159
systems have relatively worse upper limits above
0.5 cm2=g (90%) that would not exclude SIDM.

(ii) Our nonspherical analysis yields a strong (weak)
inference for σ=m for 14=164 (50=164) simulated
SIDM1 halos. For CDM halos, 94=159 systems
have 90% upper limits at or below 0.3 cm2=g,
while 34=159 halos have 90% upper limits
above 0.5 cm2=g.

We conclude that the spherical Jeans model offers little
discriminating power between SIDM1 and CDM halos
below 1013M⊙, but the situation is much improved with
the squashed Jeans model. Including halo shape constraints

yields nonzero σ=m inferences for more SIDM1 halos
(see Fig. 8) and strengthens constraints from CDM halos
(see Fig. 11). However, even after including shape data,
many SIDM1 halos yield no inference in our nonspherical
analysis. This is to be expected since many SIDM halos are
either spherical or have shape profiles consistent with our
CDM shape profile ansatz.
Figure 14 further illustrates the role of shape data in

constraining σ=m for low-mass halos. The left panel shows
a stacked histogram of our posterior distributions for all
SIDM1 (red) and CDM (blue) halos below 1013M⊙ from the
squashed Jeans model.9 The right panel shows the same
plot for SIDM1 (purple) and CDM (green) halos using the
spherical Jeans model. Comparing these plots, it is clear
that the squashed Jeans model is superior at distinguishing

FIG. 13. Inferred SIDM cross section vs halo mass from Jeans modeling. Top: spherical Jeans model fits for relaxed SIDM1 (purple)
and CDM (green) halos. Bottom: squashed Jeans fits for the same sample of halos (SIDM1 in red; CDM in blue). Points show the posterior
median of σ=m with central 68% credible intervals; darker symbols indicate stronger cross section inferences. Down-pointing triangles
mark 90% upper limits when a nonzero cross section is not favored. Adding in shape information significantly improves how often we
can tightly constrain the cross section in systems with M200 ¼ 1012–1013M⊙.

9Different shades within the histogram represent individual
posteriors in the stack among the sample of 164 SIDM1 and 159
CDM halos.
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σ=m ≈ 1 cm2=g for SIDM1 halos and σ=m ≪ 1 cm2=g for
CDM halos compared to the spherical model.
Lastly, we consider other parameters inferred from our

nonspherical fits. While we have not adopted informative
priors on ðc200;M200Þ, we now check a posteriori whether
our inferred values are reasonable. The expectations are
that (i) our inferred M200 will be consistent with values
directly measured from simulations, Msim

200, and (ii) our
inferred concentration c200 will be consistent with the
mass-concentration relation, cMCR, since SIDM halos
follow the same process of cosmological structure forma-
tion as CDM halos. Figure 15 (left) shows the ratio between
our inferred c200 and the mean value of cMCR, evaluated at
Msim

200, from Ref. [83]. The gray band represents the 68%
cosmological scatter in cMCR [83]. Most systems in our

analysis (red data points) are consistent with this expect-
ation. Figure 15 (right) shows the ratio between our inferred
M200 andMsim

200. Nearly all systems in our analysis (red data
points) are consistent with the expectation M200=Msim

200 ¼ 1

(dashed line). These checks lend credence to the robustness
of our approach.

C. Prospects for observational applications

Although it is worth considering how the present frame-
work might eventually be applied to observations, we stress
that the current analysis is still some distance from that goal.
In principle, intrinsic three-dimensional halo shapes can be
inferred from data, for example by jointly analyzing lensing,
x-ray, and Sunyaev-Zeldovich observations of galaxy clus-
ters. However, such inferences typically require strong

FIG. 14. Stacked histogram for low-mass halos. Left: stacked histogram of posterior distributions for σ=m for all SIDM1 (red) and
CDM (blue) halos below 1013M⊙ from the squashed Jeans model. Right: similar for low-mass SIDM1 (purple) and CDM (green) halos
with the spherical Jeans model.

FIG. 15. Left panel shows the ratio of concentration parameters inferred for 180 SIDM1 halos in our squashed model fit (red points)
relative to the mean value from the cosmological mass-concentration relation (scatter in the latter is shown by the gray band) from
Ref. [83]. Right panel shows the corresponding ratio of virial masses M200 from our fits relative to those directly computed from
simulations, Msim

200.
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modeling assumptions. For example, in the CLUMP-3D
analyses of CLASH clusters [84], the total matter distri-
bution is represented by a single triaxial halo with radius-
independent axis ratios, while the gas and matter are
assumed to be aligned and co-centered. Even under these
optimistic assumptions, the uncertainty on the minor-to-
major axis ratio for an individual system is at best around
ten per cent, and often larger. This is considerably less
detailed than the radial shape information used in our proof-
of-concept analyses here.
An observational application of our method would

therefore not proceed by first attempting to infer depro-
jected profiles such as ρðrÞ and qðrÞ from the data. Instead,
one would use the squashed Jeans model as a forward
model for projected observables and compare those directly
with the measurements. Candidate observables include
gravitational lensing, x-ray surface-brightness or isophotal
information, and stellar kinematics. Of these, lensing is the
most direct probe because it constrains the projected mass
distribution itself, whereas x-ray and kinematic data probe
the dark matter distribution less directly and with additional
modeling assumptions. Stellar streams may also provide a
useful avenue, since their morphology can retain infor-
mation about the shape of the underlying gravitational
potential even in projection [85].
However, it is not obvious how much of the discrimi-

natory power identified here will survive projection. Our
method requires not only information about the dark
matter halo, but also a sufficiently accurate 3D model
for the baryonic mass distribution in order to infer the
corresponding 3D SIDM response. Projection is therefore
likely to erase a substantial fraction of the information
available in the direct comparison to three-dimensional
halo profiles performed in this paper. We leave a detailed
investigation of projected forward modeling, and of what
information can realistically be recovered from projected
data, to future work.
A particularly interesting exception is provided by

stellar streams in the Milky Way, where one is not limited
to projected observables alone and can instead exploit
much richer phase-space information. A recent analysis of
the GD-1 stream has been used to infer the local accel-
eration field and constrain the flattening and possible tilt of
the Milky Way’s dark matter halo [86]. Extending this to
study all of the Milky Way’s streams may provide strong
constraints on the Galactic halo shape. That said, the false-
positive examples discussed above (illustrated in Fig. 12)
caution against over-interpreting any individual system.
One of the lessons of this work is that even essentially
perfect knowledge of the halo shape can yield a misleading
SIDM/CDM preference for a single object. Milky Way
stellar streams may therefore provide exceptionally rich
information about halo structure, but our results suggest
caution in drawing strong SIDM conclusions from any one
system alone.

VI. CONCLUSIONS

We have introduced a new semianalytical framework,
the squashed Jeans model, to describe the shape profiles of
SIDM halos. The standard lore is that SIDM halos are
rounder compared to their collisionless counterparts.
However, quantitative predictions for SIDM halo shapes
depend on the baryon distribution, as well as on residual
triaxiality from the dark matter halo. Both effects are
included in our model.
Our work extends the spherical isothermal Jeans model,

widely used in the literature to describe the spherically
averaged properties of SIDM halos. While previous
attempts to generalize the Jeans model beyond spherical
symmetry maintain isothermality and hydrostatic equilib-
rium, we have shown these assumptions lead to halos that
(i) are too round compared to N-body simulations, and
(ii) cannot be easily embedded within a collisionless outer
halo without a discontinuous density profile.
In contrast, our setup is based on the fact (borne from

N-body simulations) that multiple self-interactions are
required to impact halo shapes. The transition between
collisional and collisionless regions of a halo is a smooth
function of the mean number of scatters per particle, N ðrÞ,
at a given radius. The inner halo reaches the isothermal limit
for N ≫ 1, not where N ¼ 1 as typically assumed, while
the outer halo reduces to the collisionless limit forN ≪ 1. In
addition, we provide an efficient prescription for calculating
the shape profile in the isothermal limit that is accurate,
derived from first principles, and avoids the computationally
expensive step of solving a multivariate Poisson’s equation.
In this work, we have specialized to the case of azimuthal

symmetry, though the method can be generalized to relax
this assumption, as we discuss below. In our systems of
study (from EAGLE--50 simulations), the axis of symmetry is
defined by the stellar angular momentum vector. In this
case, halo shapes are described by the axis ratio profile qðrÞ,
where q > 1 (q < 1) is prolate (oblate).
Here we give a step-by-step description for how the

squashed Jeans model is implemented. We also highlight
the differences with the (usual) spherical Jeans model.
(1) Model inputs. There are four quantities that must be

fixed as initial inputs.
(a) ρ̄cdmðrÞ is the spherically averaged density pro-

file of a collisionless halo, i.e., in the absence of
self-interactions. This could be an NFW profile,
an adiabatically contracted NFW profile, an
Einasto profile, etc.

