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Anomalous Hall effect in anisotropic type-II Weyl semimetals
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We extend our previous analysis [Phys. Rev. D 109, 065005 (2024)] of CPT-odd electromagnetic
response in tilted, anisotropic Weyl semimetals to the overtilted (type-II) regime, where electron and hole
pockets coexist at the Fermi level. Starting from the minimal QED sector of the Standard Model extension
matched to a lattice-motivated anisotropic Dirac Hamiltonian with tilt, we compute the zero-temperature
finite-density effective action nonperturbatively from the vacuum polarization tensor, and corroborate the
result using a complementary chiral kinetic theory formulation that consistently incorporates both Fermi-
sea and Fermi-surface contributions. In the type-II regime the unbounded linear dispersion necessitates a
physical ultraviolet regularization. Implementing a hard momentum cutoff tied to the lattice bandwidth, we
show that the CPT-odd, axionlike response remains finite across the type-I to type-II Lifshitz transition,
while acquiring tilt- and anisotropy-dependent renormalizations together with nonuniversal, cutoff-
sensitive terms governed by the geometry of the electron and hole pockets. As a concrete application,
we evaluate the anomalous Hall conductivity in the prototypical type-II Weyl semimetal WTe,, using
parameters extracted from first-principles calculations and experiments, and find that Fermi-sea and Fermi-
surface contributions are comparable and partially cancel, yielding a finite and strongly anisotropic Hall

response characteristic of the overtilted regime.
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I. INTRODUCTION

Topological phases of matter have reshaped condensed-
matter physics by showing that global quantum geometry,
encoded in Berry phases and topological invariants, sta-
bilizes robust boundary modes and quantized responses
largely insensitive to microscopic details and moderate
disorder [1-3]. Symmetry patterns (time-reversal, inver-
sion, and crystalline symmetries) organize the taxonomy of
gapped and gapless phases and link transport coefficients to
quantum anomalies and effective field theories such as
Chern-Simons and axion electrodynamics. Within this
broader framework, Weyl semimetals (WSMs) emerge as
paradigmatic gapless topological metals.

WSMs are topologically nontrivial conductors where
valence and conduction bands touch at isolated Weyl nodes
forming local Dirac cones [4-6]. By the Nielsen-Ninomiya
theorem, nodes appear in opposite-chirality pairs [7] and act
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as sources/sinks of Berry curvature; thus the WSM phase is
protected by a nonzero Berry flux across the Fermi surface.
In real crystals, Weyl cones are generally tilted and aniso-
tropic, so their low-energy behavior departs from the
Lorentz-invariant ideal. In noncentrosymmetric WSMs,
opposite tilts and rotated anisotropies typically occur for
each chiral pair. These deviations impact optical and spin-
texture properties [8,9] and, crucially, anomalous transport.
In the type-II (over-tilted) regime, where electron and
hole pockets coexist, Fermi-surface contributions become
essential for the anomalous Hall response, motivating a
compact, cutoff-dependent treatment beyond the ideal cone
picture [10].

In the ideal type-I limit (isotropic, untilted cone), the
WSM’s CPT-odd electromagnetic response is described by
axion electrodynamics with 8(r, t) = 2(b - r — byt), equiv-
alently encoded by an axion term in the action. Here, 2b
and 2b, denote the momentum- and energy-separation of
the Weyl nodes. This yields the intrinsic anomalous Hall
current jy; = (e?/27°)b x E. The axionic description can
acquire higher-derivative corrections when the electromag-
netic fields vary on length scales comparable to micro-
scopic ones; such generalized magnetoelectric couplings
beyond the leading OE - B term were derived for three-
dimensional topological insulators in Ref. [11] within a
quantum field theory (QFT) framework using the derivative
expansion method [12]. In our previous work in Ref. [13],
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we recovered the axionic structure for a tilted, anisotropic
(yet type-I) WSM at finite density by matching a fermionic
subsector of the Standard Model extension (SME) [14,15]
to a linearized lattice Hamiltonian and validating the
coefficients via chiral kinetic theory. In that setting, the
general type-I CPT-odd (axionlike) coupling takes the form

O(r.1) = 2(B-r - Byt), (1)

where the effective parameters B and B, are tilt and
anisotropy dependent [13]. This compactly encodes the
axion response in the tilted, anisotropic type-l regime,
reduces to the ideal isotropic, untilted result in the appro-
priate limit (B — b, By — by), and serves as the baseline
for the type-II extension developed below.

In this work we extend the analysis to the overtilted
(type-II) regime, where electron- and hole-pocket Fermi
surfaces appear and cutoff-dependent finite-density con-
tributions become essential, deriving compact expressions
for the Hall response and related CPT-odd tensors. A
compact, cutoff-dependent extension to the type-II regime
at finite density with generic tilt and anisotropy has been
lacking; here we fill this gap by deriving, at 7 = 0 and
u # 0, a physically motivated hard-cutoff effective action
and corroborating it via chiral kinetic theory with a clean
Fermi-sea versus Fermi-surface decomposition, obtaining
concise formulas for the Hall (CPT-odd) response.

The content of this paper is as follows. Section II
introduces the tilted, anisotropic Weyl-semimetal model
and fixes our notation. Section III employs chiral kinetic
theory to analyze the electromagnetic response in the type-
IIregime. Section IV turns to a field-theoretic treatment: we
map the WSM model onto a fermionic subsector of the
SME, choose parameters that encode tilt and anisotropy,
and derive the CPT-odd effective action via the vacuum
polarization tensor. As expected, both approaches yield the
same axionlike structure. The explicit relation between the
SME coefficients and the condensed-matter parameters is
derived in Appendix A. In Sec. V we evaluate the resulting
integrals for the transport coefficient (i.e., the conductivity),
clearly separating Fermi-sea and Fermi-surface contribu-
tions, with the corresponding integration domains detailed
in Appendixes B and C. Section VI applies the formalism to
the type-II material WTe,, extracting compact expressions
for the anomalous Hall response. Section VII summarizes
our findings and presents the conclusions.

II. TILTED-ANISOTROPIC WEYL NODES:
MODEL AND NOTATION

We consider a minimal two-node Weyl semimetal with
opposite chiralities y = 41, separated in momentum and
energy, and neglect nonuniversal band bending away from
the nodes so that a linear description holds within a finite
window. The low-energy Hamiltonian around node y is

H)((k) =V (k +)(B) — xbooy +)((k +)(B)A;(67
WA, 6 = WA, 67, (2)
where k is the crystal momentum, o, the identity matrix,
and ¢ = (0,,0,,0,) the vector of Pauli matrices. The
matrix A, = [A, ;] encodes the anisotropic Fermi veloc-
ities, while v, is the tilt velocity. The terms —yb and —yb,
fix the location of the node of chirality y in momentum
(relative to k = 0) and in energy (relative to the zero-
energy plane), so the two nodes are separated by 2b in
momentum and by 2b, in energy. ~
Introducing the shifted momentum Kx =k + yb, the
anisotropy-rescaled momentum K,; = A,;;K,;, and the

X
dimensionless (rescaled) tilt V,; = A;,-]jv)( ;» the Hamiltonian
becomes

H,(k) =V, — xbooo + xK;o;. (3)

