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We demonstrate the use of the gradient flow combined with the short flow-time expansion (GFþ SFTX)
as a renormalization procedure for four-quark operator matrix elements and associated bag parameters
relevant to neutral heavy-meson mixing (ΔQ ¼ 2) and heavy-meson lifetimes (ΔQ ¼ 0). Using six RBC/
UKQCD 2þ 1-flavor domain-wall fermion ensembles, we calculate for a charm-strange system with
physical quark masses flowed bag parameters and match them to the MS scheme using perturbative SFTX
coefficients up to next-to-next-to-leading order in QCD. We employ a multiscale matching strategy
and a renormalization-group improved flow-time evolution which allows for a reliable estimate of
systematic uncertainties. For a fictitious neutral Ds meson, we obtain the ΔQ ¼ 2 MS bag parameter

BMS
1 ð3 GeVÞ ¼ 0.7673ð123Þ, consistent with existing short-distance D0 mixing determinations. For

the ΔQ ¼ 0 lifetime-ratio operator basis, we find the MS results BMS
1 ð3 GeVÞ ¼ 1.0524ð97Þ,

BMS
2 ð3 GeVÞ ¼ 0.9621ð71Þ, ϵMS

1 ð3 GeVÞ ¼ −0.2275ð76Þ, and ϵMS
2 ð3 GeVÞ ¼ −0.0005ð8Þ. We provide

conversion formulae to reexpress these results for an arbitrary choice of evanescent operators. These results
demonstrate that GFþ SFTX can deliver precise determinations of dimension-six four-quark operators and
establish a framework for future lattice computations including more complex operator bases, where the
challenge of power-divergent mixing is shifted to the continuum and handled in the SFTX.

DOI: 10.1103/47j9-h8s5

I. INTRODUCTION

The physics of heavy hadrons involves short- and long-
distance contributions from QCD. Using effective field
theories such as the heavy-quark expansion (HQE), they
can be factorized into perturbative Wilson coefficients and
matrix elements of composite operators which need to be
evaluated using nonperturbative methods. In particular, the

mixing and decay processes of heavy mesons, which are at
the focus of this paper, are mediated by four-quark operators
of mass-dimension six, carrying a net heavy-quark flavor
quantum number ofΔQ ¼ 2 andΔQ ¼ 0, respectively. The
relevant hadronic matrix elements are typically parameter-
ized by so-called bag parameters. Their combination with
the perturbative Wilson coefficients requires a common
renormalization scheme, which presents one of the main
obstacles in the theoretical description of these processes.
The calculation of bag parameters for neutral meson

mixing is rather well established using numerical lattice
QCD simulations [1–14]. Both perturbative [15,16] and
nonperturbative [4,17–19] renormalization procedures have
been used in the past. While percent-level precision [20]
has been reached for the Standard Model (SM) operator
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describing neutral kaon-mixing, results for beyond Standard
Model operators are in tension between the ETM
Collaboration (ETMC) [10] and the determinations by the
SWME [3] and RBC/UKQCD [6,21] Collaborations.
SWME uses a perturbative renormalization scheme, whereas
both ETMC and RBC/UKQCD perform a nonperturbative
renormalization requiring gauge fixing, referred to as
regularization-independent momentum-subtraction (RI-
MOM). It has been suggested that the difference between
ETMC and RBC/UKQCD originates from differently
chosen kinematics in their RI-MOM schemes [19].
Currently most precise results for the SM mass-difference
operator by the Fermilab/MILC [13] and HPQCD [14]
Collaborations exhibit some tension as well; they both rely
on perturbative renormalization using the MS-NDR
scheme.1 An independent theoretical approach to meson
mixing would certainly help to clarify this situation. It is the
aim of this paper to provide such an approach by considering
the short-distance contribution toDmeson mixing, allowing
us to compare to few-percent-level results which have been
obtained by ETMC [9,10] and Fermilab/MILC [12].
Concerning the theoretical description of heavy-meson

decays, one faces two major additional challenges. First,
so-called “eye diagrams” occur whose lattice calculation is
known to be numerically expensive. Subsequently, the
renormalization of the ΔQ ¼ 0 operators introduces a
mixing with operators of lower mass dimension, which
on the lattice implies power divergences in 1=a. While
different strategies to calculate eye diagrams have been
already pursued [23,24], the mixing of operators with lower
mass dimensions remains one of the outstanding chal-
lenges. Recently, a gauge-invariant renormalization scheme
has been proposed [25], and for the special case of four-
quark operators using the static heavy-quark approximation
an approach using position-space renormalization has been
suggested [26]. Nevertheless, to date no lattice-QCD
determination of the corresponding bag parameters with
full error budget exists, despite some early works [27–29]
as well as preliminary work [30] in the static limit.
To a good approximation, both the issue of the eye diagrams

as well as the mixing with lower-dimensional operators
can be eliminated by considering lifetime ratios rather than
absolute lifetimes. However, even in this case, no determi-
nation of the bag parameters is available whose accuracy
would be at the level of current experimental precision.
We evaluate bag parameters with the help of the gradient

flow [31–34] in combination with the short flow-time
expansion (SFTX) [35–37].2 The gradient flow (GF) pro-
vides a gauge-invariant, UV-finite definition of composite
operators, while the SFTX allows one to convert the

corresponding matrix elements to the MS scheme. The
window condition for the involved length (or mass) scales
implied by this procedure is found to be comfortably
fulfilled in our case. We claim that the GFþ SFTX
procedure is suitable for high-precision determinations of
various hadronic quantities since it decreases discretization
effects in the lattice calculation and has an easily-attainable
matching condition to the MS scheme. This is supported by
recent applications of this procedure to the determination of
renormalized strange and charm quark masses [39] and
parton distribution functions [40–44], as well as earlier work
on the determination of thermodynamical quantities based
on the energy-momentum tensor [45,46], for example.
We will apply the GFþ SFTX method to Ds mesons

which provide an ideal heavy-light laboratory for establish-
ing the method. This has the advantage that in a fully
relativistic setup both charm and strange quark can be tuned
to their physical masses avoiding extrapolations in the mass
or the use of effective actions. In addition, heavy-meson
matrix elements warrant the use of a massive renormaliza-
tion scheme to ensure a sufficient separation of scales,
which typically poses additional challenges; alternative
approaches to this challenge have been discussed in
Refs. [47,48]. Moreover, heavy-light mesons exhibit a rich
phenomenological structure, and further insight on the
validity of the heavy-quark expansion for charm quarks
is highly desired. Sum-rules techniques have been used by
Ref. [49] to compute results forDmesons and thus provide
a comparison point for our results. They use the heavy-
quark effective theory (HQET) before matching to QCD for
both D and B mesons which allows for an additional
evaluation on the applicability of HQET for the charm
quark, since it is much lighter than the bottom quark.
It is well known that the bag parameters in the MS

scheme still have a residual scheme ambiguity related to the
choice of so-called evanescent operators which are an
intrinsic artifact of dimensional regularization. Any depend-
ence on this choice will cancel in the combination of the bag
parameters with the corresponding Wilson coefficients,
which, therefore, need to be evaluated in the same scheme.
We will present our final results for one specific scheme
choice in this paper, but also provide conversion formulae to
virtually arbitrary other schemes in Appendix B.
The remainder of this paper is organized as follows. We

will first motivate our calculation with a discussion of the
phenomenology of heavy mesons in Sec. II, before intro-
ducing the GFþ SFTX formalism in Sec. III. The GFþ
SFTX method is based on three major components, all of
which will then be provided in this paper. The first one is
understanding the perturbative matching matrix between
flowed and unflowed operators, whose calculation will be
presented in Sec. IV; the second component is the lattice
evaluation of matrix elements of flowed operators and their
extrapolation to the continuum—details for this will be
described in Secs. V and VI; and the third component is the
extrapolation of the product of the first two components to

1Joint work by RBC/UKQCD and JLQCD using RI-(S)MOM
renormalization is ongoing [22].

2Preliminary work towards a similar application of this topic was
presented by the WHOT QCD Collaboration at Lattice 2019 [38].
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vanishing flow time. For this latter part, we have developed a
robust procedure which takes into account various system-
atic uncertainties (see Sec. VII) where also other sources of
systematic effects are considered. We give our final results in
the context of phenomenology in Sec. VIII, then Sec. IX
presents our conclusions. Preliminary results have been
presented in Refs. [50–52] and we highlight phenomeno-
logical importance of the obtained results for heavy-meson
lifetimes in Ref. [53].

II. HEAVY-MESON PHENOMENOLOGY

Charm and bottom quarks are of special phenomeno-
logical interest. Due to their large mass, a plethora of decay
modes exist which may be affected by physics beyond the
SM. Studying the decays of heavy-light mesons containing
one heavy quark Q is particularly promising due to the
precise experimental results available, building on a long
history of measurements from dedicated flavor factories as
well as general-purpose collider programs.
From a theory perspective, the hadron’s decay rate is

largely dominated by the free weak decay of the heavy
quark Q, while bound-state effects are suppressed by the
heavy-quark mass. They can be consistently taken into
account using the HQE [54,55], which is an operator
product expansion (OPE) [56,57] based on the hierarchy
ΛQCD ≪ mQ, where ΛQCD is the QCD confinement scale
and mQ is the heavy quark mass. In the following general
discussion,H denotes a (neutral) heavy-lightD or Bmeson,
i.e. the heavy quark Q is either a charm or bottom quark,
whereas the light quark q can be up, down, or strange.
Focusing on dimension-six four-quark operators, we discuss
two interesting sectors of heavy quark phenomenology: the
mixing of neutral mesons with their antiparticles (via ΔQ ¼
2 operators), and spectator effects in the decay of heavy
mesons (via ΔQ ¼ 0 operators).

A. Neutral heavy-meson mixing

For a neutral meson H (with quark content Qq̄), the box
diagrams shown in Fig. 1 induce the mixing with its
antiparticle H̄ (with quark content Q̄q). The time evolution
of this mixing is described by

i
d
dt

� jHðtÞi
jH̄ðtÞi

�
¼
�
M̂ −

i
2
Γ̂
�� jHðtÞi
jH̄ðtÞi

�
: ð1Þ

Diagonalizing the matrices M̂ and Γ̂ leads to the heavy-
(HH) and light- (HL) mass eigenstates of the system. The
differences in the mass and decay rates of HH and HL are
determined by the off diagonal elements of the dispersive
matrix M̂ and absorptive matrix Γ̂, respectively,

ΔM ¼ 2jM12j; ΔΓ ¼ 2jΓ12j cosϕ12; ð2Þ

where ϕ12 ¼ argð−M12=Γ12Þ. The mass differences ΔM
are well measured by experiments; in particular, after a rich

history of measurements [58–105], they have reached
subpercent level precision for Bd mesons and subpermille
level precision for Bs mesons, while D0 mixing, which
occurs at much lower frequencies, is measured with 10%
level accuracy. The world averages of the mass differences
as determined by the heavy-flavor averaging group
(HFLAV) [106] are

ΔMBd
¼ 0.5069� 0.0019 ps−1;

ΔMBs
¼ 17.765� 0.006 ps−1;

ΔMD0 ¼ 9.4� 1.1 ns−1: ð3Þ

Theoretically, the off diagonal elements M12 and Γ12 in
Eq. (2) can be expressed as

2MH

�
M12 −

i
2
Γ12

�
¼ hHjHΔQ¼2

eff jH̄i

þ
X
n

hHjHΔQ¼1
eff jnihnjHΔQ¼1

eff jH̄i
MH − En þ iϵ

;

ð4Þ

where MH refers to the average mass of the meson H, and
HΔQ¼1

eff , HΔQ¼2
eff denote weak effective Hamiltonians con-

sisting of ΔQ ¼ 1 and ΔQ ¼ 2 operators. The sum over n
represents all possible states which the meson H can decay
into with energy En. While the first term only contributes to
M̂, the second term contributes to both M̂ and Γ̂ in Eq. (4).
The interactions incorporated in the second term are
inherently long distance, and their proper calculation
presents a significant challenge (for an overview in the
context of D mesons, see Ref. [107], and for a proposed
strategy to tackle this problem with lattice QCD, see
Ref. [108]). For the mass differences ΔM of B mesons,
these long-distance effects are negligible [107,109], how-
ever they are in fact the dominant contribution for D
mesons. It also follows that these long-distance interactions
generate the decay-rate difference ΔΓ for all heavy mesons.
Nevertheless, in the context ofΔM, our focus in this paper

is on the ΔQ ¼ 2 effective Hamiltonian. Its matrix elements
are formed from short-distance operators inserted between
clearly-defined meson states which are well suited to be

FIG. 1. SM box diagrams contributing to neutral-meson mixing
(top). After integrating out the heavy electroweak degrees of
freedom, this is represented by a pointlike ΔQ ¼ 2 four-quark
operator (bottom). The diagrams were produced with the help of
FEYNGAME [110,111].
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extracted on the lattice. In the SM, this Hamiltonian yields a
contribution from a single ΔQ ¼ 2 operator,3 namely

Q1 ¼ ðQ̄γμð1 − γ5ÞqÞðQ̄γμð1 − γ5ÞqÞ; ð5Þ

whose Wilson coefficient is known to next-to-leading order
(NLO) [112,113]. First estimates of the matrix element of
this operator used the vacuum insertion approximation
(VIA), which assumes that the matrix element of any
four-quark operator is saturated by the intermediary vacuum
state between two quark bilinears, i.e.

hHjOjH̄i ¼VIAhHjQ̄iCijΓ1qjj0i ·h0jQ̄kCklΓ2qljH̄i; ð6Þ

where Γ1 and Γ2 are the Dirac structures of each bilinear in
the four-quark operator and Cij and Ckl represent generic
color structures such as δij or TA

ij for fundamental color
indices i, j, k, l and adjoint index A. For example, if we
consider the VIA for operator Q1 from Eq. (5), first we can
identify the matrix element of the two (identical) quark
bilinears as

hHðp⃗ÞjQ̄γμð1 − γ5Þqj0i ¼ −ifHpμ; ð7Þ

which is just the matrix element of the axial-vector current.
Then, the matrix element of Q1 in the VIA is given by

hHjQ1jH̄i ¼VIA
8

3
f2HM

2
H; ð8Þ

where the additional factor 8=3 accounts for spin and color
algebra. Beyond the VIA, an additional hadronic quantity is
introduced which parametrizes the deviation of the true
matrix element from Eq. (6). This is the bag parameter,
BH
1 ðμÞ, which carries a dependence on the renormalization

scale μ. The full matrix element of Q1 is then given as

hHjQ1jH̄iðμÞ ¼
8

3
f2HM

2
HB

H
1 ðμÞ; ð9Þ

which is parametrized in terms of the decay constant fH, the
mass MH, and the bag parameter BH

1 ðμÞ. By comparing
Eqs. (8) and (9), one can see that in the VIA, BH

1 ðμÞ ¼ 1.
Since the meson mass MH is precisely measured [114] and
the decay constant is well predicted from nonperturbative
methods [20], it is convenient to focus our efforts on
calculating the bag parameter in order to contribute to the
precise determination of the four-quark matrix element.
The bag parameter BH

1 ðμÞ has been determined for both
neutral B and D mesons using sum rule techniques in
HQET [115–118], and also from lattice QCD calculations

[1,5,8–10,12–14,22]. Beyond mass-dimension six, the
matrix elements of the dimension-seven four-quark oper-
ators have been explored in lattice QCD by the HPQCD
Collaboration [119] using tree-level matching between
lattice and the MS scheme.

