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We demonstrate the use of the gradient flow combined with the short flow-time expansion (GF 4 SFTX)
as a renormalization procedure for four-quark operator matrix elements and associated bag parameters
relevant to neutral heavy-meson mixing (AQ = 2) and heavy-meson lifetimes (AQ = 0). Using six RBC/
UKQCD 2 + 1-flavor domain-wall fermion ensembles, we calculate for a charm-strange system with
physical quark masses flowed bag parameters and match them to the MS scheme using perturbative SFTX
coefficients up to next-to-next-to-leading order in QCD. We employ a multiscale matching strategy
and a renormalization-group improved flow-time evolution which allows for a reliable estimate of
systematic uncertainties. For a fictitious neutral D, meson, we obtain the AQ = 2 MS bag parameter
BYS(3 GeV) = 0.7673(123), consistent with existing short-distance D° mixing determinations. For
the AQ =0 lifetime-ratio operator basis, we find the MS results BYS(3 GeV) = 1.0524(97),
BYS(3 GeV) = 0.9621(71), €/5(3 GeV) = —0.2275(76), and €}5(3 GeV) = —0.0005(8). We provide
conversion formulae to reexpress these results for an arbitrary choice of evanescent operators. These results
demonstrate that GF 4+ SFTX can deliver precise determinations of dimension-six four-quark operators and
establish a framework for future lattice computations including more complex operator bases, where the

6

challenge of power-divergent mixing is shifted to the continuum and handled in the SFTX.

DOI: 10.1103/47j9-h8s5

I. INTRODUCTION

The physics of heavy hadrons involves short- and long-
distance contributions from QCD. Using effective field
theories such as the heavy-quark expansion (HQE), they
can be factorized into perturbative Wilson coefficients and
matrix elements of composite operators which need to be
evaluated using nonperturbative methods. In particular, the
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mixing and decay processes of heavy mesons, which are at
the focus of this paper, are mediated by four-quark operators
of mass-dimension six, carrying a net heavy-quark flavor
quantum number of AQ = 2 and AQ = 0, respectively. The
relevant hadronic matrix elements are typically parameter-
ized by so-called bag parameters. Their combination with
the perturbative Wilson coefficients requires a common
renormalization scheme, which presents one of the main
obstacles in the theoretical description of these processes.

The calculation of bag parameters for neutral meson
mixing is rather well established using numerical lattice
QCD simulations [1-14]. Both perturbative [15,16] and
nonperturbative [4,17—19] renormalization procedures have
been used in the past. While percent-level precision [20]
has been reached for the Standard Model (SM) operator
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describing neutral kaon-mixing, results for beyond Standard
Model operators are in tension between the ETM
Collaboration (ETMC) [10] and the determinations by the
SWME [3] and RBC/UKQCD [6,21] Collaborations.
SWME uses a perturbative renormalization scheme, whereas
both ETMC and RBC/UKQCD perform a nonperturbative
renormalization requiring gauge fixing, referred to as
regularization-independent momentum-subtraction  (RI-
MOM). It has been suggested that the difference between
ETMC and RBC/UKQCD originates from differently
chosen kinematics in their RI-MOM schemes [19].
Currently most precise results for the SM mass-difference
operator by the Fermilab/MILC [13] and HPQCD [14]
Collaborations exhibit some tension as well; they both rely
on perturbative renormalization using the MS-NDR
scheme.! An independent theoretical approach to meson
mixing would certainly help to clarify this situation. It is the
aim of this paper to provide such an approach by considering
the short-distance contribution to D meson mixing, allowing
us to compare to few-percent-level results which have been
obtained by ETMC [9,10] and Fermilab/MILC [12].

Concerning the theoretical description of heavy-meson
decays, one faces two major additional challenges. First,
so-called “eye diagrams” occur whose lattice calculation is
known to be numerically expensive. Subsequently, the
renormalization of the AQ = 0 operators introduces a
mixing with operators of lower mass dimension, which
on the lattice implies power divergences in 1/a. While
different strategies to calculate eye diagrams have been
already pursued [23,24], the mixing of operators with lower
mass dimensions remains one of the outstanding chal-
lenges. Recently, a gauge-invariant renormalization scheme
has been proposed [25], and for the special case of four-
quark operators using the static heavy-quark approximation
an approach using position-space renormalization has been
suggested [26]. Nevertheless, to date no lattice-QCD
determination of the corresponding bag parameters with
full error budget exists, despite some early works [27-29]
as well as preliminary work [30] in the static limit.

To a good approximation, both the issue of the eye diagrams
as well as the mixing with lower-dimensional operators
can be eliminated by considering lifetime ratios rather than
absolute lifetimes. However, even in this case, no determi-
nation of the bag parameters is available whose accuracy
would be at the level of current experimental precision.

We evaluate bag parameters with the help of the gradient
flow [31-34] in combination with the short flow-time
expansion (SFTX) [35—37].2 The gradient flow (GF) pro-
vides a gauge-invariant, UV-finite definition of composite
operators, while the SFTX allows one to convert the

'Joint work by RBC/UKQCD and JLQCD using RI-(S)MOM
renormalization is ongoing [22].

2Preliminary work towards a similar application of this topic was
presented by the WHOT QCD Collaboration at Lattice 2019 [38].

corresponding matrix elements to the MS scheme. The
window condition for the involved length (or mass) scales
implied by this procedure is found to be comfortably
fulfilled in our case. We claim that the GF 4 SFTX
procedure is suitable for high-precision determinations of
various hadronic quantities since it decreases discretization
effects in the lattice calculation and has an easily-attainable
matching condition to the MS scheme. This is supported by
recent applications of this procedure to the determination of
renormalized strange and charm quark masses [39] and
parton distribution functions [40—44], as well as earlier work
on the determination of thermodynamical quantities based
on the energy-momentum tensor [45,46], for example.

We will apply the GF 4 SFTX method to D; mesons
which provide an ideal heavy-light laboratory for establish-
ing the method. This has the advantage that in a fully
relativistic setup both charm and strange quark can be tuned
to their physical masses avoiding extrapolations in the mass
or the use of effective actions. In addition, heavy-meson
matrix elements warrant the use of a massive renormaliza-
tion scheme to ensure a sufficient separation of scales,
which typically poses additional challenges; alternative
approaches to this challenge have been discussed in
Refs. [47,48]. Moreover, heavy-light mesons exhibit a rich
phenomenological structure, and further insight on the
validity of the heavy-quark expansion for charm quarks
is highly desired. Sum-rules techniques have been used by
Ref. [49] to compute results for D mesons and thus provide
a comparison point for our results. They use the heavy-
quark effective theory (HQET) before matching to QCD for
both D and B mesons which allows for an additional
evaluation on the applicability of HQET for the charm
quark, since it is much lighter than the bottom quark.

It is well known that the bag parameters in the MS
scheme still have a residual scheme ambiguity related to the
choice of so-called evanescent operators which are an
intrinsic artifact of dimensional regularization. Any depend-
ence on this choice will cancel in the combination of the bag
parameters with the corresponding Wilson coefficients,
which, therefore, need to be evaluated in the same scheme.
We will present our final results for one specific scheme
choice in this paper, but also provide conversion formulae to
virtually arbitrary other schemes in Appendix B.

The remainder of this paper is organized as follows. We
will first motivate our calculation with a discussion of the
phenomenology of heavy mesons in Sec. II, before intro-
ducing the GF 4 SFTX formalism in Sec. IIl. The GF +
SFTX method is based on three major components, all of
which will then be provided in this paper. The first one is
understanding the perturbative matching matrix between
flowed and unflowed operators, whose calculation will be
presented in Sec. IV; the second component is the lattice
evaluation of matrix elements of flowed operators and their
extrapolation to the continuum—details for this will be
described in Secs. V and VI; and the third component is the
extrapolation of the product of the first two components to
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vanishing flow time. For this latter part, we have developed a
robust procedure which takes into account various system-
atic uncertainties (see Sec. VII) where also other sources of
systematic effects are considered. We give our final results in
the context of phenomenology in Sec. VIII, then Sec. IX
presents our conclusions. Preliminary results have been
presented in Refs. [50-52] and we highlight phenomeno-
logical importance of the obtained results for heavy-meson
lifetimes in Ref. [53].

II. HEAVY-MESON PHENOMENOLOGY

Charm and bottom quarks are of special phenomeno-
logical interest. Due to their large mass, a plethora of decay
modes exist which may be affected by physics beyond the
SM. Studying the decays of heavy-light mesons containing
one heavy quark Q is particularly promising due to the
precise experimental results available, building on a long
history of measurements from dedicated flavor factories as
well as general-purpose collider programs.

From a theory perspective, the hadron’s decay rate is
largely dominated by the free weak decay of the heavy
quark @, while bound-state effects are suppressed by the
heavy-quark mass. They can be consistently taken into
account using the HQE [54,55], which is an operator
product expansion (OPE) [56,57] based on the hierarchy
Agep < mg, where Agcep is the QCD confinement scale
and my, is the heavy quark mass. In the following general
discussion, H denotes a (neutral) heavy-light D or B meson,
i.e. the heavy quark Q is either a charm or bottom quark,
whereas the light quark ¢ can be up, down, or strange.
Focusing on dimension-six four-quark operators, we discuss
two interesting sectors of heavy quark phenomenology: the
mixing of neutral mesons with their antiparticles (via AQ =
2 operators), and spectator effects in the decay of heavy
mesons (via AQ = 0 operators).

A. Neutral heavy-meson mixing

For a neutral meson H (with quark content Qg), the box
diagrams shown in Fig. 1 induce the mixing with its
antiparticle A (with quark content Qg). The time evolution
of this mixing is described by

d /|H(t A~ i H(t
(Y (=) (HO.

dr \ |H (1)) 2 J\[H())
Diagonalizing the matrices M and I leads to the heavy-
(Hy) and light- (Hp) mass eigenstates of the system. The

differences in the mass and decay rates of Hy and Hy are
determined by the off diagonal elements of the dispersive

matrix M and absorptive matrix I, respectively,
AM =2[M,,|, AT =2|["p| cos iy, (2)

where ¢, = arg(—M,/T"|;). The mass differences AM
are well measured by experiments; in particular, after a rich

Q q Q q
I | i T
7 Q 7 Q
) ) i 5
" 7 9 L
FIG. 1. SM box diagrams contributing to neutral-meson mixing

(top). After integrating out the heavy electroweak degrees of
freedom, this is represented by a pointlike AQ = 2 four-quark
operator (bottom). The diagrams were produced with the help of
FEYNGAME [110,111].

history of measurements [58—105], they have reached
subpercent level precision for B; mesons and subpermille
level precision for B, mesons, while D° mixing, which
occurs at much lower frequencies, is measured with 10%
level accuracy. The world averages of the mass differences
as determined by the heavy-flavor averaging group
(HFLAV) [106] are

AMp, = 0.5069 £ 0.0019 ps~!,
AMp = 17.765 £ 0.006 ps~!,
AMpo =94+ 1.1 ns™", (3)

Theoretically, the off diagonal elements M, and I'y, in
Eq. (2) can be expressed as

i o
ZMH(M12_§F12> = <H|HeAfo ’|H)

AQ=1 =14
I )P 1)
o MH - En + ie

’

(4)

where My refers to the average mass of the meson H, and

Hff?:l, 'HeAfo:z denote weak effective Hamiltonians con-
sisting of AQ = 1 and AQ = 2 operators. The sum over n
represents all possible states which the meson H can decay
into with energy E,.. While the first term only contributes to
M, the second term contributes to both M and I in Eq. (4).
The interactions incorporated in the second term are
inherently long distance, and their proper calculation
presents a significant challenge (for an overview in the
context of D mesons, see Ref. [107], and for a proposed
strategy to tackle this problem with lattice QCD, see
Ref. [108]). For the mass differences AM of B mesons,
these long-distance effects are negligible [107,109], how-
ever they are in fact the dominant contribution for D
mesons. It also follows that these long-distance interactions
generate the decay-rate difference AI” for all heavy mesons.

Nevertheless, in the context of AM, our focus in this paper
is on the AQ = 2 effective Hamiltonian. Its matrix elements
are formed from short-distance operators inserted between
clearly-defined meson states which are well suited to be
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extracted on the lattice. In the SM, this Hamiltonian yields a
contribution from a single AQ = 2 operator,3 namely

Qi = (0r,(1 —75)q)(Qr,(1 —75)q). (5)

whose Wilson coefficient is known to next-to-leading order
(NLO) [112,113]. First estimates of the matrix element of
this operator used the vacuum insertion approximation
(VIA), which assumes that the matrix element of any
four-quark operator is saturated by the intermediary vacuum
state between two quark bilinears, i.e.