The band dispersion and group velocity read

Esx(k) = _)(EO + V;(i}C)(i + SK)(’ (4)
oE, K,

vyi(k) =2 = A (v »+si), (5)
X ok Xl X ’C)(

where s = =1 is the band index and IC, =||IC,| =

VK,
In the IC, variables all directional dependence enters
through V,. This makes the type-I/type-II classification

transparent:

IV, <1=type-l,  [|V,|| =1 = critical(Lifshitz),
IV, > 1 = type-IL (6)

The effect of tilt on the Fermi surface follows directly from
the dispersion. Setting E, (k) = and writing IC, =
K, gives

/4+)(BO :]C)((s—'—v)(‘ﬁlC)’ (7)

so along a fixed direction ny the radial solution is

) p+ xb
Ks)((nlC;/") = ﬁ- (8)
X

In the type-I case, the denominators never vanish, so the
constant-energy surfaces near the Weyl point are closed.
For type-II nodes, however, certain directions fulfill [V, -

fix| > 1 such that, for small but finite |u + yby|, the
conduction and valence bands intersect, leading to simul-
taneous electron and hole pockets and the emergence of
open Fermi surfaces.
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Exactly at the node energy (u = —yby), the linearized
model predicts V, - fix = —s, marking the boundary of
validity of the linear approximation. In the type-II case,
weak quadratic (lattice) corrections become relevant and
smooth this crossing into finite electron and hole pockets,
while for [IC,| < A the linear theory remains reliable. The
parameter A denotes the physical hard momentum cutoff
delimiting the linearization window around each node, i.e.,
the scale at which quadratic band-curvature terms become
comparable to the linear ones. In a tight-binding crystal
with lattice spacing a, one expects A ~O(x/a) (up to
material-dependent numerical factors), and because of
anisotropy, the cutoff surface is ellipsoidal in the original
k coordinates: [IC,|=|A K,|<A, equivalently |[A k| <A
around each node. Within this window (|/C,| <A), the
linear theory provides an accurate description and will be
used to define a cutoff-dependent effective action below.

In the isotropic limit with tilt, A, = vl and thus IC, =
vpK, while V, =v,/vp. The dispersion simplifies to
E, (k)= —yboy + v, K, +svp||K,||, and the type-I/Il
criterion reduces to |v,[/vp S 1, with the critical
(Lifshitz) point at ||v, || = vr. The “most overtilted” direc-
tion is simply fi*||v,, and the Fermi surface evolves from
closed spheres (type-I) to open sheets with coexisting
electron and hole pockets (type-II). This geometric dis-
tinction is illustrated in Fig. 1, where the zero-energy plane
intersects the spectrum only at the node in the type-I case,
while cutting both bands in the overtilted type-II regime.

We close this section by recalling the two complemen-
tary routes we use to obtain the electromagnetic response of
a generic WSM under external fields: (i) the chiral kinetic
theory framework [16,17] and (ii) the one-loop effective
action of quantum electrodynamics [18,19]. In Secs. III and
IV we briefly review both derivations for the general tilted,
anisotropic model introduced above without yet distin-
guishing between type-I and type-II; that distinction will

(a) (b)

FIG. 1. Type-I versus type-Il Weyl cones. The gray plane
denotes zero energy. In type-I (a) the plane intersects the
spectrum only at the Weyl point, whereas in type-II (b) it cuts
the two branches, explicitly showing the coexistence of electron-
like and holelike states. This feature is responsible for the
nonvanishing Fermi-sea contribution and for the necessity of
summing over both bands in the anomalous Hall response.

enter only at the level of the transport coefficients (e.g., the
anomalous Hall conductivity) evaluated later. Since these
developments were already presented in our previous
work [13], the material here is a concise recap provided
for completeness and to fix notation.

III. BERRY-CURVATURE SEMICLASSICS: THE
CHIRAL KINETIC ROUTE

Chiral kinetic theory treats the many-electron crystal as a
continuum of wave packets governed by a Boltzmann
equation whose dynamics and phase-space measure are
modified by the Berry curvature. Rather than reproducing
the semiclassical equations of motion, we refer to standard
derivations and modern expositions [20-23]. The general
expression for the Berry curvature-induced current in the
presence of an electric field E is

62 ’
J=-"Exy 3 /%Qw(k)f&“(k)» ©)

s=£1 y==%1

where ffP(Kk) is the Fermi-Dirac distribution for Bloch
electrons with chirality y in the sth band and Q,, (k) =
i(Viug, (k)| x |Viug, (k)) is the Berry curvature. The Bloch
states |uy,(k)) are defined by A, |u,,(k)) = E,,|u,,(k)),
where I:II is the single particle Hamiltonian for a Weyl
fermion with chirality y given by Eq. (2).

In Weyl semimetals, the semiclassical description is valid
as long as the applied fields are weak and slowly varying,
ensuring that carrier dynamics remains confined to the linear
regime around each node. We denote by A the characteristic
energy-momentum scale delimiting this regime, beyond
which lattice or band-curvature corrections become relevant.
Accordingly, the conditions im, Aivg|q| < A must hold, and
the field amplitudes must be sufficiently small to keep the
electronic motion within the linearized region of the
spectrum.

For the present model it is convenient to work in the
anisotropy-rescaled momentum K, = A K,, where A,
collects the Fermi-velocity coefficients. In these variables,
the Berry curvature of band s = 41 at node y = +1 takes
the form

(IC)()r

ks 3
IC)(

Y
Qs)(i(lc)() =~ Z eijkelsrA)(le)( (10)

which can be simplified using the tensor identity

€pqr det(AX)(A;l)rk = €ijkA)(ipA)(jq9 to yleld
sy oy (K,
Qs;(i(lc)() = _?det(A)()(A)(])riIC—Xg‘ (11)
X

Two brief comments are useful here. First, the tilt v, does
not enter Qg because it multiplies o, and leaves the
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eigenvectors unchanged; the curvature is fully controlled
by the anisotropy matrix A, and the direction of C,.
Second, (11) describes a monopole field centered at the
node: it is odd under IC, — —IC,, decays as 1/ K2, and its
flux through any closed surface enclosing the node yields
the quantized charge 2z, with the overall sign fixed by
sysgn(det A, ). In the isotropic limit A, = vl one recovers
the familiar result Q,, = —(sy/2)IC, /K.

From Egs. (11) and (4) it is natural to evaluate the current
in the rescaled variables ICI = A,K,, because the cone
becomes isotropic in /C,, the occupation f1P depends on
IC, only through —yb, + V, - IC, + s|IC, ||, and the cutoffis
simply ||/C, || < A. We first shift to the node K, = k + yb,
which leaves the measure invariant, d°k = d°K,,. We then
perform the anisotropy rescaling IC, = A}(Kx’ whose
Jacobian is constant, &°K, = det(A; )a”KZ With these
steps, Eq. (9) becomes

:__Ex Z Zdet / ’(): Qs;((’(:)() E)(D(’C)()

s=+1y==+1

(12)

Inserting the Berry curvature (11) and
det(A; ") det(A,) = 1 yields

using

dIC

B ) w (1G,). (13)

SX

s=+1y==+1

so that all anisotropy is carried explicitly by the matrix A;l.