(b) qcdmðrÞ is the axis ratio profile the halo would
have in the absence of self-interactions. We
assumed a power-law profile qcdmðrÞ ∝ q0rα

in this work.
(c) ρbðrÞ is the (nonspherical) baryon density, from

which we calculate the baryon potentialΦb. These
quantities are azimuthally averaged in this work.
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(d) rm is the matching radius delineating the inner
and outer regions, corresponding to a given
value of σ=m.

These inputs are identical to those in the spherical Jeans
model, except allowing for nonsphericity in the outer halo
and baryon distribution.
(2) Solve the spherical Jeans model. We follow the usual

approach established in the literature.
(a) Solve the spherically symmetric isothermal Jeans

equation (2) in the region 0 ≤ r ≤ rm to obtain
the inner SIDM density profile, ρ̄isoðrÞ, subject
to boundary conditions ρ̄isoðrmÞ ¼ ρ̄cdmðrmÞ,
MisoðrmÞ ¼ McdmðrmÞ, with the spherically aver-
aged baryon density. We use the relaxation
method (see Appendix B), which also determines
the central density ρ̄isoð0Þ ¼ ρ0 and 1D velocity
dispersion σ0.

(b) The prediction for the full spherically averaged
density profile, ρ̄dmðrÞ, is then ρ̄isoðrÞ for r < rm
and ρ̄cdmðrÞ for r ≥ rm.

(c) The number of scatters per particle, as a
function of radius, is determined by N ðrÞ ≈
ρ̄dmðrÞ=ρ̄dmðrmÞ according to the rate equa-
tion (1), which also fixes σ=m corresponding
to N ¼ 1.

(3) Determine the isothermal shape profile. We calculate
the axis ratio profile qisoðrÞ for an isothermal halo in
hydrostatic equilibrium for radii r < rm. Here we
have explored two methods.
(a) The computationally expensive way to deter-

mine qiso is a brute-force multivariate solution to
Poisson’s equation (15), which we have done in
the Appendix C.

(b) Our preferred method is to calculate qisoðrÞ
directly following Eq. (C52), which is derived
via an expansion in deviations from spherical
symmetry. This approach is accurate and far
more efficient numerically.

(4) Construct the halo shape profile. The full axis ratio
profile for the entire halo, qdmðrÞ, is determined by—
at each radius—interpolating between qcdmðrÞ and
qisoðrÞ using Eq. (22). This interpolation is based
upon the local scattering rate, with qdm → qcdm when
N ≪ 1 and qdm → qiso when N ≫ 1.

(5) Squashed profiles. Lastly, the full nonspherical dark
matter halo profile ρdmðrÞ is determined from ρ̄dmðrÞ
and qdmðrÞ. This is done by “squashing” iso-density
spheres into iso-density spheroids of the same
volume, following Eqs. (20) and (21).

Ultimately, the method we have implemented is not
much more numerically intensive than the usual spherical
Jeans model.
Within the nonspherical squashed Jeans model developed

in this work, a diverse family of two-dimensional halo shape
profiles naturally arises, offering a richer structural descrip-
tion of DM systems compared to the spherical models. For

CDM halos, the shape profile follows a simple power-law
dependence on radius, while SIDM halos require a more
flexible—yet still semianalytically tractable—shape function
to capture their radial evolution. This allows our framework
to successfully reproduce both SIDM and CDM halo shapes
across a wide range of halo masses.
Halo shape information can be used to infer the scattering

cross section and physical halo parameters. For higher-mass
halos in our sample (M200 > 1013M⊙), the squashed Jeans
model using halo shape data provides only modest improve-
ment relative to the spherical Jeans model, although with the
posterior distributions for σ=m less spread for the former.
However, for lower-mass halos (M200 ∼ 1012–1013M⊙), halo
shapes provide a new discriminant between CDM and SIDM
scenarios, while spherically averaged density profiles of the
two models are otherwise indistinguishable. For many
relaxed systems, the inferred cross sections are consistent
with the true simulated values, σ=m ≈ 1 cm2=g for SIDM
and σ=m ≪ 1 cm2=g for CDM. On the other hand, not all
systems show an improved inference with shape data.
In this work, we have used the squashed Jeans framework

to model 2D axisymmetric halo shapes with constant self-
interaction cross sections. We defer to future work the
consideration of velocity-dependent scattering, as well as
the generalization to the 3D case, which follows straight-
forwardly by taking iso-density ellipsoids to model triax-
iality. We also defer to future work the application of the
squashed Jeans model to analyze observational data, such as
halo shape measurements from gravitational lensing or x-ray
observations, as a fast alternative to N-body simulations.
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APPENDIX A: RELAXATION METHOD

In this Appendix we describe the implementation of a
general relaxation method for solving a system of coupled
first-order ordinary differential equations (ODEs). This
method will then be used to solve the systems of ODEs
presented in the main text. Consider a general system of
coupled ODEs taking the form
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y0ðxÞ þ Fðy; x;pÞ ¼ 0; ðA1Þ

where y0 ¼ dy
dx, and

y ¼

0
BB@

y1ðxÞ
..
.

ynðxÞ

1
CCA ðA2Þ

is a vector of n functions, y1ðxÞ;…; ynðxÞ, that we wish to
solve for as a boundary value problem over the domain
xmin ≤ x ≤ xmax. Here F represents a similar vector, with
each element an expression involving y1ðxÞ;…; ynðxÞ as
well as m constant parameters which we collect in the
vector

p ¼

0
BB@

p1

..

.

pm

1
CCA: ðA3Þ

We suppose that p is unknown and is to be solved for along
with the yiðxÞ functions themselves. Hence, we require
imposing nþm boundary conditions on our system.
First, we define a grid of N points

x1 ≡ xmin; x2;…; xN−1; xN ≡ xmax; ðA4Þ

with the boundary of our domain at the end points. The
spacing on the grid need not be uniform. We also discretize
the functions to be solved for as

yi ¼ yðxiÞ: ðA5Þ

After discretization, we have an algebraic problem to solve
for N × nþm unknowns: y1;…; yN;p.

Next, we write the original differential equation (A1) in
the discretized form as

Eiðyiþ1; yi;pÞ ¼ yiþ1 − yi þ ðxiþ1 − xiÞFðȳi; x̄i;pÞ ðA6Þ

where we denote the mean values between grid points using
the notation

ȳi ¼
yiþ1 þ yi

2
; x̄i ¼

xiþ1 þ xi
2

: ðA7Þ

We seek the solution where E1 ¼ � � � ¼ EN−1 ¼ 0, which
gives us ðN − 1Þ × n equations. With nþm boundary
conditions, we are able (in principle) to solve for all N ×
nþm unknowns. For linear equations, we are able solve
the system by simple matrix inversion. Here, however, we
consider F to be in general a nonlinear function of y and p.
In the relaxation method proposed here, we follow an

iterative approach to solving the nonlinear system of
equations. First, we take an initial guess for the unknown
variables yi, p. Next, we update our guess

yi → ynewi ¼ yi þ Δyi; p → pnew ¼ pþ Δp: ðA8Þ

For suitably chosen Δyi and Δp, our unknown functions
and parameters relax toward their true solutions. The
process is then repeated until the desired level of con-
vergence is achieved.
The remaining task is to determine the shifts Δyi and Δp

for each relaxation step. While we cannot determine the
optimal shifts that satisfy Eiðynewiþ1 ; y

new
i ;pnewÞ ¼ 0 exactly,

due to the nonlinear nature of the system, we can
approximate them by first linearizing in the shifts. Here
it is helpful to write out all indices explicitly:

Eaiðynewiþ1 ; y
new
i ;pnewÞ ≈ Eaiðyiþ1; yi;pÞ þ

X
b;j

∂Eai

∂ybj
Δybj þ

X
q

∂Eai

∂pq
Δpq

≈ Eaiðyiþ1; yi;pÞ þ Δya;iþ1 − Δyai þ ðxiþ1 − xiÞ
�X

b

∂Fa

∂yb

Δyb;iþ1 þ Δybi
2

þ
X
q

∂Fa

∂pq
Δpq

�
; ðA9Þ

where a; b ¼ 1;…; n labels the components of Δyi, F, etc., and q ¼ 1;…; m labels the parameters, i.e., the components
of p. Imposing Eq. (A9) to be zero, the shifts are determined by solving a linear system of equations0

BBBBB@
−1n þ A1 1n þ A1 0n×n … 0n×n 0n×n B1

0n×n −1n þ A2 1n þA2 0n×n … 0n×n B2

. .
. . .

. ..
.

0n×n 0n×n … 0n×n −1n þ AN−1 1n þ AN−1 BN−1

1
CCCCCAΔY ¼ −

0
BB@

E1

..

.

