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The effective number of neutrino species, Neff , serves as a key fitting parameter extensively employed in
cosmological studies. In this work, we point out a fundamental inconsistency in the conventional treatment
of Neff in big bang nucleosynthesis (BBN), particularly regarding its applicability to new physics scenarios
where ΔNeff , the deviation of Neff from the standard BBN prediction, is negative. To ensure consistent
interpretation, it is imperative to either restrict the allowed range of Neff or systematically adjust neutrino-
induced reaction rates based on physically motivated assumptions. As a concrete example, we consider a
simple scenario in which a negativeΔNeff arises from entropy injection into the electromagnetic sector due
to the decay of long-lived particles after neutrino decoupling. This process dilutes the neutrino density and
suppresses the rate of neutrino-driven neutron-proton conversion. Under this assumption, we demonstrate
that the resulting BBN constraints on Neff deviate significantly from those obtained by the conventional,
but unphysical, extrapolation of dark radiation scenarios into the ΔNeff < 0 regime.
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I. INTRODUCTION

The success of big bang nucleosynthesis (BBN) in
predicting the primordial abundances of 4He, D, and
3He has provided strong constraints on new physics (see
Refs. [1,2] for reviews). While detailed case-by-case
analysis is essential, a model-independent approach has
been frequently achieved through fitting in terms of
effective parameters. Obviously, the most important
among them is the baryon asymmetry parameter
ηB ≡ nB=nγ, which is defined as the ratio of the baryon
number density nB and the photon number density nγ. It
determines the deuterium bottleneck temperature and the
overall scale of nuclear reaction rates, which in turn affect
both the initiation and finalization of BBN. Since the BBN
procedure is insensitive to the details of how the baryon
asymmetry is generated, ηB provides a convenient and
robust way to characterize the baryonic input to BBN
across various new physics scenarios.
Another widely used parameter is the effective number

of neutrino species Neff , which is introduced to parametrize

the energy density of radiation other than photons, and its
consequence in the Hubble rate. In the standard BBN
scenario, neutrinos decouple from the thermal plasma
slightly before electron-positron annihilation. After decou-
pling, the e� annihilation heats the photon bath but not the
neutrinos, resulting in the well-known temperature ratio
Tν=Tγ ¼ ð4=11Þ1=3. This sets the definition of

Neff ≡ ρrad − ργ
7
8
ð 4
11
Þ4=3ργ

; ð1Þ

where the photon energy density is given by ργ ¼ 2·
π2T4

γ=30, and ρrad is the total radiation energy density
(although the plasma temperature T is conventionally
denoted for the photon temperature, we also denote it as
Tγ for clarity). Since ρrad − ργ ¼ ρν in the standard scenario
and there are three neutrino species, Neff ≃ 3 is expected.
Incorporating slight corrections from non-instantaneous
decoupling and finite temperature QED effects, more

precise prediction is given by Nð0Þ
eff ≃ 3.045 [3–8].

Neff affects the evolution of the Hubble parameter as

HðTγÞ ¼ Hð0ÞðTγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρð0Þν ðTγÞ

ρð0Þtot ðTγÞ
ΔNeff

Nð0Þ
eff

vuut ; ð2Þ

where ΔNeff ≡ Neff − Nð0Þ
eff , ρtotðTγÞ, and ρνðTγÞ are energy

densities of the whole plasma and the neutrino sector at a
photon temperature Tγ , HðTγÞ is the Hubble rate, and the
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superscript (0) indicates these quantities evaluated in the
standard scenario. The modified Hubble rate for a nonzero
ΔNeff is well known to change the timescale in the BBN
era; enhanced H makes overall reaction rates less efficient.
This is how the observed primordial abundances of light
elements could constrain Neff , conventionally.
In this paper, however, we question whether Neff is

indeed a suitable effective parameter in BBN. Does it have
an obvious physical interpretation across a wide range of
new physics models? When ΔNeff is positive, the answer is
clearly yes, as it represents dark radiation that just modifies
the Hubble expansion rate. Properties other than the energy
density of the dark radiation do not change the BBN process
as long as it does not decay and is decoupled from the
visible sector long before the BBN era. Many new physics
models containing feebly interacting light particles are
constrained by the same upper bound of Neff once it is
obtained.
However, when ΔNeff < 0, its physical interpretation

becomes less clear, as it cannot be explained by an
additional relic (because energy density cannot be neg-
ative). Instead, a negative ΔNeff inevitably requires mod-
ifications in the relation between photon and neutrino
temperatures, and thus the neutrino-induced n ↔ p con-
version rates must be modified accordingly. However, the
corresponding correction has not been considered in most
literature (see, for instance, fitting for the BBN conducted
in Refs. [9–15]). A lower bound of ΔNeff obtained without
this correction cannot be applied to any new physics model
even if they predict a negative ΔNeff .
Before we present the details of our study, let us clarify

our conclusion to avoid any misinterpretation of our results:
(1) Neff is not a good fitting parameter in the BBN

analysis. We recommend not to use Neff in BBN
analysis.