In the 7 — O limit at finite chemical potential u, the
Fermi-Dirac occupation ff)? reduces to a Heaviside step
function H(x). The basic integral entering the current
therefore reads

PK, K,
T, = | G e a0k 04

where E,, (k) is the band dispersion. The current density
then becomes

DT, (15)

EXZZ

s=£1 y==%1

where Z,, is given by Eq. (14).

This compact form will be our starting point for the
evaluation of the current and, subsequently, the anomalous
Hall conductivity. At 7' = 0, the step function in Eq. (14)
induces a natural split into Fermi-sea and Fermi-surface
pieces: the former reproduces the axion (“sea”) response,
while the latter encodes the pocket contributions that
become essential in the type-II regime. Since the integrand
depends on IC, only through its direction and magnitude,

we thus perform the angular integration on the sphere,
reduce the problem to a radial integral within the linear
window ||/C, || < A, and track how tilt and anisotropy enter
solely via the boundary condition H[u — E, (k)] and the
tensor factor (A;');.. In this way we show that the axionic
structure is retained, with coefficients renormalized by tilt
and anisotropy.

IV. THE EFFECTIVE FIELD THEORY APPROACH

From the perspective of fundamental interactions in
Lorentz invariance violation (LIV) QED, the initial step
for any calculation is the interacting electron-photon action
given by the corresponding fermionic sector of the SME

S = /d“x‘i’(l“”iaﬂ — M —el"A,)Y, (16)
W W Uy v 2,5,V s’ : 5 1 KAp
D=yt +dyy e +ifyr +59%0q,  (17)

1
M = m+ imsy’ + a,y* + b,y y* + EH”DGW. (18)

These coefficients represent the most general dimension-
three and dimension-four bilinear fermionic operators,
which correspond to renormalizable interactions and are
constructed from various gamma matrix combinations and
their associated tensorial counterparts with corresponding
dimensions. Here y* and y° are the standard Dirac matrices
and A, is the electromagnetic potential. Crucially, LIV
effects within this action must be uniquely (nonredun-
dantly) specified, so it is mandatory to determine which of
the coefficients (or combinations of them) would never
show up in an observable from a given experimental setting
performed in a concordant frame. Since the action (16) is
considered as the LIV extension of the basic fermionic
QED action

S = /d“x‘i’(y"idﬂ —m—eytA,)?, (19)

it may happen that a field redefinition ¥ — ® with ¥ =
AO® (A being an invertible operator), could yield terms of
the kind included in T# and M when the new action is
written in terms of ®. Since these redefinitions are
effectively invertible maps that describe identical physics,
the apparently LIV terms induced in this way are not
physically relevant and must be discarded. Subsequently,
the calculation will follow standard QED procedures, with
the action (19) augmented only by the genuinely identified
LIV interactions.

The challenge of field redefinition in the SME emerged
with its initial formulation [14] and has since been a
recurring subject in research [24-29]. Given that LIV in
fundamental interactions are anticipated to be extremely
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suppressed, field redefinitions are predominantly examined
to the first order in the relevant parameters. Reference [26]
stands out as an exception, conducting a nonperturbative
analysis. For a definitive simplification of the general
fermion action Eq. (16), which isolates only the physically
significant parameters by removing redundant coefficients,
Ref. [24] offers a comprehensive approach. This reduced
action defines the precise fermionic framework necessary
for calculating processes within LIV QED, conceptualized
as a fundamental theory.

However, incorporating the LIV fermionic contributions
from the SME requires a change in perspective when
calculating effective electromagnetic actions in Weyl semi-
metals (WSM’s) and similar topological matter using
standard field theory techniques. Let us emphasize that
this approach is valid only when the complex many-body
system exhibits emergent Lorentz invariance together with
a corresponding spontaneous particle violation within a
specific sector of the Brillouin zone. A crucial distinction
here is that now our starting point is not the fundamental
fermion-photon interaction in LIV-QED (already corrected
by removing redundant terms), but the many-body
Hamiltonian specific to the material being studied. Some
of these Hamiltonians can be derived from first principles,
but they commonly emerge from effective approaches or
tight-binding approximations. The broad applicability of
the SME’s fermionic sector, outlined in Eq. (16), is
beneficial for identifying the precise contributions needed
in each instance. This enables us to align the microscopic
Hamiltonian of the material with a Dirac-like theory,
effectively mapping it to a relevant sector of the SME.
In this way we are left with a modified Dirac-like action
involving fermionic fields ¥’s. However, these fields do not
represent physical particles (like electrons and positrons, as
in the fundamental interactions approach) but rather emer-
gent quasiparticles that describe the effective fermion
degrees of freedom within the material. Their quantization
proceeds through standard steps, on top of the physical
vacuum determined by the underlying many-body
Hamiltonian, which is experimentally well defined in the
material’s rest frame. To obtain effective electromagnetic
actions that reveal the material’s transport properties, these
effective fermion degrees of freedom are subsequently
integrated out in a path integral formulation. This integra-
tion yields corrections to the standard Maxwell equations,
from which corrections to the transport properties are
derived.

Let us apply this procedure to our tilted anisotropic two-
node WSM to illustrate its functionality. The microscopic
Hamiltonian, given by Eq. (2), is chiral and can be
embedded within a 4 x 4 matrix

H:(HZO‘1 0 ) (20)

This Hamiltonian possesses 32 independent parameters,
which are contained within yb, yby, v, and A, . In the chiral
representation of the gamma matrices (AS5) the condition
[H,7’] =0 then holds. To reformulate the Hamiltonian
(20) as arising from a Dirac-like field theory using the SME
input, we must match it with the general expression

H = y'T*io, +y°M (21)

obtained from the action (16). To preserve standard time
evolution requires choosing I'* = y°. While this choice can
be achieved via a field redefinition, we directly implement
it by setting ¢, = d°, = 0, which imposes eight con-
straints on the original parameters. The next step in
selecting the appropriate coefficients from the SME
involves demanding the conditions

T =0, .M =0, (22)
implied by the chirality requirement [H,y’] = 0. These
conditions immediately set

e":fﬂ:g’d":m:Hﬂyzm5:O. (23)

Consequently, the relevant physical parameters in our
case are
a,, b, ¢, and d", (24)

" W

These constitute 40 constants. Recalling the eight con-
straints already imposed on coefficients ¢#, and d*,, we are
left with precisely 32 parameters, which encode the
Hamiltonian of the two-cone tilted anisotropic WSM in
Eq. (2). The one-to-one relation among the set of coef-
ficients (24) and those in the Hamiltonian (2) is given in
Appendix A. In this way we have shown that the SME basis
chosen for our purposes is complete and does not either
require or allow for any additional field redefinition in the
material rest frame. Going to alternative frames via an
observer Lorentz transformation will change the structure
of the Hamiltonian and will reshuffle the coefficients
among the gamma matrix structure. The study of this
possibility is beyond the scope of the present work.

Summarizing, the field theory calculation of the required
effective electromagnetic action starts from Eq. (16) with
the restriction

D=yt ety +d Y, M=a,* +b,yr", (25)
where the SME coefficients are fully determined by
material parameters set by the band structure (crystal
symmetries and velocities) of the material.