B. Heavy-meson lifetimes

The lifetimes of heavy mesons have received much
attention from various experiments over the years,
leading to high-precision results for B mesons
[63,73,74,77,85,89,120–174] as well as for D mesons
[169,175–186]. Concerning B mesons, HFLAV [106] com-
bines these results to find

τðB0Þ ¼ 1.517� 0.004 ps;

τðBþÞ ¼ 1.638� 0.004 ps;
τðBþÞ
τðB0Þ ¼ 1.076� 0.004;

τðB0
sÞ ¼ 1.516� 0.006 ps;

τðB0
sÞ

τðB0Þ ¼ 1.0021� 0.0034;

ð10Þ

while the D-meson measurements are combined by the
Particle Data Group (PDG) [114] to give

τðD0Þ ¼ 0.4103� 0.0010 ps;

τðDþÞ ¼ 1.033� 0.005 ps;
τðDþÞ
τðD0Þ ¼ 2.518� 0.014;

τðDþs Þ ¼ 0.5012� 0.0022 ps;
τðDþs Þ
τðD0Þ ¼ 1.2215� 0.006:

ð11Þ

The decay rate of a heavy-meson H is given by Γ̂11 of
Eq. (1), which, similar to Eq. (4), can bewritten as the sum of
the decay of H to all possible final states n,

ΓH ¼
1

2MH

X
n

Z
PS
ð2πÞ4δð4ÞðpH − pnÞjhnjHΔQ¼1

eff jHij2;

ð12Þ

where HΔQ¼1
eff is the weak effective Hamiltonian describing

the decay of the heavy quark Q, and
R
PS denotes the phase-

space integral for each final state n. Via the optical theorem,
this expression can be related to the imaginary part of the
forward-scattering amplitude. The corresponding “transition
operator”

T ΔQ¼0 ¼ i
Z

d4xTfHΔQ¼1
eff ðxÞHΔQ¼1

eff ð0Þg ð13Þ

has ΔQ ¼ 0, because it mediates between two identical
external states. In turn, the total decay rate of H can be

3The SM prediction of ΔΓ inherits two more four-quark
operators of the ΔQ ¼ 2 Hamiltonian by applying the HQE to
the long-distance term [109].
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reexpressed as

ΓH ¼
1

2MH
ImhHjT ΔQ¼0jHi: ð14Þ

In the limit where the heavy quark Q is infinitely heavy, the
decay rate of the heavy hadron is identical to the decay rate
of the free heavy quark. The HQE allows one to system-
atically include corrections to this infinite mass limit. By
assuming that the heavy quark Q inside the meson interacts
with the light degrees of freedom via momentum exchanges
OðΛQCDÞ≪ mQ, one can see that the heavy quark’s
momentum will be dominated by its mass and can thus
be decomposed as

pμ
Q ¼ mQvμ þ kμ; ð15Þ

where vμ is the meson velocity and kμ ∼OðΛQCDÞ is the
residual momentum stemming from nonperturbative inter-
actions with the meson’s light degrees of freedom. The
heavy-quark field can therefore be rescaled as

QðxÞ ¼ e−imQv·xQvðxÞ; ð16Þ

such that the field QvðxÞ contains only low frequencies of
order k. From here on, when discussing heavy quark fields,
we are referring to this rescaled field QvðxÞ. This allows us
to perform a second OPE upon the transition operator
T ΔQ¼0 of Eq. (13) via the small parameter
ΛQCD=mQ ≪ 1,4 which expresses the decay rate as

ΓH ¼ Γ3 þ � � � þ 16π2
�
Γ6

hO6i
m3

Q
þ Γ7

hO7i
m4

Q
þ � � �

�
; ð17Þ

where, for each mass-dimension d, Γd are short-distance
coefficients computed in perturbation theory, and hOdi≡
hHjOdjHi=2MH are the matrix elements of the operators of
the ΔQ ¼ 0 effective Hamiltonian. The free decay of the
heavy quark Q is described by the leading term Γ3, while
corrections arise starting atOð1=m2

QÞ, induced by two-quark
operators of mass-dimension five, contained in the first
ellipse of Eq. (17); see Ref. [188] for an overview. The four-
quark operators Od, which are of interest here, first arise at
mass-dimension six, and carry a relative factor of 16π2 from
loop enhancement compared to the two-quark operators; see
e.g. Ref. [189]. Their Wilson coefficients Γ6=7 are known to
NLO [190–196] and leading order (LO) [197,198] respec-
tively. In the SM, the ΔQ ¼ 0 four-quark operators appear-
ing at mass-dimension six are5

O1 ¼ ðQ̄γμð1 − γ5ÞqÞðq̄γμð1 − γ5ÞQÞ;
T1 ¼ ðQ̄γμð1 − γ5ÞTAqÞðq̄γμð1 − γ5ÞTAQÞ;
O2 ¼ ðQ̄ð1 − γ5ÞqÞðq̄ð1þ γ5ÞQÞ;
T2 ¼ ðQ̄ð1 − γ5ÞTAqÞðq̄ð1þ γ5ÞTAQÞ; ð18Þ

where TA are the generators of SU(3) color. Feynman
diagrams illustrating the line of reasoning from the SM
description of the heavy-meson decay to the HQE formu-
lation are shown in Fig. 2. When considering absolute
lifetimes, however, so-called eye diagrams also contribute;
see Fig. 3. On the lattice, their signal-to-noise ratio is
notoriously challenging. In addition, the calculation of
absolute lifetimes involves contributions from lower-dimen-
sional operators, indicated by the right diagram in Fig. 3,
implying power divergences on the lattice. They also require
significantly increased efforts on the perturbative side due to
the mixing with unphysical operators. However, both of
these types of contributions cancel when considering life-
time ratios in the limit of isospin (or SUð3ÞF) symmetry; see
e.g. Ref. [49]. Furthermore, the bag parameters contributing
to absolute lifetimes have been computed in HQET within
the sum-rule framework of Refs. [199,200]. In those studies,
the eye-diagram contributions in HQET were found to be
Oð0.2%Þ, and we assume that their magnitude does not
change significantly when going from HQET to full QCD.
For the sake of this first study, we will therefore focus on the
assumption of SUð3ÞF symmetry, thus avoiding the asso-
ciated technical problems. Nevertheless, our method should
be applicable also for absolute lifetimes, as wewill discuss in
more detail below.
Continuing with the operators of Eq. (18), in analogy to

Eq. (9), their matrix elements are parametrized in terms of
the decay constant fH, quark and hadron masses mq, mQ,

FIG. 2. Imaginary part of aΔQ ¼ 0 box diagram in the SM (top
left). After integrating out the W bosons, this is described by a
double insertion of the resulting ΔQ ¼ 1 effective weak Ham-
iltonian (top right) which can be matched to local ΔQ ¼ 0 four-
quark operators of the HQE (bottom).

FIG. 3. Eye diagram (left) and contributions from lower-
dimensional operators (right). The quark q0 forming the “eye”
can be any light quark flavor.

4The question of suitability of the HQE for a charm quark is
challenging and remains open; see e.g. Ref. [187].

5The dimension-seven four-quark operators have yet to be
studied beyond the VIA and are beyond the scope of this work.
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and MH, and the bag parameters BH
i ; ϵ

H
i (for i ¼ 1, 2)

describing the deviation from the VIA:

hHjO1jHi ¼ f2HM
2
HB

H
1 ;

hHjO2jHi ¼
M2

H

ðmQ þmqÞ2
f2HM

2
HB

H
2 ;

hHjT1jHi ¼ f2HM
2
Hϵ

H
1 ;

hHjT2jHi ¼
M2

H

ðmQ þmqÞ2
f2HM

2
Hϵ

H
2 : ð19Þ

The bag parameters BH
i of the color-singlet operators Oi

share a similar notation to theΔQ ¼ 2 operators, motivated
by the similarity of the operators, while the color-octet
operators Ti have their bag parameters written instead as
ϵHi . A clear distinction can be understood by comparing
their values in the VIA, where

BH
i ¼VIA1; ϵHi ¼VIA0: ð20Þ

Similarly to the case of neutral meson mixing, HQET
sum rules can be applied to predict the bag parameters
of the ΔQ ¼ 0 operator basis and have yielded results
for B and D meson lifetimes and lifetime ratios
[49,116,117,187,199,200]. However, as discussed above,
there are no complete determinations of these quantities
from lattice QCD.

C. Renormalization of bag parameters

In a general prescription, renormalized operators are
given by

Oren
i ¼

X
j

ZijOj; ð21Þ

where Zij is the renormalization matrix. Importantly for
lattice calculations, this renormalization must occur at finite
lattice spacing (defining operators at a scale aμ in e.g. the
RI-MOM scheme) in order to properly define a continuum
limit. In simple cases, this mainly introduces additional
cutoff effects which must be controlled and can be
particularly delicate for heavy-quark processes [48]. For
more complicated operator bases—such as those for life-
time calculations including eye contractions—lattice sym-
metries may allow for mixing with lower-dimensional
operators whose coefficients ∝ 1=an such that the con-
tinuum limit is not meaningful unless these contributions
are properly accounted for. A renormalization scheme that
both improves the approach to the continuum limit and
avoids power-divergent subtractions at finite a is highly
desirable. The GF formalism indeed provides such a
scheme, as we will review in the following.

III. GRADIENT FLOW RENORMALIZATION

A. Flow equations

The QCD GF formalism [33,35] extends the QCD fields
by an auxiliary parameter, the flow time τ which has mass-
dimension ½τ� ¼ −2. The flowed fields χ, χ̄,A are connected
to the regular QCD fields ψf, ψ̄f, A via the initial conditions

χfðτ ¼ 0; xÞ ¼ ψfðxÞ;
χ̄fðτ ¼ 0; xÞ ¼ ψ̄fðxÞ;
AA

μ ðτ ¼ 0; xÞ ¼ AA
μ ðxÞ: ð22Þ

We denote color indices in the adjoint representation by
capital letters A, B, C, while f denotes the flavor
e.g. ψf ∈ fQ; qg.
At positive flow time, the behavior of the flowed fields is

described by the flow equations

∂τAA
μ ¼ DAB

ν GB
νμ þ κDAB

μ ∂νAB
ν ;

∂τχ ¼ Δχ þ iκg0∂μAA
μTAχ;

∂τχ̄ ¼ χ̄ Δ⃖−iκg0χ̄∂μAA
μTA; ð23Þ

where

Δ ¼ DF
μDF

μ; Δ⃖ ¼ D⃖F
μD⃖

F
μ; ð24Þ

and

DAB
μ ¼ ∂μδ

AB − g0fABCAC
μ ;

DF
μ ¼ ∂μ − ig0AA

μTA;

D⃖F
μ ¼ ∂
 

μ þ ig0AA
μTA; ð25Þ

with the bare QCD coupling g0, and ½TA; TB� ¼ ifABCTC.
The flowed field-strength tensor is given by

GA
μν ¼ ∂μAA

ν − ∂νAA
μ þ g0fABCAB

μAC
ν : ð26Þ

The parameter κ is a flowed gauge parameter [33]; in the
perturbative calculation (see Sec. IV), it is advantageous to
set κ ¼ 1, while we set κ to zero on the lattice. However,
our lattice and perturbative results are separately indepen-
dent of this choice. Using the flow equations, one can
derive a Lagrangian of flowed QCD [35], which incorpo-
rates the Feynman rules of regular (unflowed) QCD as well
as additional flowed Feynman rules, which are listed in
Ref. [201].
The solutions of the flow equations of Eq. (23) lead to an

exponential suppression of high-momentum modes. In
particular, composite operators of flowed fields do not
require any operator renormalization [34,35,202]. In our
choice of normalization, the flowed gluon field renorm-
alizes in the same way as the gauge coupling, while flowed
quarks need to be renormalized in order to result in finite
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Green’s functions. Throughout our perturbative calculation,
we will adopt the ringed scheme, defined as [203]

̊χðτÞ ¼ Z̊1=2
χ ðτÞχðτÞ; h̊χ̄=DF ̊χi≡ −

2Nc

ð4πτÞ2 ; ð27Þ

where Nc ¼ 3 is the number of colors. The explicit form of
Z̊χ is given in Appendix A. Our results for the perturbative
matching coefficients of the four-quark operators in
Sec. IV C will be provided in this scheme. However, as
we will see later, the wave function renormalization factors
Z̊χ actually cancel in the ratios of matrix elements defining
the bag parameters. The renormalization of the QCD
parameters (coupling and quark masses) is the same as
in regular QCD.

B. Short flow-time expansion

With the gradient flow, the Wilson coefficients Cn and
operators On of an effective Hamiltonian can be expressed
in terms of flowed operators ÕnðτÞ, composed of flowed
fields, and flowed Wilson coefficients C̃nðτÞ, i.e.

Heff ¼
X
n

CnOn ¼
X
n

C̃nðτÞÕnðτÞ: ð28Þ

While Wilson coefficients and matrix elements of operators
depend on the choice of the renormalization scheme, the
effective Hamiltonian itself (and therefore any physical
observable derived from it) is independent of this choice
(up to perturbative truncation effects). This does not change
in the flowed theory, where the dependence on the flow
time between the operator matrix elements and Wilson
coefficients will mutually cancel. In the short flow-time
expansion, the relation between matrix elements of the
flowed operators and the regular ones is

hÕnðτÞi ¼
X
m

ζnmðτ; μÞhOMS
m iðμÞ þOðτÞ; ð29Þ

where ζnmðτ; μÞ are perturbatively calculated matching

coefficients, andOMS are the regular operators renormalized
in the MS scheme. Therefore, by inverting this relation, the
matrix elements of the operators in the MS scheme can be
obtained from the matrix elements of the flowed operators
with the help of the inverse matching matrix.
In our analysis, terms of order τ (and higher) will be

neglected in Eq. (29), meaning that the rhs of Eq. (28) will
have a residual flow-time dependence ofOðτÞ, implying an
upper limit on τ in its applicability that needs to be
quantified. Strict independence on τ is formally reached
only in the limit τ → 0. However, in a lattice evaluation of
the flowed matrix elements, the “smearing radius”

ffiffiffiffiffi
8τ
p

must be larger than the lattice spacings in order to suppress
discretization effects coming from the boundary and to
sufficiently approach a renormalized trajectory. Moreover,
the perturbative matching coefficients depend on the

renormalization scale μ, which needs to be chosen in a
regime where the strong coupling αsðμÞ assumes perturba-
tive values. The dependence on τ is logarithmic, which also
restricts its values to a finite interval in order to preserve
perturbativity. One therefore needs to identify a window
τ∈ ½τmin; τmax� in flow timewhere all these aspects are taken
into account, and which allows for a reliable extrapolation
τ → 0 within well-defined uncertainties. We will show that,
in our case, a suitable interval for τ exists. We will describe
in detail our procedure for the τ → 0 extrapolation, result-
ing in the bag parameters in the MS scheme at a fixed
renormalization scale μ0.
It is worth pointing out that any mixing which occurs in

lattice operator renormalization as power divergences in
1=an will turn into divergences of the form 1=τn=2 in the
GFþ SFTX procedure; see e.g. [204]. Such terms are absent
for the operator basis presented here; they will appear when
including the full operator basis for absolute lifetimes
through eye diagrams and penguin operators though.
The main strategy for renormalizing these operators using
GFþ SFTX remains the same as described here, however.