(H|O|H) 2

H|Qicijrlqj|0> : <0‘chkzrqu|H>7 (6)
where I'; and I', are the Dirac structures of each bilinear in
the four-quark operator and C;; and Cy,; represent generic
color structures such as &;; or T?j for fundamental color
indices i, j, k, [ and adjoint index A. For example, if we
consider the VIA for operator Q; from Eq. (5), first we can
identify the matrix element of the two (identical) quark
bilinears as

(H(p)|0r" (1 =75)q|0) = ~ifup. (7)

which is just the matrix element of the axial-vector current.
Then, the matrix element of Q; in the VIA is given by

()2

fuMi. (8)
where the additional factor 8/3 accounts for spin and color
algebra. Beyond the VIA, an additional hadronic quantity is
introduced which parametrizes the deviation of the true
matrix element from Eq. (6). This is the bag parameter,
B (1), which carries a dependence on the renormalization
scale . The full matrix element of Q; is then given as

(I Q) (1) = 3 F3 M35 1), ©

which is parametrized in terms of the decay constant f, the
mass My, and the bag parameter BY (4). By comparing
Egs. (8) and (9), one can see that in the VIA, B (u) = 1.
Since the meson mass My is precisely measured [114] and
the decay constant is well predicted from nonperturbative
methods [20], it is convenient to focus our efforts on
calculating the bag parameter in order to contribute to the
precise determination of the four-quark matrix element.
The bag parameter B (1) has been determined for both
neutral B and D mesons using sum rule techniques in
HQET [115-118], and also from lattice QCD calculations

'The SM prediction of AI' inherits two more four-quark
operators of the AQ = 2 Hamiltonian by applying the HQE to
the long-distance term [109].

[1,5,8-10,12-14,22]. Beyond mass-dimension six, the
matrix elements of the dimension-seven four-quark oper-
ators have been explored in lattice QCD by the HPQCD
Collaboration [119] using tree-level matching between
lattice and the MS scheme.

B. Heavy-meson lifetimes

The lifetimes of heavy mesons have received much
attention from various experiments over the years,
leading to high-precision results for B mesons
[63,73,74,77,85,89,120-174] as well as for D mesons
[169,175-186]. Concerning B mesons, HFLAV [106] com-
bines these results to find

7(B%) = 1.517 £ 0.004 ps,

+
“B7) _ | 076+ 0.004.
T(BO)

(BY)
7(B%)

t(B*) = 1.638 +0.004 ps,

7(BY) = 1.516 & 0.006 ps, = 1.0021 £ 0.0034,

(10)

while the D-meson measurements are combined by the
Particle Data Group (PDG) [114] to give

(D) = 0.4103 £0.0010 ps,
D+
7(D*) = 1.033 £ 0.005 ps. a 0) =2.518+0.014,
(D)
(DY)
2(D¥) = 0.5012 = 0.0022 ps, (D) — 1122150006
T

(11)

The decay rate of a heavy-meson H is given by Iy, of
Eq. (1), which, similar to Eq. (4), can be written as the sum of
the decay of H to all possible final states n,

(2m)*s® 227 =),
o = 3377 2 025 o = pu) a0 10
(12)

where HeAfo:l is the weak effective Hamiltonian describing
the decay of the heavy quark Q, and [,q denotes the phase-
space integral for each final state n. Via the optical theorem,
this expression can be related to the imaginary part of the
forward-scattering amplitude. The corresponding “transition
operator”

700 =i [T orEe o) (1)

has AQ = 0, because it mediates between two identical
external states. In turn, the total decay rate of H can be
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reexpressed as
Iy = LIm<H|’]'AQ:0|H> (14)
B oMy, '

In the limit where the heavy quark Q is infinitely heavy, the
decay rate of the heavy hadron is identical to the decay rate
of the free heavy quark. The HQE allows one to system-
atically include corrections to this infinite mass limit. By
assuming that the heavy quark Q inside the meson interacts
with the light degrees of freedom via momentum exchanges
O(Agcp) < mg, one can see that the heavy quark’s
momentum will be dominated by its mass and can thus
be decomposed as

ply = mov* + k¥, (15)

where v* is the meson velocity and k* ~ O(Aqcp) is the
residual momentum stemming from nonperturbative inter-
actions with the meson’s light degrees of freedom. The
heavy-quark field can therefore be rescaled as

Q(x) = e, (x), (16)

such that the field Q,(x) contains only low frequencies of
order k. From here on, when discussing heavy quark fields,
we are referring to this rescaled field Q,(x). This allows us
to perform a second OPE upon the transition operator
TR0 of Eq. (13) via the small parameter
Agep/mg < 1,* which expresses the decay rate as

W

+ 1672 |Tg (Os) (©)

+ T+, (17)
my, my,

where, for each mass-dimension d, I'; are short-distance
coefficients computed in perturbation theory, and @ =
(H|Oy4|H)/2My; are the matrix elements of the operators of
the AQ = 0 effective Hamiltonian. The free decay of the
heavy quark Q is described by the leading term I';, while
corrections arise starting at O(1/ mZQ), induced by two-quark
operators of mass-dimension five, contained in the first
ellipse of Eq. (17); see Ref. [188] for an overview. The four-
quark operators O , which are of interest here, first arise at
mass-dimension six, and carry a relative factor of 167> from
loop enhancement compared to the two-quark operators; see
e.g. Ref. [189]. Their Wilson coefficients ' are known to
NLO [190-196] and leading order (LO) [197,198] respec-
tively. In the SM, the AQ = 0 four-quark operators appear-
ing at mass-dimension six are

*The question of suitability of the HQE for a charm quark is
challenglng and remains open; see e.g. Ref. [187].

The dimension-seven four- quark operators have yet to be
studied beyond the VIA and are beyond the scope of this work.

= (Qr,(1 =y5)q)(gr* (1 —ys)0).

Ty = (Qr,(1 —y5)T*q)(gr" (1 — y5)T*Q),
= (0(1—75)q)(q(1 +75)0),

(O(

T, = (Q(1 —y5)T"q)(q(1 +r5)T*Q), (18)
where T4 are the generators of SU(3) color. Feynman
diagrams illustrating the line of reasoning from the SM
description of the heavy-meson decay to the HQE formu-
lation are shown in Fig. 2. When considering absolute
lifetimes, however, so-called eye diagrams also contribute;
see Fig. 3. On the lattice, their signal-to-noise ratio is
notoriously challenging. In addition, the calculation of
absolute lifetimes involves contributions from lower-dimen-
sional operators, indicated by the right diagram in Fig. 3,
implying power divergences on the lattice. They also require
significantly increased efforts on the perturbative side due to
the mixing with unphysical operators. However, both of
these types of contributions cancel when considering life-
time ratios in the limit of isospin (or SU(3)) symmetry; see
e.g. Ref. [49]. Furthermore, the bag parameters contributing
to absolute lifetimes have been computed in HQET within
the sum-rule framework of Refs. [199,200]. In those studies,
the eye-diagram contributions in HQET were found to be
0(0.2%), and we assume that their magnitude does not
change significantly when going from HQET to full QCD.
For the sake of this first study, we will therefore focus on the
assumption of SU(3)r symmetry, thus avoiding the asso-
ciated technical problems. Nevertheless, our method should
be applicable also for absolute lifetimes, as we will discuss in
more detail below.

Continuing with the operators of Eq. (18), in analogy to
Eq. (9), their matrix elements are parametrized in terms of
the decay constant ff, quark and hadron masses m,, mg,

% Q 0 i 0

FIG. 2. Imaginary partofa AQ = 0box diagram in the SM (top
left). After integrating out the W bosons, this is described by a
double insertion of the resulting AQ = 1 effective weak Ham-
iltonian (top right) which can be matched to local AQ = 0 four-
quark operators of the HQE (bottom).

Q Q Q Q
H q H H N H
q q q q

FIG. 3. Eye diagram (left) and contributions from lower-
dimensional operators (right). The quark ¢’ forming the “eye”
can be any light quark flavor.
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and My, and the bag parameters B el (for i =1, 2)
describing the deviation from the VIA:

(H|O\|H) = fM}BY.
2

M
(H|O,|H) = mﬁzM%Bg,
q
(H|T\|H) = fMEet,
MIZLI 2 2 H
(H|T,|H) :WfHMHez- (19)
q

The bag parameters B! of the color-singlet operators O;
share a similar notation to the AQ = 2 operators, motivated
by the similarity of the operators, while the color-octet
operators T'; have their bag parameters written instead as
efl. A clear distinction can be understood by comparing
their values in the VIA, where

HVIA
B =1,

1

ALy} (20)

Similarly to the case of neutral meson mixing, HQET
sum rules can be applied to predict the bag parameters
of the AQ = 0 operator basis and have yielded results
for B and D meson lifetimes and lifetime ratios
[49,116,117,187,199,200]. However, as discussed above,
there are no complete determinations of these quantities
from lattice QCD.

C. Renormalization of bag parameters

In a general prescription, renormalized operators are
given by

o = ZZ,-,OJ-, (21)
J

where Z;; is the renormalization matrix. Importantly for
lattice calculations, this renormalization must occur at finite
lattice spacing (defining operators at a scale au in e.g. the
RI-MOM scheme) in order to properly define a continuum
limit. In simple cases, this mainly introduces additional
cutoff effects which must be controlled and can be
particularly delicate for heavy-quark processes [48]. For
more complicated operator bases—such as those for life-
time calculations including eye contractions—Ilattice sym-
metries may allow for mixing with lower-dimensional
operators whose coefficients o« 1/a" such that the con-
tinuum limit is not meaningful unless these contributions
are properly accounted for. A renormalization scheme that
both improves the approach to the continuum limit and
avoids power-divergent subtractions at finite a is highly
desirable. The GF formalism indeed provides such a
scheme, as we will review in the following.

III. GRADIENT FLOW RENORMALIZATION

A. Flow equations

The QCD GF formalism [33,35] extends the QCD fields
by an auxiliary parameter, the flow time ¢ which has mass-
dimension [z] = —2. The flowed fields y, y, A are connected
to the regular QCD fields y ¢, ¥, A via the initial conditions

)(f(T =0,x) = ‘//f(x)’
Xp(t=0,x) =y (x),

f
Al (r = 0.3) = A} (¥) (22)

We denote color indices in the adjoint representation by
capital letters A, B, C, while f denotes the flavor

e.g. yr€{0.q}.
At positive flow time, the behavior of the flowed fields is
described by the flow equations

0. A = DIGE, 4 kDiP0, AL,
Oy = Ay +ikgyd, ATy,

0.7 = 7 A —ikgo70, LT, (23)
where
<  SFAF
A= DEDE, A =D,D,, (24)
and

D;?B — aﬂéAB _ g()fABC.AC,
DY =0, —igpA4TA,
P — .
Dﬁ = 0, +ig AT, (25)

with the bare QCD coupling gy, and [T, TB] = ifABCTC.
The flowed field-strength tensor is given by

G, = 0, A} — 0, A% + go fABCABAC. (26)

The parameter « is a flowed gauge parameter [33]; in the
perturbative calculation (see Sec. IV), it is advantageous to
set k = 1, while we set k to zero on the lattice. However,
our lattice and perturbative results are separately indepen-
dent of this choice. Using the flow equations, one can
derive a Lagrangian of flowed QCD [35], which incorpo-
rates the Feynman rules of regular (unflowed) QCD as well
as additional flowed Feynman rules, which are listed in
Ref. [201].

The solutions of the flow equations of Eq. (23) lead to an
exponential suppression of high-momentum modes. In
particular, composite operators of flowed fields do not
require any operator renormalization [34,35,202]. In our
choice of normalization, the flowed gluon field renorm-
alizes in the same way as the gauge coupling, while flowed
quarks need to be renormalized in order to result in finite
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Green’s functions. Throughout our perturbative calculation,
we will adopt the ringed scheme, defined as [203]

1O =200, P =

(27)

where N, = 3 is the number of colors. The explicit form of
2)( is given in Appendix A. Our results for the perturbative
matching coefficients of the four-quark operators in
Sec. IV C will be provided in this scheme. However, as
we will see later, the wave function renormalization factors
Zx actually cancel in the ratios of matrix elements defining
the bag parameters. The renormalization of the QCD

parameters (coupling and quark masses) is the same as
in regular QCD.

B. Short flow-time expansion

With the gradient flow, the Wilson coefficients C,, and
operators O, of an effective Hamiltonian can be expressed
in terms of flowed operators ©,(z), composed of flowed
fields, and flowed Wilson coefficients C, (), i.e.

Hesr = ZC”O,, = Zén(f)@n (T) (28)

While Wilson coefficients and matrix elements of operators
depend on the choice of the renormalization scheme, the
effective Hamiltonian itself (and therefore any physical
observable derived from it) is independent of this choice
(up to perturbative truncation effects). This does not change
in the flowed theory, where the dependence on the flow
time between the operator matrix elements and Wilson
coefficients will mutually cancel. In the short flow-time
expansion, the relation between matrix elements of the
flowed operators and the regular ones is

(Ou(@) =Y Lam(@. 1) (ONF) () + O(z),  (29)

where (,,,(7,u) are perturbatively calculated matching
coefficients, and OMS are the regular operators renormalized
in the MS scheme. Therefore, by inverting this relation, the
matrix elements of the operators in the MS scheme can be
obtained from the matrix elements of the flowed operators
with the help of the inverse matching matrix.

In our analysis, terms of order z (and higher) will be
neglected in Eq. (29), meaning that the rhs of Eq. (28) will
have a residual flow-time dependence of O(z), implying an
upper limit on 7 in its applicability that needs to be
quantified. Strict independence on 7 is formally reached
only in the limit 7 — 0. However, in a lattice evaluation of
the flowed matrix elements, the “smearing radius” V8t
must be larger than the lattice spacings in order to suppress
discretization effects coming from the boundary and to
sufficiently approach a renormalized trajectory. Moreover,
the perturbative matching coefficients depend on the

renormalization scale yx, which needs to be chosen in a
regime where the strong coupling a,(y) assumes perturba-
tive values. The dependence on 7 is logarithmic, which also
restricts its values to a finite interval in order to preserve
perturbativity. One therefore needs to identify a window
T € [Timin» Tmax) 10 flow time where all these aspects are taken
into account, and which allows for a reliable extrapolation
7 — 0 within well-defined uncertainties. We will show that,
in our case, a suitable interval for 7 exists. We will describe
in detail our procedure for the z — 0 extrapolation, result-
ing in the bag parameters in the MS scheme at a fixed
renormalization scale .