EN−1

1
CCA: ðA10Þ

We have defined n × n matrix blocks
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ðAiÞab ¼
1

2
ðxiþ1 − xiÞ

∂Fa

∂yb

����
y¼ȳi
x¼x̄i

ðA11Þ

and n ×m matrix blocks

ðBiÞaq ¼ ðxiþ1 − xiÞ
∂Fa

∂pq

����
y¼ȳi
x¼x̄i

; ðA12Þ

and 1n, On×n are the n × n identity and zero matrices,
respectively. The shifts to be solved for are organized into a
single N × nþm component vector

ΔY ¼

0
BB@

Δy1
..
.

ΔyN
Δp

1
CCA: ðA13Þ

However, it is not yet possible to solve Eq. (A10) since we
have not yet included the boundary conditions and the
matrix shown is not a square matrix.
Finally, let us include the boundary conditions,

expressed as

Hðy1; yN;pÞ ¼ 0; ðA14Þ

whereH is an (nþm)-component vector that depends only
on yðxÞ at the end points. Following a similar procedure of
linearizing in the shifts, we have

Hαðynew1 ; ynewN ;pnewÞ

≈Hαðy1; yN;pÞ þ
X
a

�
∂Hα

∂ya1
Δya1 þ

∂Hα

∂yaN
ΔyaN

�

þ
X
q

∂Hα

∂pq
Δpq ðA15Þ

where α ¼ 1;…; nþm labels the components of H. We
define the matrix blocks

ðC1Þαa ¼
∂Hα

∂ya1
; ðCNÞαa ¼

∂Hα

∂yaN
; ðDÞαq ¼

∂Hα

∂pq
;

ðA16Þ

where C1;N are ðnþmÞ × n and D is ðnþmÞ ×m. At last,
we can incorporate the boundary conditions into Eq. (A10),
writing the full system of equations as

MΔY ¼ −E; ðA17Þ

where we now have an ðnN þmÞ × ðnN þmÞ square
matrix

ðA18Þ

and the ðnN þmÞ-component vector

E ¼

0
BBBB@

E1

..

.

EN−1

H

1
CCCCA: ðA19Þ

For each iteration, one takes an initial guess for yi, p and
computes M and E. Then, the shifts are determined by

ΔY ¼ −M−1E; ðA20Þ

and the solution is updated. The process is repeated until
convergence is achieved. If overshooting is a concern,

Eq. (A20) can be modified to ΔY ¼ −κM−1E with κ < 1.
In our work, we find κ ¼ 1 suffices.

APPENDIX B: SPHERICAL ISOTHERMAL
JEANS MODEL

Here we discuss our numerical implementation of the
spherical Jeans model, both with and without baryons using
the relaxation method described in the Appendix A to solve
the respective differential equations.

1. Case without baryons

A spherically symmetric dark-matter-only profile can be
solved numerically and serves therefore as an initial guess
for relaxation profiles in the case in which baryons and
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nonspherical effects are introduced. The Jeans and Poisson’s
equations (2) and (3), respectively, yield two first-order
equations,

∂ρdm
∂r

¼ −
Gρdm
σ20r

2
Mdm;

∂Mdm

∂r
¼ 4πr2ρdm; ðB1Þ

for the dark matter density ρdmðrÞ and enclosed mass
MdmðrÞ. We can further express Eq. (B1) as a system of
first-order equations for two new functions hðxÞ, jðxÞ by a
change of variables

ρdmðrÞ ¼ ρ0ehðxÞ; MdmðrÞ ¼
4π

3
ρ0r3ejðxÞ;

x ¼ r=r0; ðB2Þ

with central density ρ0 ¼ ρdmð0Þ and characteristic radius
r0 ¼ σ0=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρ0

p
. We have then

∂h
∂x

þ x
3
ejðxÞ ¼ 0;

∂j
∂x

þ 3

x
ð1 − ehðxÞ−jðxÞÞ ¼ 0; ðB3Þ

subject to the boundary conditions hð0Þ ¼ jð0Þ ¼ 0.10

Solutions to Eq. (B3) are universal in that they do not
depend on additional inputs for ρdm andMdm, and it suffices
to tabulate numerical values for hðxÞ, jðxÞ once and for all.
Next, we translate back into the physical profiles ρdmðrÞ,

MdmðrÞ. If ρ0 and r0 (or σ0) are given, this is a straightfor-
ward task. Here, however, we prefer to implement an
“outside-in” matching by fixing the boundary conditions
at the matching radius rm

11

ρdmðrmÞ ¼ ρm; MdmðrmÞ ¼ Mm; ðB4Þ

where ρm ¼ ρCDMðrmÞ, Mm ¼ MCDMðrmÞ are given, deter-
mined by the CDM profile of the outer halo. Defining the
ratio

R ¼ Mm

4πr3mρm
; ðB5Þ

the matching condition at rm can be expressed as a single
condition

MdmðrmÞ
4πr3mρdmðrmÞ

¼ 1

3
ejðxmÞ−hðxmÞ ¼ R; ðB6Þ

where xm ¼ rm=r0. Equation. (B6) is solved numerically to

determine xm.
12 Finally, we fix the unknown parameters

according to

r0 ¼ rm=xm; ρ0 ¼ ρme−hðxmÞ; σ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρ0r20

q
:

ðB7Þ

2. Case with baryons

As a warmup, we illustrate the relaxation method
described in the Appendix A by considering the Jeans
model with baryons under the assumption of spherical
symmetry. The equations to be solved are obtained again
from Eqs. (2) and (3):

∂ρdm
∂r

¼ −
Gρdm
σ20r

2
ðMdm þMbÞ;

∂Mdm

∂r
¼ 4πr2ρdm;

ðB8Þ

where we take the baryon enclosed mass profileMbðrÞ to be
a known function. If the baryons are spherically symmetric,
their potentialΦb is a function of r only and is determined by
∂Φb
∂r ¼ GMb=r2 up to an integration constant. It is again
useful to make a change of variables

ρdmðrÞ ¼ ρ0e−ϕdmðrÞ−ϕbðrÞ; MdmðrÞ ¼
4π

3
ρ0r3e−ηdmðrÞ;

ðB9Þ

to define two new functions ϕdmðrÞ, ηdmðrÞ, as well as the
normalized baryon potential ϕbðrÞ ¼ ðΦbðrÞ −Φbð0ÞÞ=σ20.
More generally, one can apply the spherical Jeans

model to nonspherical baryon distributions via the spheri-
cal average of the baryon potentials, that is, the baryon
enclosed mass profile is related to the angular average of
the potential

∂

∂r

Z
dΩ
4π

ΦbðrÞ ¼
GMbðrÞ

r2
: ðB10Þ

Hence, one can take the normalized spherically averaged
baryon distribution to be

ϕbðrÞ ¼
Z

dΩ
4π

�
ΦbðrÞ −Φbð0Þ

σ20

�
: ðB11Þ

10In practice, it is useful to implement the boundary conditions
at a small but nonzero value x. Noting the asymptotic solutions
hðxÞ ≈ − 1

6
x2 and jðxÞ ≈ − 1

10
x2 for x ≪ 1, we set hðϵÞ ¼ − 1

6
ϵ2

and jðϵÞ ¼ − 1
10
ϵ2 for x ¼ ϵ ≪ 1.

11To avoid notational confusion, we define rm to be the
matching radius that is also denoted r1 in the literature. Here
we use r1 to label the first grid point in the relaxation method.

12For some values ofR, multiple solutions can be found. In this
case, we take the smallest value of xm. For R > Rmax ≈ 1.2615,
no solution for xm can be found, i.e., the matching conditions
cannot be satisfied. In this case, we replaceR → Rmax in Eq. (B6),
which yields xm ≈ 22.544, for the purposes of obtaining an initial
guess for the relaxation method.
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After some manipulation, we write Eq. (B8) in the
general form (A1) with

y ¼
�
ϕdm

ηdm

�
; Fðy; r;pÞ ¼

 
− r

3r2
0

e−ηdm

− 3
r ð1 − eηdm−ϕdm−ϕbÞ

!
;

ðB12Þ

with unknown parameters

p ¼
�
r20
σ20

�
; ðB13Þ

that we will determine along with ϕdm and ηdm. (Note that
σ20 appears implicitly through ϕb.) To determine our two
unknown functions ϕdm, ηdm and two parameters, we
impose four boundary conditions. At r ¼ 0, we have

ρdmð0Þ ¼ ρ0; Mdmð0Þ ¼ 0; ðB14Þ

which becomes ϕdmð0Þ ¼ ηdmð0Þ ¼ 0. At a given match-
ing radius rm, we have

ρdmðrmÞ ¼ ρm; MdmðrmÞ ¼ Mm; ðB15Þ

where ρm, Mm are assumed to be known, determined by
fixing the outer halo.
To implement the relaxation method, we take a discrete

grid of N points ri, spanning from r1 ¼ 0 to rN ¼ rm. We
define our unknown functions on the grid