The presence of y° in the generalized Dirac operator
suggests a decomposition into left- and right-handed
components, replacing y° by its eigenvalues y = =+1.
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Following the steps of Ref. [13], we introduce the
projectors

1 5
p Lt
2

y = =*1, (26)
which satisfy

P2=P, P, +P_ =1,

2 P.P_=0, (27)

and project onto the right-handed (¥ = +1) and left-handed
(x = —1) components. Note that y*P, = P_,y".
Using these projectors, the Dirac operator decomposes as

P, = (&, +ct, —yd",)y’P, =T}P,, (28)
which explicitly identifies

0y = m)ys. (m

)()Mu = 5”1/ +y _Zdﬂy' (29)

Similarly, the masslike operator becomes
MP, = (a, = yb,)r"P, = (C)),r"P,.,  (30)
with
(Cy), = ay—xb,. (31)

In order to obtain a well-defined Hamiltonian descrip-
tion, we impose the condition

0 =0, (32)

which ensures that the time derivative retains its standard
form and a well-defined Hamiltonian structure. This con-
dition demands
<, =0, d°, =0. (33)

With these definitions, the fermionic theory reduces to
two independent components labeled by y = +1, corre-
sponding to the two Weyl nodes, each characterized by
(m, ), and (C,),.

Integrating out the fermions yields the electromagnetic
effective action

expliSe(A)] = / DYDVY exp [i / d4x£]
= det(IT%id, — M — eI*A,), (34)

which we expand to quadratic order in A:

4
S =3 [ GO 0AR. (39

with the vacuum-polarization tensor

4
(k) = —ie? / (‘21”1)’4 w[S(p — K)I“S(p)*],  (36)

computed from the propagator S(p) = ([-p— M)
(evaluated at the external momentum k in practice) [13].
The linear response current follows as JH(k) =
8Ser/0A, (k) = I (k)A,(k): its CPT-odd part produces
the axion term (schematically NG”W/’BGAM()DAﬁ, with B,
fixed by the matched SME parameters and the finite-
density state). To stay faithful to the lattice theory,
momentum integrals are regularized with the physical hard
cutoff A that delimits the linearization window around each
node, ensuring that this field-theoretic treatment and the
Berry-curvature semiclassical approach operate within the
same regime [18,30]. Up to this point the derivation is
independent of whether we deal with type-I or type-II; the
distinction enters when extracting transport at finite y,
where Fermi-surface contributions controlled by the tilt
become essential. This setup corresponds to a subsector of
the minimal QED extension in the SME adapted to solids,
with coefficients regarded as band-structure parameters
[14,15]. A closely related construction of CPT-odd effec-
tive actions in Lorentz-violating theories exhibiting the
axial anomaly was developed in Ref. [31], where the
structure of the induced axionlike term and its regulariza-
tion ambiguities were analyzed within a general quantum-
field-theoretic framework.

For direct comparison with the semiclassical result, we
now write the quadratic response in a form that isolates the
same basic integral. The second-order polarization tensor
for node y is

5.7
Hﬁ”(z) = igpxez(mgl)pﬁei"”’ Z sI”ka, (37)
s==1

and

v [ KD,
7= [ o

with
Py = =pj(my)s+ (Cy)o + sla — C|
:v)("cx+s||’c)(|| +E)(0’ (39)
where ICX =q—-C,, s==1 is the band index, V)j; =

(m;")7.(m,)  is the tilt and E,o =V, - C, + (C,),. The
induced four-current is

po YO, (o)

y==l1
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or, explicitly,

S

-y

y==x1s=+1

sye?(myt)e T e, (41)

Using F'/ = e'*E* gives the spatial components

S=3 S

y==x1s=+1

) I/)(S z]kEk (42)

According to Eq. (A14), (C,); :)(Ei(AX)ij and the spatial
block of (m;"') coincides with the inverse Fermi-velocity

matrix of the Weyl cones (A13),
(mxl)lj - (Aj?l)lj’ (43)

which encodes anisotropy. With this identification, the
integral (38) matches the semiclassical one in Eq. (14), i.e.,
7% = 7%, and the induced current density reduces to

]i 2h szEkZ Z S)( ;( I)lﬂ’ (44)

s==£1 y==%1

where we have restored 7 for dimensional consistency
(intermediate steps used 7 = 1). Equation (44) fully repro-
duces the chiral-kinetic result (15) once the same cutoff, tilt,
and anisotropy data are used. This establishes the equiv-
alence between the effective-action and Berry-curvature
approaches and sets the stage for extracting the anomalous
Hall conductivity via the Fermi-sea/Fermi-surface decom-
position of Z%".

V. ANOMALOUS HALL RESPONSE IN TYPE-II
WEYL SEMIMETALS

We now focus on the over-tilted (type-II) regime and
evaluate the anomalous Hall current by separating, at 7 = 0
and finite y, the Fermi-surface and Fermi-sea contributions
implied by the step function in the basic integral. In the type-I
case (||V,|| < 1) the Hall response is entirely due to the
Fermi-surface piece, which reproduces the axion coefficient;
the Fermi-sea piece vanishes after angular integration once
the tilt is subcritical. In contrast, in the type-Il case
(|[V,|| > 1) both pieces contribute: the Fermi-surface term
captures the pocket geometry, while the Fermi-sea term
becomes finite in the cutoff-dependent evaluation and
encodes the residual “sea” correction. Our starting point is
the compact expression for the current density, Eq. (44),
together with the integral definition Eq. (14).

To implement the split transparently in Z,,, we define
the band filling (measured from the node) A, = u — E  so
that the step function in Eq. (14) reads H(A, =V, - IC, —
S|I7C, 1) Lef. Eq. (39)]. Using I, / [[IC, |I* = =V, (I, [71)
and integrating by parts, we obtain

Z,= I};;Mf + IE;SC“, (45)
with

&K 1
:rF;,surfE/—%_v HA, -V, K, —s|I,|),
g r)?lIC || T T e

(40

F-sea — __ d3’C)( 1 —5

i = [ G Ve =
(@)

Here, ZF:"™ localizes on the pocket condition A, -V, -
IC, = s||IC,|| = 0 and provides the Fermi-surface (type-II)
contribution that continuously reduces, for ||V,|| < 1, to
the type-I axion coefficient. The total-divergence structure
in (47) allows a direct use of the divergence theorem,
reducing the integral to the outer sphere ||IC,|| = A set by
the cutoff; this Fermi-sea (bulk) term vanishes in the
subcritical (type-I) regime but becomes finite once the
cone is overtilted, thereby encoding the cutoff-aware sea
correction in type-II. We next evaluate the integrals (46)
and (47) in detail.