It is worth pointing out that any mixing which occurs in
lattice operator renormalization as power divergences in
1/a" will turn into divergences of the form 1/7"/2 in the
GF + SFTX procedure; see e.g. [204]. Such terms are absent
for the operator basis presented here; they will appear when
including the full operator basis for absolute lifetimes
through eye diagrams and penguin operators though.
The main strategy for renormalizing these operators using
GF + SFTX remains the same as described here, however.

C. Application to the four-quark operators

Focusing on heavy-meson mixing and lifetime ratios, the
set of flowed operators is simply obtained by replacing the
regular fields in Egs. (5) and (18) by flowed ones. Adopting
a unified notation for both mixing and lifetime operators,
we write them as

O = Zy(aru(1 = 1)) (1 = ¥5)x6)-

Ty = Z,(7ar,(1 = v5)T%5) (7, (1 = 75) TAx5).

02 = Z,(7.(1 = 15)xp) (7, (1 + 75)25).

Ty = Z;(7(1 = v5)T%5) (7, (1 + 75)T%5). (30)

where 2)( is the flowed quark renormalization in the ringed
scheme as defined in Eq. (27). The indices a, S, y, 6 in
Eq. (30) denote the quark flavor. By choosing the initial
conditions y(z = 0) = y, with

Va=w,=0Q, Wy=ws=q, (31)
(7)1 corresponds to the flowed version of the mixing
operator Q; in Eq. (5), while setting

Ve=vs=0. yp=w,=¢q (32)
leads to the flowed versions of the lifetime operators of
Eq. (18). The lattice evaluation of the corresponding matrix
elements relevant for heavy-meson mixing and decay will
be described in Secs. Vand VI. Before that, we describe the

perturbative calculation of the corresponding matching
coefficients.
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IV. PERTURBATIVE MATCHING COEFFICIENTS

We will calculate matching matrices for the flowed
operators of Eq. (30) through next-to-next-to-leading order
(NNLO) QCD. Since we focus on mixing parameters and
lifetime ratios, we can assume that the flavor indices of the
four quark fields in Eq. (30) are mutually distinct, i.e. we can
assume that they denote quarks of four different flavors. For
the sake of clarity, the discussion in this section is mostly
devoted to the lifetime operators. The treatment of the
mixing operator will be discussed at the end of Sec. IV C.

According to the color structure of the operators in
Egs. (18) and (30), the matching matrix is block diagonal,
so that we can write the SFTX at the operator level as

<(:9">—C,-<Oi—s>, ie{l,2},  (33)

T; ™S

1

with the 2 x 2 matching matrices ¢ and 5.

A. Evanescent operators

It is well known that the operator bases of Egs. (5) and
(18) are not closed under renormalization when working in
dimensional regularization. Instead, one needs to include
so-called evanescent operators [205-207] which vanish in
D = 4 space-time dimensions due to algebraic identities
[208], but are nonzero when working at D = 4 — 2¢. At
each perturbative order, additional evanescent operators
have to be introduced. Their choice is not unique and can
affect the finite parts of the final results, thus defining
subvariants of the MS scheme. In the main part of this
paper, we will adopt the following set of evanescent
operators for the lifetime calculations, referring to it as
the minimal basis [cf. Eq. (32) for the notation]:

£5) = Fatyup(1 = 15)0p) (71 = 15)wr5) — 40,

EX) = Wy (1 = 15) T Wp) (B (1 = 15)TAwrs) = 4T,

£8) = a1 = 1)wp) (Fy1,(1 + v5)ys5) — 405,

ER) = Fatu (1= 15)T ) (@101 + 15)TAwrs) = AT,
(34)

and

5592]) = (l/_/ay;wpm-(l - yS)l//[}')(l/_/y}/mpuﬂ(l - }/5)‘//5) - 16017

2 v, —
E(T]> = (Way/wpm'(l - 75)TAWﬁ)(W77mpw(1 - VS)TAV/E)
- 16T1,

582) = (l/_/(ly,uy/)o'(l - 7/5)1///})(1/_/;'7/(7/)11/1(1 + yS)Wﬁ) - 1602’

5(722) = (V_/ayﬂbpzr(l - 75)TAWﬂ)(V7y75puﬂ(1 + VS)TAllfé)
—16T,, (35)

where
Ve (36)

The 58),5%) are required for the calculation of the {;,
ie{1,2} at n-loop level, respectively, cf. Eq. (58). In our
calculation, we actually allow for a more general choice of
evanescent operators, as described in Appendix B. The
results and anomalous dimensions in this general scheme
can be found in the ancillary file; see Appendix C and
Ref. [209].

A priori, the evanescent operators contribute to the SFTX
of the physical operators. The matching matrix of the full
operator basis can be schematically written as

(S) = (Gomfomy ooy (G-

R
(o) = G 20)(e)
ER Zeow  Zeg &

Here, O and & refer to the collection of physical and
evanescent operators, respectively. The submatrix Zgp
contains a nonminimal finite part which is defined such
that the renormalized evanescent operators vanish at D = 4
[205-207] and thus do not contribute to physical observ-
ables. Explicit results are given in Appendix A. In the GF,
this renormalization condition can be implemented by
requiring that [210]

Yuyoowe = Vg

where

Ceolr. ) = Ofe). (39)

This follows from the fact that matrix elements of flowed
operators are free from UV divergences; one can therefore
write (£(7)) = O(e). Combining Egs. (37) and (39) then
also enforces (ER(u)) = O(e). The results for the finite
renormalization matrix in a general scheme of evanescent
operators are provided in the ancillary file; see Appendix C
and Ref. [209].

B. Method of projectors

Our procedure to determine the matching matrices ¢; of
Eq. (33) relies on the method of projectors [211,212]. For
each of the operators of Eq. (18) (assuming four different
quark flavors; see above) as well as each of the evanescent
operators of Sec. IVA, we construct a projector P;,
consisting of external states and derivatives w.r.t. masses
and external momenta, such that

P;[O)] = §;;. (40)
Setting all masses and external momenta to zero before
loop integration eliminates all higher-order contributions
on the lhs of this relation. Applying these projectors on the
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flowed operators thus directly gives the individual compo-
nents of the matching matrix [213],
é’mn = Pl’l [Ol’ﬂ]' (41)
For the calculation of the resulting Feynman diagrams, we
use an updated version of the setup described in Ref. [201]
which consists of ggraf [214,215] for generating the
Feynman diagrams, tapir/exp [216-218]° for identify-
ing the momentum topologies and inserting the Feynman
rules, and FORM [219,220] for the calculation of the Dirac
and color traces [221]. We adopt anticommuting ys
throughout the calculation; this is justified, because all
traces contain an even number of y5 (see Ref. [210]). The
resulting scalar integrals are then reduced to the one and six
master integrals of Ref. [213] at one and two loops,
respectively, by solving integration-by-parts identities
[201,222-224] with Kira®FireFly [225-228].

the sake of completeness. For convenience of the reader, we
quote the results for the inverse matching matrix rather than
the matrix itself, as it is this quantity that is required to
relate the lattice matrix elements to the perturbative
matching coefficient; cf. Eq. (29). We use the definitions

2

(@) = = % = 1.64493...

Liy(1/4) = 0.267652...,

Liy(1)
(42)

where Liy(z) = Y% | zX/k? is the dilogarithm. The flowed
quark fields are renormalized in the ringed scheme, and we
define the evanescent operators as in Sec. IVA.

Furthermore, we denote the number of quark flavors by

£ with g(u) the strong coupling in

ng, and define a,(u) =

the MS scheme. The coefficient c)(fz) appearing in the results
arises from the conversion to the ringed scheme and is only
known numerically; its value can be found in Egs. (A17)
and (A18). The matching coefficients depend on

C. Results )

The results for {; have already been presented in = In 2Tt (43)
Ref. [210] through NNLO. We reevaluated the matrix as  with yg = 0.577215... being the Euler-Mascheroni
a check for our calculation of ¢, and include them here for ~ constant.

|

Finally, for i = 1, we find’

_ 1 8 1 o 2413 35 119 1 70
83
Eln22+8 In 2 In 3—? In 3 +31n?3 ——L12(1/4)

3 1 22 4
+LMT —§+Enf+ ?—gnf ln2—|—

+7 ,”} o(a3).

EOLNAE

3 3 301 133 1 451 201 27
-1 — L 2 2 ——1 2+— In3-—Li,(1/4
(&2 (4+2 ;u') s{ Ty + 88nf+< 96 3" )5: ) + 16 3 16 ir(1/4)
245 5 1
+L, —+—nf—41n2 3In 3| +Lj, ne| ¢ +O(ad),
# 32 8
1 1 733 133 1 67 3
= —a (4oL 2) 120 150 2) —12—1 - SLio(1/4
(i) a8<6+3 ’”)J’“S{ 216+1296nf+< 432 36”f>5( tog M2t o In3-glia(l/4)
317 5 8 2 ,
+L”T|:—m+§nf—§ln2—§1n3:|+Lﬂ|: 24 36nf]}

®We recently replaced g2e [216,217] by tapir [218]; in fact, we used this project to check our implementation of tapir against

the g2e version.

"The results of Ref. [210] are equivalent to ours, even though the choice of basis is slightly different. The difference amounts to the
choice of B,y and B, as defined in Eqs. (B3) and (B4). This choice does not impact the physical part of the matching matrix though

(see Appendix B).
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17 8 1 1 6913 625 181 5 2419
-1 = n2+2In3+-L, 2l __ @ 272 222 2 a2+ 2
()22 +“5(12 3 meteinoty )+as{ 3 T 2g3 “gea™ T\ 96 T2a™ )f P T 53
2 1385 829
+§ln22+81n21n3— 13 ln3+3ln23—KLi2(l/4)
281 1 26 4 13 1 L1701 X
/n'[% Enf+ <?—§l’lf> ln 2+ (7—5}%) ln 3:| —f—Lﬂ |:16 ﬂnf]}—f—(’)(as), (44)
and for i =2
B 4 8 1 o 2291 10 7 1 143 2
(é’zl)ll:1+as<§+§ln2+21n3—|—2Lm)+a§{—§c)(() ) f+<z—§n)§(2)+71 2475 In?2
251 47
29 1 38 4 19 1 , 19 1 \
+Lm[2—2nf+(3—9nf>ln2+<2—3nf)l 3:|+L |:4 6nf}}+(’)(as),
1 17 1 77 25 19
7)1 = 54 — - e L3214 3
(65 = 0+ {15 = e+ gel2) + 3in 24 ¢ In 3= T2 Lia(1/4) - 35 W}w(ab),
1 91 1 77 1 25
A 2l 2 L m 24— In3-2Liy(1/4) + 17,
(62721 9“5“‘“{ 864 648 f+432C( )+ o M2t In 3 -5 Lia(1/4) 144 ur  +Ola
19 8 1 ) 21223 845 935 7 209
-1 42 m242m3--L 2 _— @) oeed 00 0 )+ In2
(6272 +a5<24+3 netzin ”T)+a5{ s T 15 " 178 T 576 a3 ) SR g
22 275 797
427 1 20 1 5 1
+Lﬂ7[—@+§nf—l— <?—§l’lf> 1I1 2+ (5—§nf) 1I1 3:| +Lﬁ,{—1—6+4—8nf]}+0(a2) (45)

Note that the NLO result for both {T! and ¢3! was recently
obtained in Ref. [229] using the 't Hooft-Veltman scheme
for ys. A direct comparison is not possible without a
dedicated calculation.

In principle, {7 is both an element of the matching
matrix for the AQ = 0 operators of Eq. (18), as well as the
matching coefficient for the only relevant AQ = 2 operator
given in Eq. (5). However, for the latter case, it is more
common to define [205,230]

Q. =5(0,% ). (46)
with Q, from Eq. (5), and
Q, = (07, (1 = 7s5)a) (@ r*(1 = ys5)Q")
=207, (1 = 1))@ (1 = 15T Q)+ 5
47)

where i, j are color indices, and we used the SU(N,)

identity
ilYjk ]\7C ijYkl |-

In D = 4 space-time dimensions, itis Q; = Q, = Q_ due
to Fierz identities, while OQ_ is evanescent. This also
implies Ql Q+, since flowed operators are UV finite.
Nevertheless, this change of basis affects the higher orders
in the matching relation, which we now write as

1

QM = ¢710, =¢34 (49)

Choosing this nonmixing basis, corresponding to the
evanescent operators of Eq. (B5), we find
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5 8 1 1
glh=1 +as<—4+ In2+2In3 _2Lur> —I—ag{—gc)((2> +

3

367

>§(2)+241n 2

02527 85
3600 288

L (291
288 T8

22
+§ln22+8 In 2 In 3—% In 3+3ln23—%Li2(1/4)

8 7

4 9 1 9 1
L, |——+— ——n )24+ (Z==n )1 L2 |—— 4+ — 3.
+ ,”{ 32+36nf+<6 9nf> n +<2 3nf> n3}+ ,,,[ 16+24nf]}+0(as)

In Ref. [231] the NLO result was obtained within the
dimensional-reduction scheme for ys; direct comparison
requires further calculation beyond the scope of this work.