(2) If it is insisted to use Neff , some model dependence
is inevitable. One may simply include minimal
corrections in the neutrino-induced n ↔ p conver-
sion rates for ΔNeff < 0, but it does not give a
meaningful result in the end, as shown in Fig. 1.

Figure 1 shows our fitting result in the Ωbh2–Neff plane
obtained with the simplest assumption on neutrino temper-
ature for the ΔNeff < 0 region; we assume that the negative
ΔNeff solely comes from the change in Tν=Tγ (the details of
the assumptions are given in the next section, and the result
shown in Fig. 1 must be applied only to models/scenarios
that satisfy our assumptions). The blue solid lines are
contours corresponding to 68%, 95%, and 99% confidence
level (CL) that we obtain by including the modified
neutrino-to-photon temperature ratio at ΔNeff < 0. Here,
we adopt the observed values of the primordial 4He mass
fraction Yp ≡ ρð4HeÞ=ρb and the deuterium-to-hydrogen
ratio D=H as

YðobsÞ
p ¼ 0.245� 0.003; ð3Þ

ðD=HÞðobsÞ ¼ ð2.547� 0.029Þ × 10−5; ð4Þ

as recommended by the particle data group (PDG) [16].
As shown in the figure, BBN is not useful to estimate the

lower bound of Neff . The lower edges of the BBN contours
do not even appear, while the black solid contours—
representing the 68% and 95% CL from the CMB analysis
in Fig. 2 of Ref. [17] (which combines the ACTand Planck
datasets [18])—are much narrower than the BBN contours.
This happens because 4He abundance is insensitive to both
Neff and ηB for ΔNeff < 0, where we find an accidental
cancellation in 4He abundance among the effects coming
from reduced neutrino temperature, reduced Hubble rate,
and a shifted equilibrium of the neutron fraction.
Therefore, the 4He abundance does not give a useful
constraint on the ΔNeff < 0 region. Then, we have only
one constraint coming from the D abundance, making the
diagonal direction in Fig. 1 observationally indistinguish-
able in BBN.
The rest of this paper is organized as follows. In Sec. II,

we explain our assumptions and the motivations for why
we assume them. In Sec. III, we summarize the modified
neutrino-induced reaction rates, and how they affect the
primordial abundances. We show our results in Sec. IV, and
conclude in Sec. V.

II. ASSUMPTIONS FOR EXPLORING ΔNeff IN BBN

To explore the effects of varying ΔNeff during BBN,
we adopt a minimal set of assumptions that allow for a

FIG. 1. Our fitting result in the Ωbh2 − Neff plane using the
PDG recommended values of Yp and D=H. The blue shaded
region outlined by the blue solid line depicts our result consid-
ering modified Tν for ΔNeff < 0. The dashed contours denote the
fitting result in the conventional scenario, and the prediction of
Planckþ ACT is denoted by the gray shaded regions. The SBBN
value of Neff is depicted by the horizontal dashed line.
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model-independent interpretation within two distinct
regimes: ΔNeff > 0 and ΔNeff < 0.
For ΔNeff > 0, we assume that the neutrino sector

remains unaltered from the standard scenario, and the
additional energy density arises solely from a dark radiation
component, which decouples from the Standard Model
(SM) plasma well before neutrino decoupling and remains
relativistic throughout the BBN epoch. This assumption is
typical in the literature. Since it does not interact with the
SM plasma, it does not affect either the neutrino or photon
temperatures, and the standard neutrino-to-photon temper-
ature ratio remains unchanged as follows

TνeðTγÞ
Tð0Þ
νe ðTγÞ

¼ 1 for ΔNeff > 0; ð5Þ

where TνeðTγÞ denotes the modified electron neutrino
temperature as a function of photon temperature Tγ, and

Tð0Þ
νe ðTγÞ is the corresponding temperature in the standard

scenario. During the BBN era, both neutrinos and dark
radiation redshift as a−4, where a is the scale factor, so
their energy density ratio remains constant. This allows us
to express the energy density of dark radiation as
ρDR ¼ ðΔNeff=NeffÞρν, justifying the use of Eq. (2) for
the modified Hubble rate.
For ΔNeff < 0, we assume that the deviation arises

entirely from a relatively suppressed neutrino temperature,
i.e., a reduced Tνe=Tγ ratio. This is the simplest viable
assumption, since a negative ΔNeff necessarily implies a
deviation in the neutrino-to-photon temperature ratio. The
resulting Hubble rate is again given by Eq. (2).
Such a situation can be realized in scenarios where a

dark-sector particle, denoted by χ, decays electromagneti-
cally1 after the neutrino decoupling (at Tνd ≃ 2 MeV) but
before the neutron-proton freeze-out (at Tnp ≃ 0.8 MeV). If
the decay occurs at Tγ > Tνd, the injected entropy is shared
with the neutrino sector, thereby preserving the standard
thermal scenario. On the other hand, if the decay occurs at
Tγ < Tnp, the analysis becomes more complicated because
one must track the time dependence of the neutrino
temperature ratio as well as the effect of χ on the early-
time Hubble rate.
To avoid this complication, we focus on the case in