A. Fermi-surface contribution

For the pocket contribution (46) we use the standard
rule for the derivative of the Heaviside function,
Vi, H[g(IC,)] = 3[g(KC,)|Vi,9(KC, ), for a continuous dif-
ferentiable function g(’C,). Using g(IC,) = A, =V, - IC,—
sKC,, Eq. (46) yields

IF—surf:/d3’C 1
» (27)° K,

(V, +5K,)8(A, -V, - K, - sK,),

(48)

ie., a term localized on the pocket defined by A, =
V, K, +sK,. By symmetry, the pocket integral in
Eq. (48) can only yield a vector parallel to V,: after the
anisotropy rescaling the measure is isotropic, and the
constraint singles out V, as the only preferred direction,
so transverse components average to zero. We thus write

IE)}SUﬁ(Vx) = CS(V}(’ A)()v)(’ (49)
with a scalar coefficient C; depending only on the
invariants (V,, A,). From these expressions we realize that

d37C 1 S
C,(V,.A,) = vz/( s VY, Ky

x 8[A, = K (s +V, - K,)l. (50)
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where V, > 1 for type-Il Weyl semimetals. To evaluate the
function (50) we first resolve the constraint with the
standard S-function decomposition:

(K, = K5)
SN, K, (s +V,-K X H(A = KL,
A=KV, K| = P HA = )
A
Ky =——F—>0, (51)
s+V,-K,

where A is the hard cutoff that enforces the linearization
window. This collapses the radial integral and leaves a
purely angular average, with the cutoff entering explicitly
through H(A — KC},) to discard directions for which the
pocket radius would exceed the linear regime. In the
overtilted case, directions with |V, K,|> 1 can yield
finite K, for both s = +1.

Introducing the spherical coordinates (/C, . 6, ¢) with the
z axis along V,, the radial integration can be performed
using the Dirac-delta constraint, leaving a purely angular
average. With V), - KZ =V, cosf and a trivial ¢ integral,
one arrives at

V,+scosf

s—i—V 0059

H(A-K,)sin@d6.
(52)

Changing variables to x = cosf, with xe|[-1,1], we
obtain

A +1
x / Yyt H(A=K2)dx,  (53)

C,(V,A,) =
Vel =22y | Grvar

where the cutoff constraint translates to O < A - < A,

thereby restricting the allowed subinterval of xe[ 1,1]
over which the angular integral is performed. The resulting
x intervals for all sign/tilt combinations, together with the
corresponding nonemptiness conditions on A, are summa-
rized in Table I; the full derivation is relegated to the
Appendix B to avoid overloading the main text.

With the angular restriction in hand, we now evaluate
(53) case by case according to Table I. Performing the
integral for fixed (s,y) and tilt V, we obtain

V,+sx 1-V2 1 s
dx—% i S nls+V.xl. (54
/x(s-l—VXx)z VI sV V2 nls+Vexl (54)

Introducing the function

A A
Fe(V, A,) = 5?@; {(s —&v) [1 w (s + gvl)]

b (59)

A
+sln A—(s—l—éVl)

X

TABLE I. Angular domains selected by the cutoff for type-II
Weyl cones. We define xj, = (A,/A—5)/V,, Xpore = =5/V,,
and Ay = A, /(s + &V, ), with s = £1 and & = sgn(A,). End-
points are open (strict inequalities), and the pole x, is excluded
if it lies within (=1, 1). The nonemptiness conditions ensure that
each interval has positive length; in both cases the inequality
appears as a lower bound on A because the right-hand sides Ay

are positive.

Nonemptiness
sign(A,) Interval for x condition on A
+ (max{_lvsz}’ 1)\{xpole} A> A§x+
- (=1 min{L, x5, })\{Xpote } A> A5
where £ denotes the sign of A, we obtain
CS(V)(’ A)() = H(i)H(A - A:f;ﬁr)Fer (V;(» A){)

+ H(_S)H(A - A§1—>Fs— (V)(’ A)()! (56)

which simplifies to

Cs(Vpr) (A A\;(f) sf(v;ﬂA)()' (57)
The Heaviside factors ensure that the logarithm arguments
are positive in the contributing sectors.

Substituting the Fermi-surface contribution ZF =
Cs(V,.A,)V, into Eq. (44), we obtain the corresponding

Hall current,

JF-surf CS(VX, A)()- (58)

2
_¢ -1
= 2hE X ‘Ew S)((AZ 'y

This expression represents the Fermi-surface (pocket)
contribution to the anomalous Hall current in the overtilted
regime. The coefficient C;(V,.A,) encodes the cutoff-
dependent angular structure of each node, ensuring a
continuous connection with the type-I limit where the
current reduces to the axion form.

B. Fermi-sea contribution

We now evaluate the bulk (Fermi-sea) piece given by
Eq. (47) with the hard ultraviolet cutoff [[/C,|| < A that
delimits the linearization window around each node
(cf. Sec. II). By the divergence theorem the volume integral
reduces to a surface integral on the sphere ||IC,|| = A with

outward unit normal K, = K, /||XC, || and dS = A’dQ:

F-sea _

1 ]{ 1
Trsea - 1 H(A
“ T i I,

x K, ds

_v)( : K:;( _SWC;(H)

_—%/dQH[A —As+V, - KK, (59)
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By symmetry the result must be collinear with the tilt V,,,

so we choose the polar axis along \AJX =V,/V, and write

x =cosf = IACX . \A)){. Then

R 1
I)l;;sea — _ sz){ / dx XH[AX - A(S + V)(x)]' (60)
(27) -1

We now proceed in close analogy with the Fermi-surface
analysis. The boundary (pocket) contribution inherits the
same angular limits and nonemptiness (cutoff) conditions.
The only difference lies in the origin of the constraint: for the
boundary integral we evaluate on the cutoff sphere [IC,| = A
so the Heaviside selector is H[A, — A(V,x + s)]; by con-
trast, in the sea term the restriction entered through
H(A - IC3,)).

Introducing the angular threshold x§, =
Eq. (60) becomes

(A, /A =5)/V,,

, A g ! .
I)I;‘;sea — _WVZ /_l dxxH[VZ(Xs;( - x)] (61)

The corresponding integration domains for x are summa-
rized in Table II, where the intervals are always understood
as clipped to [—1,1] and with the pole x,,. excluded
whenever it lies inside. Their derivation are given in
Appendix C. Using these intervals, the x integral in
Eq. (61) can be rewritten as

A
IF sea __ _F )({H(é:) + H(—é:)H(A - A;;(—)}
x / " v, (62)
-1

Performing these integrals one gets

Ty = = o5 Vi [H(E) + H(=OH(A = Aj, )]
x (min{1,x%,}2 —1). (63)

In the type-I limit (V, < 1) and within the linear window
(|A,] < A), the angular threshold xj, = (A,/A—=5)/V,

TABLE II. Angular domains selected by the boundary selector
HV,(x}, —x)] forxe[-1,1],V, > 1,and s = £1, where x,
(A,/A=5)/V, and A}, = A /( V,). Because V, > 1, the

selector reduces to H(x* — x), retaining x < xJ,. For A > 0, the
inequality xj, > —1 is always satisfied, so the 1nterva1 is non-
empty for any cutoff. For A, < 0, the same condition produces

the lower cutoff bound A > A?;(—

Nonemptiness
sign(A,) Interval for x condition on A
+ (=1, min{1,x},}) none (always satisfied)

A > A}

- (_l’min{Lx;)(}) Sy—

always lies outside [—1, 1] for both s = £1 (for V, >0
one has x%}, <—1 and xZ, 2 1). Consequently, in the
compact expression (63) the clipped factors reduce to
zero in all sign subcases (either min{l,x},} = %1 or
max{—1, xj,} = *1), and the sea term vanishes identically:
i =0 (Y, ). Physically, the Heaviside
either selects an empty cap (no contribution) or the full sphere
(whose angular moment | _11 x dx = 0 cancels by symmetry).