C. Application to the four-quark operators

Focusing on heavy-meson mixing and lifetime ratios, the
set of flowed operators is simply obtained by replacing the
regular fields in Eqs. (5) and (18) by flowed ones. Adopting
a unified notation for both mixing and lifetime operators,
we write them as

Õ1 ¼ Z̊2
χðχ̄αγμð1 − γ5ÞχβÞðχ̄γγμð1 − γ5ÞχδÞ;

T̃1 ¼ Z̊2
χðχ̄αγμð1 − γ5ÞTAχβÞðχ̄γγμð1 − γ5ÞTAχδÞ;

Õ2 ¼ Z̊2
χðχ̄αð1 − γ5ÞχβÞðχ̄γð1þ γ5ÞχδÞ;

T̃2 ¼ Z̊2
χðχ̄αð1 − γ5ÞTAχβÞðχ̄γð1þ γ5ÞTAχδÞ; ð30Þ

where Z̊χ is the flowed quark renormalization in the ringed
scheme as defined in Eq. (27). The indices α, β, γ, δ in
Eq. (30) denote the quark flavor. By choosing the initial
conditions χðτ ¼ 0Þ ¼ ψ , with

ψα ¼ ψγ ¼ Q; ψβ ¼ ψδ ¼ q; ð31Þ

Õ1 corresponds to the flowed version of the mixing
operator Q1 in Eq. (5), while setting

ψα ¼ ψδ ¼ Q; ψβ ¼ ψγ ¼ q ð32Þ

leads to the flowed versions of the lifetime operators of
Eq. (18). The lattice evaluation of the corresponding matrix
elements relevant for heavy-meson mixing and decay will
be described in Secs. Vand VI. Before that, we describe the
perturbative calculation of the corresponding matching
coefficients.
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IV. PERTURBATIVE MATCHING COEFFICIENTS

We will calculate matching matrices for the flowed
operators of Eq. (30) through next-to-next-to-leading order
(NNLO) QCD. Since we focus on mixing parameters and
lifetime ratios, we can assume that the flavor indices of the
four quark fields in Eq. (30) are mutually distinct, i.e. we can
assume that they denote quarks of four different flavors. For
the sake of clarity, the discussion in this section is mostly
devoted to the lifetime operators. The treatment of the
mixing operator will be discussed at the end of Sec. IV C.
According to the color structure of the operators in

Eqs. (18) and (30), the matching matrix is block diagonal,
so that we can write the SFTX at the operator level as

�
Õi

T̃i

�
¼ ζi

�
OMS

i

TMS
i

�
; i∈ f1; 2g; ð33Þ

with the 2 × 2 matching matrices ζ1 and ζ2.

A. Evanescent operators

It is well known that the operator bases of Eqs. (5) and
(18) are not closed under renormalization when working in
dimensional regularization. Instead, one needs to include
so-called evanescent operators [205–207] which vanish in
D ¼ 4 space-time dimensions due to algebraic identities
[208], but are nonzero when working at D ¼ 4 − 2ϵ. At
each perturbative order, additional evanescent operators
have to be introduced. Their choice is not unique and can
affect the finite parts of the final results, thus defining
subvariants of the MS scheme. In the main part of this
paper, we will adopt the following set of evanescent
operators for the lifetime calculations, referring to it as
the minimal basis [cf. Eq. (32) for the notation]:

Eð1ÞO1
¼ ðψ̄αγμνρð1 − γ5ÞψβÞðψ̄ γγρνμð1 − γ5ÞψδÞ − 4O1;

Eð1ÞT1
¼ ðψ̄αγμνρð1 − γ5ÞTAψβÞðψ̄ γγρνμð1 − γ5ÞTAψδÞ − 4T1;

Eð1ÞO2
¼ ðψ̄αγμνð1 − γ5ÞψβÞðψ̄ γγνμð1þ γ5ÞψδÞ − 4O2;

Eð1ÞT2
¼ ðψ̄αγμνð1 − γ5ÞTAψβÞðψ̄ γγνμð1þ γ5ÞTAψδÞ − 4T2;

ð34Þ

and

Eð2ÞO1
¼ ðψ̄αγμνρστð1 − γ5ÞψβÞðψ̄ γγτσρνμð1 − γ5ÞψδÞ − 16O1;

Eð2ÞT1
¼ ðψ̄αγμνρστð1 − γ5ÞTAψβÞðψ̄ γγτσρνμð1 − γ5ÞTAψδÞ
− 16T1;

Eð2ÞO2
¼ ðψ̄αγμνρσð1 − γ5ÞψβÞðψ̄ γγσρνμð1þ γ5ÞψδÞ − 16O2;

Eð2ÞT2
¼ ðψ̄αγμνρσð1 − γ5ÞTAψβÞðψ̄ γγσρνμð1þ γ5ÞTAψδÞ
− 16T2; ð35Þ

where

γμ1…μn ¼ γμ1 � � � γμn : ð36Þ

The EðnÞOi
; EðnÞTi

are required for the calculation of the ζi,
i∈ f1; 2g at n-loop level, respectively, cf. Eq. (58). In our
calculation, we actually allow for a more general choice of
evanescent operators, as described in Appendix B. The
results and anomalous dimensions in this general scheme
can be found in the ancillary file; see Appendix C and
Ref. [209].
A priori, the evanescent operators contribute to the SFTX

of the physical operators. The matching matrix of the full
operator basis can be schematically written as�
ÕðτÞ
ẼðτÞ

�
¼
�
ζOOðτ; μÞ ζOEðτ; μÞ
ζEOðτ; μÞ ζEEðτ; μÞ

��
ORðμÞ
ERðμÞ

�
; ð37Þ

where

�
OR

ER

�
¼
�
ZOO ZOE

ZEO ZEE

��
O

E

�
: ð38Þ

Here, O and E refer to the collection of physical and
evanescent operators, respectively. The submatrix ZEO
contains a nonminimal finite part which is defined such
that the renormalized evanescent operators vanish at D ¼ 4
[205–207] and thus do not contribute to physical observ-
ables. Explicit results are given in Appendix A. In the GF,
this renormalization condition can be implemented by
requiring that [210]

ζEOðτ; μÞ ¼ OðϵÞ: ð39Þ
This follows from the fact that matrix elements of flowed
operators are free from UV divergences; one can therefore
write hẼðτÞi ¼ OðϵÞ. Combining Eqs. (37) and (39) then
also enforces hERðμÞi ¼ OðϵÞ. The results for the finite
renormalization matrix in a general scheme of evanescent
operators are provided in the ancillary file; see Appendix C
and Ref. [209].

B. Method of projectors

Our procedure to determine the matching matrices ζi of
Eq. (33) relies on the method of projectors [211,212]. For
each of the operators of Eq. (18) (assuming four different
quark flavors; see above) as well as each of the evanescent
operators of Sec. IVA, we construct a projector Pi,
consisting of external states and derivatives w.r.t. masses
and external momenta, such that

Pi½Oj� ¼ δij: ð40Þ
Setting all masses and external momenta to zero before
loop integration eliminates all higher-order contributions
on the lhs of this relation. Applying these projectors on the
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flowed operators thus directly gives the individual compo-
nents of the matching matrix [213],

ζmn ¼ Pn½Õm�: ð41Þ
For the calculation of the resulting Feynman diagrams, we
use an updated version of the setup described in Ref. [201]
which consists of qgraf [214,215] for generating the
Feynman diagrams, tapir/exp [216–218]6 for identify-
ing the momentum topologies and inserting the Feynman
rules, and FORM [219,220] for the calculation of the Dirac
and color traces [221]. We adopt anticommuting γ5
throughout the calculation; this is justified, because all
traces contain an even number of γ5 (see Ref. [210]). The
resulting scalar integrals are then reduced to the one and six
master integrals of Ref. [213] at one and two loops,
respectively, by solving integration-by-parts identities
[201,222–224] with Kira⊗FireFly [225–228].

C. Results

The results for ζ1 have already been presented in
Ref. [210] through NNLO. We reevaluated the matrix as
a check for our calculation of ζ2 and include them here for

the sake of completeness. For convenience of the reader, we
quote the results for the inverse matching matrix rather than
the matrix itself, as it is this quantity that is required to
relate the lattice matrix elements to the perturbative
matching coefficient; cf. Eq. (29). We use the definitions

ζð2Þ ¼ Li2ð1Þ ¼
π2

6
¼ 1.64493…

Li2ð1=4Þ ¼ 0.267652…; ð42Þ
where Li2ðzÞ ¼

P∞
k¼1 z

k=k2 is the dilogarithm. The flowed
quark fields are renormalized in the ringed scheme, and we
define the evanescent operators as in Sec. IVA.
Furthermore, we denote the number of quark flavors by

nf , and define asðμÞ ¼ g2ðμÞ
4π2

with gðμÞ the strong coupling in
the MS scheme. The coefficient cð2Þχ appearing in the results
arises from the conversion to the ringed scheme and is only
known numerically; its value can be found in Eqs. (A17)
and (A18). The matching coefficients depend on

Lμτ ¼ ln 2μ2τ þ γE; ð43Þ
with γE ¼ 0.577215… being the Euler-Mascheroni
constant.

Finally, for i ¼ 1, we find7

ðζ−11 Þ11 ¼ 1þ as

�
−
1

3
þ 8

3
ln 2þ 2 ln 3

�
þ a2s

	
−
1

8
cð2Þχ þ 2413

144
−
35

72
nf þ

�
119

72
−
1

6
nf

�
ζð2Þ þ 70

3
ln 2

þ 22

9
ln22þ 8 ln 2 ln 3 −

83

3
ln 3þ 3 ln23 −

107

6
Li2ð1=4Þ

þ Lμτ

�
−
3

8
þ 1

18
nf þ

�
22

3
−
4

9
nf

�
ln 2þ

�
11

2
−
1

3
nf

�
ln 3

�
þ 1

4
L2
μτ



þOða3s Þ;

ðζ−11 Þ12 ¼ −as
�
3

4
þ 3

2
Lμτ

�
þ a2s

	
−
301

48
þ 133

288
nf þ

�
−
67

96
þ 1

8
nf

�
ζð2Þ − 451

24
ln 2þ 201

16
ln 3 −

27

16
Li2ð1=4Þ

þ Lμτ

�
−
245

32
þ 5

12
nf − 4 ln 2 − 3 ln 3

�
þ L2

μτ

�
−
39

16
þ 1

8
nf

�

þOða3s Þ;

ðζ−11 Þ21 ¼ −as
�
1

6
þ 1

3
Lμτ

�
þ a2s

	
−
733

216
þ 133

1296
nf þ

�
−

67

432
þ 1

36
nf

�
ζð2Þ − 451

108
ln 2þ 67

24
ln 3 −

3

8
Li2ð1=4Þ

þ Lμτ

�
−
317

144
þ 5

54
nf −

8

9
ln 2 −

2

3
ln 3

�
þ L2

μτ

�
−
13

24
þ 1

36
nf

�

þOða3s Þ;

7The results of Ref. [210] are equivalent to ours, even though the choice of basis is slightly different. The difference amounts to the
choice of B1;0 and B2;0 as defined in Eqs. (B3) and (B4). This choice does not impact the physical part of the matching matrix though
(see Appendix B).

6We recently replaced q2e [216,217] by tapir [218]; in fact, we used this project to check our implementation of tapir against
the q2e version.
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ðζ−11 Þ22 ¼ 1þ as

�
17

12
þ 8

3
ln 2þ 2 ln 3þ 1

2
Lμτ

�
þ a2s

	
−
1

8
cð2Þχ þ 6913

288
−
625

864
nf þ

�
181

96
−

5

24
nf

�
ζð2Þ þ 2419

72
ln 2

þ 22

9
ln22þ 8 ln 2 ln 3 −

1385

48
ln 3þ 3 ln23 −

829

48
Li2ð1=4Þ

þ Lμτ

�
281

96
−

1

12
nf þ

�
26

3
−
4

9
nf

�
ln 2þ

�
13

2
−
1

3
nf

�
ln 3

�
þ L2

μτ

�
17

16
−

1

24
nf

�

þOða3s Þ; ð44Þ

and for i ¼ 2

ðζ−12 Þ11 ¼ 1þ as

�
4

3
þ 8

3
ln 2þ 2 ln 3þ 2Lμτ

�
þ a2s

	
−
1

8
cð2Þχ þ 2291

72
−
10

9
nf þ

�
7

4
−
1

3
nf

�
ζð2Þ þ 143

3
ln 2þ 22

9
ln2 2

þ 8 ln 2 ln 3 −
251

6
ln 3þ 3 ln2 3 −

47

2
Li2ð1=4Þ

þ Lμτ

�
29

2
−
1

2
nf þ

�
38

3
−
4

9
nf

�
ln 2þ

�
19

2
−
1

3
nf

�
ln 3

�
þ L2

μτ

�
19

4
−
1

6
nf

�

þOða3s Þ;

ðζ−12 Þ12 ¼
1

2
as þ a2s

	
17

192
−

1

144
nf þ

5

96
ζð2Þ þ 77

24
ln 2þ 1

16
ln 3 −

25

16
Li2ð1=4Þ −

19

32
Lμτ



þOða3s Þ;

ðζ−12 Þ21 ¼
1

9
as þ a2s

	
−

91

864
−

1

648
nf þ

5

432
ζð2Þ þ 77

108
ln 2þ 1

72
ln 3 −

25

72
Li2ð1=4Þ þ

17

144
Lμτ



þOða3s Þ;