ϕi ¼ ϕdmðriÞ; ηi ¼ ηdmðriÞ; ðB16Þ

dropping the “dm” subscript for simplicity. As our initial
guess, we take the density and enclosed mass profiles, as
well as the parameters, to be as found from the spherical
Jeans model without baryons

ϕi ¼ −hðri=r0Þ − ϕbðriÞ; ηi ¼ −jðri=r0Þ; ðB17Þ

where the functions hðxÞ, jðxÞ are solutions to Eq. (B3).
Next, to iterate our solution, we construct the matrix M

and vector E, defined in Eqs. (A18) and (A19), respectively.
These are built from the matrix blocks (A11) and (A12)

Ai ¼
1

2
ðriþ1 − riÞ

 
0 r̄i

3r2
0

e−η̄i

− 3
r̄i
eη̄i−ϕ̄i−ϕbðr̄iÞ 3

r̄i
eη̄i−ϕ̄i−ϕbðr̄iÞ

!
;

ðB18Þ

Bi ¼ ðriþ1 − riÞ
0
@ r̄i

3r4
0

e−η̄i 0

0 3
r̄iσ20

ϕbðr̄iÞeη̄i−ϕ̄i−ϕbðr̄iÞ

1
A;

ðB19Þ

and the vectors (A6)

Ei ¼
0
@ ϕiþ1 − ϕi − ðriþ1 − riÞ r̄i

3r2
0

e−η̄i

ηiþ1 − ηi − ðriþ1 − riÞ 3
r̄i

	
1 − eη̄i−ϕ̄i−ϕbðr̄iÞ


1
A;

ðB20Þ

for i ¼ 0;…; N − 1. We also put the four boundary con-
ditions in Eqs. (B14) and (B15), in the form (A14)

Hðy1; yN;pÞ ¼

0
BBBB@

ϕ1

η1

ρ0e−ϕN−ϕbðrNÞ − ρm
4π
3
ρ0r3Ne

−ηN −Mm

1
CCCCA ¼ 0; ðB21Þ

where ρ0 ¼ σ20=ð4πGr20Þ is a function of p. The correspond-
ing 4 × 2 matrix blocks (A16) are

C1 ¼
�

12
02×2

�
;

CN ¼

0
BBB@ 02×2

−ρ0e−ϕN−ϕbðrNÞ 0

0 − 4π
3
ρ0r3Ne

−ηN

1
CCCA; ðB22Þ

D ¼

0
BBBBBB@

02×2
− ρ0

r2
0

e−ϕN−ϕbðrNÞ ρ0
σ2
0

ð1þ ϕbðrNÞÞe−ϕN−ϕbðrNÞ

− 4πρ0r3N
3r2

0

e−ηN 4πρ0r3N
3σ2

0

e−ηN

1
CCCCCCA;

ðB23Þ

each of which we have divided into two 2 × 2 subblocks
with a horizontal line for clarity.

APPENDIX C: NONSPHERICAL ISOTHERMAL
JEANS MODEL

In this Appendix we present our method for solving the
nonspherical isothermal Jeans model, which describes a
dark matter halo in hydrostatic equilibrium within a given
matching radius rm. As discussed in the main text, this
model has issues. Namely, it predicts a sharp feature in the
halo shape at rm, as hydrostatic equilibrium is strictly
enforced within this radius, whereas numerical simulations
for SIDM do not exhibit this feature. This suggests that
hydrostatic equilibrium is reached gradually across the
matching radius, which is built into the preferred squashed
Jeans model described in the main text.
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Despite its failure, it is useful to provide our numerical
method for the nonspherical Jeans model, taking advantage
of the relaxation method introduced in the Appendix A,
since, first, it represents the asymptotic limit for the
squashed Jeans model, which is used as an input, and
second, this model connects to previous work in the
literature for modeling isothermal dark matter halos.
This Appendix is divided in three parts: First we describe

the setup and equations to be solved, continuing the
discussion from Sec. III B. Then, we discuss our numerical
algorithm using the relaxation method. Finally, we present
an analytic formula to describe the isothermal halo shapes
in the limit of hydrostatic equilibrium.

1. Setup and boundary conditions

For nonspherical halos, the dark matter density for the
inner profile is given by the solution to the Jeans equa-
tion (13)

ρdmðrÞ ¼ ρ0e−ϕdmðrÞ−ϕbðrÞ; ðC1Þ

expressed in terms of the dimensionless rescaled potentials
for dark matter and baryons (14). The former is expanded as

ϕdmðrÞ ¼
Xlmax
l¼0

Xl
m¼−l

ϕlmðrÞZlmðθ;φÞ; ðC2Þ

truncated at a fixed order lmax, in terms of real-valued
spherical harmonics, (also known as tesseral harmonics)
Zlmðθ;φÞ. These are defined by

Zlmðθ;φÞ ¼

8>><
>>:

1ffiffi
2

p ðY−m
l ðθ;φÞ þ ð−1ÞmYm

l ðθ;φÞÞ m > 0;

Y0
lðθ;φÞ m ¼ 0;
iffiffi
2

p ðYm
l ðθ;φÞ − ð−1ÞmY−m

l ðθ;φÞÞ m < 0;

ðC3Þ

where Ym
l are the scalar spherical harmonics. They are

orthonormal functionsZ
dΩZlmðθ;φÞZl0m0 ðθ;φÞ ¼ δll0δmm0 ; ðC4Þ

and can be expressed as

Zlmðθ;φÞ

¼

8>>>>><
>>>>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2lþ1Þ

4π

q ffiffiffiffiffiffiffiffiffiffiffi
ðl−mÞ!
ðlþmÞ!

q
Pm
l ðcos θÞ cosðmφÞ m > 0;ffiffiffiffiffiffiffiffi

2lþ1
4π

q
P0
lðcos θÞ m ¼ 0;ffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð2lþ1Þ
4π

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl−jmjÞ!
ðlþjmjÞ!

q
Pjmj
l ðcos θÞ sinðjmjφÞ m < 0;

ðC5Þ

where the associated Legendre polynomials are

Pm
l ðxÞ ¼ ð1 − x2Þm=2 dm

dxm
PlðxÞ; ðC6Þ

where Pl are the standard Legendre polynomials. Note we
have defined Pm

l without the Condon-Shortley phase ð−1Þm,
which is a more standard convention. In that case, we must
include an additional factor of ð−1Þm in Eq. (C5).
In terms of the spherical harmonics, Poisson’s equa-

tion (17) is

∂
2ϕlm

∂r2
þ 2

r
∂ϕlm

∂r
−
lðlþ 1Þ

r2
ϕlm

¼
�
4πGρ0
σ20

�Z
dΩZlmðθ;φÞe−ϕbðrÞe−ϕdmðrÞ: ðC7Þ

Thus we arrive at a system of nonlinear second-order
ordinary differential equations for ϕlmðrÞ, with two addi-
tional parameters ρ0 and σ0.
To implement the relaxation method discussed in the

Appendix A, we require a system of first-order equations.
Let us define

μlmðrÞ ¼ r2
∂ϕlm

∂r
: ðC8Þ

We note that μ00 is proportional to the enclosed mass within
a sphere of radius r,

μ00ðrÞ ¼
ffiffiffiffiffiffi
4π

p
G

σ20
MdmðrÞ: ðC9Þ

Then Eq. (C7) can be rewritten in terms of first-order ODEs
only,

∂ϕlm

∂r
þ Glmðy; r;pÞ ¼ 0; ðC10Þ

∂μlm
∂r

þ F lmðy; r;pÞ ¼ 0; ðC11Þ

where the functions F lm and Glm are

F lmðy; r;pÞ ¼ −lðlþ 1Þϕlm

−
r2

r20

Z
dΩZlmðθ;φÞe−ϕbðrÞe−ϕdmðrÞ;

ðC12Þ

Glmðy; r;pÞ ¼ −
μlm
r2

; ðC13Þ

with r0 ¼ σ0=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρ0

p
. We have organized the unknown

functions and parameters into two vectors
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y ¼

0
BBBBBBBBBB@

ϕ00

ϕ10

..

.

μ00

μ10

..

.

1
CCCCCCCCCCA
; p ¼

�
r20
σ20

�
: ðC14Þ

In total, we have 2nlm functions to solve for, where nlm is the
number of ðl; mÞ modes, along with two parameters r20, σ

2
0.