which the decay of χ occurs effectively instantaneously in
the interval Tnp < Tγ < Tνd, which enables a simplified
BBN analysis with Neff . Even in this case, the treatment
should be translated as an approximation. Nevertheless, it is
sufficient for predicting the light-element abundances,

since the neutron-to-proton ratio freezes out near Tnp

and is not sensitive to the earlier thermal history.
Furthermore, we do not include scenarios of early matter

domination driven by χ.2 In such a case, the difference
between the kinetic and chemical decoupling of neutrinos
induces an overall suppression factor to be multiplied in the
neutrino distribution function, so we need an additional
parameter. For the detailed studies, see Refs. [24–27],
where the deformation from the thermal equilibrium dis-
tribution and the effects of neutrino oscillation were also
carefully studied.
For simplicity and model independence, we adopt a

baseline parametrization in which the modification of the
electron-neutrino temperature is written as

TνeðTγÞ
Tð0Þ
νe ðTγÞ

¼
�
1þ xeΔNeff

Nð0Þ
eff

�
1=4

: ð6Þ

Here, xe parametrizes the fact that νe decouples slightly
later than νx (x ¼ μ, τ), and can therefore be diluted less
efficiently by entropy injection around the decoupling
epoch. The flavor-universal limit corresponds to xe ¼ 1,
in which case all neutrino flavors are diluted equally,
Tνe ðTγÞ
Tð0Þ
νe ðTγÞ

¼ Tνμ ðTγÞ
Tð0Þ
νμ ðTγÞ

¼ Tντ ðTγÞ
Tð0Þ
ντ ðTγÞ

and the above expression reduces

to the simplest baseline treatment.
In the following analysis, we take this baseline treatment

in Eq. (6), starting from a large temperature. It means that in
our analysis, the neutrino temperature is already shifted
before the neutrino decoupling, which is unrealistic.
However, the final neutron-to-proton ratio is only deter-
mined around Tnp at which Eq. (6) is valid, and thus our
treatment provides a numerically valid result.
In the Appendix, we examine conditions on χ’s

lifetime τχ [or its decay temperature Tdecay at which
τ−1χ ¼ 3HðTdecayÞ] under which our simplified treatment
agrees with a more refined calculation where the entropy
injection is treated continuously rather than instantaneously.
Indeed, we find that the baseline treatment using Eq. (6)
with xe ¼ 1 remains a good approximation when
0.1 sec≲ τχ ≲ 1 sec (i.e., Tνd ≳ Tdecay ≳ Tnp). However,
for τχ ≲ 0.1 sec, the effect of xe ≠ 1 becomes important, in
which case a more model-dependent analysis is required;
see, e.g., Refs. [28–30]. For longer lifetimes, as long as the
entropy injection still occurs before neutron-to-proton
freeze-out (i.e., Tdecay > Tnp), the baseline treatment
remains in good agreement with the numerical results.
Interestingly, this agreement persists even up to
τχ ∼ 100 sec, corresponding to the epoch of the deuterium
bottleneck. For τχ ≳ 100 sec, however, the dominant

1If χ decays into hadrons, the neutron-to-proton ratio can be
significantly altered by injected charged pions, kaons, and
baryons, necessitating additional assumptions about the decay
branching ratios [19–23].

2This restricts mχ ≲ 1 GeVð6.45×10−4
Yð0Þ
χ

Þð1 sec
τχ

Þ1=2 where mχ , Y
ð0Þ
χ ,

and τχ are the mass, initial yield, and lifetime of χ, respectively.
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additional effect relevant for BBN is the dilution of the
baryon asymmetry, which must be included in order to
evaluate the deuterium abundance correctly; see the
Appendix for details.
Similarly, constraints derived under the dark radiation

assumption for ΔNeff > 0 cannot be applied to models in
which the excess energy is deposited into the neutrino
sector (see, e.g., Refs. [31–36]). In such cases, a more
precise treatment of the neutrino momentum distribution is
required, and ΔNeff alone is not sufficient to characterize
the scenario. In fact, it is even possible to have a small
ΔNeff due to cancellations between competing dark sector
effects, despite a significant shift in Tν=Tγ [37].
These limitations underscore that Neff may not serve as a

universally reliable fitting parameter for BBN analyses.
Nevertheless, in the remainder of this work, we perform
BBN fits using Eqs. (5) and (6), each of which is consistent
with certain classes of new physics scenarios. It is impor-
tant to emphasize that conventional extrapolations of
Eq. (5) into the ΔNeff < 0 region do not correspond to
any physically realizable model and thus yield unphysical
results. Likewise, extrapolating Eq. (6) into the ΔNeff > 0
regime does not produce accurate predictions, as the
momentum distribution of injected neutrinos becomes
important in that case.
To avoid such inconsistencies, we separately constrain

ΔNeff using Eq. (5) for ΔNeff > 0 and Eq. (6) for
ΔNeff < 0. Since the two are continuously connected at
ΔNeff ¼ 0, we combine the results into a single plot, as
shown in Fig. 1.