ðζ−12 Þ22 ¼ 1þ as

�
19

24
þ 8

3
ln 2þ 2 ln 3 −

1

4
Lμτ

�
þ a2s

	
−
1

8
cð2Þχ þ 21223

1152
−

845

1728
nf þ

�
935

576
−

7

48
nf

�
ζð2Þ þ 209

9
ln 2

þ 22

9
ln22þ 8 ln 2 ln 3 −

275

12
ln 3þ 3 ln23 −

797

48
Li2ð1=4Þ

þ Lμτ

�
−
427

192
þ 1

8
nf þ

�
20

3
−
4

9
nf

�
ln 2þ

�
5 −

1

3
nf

�
ln 3

�
þ L2

μτ

�
−

5

16
þ 1

48
nf

�

þOða3s Þ: ð45Þ

Note that the NLO result for both ζ−11 and ζ−12 was recently
obtained in Ref. [229] using the ’t Hooft-Veltman scheme
for γ5. A direct comparison is not possible without a
dedicated calculation.
In principle, ζ−111 is both an element of the matching

matrix for the ΔQ ¼ 0 operators of Eq. (18), as well as the
matching coefficient for the only relevant ΔQ ¼ 2 operator
given in Eq. (5). However, for the latter case, it is more
common to define [205,230]

Q� ¼
1

2
ðQ1 �Q2Þ; ð46Þ

with Q1 from Eq. (5), and

Q2 ¼ ðQ̄iγμð1 − γ5ÞqjÞðq̄jγμð1 − γ5ÞQiÞ

¼ 2ðQ̄γμð1 − γ5ÞTAqÞðq̄γμð1 − γ5ÞTAQÞ þ 1

Nc
Q1;

ð47Þ

where i, j are color indices, and we used the SU(Nc)
identity

TA
ijT

A
kl ¼

1

2

�
δilδjk −

1

Nc
δijδkl

�
: ð48Þ

In D ¼ 4 space-time dimensions, it is Q1 ¼ Q2 ¼ Qþ due
to Fierz identities, while Q− is evanescent. This also
implies Q̃1 ¼ Q̃þ, since flowed operators are UV finite.
Nevertheless, this change of basis affects the higher orders
in the matching relation, which we now write as

QMSþ ¼ ζ−1þþQ̃þ ¼ ζ−1þþQ̃1: ð49Þ

Choosing this nonmixing basis, corresponding to the
evanescent operators of Eq. (B5), we find
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ζ−1þþ ¼ 1þ as

�
−
5

4
þ 8

3
ln 2þ 2 ln 3 −

1

2
Lμτ

�
þ a2s

	
−
1

8
cð2Þχ þ 62527

3600
−

85

288
nf þ

�
409

288
−
1

8
nf

�
ζð2Þ þ 367

24
ln 2

þ 22

9
ln22þ 8 ln 2 ln 3 −

397

16
ln 3þ 3 ln23 −

883

48
Li2ð1=4Þ

þ Lμτ

�
−
83

32
þ 7

36
nf þ

�
6 −

4

9
nf

�
ln 2þ

�
9

2
−
1

3
nf

�
ln 3

�
þ L2

μτ

�
−

9

16
þ 1

24
nf

�

þOða3s Þ: ð50Þ

In Ref. [231] the NLO result was obtained within the
dimensional-reduction scheme for γ5; direct comparison
requires further calculation beyond the scope of this work.
The calculation of all the matching coefficients has been

carried out in general Rξ gauge, the independence of the
final result on the gauge parameter ξ providing a strong
check. The full result including the dependence on the
choice of evanescent operators is provided in the ancillary
file; see Appendix C and Ref. [209].

V. FLOWED MATRIX ELEMENTS

In this section, we describe the evaluation of the flowed
matrix elements required for the calculation of the bag
parameters.

A. Simulation details

Our work is based on six ensembles of gauge field
configurations generated by the RBC/UKQCD
Collaboration [232–235]. These 2þ 1 flavor ensembles
feature the effect of degenerate up/down (light) and strange
quarks in the sea sector, and simulations are performed
using the Iwasaki gauge action [236] and Shamir domain-
wall fermions (DWF) [237–239]. Details of the ensembles
are summarized in Table I.
In the valence sector, we simulate strange quarks using

the same DWF action as in the sea sector, but set the bare
mass to its physical value determined in Refs. [234,235].
For charm quarks, we use stout-smeared [240] Möbius

DWF [241] optimized for simulating heavy flavors [242].
We tune the bare charm quark mass to its physical value
using the mass of theDs pseudoscalar meson [114] and a−1

from Refs. [234,235].
The setup for our measurements is inspired by the

determination of bag parameters for neutral B-meson
mixing [235]. All propagators are generated with Z2 wall
sources and we choose an equal-time separation for Nsrc
source positions as specified in Table I. We suppress excited
states by applying iterative Gaussian smearing [243] to
strange quark sources using a width σ and Nσ iterations.
The evolution of gauge and propagator fields is per-

formed using a third-order Runge-Kutta algorithm with
step size δτ=a2 ¼ 0.01 [33,34]. Flowed fields are con-
tracted into two- and three-point correlation functions,
initially every ten steps and later every 40 steps. The
maximum flow times in lattice units are set such that all
ensembles are flowed by the same physical distance.
The construction of three-point functions is shown by the

quark-line diagrams in Figs. 4 and 5 where the pseudo-
scalar meson states are placed at Euclidean times t0 and
t0 þ ΔT. We contract the four-quark operators at all times
t∈ ½t0; t0 þ ΔT�. To study the dependence of the signal on
the separation of both sources, we perform contractions for
multiple choices of ΔT up to half the temporal extent of the
lattice.
We use the Grid [244] and Hadrons [245,246] lattice

QCD software libraries to carry out our measurements. The
gradient-flow evolution of both the gauge and propagator

TABLE I. RBC/UKQCD’s Nf ¼ 2þ 1 Shamir DWF ensembles with Iwasaki gauge action [232–235] characterized by inverse lattice
spacing (a−1), unitary pion mass (Mπ), sea strange (amval

s ), valence strange (amval
s ), and charm (amc) quark masses. We use two coarse

(C1, C2), three medium (M1, M2, M3), and one fine ensemble (F1S). The Jacobi smearing procedure is applied on the C and M
ensembles with smearing width σ and Nσ iterations. ΔTmin indicates the minimum source separation ΔT considered to have sufficient
resolution of the ground state.

L=a T=a a−1 [GeV] Mπ [MeV] amsea
s amval

s amc Nsrc × Nconf σ Nσ ΔTmin

C1 24 64 1.7848(50) 339.8(1.2) 0.04 0.03224 0.64 32 × 101 4.5 400 20
C2 24 64 1.7848(50) 430.6(1.4) 0.04 0.03224 0.64 32 × 101 4.5 400 20
M1 32 64 2.3833(86) 303.6(1.4) 0.03 0.02477 0.45 32 × 79 6.5 400 22
M2 32 64 2.3833(86) 360.7(1.6) 0.03 0.02477 0.45 32 × 89 6.5 100 22
M3 32 64 2.3833(86) 410.8(1.7) 0.03 0.02477 0.45 32 × 68 6.5 100 22
F1S 48 96 2.785(11) 267.6(1.3) 0.02144 0.02167 0.37 24 × 98 28
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fields is implemented in new Hadrons modules8 includ-
ing an example run application.9

Instead of working with the operators defined in
Eq. (18), it is more convenient to use a basis for the lattice
simulations where the quark pairs on each spin line are
color singlets:

O1 ¼ ðQ̄γμð1 − γ5ÞqÞðq̄γμð1 − γ5ÞQÞ;
O2 ¼ ðQ̄ð1 − γ5ÞqÞðq̄ð1þ γ5ÞQÞ;
T 1 ¼ ðQ̄γμð1 − γ5ÞQÞðq̄γμð1 − γ5ÞqÞ;
T 2 ¼ ðQ̄γμð1þ γ5ÞQÞðq̄γμð1 − γ5ÞqÞ: ð51Þ

Through Eq. (48), they are related to the operators defined
in Eq. (18) via

0
BBB@

O1

O2

T1

T2

1
CCCA ¼

0
BBBBB@

1 0 0 0

0 1 0 0

− 1
2Nc

0 − 1
2

0

0 − 1
2Nc

0 1
4

1
CCCCCA

0
BBB@

O1

O2

T 1

T 2

1
CCCA: ð52Þ

Furthermore, since QCD is parity invariant, we are only
interested in the parity-even components of these operators,
i.e. the terms that involve an even number of γ5 matrices.
While the basis of Eq. (51) is used in the simulations, we

only show results that have been converted back to the
bases defined in Eq. (18).

VI. DATA ANALYSIS

In the following, we will provide a detailed description
of our analysis strategy. In order to test the coherence and
reliability of our framework, all numerical analyses
described below have been performed using two indepen-
dent setups: one based on the bootstrap procedure [247],
and the other based on the Γ method [248–252]. Both
analyses lead to consistent results.

A. Correlator fits

While the matrix elements of four-quark operators
themselves can be extracted from the three-point correla-
tion functions, the bag parameters can be extracted by
comparing the matrix element to its VIA using the ratio of
the three-point function over two two-point functions
which individually yield the bilinear matrix elements of
the VIA for each operator. We thus form ratios of
correlation functions for each flow time τ, reading

RXðt0; t;ΔT; τÞ ¼
C3pt
X ðt0; t; t0 þ ΔT; τÞ

ηXCXðt0; t; τÞCXðt0 þ ΔT; t; τÞ
→ B̃XðτÞ; ð53Þ

where the arrow indicates the limits t0 ≪ t ≪ t0 þ ΔT and
ΔT → ∞. The flowed two- and three-point functions are
given by

C3pt
X ðt1; t2; t3; τÞ ¼ h0jjPðt1ÞX̃ðt2; τÞj†Pðt3Þj0i;
CXðt1; t2; τÞ ¼ h0jj̃Xðt2; τÞj†Pðt1Þj0i; ð54Þ

where t1 < t2 < t3 are generic positions, and jP ¼ q̄γ5Q
and jX ¼ q̄ΓXQ are zero-momentum currents. Note that
we are using X both as an operator and as a subscript
in Eq. (54). The associated Dirac structures are ΓQ1

¼
ΓO1
¼ ΓT1

¼ γ0γ5, and ΓO2
¼ ΓT2

¼ γ5. Furthermore, we
use the notation Bi ¼ BOi

; ϵi ¼ BTi
. The normalization

factor ηX is given as ηQ1
¼ 8=3 and ηOi

¼ ηTi
¼ 1. In

all cases, the gradient-flow evolution is applied only at the
sink operator. As discussed in the context of Eq. (27), the
flowed-quark wave function renormalization Z̊χ cancels in
the ratios of Eq. (53), and thus the bag parameters ex-
tracted at τ > 0 are UV finite without any additional
renormalization.
In the limit of large Euclidean time separation between

sources, these ratios will reach a plateau corresponding
to the value of the flowed bag parameter of their inserted
operator. For each flow time, we use Eq. (53) to extract
ground state values of our ratios by performing correlated,
simultaneous fits to all separations ΔT ≥ ΔTmin (listed in
Table I). Excited states are not statistically resolved.

FIG. 4. Quark-line diagram to calculate ΔQ ¼ 2 operators on
the lattice for neutral meson mixing.

FIG. 5. Quark-line diagrams to calculate ΔQ ¼ 0 operators on
the lattice for valence-quark contributions to lifetimes.

8https://github.com/aportelli/Hadrons/pull/137.
9https://github.com/mbr-phys/HeavyMesonLifetimes.
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Examples of the ratio fits at various flow times for each
operator are shown in Fig. 6. The flow-time evolutions of
the fitted bag parameters are shown in Fig. 7 where the data
are plotted first as a function of the lattice flow time τ=a2 on
the left and then in physical flow time [GeV−2] on the right.
We see that as the operators are evolved along the gradient

flow, the data from different ensembles quickly converge to
lie on top of each other at the same physical flow time.

B. Continuum limits

In order to take a continuum limit at fixed values of the
flow time in physical units, we first linearly interpolate the

FIG. 6. Example fits to the ratio RX [Eq. (53)] extracting the different bag parameters at various flow times on the F1S ensemble for
fixed ΔT ¼ 40.
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FIG. 7. Flow-time evolution of the bag parameters. The panels on the left show the bag parameters in lattice units τ=a2, whereas we
show the conversion to physical units τ½GeV−2� in the right panels. The dashed gray lines indicate τmin, the minimum flow time for which
the continuum limit is considered reliable, defined relative to our coarsest lattice spacing.
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values on each ensemble to a common set of flow times
τphys ¼ f0.01; 0.02;…; 0.80g.10 The continuum limit is
then taken at all values τphys, but the a → 0 extrapolation
is reliable only for a sufficiently large “smearing radius”ffiffiffiffiffi
8τ
p

as discussed in Sec. III B. We find that a suitable
choice is 8τ > 2a2max, where amax is the coarsest lattice
spacing in the analysis. In practice, this translates to
τ ≳ τmin ≡ 0.08 GeV−2. Smaller values of τ are considered
only in order to check for possible systematic effects. For
increasing values of τ > τmin, the continuum-limit extrap-
olations quickly become very flat, which may also be
attributed to the use of DWF. For our choice of lattice
actions, discretization effects are expected to appear at
Oða2Þ.11 Therefore, we choose a linear ansatz in a2 to
perform the a → 0 extrapolation. Although we study only
charm-strange mesons, we observe that small differences
due to different pion masses in the sea sector are resolved.
We therefore parametrize the pion-mass dependence in a
chiral-continuum limit using the ansatz

B̃latt
i ða2;Mlatt

π ; τÞ ¼ B̃iðτÞ þ Ca2

þDa2½ðMlatt
π Þ2 − ðMphys

π Þ2�; ð55Þ

where B̃latt
i ða2;Mlatt

π ; τÞ are the bag parameters extracted on
each ensemble from Eq. (53), B̃iðτÞ denotes the extrapo-
lated estimator in the continuum limit at the physical pion
mass, Mphys

π [114], while C and D are dimensionful fit
parameters describing the leading discretization effects and
their dependence on the sea-pion mass, Mlatt

π , which is in
physical units. Example chiral-continuum limits at fixed
flow times are shown in Figs. 8 and 9.
We then define the SFTX at the level of the bag

parameters, i.e.

B1ðτ; μÞ ¼ ζ−1B1
ðτ; μÞB̃1ðτÞ ð56Þ

for the mixing, and

�
B1ðτ; μÞ
ϵ1ðτ; μÞ

�
¼ ζ−1B;1ðτ; μÞ

�
B̃1ðτÞ
ϵ̃1ðτÞ

�
;

�
B2ðτ; μÞ
ϵ2ðτ; μÞ

�
¼ ζ−1B;2ðτ; μÞ

�
B̃2ðτÞ
ϵ̃2ðτÞ

�
; ð57Þ

for the lifetimes, where B̃1ðτÞ, B̃iðτÞ, and ϵ̃iðτÞ represent the
continuum-extrapolated bag parameters from the lattice
data. The corresponding matching matrices are given by

ζB;1 ¼ ζþþζ−2A ; ζB;1 ¼ ζ1ζ
−2
A ; ζB;2 ¼ ζ2ζ

−2
P ;

ð58Þ

with ζ1, ζ2, and ζþþ evaluated in Sec. IV and provided
explicitly in Eqs. (44), (45), and (50). Finally, ζP and ζA are
the SFTX matching coefficients for the pseudoscalar and
the axial-vector currents, which are available through
NNLO QCD [253–255].