[Note σ20 appears implicitly in Eq. (C12) through ϕb.]
Therefore, a total of 2nlm þ 2 boundary conditions are
required. In cases with azimuthal symmetry, it suffices to
neglect m ≠ 0 modes and so nlm ¼ lmax þ 1, while in the
general case nlm ¼ ðlmax þ 1Þ2.
Next, we turn to the boundary conditions, beginning with

the higher harmonics l > 0. It is well known that the
solution to Poisson’s equation in spherical coordinates can
be expressed in a multipole decomposition. In terms of the
functions defined here, this is

ϕlmðrÞ ¼ −
4πG
σ20

1

2lþ 1

�
1

rlþ1

Z
r

0

dx xlþ2ρlmðxÞ

þ rl
Z

∞

r
dx x1−lρlmðxÞ

�
; ðC15Þ

μlmðrÞ ¼
4πG
σ20

1

2lþ 1

�
lþ 1

rl

Z
r

0

dx xlþ2ρlmðxÞ

− lrlþ1

Z
∞

r
dx x1−lρlmðxÞ

�
; ðC16Þ

where ρlmðrÞ ¼
R
dΩZlmðθ;φÞρdmðrÞ. This is merely a

formal solution since ρdm itself depends on ϕlm according to
Eqs. (C1) and (C2). The key point is these solutions have
physically sensible asymptotic behaviors, scaling like ϕlm ∝
rl at the origin and r−ðlþ1Þ at infinity, so that the potential
does not diverge in both limits. We therefore require

ϕlmð0Þ ¼ 0; ðC17Þ

as well as ϕlmð∞Þ ¼ 0. The latter is satisfied automatically
in Eqs. (C15), which we can impose on our solutions as a
boundary condition. It is useful take a linear combination
Eqs. (C15) and (C16), evaluated at r ¼ rm,

μlmðrmÞ þ ðlþ 1ÞrmϕlmðrmÞ ¼ −
4πG
σ20

rlþ1
m Jlm; ðC18Þ

where Jlm ¼ R∞rm dx x1−lρlmðxÞ. Since the integral Jlm goes
over r > rm only, it is fixed given the outer halo profile ρcdm.
We emphasize that the two conditions (C17) and (C18)
are essential. Different prescriptions not satisfying these

conditions will lead to solutions differing by homogeneous
terms Arl þ B=rlþ1, which would have the incorrect
asymptotic behavior.13

Lastly, we turn to the l ¼ m ¼ 0 mode. In the same
spirit as the spherical Jeans model, we impose ρdmð0Þ ¼ ρ0
and Mdmð0Þ ¼ 0, which give boundary conditions

ϕ00ð0Þ ¼ 0; μ00ð0Þ ¼ 0: ðC19Þ

We also match the enclosed mass and spherically averaged
density for the inner and outer halos at r ¼ rm. This yields
boundary conditions

μ00ðrmÞ ¼
ffiffiffiffiffiffi
4π

p
G

σ20
Mm; ðC20Þ

Z
dΩ
4π

ρ0 exp

�
−
X
lm

ϕlmðrmÞZlmðΩÞ − ϕbðrm;ΩÞ
�

¼ ρm;

ðC21Þ

where the enclosed mass and spherically averaged density
at rm are

Mm ¼ McdmðrmÞ; ρm ¼
Z

dΩ
4π

ρcdmðrm;ΩÞ: ðC22Þ

Lastly, we check that our boundary conditions are consistent
with physically sensible solutions to Poisson’s equation. Note
that the form of Eq. (C15) is modified in the l ¼ m ¼ 0 case
since the potential at the origin is subtracted out in Eq. (14).
The solutions are

ϕ00ðrÞ ¼ −
4πG
σ20

Z
r

0

dx

�
x2

r
− x

�
ρ00ðxÞ ðC23Þ

μ00ðrÞ ¼
4πG
σ20

Z
r

0

dx x2ρ00ðxÞ: ðC24Þ

At the origin, these are consistent with Eq. (C19). We
may also consider a linear combination along the lines of
Eq. (C18), arriving at a different constraint

μ00ðrmÞ þ rmϕ00ðrmÞ ¼
4πG
σ20

rm

Z
rm

0

dx x ρ00ðxÞ: ðC25Þ

13Boundary condition (C18) implies that the potential is
continuous between the inner and outer halos, i.e., everywhere
at the matching sphere of radius rm. However, the dark matter
density ρdmðrÞ is not continuous at rm; only the spherically
averaged profile is continuous according to Eq. (19) We have
attempted an alternative boundary condition imposing that the dark
matter density is continuous at the matching sphere. However, this
choice is not physical, as it leads to potentials with divergent
asymptotic behavior as r → ∞ from additional homogeneous
terms ∼rl.
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In fact, it is unnecessary to impose this condition as it is
redundant with Poisson’s equation. From the equations
defined above, one can show that

∂

∂r

�
μ00ðrÞ

r
þ ϕ00ðrÞ

�
¼ 4πG

σ20
rρ00ðrÞ: ðC26Þ

Integrating both sides from r ¼ 0 to rm yields Eq. (C25),
provided μ00ð0Þ ¼ 0.
In summary, Eqs. (C17)–(C21) are the full set of

ðnlm − 1Þ þ ðnlm − 1Þ þ 2þ 1þ 1 ¼ 2nlm þ 2 ðC27Þ

boundary conditions to determine our system. Recall we
started with nlm coupled second-order equations, plus two
additional parameters to be determined. We also note that
due to the boundary conditions on the higher harmonics, the
nonspherical isothermal Jeans model cannot be solved as an
initial value problem and outside-in matching becomes a
natural choice. We fix the outer halo ρcdmðrÞ and solve
Eqs. (C10) and (C11) as a boundary value problem by
imposing constraints at r ¼ 0 and rm using the relaxation
method, as we now describe.

2. Relaxation method

To implement the relaxation method introduced in the
Appendix A, to solve the nonspherical isothermal Jeans
model, we take a grid of N points ri, from r1 ¼ 0 to
rN ¼ rm. We denote our unknown functions on the grid as

ϕi
lm ¼ ϕlmðriÞ; μilm ¼ μlmðriÞ: ðC28Þ

To solve for them, we follow a two-step procedure. First,
we solve for ϕ00; μ00 in the nonspherical Jeans model
truncated at lmax ¼ 0.14 Our initial guess takes the same
parameters r20; σ

2
0, as well as the same spherically averaged

density and enclosed mass, to the spherical Jeans model
without baryons. Specifically, we set

ϕi
00 ¼ −hðri=r0Þ − log

�Z
dΩ
4π

e−ϕbðri;ΩÞ
�
;

μi00 ¼ −jðri=r0Þ; ðC29Þ

where the functions hðxÞ, jðxÞ are solutions to Eq. (B3).
Then we perform the relaxation algorithm until the solution
converges.
Second, we use the preceding solution as an initial guess

for the nonspherical Jeans model with lmax > 0, taking
ϕi
00; μ

i
00; r

2
0; σ

2
0 as solved for above. The remaining modes

with l > 0 are initially set to ϕi
lm ¼ μilm ¼ 0. Once again,

we perform the relaxation algorithm until the solution
converges.
In the remainder of this section, we tabulate the matrix

blocks and vectors entering Eqs. (A18) and (A19) for our
algorithm. Following Eq. (A11), we have the 2nlm × 2nlm
blocks

Ai ¼
1

2
ðriþ1 − riÞ

0
BBBBBBBBBBBBB@

0nlm×nlm

∂G00

∂μ00
0 0

0 ∂G10

∂μ10
0

0 0 . .
.

∂F 00

∂ϕ00

∂F 00

∂ϕ10
…

∂F 10

∂ϕ00

∂F 10

∂ϕ10
…

..

. ..
. . .

.

0nlm×nlm

1
CCCCCCCCCCCCCA

y¼ȳi
r¼r̄i

ðC30Þ

where

∂F lm

∂ϕl0m0

����y¼ȳi
r¼r̄i

¼ −lðlþ 1Þδll0δmm0

þ r̄2i
r20

Z
dΩZlmðΩÞZl0m0 ðΩÞe−ϕbðr̄i;ΩÞ−ϕ̄i

dmðΩÞ;

ðC31Þ

∂Glm

∂μl0m0

����y¼ȳi
r¼r̄i

¼ −
1

r̄2i
δll0δmm0 : ðC32Þ

Here it is helpful to denote mean values between grid
points as

ϕ̄i
lm ¼ ϕiþ1

lm þ ϕi
lm

2
; μ̄ilm ¼ μiþ1

lm þ μilm
2

;

r̄i ¼
riþ1 þ ri

2
; ðC33Þ

and similarly

ϕ̄i
dmðΩÞ ¼

X
l;m

Zlmðθ;φÞϕ̄i
lm: ðC34Þ

From Eq. (A12), we have 2nlm × 2 blocks

Bi ¼ ðriþ1 − riÞ

0
BBBBBB@

0nlm×2
∂F 00

∂r2
0

∂F 00

∂σ2
0

∂F 10

∂r2
0

∂F 10

∂σ2
0

..

. ..
.