In contrast, for type-II cones (V, > 1) the threshold xj,
generically falls inside [—1, 1] (subject to the nonemptiness
conditions summarized in Table II), and the Fermi-sea
piece is finite and strictly collinear with the tilt. Using the
same compact form one finds

I(V,) = Dy(V,. A)V,, (64)

where

D(V,.\,) =

oy, (3 )

X [H(E) + H(=OH(A = AL,)]. (65)

Equation (65) implements the angular clipping enforced by
the hard cutoff on the sphere ||/C,|| = A through the single
threshold x{,: a nontrivial cap is selected whenever
x5, € (—=1,1) with the appropriate sign of V,, yielding a
nonzero sea contribution that adds to the pocket piece to
produce the full anomalous Hall response in the overtilted
regime. Substituting Z%** = D((V,.A,)V, into Eq. (44)
gives

2
e
JEsea — S Ex > sx(A;NYTV,D(V,. A,).  (66)
Sx

Collecting the two pieces, the anomalous Hall current takes
the compact form

EXZS)( Cs(Vy Ay) + Dy

Ve A
(67)

This expression makes explicit that the total response is the
sum of a Fermi-surface (pocket) part and a cutoff-regulated
Fermi-sea (bulk) part. In the type-I regime (V, <1 and
|A,| < A) one finds D; =0, so the Hall response is
entirely controlled by C,. In contrast, in the over-tilted
(type-II) regime (V, > 1), both coefficients become finite
and additive within the same collinear structure along V,,
while the full tensor anisotropy of the current is encoded in
the prefactor (A;'V,) appearing in Eq. (67).
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VI. APPLICATION

To illustrate our formalism, we evaluate the anomalous
Hall response in the type-II Weyl semimetal WTe, under
hydrostatic pressure, following the low-energy description
introduced in Ref. [10]. Bulk WTe, crystallizes in a
noncentrosymmetric orthorhombic structure (space group
Pmn2,) with lattice parameters a ~ 3.48 A, b~6.28 A,
and ¢ ~ 14.07 A. Under a few GPa of pressure, the material
realizes a minimal Weyl phase hosting a single pair of
strongly tilted Weyl nodes of opposite chirality. In what
follows we adopt a node-centered linearized description
based on the k-p Hamiltonian extracted from first-
principles calculations in Ref. [10].

The two Weyl nodes lie in the k, = 0 plane and are
related by inversion of crystal momentum. In our notation
they are located at

kx = yb,

b~ (0.015,0,0) A", (68)
so that the nodes are separated by 2b in momentum space
and carry opposite chiralities y = 4-1. The energies of the
nodes measured from the Fermi level lead to band fillings
(measured from each node)

AL ~—0.058 eV, A_~-0.052eV. (69)

Although the Fermi level lies below the nodal energies, in
the type-II regime this does not imply that only the valence
band contributes: the strong tilt produces directions in
momentum space for which the s = +1 branch also
satisfies £, < . Therefore both bands must be retained
in the sum » ., of the Berry-curvature current.

The low-energy electronic structure around each Weyl
node is described by the linearized Hamiltonian

H,(q) = (z,9. +1,9y)00 + (2,4, +7,49,)0,
+ (B,q. +6,q,)0, +,q.0,. (70)

where q = k — Kk, is the momentum measured from the
node, oy is the identity matrix, and 6 = (o,,0,,0,) are
Pauli matrices in the effective pseudospin space. All
coefficients carry units of eVA and are obtained from
the symmetry-constrained fit to the ab initio band structure
of Ref. [10]. Equation (70) maps directly onto our generic
low-energy model

Hl(q) =V, qoy +qA,0, (71)

with tilt vector v, = (z,,7,.0) and anisotropy matrix (in
eV A units)

0 0 ¢
A,=1la 1, 0] (72)
By o, 0

For the two nodes the fitted parameters are

¥ =—1:v_=(=2.739,0.612,0),
0 0 0.184
A_=|0987 0 o |. 3
1.107 0270 0

¥ =+1: v, = (1.204,0.686,0),

0 0 0237
A, =|-115 o0 o |. (4
1.046 0055 0

all in units of eVA. The dimensionless rescaled tilts
entering our transport theory are V, = A;lvl which are
indeed dimensionless since A;' has units (eVA)~.
Numerically,

V_~(0.62,-2.54,-149),  |V_|~151, (75)

V, ~(-0.59,11.3,5.08), V.| ~124, (76)
which confirms the strongly overtilted (type-II) character of
both cones.

Our integrals are performed in the rescaled momentum
IC, = A K, which has units of energy (eV). Consequently
the hard cutoff of the linear theory, ||/C, || < A, must also be
specified in energy units. Starting from a conservative
momentum window ||K, || <A, with Ay =0.2 Al we
map it to JC space through the characteristic velocity (in
eV A units)

v, = |det(A,)|'/3, (77)
and define the node-dependent cutoffs (in eV units)
A =B, (78)
yielding
A ~0.049 eV.  (79)

Al ~0.073 eV,

The anomalous Hall current follows from our general
result
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2
e
JZ%Exg E s;((A;l)TV;([Cs(Vx’Ax)+DS(VZ’AX)]’

y=*1s=%1

(80)

where C; and D, are the Fermi-surface and Fermi-sea
coefficients of Egs. (57) and (65). In Eq. (80) the vector
A;'V, has units (eV A)~!, while C; and D, have units of
eV; therefore their product carries units A1 as required for
a three-dimensional Hall response.

For WTe2 we have A, <0 for both nodes, hence
& =sgn(A,) = —1. Using the cutoffs above, the coeffi-
cients (in eV) are

y=—1:C_;~—1.18x107*, C, ~—1.15x10", (81)

D_; ~+6.14 x 1072, Dy ~+6.06x 107, (82)

y=+1:C_,~=934x1075, C,;~-883x107%, (83)

D_ ~+505x 1075, D, ~+4.89x 1075 (84)

These values make explicit that in the type-II regime both

s = £1 contribute with comparable magnitude; retaining

only s = —1 would miss a substantial part of the response.
Defining the geometric vectors (in (eV A)~")

W, = (A;)TV,, (85)

X X
we obtain, for the two nodes,

W_ ~ (=80.90, 11.19, —9.42),
W, ~ (21.44,185.22,204.67), (86)

all in units of (eV A)‘l. Equation (80) can then be written
in the standard form

2

J= %E x G,

G=1Y Y W,IC(V.A)+D,(V. ). (87)
y==x1s=+1

with G in A~'. Using the numerical coefficients quoted
above (in eV) for C; and Dy, we find

G~ (795%x1074,1.96 x 1073,232 x 1073) A=l.  (88)

The anomalous Hall conductivity tensor follows as

€2

GiAj = Z&'ijkgk, (89)

or explicitly (entries in AN

) 0 232x 1073 —1.96x1073

ot :% —232x1073 0 7.95 % 10~
1.96x 1073 =7.95x 1074 0
(90)
Then we obtain
A A o

ol ~ =759 S/cm, oy = +8.99 S/cm,
ol ~+3.08 S/cm. (91)

We stress that bulk WTe, preserves time-reversal symmetry
at zero magnetic field, so a spontaneous anomalous Hall
effect is not symmetry protected and can be partially or
fully canceled once all symmetry-related Weyl nodes are
included. Nevertheless, the tensor above represents the
intrinsic contribution associated with a single strongly tilted
minimal pair and provides a natural scale for Hall-like
responses observed in magnetotransport experiments, such
as the planar Hall effect and related anisotropic signals
reported in WTe, [32,33].