VII. ZERO-FLOW-TIME EXTRAPOLATION

Throughout this paper, we use αsðMZÞ ¼ 0.1180 [114]
as input and evolve it down to αsðμ ¼ 3 GeVÞ ¼ 0.2535 at
five-loop level, decoupling the bottom quark at μ ¼ mb at
four-loop level. For any further change of the renormaliza-
tion scale, we evolve αs to the corresponding perturbative
order, i.e. one-loop running at NLO and two-loop running

FIG. 8. Chiral-continuum limit fits for each bag parameter at
τ¼0.08GeV−2. The black data point is the continuum-extrapo-
lated value at physical pion mass, and the colored bands are the
linear a2 relations at each ensemble’s pion mass after fitting to
Eq. (55).

10The flow time is technically a continuous variable and any
choice of physical flow times is equally valid.

11The fermionic gradient flow is classically OðaÞ improved
and does not introduce relevant discretization effects beyond
those from the 4D theory for τ ≳ τmin.
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at NNLO. All of these operations are done with the help of
RunDec [256,257].12

A. Fixed perturbative order

The SFTX-matched bag parameters of Eqs. (56) and (57)
—which still depend on both the renormalization scale μ
and the flow time τ—are related to the MS bag parameters
by taking the τ → 0 extrapolation, i.e.

BMS
1 ðμÞ ¼ lim

τ→0
B1ðτ; μÞ; ð59Þ

and similarly for the lifetime bag parameters Bi, ϵi. The
limit of τ → 0 is not trivial and involves identifying the
correct region from which such an extrapolation can be
performed which takes into account the constraints outlined

in Sec. III B. Figure 10 illustrates the situation for the
example of the mixing bag parameter B1 by displaying the
individual terms of Eq. (56). The markers show data for
B1ðτ; μÞ obtained by using the matching coefficient ζ−1B;1 at
LO (green diamonds), NLO (purple circles), and NNLO
(orange squares). Since ζ−1;LOB;1 ¼ 1, the green diamonds are

equivalent to the pure lattice data B̃1ðτÞ.
The matching coefficients are also shown separately as

solid curves. They suggest reliable perturbative conver-
gence over the full τ range of the figure, with the NLO
corrections amounting to less than 20%, and the NNLO
effects adding less than another �5%. At first sight, this
might seem remarkable considering that the flow time
reaches up to relatively large values. However, it is
important to note that we perform the matching at
μ ¼ 3 GeV, which sets the scale for the strong coupling
αsðμÞ, while the flow time occurs only via Lμτ; cf. Eq. (43).
At μ ¼ 3 GeV and τ ¼ 0.4 GeV−2, its numerical value is
Lμτ ≈ 2.55, which apparently is sufficiently small for the
matching coefficients to remain perturbatively stable.
The plot clearly exhibits the basic features expected from

the SFTX. While both the lattice data for B̃1ðτÞ as well as
the higher-order matching coefficients are logarithmically
divergent as τ → 0, these divergences formally cancel in
the ratio B1ðτ; μÞ. Obviously, in practice this cancellation is
incomplete due to the finite perturbative order of the
matching coefficients as well as discretization effects whenffiffiffiffiffi
8τ
p ≲ a. Nevertheless, the (partial) cancellation is effec-
tive over quite a large range of τ, resulting in an approx-
imately linear behavior of B1ðτ; μÞ in τ due to the truncation

FIG. 9. Chiral-continuum limit fits for each bag parameter at
τ¼0.28GeV−2. The black data point is the continuum-extrapo-
lated value at physical pion mass, and the colored bands are the
linear a2 relations at each ensemble’s pion mass after fitting to
Eq. (55).

FIG. 10. SFTX-matched bag parameter B1ðτ; μ ¼ 3 GeVÞ at
LO (green), NLO (purple), and NNLO (orange). The associated
matching coefficents ζ−1B;1 are plotted in solid lines, where the LO
matching is 1, and the NLO and NNLO matching coefficients are
given by Eq. (50). The dashed line at τ ¼ 0.08 GeV−2 indicates
the appropriate τmin for our dataset.

12A Python wrapper for RunDec was also utilized, provided by
https://github.com/DavidMStraub/rundec-python.
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of these terms in the SFTX; see Eq. (29). Moreover, the
NLO and NNLO values for B1ðτ; μÞ are reasonably
compatible within the displayed region of τ.
Based on these qualitative observations, it is the purpose

of this section to work out a robust procedure for the
extrapolation of the quantities defined in Eqs. (56) and (57)
to τ ¼ 0 which reliably takes into account the possible
sources of systematic uncertainties.
Our goal is to derive the bag parameters in the MS

scheme at a certain reference value μ ¼ μ0. In principle, we
can do this by inserting the (inverse) matching matrices at
this value, ζ−1ðτ; μ0Þ, into Eqs. (56) and (57). However, it is
equally valid to start from a different scale μ and evaluate
the matching matrix at μ0 according to its renormalization-
group (RG) evolution:

μ2
d
dμ2

ζðτ; μÞ ¼ ζðτ; μÞγðαsðμÞÞ; ð60Þ

with γ the anomalous dimension in the MS scheme of BX
[205,258–260], provided in Appendix A. We denote the
resulting matching matrix as ζðτ; μ → μ0Þ. Different
choices of the initial value of μ typically change the τ
dependence of ζ−1ðτ; μ → μ0ÞB̃ðτÞ, and therefore the τ → 0
limit, but critically not the value at τ ¼ 0 itself. Therefore
we can better inform the τ → 0 limit by simultaneously
fitting to data for multiple values of μ, where the flow-time
dependence of each μ value can be parametrized separately.
In practice, we choose μ0 ¼ 3 GeV and set nf ¼ 4 as the
number of active flavors at this scale. For the set of
μ∈ f2.5; 3.0; 3.5; 4.0; 4.5g GeV we then perform a com-
bined τ → 0 extrapolation. Our final results for B1ðμ0Þ,
Biðμ0Þ, and ϵiðμ0Þ are obtained by performing a single
global fit to Bðμ → μ0Þ for all μ using the functional form

fðτ; μÞ ¼ c0 þ τðcðμÞ1 þ cðμÞ2 ln ðμ2τÞÞ; ð61Þ

where the cðμÞ1;2 can be different for each value of μ, while c0
is a parameter common to all fit functions. This ensures a
solution for which the perturbative RG evolution is con-
sistent across the chosen range of μ.
We evaluate all possible fit intervals fixing τmin ¼

0.08 GeV−2 (cf. Sec. VI B) and ranging up to at most
τmax ¼ 0.4 GeV−2, which is chosen to suppress OðτÞ
effects beyond the leading assumptions of the SFTX.13

To further account for bias and/or systematic effects in
the choice of τmin, we repeat this procedure for minimum
values τmin þ 0.01; 0.02; 0.03; 0.04 GeV−2. The results are
given by identifying the spread of all fit results for c0 with

p-value > 0.05 as the symmetrized uncertainty interval for
the bag parameters at scale μ0.
This interval accounts for both statistical and systemati-

cal uncertainties of the τ → 0 extrapolation, the latter
arising from the finite perturbative order of the matching
coefficients as well as the constraints on the allowed values
of τ; see Sec. III B.
The τ → 0 extrapolations for the ΔQ ¼ 2 and ΔQ ¼ 0

operators are shown in Figs. 11 and 12 respectively. Next
we discuss how we may improve upon this SFTX matching
procedure by taking advantage of RG running.

B. Renormalization-group improvement

The dependence of the flowed operators on the flow time
can be parametrized by the flowed anomalous dimensions
γ̃, which allows for the resummation of their logarithmic τ
dependence. They are defined in Ref. [261] as

τ
d
dτ

ÕðτÞ ¼ γ̃ ÕðτÞ; with γ̃ ¼
�
τ
d
dτ

ζ

�
ζ−1: ð62Þ

For the operators in Eq. (18), we define the flow-time
renormalization-group equation (RGE) as

τ
d
dτ

�
ÕiðτÞ
T̃iðτÞ

�
¼ γ̃i

�
ÕiðτÞ
T̃iðτÞ

�
; i∈ f1; 2g; ð63Þ

and then find the anomalous dimensions γ̃i to be

FIG. 11. Zero-flow-time extrapolation of the matched flow-
time data for the ΔQ ¼ 2 B1 parameter. The matching to the MS
scheme is performed at both NLO and NNLO using
μ∈ f2.5; 3.0; 3.5; 4.0; 4.5g GeV before running back to
μ0 ¼ 3 GeV. The pink and orange shaded areas indicate the
spread of all acceptable fits to the data at NLO and NNLO,
resulting in the purple and orange data points in the left panel
respectively. The dashed line at τ ¼ 0.08 GeV−2 indicates the
appropriate τmin for our dataset, and the dot-dashed lines indicate
the maximum flow time which enters the set of acceptable fits for
each operator.

13The value of τmin is a stricter limit than τmax and is required
by both the lattice spacings and the fixed-order perturbation
theory used. Using finer lattice spacings and/or additional
perturbative orders will push τmin to smaller values.
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The dependence on the scheme of evanescent operators
drops out in γ̃, which also means that the flowed anomalous
dimension for the ΔQ ¼ 2 operator is γ̃þþ ¼ γ̃11.

FIG. 12. Zero-flow-time extrapolations of the matched flow-time data for the ΔQ ¼ 0 bag parameters—B1 (top left), B2 (top right), ϵ1
(bottom left), and ϵ2 (bottom right). The matching to the MS scheme is performed at both NLO and NNLO using
μ∈ f2.5; 3.0; 3.5; 4.0; 4.5g GeV before running back to μ0 ¼ 3 GeV. The pink and orange shaded areas indicate the spread of all
acceptable fits to the data at NLO and NNLO, resulting in the purple and orange data points in the left panel respectively. The dashed line
at τ ¼ 0.08 GeV−2 indicates the appropriate τmin for our dataset, and the dot-dashed lines indicate the maximum flow time which enters
the set of acceptable fits for each operator.
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In the SFTX matching procedure used above, flow-time
logarithms [Eq. (43)]—which are naturally present in both
the all-orders nonperturbative lattice data and the fixed-
order perturbative matching coefficients—will only cancel
up to the available perturbative order. We therefore expect
higher-order logarithms to manifest as curvature at smaller
flow times in Figs. 11 and 12, and ultimately lead to
divergences as τ → 0, which is one of the limiting factors in
pushing τmin in our fits to smaller values; see Sec. III B. Our
fit function in Eq. (61) is designed to capture part of this
logarithmic behavior. Indeed, from inspecting the data we
can see that residual logarithmic effects are small, but they
may be non-negligible at the precision of our analysis.
One option to estimate these effects is to resum loga-

rithmic terms with the help of Eq. (62) [39]. This equation
enables us to run operators defined at some flow time τ to a
different value τ0, which can be chosen to improve
perturbative behavior of the operators and limit the effects
of logarithms. A particularly appealing choice is τ0 ¼
e−γE=2μ20, since this would exactly set the logarithmic terms
defined in Eq. (43) to zero [213]. For the case of the ΔQ ¼
2 parameter B1, where the matching matrix is a single
number, we can explicitly write this flow-time evolution as

B̃1ðτ → τ0Þ ¼ exp

�
−
Z

Lμ0τ

0

γ̃ðasðμ0Þ; LÞdL
�
B̃ðτÞ; ð66Þ

where B̃1ðτ → τ0Þ is the set of values for B̃1ðτ0Þ calculated
for each τ. Having run our continuum results from each τ to
τ0, we can combine these data with the matching coefficient
at τ0, i.e.

Bðμ0Þ ¼ lim
τ→0

ζ−1ðτ0; μ0ÞB̃1ðτ → τ0Þ ð67Þ

where we expect decreased flow-time dependence and thus
an easier τ → 0 extrapolation.
This procedure defines the RG-improved SFTX and τ →

0 extrapolation. The RG improvement of the ΔQ ¼ 0
operators follows analogously, however since the flowed
anomalous dimensions are now matrices, we do not write
an analytic expression for the evolution to τ0 but directly
integrate Eq. (62) numerically.
In the following we use the RG-improved SFTX as our

preferred method to obtain final results for the bag
parameters in the MS scheme. A good validation of this
choice is seen by comparing Figs. 11 and 12 to 13 and 14
where the final results with and without RG improvement
are very compatible with one another. Furthermore, for all
four ΔQ ¼ 0 bag parameters, the RG-improved matching
leads to more controlled extrapolations and thus somewhat
smaller errors at τ ¼ 0. Hence, adopting our default choice
of evanescent operators, our final results for the ΔQ ¼ 2
and the four ΔQ ¼ 0 bag parameters are

BMS
1 ð3 GeVÞ ¼ 0.7673ð68ÞGF;

BMS
1 ð3 GeVÞ ¼ 1.0524ð69ÞGF;

BMS
2 ð3 GeVÞ ¼ 0.9621ð26ÞGF;
ϵMS
1 ð3 GeVÞ ¼ −0.2275ð41ÞGF;
ϵMS
2 ð3 GeVÞ ¼ −0.0005ð3ÞGF; ð68Þ

where the uncertainty labeled “GF” combines statistical
errors as well as systematic effects of the τ → 0 extrapo-
lation from our analysis procedure which also directly
propagates uncertainties of a−1 quoted in Table I. We will
now estimate additional sources of systematic uncertainties
in our calculation.

C. Systematic uncertainties

Our values above are obtained at NNLO with the
improvement provided by the flow-time RGE following
Eq. (67). In Fig. 15 we show these final values using brown
squares and they are fully consistent with the orange
squares obtained by carrying out the same analysis but
without the flowed RG improvement. Subsequently, we
discuss other possible sources of uncertainty and also
estimate their impact on our results.