The calculation of all the matching coefficients has been
carried out in general R; gauge, the independence of the
final result on the gauge parameter £ providing a strong
check. The full result including the dependence on the
choice of evanescent operators is provided in the ancillary
file; see Appendix C and Ref. [209].

V. FLOWED MATRIX ELEMENTS

In this section, we describe the evaluation of the flowed
matrix elements required for the calculation of the bag
parameters.

A. Simulation details

Our work is based on six ensembles of gauge field
configurations  generated by the RBC/UKQCD
Collaboration [232-235]. These 2 + 1 flavor ensembles
feature the effect of degenerate up/down (light) and strange
quarks in the sea sector, and simulations are performed
using the Iwasaki gauge action [236] and Shamir domain-
wall fermions (DWF) [237-239]. Details of the ensembles
are summarized in Table 1.

In the valence sector, we simulate strange quarks using
the same DWF action as in the sea sector, but set the bare
mass to its physical value determined in Refs. [234,235].
For charm quarks, we use stout-smeared [240] Mobius

TABLE L.

(50)

|

DWEF [241] optimized for simulating heavy flavors [242].
We tune the bare charm quark mass to its physical value
using the mass of the D pseudoscalar meson [114] and a~!
from Refs. [234,235].

The setup for our measurements is inspired by the
determination of bag parameters for neutral B-meson
mixing [235]. All propagators are generated with Z, wall
sources and we choose an equal-time separation for N,
source positions as specified in Table I. We suppress excited
states by applying iterative Gaussian smearing [243] to
strange quark sources using a width ¢ and N, iterations.

The evolution of gauge and propagator fields is per-
formed using a third-order Runge-Kutta algorithm with
step size 6t/a®> = 0.01 [33,34]. Flowed fields are con-
tracted into two- and three-point correlation functions,
initially every ten steps and later every 40 steps. The
maximum flow times in lattice units are set such that all
ensembles are flowed by the same physical distance.

The construction of three-point functions is shown by the
quark-line diagrams in Figs. 4 and 5 where the pseudo-
scalar meson states are placed at Euclidean times #, and
to + AT. We contract the four-quark operators at all times
t € [tg, o + AT]. To study the dependence of the signal on
the separation of both sources, we perform contractions for
multiple choices of AT up to half the temporal extent of the
lattice.

We use the Grid [244] and Hadrons [245,246] lattice
QCD software libraries to carry out our measurements. The
gradient-flow evolution of both the gauge and propagator

RBC/UKQCD’s Ny = 2 + 1 Shamir DWF ensembles with Iwasaki gauge action [232-235] characterized by inverse lattice

spacing ("), unitary pion mass (M), sea strange (am}"'), valence strange (am®), and charm (am,) quark masses. We use two coarse
(C1, C2), three medium (M1, M2, M3), and one fine ensemble (F1S). The Jacobi smearing procedure is applied on the C and M
ensembles with smearing width ¢ and N, iterations. AT ;;, indicates the minimum source separation A7 considered to have sufficient
resolution of the ground state.

L/a T/a a'[GeV] M, [MeV] ams am’™ am,  Nge X Negnr o N, AT i
Cl 24 64 1.7848(50)  339.8(1.2) 0.04 0.03224  0.64 32 x 101 45 400 20
C2 24 64 1.7848(50)  430.6(1.4) 0.04 0.03224  0.64 32 x 101 45 400 20
Ml 32 64 2.3833(86)  303.6(1.4) 0.03 0.02477 045 32 x 79 6.5 400 22
M2 32 64 2.3833(86)  360.7(1.6) 0.03 0.02477 045 32 x 89 6.5 100 22
M3 32 64 2.3833(86)  410.8(1.7) 0.03 0.02477 045 32 x 68 6.5 100 22
FIS 48 96 2.785(11) 267.6(1.3)  0.02144  0.02167  0.37 24 x 98 28
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tO t to + AT

FIG. 4. Quark-line diagram to calculate AQ = 2 operators on
the lattice for neutral meson mixing.

Q Q

& .

q
to+ AT

]

to t

FIG. 5. Quark-line diagrams to calculate AQ = 0 operators on
the lattice for valence-quark contributions to lifetimes.

fields is implemented in new Hadrons modules® includ-
ing an example run application.9

Instead of working with the operators defined in
Eq. (18), it is more convenient to use a basis for the lattice
simulations where the quark pairs on each spin line are
color singlets:

01 = (07,(1 = 75)9)(@r,(1 = 15)Q),

O, = (Q(1 -75)9)(@(1 +75)Q).

71 = (0r,(1=75)2)(@r,(1 = 75)q),

Ty = (0r,(1 +75)0)(qr,(1 = 75)q). (51)

Through Eq. (48), they are related to the operators defined
in Eq. (18) via

o, 1 0 0 0\ /0,
O 0 1 0 0 O
= _ 0 —1 9 ’ (52)
T, 2N, 2 T,
T, 0 -5 0 g 7,

Furthermore, since QCD is parity invariant, we are only
interested in the parity-even components of these operators,
i.e. the terms that involve an even number of ys matrices.
While the basis of Eq. (51) is used in the simulations, we

8https ://github.com/aportelli/Hadrons/pull/137.
9https:// github.com/mbr-phys/HeavyMesonLifetimes.

only show results that have been converted back to the
bases defined in Eq. (18).

VI. DATA ANALYSIS

In the following, we will provide a detailed description
of our analysis strategy. In order to test the coherence and
reliability of our framework, all numerical analyses
described below have been performed using two indepen-
dent setups: one based on the bootstrap procedure [247],
and the other based on the I' method [248-252]. Both
analyses lead to consistent results.

A. Correlator fits

While the matrix elements of four-quark operators
themselves can be extracted from the three-point correla-
tion functions, the bag parameters can be extracted by
comparing the matrix element to its VIA using the ratio of
the three-point function over two two-point functions
which individually yield the bilinear matrix elements of
the VIA for each operator. We thus form ratios of
correlation functions for each flow time 7, reading

C(tg. 1. 1g + AT;7)
nxCx (1o, t;7)Cx(tg + AT, t;7)
- By (1), (53)

Rx(t(), t, AT, T) =

where the arrow indicates the limits 7y < t < 1y + AT and
AT — . The flowed two- and three-point functions are
given by

CY' (11,1, 1337) = (01jp(11)X (123 7)1 (13)]0),

Cx(ty,tr;7) = <0|Jx(t2§f)j;(tl)|0>’ (54)

where f; < t, < t3 are generic positions, and jp = gys0
and jy = gl'yQ are zero-momentum currents. Note that
we are using X both as an operator and as a subscript
in Eq. (54). The associated Dirac structures are I'g =
Lo, =7, =yors, and T'p, = I'y, = y5. Furthermore, we
use the notation B; = By, €; = Br,. The normalization
factor ny is given as 7o, =8/3 and np, =ny, = 1. In
all cases, the gradient-flow evolution is applied only at the
sink operator. As discussed in the context of Eq. (27), the
flowed-quark wave function renormalization Z)r cancels in
the ratios of Eq. (53), and thus the bag parameters ex-
tracted at 7 > 0 are UV finite without any additional
renormalization.

In the limit of large Euclidean time separation between
sources, these ratios will reach a plateau corresponding
to the value of the flowed bag parameter of their inserted
operator. For each flow time, we use Eq. (53) to extract
ground state values of our ratios by performing correlated,
simultaneous fits to all separations AT > AT ;, (listed in
Table I). Excited states are not statistically resolved.
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FIG. 6. Example fits to the ratio Ry [Eq. (53)] extracting the different bag parameters at various flow times on the F1S ensemble for

fixed AT = 40.

Examples of the ratio fits at various flow times for each
operator are shown in Fig. 6. The flow-time evolutions of
the fitted bag parameters are shown in Fig. 7 where the data
are plotted first as a function of the lattice flow time 7/a” on
the left and then in physical flow time [GeV~2] on the right.
We see that as the operators are evolved along the gradient

flow, the data from different ensembles quickly converge to
lie on top of each other at the same physical flow time.

B. Continuum limits

In order to take a continuum limit at fixed values of the
flow time in physical units, we first linearly interpolate the
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the continuum limit is considered reliable, defined relative to our coarsest lattice spacing.
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values on each ensemble to a common set of flow times
Tonys = {0.01,0.02, ...,0.80}."" The continuum limit is
then taken at all values 7, but the a — 0 extrapolation
is reliable only for a sufficiently large “smearing radius”
/87 as discussed in Sec. IIIB. We find that a suitable
choice is 87 > 2a2,,, where a,,,, is the coarsest lattice
spacing in the analysis. In practice, this translates to
72 7, = 0.08 GeV~2. Smaller values of 7 are considered
only in order to check for possible systematic effects. For
increasing values of 7 > 7;,, the continuum-limit extrap-
olations quickly become very flat, which may also be
attributed to the use of DWF. For our choice of lattice
actions, discretization effects are expected to appear at
O(a?)."" Therefore, we choose a linear ansatz in a® to
perform the a — 0 extrapolation. Although we study only
charm-strange mesons, we observe that small differences
due to different pion masses in the sea sector are resolved.
We therefore parametrize the pion-mass dependence in a
chiral-continuum limit using the ansatz

Bt (a?, M 1) = B,(z) + Ca?
+ Da?[(ME)2 — (ME™)?],  (55)

where Bl*!(a?, M'%; ) are the bag parameters extracted on
each ensemble from Eq. (53), B;(r) denotes the extrapo-
lated estimator in the continuum limit at the physical pion
mass, M2 [114], while C and D are dimensionful fit
parameters describing the leading discretization effects and
their dependence on the sea-pion mass, M which is in
physical units. Example chiral-continuum limits at fixed
flow times are shown in Figs. 8 and 9.

We then define the SFTX at the level of the bag
parameters, i.e.

Bi(z.p) = &5 (7. 1)By (7) (56)

for the mixing, and

(oem) —en(g) o

for the lifetimes, where B, (7), B;(z), and (z) represent the
continuum-extrapolated bag parameters from the lattice
data. The corresponding matching matrices are given by

""The flow time is technically a continuous variable and any
choice of physical flow times is equally valid.
The fermionic gradient flow is classically O(a) improved
and does not introduce relevant discretization effects beyond
those from the 4D theory for 7 2 7.

7 = 0.08 GeV 2
. 0.8801
1q
0.8751
1.025 1
- 1.0201
1.015
0.9825 A
e 2l
a 0.9800 A
0.9775 L8
—0.101
0114
—0.12
_, —0.0061
1)
—0.007 1
0.000 0.002 0.004 0.006 0.008 0.010 0.012
a? [fm?)
HH M1, o' = 2.3833(86) GeV HH 1, a7 = 1.7848(50) GeV
He M2, a7 = 2.3833(86) GeV He 02, a7t = 1.7848(50) GeV
M3, a~! = 2.3833(86) GeV $ a=0
F1S, a~! = 2.785(11) GeV
FIG. 8. Chiral-continuum limit fits for each bag parameter at

7=0.08 GeV~2. The black data point is the continuum-extrapo-
lated value at physical pion mass, and the colored bands are the

linear @ relations at each ensemble’s pion mass after fitting to
Eq. (55).

Cp1 =832, Cpy =185 Cpo = Glp%

(58)

with {y, {,, and {,, evaluated in Sec. IV and provided
explicitly in Egs. (44), (45), and (50). Finally, {» and {4 are
the SFTX matching coefficients for the pseudoscalar and
the axial-vector currents, which are available through
NNLO QCD [253-255].

VII. ZERO-FLOW-TIME EXTRAPOLATION

Throughout this paper, we use a,(M,) = 0.1180 [114]
as input and evolve it down to a (¢ = 3 GeV) = 0.2535 at
five-loop level, decoupling the bottom quark at u = m,, at
four-loop level. For any further change of the renormaliza-
tion scale, we evolve a to the corresponding perturbative
order, i.e. one-loop running at NLO and two-loop running
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FIG. 9. Chiral-continuum limit fits for each bag parameter at
7=0.28 GeV~2. The black data point is the continuum-extrapo-
lated value at physical pion mass, and the colored bands are the
linear a” relations at each ensemble’s pion mass after fitting to
Eq. (59).

at NNLO. All of these operations are done with the help of
RunDec [256,257]."

A. Fixed perturbative order
The SFTX-matched bag parameters of Egs. (56) and (57)
—which still depend on both the renormalization scale u

and the flow time 7—are related to the MS bag parameters
by taking the 7 — 0 extrapolation, i.e.