The magnitude of the predicted anomalous Hall con-
ductivity is smaller than the longitudinal conductivity
typically measured in this material, yet it remains sizable
compared with experimentally accessible Hall signals
[33,34]. This highlights the important role played by both
the Fermi-surface and the cutoff-regulated Fermi-sea con-
tributions in type-II Weyl semimetals, and underscores the
strong sensitivity of the Hall response to the tilt and
anisotropy of the Weyl cones [35,36]. The present calcu-
lation also demonstrates explicitly that both bands s = £1
must be retained in the overtilted regime in order to obtain a
consistent anomalous Hall response within the linearized
theory.

VII. DISCUSSION

In this work we have developed a unified and cutoff-
dependent description of the CPT-odd electromagnetic
response of tilted, anisotropic Weyl semimetals in the
overtilted (type-II) regime. By combining a Berry-
curvature-based chiral kinetic theory with a field-theoretic
derivation of the effective action, we have shown that the
anomalous Hall response at finite density naturally decom-
poses into Fermi-surface and Fermi-sea contributions, both
of which become essential once the Weyl cones are
overtilted. This extends the axion electrodynamics para-
digm beyond the ideal type-I limit and clarifies how
Lorentz-violating band-structure effects renormalize and
supplement the axionlike response.

A key result is that, while the axionlike structure of the
CPT-odd response survives across the type-I to type-II
Lifshitz transition, its coefficient acquires explicit depend-
ence on the tilt magnitude, anisotropy, and ultraviolet
cutoff. In the type-I regime the Fermi-sea contribution
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vanishes within the linearized theory, and the Hall response
is entirely controlled by the Fermi-surface term, reproduc-
ing the familiar axionic result. In contrast, for type-II cones
the presence of open electron and hole pockets activates a
finite Fermi-sea contribution that is intrinsically cutoff
dependent and collinear with the tilt direction.
Physically, this term encodes the residual contribution of
filled states at the boundary of the linearization window,
which cannot be discarded once the dispersion becomes
unbounded.

Our explicit evaluation for pressurized WTe, illustrates
this mechanism in a realistic setting. Using parameters
extracted from first-principles calculations and experi-
ments, we find that Fermi-surface and Fermi-sea contribu-
tions yield a finite but anisotropic anomalous Hall
conductivity. The dominant tensor components reflect
the combined effect of strong tilt and pronounced velocity
anisotropy, providing a clear transport signature of the type-
II regime. While bulk WTe, preserves time-reversal sym-
metry and therefore does not exhibit a symmetry-protected
spontaneous anomalous Hall effect at zero magnetic
field, the intrinsic tensor derived here sets a natural scale
for Hall-like responses observed in magnetotransport, such
as the planar Hall effect and related anisotropic signals.

To make direct contact with the SME we provided the
one to one correspondence between the parameters that
characterize the microscopic Hamiltonian of a two-cone
tilted anisotropic Weyl semimetal and those we have
selected from the fermionic sector of the SME. These
identifications show that our selection of basis in the SME
is unique for this system. For the particular case of WTe,
the SME coefficients are explicitly calculated. Not surpris-
ingly they describe a huge emergent Lorentz symmetry
violation, which is expected in matter. For example, the
coefficients a, and b, are of the order of meV’s, which
compare favorably with the Fermi energy u =55 meV,
while a; and b; are suppressed only by one order of
magnitude. Also, many components of the dimensionless
coefficients ¢ ;j and d' ; are of order one. These values are
specific to the condensed-matter realization considered
here and are fixed by the band-structure parameters of
the material in its rest frame. In contrast, in the high-energy
physics context, SME coefficients are constrained by high-
precision experiments to be extremely small. For example,
roughly speaking the coefficients ¢';, d'; are typically
bounded in a range 10~'°-10714. [37].

From a broader perspective, our results highlight the
necessity of a physical ultraviolet regularization when
addressing electromagnetic response in type-II Weyl sys-
tems. The hard momentum cutoff tied to the lattice
bandwidth provides a transparent and physically motivated
prescription that reconciles the semiclassical and field-
theoretic approaches. This cutoff sensitivity is not an
artifact, but rather a genuine feature of overtilted disper-
sions, where the linear theory alone is insufficient to fully

capture the response without reference to the underlying
lattice.

Several extensions of the present work are natural. On
the theoretical side, it would be interesting to incorporate
smooth or anisotropic cutoff schemes derived from explicit
tight-binding models, and to explore how disorder and
finite temperature modify the balance between Fermi-
surface and Fermi-sea contributions. Generalizations to
frequency-dependent response functions could also address
optical Hall and magneto-electric effects in the type-II
regime. On the materials side, the framework developed
here can be readily applied to other candidate type-1I Weyl
semimetals such as MoTe,, TalrTe,, or noncentrosymmet-
ric Weyl systems with multiple node pairs and reduced
symmetry, where cancellations between different nodes
may be incomplete. Finally, extending the analysis to
driven or nonequilibrium settings may shed light on how
CPT-odd responses manifest under strong fields or in
ultrafast experiments.

Overall, our work establishes a consistent and physically
grounded description of CPT-odd electrodynamics in Weyl
semimetals that continuously connects the ideal axionic
response of type-I systems to the strongly Lorentz-violating
type-II regime, and provides a solid basis for interpreting
anomalous Hall phenomena in realistic materials.
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APPENDIX A: MATCHING BETWEEN SME AND
CONDENSED-MATTER PARAMETERS

We start from the Dirac-like Lagrangian (16) in natural
units (¢ > vy =h = 1),

L =Y¥"io, — M)¥, (A1)

with
Dh=yl+chy +d' 'y,

M=a," + b,y r*. (A2)

The replacement ¢ — v, reflects that the effective
theory describes quasiparticles in a medium, where the
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characteristic velocity is given by the Fermi velocity rather
than the speed of light.
Imposing I'* = y°, which requires ¢’, = 0 and d°, = 0,
the Hamiltonian in momentum space reads
H = —y'Tk; + y°M. (A3)
In units 7 =1= v, the wave vector k; and M have
dimensions of eV. To establish the correspondence with
the condensed-matter Hamiltonian, dimensional factors are
restored at this stage. The Fermi velocity v, is introduced
together with 7 to ensure that the kinetic term has the correct
energy dimension. Then, the Hamiltonian takes the form
H = —hvy'T'k; +y°M, (A4)
where the dimension of k; is now A~ and I are still
dimensionless. The operator M is left unchanged, as it
already carries the appropriate energy dimension and
encodes material-dependent parameters without requiring

additional rescaling.
In the chiral representation of the Dirac matrices,

O (1) . O Gi —0y 0
0__ , i ' , 5 , A5
! (00 0) ! <—6’ 0) d ( 0 00) (A3)

the Hamiltonian separates into left- and right-handed
contributions.
We introduce the parametrization