1. Continuum-limit extrapolation

In order to test for systematic effects in our continuum
extrapolation, we repeat the full analysis discarding the

FIG. 13. Zero-flow-time extrapolation of the RG-improved
matched flow-time data for the ΔQ ¼ 2 B1 parameter. The
matching to MS is performed at both NLO and NNLO using
μ∈ f2.5; 3.0; 3.5; 4.0; 4.5g GeV before running back to
μ0 ¼ 3 GeV. The flow-time RGE is used to set flow-time
logarithms to zero and improve the extrapolations. The pink
and orange shaded areas indicate the spread of all acceptable fits
to the data at NLO and NNLO, resulting in the pink and brown
data points in the left panel. The dashed line at τ ¼ 0.08 GeV−2

indicates the appropriate τmin for our dataset, and the dot-dashed
lines indicate the maximum flow time which enters the set of
acceptable fits for each operator.
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coarse C1 and C2 ensembles. This affects the analysis in
several ways:

(i) Discretization effects are reduced because the small-
est value of a−1 increases from 1.78 GeV to
2.38 GeV.

(ii) Heavy-quark discretization effects are reduced since
the heaviest bare charm-quark mass simulated de-
creases from amc ¼ 0.64 to 0.45.

(iii) The uncertainties in the τ → 0 extrapolation in-
crease, because the a → 0 extrapolation is per-
formed with two instead of three values of the
lattice spacing, and thus, the continuum data have
increased uncertainty.

We show examples of the resulting continuum limit extrap-
olations excluding the coarse ensembles in Fig. 16 and 17.
The outcome of these alternative continuum limits is
compatible with our previously obtained central results,
albeit with larger uncertainties, which is an expected effect
of discarding 1=3 of our ensembles. We propagate these
alternative continuum limits through the analysis to estimate
the effect on our final bag parameters in the MS scheme.
For all five bag parameters considered, we find at most a

1.8% change of the central values and the obtained bag

parameter values are shown in gray in Fig. 15. To quantify
the effect of these alternative continuum limits, we assign
half the difference of the central values as an additional
uncertainty to our final results in Eq. (70) and use the label
“CL” to indicate this “continuum limit” uncertainty.

2. Perturbative truncation

The systematics due to the truncation of the perturbative
series are partly taken into account through the variation of
the renormalization scale μ as discussed in the context of
Eq. (60). However, estimates based on scale variations are
known to be unreliable for capturing the full truncation
effects. This is illustrated by the pink circles in Fig. 15,
which show the outcome of the RG-improved analysis
based on the NLO rather than the NNLO expressions for
the matching coefficients. While they are consistent with

the NNLO results for BMS
1 , BMS

1 , BMS
2 , and ϵMS

1 , the
perturbative uncertainty still seems to be underestimated

for ϵMS
2 . We therefore include an additional “perturbative

truncation” uncertainty by taking half the difference of the
central values at NLO and NNLO, referring to it as “PT” in
the final results.

FIG. 14. Zero-flow-time extrapolation of the RG-improved matched flow-time data for the ΔQ ¼ 0 bag parameters—B1 (top left), B2

(top right), ϵ1 (bottom left), and ϵ2 (bottom right). The matching to MS is performed at both NLO and NNLO using
μ∈ f2.5; 3.0; 3.5; 4.0; 4.5g GeV before running back to μ0 ¼ 3 GeV. The flow-time RGE is used to set flow-time logarithms to
zero and improve the extrapolations. The pink and orange shaded areas indicate the spread of all acceptable fits to the data at NLO and
NNLO, resulting in the pink and brown data points in the left panel. The dashed lines indicate τmin ¼ 0.08 GeV−2, whereas dash-dotted
lines mark the maximum flow time included in our fit results.
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3. Quark-mass tuning

Starting from the physical values of the strange quark
mass in lattice units reported by the RBC/UKQCD
Collaboration [232–235], we tune the charm-quark masses
listed in Table I such that the value of the Ds meson mass
matches the PDG value [114] in physical units using the
quoted values of the inverse lattice spacings. In Fig. 18 we
show the relative deviations from the PDG. Although all
data are consistent within uncertainties, they have an
associated uncertainty in the matching. Since the dataset
of our exploratory calculation does not allow for a refined
estimate of this effect on our bag parameters, we simply
assign a 0.5% uncertainty due to the matching in our final
results.

4. Gluon, light-, and strange-quark discretization

Dominant light-quark and gluon discretization errors
arise from the used actions and are of order OððaΛQCDÞ2Þ.
Using ΛQCD ¼ 300 MeV, this amounts to 1% at our finest
lattice spacing. We account and correct for that by our
chiral-continuum extrapolation including terms linear in a2.
Remaining effects start at OððaΛQCDÞ4Þ ∼ 0.01%, which is
negligible at our current precision. An indicator for dis-
cretization errors in domain-wall fermions is the residual
mass amres which parametrizes the residual chiral-sym-
metry breaking as an additive mass term. In our calculation,
these are of OðamresÞ ∼ 0.4%; see Ref. [39].
We add the quark-mass tuning (0.5%) and residual

chiral-symmetry breaking (0.4%) systematic uncertainties
in quadrature, and assign an additional 0.64% uncertainty,
labeled “OS” for “other systematics,” to the final results
in Eq. (70).

FIG. 16. Alternative chiral-continuum limit fits for each bag
parameter at τ ¼ 0.08 GeV−2. The black data point is the
continuum-extrapolated value at physical pion mass, and the
colored bands are the linear a2 relations at each ensemble’s pion
mass after fitting to Eq. (55).

FIG. 15. Final results for the ΔQ ¼ 2 (top) and ΔQ ¼ 0 bag
parameters in the MS scheme at μ0 ¼ 3 GeV are shown by the
black data points. The central value is taken as the NNLO result
(brown) whose error is combined with half the differences to the
alternative NNLO (gray) and NLO (pink) results as well as an
additional 0.5% quark mass mistuning estimate in quadrature.
The data result from τ → 0 extrapolations using the flow-time
RGE to improve the SFTX as described in the text. The NNLO
result without the flow-time RGE is also plotted in orange to
show consistency.
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5. Heavy-quark discretization

Charm quarks are simulated using stout-smeared [240]
Möbius domain-wall fermions [241] which are optimized
for heavy flavors [242] and allow the simulation of bare
charm quark masses with amc ≲ 0.7 while discretization
effects remain small and under control [235,242,262]. This
condition is fulfilled on all lattice ensembles in Table I
and, hence, we expect discretization errors to be small.

As shown in Appendix C of Ref. [39], the residual masses
for charm quarks remain small (amres ≲ 10−4) for all
ensembles used and the long plateaus demonstrate that
the domain-wall mechanism works well. We therefore
conclude heavy quark discretization effects to be negligibly
small which is in agreement with the small changes
observed when performing alternative continuum limits
discarding the coarse ensembles and reducing the largest
bare charm quark mass from 0.64 to 0.45.

6. Chiral extrapolation

Although the valence charm and strange quarks are tuned
to their physical values, our ensembles differ in the light
sea-quark mass, which we have parametrized in the chiral-
continuum ansatz of Eq. (55). The lattice-spacing depend-
ence is the dominant component of the chiral-continuum
extrapolations, while the chiral term is much smaller and
not clearly resolved. Therefore we do not assign a separate
uncertainty due to the chiral extrapolation alone.

7. Finite volume

Focusing on a system with only charm- and strange-
quark masses in the valence sector on ensembles with
Mπ · L > 4, we consider finite-volume effects (FVEs) to be
negligible since heavy-light mesons have a short coherence
length and the lightest excited state contaminations will
scale with masses heavier than pions. While there is no
specific evaluation of FVEs in the matrix elements of these
operators for charm-strange mesons in the literature, we can
interpolate from results for other systems. Reference [263]
finds that the ΔB ¼ 0 operator basis for Bs mesons have
FVEs≲ 0.05%, while Ref. [6] estimates FVEs of ∼0.1%
for the bag parameters of ΔQ ¼ 2 operators. We infer that
the FVEs of the bag parameters of charm-strange mesons
lie between 0.1% and 0.05%; this is a negligible uncertainty
at our current precision. We therefore do not account for
finite-volume effects separately.

8. Isospin-breaking and QED corrections

Furthermore, corrections due to isospin breaking for the
light quarks in the sea sector may arise as well as effects due
to accounting for electric charges both in the sea and valence
sector. Putting the focus on exploring the concept of using
GFþ SFTX, we refrain from estimating these effects and,
hence, corresponding uncertainties are not accounted for.

VIII. PHENOMENOLOGICAL RESULTS

Using a setup with pseudoscalar Ds meson states in pure
QCD without electric charges, we determined the bag
parameter contributing to the mass difference of a non-
physical charm-strange meson at short distance given by a
ΔQ ¼ 2 four-quark operator. Accounting for all systematic
effects discussed in the previous section, we find in the MS
scheme at μ0 ¼ 3 GeV and adopting our default choice of

FIG. 17. Chiral-continuum limit fits for each bag parameter at τ ¼
0.28 GeV−2. The black data point is the continuum-extrapolated
value at physical pion mass, and the colored bands are the linear a2

relations at each ensemble’s pion mass after fitting to Eq. (55).

FIG. 18. Ratios of Mlatt
Ds
=MPDG

Ds
for each lattice ensemble used.
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evanescent operators

BMS
1 ð3 GeVÞ ¼ 0.7673ð68ÞGFð82ÞCLð37ÞPTð49ÞOS

¼ 0.7673ð123Þ: ð69Þ

Based on our knowledge from the B meson sector, we may
assume spectator effects to be small and that most of the
difference in the hadronic matrix element between using a
strange and a light spectator is captured through the decay
constant [5,20]. We therefore infer that the bag parameter
calculated in Eq. (69) is largely compatible with literature
results for short-distance contributions to D0 mixing. Lattice
results exist for the bag parameters of the D0 meson from
both the ETM and FNAL/MILC Collaborations. The former
find B1ð3 GeVÞ ¼ 0.757ð27Þ [10] and the latter
B1ð3 GeVÞ ¼ 0.784ð56Þ [12].14 These results are in excel-
lent agreement with our result in Eq. (69) albeit with larger
uncertainties which are however also expected when
extrapolating to/working at physical light quark masses.
The bag parameters parametrizing short-distance D0 mixing
have also been calculated using HQET sum rules predicting
B1ð3 GeVÞ ¼ 0.654þ0.060−0.052 [116]. This result exhibits a
noticeable tension to the lattice determinations. However,
HQET is less suitable for charm quarks than for bottom
quarks, and Ref. [116] does not include Oð1=mn

QÞ correc-
tions in the HQET-QCD matching procedure. Note that the
results of Refs. [10,12,116], based on NLO matching,
employ choices of evanescent operators [259,264] which
differ from ours. Nevertheless, our final results can be
compared consistently with these because the differences

occur only at NNLO for BMS
1 .

For the bag parameters parametrizing ΔQ ¼ 0 operator
matrix elements describing the lifetime ratio of Ds=D0

mesons, we obtain, using our default choice of evanescent
operators,

BMS
1 ð3 GeVÞ ¼ 1.0524ð69ÞGFð1ÞCLð14ÞPTð67ÞOS

¼ 1.0524ð97Þ;
BMS
2 ð3 GeVÞ ¼ 0.9621ð25ÞGFð18ÞCLð13ÞPTð62ÞOS

¼ 0.9621ð70Þ;
ϵMS
1 ð3 GeVÞ ¼ −0.2275ð41ÞGFð42ÞCLð46ÞPTð14ÞOS

¼ −0.2275ð76Þ;
ϵMS
2 ð3 GeVÞ ¼ −0.0005ð3ÞGFð0ÞCLð7ÞPTð0ÞOS

¼ −0.0005ð8Þ: ð70Þ

These are the first lattice results for the bag parameters of
ΔQ ¼ 0 operators with a full error budget, and represent a

significant step towards more precise predictions of heavy
meson lifetimes and lifetime ratios using lattice QCD.
Although our focus is on establishing the use of GFþ
SFTX to renormalize four-quark operators, we obtain

percent-level results for BMS
1 , BMS

2 , and ϵMS
1 , while ϵMS

2

is much smaller and vanishes within uncertainties. The
latter is however an artifact of a particular choice of
evanescent operators (cf. Appendix B).
Although SUð3ÞF-breaking corrections to the ΔQ ¼ 0

bag parameters are calculated in Ref. [199] within the
HQET sum-rules framework, the HQET-QCDmatching for
this scenario has not been calculated and, hence, we cannot
directly compare results. From Tables 3 and 4 of Ref. [199],
we see, however, that the difference between Bd and Bs bag
parameters is very small, implying mostly negligible
spectator effects. Therefore we expect again that the results
calculated here using Ds mesons are largely compatible
with D0 calculations. The most up-to-date values of the
ΔQ ¼ 0 bag parameters in QCD from sum rules for D
mesons are presented in Ref. [49], where a different basis of
evanescent operators has been used than here. Performing
the basis transformation described in Appendix B, we
express our results of Eq. (70) in the scheme used in
Ref. [49] and obtain

B0MS
1 ð3 GeVÞ ¼ 1.103ð10Þ;

B0MS
2 ð3 GeVÞ ¼ 0.9754ð71Þ;
ϵ0MS
1 ð3 GeVÞ ¼ −0.2427ð71Þ;
ϵ0MS
2 ð3 GeVÞ ¼ −0.0289ð8Þ: ð71Þ

As another consistency check, we also performed the τ → 0
extrapolations by directly using the matching coefficients
defined for this evanescent scheme and find fully compatible
results. In comparison to Eq. (6.27) of Ref. [49] our results
are an order of magnitude more precise. We note, however,
that the uncertainties in Ref. [49] are dominated by the
HQET-QCD matching procedure. Furthermore, our values

in particular for BMS
1 and ϵMS

1 differ significantly from those
of Ref. [49]. This may again be due to the HQET-QCD
matching procedure, which may require includingOð1=mn

QÞ
corrections to more accurately describe D meson.

From a phenomenological perspective, our value for ϵMS
1

is particularly interesting, because in the HQE the Wilson
coefficient multiplying this parameter is rather large [187].
Hence, the observed difference of about a factor of 2
compared to the existing literature may lead to a significant
effect in the lifetime predictions for D mesons. An
independent verification of our findings would therefore
be desirable.
In addition to lifetimes and lifetime ratios, the ΔQ ¼ 0

four-quark operators also contribute to other processes
described by the HQE, such as rare semileptonic B-meson

14We convert the quoted matrix element using f
Nf¼2þ1
D ¼

210.4ð1.5Þ MeV [20] and MD0 ¼ 1864.84ð5Þ MeV [114].
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decays and are in fact the dominant uncertainties at high q2

[265,266]. A future high-precision determination of these
quantities for B mesons is therefore advantageous to the
broader flavor physics community. In particular, the life-
time-ratio operator basis is immediately relevant to the
decay-rate ratios of the currents b → sll and b → ulν as
discussed in Ref. [265] while the future application of our
procedure to the eye diagrams will be highly beneficial to
b → sll processes themselves.