BYS(u) = lim By (z. ). (59)

and similarly for the lifetime bag parameters B;, ¢;. The
limit of 7 — 0 is not trivial and involves identifying the
correct region from which such an extrapolation can be
performed which takes into account the constraints outlined

"2A Python wrapper for RunDec was also utilized, provided by
https://github.com/DavidMStraub/rundec-python.

n=3GeV
[
1.00 4 ;
!
1
0.951 ! 4
i ,eeeoeeeeooeeoo
: * seott?
0.90 A 1
0.85 1 i
1
0.80 1 i
é@Q@@S@@S@@S@@SSGSSSGQS@@QSS@SS
ssglSEEEEEEEEEEEEEEEEEEEEEEE
0.75 | EHBEEEs
— ") T B(rw'=B(r)
0701 (E&‘NLO(T, 1) ¢ B(r,mN°
—~1,NNLO @ B(T,M)NNLO
0.651 (3_1 (7, )
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 040

7[CGeVY

FIG. 10. SFTX-matched bag parameter B;(z,u =3 GeV) at
LO (green), NLO (purple), and NNLO (orange). The associated
matching coefficents ¢ g}l are plotted in solid lines, where the LO
matching is 1, and the NLO and NNLO matching coefficients are
given by Eq. (50). The dashed line at 7 = 0.08 GeV~? indicates
the appropriate 7, for our dataset.

in Sec. III B. Figure 10 illustrates the situation for the
example of the mixing bag parameter B, by displaying the
individual terms of Eq. (56). The markers show data for
B (z, u) obtained by using the matching coefficient {3, at
LO (green diamonds), NLO (purple circles), and NNLO

(orange squares). Since § ;5..11’1‘0 = 1, the green diamonds are

equivalent to the pure lattice data B, (7).

The matching coefficients are also shown separately as
solid curves. They suggest reliable perturbative conver-
gence over the full 7 range of the figure, with the NLO
corrections amounting to less than 20%, and the NNLO
effects adding less than another +5%. At first sight, this
might seem remarkable considering that the flow time
reaches up to relatively large values. However, it is
important to note that we perform the matching at
1 =3 GeV, which sets the scale for the strong coupling
a(u), while the flow time occurs only via L,,; cf. Eq. (43).
At ;=3 GeV and 7 = 0.4 GeV~2, its numerical value is
L, ~2.55, which apparently is sufficiently small for the
matching coefficients to remain perturbatively stable.

The plot clearly exhibits the basic features expected from
the SFTX. While both the lattice data for B, (z) as well as
the higher-order matching coefficients are logarithmically
divergent as 7 — 0, these divergences formally cancel in
the ratio BB, (z, u). Obviously, in practice this cancellation is
incomplete due to the finite perturbative order of the
matching coefficients as well as discretization effects when
V87 < a. Nevertheless, the (partial) cancellation is effec-
tive over quite a large range of 7, resulting in an approx-
imately linear behavior of 5, (z, u) in 7 due to the truncation
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of these terms in the SFTX; see Eq. (29). Moreover, the
NLO and NNLO values for B;(z,u) are reasonably
compatible within the displayed region of 7.

Based on these qualitative observations, it is the purpose
of this section to work out a robust procedure for the
extrapolation of the quantities defined in Eqs. (56) and (57)
to 7 =0 which reliably takes into account the possible
sources of systematic uncertainties.

Our goal is to derive the bag parameters in the MS
scheme at a certain reference value y = y,. In principle, we
can do this by inserting the (inverse) matching matrices at
this value, {~!(7, pg), into Egs. (56) and (57). However, it is
equally valid to start from a different scale u and evaluate
the matching matrix at y according to its renormalization-
group (RG) evolution:

W) = o), (60
u

with y the anomalous dimension in the MS scheme of By
[205,258-260], provided in Appendix A. We denote the
resulting matching matrix as {(z,u — pg). Different
choices of the initial value of u typically change the 7
dependence of {~! (7, u — po)B(7), and therefore the 7 — 0
limit, but critically not the value at 7 = O itself. Therefore
we can better inform the 7 — 0 limit by simultaneously
fitting to data for multiple values of y, where the flow-time
dependence of each u value can be parametrized separately.
In practice, we choose uy = 3 GeV and set ny = 4 as the
number of active flavors at this scale. For the set of
ue{2.5,3.0,3.5,4.0,4.5} GeV we then perform a com-
bined 7 — 0 extrapolation. Our final results for B, (u),
B;(up), and €;(uy) are obtained by performing a single
global fit to B(u — ) for all u using the functional form

flop) = o +a(c + ' n (wP2),  (61)

where the c(l" 2) can be different for each value of y, while ¢

is a parameter common to all fit functions. This ensures a
solution for which the perturbative RG evolution is con-
sistent across the chosen range of u.

We evaluate all possible fit intervals fixing 7., =
0.08 GeV~? (cf. Sec. VIB) and ranging up to at most
Tmax = 0.4 GeV~2, which is chosen to suppress O(7)
effects beyond the leading assumptions of the SFTX."
To further account for bias and/or systematic effects in
the choice of 7,,,, we repeat this procedure for minimum
values 7,,;,, + 0.01,0.02,0.03,0.04 GeV~2. The results are
given by identifying the spread of all fit results for ¢, with

YThe value of Tmin 18 @ stricter limit than 7,,,, and is required
by both the lattice spacings and the fixed-order perturbation
theory used. Using finer lattice spacings and/or additional
perturbative orders will push z;, to smaller values.

p-value > 0.05 as the symmetrized uncertainty interval for
the bag parameters at scale p.

This interval accounts for both statistical and systemati-
cal uncertainties of the r — 0 extrapolation, the latter
arising from the finite perturbative order of the matching
coefficients as well as the constraints on the allowed values
of 7; see Sec. III B.

The 7 — 0 extrapolations for the AQ =2 and AQ =0
operators are shown in Figs. 11 and 12 respectively. Next
we discuss how we may improve upon this SFTX matching
procedure by taking advantage of RG running.

B. Renormalization-group improvement

The dependence of the flowed operators on the flow time
can be parametrized by the flowed anomalous dimensions
7, which allows for the resummation of their logarithmic =
dependence. They are defined in Ref. [261] as

Ti(b(’t> =70(),

d
ith 7=(z—¢|¢" (62
& with 7 <TdTC>C (62)
For the operators in Eq. (18), we define the flow-time
renormalization-group equation (RGE) as

w(ri0) ) 02 @

and then find the anomalous dimensions 7; to be

BYS RGE gt — p1o = 3.0 GeV

|

!

$
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©00000000$20TTOTTIBOBTR
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]
aE

® NLO pu=25GeV NNLO 4 = 3.0 GeV
® NLO pu=3.0GeV T NNLO y =35 GeV
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FIG. 11. Zero-flow-time extrapolation of the matched flow-
time data for the AQ = 2 I3, parameter. The matching to the MS
scheme is performed at both NLO and NNLO using
u€{2.5,3.0,3.5,4.0,4.5} GeV before running back to
o =3 GeV. The pink and orange shaded areas indicate the
spread of all acceptable fits to the data at NLO and NNLO,
resulting in the purple and orange data points in the left panel
respectively. The dashed line at 7 = 0.08 GeV~2 indicates the
appropriate 7, for our dataset, and the dot-dashed lines indicate
the maximum flow time which enters the set of acceptable fits for
each operator.

094503-17



MATTHEW BLACK et al.

PHYS. REV. D 114, 094503 (2026)

BYS RGE 1 — 19 = 3.0 GeV

1.08 ; -
1 |
H !
1.06 EI : :
1
FEREE T i
= @g@gg@.“ IO orOnnnosonnoodooooom
o 1.04 mengsz.zggxggmmmmmm H
o $§§§§§°353??C:;;T‘fmmm‘“mmmmmmmmmm
S B e
; 0 : §§§§§§§§§§§§§§ﬂwnm55
L , i
% 1.00 H |
H !
= 1 P NLO p=25GeV NNLO p = 3.0 GeV
[a) 0.98 - : @ NLO p=3.0GeV @i NNLO p=3.5 GeV
. 1 @ NLO p=35Gev NNLO = 4.0 GeV
1 § NLO =40 GeV NNLO g = 4.5 GeV
0.96 4 H T NLO pu=45 GeV ¥ NLOT—0
: ] @ NNLO p=25GeV ¥ NNLOT—0
1 1
T T T
0.0 0.1 0.2 0.3 0.4
7 [GeV7?
&S RGE p1 — g = 3.0 GeV
; -
~0.10 1 H !
1 |
| ' 38
1
' sr A
—
= o e
3 giit :
< gg ! EEEEEEEEEEL
o5 —0.20 !_.Euuuuuuuﬂﬁﬂﬂﬁﬂﬁfﬂﬁaa
Il I 555,3;;55555555555555?99eeeaaaaaeaaee
= 1 H H
3 i |
=025 H !
— I B NLO =25 GeV NNLO s = 3.0 GeV'
) : P NLO p=3.0GeV I NNLO p =35 GeV
1 B NLO pu=35GeV NNLO p = 4.0 GeV
—0.30 1 ® NLO p=4.0GeV NNLO p = 4.5 GeV
1 T NLO =45 GeV @ NLOT—0
1 @ NNLOu=25Gev W NNLOT—0
1 1
T T T
0.0 0.1 0.2 0.3 0.4

7 [GeV™Y

BYS RGE p — pig = 3.0GeV

T Lo bt
0.990 1 : mﬂ““q
=
i zE® 2 I
0.985 i ol ERnmERE
—~ 1 Ll 5 i mmm
= i [} CopmEHHEE pmpomD
> H oE - Inmmmllil H
O] 0.980 Illm CamE mmod |
@ comEHmm !
3 z" | a‘z‘émmmm !
o3 0.975 1 z EmiE |
gs" i
< 0.970 g i
E 1 .
=~ X 1 ® NLO p=25GeV NNLO 1 = 3.0 GeV
Ay 0.965 1 I ! T NLO =30 GeV T NNLO y = 3.5 GeV
1 ® NLOpu=3.5Gev NNLO = 4.0 GeV
0.960 : B NLO p=4.0 Gev NNLO = 4.5 GeV
©  NLO ji=45 GeV @ NLOT—0
1
] M NNLO p =25 GeV ¥ NNLOT—0
0.955 — T T .
0.0 0.1 0.2 0.3 04
7 [GeV 7]
S RGE =3.0GeV
€ H—r po = 3.0Ge
1
[ L1
0.006 1 ! ......ouofo
! ge000%®® i
! e® :
= 0.004 4 i CL EEEEEEEEE:
% '.... =[E 555'3‘3'3'3;;::@8588@
] .’ L T
s ¢®% | SERE =28 i
o5 0.002 4 \c-mBEE =28 |
I 1 L :
g t Lo
55
o 0000 ! |
= 1 ® NLO p=25GeV NNLO p = 3.0 GeV
O : % NLO p = 3.0 GeV M NNLO p =35 GeV
_ ] 1 NLO p = 3.5 GeV
0.002 1 ® NLO p=4.0Gev NNLO = 4.5 GeV
: T NLO p =45 GeV ® NLOT—0
1 I NNLO =25 GeV B NNLOT 0
—0.004 L T T L
0.0 0.1 0.2 0.3 0.4
7 [GeVY

FIG. 12. Zero-flow-time extrapolations of the matched flow-time data for the AQ = 0 bag parameters—B (top left), B, (top right), €,
(bottom left), and e, (bottom right). The matching to the MS scheme is performed at both NLO and NNLO using
ue{2.5,3.0,3.5,4.0,4.5} GeV before running back to pg = 3 GeV. The pink and orange shaded areas indicate the spread of all
acceptable fits to the data at NLO and NNLO, resulting in the purple and orange data points in the left panel respectively. The dashed line
at7 = 0.08 GeV~2 indicates the appropriate 7., for our dataset, and the dot-dashed lines indicate the maximum flow time which enters
the set of acceptable fits for each operator.
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The dependence on the scheme of evanescent operators
drops out in 7, which also means that the flowed anomalous
and dimension for the AQ = 2 operator is 7, . = 7;.
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In the SFTX matching procedure used above, flow-time
logarithms [Eq. (43)]—which are naturally present in both
the all-orders nonperturbative lattice data and the fixed-
order perturbative matching coefficients—will only cancel
up to the available perturbative order. We therefore expect
higher-order logarithms to manifest as curvature at smaller
flow times in Figs. 11 and 12, and ultimately lead to
divergences as 7 — 0, which is one of the limiting factors in
pushing z,,,;, in our fits to smaller values; see Sec. III B. Our
fit function in Eq. (61) is designed to capture part of this
logarithmic behavior. Indeed, from inspecting the data we
can see that residual logarithmic effects are small, but they
may be non-negligible at the precision of our analysis.

One option to estimate these effects is to resum loga-
rithmic terms with the help of Eq. (62) [39]. This equation
enables us to run operators defined at some flow time 7 to a
different value 7, which can be chosen to improve
perturbative behavior of the operators and limit the effects
of logarithms. A particularly appealing choice is 75 =
e77e /242, since this would exactly set the logarithmic terms
defined in Eq. (43) to zero [213]. For the case of the AQ =
2 parameter B;, where the matching matrix is a single
number, we can explicitly write this flow-time evolution as

Bi(r = 10) = exp {— [ Hawo) L] B@). 60

where B, (r = 1) is the set of values for B, (7,) calculated
for each 7. Having run our continuum results from each z to
7, we can combine these data with the matching coefficient
at 7, i.e.

B(uo) = 12%?1 (0. #0) B1 (z = 79) (67)

where we expect decreased flow-time dependence and thus
an easier 7 — 0 extrapolation.

This procedure defines the RG-improved SFTX and 7 —
0 extrapolation. The RG improvement of the AQ =0
operators follows analogously, however since the flowed
anomalous dimensions are now matrices, we do not write
an analytic expression for the evolution to 7, but directly
integrate Eq. (62) numerically.