III. IMPACT ON NEUTRON-PROTON
FREEZE-OUT

A. Weak interaction rates

We now examine how a nonzero shift in ΔNeff modifies
the neutron-proton freeze-out process by altering both the
Hubble rate H and the neutrino temperature Tν. The
evolution of the neutron-to-baryon ratio, defined as
Xn ≡ nn=nB, where nn is the neutron number density, is
governed by the Boltzmann equation

dXn

dt
¼ −Γn→pðTγ; TνÞXn þ Γp→nðTγ; TνÞXp þ � � � ; ð7Þ

where Xp ≃ 1 − Xn denotes the proton-to-baryon ratio, and
the ellipsis represents contributions from other nuclear
reactions, which are negligible in the temperature range
Tγ > Tnp. The rates Γn→p and Γp→n correspond to neutron-
to-proton and proton-to-neutron conversions via weak
interactions, respectively.
When neutrinos/antineutrinos and electrons/positrons

follow equilibrium distributions, the individual reaction
rates contributing to Γn→p and Γp→n can be written in
analytic form [38–40]

Γnνe→pe− ¼ 1þ 3g2A
2π3

G2
FQ

5J∞1 ðTγ; TνeÞ; ð8Þ

Γneþ→pν̄e ¼
1þ 3g2A
2π3

G2
FQ

5J−me=Q
−∞ ðTγ; TνeÞ; ð9Þ

Γpν̄e→neþ ¼ 1þ 3g2A
2π3

G2
FQ

5K−me=Q
−∞ ðTγ; TνeÞ; ð10Þ

Γpe−→nνe ¼
1þ 3g2A
2π3

G2
FQ

5K∞
1 ðTγ; TνeÞ; ð11Þ

where gA ≃ 1.27, GF is the Fermi constant, and
Q≡mn −mp ≃ 1.293 MeV is the neutron-proton mass
difference. The Jba and Kb

a functions are defined by

JbaðTγ;TνeÞ¼
Z

b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

ðme=QÞ2
q2

s
q2ðq−1Þ2dq

ð1þe−
Q
Tγ
qÞð1þe

Q
Tνe

ðq−1ÞÞ
;

ð12Þ

Kb
aðTγ;TνeÞ¼

Z
b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

ðme=QÞ2
q2

s
q2ðq−1Þ2dq

ð1þe
Q
Tγ
qÞð1þe−

Q
Tνe

ðq−1ÞÞ
:

ð13Þ

We also include the neutron decay rate Γn ¼ ð878.4 secÞ−1
[41] as part of the total Γn→p.
Before freeze-out, when Γn→p;Γp→n ≫ H, the neutron-

to-baryon ratio follows its equilibrium value

Xn;foðT; TνeÞ ≃
Γp→nðT; TνeÞ

Γn→pðT; TνeÞ þ Γp→nðT; TνeÞ
: ð14Þ

Note that Tνe is a function of Tγ . In the standard BBN

(SBBN) scenario, the freeze-out temperature Tð0Þ
np is close to

or slightly higher than the electron mass,me ≃ 0.511 MeV,
so the neutrino temperature is approximately equivalent to

the photon temperature, Tð0Þ
νe ≃ Tγ . This leads to the

standard relations of Γð0Þ
p→nðT; TÞ ≃ Γð0Þ

n→pðT; TÞe−Q=T ,
which yield a freeze-out value of Xn ≈ 0.17.
At the deuterium bottleneck temperature TD, almost all

neutrons become 4He. Thus, Xn is directly related to the
observable Yp≃2XnjT¼TD

≃2Xn;fojT¼Tnp
e−ΓnðtD−tnpÞ, where

the exponential factor comes from the fact that Xn slightly
decreases from its freeze-out value due to the beta decay of
the neutron. This allows us to approximately consider

δYp

Yð0Þ
p

≃
δXn;foðTnp; TνeðTnpÞÞ
Xn;foðTð0Þ

np ; T
ð0Þ
νe ðTð0Þ

np ÞÞ
; ð15Þ
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where Yð0Þ
p is the Yp predicted in the SBBN, and δYp ≡

Yp − Yð0Þ
p is the deviation from the SBBN for a nonzero

ΔNeff case. For simplicity, we denote the right-hand side of

Eq. (15) as simply δXn;fo=X
ð0Þ
n;fo.

In the presence of additional dark radiation (i.e.,ΔNeff>0

with Tνe=T
ð0Þ
νe ¼ 1), the increased Hubble expansion rate

reduces the efficiency of the weak interactions, as
d
dt ≃ −H d

d lnT. Consequently, the freeze-out occurs earlier

(Tnp < Tð0Þ
np ), when Xn is higher, leading to a larger final

abundance of 4He.
For the case of ΔNeff < 0, where entropy is injected into

the visible sector, the n ↔ p conversion rates are further
modified due to the reduced neutrino temperature; see

Eq. (6). This alters XðeqÞ
n as well as Tnp, since both H and

the weak rates are modified. Combining these effects, we
find that the freeze-out value of Xn decreases as Neff
decreases, though the sensitivity is relatively mild.