IX. CONCLUSION

Using six RBC/UKQCD 2þ 1-flavor domain-wall
ensembles and performing a valence sector measurement
with charm and strange quarks tuned to their physical
values, we calculate in a heavy-light system ΔQ ¼ 2
operators describing neutral meson mixing as well asΔQ ¼
0 operators related to bag parameters entering the determi-
nation of heavy meson lifetime ratios. Renormalization of
operators is performed using fermionic GF in combination
with the SFTX to match our results to the MS scheme. This
matching is performed at both NLO and NNLO at a scale of
μ0 ¼ 3 GeV. Taking advantage of perturbatively calculated
anomalous dimensions, we improve the τ → 0 extrapolation
by running the matching scale to higher values and
canceling flow-time logarithms using the flowed RGE. In
the future this may further be improved by nonperturbative
determinations of the corresponding anomalous dimensions
[267–269].
Although the focus of this work lies on the method to

calculate and renormalize four-quark operators using
GFþ SFTX, we further achieve percent-level results for
the bag parameters indicating that GFþ SFTX is also a
competitive method w.r.t. overall uncertainties. While our
results have a full error budget, we do stress, however, that
in this study we choose to simplify the problem by
neglecting contributions from eye diagrams which are
required to obtain absolute lifetimes and SUð3ÞF-breaking
effects. The challenge of the eye diagrams arises due to their
poor signal-to-noise ratio demanding different numerical
techniques to simulate and, moreover, they also induce
mixing with operators of lower mass-dimension under

renormalization. In the case of ϵMS
2 , we observe sensitivity

to the choice of evanescent operator scheme and provide
formulae to convert to a broad class of such choices.
The successful application of the GFþ SFTX frame-

work demonstrated here and also in other works
[39,42,43,45] motivates an extended program in the future.
It will be interesting to incorporate the full ΔQ ¼ 0
operator basis and handle eye diagrams with the associated
mixing of lower mass-dimension operators in the SFTX.
Furthermore, it looks promising to choose a larger set of
ensembles in order to improve control of all systematic
effects in a high-precision study extending this calculation
to use both physical light quarks as well as “heavier-than-

charm” quarks to extrapolate towards the bottom. This will
allow us to obtain a more complete picture of lifetimes and
lifetime ratios for heavy-light mesons including
D0; Dþ; Dþs ; B0; Bþ, and Bs as well as heavy baryons.

Note added. While this paper was under review, Ref. [270]
presented the NNLO Wilson coefficients for heavy-meson
lifetime ratios and combined them with the bag parameters
determined here. It finds that our lattice results significantly
change the charm lifetime-ratio predictions compared to the
HQET sum-rule results [49], reduce the associated uncer-
tainties, and improve the agreement with experiment.
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APPENDIX A: RENORMALIZATION
CONSTANTS

The bare gauge coupling is related to the MS-renormal-
ized coupling by

g0 ¼
�
μ2eγE

4π

�
ϵ=2

ZgðasðμÞÞgðμÞ; ðA1Þ

where μ denotes the renormalization scale and Zg is the
renormalization constant of the coupling,

ZgðasÞ ¼ 1 − as
β0
2ϵ
þ a2s

�
3β20
8ϵ2

−
β1
4ϵ

�
þOða3s Þ; ðA2Þ

with the coefficients

β0 ¼
1

4

�
11 −

2

3
nf

�
;

β1 ¼
1

16

�
102 −

38

3
nf

�
; ðA3Þ

of the QCD beta function

βðasÞ ¼ −ϵ − as
X∞
n¼0

βnans : ðA4Þ

The NNLO relation between a generic renormalization
constant and the corresponding anomalous dimension,
defined by

d
d ln μ2

Zij ¼ −γikZkj ðA5Þ

and

γij ¼ −as
X∞
n¼0

ans γn;ij ðA6Þ

is

Zij ¼ δij þ as

�
−
1

ϵ
γ0;ij þ Z10

ij

�
þ a2s

�
1

2ϵ2
½γ0;ikγ0;kj

þ β0γ0;ij� −
1

2ϵ
½γ1;ij þ β0Z10

ij þ γ0;ikZ10
kj

þ Z10
ik γ0;kj� þ Z20

ij

�
þOða3s Þ: ðA7Þ

The finite parts of the renormalization constants, Zn0
ij are

only nonzero if i∈ E and j∈O as described in Sec. IVA.
As mentioned in Sec. IV C, the two sets of operators

Oð1Þ ≡ fO1; T 1g and Oð2Þ ≡ fO2; T 2g do not mix with
each other. The result for the physical submatrix of the
anomalous dimension is [205,258,259]

γð1Þ0 ¼
�

0 − 3
2

− 1
3

1
2

�
; ðA8Þ

γð2Þ0 ¼
�
2 0

0 − 1
4

�
; ðA9Þ

and

γð1Þ1 ¼
� 7

24
− 111

32
þ 7

24
nf

− 85
48
þ 7

108
nf − 185

96
þ 11

72
nf

�
; ðA10Þ

γð2Þ1 ¼
� 49

6
− 5

18
nf − 95

32
þ 1

12
nf

− 23
144
þ 1

54
nf − 269

64
þ 37

144
nf

�
: ðA11Þ

In order to be able to rotate to a more general scheme (see
Appendix B), we also need unphysical parts of the
renormalization matrix, which we find to be15

γð1Þ0;OE ¼
�
0 1

4
0 0

1
18

5
48

0 0

�
; γð2Þ0;OE ¼

�
0 1

4
0 0

1
18

5
48

0 0

�
;

γð1Þ1;OE ¼
 

− 17
48

11
192

− 1
144

nf
7

576
35

1536

− 169
864

− 1
648

nf
317
1152

− 5
1728

nf
35

6912
− 1

3072

!
;

γð2Þ1;OE ¼
 

− 11
36

7
24
− 1

144
nf

7
576

35
1536

− 31
216

− 1
648

nf 283
1152

− 5
1728

nf 35
6912

− 1
3072

!
;

γð1Þ0;EE ¼

0
BBB@

0 − 7
2

0 1
4

− 7
9

− 1
3

1
18

5
48

� � � �
� � � �

1
CCCA;

γð2Þ0;EE ¼

0
BBB@

− 2
3

−4 0 1
4

− 8
9

− 1
12

1
18

5
48

� � � �
� � � �

1
CCCA; ðA12Þ

where the entries denoted by � in γ0;EE do not contribute to
our final result. They require including the evanescent
operators of the third generation and were thus not
computed. The two-loop anomalous dimensions γ1 are
scheme dependent, meaning that their values are specified
for the choice of evanescent operators of Sec. IVA. The
result in a general scheme can be found in the ancillary files
(see Appendix C and Ref. [209]).
For the ΔQ ¼ 2 operator, we find

γð0ÞQ1
¼ −

1

2
; γð1ÞQ1

¼ 7

32
−

1

72
nf : ðA13Þ

15These results have been obtained independently in Ref. [270].
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The MS renormalization constant of the flowed-quark field

ZMS
χ , introduced in Eq. (27), is related by Eq. (A7) to the

anomalous dimensions given by [34,213]

γχ;0 ¼ −1;

γχ;1 ¼ −
73

8
þ 11

36
nf þ

26

9
ln 2: ðA14Þ

The finite renormalization ζχ relating the ringed scheme to
the MS scheme,

Z̊χ ¼ ζχðτ; μÞZMS
χ ; ðA15Þ

is [201,203]

ζχðτ; μÞ ¼ 1 − as

�
γχ;0Lμτ þ ln 3þ 4

3
ln 2

�

þ a2s

	
γχ;0
2
ðγχ;0 − β0ÞL2

μτ

þ
�
γχ;0ðβ0 − γχ;0Þ ln 3þ 4

3
γχ;0ðβ0 − γχ;0Þ ln 2

− γχ;1

�
Lμτ þ

cð2Þχ

16



þOða3s Þ; ðA16Þ

where

cð2Þχ ¼ 4cχ;A þ
16

9
cχ;F þ

2

3
nfcχ;R: ðA17Þ

The coefficients have been determined in Ref. [201]:

cχ;A ¼ −23.7947; cχ;F ¼ 30.3914;

cχ;R ¼ −
131

18
þ 46

3
ζð2Þ þ 944

9
ln 2þ 160

3
ln22 −

172

3
ln 3

þ 104

3
ln 2 ln 3 −

178

3
ln23þ 8

3
Li2ð1=9Þ

−
400

3
Li2ð1=3Þ þ

112

3
Li2ð3=4Þ ¼ −3.92255…:

ðA18Þ

Only digits which are not affected by the numerical
uncertainty are quoted in Eq. (A18).

APPENDIX B: SCHEME DEPENDENCE

The definition of the scheme for the evanescent operators
in Eqs. (34) and (35) includes an arbitrariness; in particular,
one is free to add terms which vanish in D ¼ 4. Such
additional terms, however, change the result of our calcu-
lation and correspond to choosing a different renormalization
scheme. In a more general scheme, the evanescent operators
of the first generation are

E0ð1ÞO1
¼ ðψ̄αγμνρð1 − γ5ÞψβÞðψ̄ γγρνμð1 − γ5ÞψδÞ þ Eð1Þ1 O1;

E0ð1ÞT1
¼ ðψ̄αγμνρð1 − γ5ÞTAψβÞðψ̄ γγρνμð1 − γ5ÞTAψδÞ
þ Eð1Þ2 T1;

E0ð1ÞO2
¼ ðψ̄αγμνð1 − γ5ÞψβÞðψ̄ γγνμð1þ γ5ÞψδÞ þ Eð1Þ3 O2;

E0ð1ÞT2
¼ ðψ̄αγμνð1 − γ5ÞTAψβÞðψ̄ γγνμð1þ γ5ÞTAψδÞ
þ Eð1Þ4 T2; ðB1Þ

where

Eð1Þ1 ¼ −4þ E1
1;1εþ E1

1;2ε
2;

Eð1Þ2 ¼ −4þ E1
2;1εþ E1

2;2ε
2;

Eð1Þ3 ¼ −4þ E1
3;1εþ E1

3;2ε
2;

Eð1Þ4 ¼ −4þ E1
4;1εþ E1

4;2ε
2: ðB2Þ

For the second generation, we work with the operators

E0ð2ÞO1
¼ ðψ̄αγμνρστð1 − γ5ÞψβÞðψ̄ γγτσρνμð1 − γ5ÞψδÞ
þ Eð2Þ1 O1 þ B1E

ð1Þ
O1
;

E0ð2ÞT1
¼ ðψ̄αγμνρστð1 − γ5ÞTAψβÞðψ̄ γγτσρνμð1 − γ5ÞTAψδÞ
þ Eð2Þ2 T1 þ B2E

ð1Þ
T1
;

E0ð2ÞO2
¼ ðψ̄αγμνρσð1 − γ5ÞψβÞðψ̄ γγσρνμð1þ γ5ÞψδÞ
þ Eð2Þ3 O2 þ B3E

ð1Þ
O2
;

E0ð2ÞT2
¼ ðψ̄αγμνρσð1 − γ5ÞTAψβÞðψ̄ γγσρνμð1þ γ5ÞTAψδÞ
þ Eð2Þ4 T2 þ B4E

ð1Þ
T2
; ðB3Þ

where

Eð2Þ1 ¼ −16þ E2
1;1εþ E2

1;2ε
2;

B1 ¼ B1;0 þ B1;1ε;

Eð2Þ2 ¼ −16þ E2
2;1εþ E2

2;2ε
2;

B2 ¼ B2;0 þ B2;1ε;

Eð2Þ3 ¼ −16þ E2
3;1εþ E2

3;2ε
2;

B3 ¼ B3;0 þ B3;1ε;

Eð2Þ4 ¼ −16þ E2
4;1εþ E2

4;2ε
2;

B4 ¼ B4;0 þ B4;1ε: ðB4Þ
The numerically specified coefficients were obtained by
Fierz relations and are chosen such that the operators are
evanescent; all other coefficients are part of the definition of
the basis of evanescent operators.
In the case of the ΔQ ¼ 2 operators, we use the non-

mixing basis which refers to the physical operators
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fOþ;O−g and the evanescent operators fE0ð1ÞO1
; E0ð1ÞT 1

; E0ð2ÞO1
;

E0ð2ÞT 1
g given in Eqs. (B1) and (B3) with α ¼ γ ¼ Q, β ¼

δ ¼ q and the coefficients of Eqs. (B2) and (B4) given by
[205,230]

E1
1;1 ¼ E1

2;1 ¼ 8;

E1
1;2 ¼ E1

2;2 ¼ −4;

E2
1;1 ¼ E2

2;1 ¼ 64;

E2
1;2 ¼ −

1688

25
; E2

2;2 ¼
2632

25
;

B1;0 ¼ B2;0 ¼ −40;

B1;1 ¼ B2;1 ¼ 40: ðB5Þ

This choice of scheme respects Fierz symmetry and ensures
that there is no mixing amongOþ andO− such that there are
no off-diagonal entries in the physical submatrices of both
the matching matrix as well as the anomalous dimensions.
In the ancillary file, we provide the matching matrix and

the anomalous dimension matrix in a general scheme as a
function of the coefficients Ek

i;j.
16 The results in a general

scheme can be obtained by performing a rotation of the
evanescent operators from the minimal basis of Eqs. (34)
and (35) to the more general basis of Eqs. (B1) to (B4)
[230,272]

E0i ¼ MiðEi þ εUiOi þ ε2ViOiÞ; ðB6Þ

where

M1 ¼

0
BBB@

1 0 0 0

0 1 0 0

B1;0 þ εB1;1 1 1 0

0 B2;0 þ εB2;1 0 1

1
CCCA;

M2 ¼

0
BBB@

1 0 0 0

0 1 0 0

B3;0 þ εB3;1 1 1 0

0 B4;0 þ εB4;1 0 1

1
CCCA; ðB7Þ

and

U1 ¼

0
BBBBB@

E1
1;1 0

0 E1
2;1

E2
1;1 0

0 E2
2;1

1
CCCCCA; U2 ¼

0
BBBBB@

E1
3;1 0

0 E1
4;1

E2
3;1 0

0 E2
4;1

1
CCCCCA;

V1 ¼

0
BBBBB@

E1
1;2 0

0 E1
2;2

E2
1;2 0

0 E2
2;2

1
CCCCCA; V2 ¼

0
BBBBB@

E1
3;2 0

0 E1
4;2

E2
3;2 0

0 E2
4;2

1
CCCCCA: ðB8Þ

TABLE II. The expressions of the ancillary files Zeta.m and Zeta.py that encode the main results of this paper. The notation of the
variables should be self-explanatory; more details are given in the header of these files.

