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Heavy particle effective theory applied to spinning black holes provides a natural framework in which
propagators linearize and numerators exponentiate. In this work, we exploit these two features to
introduce Kerr generating functions, which describe the scattering of any probe on a Kerr black hole
background to all loop orders. These generating functions can be used to perform the tensor reduction of
multiloop integrands simply by differentiation with respect to the spin. As a first application of the Kerr
generating functions, we study the leading nonlinear tidal effects of a neutron star in a Kerr black hole
background. We organize the integrand by the helicity configuration of the exchanged gravitons and
provide compact all-loop-order results for several helicity sectors and a full four-loopOðG5Þ result for the
leading nonlinear tidal operators.
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Introduction. Since the first observation of gravitational
waves from binary coalescence, many new analytical
methods have been developed to describe the two-body
problem. Some are based on perturbative quantum field
theory (QFT) techniques, where scattering amplitudes
provide on-shell, gauge invariant, relativistic, and compact
formulas encoding the dynamics of the two bodies. As is
customary in perturbation theory, gravitational amplitudes
are expanded in the coupling—Newton’s constant
G—while keeping exact dependence on the velocity. This
perturbative series is called the post-Minkowskian (PM)
expansion. Progress in this direction leverages decades of
knowledge from the multiloop QCD precision frontier and
has led to striking predictions in spinless scattering [1–6],
radiation [7–17], and tidal effects [18–22]. This development
comes together with unprecedented progress in the word-
line-based formalism [22–44] and both methods mutually
benefit from each other.
The QFT description of spinning black holes is more

involved due to the intrinsic dynamics of angular momenta.
However, progress has been made in several directions at
both finite and infinite order in spin. A key insight is that the
spin-multipole expansion of a Kerr black hole is described
by heavy higher-spin particles combined with coherent

states to convert the quantum spin into classical spin
[45,46]. High-spin computations are made feasible by
combining the effective field theory for heavy higher-spin
particles, called heavy particle effective theory (HPET),
with on-shell methods [47]. In HPET, the heavy particle
momentum is decomposed into pμ ¼ mvμ þ kμ, and the
mass m is assumed to be much larger than the interaction
scale jkj. A natural expansion in jkj=m immediately follows,
in which propagators linearize and numerators exponen-
tiate. With this new tool, we computed the one-loop
conservative amplitude for two black holes to all spin
orders [48,49], which resummed into Bessel-like functions.
This result makes use of the minimal three-point amplitude
[46,47,50–53] and the spurious-pole-free Compton ampli-
tude [54,55]. The literature on amplitudes for Kerr black
holes is growing rapidly [25,40,42,51–53,55–87]. At finite
order, two and three loops have been obtained up to OðS4Þ
[88–90].
An important aspect of scattering amplitudes is resum-

mation. In certain kinematics limits, one can resum infinite
sets of diagrams and obtain improved results compared to
naive perturbation theory. There are several examples of
well-established resummations in QFT, including in the
eikonal, Regge, soft, and collinear limits. All of them have
been explored in scattering amplitudes for gravitational
waves [91–93]. While the post-Newtonian (PN) expan-
sion—a double expansion in G and the velocity—is the
relevant expansion for the inspiral phase of the two-body
problem, the PM expansion resums the velocity dependence
of the PN expansion, unveiling hidden structures in the
expanded result.
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More recently, a resummation of certain loop topologies,
known as fan diagrams, was understood to capture the
geodesic motion of a probe particle in a background.
Resumming these diagrams to all orders in G reproduces
the zeroth order in the self-force expansion [94–97]. In the
same spirit, when a closed form for all spin orders is present,
hidden patterns are unveiled in simple, compact formulas,
offering insight into the perturbative expansion.
In this work, we explore this resummation, called spin

resummation [48], to high loop orders. We achieve this by
considering the set of Feynman diagrams generated by the
Kerr black hole background as Kerr generating functions
for multiloop integrands. With the use of these functions,
we express the amplitudes in a compact form to all orders in
spin. The spin-resummed results allow us to search for
structure in the amplitudes, and we uncover a hidden
simplicity for a tidal probe in a Kerr black hole background
that extends to all loop orders.
The Letter is organized as follows. First, we describe the

relevant all-loop arbitrary tensor integrals, captured by the
generating functions, relevant for scattering in a Kerr black
hole background. Explicit forms of these functions are
shown in the Ref. [98]. Then, we describe the relevant tidal
operators used to model neutron stars. Finally, the scatter-
ing of neutron stars in a Kerr background is presented,
exposing a hidden simplicity in the result.