1
CCCCCCA

y¼ȳi
r¼r̄i

ðC35Þ14In general, the nonspherical Jeans model truncated at lmax ¼ 0
is not equivalent to the spherical Jeans model (as we have defined
them). For a general baryon potentialΦbðrÞ, the former depends onR
dΩe−ϕbðrÞ in Eq. (C12), while the latter depends on the angular

average of Φb itself.
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where

∂F lm

∂r20

����
y¼ȳi
r¼r̄i

¼ r̄2i
r40

Z
dΩZlmðΩÞe−ϕ̄bðr̄i;ΩÞ−ϕ̄i

dmðΩÞ; ðC36Þ

∂F lm

∂σ20

����
y¼ȳi
r¼r̄i

¼ −
r̄2i
r20σ

2
0

Z
dΩZlmðΩÞϕ̄i

be
−ϕ̄bðr̄i;ΩÞ−ϕ̄i

dmðΩÞ:

ðC37Þ

The upper half of Bi vanishes since
∂Glm
∂r2

0

¼ ∂Glm
∂σ2

0

¼ 0. From

Eq. (A6), we have the 2nlm-component vectors

Ei ¼

0
BBBBBBBBBB@

ϕiþ1
00 − ϕi

00 þ ðriþ1 − riÞG00ðȳi; r̄i;pÞ
ϕiþ1
10 − ϕi

10 þ ðriþ1 − riÞG10ðȳi; r̄i;pÞ
..
.

μiþ1
00 − μi00 þ ðriþ1 − riÞF 00ðȳi; r̄i;pÞ

μiþ1
10 − μi10 þ ðriþ1 − riÞF 10ðȳi; r̄i;pÞ

..

.

1
CCCCCCCCCCA
: ðC38Þ

Next, we write the boundary conditions in the form of
Hðy1; yN;pÞ ¼ 0 as demanded by Eq. (A14), where

Hðy1; yN;pÞ ¼

0
BBBBBBBBBBBBBBBBBBBBB@

ϕ1
00

ϕ1
10

..

.

9>=
>;nlm rows

R
dΩ
4π ρ

N
dmðΩÞ − ρm

�
1 row

..

.

μNlm þ rmðlþ 1ÞϕN
lm þ 4πG

σ2
0

rlþ1
m Jlm

..

.

9>>=
>>;

ðnlm − 1Þ rows
l > 0 only

μ100

μN00 −
ffiffiffiffi
4π

p
G

σ2
0

Mm

)
2 rows

1
CCCCCCCCCCCCCCCCCCCCCA

ðC39Þ

is a ð2nlm þ 2Þ-component vector. We have written the shorthand

ρNdmðΩÞ ¼ ρ0 exp

 
−
X
lm

ϕN
lmZlmðΩÞ − ϕbðrN;ΩÞ

!
ðC40Þ

for the dark matter density at rN ¼ rm. Following Eq. (A16), we have the ð2nlm þ 2Þ × 2nlm matrix blocks

C1 ¼

0
BBB@

1nlm Onlm×nlm

Onlm×nlm Onlm×nlm

O2×nlm

1 0 … 0

0 0 … 0

1
CCCA; CN ¼

0
BBB@

Onlm×nlm Onlm×nlm

Lnlm×nlm Knlm×nlm

O2×nlm

0 … 0 0

1 0 … 0

1
CCCA; ðC41Þ

where we have defined the nlm × nlm subblocks

Lnlm×nlm ¼

0
BBBBBB@

− ρN
00

4π … − ρNlm
4π …

0

..

.
rmdiagðlþ 1Þ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

l>0 only0

1
CCCCCCA; Knlm×nlm ¼

0
BBB@

0 0 … 0

0
..
.

1ðnlm−1Þ
0

1
CCCA; ðC42Þ

where ρNlm ¼ R dΩZlmðΩÞρNdmðΩÞ. Lastly, we have the ð2nlm þ 2Þ × 2 matrix block
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D ¼

0
BBBBBBBBBBBBBB@

0nlm×2

−
R

dΩ
4π ρ

N
dmðΩÞ=r20

R
dΩ
4π ρ

N
dmðΩÞ 1þϕbðrN;ΩÞ

σ2
0

0 ..
.

..

.
− 4πG

σ4
0

rlþ1
m Jlm ðl > 0 onlyÞ

0 ..
.

0 0

0
ffiffiffiffi
4π

p
G

σ4
0

MCDMðrmÞ

1
CCCCCCCCCCCCCCA
: ðC43Þ

3. Analytic solution for isothermal halo shapes

Here we derive an analytic solution for the shape profile for the nonspherical isothermal Jeans model. The goal is to
obtain the axial ratio q for the inner halo in terms the solution to the spherical Jeans model and the shapes of the outer halo
and baryon distribution. Finally, we compare our analytic results to the exact numerical solution given above.
Our starting point is Eqs. (28)–(31). First, we evaluateMzz=MRR. We work to linear order in powers of log q and treat all

deviations from sphericity as Oðlog qÞ. (Recall Mzz and MRR implicitly depend on q since they are integrals over a
spheroidal shell with axis ratio q and effective spheroidal radius reff .) At this order, Eq. (30) is

r ≈ reff

�
1þ 1

3
ð3 cos2 θ − 1Þ log q

�
: ðC44Þ

The dark matter density is expanded as

ρdmðrÞ ¼
X
lm

ρlmðrÞZlmðθ;φÞ

≈ ρ00ðreffÞZ00

�
1þ 1

3

d log ρ00ðreffÞ
d log reff

ð3 cos2θ − 1Þ logq
�
þ
X
l>0;m

ρlmðreffÞZlmðθ;φÞ: ðC45Þ

Plugging these expressions into Eqs. (28) and (29), the angular integral is performed straightforwardly to yield

Mzz ¼
4r4effΔreffρ00ðreffÞ

3
ffiffiffiffiffiffi
4π

p
�
1þ 4

15

�
5þ d log ρ00ðreffÞ

d log reff

�
log qþ 2ffiffiffi

5
p ρ20ðreffÞ

ρ00ðreffÞ
�
; ðC46Þ

MRR ¼ 4r4effΔreffρ00ðreffÞ
3
ffiffiffiffiffiffi
4π

p
�
1 −

2

15

�
5þ d log ρ00ðreffÞ

d log reff

�
logq −

1ffiffiffi
5

p ρ20ðreffÞ
ρ00ðreffÞ

�
: ðC47Þ

Finally, we take the ratio of Eqs. (C46) and (C47) and,
setting it equal to q2 ≈ 1þ 2 log q, solve for logq at linear
order to obtain

log qðreffÞ ¼ −
3
ffiffiffi
5

p

2
ρ20ðreffÞ

�
dρ00ðreffÞ
d log reff

�
−1
: ðC48Þ

Next, we must calculate the density moments ρ00ðrÞ
and ρ20ðrÞ. The former is approximated at zeroth order as
ρ00ðrÞ ≈

ffiffiffiffiffiffi
4π

p
ρ̄dmðrÞ, where ρ̄dm is the spherical solu-

tion (6). For the latter, the isothermal solution is

ρ20ðrÞ ¼
Z

dΩZ20ðθÞρ0e−ϕdmðrÞ−ϕbðrÞ: ðC49Þ

Note Eq. (C49) is the usual solid angle integral over a sphere
(not a spheroid). We expand ϕdmðrÞ as in Eq. (C2) to write

ρ20ðrÞ ≈ −ρ̄dmðrÞ
�
ϕ20ðrÞ −

Z
dΩZ20ðθÞe−ðϕbðrÞ−ϕ̄bðrÞÞ

�
;

ðC50Þ
where ϕ̄bðrÞ ¼ Φ̄bðrÞ=σ20 is the spherically averaged
(dimensionless) baryon potential. The second term repre-
sents the effect on the inner halo shape from baryons. For the
first term, from Eq. (C15), we have
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ϕ20ðrÞ¼−
4πG
5σ20

�
1

r3

Z
r

0

dxx4ρ20ðxÞþr2
Z

∞

r
dxx−1ρ20ðxÞ

�
:

ðC51Þ

The integration region r > rm represents the effect on the
inner halo from the outer halo shape, while the region r < rm
is the nonlinear backreaction of the inner halo shape on itself.
The isothermal shape qiso is obtained from Eq. (C48) and

plugging in the nonspherical isothermal solutions given in
Eqs. (C49)–(C51). Combining everything, we delineate
three contributions to the isothermal shape as

log qiso ¼ ð1 − fdmÞ logqb þ fdm log qouter þ Δ logqiso

ðC52Þ

where fdmðrÞ ¼ MdmðrÞ=MtotðrÞ is the enclosed dark
matter fraction. First, the effective baryon shape arises
from the second term in Eq. (C50) and is

log qbðrÞ ¼
15

4

�
GMbðrÞ
rσ20

�
−1 Z π

0

dθ sin θP2ðcos θÞ

× exp

�
−
ΦbðrÞ − Φ̄bðrÞ

σ20

�
: ðC53Þ

We further work to first order in Φb − Φ̄b, which yields

logqbðrÞ ¼ −
15

4

�
GMbðrÞ

r

�
−1 Z π

0

dθ sinθP2ðcosθÞΦbðrÞ;