B. Analytic estimates of Xn sensitivity to ΔNeff

While exact numerical results are obtained separately
using full calculations, we now analyze how small devia-
tions in Neff affect the neutron-to-baryon ratio Xn, focusing
on linear-order corrections. This analysis is intended to
capture the qualitative parametric dependence.
The leading-order modification to the Hubble rate can be

expressed as

H ≃Hð0Þ
�
1þ 7

86
ΔNeff

�
: ð16Þ

On the other hand, the weak reaction rates depend on Tνe ,
while we have different Tνe for ΔNeff > 0 and ΔNeff < 0.
These different relations can be combined by Eq. (6); we
take xe ¼ 0 for ΔNeff > 0 and xe ¼ 1 for ΔNeff < 0. To
linear order, it gives

δTνe

Tð0Þ
νe

≃
xe
12

ΔNeff : ð17Þ

Since the neutron-proton conversion rates are sensitive to
the electron-neutrino temperature, we examine how small
perturbations in Tνe affect them. At the temperatures of
interest, the relevant rates approximately scale as

Γnνe→pe−ðTγ; TνeÞ ∝
�
Tνe

Q

�
5

þ 1

2

�
Tνe

Q

�
4

; ð18Þ

Γpν̄e→neþðTγ; TνeÞ ∝
�
Tνe

Q

�
4

exp

�
−
Qþme

Tνe

�
; ð19Þ

Γneþ→pν̄eðTγ; TνeÞ ∝
�
Tγ

Q

�
5

þ 1

2

�
Tγ

Q

�
4

; ð20Þ

Γpe−→nνeðTγ; TνeÞ ∝
�
Tγ

Q

�
5

exp

�
−
Q −me

Tγ

�
: ð21Þ

Thus, to linear order in δTνe=T
ð0Þ
νe , we find

Γn→pðTγ; TνeÞ
Γn→pðTγ; T

ð0Þ
νe Þ

≃ 1þ
�
2þ Tð0Þ

νe

Qþ 2Tð0Þ
νe

�
δTνe

Tð0Þ
νe

; ð22Þ

Γp→nðTγ; TνeÞ
Γp→nðTγ; T

ð0Þ
νe Þ

≃ 1þ
�
2þQþme

2Tð0Þ
νe

�
δTνe

Tð0Þ
νe

: ð23Þ

Recall that Tνe and Tð0Þ
νe are approximately linear functions

of Tγ , while δTν=T
ð0Þ
ν is constant.

The n=p freeze-out temperature Tnp is determined by the
condition

½Γn→p þ Γp→n�T¼Tnp
≃HðTnpÞ: ð24Þ

We take the SBBN value Tð0Þ
np ≃ 0.82 MeV, which gives the

equilibrium abundance Xð0Þ
n;fo ¼ e−Q=T

ð0Þ
np

1þe−Q=T
ð0Þ
np
≃ 0.17. Around

Tð0Þ
np , we can also approximate Tð0Þ

ν ≃ Tγ, and thus

Γn→pðTð0Þ
np ; T

ð0Þ
np Þ ≃ 1

1þe−Q=T
ð0Þ
np
HðTð0Þ

np Þ and Γp→nðTð0Þ
np ; T

ð0Þ
np Þ≃

e−Q=T
ð0Þ
np

1þe−Q=T
ð0Þ
np
HðTð0Þ

np Þ. Linearizing in δTν, we obtain the shift in

the freeze-out temperature, δTnp ≡ Tnp − Tð0Þ
np ,

δTnp

Tð0Þ
np

≃ ð0.03 − 0.07xeÞΔNeff : ð25Þ

Consequently, the freeze-out value of the neutron fraction
becomes

δXn;fo

Xð0Þ
n;fo

≃ ð0.04 − 0.04xeÞΔNeff

≃Oð10−3ÞΔNeff for xe ¼ 1: ð26Þ

The coefficient ofΔNeff in Eq. (26) is an order of magnitude
smaller than the individual coefficients of ΔNeff in Eq. (25).
This implies that there exists a cancellation at 10%-tuning
level among the different effects such as shifts of Tνe ,H, and
Xn;fo. Since there is no symmetry that guarantees this
cancellation, we consider it accidental.
The shift in the freeze-out temperature for the dark

radiation case (ΔNeff > 0) can be obtained by putting
xe ¼ 0 in Eq. (25), and it is given by

δTnp

Tð0Þ
np

≃ 0.03ΔNeff ; ð27Þ
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and hence,

δXn;fo

Xð0Þ
n;fo

¼ 0.04ΔNeff : ð28Þ

These results, Eqs. (26) and (28), demonstrate that the
sensitivity of Xn to ΔNeff is one order of magnitude weaker
in the entropy injection case (ΔNeff < 0). This suppression
arises from an accidental cancellation between the compet-
ing effects of the reduced equilibrium abundance and shifts

in Tnp andX
ðeqÞ
n . As a result, setting a robust lower bound on

ΔNeff using BBN becomes challenging under electromag-
netic injection scenarios.