Kerr generating functions. In the probe limit, the Kerr black
hole background is generated by three-point spin-exponen-
tiated amplitudes. These amplitudes are not only fascinating
in their own right, but they can be leveraged to perform the
tensor reduction for multiloop integrals. We achieve this by
considering the set of integrands generated by the Kerr black
hole background as Kerr generating functions for multiloop
integrands. As such, we can efficiently perform the tensor
reduction for a high-loop integrand—which would be
unfeasible with traditional methods—simply by differenti-
ating the generating functions with respect to the spin of the
black hole. This work draws inspiration from [99] (see also
[100–102]), and extends this method to all loop orders for
scattering in a Kerr black hole background. Of course, this
also captures the scattering in a Schwarzschild black hole
background by sending the spin of the black hole to zero at
the end of the computation.
The L-loop Kerr generating functions are

GðL;kÞðaÞ≡
Z

d̂Dl1 � � � d̂DlL
1

ð2v1 · l1Þ � � � ð2v1 · l1���LÞ
×

1

l2
1 � � �l2

Lðq − l1���LÞ2
exp½l1���k · a�; ð1Þ

where l1���n ¼ l1 þ l2 þ � � � þ ln and d̂Dli ¼
dDli=ð2πÞD. The index k labels the helicity sector and
0 ≤ k ≤ Lþ 1, a is the ring radius of the Kerr black hole, v1

is the velocity of the black hole, and q is the transferred
momentum. The relevant multitriangle diagram is shown in
Fig. 1. This generating function describes any scattering in a
Kerr black hole background.
We compute this integral recursively and obtain the

compact expression

GðL;kÞðaÞ ¼
X∞
i;j¼0

cðL;kÞi;j
ðQ=16Þi

i!
ðq · a=2Þj

j!
IL△; ð2Þ

where Q ¼ ðq · aÞ2 − q2a2 and IL△ is the L-loop scalar
multitriangle integral

IL△ ¼ 1

2LðLþ 1Þ!
Γ½d�Lþ1Γ½1 − dL�

ð4πÞðdþ1ÞLΓ½ðLþ 1Þd� ðq
2ÞdL−1 ð3Þ

where d ¼ ðD − 3Þ=2. We have dropped other master
integrals that do not have the appropriate pole structure
to contribute to the classical limit.
Equation (2) is useful because we have a closed-form

expression for the coefficients which depend on the loop
order L and the kth helicity sector of the scattering
amplitude. The coefficients are

cðL;kÞi;j ¼ 22iþjðdðLþ 1 − kÞÞiðdkÞiþj

ðdLÞiðdðLþ 1ÞÞ2iþj

× 3F2

��
dðLþ 1 − kÞ þ i; 1−j

2
;− j

2

dLþ i; 1 − dk − i − j

�
; 1

�
; ð4Þ

where ðxÞn is the rising Pochhammer symbol. The coef-
ficients for the k ¼ 1 sector simplify to

cðL;1Þi;j ¼ 1

ðd þ 1=2Þi
ð2dÞ2iþj

ðdðLþ 1ÞÞ2iþj
: ð5Þ

One can directly notice the simplicity at one-loop order,
where the second fraction cancels out.
All tensor integrals can be generated by taking deriva-

tives with respect to a. The spin of the black hole satisfies
the spin supplementary condition, v1 · a ¼ 0. Because of
this, the spin derivatives project the tensor result onto the
three-dimensional space orthogonal to v1. Some important

FIG. 1. Multitriangle diagram for the scattering of a neutron
star in a black hole background. This class of diagrams serves
as a generating function for scattering in a Kerr black hole
background.
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properties of the Kerr generating functions are that they
vanish under the following operations

∂a · ∂aðGðL;1ÞðaÞÞ ¼ 0 ¼ v1 · ∂aðGðL;kÞðaÞÞ ð6Þ

up to other master integrals which are irrelevant for our
classical computations.
As a first application of these generating functions, we

consider a tidal probe in a Kerr black hole background. To
organize our expressions, we define the operator