ðC54Þ

although in principle Eq. (C53) may provide more accurate
results for highly nonspherical baryon potentials.15

Next, we delineate the inner and outer halo shape
contributions by writing the second integral in Eq. (C51)
as
R∞
r dx ¼ R rmr dxþ R∞rm dx for r < rm. The second part

describes the effect of a nonspherical outer halo on the
inner isothermal shape, given by

logqouterðrÞ

¼ −
4πr3

5MdmðrÞ
Z

∞

rm

dx ρ̄0dmðxÞ log qcdmðxÞ

¼ −
4πr3

5MdmðrÞ
�
ρ̄dmðrmÞ log qcdmðrmÞ − α

Z
∞

rm

dx
x
ρ̄dmðxÞ

�
ðC55Þ

where prime denotes a derivative and the second line follows
using Eq. (11) and integration by parts. Equation (C55) is

computed directly from the spherically averaged solution
and the assumed profile for the CDM outer halo.
Lastly, the backreaction term from the inner halo is

Δ log qisoðrÞ ¼ −
4πr3

5MtotðrÞ
�
1

r2

Z
r

0

dx x5ρ̄0dmðxÞ log qisoðxÞ

þ r3
Z

rm

r

dx
x
ρ̄0dmðxÞ logqisoðxÞ

�
: ðC56Þ

This term cannot be computed directly since it depends on
qiso itself. If we approximate qiso as constant, it can be
pulled outside the integral and solved for algebraically in
Eq. (C52). However, instead of making this approxima-
tion, we proceed with an iterative solution. We compute
qiso from Eq. (C52) neglecting backreaction, which we
use to evaluate Eq. (C56) numerically and update qiso.
The process is repeated until reaching convergence after a
few iterations.
Next, we show some examples for qiso and compare to

our numerical solutions from the relaxation method given
above. For the outer halo, we consider NFW dark matter
halos with virial mass M200 ¼ 2 × 1012M⊙, concentration
c ¼ 10, and either q0 ¼ 0.6 (oblate halo), q0 ¼ 1 (spherical
halo), or q0 ¼ 1.5 (prolate halo), with α ¼ 0, as per
Eq. (11). For baryons, we consider disklike Miyamoto-
Nagai (MN) potentials [74]

ΦMNðr; θÞ ¼ −
GMdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 sin2 θ þ


ad þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 cos2 θ þ b2d

q �
2

r ;

ðC57Þ

where Md ¼ 5 × 1010M⊙ is the (fixed) disk mass, and ab,
bd are the disk length scale and thickness, respectively. We
consider different parameter pairs ðad; bdÞ and we label the
corresponding potential as MNad;bd , in units of kpc.
Equation (C57) spans oblate baryon distributions from
the extreme case of a thin (Kuzmin) disk, MNad;0, to a
spherically symmetric Plummer sphere, MN0;bd . For pro-
late baryon distributions, following Ref. [89], we consider
spindlelike Miyamoto-Nagai (sMN) potentials as examples
of self-consistent baryon distributions, given by

ΦsMNðr; θÞ ¼ −
GMdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi


cd þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 sin2 θ þ d2d

q �
2 þ r2 cos2 θ

r ;

ðC58Þ

where cd, dd are distance parameters. We label the
potentials by sMNcd;dd, in units of kpc.
In Fig. 16, we compare our semianalytic calculation for

qiso (gray solid lines) to our numerical solution from the
nonspherical isothermal Jeans model, computed with the

15We emphasize that qb represents the shape of the baryon
potential, not the shape of the baryon density. For nonspherical
distributions, the former is typically much rounder than the latter.
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relaxation method with l ≤ 10 (red dashed lines). We also
include halo shapes inferred from the squashed Jeans
model (blue dot-dashed lines) for comparison. We have
fixed the halo mass M200 ¼ 2 × 1012M⊙, concentration
c ¼ 10, and matching radius rm ¼ 30 kpc, which corre-
sponds to σ=m ≈ 1 cm2=g. Each panel represents a differ-
ent outer halo shape, shown by the dotted horizontal lines:
oblate, qcdm ¼ 0.6 (left); spherical, qcdm ¼ 1 (center); and
prolate qcdm ¼ 1.5 (right). In each panel, we consider six
different baryon potentials

MN5;0;MN5;1;MN5;5|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
←disklike

;MN0;5|fflffl{zfflffl}
spherical

; sMN5;5; sMN5;3|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
spindlelike→

; ðC59Þ

which span from the extremely oblate thin disk to a
prolate spindlelike potential, with a common disk
mass Md ¼ 5 × 1010M⊙.
The key takeaways from Fig. 16 are as follows:
(i) Within the inner halo, the halo shapes computed

numerically (red dashed) and semianalytically (gray
solid) are in good agreement (except for the former’s
sharp discontinuity near the matching radius). The
largest differences occur for the most extreme
shapes, which is to be expected since our expansion
in log q is breaking down.

(ii) Differences in the baryon potential provide the main
driver on the isothermal shape. However, we also see
an impact from different outer halo shapes around
r ∼ 25 kpc. Our qiso calculation successfully ac-
counts for this effect, which indicates that we have
accurately modeled the shape due to both baryons
and the outer halo.

(iii) The isothermal Jeans model shape (red dashed) does
not smoothly match onto the outer halo shape (dotted
lines) at the matching radius, as discussed previously.
On the other hand, the squashed Jeans model (blue
dot-dashed) provides a smooth transition between the

isothermal inner halo and CDM outer halo as a
function of the number of scatters.

APPENDIX D: SQUASHED JEANS MODEL
ELEMENTS

1. Collisional erasure of halo anisotropy

In the squashed Jeans model, the halo shape qðN Þ is
taken to be a function of the mean number of scatters per
particle, N . Here we calculate qðN Þ analytically within a
simplified toy model. We take the boundary conditions

qðN Þ ¼
�
qcdm for N ≪ 1

qiso for N ≫ 1
ðD1Þ

where qcdm is the halo shape in the absence of collisions,
i.e., in the outer halo where collisions are negligible, and
qiso is the halo shape for an isothermal halo in hydrostatic
equilibrium, computed from the nonspherical isothermal
Jeans model.
Our calculation is in a similar spirit to that presented in

Ref. [90]. In that work, the authors estimated the evolution
of halo anisotropy due to self-interactions by computing the
rate for hot and cold populations of SIDM to thermalize
within a spatially homogeneous and isotropic toy model.
We improve on their argument by considering a genuinely
anisotropic toy model and computing how the anisotropy
evolves due to collisions. The authors of Ref. [90] also
assumed Rutherford-type self-interactions, whereas we
assume contact-type interactions.
For our toy model, we consider a spatially homogeneous

SIDM population with an anisotropic velocity distribution.
As an ansatz, we take an anisotropic Maxwell-Boltzmann
distribution

fðvÞ ¼ n

ð2πÞ3=2νxνyνz
exp

�
−

v2x
2ν2x

−
v2y
2ν2y

−
v2z
2ν2z

�
; ðD2Þ

FIG. 16. Halo shape profiles for SIDM in nonspherical isothermal (red dashed) and squashed (blue dot-dashed) Jeans models are
compared to our semianalytic calculation of qiso (solid gray) for different outer halos and baryon distributions. Panels correspond to
different outer halo shapes: oblate, qcdm ¼ 0.6 (left); spherical, qcdm ¼ 1 (center); and prolate, qcdm ¼ 1.5. In each panel, each grouping
of curves corresponds to a different baryon potential, from disklike (bottom) to spindlelike (top). See main text for further details.
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where n is number density and ðνx; νy; νzÞ are 1D velocity
dispersions along each Cartesian direction. We assume
axial symmetry, νx ¼ νy, and define the axial ratio

q ¼ νz
νx

¼ νz
νy

ðD3Þ

and mean velocity dispersion

ν20 ¼
1

3
ðν2x þ ν2y þ ν2zÞ: ðD4Þ

Inverting these relations gives

νx ¼ νy ¼
ffiffiffi
3

p
ν0ffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ q2
p ; νz ¼

ffiffiffi
3

p
qν0ffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ q2
p : ðD5Þ

Since this setup is spatially homogeneous, we take the initial
axis ratio in the absence of collisions to be qcdm ¼ q0, i.e.,
a constant.
The effect of self-interactions is governed by the colli-

sional Boltzmann equation

df1
dt

¼ C ¼ −
Z

d3v2

Z
dΩ0jv1 − v2j

dσ
dΩ0 ðf1f2 − f3f4Þ;