In the following we use the RG-improved SFTX as our
preferred method to obtain final results for the bag
parameters in the MS scheme. A good validation of this
choice is seen by comparing Figs. 11 and 12 to 13 and 14
where the final results with and without RG improvement
are very compatible with one another. Furthermore, for all
four AQ = 0 bag parameters, the RG-improved matching
leads to more controlled extrapolations and thus somewhat
smaller errors at 7 = (. Hence, adopting our default choice
of evanescent operators, our final results for the AQ =2
and the four AQ = 0 bag parameters are

RG-improved BMS RGE p — o = 3.0 GeV
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FIG. 13. Zero-flow-time extrapolation of the RG-improved
matched flow-time data for the AQ =2 B, parameter. The
matching to MS is performed at both NLO and NNLO using
u€{2.5,3.0,3.5,4.0,4.5} GeV before running back to
1o =3 GeV. The flow-time RGE is used to set flow-time
logarithms to zero and improve the extrapolations. The pink
and orange shaded areas indicate the spread of all acceptable fits
to the data at NLO and NNLO, resulting in the pink and brown
data points in the left panel. The dashed line at 7 = 0.08 GeV~2
indicates the appropriate 7., for our dataset, and the dot-dashed
lines indicate the maximum flow time which enters the set of
acceptable fits for each operator.

BYS(3 GeV) = 0.7673(68) .

BYS(3 GeV) = 1.0524(69) .

BYS(3 GeV) = 0.9621(26)¢.

Y5 (3 GeV) = —0.2275(41)gp,

&5(3 GeV) = ~0.0005(3)g. (68)

where the uncertainty labeled “GF” combines statistical
errors as well as systematic effects of the z — 0 extrapo-
lation from our analysis procedure which also directly
propagates uncertainties of a~!' quoted in Table 1. We will
now estimate additional sources of systematic uncertainties
in our calculation.

C. Systematic uncertainties

Our values above are obtained at NNLO with the
improvement provided by the flow-time RGE following
Eq. (67). In Fig. 15 we show these final values using brown
squares and they are fully consistent with the orange
squares obtained by carrying out the same analysis but
without the flowed RG improvement. Subsequently, we
discuss other possible sources of uncertainty and also
estimate their impact on our results.

1. Continuum-limit extrapolation

In order to test for systematic effects in our continuum
extrapolation, we repeat the full analysis discarding the
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FIG. 14. Zero-flow-time extrapolation of the RG-improved matched flow-time data for the AQ = 0 bag parameters—B, (top left), B,
(top right), €; (bottom left), and e, (bottom right). The matching to MS is performed at both NLO and NNLO using
ue{2.5,3.0,3.5,4.0,4.5} GeV before running back to yy =3 GeV. The flow-time RGE is used to set flow-time logarithms to
zero and improve the extrapolations. The pink and orange shaded areas indicate the spread of all acceptable fits to the data at NLO and

NNLO, resulting in the pink and brown data points in the left panel. The dashed lines indicate 7,,;,, = 0.08 GeV ™

lines mark the maximum flow time included in our fit results.

coarse C1 and C2 ensembles. This affects the analysis in
several ways:

(i) Discretization effects are reduced because the small-
est value of a~! increases from 1.78 GeV to
2.38 GeV.

(i) Heavy-quark discretization effects are reduced since
the heaviest bare charm-quark mass simulated de-
creases from am, = 0.64 to 0.45.

(iii) The uncertainties in the 7 — 0 extrapolation in-
crease, because the a — 0 extrapolation is per-
formed with two instead of three values of the
lattice spacing, and thus, the continuum data have
increased uncertainty.

We show examples of the resulting continuum limit extrap-
olations excluding the coarse ensembles in Fig. 16 and 17.
The outcome of these alternative continuum limits is
compatible with our previously obtained central results,
albeit with larger uncertainties, which is an expected effect
of discarding 1/3 of our ensembles. We propagate these
alternative continuum limits through the analysis to estimate
the effect on our final bag parameters in the MS scheme.

For all five bag parameters considered, we find at most a

1.8% change of the central values and the obtained bag

, Whereas dash-dotted

parameter values are shown in gray in Fig. 15. To quantify
the effect of these alternative continuum limits, we assign
half the difference of the central values as an additional
uncertainty to our final results in Eq. (70) and use the label
“CL” to indicate this “continuum limit” uncertainty.

2. Perturbative truncation

The systematics due to the truncation of the perturbative
series are partly taken into account through the variation of
the renormalization scale y as discussed in the context of
Eq. (60). However, estimates based on scale variations are
known to be unreliable for capturing the full truncation
effects. This is illustrated by the pink circles in Fig. 15,
which show the outcome of the RG-improved analysis
based on the NLO rather than the NNLO expressions for
the matching coefficients. While they are c0n31stent with
the NNLO results for BMS, BMS, BMS, and €S, the
perturbatlve uncertainty still seems to be underestimated
for €X!S. We therefore include an additional “perturbative
truncation” uncertainty by taking half the difference of the

central values at NLO and NNLO, referring to it as “PT” in
the final results.
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FIG. 15. Final results for the AQ = 2 (top) and AQ = 0 bag
parameters in the MS scheme at y, = 3 GeV are shown by the
black data points. The central value is taken as the NNLO result
(brown) whose error is combined with half the differences to the
alternative NNLO (gray) and NLO (pink) results as well as an
additional 0.5% quark mass mistuning estimate in quadrature.
The data result from 7 — O extrapolations using the flow-time
RGE to improve the SFTX as described in the text. The NNLO
result without the flow-time RGE is also plotted in orange to
show consistency.

3. Quark-mass tuning

Starting from the physical values of the strange quark
mass in lattice units reported by the RBC/UKQCD
Collaboration [232-235], we tune the charm-quark masses
listed in Table I such that the value of the D; meson mass
matches the PDG value [114] in physical units using the
quoted values of the inverse lattice spacings. In Fig. 18 we
show the relative deviations from the PDG. Although all
data are consistent within uncertainties, they have an
associated uncertainty in the matching. Since the dataset
of our exploratory calculation does not allow for a refined
estimate of this effect on our bag parameters, we simply
assign a 0.5% uncertainty due to the matching in our final
results.

7 =0.08 GeV 2
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1.0251 ]
& 10201
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0.98251 7
0.98001 |
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M1, a™! = 2.3833(86) GeV ~ HH Cl, a~! = 1.7848(50) GeV
M2, a! = 2.3833(86) GeV HH €2, a7 = 1.7848(50) GeV
M3, a~! = 2.3833(86) GeV $ a=0
F1S, a=!' = 2.785(11) GeV

R

FIG. 16. Alternative chiral-continuum limit fits for each bag
parameter at 7 = 0.08 GeV~2. The black data point is the
continuum-extrapolated value at physical pion mass, and the
colored bands are the linear a? relations at each ensemble’s pion
mass after fitting to Eq. (55).

4. Gluon, light-, and strange-quark discretization

Dominant light-quark and gluon discretization errors
arise from the used actions and are of order O((aAqcp)?).
Using Agcp = 300 MeV, this amounts to 1% at our finest
lattice spacing. We account and correct for that by our
chiral-continuum extrapolation including terms linear in a?.
Remaining effects start at O((aAqep)*) ~ 0.01%, which is
negligible at our current precision. An indicator for dis-
cretization errors in domain-wall fermions is the residual
mass am,, which parametrizes the residual chiral-sym-
metry breaking as an additive mass term. In our calculation,
these are of O(amy) ~ 0.4%; see Ref. [39].

We add the quark-mass tuning (0.5%) and residual
chiral-symmetry breaking (0.4%) systematic uncertainties
in quadrature, and assign an additional 0.64% uncertainty,
labeled “OS” for “other systematics,” to the final results
in Eq. (70).
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value at physical pion mass, and the colored bands are the linear a>
relations at each ensemble’s pion mass after fitting to Eq. (55).
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FIG. 18. Ratios of M}"'/M}>S for each lattice ensemble used.

5. Heavy-quark discretization

Charm quarks are simulated using stout-smeared [240]
Mobius domain-wall fermions [241] which are optimized
for heavy flavors [242] and allow the simulation of bare
charm quark masses with am, < 0.7 while discretization
effects remain small and under control [235,242,262]. This
condition is fulfilled on all lattice ensembles in Table I
and, hence, we expect discretization errors to be small.

As shown in Appendix C of Ref. [39], the residual masses
for charm quarks remain small (am., < 107#) for all
ensembles used and the long plateaus demonstrate that
the domain-wall mechanism works well. We therefore
conclude heavy quark discretization effects to be negligibly
small which is in agreement with the small changes
observed when performing alternative continuum limits
discarding the coarse ensembles and reducing the largest
bare charm quark mass from 0.64 to 0.45.

6. Chiral extrapolation

Although the valence charm and strange quarks are tuned
to their physical values, our ensembles differ in the light
sea-quark mass, which we have parametrized in the chiral-
continuum ansatz of Eq. (55). The lattice-spacing depend-
ence is the dominant component of the chiral-continuum
extrapolations, while the chiral term is much smaller and
not clearly resolved. Therefore we do not assign a separate
uncertainty due to the chiral extrapolation alone.

7. Finite volume

Focusing on a system with only charm- and strange-
quark masses in the valence sector on ensembles with
M, - L > 4, we consider finite-volume effects (FVEs) to be
negligible since heavy-light mesons have a short coherence
length and the lightest excited state contaminations will
scale with masses heavier than pions. While there is no
specific evaluation of FVEs in the matrix elements of these
operators for charm-strange mesons in the literature, we can
interpolate from results for other systems. Reference [263]
finds that the AB = 0 operator basis for B, mesons have
FVEs < 0.05%, while Ref. [6] estimates FVEs of ~0.1%
for the bag parameters of AQ = 2 operators. We infer that
the FVEs of the bag parameters of charm-strange mesons
lie between 0.1% and 0.05%; this is a negligible uncertainty
at our current precision. We therefore do not account for
finite-volume effects separately.

8. Isospin-breaking and QED corrections

Furthermore, corrections due to isospin breaking for the
light quarks in the sea sector may arise as well as effects due
to accounting for electric charges both in the sea and valence
sector. Putting the focus on exploring the concept of using
GF + SFTX, we refrain from estimating these effects and,
hence, corresponding uncertainties are not accounted for.

VIII. PHENOMENOLOGICAL RESULTS

Using a setup with pseudoscalar D meson states in pure
QCD without electric charges, we determined the bag
parameter contributing to the mass difference of a non-
physical charm-strange meson at short distance given by a
AQ = 2 four-quark operator. Accounting for all systematic
effects discussed in the previous section, we find in the MS
scheme at gy = 3 GeV and adopting our default choice of
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evanescent operators

BYS(3 GeV) = 0.7673(68)r(82) cr.(37)pr(49)os
= 0.7673(123). (69)

Based on our knowledge from the B meson sector, we may
assume spectator effects to be small and that most of the
difference in the hadronic matrix element between using a
strange and a light spectator is captured through the decay
constant [5,20]. We therefore infer that the bag parameter
calculated in Eq. (69) is largely compatible with literature
results for short-distance contributions to D° mixing. Lattice
results exist for the bag parameters of the D° meson from
both the ETM and FNAL/MILC Collaborations. The former
find B;(3 GeV) =0.757(27) [10] and the latter
B,(3 GeV) = 0.784(56) [12]."* These results are in excel-
lent agreement with our result in Eq. (69) albeit with larger
uncertainties which are however also expected when
extrapolating to/working at physical light quark masses.
The bag parameters parametrizing short-distance D mixing
have also been calculated using HQET sum rules predicting
Bi(3 GeV) = 0.6547 9% [116]. This result exhibits a
noticeable tension to the lattice determinations. However,
HQET is less suitable for charm quarks than for bottom
quarks, and Ref. [116] does not include O(1/my,) correc-
tions in the HQET-QCD matching procedure. Note that the
results of Refs. [10,12,116], based on NLO matching,
employ choices of evanescent operators [259,264] which
differ from ours. Nevertheless, our final results can be
compared consistently with these because the differences
occur only at NNLO for BYS,

For the bag parameters parametrizing AQ = 0 operator
matrix elements describing the lifetime ratio of D,/D°
mesons, we obtain, using our default choice of evanescent
operators,

BYS(3 GeV) = 1.0524(69)r(1)cr. (14)pr(67)os
= 1.0524(97),
BYS(3 GeV) = 0.9621(25)gp(18) ¢ (13)pr(62)0s
= 0.9621(70).
MS(3 GeV) = —0.2275(41)(42) p (46)pr(14) o5
= —0.2275(76),
e)S(3 GeV) = =0.0005(3)r(0)cr. (7)pr(0)os
= —0.0005(8). (70)

These are the first lattice results for the bag parameters of
AQ = 0 operators with a full error budget, and represent a

Np=2+1 _
“We convert the quoted matrix element using fp’ *

210.4(1.5) MeV [20] and M = 1864.84(5) MeV [114].

significant step towards more precise predictions of heavy
meson lifetimes and lifetime ratios using lattice QCD.
Although our focus is on establishing the use of GF +
SFTX to renormalize four-quark operators we obtaln
percent-level results for BMS BMS, and €S, while !
is much smaller and vanlshes within uncertamties. The
latter is however an artifact of a particular choice of
evanescent operators (cf. Appendix B).