Dða;b;c;dÞ ≡
�
2
ðv2 · ∂aÞ2

4q2
þ ð2γ2 − 1Þ∇� · ∂a

4q2

�
a

×

�
γ2

ðv2 · ∂aÞ2
4q2

þ γ2ðγ2 − 1Þ

×

�
∂
2
a

4q2
−
ðq · ∂aÞ2
4q4

��
b
�∇2

�
4q2

�
c
�
∂
2
a

4q2

�
d

ð7Þ

where ∇μ
� ¼ ∂

μ
a ∓ 2qμ and γ ¼ v1 · v2. The differential

operators act on the Kerr generating functions to form

KðL;kÞ
ða;b;c;dÞ ¼

X
�
e∓q·aDða;b;c;dÞGðL;kÞð�2aÞ; ð8Þ

K̃ðL;kÞ
ða;b;c;dÞ ¼ iγεðv1v2q∂aÞKðL;kÞ

ða;b;c;dÞ; ð9Þ

which are relevant for the even-in-spin and odd-in-spin
amplitudes, respectively. The Levi-Civita symbol appears
because the spin vector is defined in D ¼ 4. For the k ¼ 0
sector, the amplitudes are expressed in terms of

KðL;0Þ ≡ 1

4
coshðq · aÞ

× lim
a→0

�
KðL;1Þ

ð0;0;Lþ1;0Þ − 2KðL;1Þ
ð0;0;L;0Þ þ KðL;1Þ

ð0;0;L−1;0Þ
	
:

ð10Þ

For the tidal probe, we need only a limited set of these
functions. For example, for the one- and two-loops result,

we need Kð1;1Þ
ða;b;0;0Þ and Kð2;1Þ

ða;b;1;0Þ up to ðaþ 2bÞ ¼ 2,

respectively. In [98], we list the relevant KðL;1Þ
ða;b;L−1;0Þ

functions used for the next-to-maximally helicity violating
(NMHV) amplitudes in this work. In the simple case of
L ¼ 1 and k ¼ 1, we recover the hypergeometric function
obtained in [48,49] for the scattering of two black holes at
one-loop order but to all orders in spin;

Kð1;1Þ
ð0;0;0;0Þ ¼ 0F̃1

�
1;
Q
4

�
; ð11Þ

where 0F̃1 is the regularized confluent hypergeometric
function, which is closely related to Bessel functions.

Further spin-derivatives will lead to the function

0F̃1ðnþ 1; Q
4
Þ. In this case, the dependence on ðq · aÞ is

exactly canceled from the generating functions, leaving
only the dependence on Q. Thus, the shift symmetry of
black hole scattering at one loop is manifest [54,69]. At L
loops, the Kerr generating functions can be written as
Kampé de Fériet generalized hypergeometric functions.

Neutron stars. We model the neutron star by considering
tidal operators constructed out of the electric and magnetic
components of the gravitational field,

Eμν ¼ Cμανβvαvβ; Bμν ¼
1

2
ϵαβγμCαβ

δνvγvδ; ð12Þ

whereCμνρσ is theWeyl tensor and vμ is the four-velocity of
the neutron star. The complete infinite tower of tidal
operators for scalar particles was obtained in [19] and
for spin-1

2
in [20]. Here, for the L-loop computation, we will

focus on the tidal operator built from the electric compo-
nent of the Weyl tensor,

OðLÞ
tidal ¼ cELþ1φ2tr½ELþ1�

≡ cELþ1φ2Eμ1μ2E
μ2μ3Eμ3μ4 � � �EμLþ1μ1 : ð13Þ

The results for general tidal operators with both electric and
magnetic components of the Weyl tensor are presented in
[98]. These are the leading nonlinear tidal operators for
neutron stars. These tidal operators are not special per se,
and they will mix with other tidal operators at higher loops
[103]. Nevertheless, they will serve as a testing ground for
the application of the Kerr generating functions.

Scattering of Kerr black holes and neutron stars. Using the
Kerr generating functions, we compute the leading scatter-
ing of a neutron star with mass m2, velocity v2, and
nonlinear tidal operator φ2RLþ1 in a Kerr black hole
background with mass m1, velocity v1, and ring radius a.
In this work, we present the one-, two-, three-, and four-loop
results for the operators given in Eq. (13). The result for
general tidal operators is given in [98].
As we will see, the leading effects of these tidal operators

share a remarkably similar structure, which is obscured
without the use of the Kerr generating functions. These
results extend the computations in [18], which considered
the same leading nonlinear tidal operators, but in a
Schwarzschild background. It is convenient to split the
L-loop amplitude into even and odd powers in spin,

Mφ2RLþ1 ¼ 2m1cELþ1

�
κ2m1q2

16

�
Lþ1

ðMeven
φ2RLþ1 þModd

φ2RLþ1Þ:

ð14Þ
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The results for the other the general tidal operators are
obtained from simple shifts of Wilson coefficients of the
results for φ2ELþ1, as described in [98]. Of course, the full
L-loop amplitude contains pieces beyond the ones we
consider here, such as the insertion of multiple tidal
operators and high-order corrections to the leading-order
results for each tidal operator.
We compute the amplitude from on-shell unitarity cuts

and sum over the helicities of the exchanged gravitons.
Because of this, we can further decompose the even-in-
spin and odd-in-spin amplitudes into the different helicity
sectors. As we will see, this decomposition is useful since
the different helicity sectors of the amplitude expose
hidden structure in the final result. In the case when all
internal gravitons have the same helicity, say positive
helicity, we call it the maximally helicity violating (MHV)
amplitude. Correspondingly, the amplitude with mostly
positive and k negative helicity gravitons, we name the
NkMHV amplitude. At L loops, the sum over the helicity
sectors is

Meven
φ2RLþ1 ¼

XbL=2c
k¼0

Meven;ðkÞ
φ2RLþ1 ; ð15Þ

and similar for the odd-in-spin amplitude. For example, at

one-loop order we haveMeven;ð0Þ
φ2R2 ¼ Meven;þþ

φ2R2 þMeven;−−
φ2R2

and Meven;ð1Þ
φ2R2 ¼ Meven;þ−

φ2R2 þMeven;−þ
φ2R2 . The counting of

the helicity sectors follows the same pattern as the self-
force expansion in that we only need one new ingredient
for every second loop order. At tree-level, only the MHV
amplitude contributes. At one and two loops, the NMHV
amplitude is also needed. For three and four loops, we also
need the N2MHV amplitude, etc.
The MHV amplitudes are particularly simple. The odd-

in-spin amplitude vanishes, while the even-in-spin ampli-
tude is fully captured by a hyperbolic cosine stemming
from the spin-exponentiated three-point amplitudes. The
L-loop MHV amplitudes are

Meven;ð0Þ
φ2RLþ1 ¼ cLKðL;0Þ; ð16Þ

where cL is given in Table IV and KðL;0Þ was defined in
Eq. (10). For example, at one loop the result is
Kð1;0Þ ¼ 1=2 coshðq · aÞI1△. Given the integrand structure,
the MHV amplitude is independent of γ, making it sub-
leading in the high-energy limit, where γ → ∞.
Moving to the NMHV amplitudes, the loop integrand

will now contain an exponential factor of the loop inte-
gration variable. Thus, we need to tensor reduce an infinite
number of tensor integrals. Of course, this is precisely
captured by the Kerr generation functions. The L-loop
NMHV amplitudes are simply

Modd;ð1Þ
φ2RLþ1 ¼ 4dLK̃

ðL;1Þ
ð1;0;L−1;0Þ; ð17Þ

Meven;ð1Þ
φ2RLþ1 ¼ dL

n
KðL;1Þ

ð2;0;L−1;0Þ − 4KðL;1Þ
ð0;1;L−1;0Þ

o
: ð18Þ

Lastly, the L-loop N2MHV amplitudes are

Modd;ð2Þ
φ2RLþ1 ¼ −eL

�
1

2
K̃ðL;2Þ

ð3;0;L−3;0Þ − 2K̃ðL;2Þ
ð1;1;L−3;0Þ

�

− 6

�
fL −

13

108
eL

�
K̃ðL;2Þ

ð1;0;L−2;1Þ; ð19Þ

and

Meven;ð2Þ
φ2RLþ1 ¼þgLK

ðL;2Þ
ð0;0;L−1;2Þ

þeL

�
1

8
KðL;2Þ

ð4;0;L−3;0Þ−3KðL;2Þ
ð2;1;L−3;0Þþ2KðL;2Þ

ð0;2;L−3;0Þ

�

þ3

�
fL−

13

108
eL

�n
KðL;2Þ

ð2;0;L−2;1Þ−4KðL;2Þ
ð0;1;L−2;1Þ

o
:

ð20Þ

The overall coefficients cL, dL, eL, fL, and gL are

Loop L cL dL=cL eL fL=eL gL=eL

1 8 1 � � � � � � � � �
2 3 3 � � � � � � � � �
3 16

35
4 27

16
16
27

227
24

4 1
42

5 120
77

61
108

7
8

In the spinless limit, we find perfect agreement with the
literature [18].
With these results in hand, we can make several

observations. First, the amplitude is written in a remarkably
simple form, with the spin dependence of the black hole
resummed to all orders. These are the first higher-loop
results of spin resummation for processes involving neutron
stars. Previous one-loop results for spin resummation of
black hole scattering are given in [48,49].
Second, the shift symmetry conjectured for black holes

in [54,69] is broken by the presence of a tidal probe in
general. However, at one loop the sole culprit is the MHV
even-in-spin amplitude. By using the results in [98] and
fixing the Wilson coefficients to the values cB2 ¼ cE2 , we
recover the shift symmetry for the full one-loop amplitude.
The result is then expressed in terms of the same hyper-
geometric function, Eq. (11), which enters in the analogous
result for black holes.
Lastly, by fixing the Wilson coefficients to special

values, the leading terms in the high-energy limit cancel
and thus the amplitude exhibits an improved high-energy
behavior. Reference [104] showed that with the choice of
coefficients cB2 ¼ −cE2 at one loop one obtains the

Kretschmann scalar Oð1Þ
Kr ≡ tr½E2� − tr½B2�, which is
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invariant under boosts. In general, it is possible to tune the
coefficients such that the odd-in-spin amplitude vanishes
and the even-in-spin amplitude becomes independent of γ.
These operators generalize the Kretschmann scalar up to
four loops,

Oð1Þ
Kr ¼ tr½E2� − tr½B2�;

Oð2Þ
Kr ¼ tr½E3� − 3tr½EB2�;

Oð3Þ
Kr ¼ tr½E4� þ tr½B4� − 4tr½E2B2� − 2tr½EBEB�;

Oð4Þ
Kr ¼ tr½E5� þ 5tr½EB4� − 5tr½E3B2� − 5tr½EBEBE�:

These operators are invariant under boosts because they do
not have any dependence on the velocity of the neutron star.
Moreover, they are nonzero only in the MHV sector. Our
amplitude-based computations make both these properties
manifest.

Eikonal phase. To make use of our all-spin amplitudes, we
compute the eikonal phase defined as

χðkÞ
φ2RLþ1 ¼ 1

4m1m2

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
Z

dD−2q
ð2πÞD−2 e

ib·qMðkÞ
φ2RLþ1 : ð21Þ

By focusing on the tidal scattering of the generalized
Kretschmann scalars defined above, our computation
simplifies dramatically; the spin dependence is fully
captured by coshðq · aÞ. We exploit this fact by writing
the Kretschmann eikonal phase in an alternate form linked
to the Newman-Janis shift [105];

χKr ¼
1

2

X
�

χðk¼0;s¼0Þ
φ2RLþ1 ðb ∓ iaÞ; ð22Þ

where χðk¼0;s¼0Þ
φ2RLþ1 ðbÞ is the MHV eikonal phase defined in

Eq. (21) in the spinless limit. The spinless MHV eikonal
phase in D ¼ 4 is

χðk¼0;s¼0Þ
φ2RLþ1 ¼ cELþ1cLðκ2m2

1=16ÞLþ1

4m1m2

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
�

1

πb2

�3L
2
þ1

×
ð−1ÞLþ1πL=2Γ½3L

2
þ 1�2

3Γ½L�Γ½Lþ 2�
�
δL;1 þ

4

ð9L2 − 1Þ
�
:

ð23Þ

The MHV eikonal is obtained from the amplitude in
Eq. (16) together with the overall factors in Eq. (14).

Conclusion. We derived the Kerr generating functions,
which describe any scattering in a Kerr black hole back-
ground with the spin resummed into compact expressions.
As a first application of these generating functions, we
computed the leading nonlinear tidal deformations of a
neutron star in a Kerr black hole background up to four
loops. As a by-product of this computation, we uncovered
a hidden simplicity in the final result, where the spin-
resummed amplitudes at various loop orders in a given
helicity sector are captured by the same Kerr generating
functions, a property that extends to all loop orders.
High-loop, high-spin computations are difficult due to

the complexity in the computations. Using the traditional
pipeline of integration-by-parts identities to reduce the
integrands encountered into master integrals quickly
becomes unfeasible for high-spin computations. Here
we present an alternative. By expressing the integrands
in terms of the Kerr generating functions, we have
simplified the problem into the problem of obtaining these
generating functions. At leading order in the self-force
expansion, these generating functions are fully captured by
Eq. (2) to all loop orders. We expect that this new
organization of the computation will also make the full
computation of the scattering of two black holes at higher
loops and higher spin orders trackable. We leave this for
future work.
Some manipulations were performed with the help of

FEYNCALC [106–108].
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