1 0
(m )”y:yb"f'cﬂu_)(dﬂv: ( i i )’ (A6)
g Vz (U)() J
and
(C)()u =a,—yb,. (A7)
A direct calculation yields
HL = —flvalLkl + h’l]fki(UL)ijGj
+(Cp)o = (Cp),0/, (A8)
HR = —flvaxki - thki(UR)ijGj
+ (Cr)o + (Cg);0’. (A9)

These expressions are compared with the low-energy
Hamiltonian of a Weyl semimetal (2)

H,(k)=v,

7 - (k + xb) — ybyoy

+x(k +)(B)i(A)()ijGj' (A10)

In square bracket for the inside variable we recall the units
in which the matter parameters are presented: [H] = eV,

v,]J=eVA, [k]=A"", [b]=A"", [bg] = eV, [A,] = eV A.

For y = 41, -1 (R, L, respectively), one obtains

HL:VL‘k_VL'B+I;0

- ki(AL)ijGj + Z’i(AL)ijO'j7 (A11)
HR:VR‘k‘i‘VR'f)—BO
+ ki(AR)ijGj + Bi(AR)ijoj' (A12)
Therefore, matching the coefficients, we identify
i i L i i 1
(m)()ozv)(:ﬁfv)(’ (m)()]: (Ul)j:E(AX)lJ’
(A13)
(Cpo=x(vybi=bo),  (C,); =xbi(A,);, (Al4)
L. i 7 7o i
ag :Ebi(vR_vL)’ by :bO_Ebi(UR"i_”L)? (A15)
1. 1-
a;= Ebi[(AR)ij - (AL, b= _Ebi[(AR)ij +(AL)]-
(A16)
From the definition of (m, )", we finally obtain
. 11, . 4 , 11, . .
c'o :hT;fE(v}e +vp).  dy :%E(U'L —vg), (Al7)
i 11 i
cj= h—vfi [(AR>ij + (AL)ij] -4,
; 11
dj = fz—i [(AL)ij - (AR)ij]' (A18)

vy

Using the parameters of the type-II Weyl semimetal
WTe,, namely b from Eq. (68), b, extracted from the node
energies A, in Eq. (69) (Ay = u & by, u = —0.055 eV),
and the velocities v, and anisotropy matrices A, from
Egs. (73) and (74), we obtain the following numerical
values for the SME parameters (vy =1 X 10° m/s,
= hv; = 6.6 eV A,)

ag ~ 0.0296 eV,

by ~0.0085 eV,  (A19)

a;~(0,0,0.0004) eV, b;~(0,0,-0.0032) eV,  (A20)

¢~ (=0.1163,0.0983,0), d'y~(—0.2897,-0.0056,0),

(A21)
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-1 0 00319
x| —00130 -1 o |.
0.1631 0.0246 -1
0 0  —0.0040
dij~| 01625 0 0 (A22)

0.0046 0.0163 0

These values are specific to the condensed-matter reali-
zation considered here and are fixed by the band-structure
parameters of the material. In contrast, in the high-energy
physics context, SME coefficients are constrained by high-
precision experiments to be extremely small [37].

APPENDIX B: ANGULAR DOMAIN SELECTED
BY THE CUTOFF

For type-II Weyl cones (V, > 1), the cutoff condition

A
0< X < A,

A>0
s+ V,x

s = +1, (B1)

selects a restricted angular range x = cosf € [—1, 1] that
defines the portion of momentum space contributing to
Eq. (53). We introduce the shorthand

A,JA—s s A
* X A * X
Xoy = —V}( s Xpole = __VI , syt s —VI N (B2)

where xj, locates the boundary set by the cutoff, x,q.
denotes the angular position of the pole of the integrand
[excluded if it lies in (—1, 1)], and Ajl , defines the minimal
cutoff amplitude required for a nonempty integration
domain.

1. Case A, >0
The inequality (B1) becomes
A
s+ Vx> Xl, (B3)
which yields
x> X5, (B4)

Intersecting with x € (-1, 1) gives the allowed interval
xe(max{—l,x}}}, 1)\{xpole}' (BS)

Nonemptiness (x5, < 1) is equivalent to the cutoff condition

AJA=s A )
XV—Z<1©%<s+V1©A>ASH. (B6)

2. Case A, <0
For negative band filling, Eq. (B1) reads

s+V,x < %, (B7)
and the allowed region is now
X < X}, (B8)
namely
x & (=1, min{1, x5, )\ {xpore } (B9)
which exists when
ﬁ>s—V)(<i>A>A§‘)(_. (B10)

A

These two cases (A, = 0) fully describe the integration
domain for the type-II regime (), > 1). The corresponding
angular ranges and cutoff thresholds are summarized in
Table 1.

APPENDIX C: ANGULAR DOMAINS FROM THE
BOUNDARY SELECTOR

In this appendix we determine the polar angles x =
cos@ e [—1, 1] (endpoints have zero measure) selected by
the boundary Heaviside selector

H[V, (x5, — x)]. s = =1, A>0, (C1)
working throughout in the overtilted regime V, > 1. Since
the selection in Eq. (C1) is strict, the endpoint x = xj, is
open, and the pole x,,. = —s/V,, if it lies in (-1, 1), must
be excluded.

The boundary selector (C1) differs conceptually from the
cutoff condition discussed in Appendix B, where the
admissible angular domain followed from the double
inequality (B1). That condition simultaneously enforces
the sign of the denominator and the upper cutoff A, so the
resulting intervals depended on both sign(A,) and the tilt
amplitude, and their nonemptiness required explicit lower
bounds on A.

By contrast, the selector (C1) plays a purely geometric
role: it identifies the side of the boundary x = xj, to be
retained, without reference to the cutoff scale or to the
positivity of A, /(s + V,x). Under V, > 1, the argument of
the Heaviside is positive for x < x},, so the selector simply
keeps that region:

(€2)

X < Xgy.
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The integration interval is therefore set by xj, and the
sphere limits, excluding x, if it lies within (-1, 1).

1. Case A, >0
For positive band filling, Eq. (C2) selects

xe (_1 ’ min{l’ xt;(})\{xpole}a

which is nonempty provided xj, > —1, i.e.,

(C3)

A
XX>S_VZ'

Since V, > 1 and A,/A > 0, this inequality holds auto-
matically for any A > 0. Thus, for A, > 0 the selected

angular domain is always nonempty and independent of the
cutoff.

2. Case A, <0

When the band filling is negative, the geometric interval
(C3) remains valid, but the sign reversal of A, makes the
nonemptiness condition nontrivial. Requiring x, > —1 gives

A)( * * A)(
K>S_VZ¢>A>ASZ—’ ASX_:S_VX.

(C4)
Because both A, < 0 and s —V, < 0, the right-hand side is
positive, so the condition defines a finite lower bound on A.
Hence, for A, <0, the boundary selector reproduces the

same cutoff threshold A > A§,_ obtained in Appendix B.
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