C. Numerical implementation with PArthENoPE

For a quantitatively more precise study, we perform
numerical calculations using the publicly available
PArthENoPE 3.0 code [42–44], incorporating appropriate
modifications to the weak interaction rates. The default
implementation of weak interaction rates in PArthENoPE

includes higher-order corrections [45], which are beyond
the scope of our present analysis. Instead, we restrict
ourselves to the leading-order expressions for the neu-
tron-proton conversion rates, as defined in Eqs. (8)–(11).
To implement the effects of δTν, we define correction
factors as

xnp ¼ Γn→p

Γð0Þ
n→p

; xpn ¼
Γp→n

Γð0Þ
p→n

; ð29Þ

where Γð0Þ
n→p and Γð0Þ

p→n denote the standard leading-order
rates. We then rescale the weak interaction rates in the code
by xnp and xpn, respectively. This approach consistently

incorporates the effects of a modified neutrino temperature
up to the leading order, which is sufficient for our purposes
in this study.
In the PArthENoPE framework, we access the standard

neutrino-to-photon temperature ratio Tð0Þ
ν =Tγ which is

defined as

Tð0Þ
ν

Tγ
≡
�

ρ̂eγBðTγÞ þ p̂eγBðTγÞ
ρ̂eγBðTνdÞ þ p̂eγBðTνdÞ

�
1=3

; ð30Þ

for photon temperature Tγ < Tνd ≡ 2.3 MeV. Then, we
use Eqs. (5) and (6) to obtain Tν for a given Neff input, and
calculate the correction factors xnp and xpn at each time
step. Here, ρ̂eγBðTÞ≡ ρeγB=T4 and p̂eγBðTÞ≡ peγB=T4,
with ρeγB and peγB denoting the energy density and
pressure of the electron-photon-baryon plasma, respec-
tively. For Tγ > Tνd, the temperature ratio is fixed to unity.

IV. RESULTS

Figure 2 shows the details of how the primordial 4He
mass fraction Yp ≡ ρð4HeÞ=ρb (left) and the deuterium-to-
hydrogen ratio D=H (right) are affected by the change of
Neff . Our results on Yp agree well with our linear relations
(26) and (28) (see more details in the Appendix).
Observational values are taken from the recommended
values in PDG, and their 1σ and 2σ uncertainties are
depicted by the gray and purple bands for Yp and D=H,
respectively. Solid lines are the theoretical predictions,
where we take η10 ≡ ηb × 1010 ¼ 5.82 (cyan), 6.12 (black),
and 6.42 (blue), while the black line represents the best-fit
value of η10 from the Planck fitting [18].

FIG. 2. Primordial Yp (left) and D=H (right) are depicted by solid lines as functions ofNeff , for various η10 ¼ 5.82 (cyan), 6.12 (black),
and 6.42 (blue). Observational values of Yp and D=H are taken from PDG, and their 1σ and 2σ uncertainties are depicted by the gray and
purple bands for Yp and D=H, respectively. Dashed lines correspond to the conventional predictions obtained by the unphysical
extrapolation of using Eq. (5).
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At ΔNeff < 0, the solid lines are estimated by using
Eq. (6), while we also depict the conventional predictions
by dashed lines, which are unphysical extrapolations of
Eq. (5). As shown in the figure, Yp loses its sensitivity on
Neff significantly at ΔNeff < 0. At the same time, Yp is also
insensitive to η10, and therefore the measurement of Yp

does not provide useful constraint on Neff and η10 when
ΔNeff is negative. The theoretical prediction of Yp in large
ranges of Neff and η10 is still inside the 1σ band.
Consequently, in the space of η10 and ΔNeff < 0, we have
only one effective measurement, D=H, and cannot specify
preferred values of two fitting parameters. This implies that
the BBN analysis alone cannot rule out some parameter set
at ΔNeff < 0 that would have been excluded by the
conventional fitting; see, for instance, ΔNeff ≃ −0.5 and
η10 ¼ 5.82 on the cyan line.
The left panel of Fig. 2 also shows that it is difficult to

decrease Yp by a negative ΔNeff . For instance, the
EMPRESS collaboration [46] reported YEMPRESS

p ¼
0.2370þ0.0034

−0.0033 , which is about 2σ smaller than the PDG-
recommended value (3), and found that the standard BBN
scenario is disfavored compared to ΔNeff ≃ −0.5 by more
than 2σ, following the conventional treatment, i.e., using
Eq. (5). However, as we have repeatedly argued, there is no
realistic particle physics model that can take Eq. (5) with a
negative ΔNeff . It is explicitly shown, in the left panel of
Fig. 2, that such a small Yp cannot be realized in the
electromagnetic injection scenario. Note that the hadronic
injection scenario still tends to increase Yp [19–22]. This
problem may be resolved by a large lepton asymmetry with
Neff ≃ 3 as shown in Refs. [46–48]; see also Refs. [49–51]
as examples of realizing such a scenario.
We conduct the simple χ2 fitting, where we define and