Zeta.m Zeta.py Meaning Reference

ZfinInv1 ZfinInv1(alpha_s, nf) Z−1
fin;1 Eq. (B9)

ZfinInv2 ZfinInv2(alpha_s, nf) Z−1
fin;2 Eq. (B9)

zetaInv1 zetaInv1(alpha_s, nf, mu, t) ζ0−11
Eqs. (44), (58), and (B10)

zetaInv2 zetaInv2(alpha_s, nf, mu, t) ζ0−12
Eqs. (45), (58), and (B10)

zetaInvMixing zetaInvMixing(alpha_s, nf, mu, t) ζ−1Q1
Eqs. (50) and (58)

zetaInv1NormA zetaInv1NormA(alpha_s, nf, mu, t) ζ0−1B;1 Eqs. (58) and (B10)

zetaInv2NormP zetaInv2NormP(alpha_s, nf, mu, t) ζ0−1B;2 Eqs. (58) and (B10)

zetaInvMixingNormA zetaInvMixingNormA(alpha_s,nf,mu,t) ζ−1B;1 Eq. (58)

gamma1 gamma1(alpha_s, nf) γ0ð1Þ Eqs. (A6), (A8), (A10), (A12), and (B10)

gamma2 gamma2(alpha_s, nf) γ0ð2Þ Eqs. (A6), (A9), (A11), (A12), and (B10)

gammaMixing gammaMixing(alpha_s, nf) γQ1
Eqs. (A6) and (A13)

TABLE III. Notation for the variables in the ancillary files.

Zeta.m Zeta.py Meaning Reference

nc NC Nc Section III
tr TR TR Appendix C
Lmut Lmut Lμτ Eq. (43)

as a_s as Section IV C
nf nf nf Section IV C
z2 zeta2 ζð2Þ Eq. (42)

16The choice of B4;1 neither impacts the matching matrix nor
the physical part of the anomalous dimension, which can be seen
from the fact that in the rotation to a general scheme it only
appears in the matrix describing the rotation among the evan-
escent operators Mi.
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We can now obtain the matching matrix in a general
scheme by applying the transformation to the bare results
before performing the renormalization. Alternatively, the
renormalized result in a general scheme can be obtained by
multiplying the renormalized matching matrix with a finite
renormalization induced by the rotation matrices U, V

Zfin;1=2 ¼ 1þ asZ1
fin;1=2 þ a2sZ2

fin;1=2 þOða3s Þ;
Z1
fin;1=2 ¼ γð1=2Þ0;OEU1=2;

Z2
fin;1=2 ¼

1

2
γð1=2Þ1;OEU1=2 þ

1

2
ðγð1=2Þ0;O;kγ

ð1=2Þ
0;kE þ β0γ

ð1=2Þ
0;OE ÞV1=2

− γð1=2Þ0;OEV1=2γ
ð1=2Þ
0 : ðB9Þ

We then get the result for the matching matrix in the general
scheme ζ0−11=2 by

ζ0−11=2 ¼ Z−1
fin;1=2ζ

−1
1=2: ðB10Þ

A third way to determine the general scheme dependence is
the direct calculation of the matching matrix using the
evanescent operators displayed in Eqs. (B1) to (B4). We find
agreement between all three methods which provides a
strong check on our result. The finite renormalization
constant in Eq. (B9) can also be found in the ancillary file;
it can be used to convert the results of the bag parameters
from Eq. (70) to any scheme captured by Appendix B.

APPENDIX C: ANCILLARY FILES

We provide the perturbative results of this paper in
computer-readable form as ancillary files in both
Mathematica and Python format in the files Zeta.m and
Zeta.py, respectively [209]. The provided quantities and

their notation in either format are listed in Table II, while
the variables they depend on can be found in Table III.
We provide the matching coefficients in two schemes for

the flowed quarks, where this scheme can be chosen by
setting the variable Xzetachi to 0 or 1 to get the MS or

the ringed scheme [see Eq. (27)]. The coefficients cð2Þχ are
denoted by C2 and the function chi2(nf) in Zeta.m
and Zeta.py, respectively. Using the replacement rule

ReplaceC2, cð2Þχ can be substituted by the values in
Eq. (A17).
Additionally, the scheme related to the evanescent

operators can be chosen by setting Ei
j;k ¼ Eijepk to

any value. In particular, using the replacement rules
ReplaceScheme1, the default scheme choice of this
paper, which is used in both Eq. (70) as well as Eqs. (44)
(45) (for the definition of this scheme see Section IVA) can
be substituted. We also provide the explicit coefficients of
the scheme used in Ref. [49] and Eq. (71) which can be
replaced by ReplaceScheme2. Our results in the ancil-
lary files are expressed in dependence of TR ¼ 1

2
.

APPENDIX D: CORRELATOR FITS

We now show the results of fits to Eq. (53) for all five bag
parameters studied on each ensemble listed in Table I at
select flow times, with p-values. The fits combine multiple
source separations ΔT as described in Sec. VI and are fully
correlated in both independent analyses.
Fits on the C1 and C2 ensembles are collected in

Table IV, then on the M1, M2, and M3 ensembles in
Table V, and finally for the F1S ensemble in Table VI.
Moreover, the fit results of the chiral-continuum limits

for each bag parameter at a set of physical flow times are
shown in Table VII.

TABLE IV. Bag parameters extracted from ratio fits for the coarse ensembles at select flow times with p-values.

Ens τ½GeV−2� τ=a2 BGF
1 p BGF

1 p BGF
2 p ϵGF1 p ϵGF2 p

C1

0.094 0.30 0.8894(6) 0.67 1.0149(10) 0.85 0.9846(3) 0.94 −0.0919ð2Þ 0.51 −0.00527ð4Þ 0.95
0.157 0.50 0.9099(6) 0.80 1.0097(9) 0.86 0.9875(3) 0.93 −0.0749ð2Þ 0.54 −0.00538ð4Þ 0.98
0.220 0.70 0.9247(5) 0.70 1.0067(9) 0.87 0.9898(3) 0.87 −0.0623ð2Þ 0.48 −0.00524ð5Þ 0.98
0.251 0.80 0.9305(5) 0.71 1.0057(9) 0.87 0.9908(3) 0.85 −0.0573ð2Þ 0.51 −0.00512ð5Þ 0.98
0.314 1.00 0.9400(5) 0.86 1.0043(9) 0.89 0.9924(3) 0.92 −0.0489ð2Þ 0.50 −0.00481ð5Þ 0.98
0.345 1.10 0.9440(5) 0.75 1.0038(9) 0.90 0.9931(3) 0.89 −0.0454ð2Þ 0.55 −0.00464ð6Þ 0.95
0.408 1.30 0.9509(5) 0.63 1.0031(8) 0.91 0.9944(3) 0.94 −0.0395ð2Þ 0.66 −0.00429ð6Þ 0.96

C2

0.094 0.30 0.8889(6) 0.72 1.0117(5) 0.92 0.9817(4) 0.95 −0.0921ð4Þ 0.49 −0.00556ð15Þ 0.46
0.157 0.50 0.9097(6) 0.64 1.0065(5) 0.94 0.9847(4) 0.95 −0.0752ð4Þ 0.50 −0.0057ð2Þ 0.43
0.220 0.70 0.9243(6) 0.62 1.0035(5) 0.92 0.9871(4) 0.95 −0.0627ð4Þ 0.64 −0.0056ð2Þ 0.32
0.251 0.80 0.9303(6) 0.54 1.0025(5) 0.91 0.9882(4) 0.96 −0.0577ð4Þ 0.63 −0.0055ð2Þ 0.32
0.314 1.00 0.9396(5) 0.63 1.0011(4) 0.90 0.9900(4) 0.99 −0.0493ð4Þ 0.71 −0.0052ð2Þ 0.42
0.345 1.10 0.9436(5) 0.62 1.0007(4) 0.89 0.9907(4) 1.00 −0.0458ð3Þ 0.75 −0.0050ð2Þ 0.30
0.408 1.30 0.9505(5) 0.42 1.0000(4) 0.87 0.9920(4) 0.97 −0.0398ð3Þ 0.86 −0.0047ð2Þ 0.42
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TABLE V. Bag parameters extracted from ratio fits for the medium ensembles at select flow times with p-values.

Ens τ½GeV−2� τ=a2 BGF
1 p BGF

1 p BGF
2 p ϵGF1 p ϵGF2 p

M1

0.106 0.60 0.8901(6) 0.90 1.0139(6) 0.50 0.9830(6) 0.78 −0.0951ð4Þ 0.93 −0.00610ð5Þ 0.18
0.158 0.90 0.9085(6) 0.88 1.0088(6) 0.57 0.9861(6) 0.82 −0.0783ð4Þ 0.96 −0.00595ð5Þ 0.10
0.211 1.20 0.9218(7) 0.86 1.0057(6) 0.49 0.9884(7) 0.73 −0.0663ð2Þ 0.24 −0.00565ð6Þ 0.39
0.246 1.40 0.9288(7) 0.82 1.0043(6) 0.60 0.9898(6) 0.86 −0.0599ð2Þ 0.19 −0.00545ð5Þ 0.43
0.299 1.70 0.9373(6) 0.89 1.0028(6) 0.65 0.9914(6) 0.88 −0.0519ð2Þ 0.12 −0.00513ð6Þ 0.51
0.352 2.00 0.9442(6) 0.78 1.0018(6) 0.67 0.9926(5) 0.97 −0.0455ð2Þ 0.15 −0.00479ð6Þ 0.68
0.405 2.30 0.9500(6) 0.68 1.0012(6) 0.70 0.9937(5) 0.98 −0.0403ð2Þ 0.18 −0.00447ð6Þ 0.74

M2

0.106 0.60 0.8906(7) 0.28 1.0152(7) 0.20 0.9825(4) 0.54 −0.0957ð3Þ 0.90 −0.00610ð5Þ 0.76
0.158 0.90 0.9089(7) 0.36 1.0099(6) 0.20 0.9856(4) 0.52 −0.0787ð3Þ 0.86 −0.00595ð6Þ 0.78
0.211 1.20 0.9223(6) 0.43 1.0067(6) 0.14 0.9880(4) 0.49 −0.0665ð3Þ 0.85 −0.00566ð6Þ 0.79
0.246 1.40 0.9293(6) 0.43 1.0053(7) 0.12 0.9893(4) 0.47 −0.0599ð3Þ 0.85 −0.00545ð7Þ 0.80
0.299 1.70 0.9378(6) 0.48 1.0038(7) 0.13 0.9909(4) 0.39 −0.0518ð2Þ 0.38 −0.00511ð7Þ 0.84
0.352 2.00 0.9448(6) 0.39 1.0027(6) 0.15 0.9923(4) 0.38 −0.0455ð2Þ 0.38 −0.00479ð7Þ 0.75
0.405 2.30 0.9503(7) 0.47 1.0020(5) 0.06 0.9933(4) 0.44 −0.0402ð3Þ 0.38 −0.00444ð8Þ 0.82

M3

0.106 0.60 0.8910(7) 0.20 1.0133(7) 0.50 0.9824(3) 0.97 −0.0962ð3Þ 0.27 −0.00634ð8Þ 0.51
0.158 0.90 0.9094(8) 0.24 1.0079(6) 0.50 0.9855(3) 0.99 −0.0793ð3Þ 0.23 −0.00618ð8Þ 0.26
0.211 1.20 0.9227(7) 0.27 1.0044(7) 0.64 0.9880(3) 0.99 −0.0667ð3Þ 0.52 −0.00584ð9Þ 0.15
0.246 1.40 0.9296(8) 0.26 1.0030(7) 0.65 0.9893(3) 0.99 −0.0603ð2Þ 0.30 −0.00562ð9Þ 0.15
0.299 1.70 0.9383(8) 0.30 1.0015(6) 0.66 0.9910(3) 0.96 −0.0523ð2Þ 0.31 −0.00537ð11Þ 0.51
0.352 2.00 0.9451(8) 0.34 1.0005(6) 0.68 0.9924(3) 0.92 −0.0458ð2Þ 0.41 −0.00498ð11Þ 0.37
0.405 2.30 0.9508(7) 0.39 0.9999(6) 0.66 0.9935(3) 0.88 −0.0405ð2Þ 0.44 −0.00470ð12Þ 0.68

TABLE VI. Bag parameters extracted from ratio fits for the F1S ensemble at select flow times with p-values.

Ens τ½GeV−2� τ=a2 BGF
1 p BGF

1 p BGF
2 p ϵGF1 p ϵGF2 p

F1S

0.103 0.80 0.8888(5) 0.11 1.0156(3) 0.12 0.9828(2) 0.56 −0.0981ð3Þ 0.84 −0.00629ð3Þ 0.75
0.155 1.20 0.9080(4) 0.05 1.0099(3) 0.11 0.9859(2) 0.51 −0.0804ð3Þ 0.68 −0.00608ð3Þ 0.76
0.206 1.60 0.9211(4) 0.07 1.0066(3) 0.10 0.9883(2) 0.45 −0.0677ð2Þ 0.83 −0.00578ð4Þ 0.67
0.258 2.00 0.9311(4) 0.60 1.0044(3) 0.11 0.9901(2) 0.46 −0.0581ð2Þ 0.73 −0.00546ð3Þ 0.86
0.309 2.40 0.9391(3) 0.61 1.0030(2) 0.12 0.9915(2) 0.47 −0.0506ð2Þ 0.73 −0.00512ð4Þ 0.63
0.348 2.70 0.9440(4) 0.63 1.0023(2) 0.12 0.9925(2) 0.44 −0.0459ð2Þ 0.72 −0.00486ð5Þ 0.73
0.400 3.10 0.9496(4) 0.64 1.0016(2) 0.21 0.9935(2) 0.44 −0.0407ð2Þ 0.71 −0.00451ð4Þ 0.74

TABLE VII. Chiral-continuum limit extrapolations of the bag parameters at select flow times with p-values.

Ens τ½GeV−2� BGF
1 p BGF

1 p BGF
2 p ϵGF1 p ϵGF2 p

a ¼ 0

0.100 0.8845(8) 0.54 1.0172(10) 0.12 0.9800(4) 0.36 −0.1072ð4Þ 0.05 −0.00716ð6Þ 0.41
0.150 0.9051(8) 0.64 1.0101(9) 0.15 0.9839(4) 0.27 −0.0866ð4Þ 0.17 −0.00678ð7Þ 0.45
0.200 0.9192(8) 0.77 1.0059(9) 0.16 0.9867(4) 0.25 −0.0720ð3Þ 0.24 −0.00630ð7Þ 0.79
0.250 0.9295(8) 0.81 1.0033(9) 0.19 0.9887(4) 0.16 −0.0617ð3Þ 0.26 −0.00589ð7Þ 0.73
0.300 0.9377(9) 0.73 1.0016(9) 0.19 0.9904(4) 0.10 −0.0533ð3Þ 0.42 −0.00553ð8Þ 0.53
0.350 0.9442(8) 0.68 1.0006(9) 0.17 0.9917(4) 0.07 −0.0467ð3Þ 0.64 −0.00512ð9Þ 0.71
0.400 0.9495(8) 0.72 0.9998(9) 0.17 0.9927(4) 0.05 −0.0414ð3Þ 0.70 −0.00477ð9Þ 0.57
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