Although SU(3)g-breaking corrections to the AQ =0
bag parameters are calculated in Ref. [199] within the
HQET sum-rules framework, the HQET-QCD matching for
this scenario has not been calculated and, hence, we cannot
directly compare results. From Tables 3 and 4 of Ref. [199],
we see, however, that the difference between B, and B, bag
parameters is very small, implying mostly negligible
spectator effects. Therefore we expect again that the results
calculated here using D, mesons are largely compatible
with D calculations. The most up-to-date values of the
AQ = 0 bag parameters in QCD from sum rules for D
mesons are presented in Ref. [49], where a different basis of
evanescent operators has been used than here. Performing
the basis transformation described in Appendix B, we
express our results of Eq. (70) in the scheme used in
Ref. [49] and obtain

BMS(3 GeV) = 1.103(10),
BMS(3 GeV) = 0.9754(71),
¢MS(3 GeV) = —0.2427(71),
eMS(3 GeV) = —0.0289(8). (71)

As another consistency check, we also performed the 7 — 0
extrapolations by directly using the matching coefficients
defined for this evanescent scheme and find fully compatible
results. In comparison to Eq. (6.27) of Ref. [49] our results
are an order of magnitude more precise. We note, however,
that the uncertainties in Ref. [49] are dominated by the
HQET-QCD matching procedure. Furthermore, our values

in particular for BMS and M differ significantly from those
of Ref. [49]. This may again be due to the HQET-QCD
matching procedure, which may require including O(1/mf,)
corrections to more accurately describe D meson.

From a phenomenological perspective, our value for ell\’ls
is particularly interesting, because in the HQE the Wilson
coefficient multiplying this parameter is rather large [187].
Hence, the observed difference of about a factor of 2
compared to the existing literature may lead to a significant
effect in the lifetime predictions for D mesons. An
independent verification of our findings would therefore
be desirable.

In addition to lifetimes and lifetime ratios, the AQ = 0
four-quark operators also contribute to other processes
described by the HQE, such as rare semileptonic B-meson
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decays and are in fact the dominant uncertainties at high ¢>
[265,266]. A future high-precision determination of these
quantities for B mesons is therefore advantageous to the
broader flavor physics community. In particular, the life-
time-ratio operator basis is immediately relevant to the
decay-rate ratios of the currents b — s£¢ and b — ufv as
discussed in Ref. [265] while the future application of our
procedure to the eye diagrams will be highly beneficial to
b — s£¢ processes themselves.

IX. CONCLUSION

Using six RBC/UKQCD 2 + 1-flavor domain-wall
ensembles and performing a valence sector measurement
with charm and strange quarks tuned to their physical
values, we calculate in a heavy-light system AQ =2
operators describing neutral meson mixing as well as AQ =
0 operators related to bag parameters entering the determi-
nation of heavy meson lifetime ratios. Renormalization of
operators is performed using fermionic GF in combination
with the SFTX to match our results to the MS scheme. This
matching is performed at both NLO and NNLO at a scale of
1o = 3 GeV. Taking advantage of perturbatively calculated
anomalous dimensions, we improve the r — 0 extrapolation
by running the matching scale to higher values and
canceling flow-time logarithms using the flowed RGE. In
the future this may further be improved by nonperturbative
determinations of the corresponding anomalous dimensions
[267-269].

Although the focus of this work lies on the method to
calculate and renormalize four-quark operators using
GF + SFTX, we further achieve percent-level results for
the bag parameters indicating that GF + SFTX is also a
competitive method w.r.t. overall uncertainties. While our
results have a full error budget, we do stress, however, that
in this study we choose to simplify the problem by
neglecting contributions from eye diagrams which are
required to obtain absolute lifetimes and SU(3)g-breaking
effects. The challenge of the eye diagrams arises due to their
poor signal-to-noise ratio demanding different numerical
techniques to simulate and, moreover, they also induce
mixing with operators of lower mass-dimension under

renormalization. In the case of €)', we observe sensitivity
to the choice of evanescent operator scheme and provide
formulae to convert to a broad class of such choices.

The successful application of the GF + SFTX frame-
work demonstrated here and also in other works
[39,42,43,45] motivates an extended program in the future.
It will be interesting to incorporate the full AQ =0
operator basis and handle eye diagrams with the associated
mixing of lower mass-dimension operators in the SFTX.
Furthermore, it looks promising to choose a larger set of
ensembles in order to improve control of all systematic
effects in a high-precision study extending this calculation
to use both physical light quarks as well as “heavier-than-

charm” quarks to extrapolate towards the bottom. This will
allow us to obtain a more complete picture of lifetimes and
lifetime ratios for heavy-light mesons including
D°, DY, D}, B° B*, and B, as well as heavy baryons.

Note added. While this paper was under review, Ref. [270]
presented the NNLO Wilson coefficients for heavy-meson
lifetime ratios and combined them with the bag parameters
determined here. It finds that our lattice results significantly
change the charm lifetime-ratio predictions compared to the
HQET sum-rule results [49], reduce the associated uncer-
tainties, and improve the agreement with experiment.
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APPENDIX A: RENORMALIZATION
CONSTANTS

The bare gauge coupling is related to the MS-renormal-
ized coupling by

w= () "2 aato

where u denotes the renormalization scale and Z, is the
renormalization constant of the coupling,

go ta (% - ﬁ) +0(d@), (A2)

(A1)

Zg(as) =1-

with the coefficients

1 2
ﬁo Z(ll-gl’”)

1 38
102 — A
p=1g (1025 ), (43)
of the QCD beta function
ﬂ(as) = —€—dg Z/))nag' (A4)
n=0

The NNLO relation between a generic renormalization
constant and the corresponding anomalous dimension,
defined by

d
dTﬂzZij = —YiZij (AS)
and
ij — —dy Z aQYn,ij (A6)
n=0
is
1 10 2 1
Zl_] - 51/ + ag € }/0 ij + Z + ag 2_62 [yO,ikyO.kj
1
+ Bovo.ij) — % [Y1ij + BoZi) + Yo Zs)
+ Z0704j) + Z,?;’) + O(dd). (A7)

The finite parts of the renormalization constants, Zf’/Q are
only nonzero if i € £ and j € O as described in Sec. IVA.
As mentioned in Sec. IV C, the two sets of operators
V'={0,,7,} and 0% ={0,,7,} do not mix with
each other. The result for the physical submatrix of the
anomalous dimension is [205,258,259]

and
(1) %
1 24
o= ( 85 , 7
—% T 108"

144 +3 54711

-3
2)

(A8)

=

) (49)

111
+24 f)

., (A10)
1854_%,1f
95 | 1
___|_E £ >

. (A1)
269+1?474”f

In order to be able to rotate to a more general scheme (see
Appendix B), we also need unphysical parts of the
renormalization matrix, which we find to be’

N 0 1 0 0> 2 :<0 10 0>

0,0 % 45_8 0 0 ’ 0,.0& %8 45_8 0 0 ’
_17 1L 1

m 18 192 ~ 142’

Voe = 169 _ 1 317 _ 5

T 3864 a8’ Tis2 1728 'M

@) ( ~% %~ A
1

7 35

576 1536
35 __ 1L )
6912 3072
e

576

35

6912

35
1536
1 ki
3072

oe=\ _31_ 1, 28 _ s
16 648’ 71152 ~ 17287
_17 1
0 5 0 4
_7 _1 1 5
n _ 9 3 18 48
Yoee = )
* k

2 1

-2 4 0 1}

@) -8 _L 1 5
yO,SEZ 9 12 18 48 , (A12)

* * * ok

* * * *

where the entries denoted by * in y, ¢¢ do not contribute to
our final result. They require including the evanescent
operators of the third generation and were thus not
computed. The two-loop anomalous dimensions y; are
scheme dependent, meaning that their values are specified
for the choice of evanescent operators of Sec. IVA. The
result in a general scheme can be found in the ancillary files
(see Appendix C and Ref. [209]).
For the AQ = 2 operator, we find

0 1 m_ 7 1

Yo, = 5 7o, —3_2_7_2nf

=5 (A13)

"These results have been obtained independently in Ref. [270].
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The MS renormalization constant of the flowed-quark field

7S, introduced in Eq. (27), is related by Eq. (A7) to the
anomalous dimensions given by [34,213]

Yy 0 = -1,
73 11 26

+—n;+—In 2.

— Al4
8 36 9 (A14)

},;(,1 = -

The finite renormalization ¢, relating the ringed scheme to
the MS scheme,

(A15)

is [201,203]
4
C(zop) =1-a <71-0Lm +1In3 +§ In 2>
2 )20 2
=+ ag {T (7/)(,0 - ﬁO)L/n

4
+ |:}’;(,0(ﬁ0 —7y0)In 3+ gn,o(ﬁo ~7y0)In 2

)
C
_y;{1:|Lm'+]l—6} +O(a2)’ (A16)
where
16 2
C)({Z) = 4CZ~A +EC)('F —|-§nfc%R. (A17)

The coefficients have been determined in Ref. [201]:

Cya = —23.79417, c,r = 30.3914,
131 46 944 160 172
CyR = BTy + ?5(2) + 7ln 2 +7ln22 - Tln 3
104 178 8
+5-In2In3 —Tln23 +3Lia(1/9)
400 112

(A18)

Only digits which are not affected by the numerical
uncertainty are quoted in Eq. (A18).

APPENDIX B: SCHEME DEPENDENCE

The definition of the scheme for the evanescent operators
in Egs. (34) and (35) includes an arbitrariness; in particular,
one is free to add terms which vanish in D = 4. Such
additional terms, however, change the result of our calcu-
lation and correspond to choosing a different renormalization
scheme. In a more general scheme, the evanescent operators
of the first generation are

E = et (1 = 150 11 = v)ws) + BV O,

E/T(ll) - (V_/ayﬂvp(l - 75)TA’//ﬁ)(V_/7YpW(1 —15) T ys)
CET,

52(912) - (ll_/aj/ﬂy(l - 75)’//ﬁ)(l/_/y7yﬂ(1 +ys5)ws) + Egl)oz,

S/T(Zl) = Watw(1 - yS)TAWﬂ) W71+ rs) T w5)

+EVT,, (B1)
where
EY) = —4 4 E! e + E! 1,
EY = -4+ El e+ ELé,
E = —4 4 E| e + E} &,
EY) = —4 + E} e + E} 5. (B2)

For the second generation, we work with the operators

2 - _
52(91) - (l//ay;wpor(l - yS)Wﬂ)(Wﬂ’wpyﬂ(l - 75>W5)

+EPO, + B\EY,
2 v, —
E/T(l) - (Way’w’””(l - }/S)TAwﬂ)(l//ﬂwpw(l —75)T"ws)

+EYT, + B,EY).
2 _ _
g/((ﬁz) = (l//ay/wpa(l - 75)Wﬂ)(l//y}/0'pt4¢(1 + 75)1//6)
+EY 0, + ByEy),

2 7/ —
EX = a1 = 15) T W) (01 (1 + 75) THyr5)

+EQT, + BAEY). (B3)
where
EY) =16 + E] & + E2,¢%,
By = By + By ¢,
EY = —16 + E3 & + E3,é%,
B, = B,y + By ¢,
EY) = —16 + E3 & + E3,é%,
B3 = B3 + By ¢,
EY) = <16+ B3 & + E2,¢2,
By = By + By e. (B4)

The numerically specified coefficients were obtained by
Fierz relations and are chosen such that the operators are
evanescent; all other coefficients are part of the definition of
the basis of evanescent operators.

In the case of the AQ = 2 operators, we use the non-
mixing basis which refers to the physical operators
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TABLEII. The expressions of the ancillary files Zeta . mand Zeta . py that encode the main results of this paper. The notation of the
variables should be self-explanatory; more details are given in the header of these files.