minimize

χ2 ¼
X

X¼Yp;ðD=HÞ

½XðobsÞ − Xðmod ÞðηB; NeffÞ�2
σ2X;obs þ σ2X;mod

: ð31Þ

The uncertainties of σX;obs and σX; mod come from the
measurement and theoretical calculation, respectively.
Following Ref. [46], we take σ2Yp;mod ¼ ð0.00003Þ2 þ
ð0.00012Þ2 and σ2ðD=HÞ;mod ¼ ð0.06Þ2 × 10−10. Our result

can be summarized as in Fig. 1. We put an upper bound of
ΔNeff at 95% CL as

ΔNeff < 0.74: ð32Þ

We could not obtain its lower bound because a too small
Neff cannot be realized even by the electromagnetic
injection, so we truncate our analysis at Neff ¼ 2.

V. CONCLUSION

In this paper, we have pointed out the difficulty of
implementing a consistent treatment of Neff in BBN
analysis. The fundamental reason for this difficulty comes
from the fact that neutrinos matter in BBN, while a negative
ΔNeff necessarily modifies the neutrino sector in a model-
dependent way. The fitting results obtained in the
conventional method (where the neutrino temperature is
unmodified even at ΔNeff < 0) cannot be used for any
particle physics model.
Accepting some model dependence, we have also

introduced a scheme to conduct Neff fitting for BBN,
where we assume the dark radiation for ΔNeff > 0 and
early electromagnetic injection for ΔNeff < 0. This allows,
at least, a physically sensible interpretation of the BBN
fitting result. However, as shown analytically in Sec. III B
and also depicted explicitly in Figs. 1 and 2, Yp loses its
sensitivity on Neff at ΔNeff < 0, making the BBN fitting
itself less useful for constraining Neff .
All these aspects indicate that Neff is not a good effective

fitting parameter in the BBN analysis.
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APPENDIX: A MORE REFINED ANALYSIS

In this appendix, we present a more refined setup to
justify the assumptions made in our analysis. We consider a
long-lived particle χ decays electromagnetically (photons
or e�) with its lifetime τχ ¼ Γ−1

χ , mass mχ , and initial yield
Yχ . One may consider χ as an axionlike particle with χFF̃
interaction, or a CP-even scalar particle that has an
effective operator χFF. However, note that model details
are not important here; we simply assume that the decay
products instantly get thermalized into the photon sector.
The goal of this appendix is to find conditions in terms of τχ
and mχ under which our effective treatment of the negative
ΔNeff is valid.
Since precise calculation is not our point, we built our

own code with some simplifications. First, we take the
evolution equations for the photon and electron sector
energy density ρeγ ¼ ργ þ ρe� and the neutrino sector
energy densities ρνα (α ¼ e, μ, τ) as
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ρ̇eγ þ 3Hðρeγ þ peγÞ ¼ Γχmχnχ −
X
α

�
δρνα
δt

�
; ðA1Þ

ρ̇να þ 4Hρνα ¼
�
δρνα
δt

�
; ðA2Þ

where ðδρναδt Þ are the energy transfer rates among neutrinos

and photon sectors. We approximate ðδρναδt Þ by the analytic
forms in Ref. [52], where Maxwell-Boltzmann statistics
were used for thermal average, while the neutrino’s temper-
ature is obtained by Tνα ¼ ððπ2

30
7
4
Þ−1ρναÞ1=4. Our code leads

to Neff ≃ 3.041 in SBBN, which is only about 1%–2%
deviation from more precise estimation 3.043–3.046 [3–8].
For nχ, we solve the evolution equation,

ṅχ þ 3Hnχ ¼ −Γχnχ ; ðA3Þ

whose initial condition is set by the initial yield Yχ at
Ti ¼ 30 MeV. We take Yχ as a free parameter to scan
ΔNeff . When Yχ ≠ 0, we should begin with a larger baryon
density to compensate for the dilution coming from χ decay
(the baryon-to-photon ratio ηB is fixed at the current
Universe). For this, we simultaneously solve the evolution
equation for nB: ṅB þ 3HnB ¼ 0.
As mentioned in the main text, the distortion of the

neutrino distributions can be significant when a long period
of χ domination appears. Therefore, mχ has to be smaller
than about 10 GeV.
The Hubble rate is obtained by H2 ¼ ð8π=3m2

plÞðρeγ þP
α ρνα þmχnχÞ, ignoring the baryon energy density,

which is suppressed by the small ηBmN=T. Baryon energy
density can be important when T ≲ eV, far after the
primordial abundances of light elements are frozen.
We take nuclear reaction rates from Refs. [42–44] up to

7Be. This is sufficient to estimate the deuterium and 4He
abundances since the abundances of heavier elements are
negligible.