ðD6Þ

where subscripts denote the velocity argument, fi ¼ fðviÞ.
The collision term C arises from elastic two-body scatter-
ing, where v1;2 (v3;4) are the incoming (outgoing) particle
velocities in the galaxy frame. The differential cross section
is dσðjv1 − v2jÞ=dΩ0, where primes denote angles in the
center-of-mass frame. For a contact-type interaction, we
have dσ=dΩ0 ¼ σ=ð4πÞ.
The goal is to express the Boltzmann equation (D6) as as

a differential equation for qðtÞ. It suffices to take v1 ¼ 0.
The left side of Eq. (D6) becomes

df1
dt

¼ 2n
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ q2

p
ðq2 − 1Þ

ð6πÞ3=2ν30q2
dq
dt

; ðD7Þ

where because of our assumption of spatial homogeneity,
n and ν0 must be time independent by mass and energy
conservation. Next, to evaluate the collision term, we
parametrize the remaining velocities as

v2 ¼ v2ðsin θ; 0; cos θÞ;
v3 ¼

v2
2
ðsin θ þ sin θ0 cosϕ0; sin θ0 sinϕ0; cos θ þ cos θ0Þ;

v4 ¼
v2
2
ðsin θ − sin θ0 cosϕ0;− sin θ0 sinϕ0; cos θ − cos θ0Þ:

ðD8Þ
Plugging into the collision term, the azimuthal integrals are
trivial and we have

C ¼ −
n2σ

2ð2πÞ2ν4xν2z

Z
dv2v32

Z
d cos θ

Z
d cos θ0

�
exp

�
−
v22sin

2θ

2ν2x
−
v22cos

2θ

2ν2z

�

− exp

�
−
v22ðsin2θ þ sin2θ0Þ

4ν2x
−
v22ðcos2θ þ cos2θ0Þ

4ν2z

��
: ðD9Þ

These integrals can be evaluated analytically. They have a
divergence at θ ¼ π=2, which translates to a divergence for
q → 0. We perform the integrals assuming q ≠ 0 and then
analytically continue the result. We obtain

C ¼ n2ðq2 þ 2Þσ
6π2ν20q

0
B@q

0
B@4tanh−1


 ffiffiffiffiffiffiffiffi
q2−1
q2þ1

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q4 − 1

p − 1

1
CA

−
tanh−1


 ffiffiffiffiffiffiffiffi
q2−1

p
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 1

p
1
CA: ðD10Þ

Notice the 1=q divergence cancels with a factor of 1=q in
the term on the right-hand side of Eq. (D7). In principle we
can now use this result to evaluate the time evolution of
the ellipticity of the halo. Unfortunately, the q integral is

difficult to perform analytically. Assuming the system is
not too far from isotropy, we can expand C for q close to 1.
Let us explore two approaches for this. First, if we expand
in powers of (q − 1), we get

C ¼ −
8n2σ
15π2ν20

�
ðq − 1Þ2 − 19

21
ðq − 1Þ3 þ 85

84
ðq − 1Þ4

−
710

693
ðq − 1Þ5 þ 9001

9009
ðq − 1Þ6 þ � � �

�
: ðD11Þ

This series has Oð1Þ coefficients, which implies a trunca-
tion will quickly break down for sizable anisotropy.
Fortunately, the situation is improved by taking an alter-
native expansion in powers of logq (around logq ¼ 0).
The first several nonzero terms are
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C ¼ −
8n2σ
15π2ν20

�
log2qþ 2

21
log3qþ 5

21
log4qþ 82

693
log5q

þ 1702

45045
log6qþ � � �

�
: ðD12Þ

Because of the smaller series coefficients, the leading term
in Eq. (D12) gives a better approximation to C in (D10)
compared to that of Eq. (D11).
Next, we combine Eq. (D7) and the leading term in

Eq. (D12) to give

d log q
dN

≈ −
ffiffiffi
2

p

5
log q; ðD13Þ

where dN ¼ Rscatdt is the differential number of collisions
and Rscat ¼ 4nσν0=

ffiffiffi
π

p
is the Boltzmann-averaged scatter-

ing rate.16 The right side follows by further expanding the
term in parentheses to leading order in log q. Figure 17
(left) compares our final approximate result for d log q=dN
(solid line) and the exact result obtained without doing a
series expansion (dotted line) of Eq. (D10). The lower panel
shows the ratio of the two results.
Integrating Eq. (D13) we get

logqðN Þ ¼ log q0e−
ffiffi
2

p
N =5 ðD14Þ

where q0 is the initial anisotropy at N ¼ 0. For compari-
son, Ref. [90] followed a similar argument (albeit with
different assumptions discussed above) to obtain the time
evolution of halo ellipticity

εðtÞ ¼ ε0
ε0t=τ þ 1

ðD15Þ

where ε0 is the initial ellipticity and τ ¼ R−1
scat is the

scattering time. To compare to Eq. (D14), we write
N ¼ t=τ and ε ¼ 1 −minðq; 1=qÞ to obtain

qðN Þ ¼ 1 −
1 − q0

N jq0 − 1j þ 1
: ðD16Þ

In Fig. 17 (right), we compare these various results for
qðN Þ for different initial anisotropies q0. Our exact and
approximate results (dotted and solid curves, respectively)
are in good agreement, differing by less than 4% for initial
anisotropies shown, which justifies our use of the latter
instead of the former in the context of other systematic
uncertainties in our Jeans modeling. We also show the
results of Eq. (D16) based on Ref. [90] (dashed curves). At
face value, our results show that more extreme halo shapes
(say, ε0 > 0.5) relax more slowly with the onset of collisions
compared to Ref. [90]. However, differences in the assumed
scattering model (Rutherford vs contact interactions) may
also play a role.
Lastly, the results presented so far demonstrate that halo

shapes relax to isotropy in the limit N ≫ 1. However, if
there is an anisotropic baryon potential, the halo may relax
to qiso that may differ from unity. We generalize Eq. (D14)
by the ansatz

logqðN Þ ¼ log qiso þ logðqcdm=qisoÞe−
ffiffi
2

p
N =5; ðD17Þ

satisfying the boundary conditions in Eq. (D1). Further
theoretical support for Eq. (D17) would likely require
controlled numerical simulations, which is beyond the
scope of the present work.

2. Phase space anisotropy

The squashed Jeans model assumes that the collisional
relaxation rate for dark matter’s spatial anisotropy follows

FIG. 17. Left: top panel shows the anisotropy relaxation rate d log q=dN for our simplified model with our small log q approximation
(solid) and exact result (dotted). Bottom panel shows the ratio relative to the exact result. Right: Curves compare our results with those of
Ref. [90], showing how different initial anisotropies q0 ¼ 0.3, 0.5, 1.5, 2.0 (bottom to top) are washed out with increasing number of
collisions N . Solid lines denote our approximate result in Eq. (D14) and dotted curves are corresponding exact results, while dashed
lines are computed from Eq. (D16) following Ref. [90].

16Note vrel ¼ 4ν0=
ffiffiffi
π

p
is the mean relative velocity between

two particles with Maxwell-Boltzmann distributions.

JEANS MODEL FOR THE SHAPES OF SELF-INTERACTING … PHYS. REV. D 114, 023049 (2026)

023049-37



that for its velocity anisotropy, given in the preceding
section, according to the ansatz q ¼ νz=νx. Here we provide
some theoretical justification. Let us suppose that we have
an anisotropic Maxwell-Boltzmann distribution function,

fðr; rÞ ¼ nðrÞ
ð2πÞ3=2ν2xνz

exp

�
−
v2x þ v2y
2ν2x

−
v2z
2ν2z

�
; ðD18Þ

where we have an anisotropic velocity distribution for
νx ≠ νz. We also take a nonspherical spatial distribution,
assuming that the number density nðrÞ ¼ nðreffÞ is a
function of the effective spheroidal radius

reff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2=3ðx2 þ y2Þ þ q−4=3z2

q
ðD19Þ

where q is the spatial shape of the halo.
Next, we suppose that our ansatz in Eq. (D18) is a

stationary state of the collisionless Boltzmann equation.
This requires

v ·
∂f
∂r

þ g ·
∂f
∂v

¼ 0 ðD20Þ

where g ¼ −∇Φ is the gravitational acceleration.
Equation (D20) requires�

vxq2=3x
reff

þ vyq2=3y

reff
þ vzq−4=3z

reff

�
n0

¼
�
gxvx
ν2x

þ gyvy
ν2x

þ gzvz
ν2z

�
n; ðD21Þ

where n0 ¼ ∂n=∂reff . Demanding that Eq. (D21) is satisfied
for any velocity v, we get three separate equations

gx
ν2x

¼ n0xq2=3

nreff
;

gy
ν2x

¼ n0yq2=3

nreff
;

gz
ν2z

¼ n0zq−4=3

nreff
;

ðD22Þ
and we can solve for the ratio

ν2z
ν2x

¼
�
xgz
zgx

�
q2: ðD23Þ

We may calculate g in the multipole expansion and the
leading term in qwill be the monopole term. Since this term
is radial, the term in parentheses in Eq. (D23) will be unity.
Hence, we have νz=νx ≈ q.
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