Zeta.m Zeta.py Meaning Reference
zfinInvl ZfinInvl (alpha_s, nf) ZE;J Eq. (B9)
ZfinInv2 ZfinInv2 (alpha_s, nf) Z:, Eq. (BY)
zetalnvl zetaInvl (alpha s, nf, mu, t) gt Egs. (44), (58), and (B10)
zetaInv2 zetaInv2 (alpha s, nf, mu, t) o Egs. (45), (58), and (B10)
zetaInvMixing zetaInvMixing (alpha_ s, nf, mu, t) Céll Egs. (50) and (58)
zetaInviNormA zetaInvlNormA (alpha s, nf, mu, t) iy Egs. (58) and (B10)
zetaInv2NormP zetaInv2NormP (alpha s, nf, mu, t) %‘2‘ Egs. (58) and (B10)
zetaInvMixingNormA zetalInvMixingNormA (alpha s, nf, mu, t) Cz_;ll Eq. (58)
gammal gammal (alpha_s, nf) 7' Egs. (A6), (A8), (A10), (A12), and (B10)
gamma?2 gamma2 (alpha_s, nf) },’(2) Eqgs. (A6), (A9), (All1), (A12), and (B10)
gammaMixing gammaMixing (alpha_ s, nf) Yo, Egs. (A6) and (A13)
1 0 0 0
{O,,0O_} and the evanescent operators {51((91])’ 8?[), Sézl),
0 1 0 0
Sﬁzl)} given in Eqs. (Bl) and B3) witha=y=0Q, f= M, = B eB | Lol
6 = q and the coefficients of Egs. (B2) and (B4) given by 1.0 L1
[205,230] 0 Byg+eBy; 0 1
. | 1 0 0 0
Ey,=E,=8, 0 1 0 0
1 M, = , B7
E,=E),=-4 : B3+ eBs 1 1 0 (B7)
E}, =E3, =64, 0 Byo+eByy 01
, 16838 , 2632
b2 25 2250 and
BI,O = BZ,O = —40,
1 1
By =By, =40. (BS) E, 0 Ex; 0
o . 0 E, 0 Ei
This choice of scheme respects Fierz symmetry and ensures U, = 5 B U, = 5 B
that there is no mixing among O, and O_ such that there are Ey; O Es; 0
no off-diagonal entries in the physical submatrices of both 0 E3, 0 E2,
the matching matrix as well as the anomalous dimensions. ' '
In the ancillary file, we provide the matching matrix and E }.2 0 Eé.z 0
the anomalous dimension matrix in a general scheme as a 1 1
. . k16 . 0 £, 0 E;,
function of the coefficients E7 ;. The results in a general v, = “ . V, = ’ (B8)
. k . . 2 0 E2 0
scheme can be obtained by performing a rotation of the E, 32
evanescent operators from the minimal basis of Egs. (34) 0 E2, 0 E2,
and (35) to the more general basis of Egs. (B1) to (B4) ' '
[230,272] . . . .
TABLE III. Notation for the variables in the ancillary files.
E = M;(& +eU,0; + 52Vi0i)7 (B6) Zeta.m Zeta.py Meaning Reference
where nc NC N, Section III
tr TR Tr Appendix C
T o . . . . . . Lmut Lmut Lm Eq. (43)
The choice of B4 ; neither impacts the matching matrix nor .
the physical part of the anomalous dimension, which can be seen &8 a_s s Section IV C
from the fact that in the rotation to a general scheme it only nf nf ng Section IV C
appears in the matrix describing the rotation among the evan- 22 zeta2 Z(2) Eq. (42)

escent operators M.
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We can now obtain the matching matrix in a general
scheme by applying the transformation to the bare results
before performing the renormalization. Alternatively, the
renormalized result in a general scheme can be obtained by
multiplying the renormalized matching matrix with a finite
renormalization induced by the rotation matrices U, V

Zfin,l/2 =1 + aSZ}']n,l/Z + afZ%in,l/z + O(ag)’

_ (1/2)
Zflin,l/z =Yo0.0¢U1/2s

[INeV) Lo a2 a7 (1/2)
Zianp = 571.0¢ Uipp + 3 (Yo.oxrore T Porooe)Vis2
1/2 1/2
~VooeVijarg . (BY)

We then get the result for the matching matrix in the general
scheme {77} by

=1 _ Z—l

1/2 fin,l/ZéT/IZ‘ (BIO)

A third way to determine the general scheme dependence is
the direct calculation of the matching matrix using the
evanescent operators displayed in Egs. (B1) to (B4). We find
agreement between all three methods which provides a
strong check on our result. The finite renormalization
constant in Eq. (B9) can also be found in the ancillary file;
it can be used to convert the results of the bag parameters
from Eq. (70) to any scheme captured by Appendix B.

APPENDIX C: ANCILLARY FILES

We provide the perturbative results of this paper in
computer-readable form as ancillary files in both
Mathematica and Python format in the files Zeta.m and
Zeta .py, respectively [209]. The provided quantities and

their notation in either format are listed in Table II, while
the variables they depend on can be found in Table III.
We provide the matching coefficients in two schemes for
the flowed quarks, where this scheme can be chosen by
setting the variable Xzetachi to 0 or 1 to get the MS or

the ringed scheme [see Eq. (27)]. The coefficients c)((2> are

denoted by C2 and the function chi2 (nf) in Zeta.m
and Zeta.py, respectively. Using the replacement rule
ReplaceC2, c;(f)
Eq. (A17).
Additionally, the scheme related to the evanescent
operators can be chosen by setting E}k = Eijepk to
any value. In particular, using the replacement rules
ReplaceSchemel, the default scheme choice of this
paper, which is used in both Eq. (70) as well as Eqs. (44)
(45) (for the definition of this scheme see Section IV A) can
be substituted. We also provide the explicit coefficients of
the scheme used in Ref. [49] and Eq. (71) which can be
replaced by ReplaceScheme2. Our results in the ancil-

lary files are expressed in dependence of T = %

can be substituted by the values in

APPENDIX D: CORRELATOR FITS

We now show the results of fits to Eq. (53) for all five bag
parameters studied on each ensemble listed in Table I at
select flow times, with p-values. The fits combine multiple
source separations AT as described in Sec. VI and are fully
correlated in both independent analyses.

Fits on the C1 and C2 ensembles are collected in
Table IV, then on the M1, M2, and M3 ensembles in
Table V, and finally for the F1S ensemble in Table VI.

Moreover, the fit results of the chiral-continuum limits
for each bag parameter at a set of physical flow times are
shown in Table VII.

TABLE IV. Bag parameters extracted from ratio fits for the coarse ensembles at select flow times with p-values.

Ens  7[GeV™?] 7/a®  BfF P BiF P BS* P et P es" P
0094 030 0.8894(6) 0.67 1.0149(10) 0.85 0.9846(33) 094 —0.0919(2) 051 —0.00527(4) 0.95
0.157 050 0.90996) 0.80 1.0097(9) 0.86 0.98753) 093 —0.0749(2) 0.54 —0.00538(4) 0.98
0220 070 0.9247(5) 070 1.0067(9) 0.87 0.9898(3) 0.87 —0.0623(2) 048 —0.00524(5) 0.98

Cl 0251 080 093055) 071 1.0057(9) 0.87 0.9908(3) 0.85 -0.0573(2) 051 —0.00512(5) 0.98
0314  1.00 0.9400(5) 0.86 1.0043(9) 0.89 0.9924(3) 092 —0.0489(2) 0.50 —0.00481(5) 0.98
0345 110 0.9440(5) 075 1.0038(9) 090 0.9931(3) 0.89 —0.0454(2) 055 —0.00464(6) 0.95
0408 130 0.9509(5) 0.63 1.0031(8) 091 0.9944(3) 094 —0.0395(2) 0.66 —0.00429(6) 0.96
0094 030 0.88896) 072 10117(5) 092 098174) 095 —0.0921(4) 049 —0.00556(15) 0.46
0.157 050 0.9097(6) 0.64 1.0065(5 094 0.9847(4) 095 —0.0752(4) 050 —0.0057(2) 043
0220 070 0.9243(6) 0.62 100355 092 09871(4) 095 -0.0627(4) 0.64 —0.0056(2)  0.32

C2 0251 080 093036) 0.54 1.0025(5) 091 09882(4) 096 —0.0577(4) 0.63 —0.0055(2) 032
0314 100 0.9396(5) 0.63 100114) 090 0.99004) 099 -0.0493(4) 071  —0.0052(2) 042
0345 110 0.9436(5) 0.62 1.0007(4) 0.89 0.9907(4) 1.00 —-0.0458(3) 075 —0.0050(2)  0.30
0408 130 0.9505(5) 042 1.00004) 0.87 0.99204) 097 -0.0398(3) 0.86 —0.0047(2) 042
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TABLE V. Bag parameters extracted from ratio fits for the medium ensembles at select flow times with p-values.

2

GF

GF

Ens 7[GeV7?] 1/a B§F p BSF p BSF p €] p €5 p
0.106 0.60 0.8901(6) 0.90 1.0139(6) 0.50 0.9830(6) 0.78 —0.0951(4) 0.93 -0.00610(5) 0.18
0.158 0.90 0.9085(6) 0.88 1.0088(6) 0.57 0.9861(6) 0.82 —0.0783(4) 0.96 —0.00595(5) 0.10
0.211 1.20  0.9218(7) 0.86 1.0057(6) 0.49 0.9884(7) 0.73 —0.0663(2) 0.24 —0.00565(6) 0.39
M1 0.246 1.40 0.9288(7) 0.82 1.0043(6) 0.60 0.9898(6) 0.86 —0.0599(2) 0.19 —0.00545(5) 0.43
0.299 1.70  0.9373(6) 0.89 1.0028(6) 0.65 0.9914(6) 0.88 —0.0519(2) 0.12 —0.00513(6) 0.51
0.352 2.00 0.9442(6) 0.78 1.0018(6) 0.67 0.9926(5) 0.97 —0.0455(2) 0.15 —=0.00479(6) 0.68
0.405 230 0.9500(6) 0.68 1.0012(6) 0.70 0.9937(5) 0.98 —0.0403(2) 0.18 —0.00447(6) 0.74
0.106 0.60 0.8906(7) 0.28 1.0152(7) 020 0.9825(4) 0.54 —0.0957(3) 0.90 —0.00610(5) 0.76
0.158 0.90 0.9089(7) 0.36 1.0099(6) 0.20 0.9856(4) 0.52 —0.0787(3) 0.86 —0.00595(6) 0.78
0.211 1.20  0.9223(6) 0.43 1.0067(6) 0.14 0.9880(4) 0.49 -0.0665(3) 0.85 —0.00566(6) 0.79
M2 0.246 1.40 0.9293(6) 0.43 1.0053(7) 0.12 0.9893(4) 047 —0.0599(3) 0.85 —0.00545(7) 0.80
0.299 1.70  0.9378(6) 0.48 1.0038(7) 0.13 0.99094) 0.39 —0.0518(2) 0.38 —0.00511(7) 0.84
0.352 2.00 0.9448(6) 039 1.0027(6) 0.15 0.9923(4) 0.38 —0.0455(2) 0.38 —0.00479(7) 0.75
0.405 230 0.9503(7) 047 1.0020(5) 0.06 0.99334) 0.44 —0.0402(3) 0.38 —0.00444(8) 0.82
0.106 0.60 0.8910(7) 0.20 1.0133(7) 0.50 0.9824(3) 0.97 —0.0962(3) 0.27 —0.00634(8) 0.51
0.158 0.90 0.9094(8) 0.24 1.0079(6) 0.50 0.98553) 0.99 —0.0793(3) 0.23 —0.00618(8) 0.26
0.211 1.20  0.9227(7) 0.27 1.0044(7) 0.64 0.9880(3) 0.99 —0.0667(3) 0.52 —0.00584(9) 0.15
M3 0.246 1.40 0.9296(8) 0.26 1.0030(7) 0.65 0.9893(3) 0.99 —0.0603(2) 0.30 —0.00562(9) 0.15
0.299 1.70  0.9383(8) 0.30 1.0015(6) 0.66 0.9910(3) 0.96 -0.0523(2) 0.31 —0.00537(11) 0.51
0.352 2.00 0.9451(8) 0.34 1.0005(6) 0.68 0.9924(3) 0.92 —0.0458(2) 0.41 —0.00498(11) 0.37
0.405 230  0.9508(7) 039  0.9999(6) 0.66 0.9935(3) 0.88 —0.0405(2) 0.44 —0.00470(12) 0.68
TABLE VI. Bag parameters extracted from ratio fits for the F1S ensemble at select flow times with p-values.
Ens 1[GeV7? 1t/a® BEE P BSF p BS*E p €St p €St p
0.103 0.80 0.8888(5) 0.11 1.0156(3) 0.12 0.9828(2) 0.56 —0.0981(3) 0.84 —0.00629(3) 0.75
0.155 1.20  0.9080(4) 0.05 1.0099(3) 0.11 0.9859(2) 0.51 —0.0804(3) 0.68 —0.00608(3) 0.76
0.206 1.60 0.9211(4) 0.07 1.0066(3) 0.10 0.9883(2) 045 —0.0677(2) 083 —0.00578(4) 0.67
F1S 0.258 2.00 09311(4) 0.60 1.0044(3) 0.11 0.9901(2) 046 —0.0581(2) 0.73 —0.00546(3) 0.86
0.309 240 0.9391(3) 0.61 1.0030(2) 0.12 0.9915(22) 047 -0.0506(2) 0.73 -0.00512(4) 0.63
0.348 270 0.9440(4) 0.63 1.0023(2) 0.12 0.9925(2) 0.44 —0.0459(2) 0.72 -0.00486(5) 0.73
0.400 3.10  0.9496(4) 0.64 1.0016(2) 021 0.9935(2) 044 —0.0407(2) 0.71 —0.00451(4) 0.74
TABLE VII. Chiral-continuum limit extrapolations of the bag parameters at select flow times with p-values.
Ens 7[GeV 2] B§E p BT p BS*E p St p St p
0.100 0.8845(8) 0.54 1.0172(10) 0.12  0.9800(4) 0.36 —0.1072(4) 0.05 —0.00716(6) 0.41
0.150 0.9051(8) 0.64 1.0101(9)  0.15 0.98394) 0.27 -0.0866(4) 0.17 —0.00678(7) 0.45
0.200 0.9192(8) 0.77 1.0059(9)  0.16  0.9867(4) 0.25 -0.0720(3) 0.24  —-0.00630(7) 0.79
a=0 0.250 0.9295(8) 0.81 1.0033(9)  0.19 0.9887(4) 0.16 -0.0617(3) 026 —0.00589(7) 0.73
0.300 0.9377(9) 0.73 1.0016(9)  0.19 0.9904(4) 0.10 -0.0533(3) 042 —0.00553(8) 0.53
0.350 0.9442(8)  0.68 1.0006(9)  0.17  0.99174) 0.07 -0.0467(3) 0.64 —0.00512(9) 0.71
0.400 0.9495(8) 0.72  0.9998(9) 0.17 0.9927(4) 0.05 -0.0414(3) 0.70 —0.00477(9) 0.57
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