Numerically, our simplified code gives Yp ¼ 0.2453 and
D=H ¼ 2.592 × 10−5 for SBBN with the neutron lifetime
τn ¼ 878.4 and the current baryon-to-photon ratio
ηB ¼ 6.12 × 10−10. Our results have deviations from other
public codes up to 0.4% for Yp and 4% for D=H. Although
the latter deviation is actually larger than the observational
uncertainty, failing to explain the observation, it is still
approximately in the same order as the uncertainty coming
from nuclear reaction rates [53].
Our results of ΔYp and ΔðD=HÞ for different ΔNeff are

shown in Figs. 3 and 4, respectively. Dots are our
numerical evaluations, and lines are the interpolation of
them. In our scheme, ΔNeff is controlled by scanning Yχ ,
and mχ is taken to be 0.1 GeV (left) and 1 GeV (right).
Different colors represent different τχ ¼ 0.1 sec (purple),
1 sec (green), 10 sec (blue), 100 sec (cyan), and 200 sec
(brown). The dark radiation case is depicted by the black
dots, and our estimations in Eqs. (26) and (28) are also
shown by the dashed red line. These results show good
agreement with the analytic estimates and also Fig. 2
for 0.1 sec≲ τχ ≲ 100 sec.
When τχ ≳ 100 sec, the deuterium abundance starts

deviating from others (see Fig. 4). This is because the
entropy injection occurs after the deuterium bottleneck
temperature (tD ∼ 200 sec), leading to a larger “prior”
baryon density with which nucleosynthesis proceeds (recall
that the initial baryon yield is greater than the baryon yield
in the current Universe after χ injects entropy, and also that
D=H is very sensitive to the baryon density). Thus, it
provides an upper limit of τχ for the validity of our method.
The deviation in Yp at τχ ≲ 0.1 sec (see Fig. 3) comes

from a different decoupling temperature of νe and νμ=ντ;
the electron neutrino decouples after muon/tau neutrinos
decouple because of the absence of the muon/tau lepton in
the background plasma around T ∼MeV. Thus, the dilu-
tion of muon/tau neutrinos due to χ decay starts earlier than
that of electron neutrinos. Consequently, the electron

FIG. 3. ΔNeff dependence of ΔYp for different mχ ¼ 0.1 GeV (left) and 1 GeV (right). We take τχ ¼ 0.1 sec (purple), 1 sec (green),
10 sec (blue), 100 sec (cyan), and 200 sec (brown). The black dots and line represent the dark radiation case, and our analytic estimations
in Eqs. (26) and (28) are depicted by the dashed red line. Gray shaded regions correspond to the 1σ and 2σ uncertainties of observed Yp.
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neutrino temperature is, in general, less affected by the
dilution than the muon/tau neutrino temperature.

This can be quantitatively understood in terms of the xe
parameter introduced in Eq. (6). xe can be rewritten as

xe

Nð0Þ
eff

¼ 1

ΔNeff

 
ρνe

ρð0Þνe

−1

!
≃

ρνe −ρð0Þνe

ρνe −ρð0Þνe þ2ðρνμ −ρð0Þνμ Þ
; ðA4Þ

meaning that xe=3 represents the fraction of ΔNeff con-
tributed by νe. If xe ¼ 1, all flavors contribute equally,
while xe < 1means the νe’s contribution is small. In the top
panel of Fig. 5, we show its numerical values as a function
of τχ for mχ ¼ 1 GeV and ΔNeff ¼ −0.1. As one can see,
xe starts deviating from one at τχ ≲Oð0.1Þ sec. To apply
our effective method introduced in this case, one needs to
adjust xe, and the bottom panel of Fig. 5 shows our result on
it. Note, however, as τχ decreases, jΔNeff j gets exponen-
tially suppressed ∝ expð−tνd=τχÞ, and BBN loses its
sensitivity.
As a final remark of this appendix, we point out that the

physical situation is very different for τχ ≳ 10 sec from
what is described in the main text. When χ decays with
τχ ≳ 10 sec, the neutron should already be frozen, and
the only contribution from the presence of χ would be
a slight modification of the Hubble rate. This modification
is proportional to a given ΔNeff , but it is suppressed
at t < τχ as the energy density of χ is matterlike. This
is the actual reason why Yp is insensitive to ΔNeff at a
large τχ .
Nevertheless, our numerical study presented in this

appendix shows that our “effective” treatment can cover
a wide range of 0.1 sec≲ τχ ≲ 100 sec and 0.1 GeV≲
mχ ≲ 10 GeV. We expect that our method can still be valid,
but the validation will require a more careful treatment of
neutrino distributions.

FIG. 4. ΔNeff dependence of ΔðD=HÞ for different mχ ¼ 0.1 GeV (left) and 1 GeV (right). We take τχ ¼ 0.1 sec (purple), 1 sec
(green), 10 sec (blue), 100 sec (cyan), and 200 sec (brown). The black dots and line represent the dark radiation case. Purple shaded
regions correspond to the 1σ and 2σ uncertainties of observed ðD=HÞ.

FIG. 5. Top: xe values as a function of τχ for mχ ¼ 1 GeV and
ΔNeff ¼ −0.1. Bottom: Variation of Yp as a function of Neff for
different values of xe. The dashed line denotes the unphysical
extrapolation of dark radiation scenario for ΔNeff < 0.
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